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Abstract

For any positive integer n, let 7 be the positive integer such that:
the set {1,2,--- .7} can be partitioned into n classes such that no
class contains integers x, y, z with zy = z. In this paper, we use the
elementary methods to give a sharp lower bound estimate for 7.

§1. Introduction

For any positive integer n, let 7 be a positive integer such that:
the set {1,2,---,r} can be partitioned into n classes such that no
class contains integers «, y, z with zy = z. In [1], Schur asks us to
find the maximum r. About this problem, it appears that no one had
studied it yet, at least, we have not seen such a paper before. The
problem is interesting because it can help us to study some important
partition problem. In this paper, we use the elementary methods to
study Schur’s problem and give a sharp lower bound estimate for r.
That is, we shall prove the following:

Theorem For sufficiently large integer n, let r be a positive in-
teger such that: the set {1,2,--- v} can be partitioned into n classes
such that no class contains integers z, y, z with xy = z. For any
number £ > 0, We have

> n‘z(l—s)(n—l) )

Whether the upper bound of r is n2("=Y or there exists another
sharper lower bound estimate for r, is an interesting problem.
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§2. Proof of the Theorem

In this section, we complete the proof of the Theorem.
Letr = [77,2“‘5)(”“13'} and partition the set {1,2,---, [ng(l‘g)(”_l)]}
into n classes as follows:

Class 1: 1, [pl-eln=b] nit=aln-l ] e, [pAtimEltes1)

Class 2: 2, n+1, n+ 2

’ T

Class 3: 3, ]T”L‘-T)‘—S— + 1, BRI +2,
~(n(1—s)(n—1)w1)' , '<n(1~5)(n-1)_1)' )
Class k: k, _—nmji)_k_- + 17 W + 27 T n(n—1)-

-

"(n(l—s)m—l)ml)‘ -(n(lfs)(n.fl)___].)

(nt1=<)n- mlq

nwl

-(n(l—a)(ﬂ.—l)_l>-‘ ﬂ(ﬂ’(lfr:)(n‘-l)il)- { (ni=5)a=1)_1) il
[ nil—e}{n-1) j|

Class n: n, |~———a——r|+1, |——ef| +2 -, [n(l*‘f)(”’l) - lJ .

where {y] denotes the integer part of y.

It is obvious that Class & contains no integers z, vy, z with zy = z
for k= 1,3,4, -+ ,n. In fact for any integers z,y,z € Class k, k =
3,4, .- ,n, we have

T AL R (n{l=9)m=1 1)
Ty > kX ([ nin-1) -k }A{-l) 7 [n(’n—l:)"'(k+l) z5

n(l—s)(n—-l)_l
On the other hand, L‘ﬁfﬁl‘f‘ﬁ— tends to zero when n --+ oo,

so for sufficiently large integer n, Class 2 has only one integer 2.
This cornpletes the proof of the Theorem.
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