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Abstract The main purpose of this paper is to study the first power mean 
of d(a(n)); rp(a(n)) and their generations,and a sery of result is ob
tained,where <p(n) is Euler totient funstion,d(n) is divisor function and a(n) 
is the sequence in problem 80 of "only problems not solutions" which wa.') 
presented by professor F .Smarandache. 
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In 1993,professor F.Smarandache presented 100 unsolved problems in [l],it arose great 

interests for scholars. Among them, the 80th problem is: 

Square root: 0,1,1,1,2,2,2,2,2,3,3,3,3,3,3,3,4,4,4,4,4,4,4,4,4,5,5,5,5,5,5,5,5,5,5,5,6,6,6,6,6, 

6,6,6,6,6,6,6,6,7,7,7,7,7,7,7,7,7,7,7,7,7,7,7,8,8" ., 

Study this sequences. 

We donate the sequence in problem 80 as a(n),it is not difficult to show that a(n) 

[y1i ]'where(x] is the maximal integer that is no more than x. 

1. Mean-value of d(a(n))and it's generalization 

Theorem 1 Let n be a positive integer,and a(n) = [Fn ], d(n) be divisor func-

tion,then 

L d{a{n)) = L d([vn]) = ~xlOgX + (2C -~) x + O(xi) 
n:S;x n:S;x 

Where c is Euler's constant. 

Proof L d(a(n)) L d([v'n]) 
n:S;x n:S;x 

= L d([Ji ]) + L d((.Ji]) + .,' + L d([vi ]) + O(Ni!) 
12:S;i<22 22:S;i<32 N2$i:S;x«N+l)2 

, = 3 . d(l) + 5· d(2) + ... + [(N + 1)2 - N2]d(N) + O(Ni!) 

L (2j + l)d(j) + O(Ni!) 
j:S;N 

Let A(N) = I: d(j) := NlogN + (2c - l)N + O(Nt)[2) ,j(j) = 2j + 1,by Abel's 
, j'5:N 

identi ty(2], we have 

L (2j + l)dU) ~ A(N)f(N) - A(l)f(l) - J,N A(t)f'(t)dt 
j$N 1 

= [Nlog N + (2c - l)N + O(N!)](21V + 1) A(l)f(l) -IN 
(tlogt 

1 
(2c - l)t + O(N'2)] . 2dt 
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= 2N2 1og N + 2(2c 1 )N2 + O(N!) - 2lN t log tdt 2lN (2c 1 )tdt 2lN O(d )dt 

= 2N2 logN 2(2c _1)N2 + O(N~) - N 2 }ogN2 + ~N2 - 2(2c -1)N2 + O(N~) 
2 

= N 210gN + (2C - ~).N2 + O(N~) 
So 

:L d(a(n)) = I: (2j + l)d(j) + O(NI?:) 
j$;N j$;N 

= N 2 log N + (2C -~) N 2 + O(N~) + O(NI':) 

= ~ x log x + (2C - ~) x + 0 (x i) 

Similarly, we have 

Theorem 2 Let n be a positive integer,and a(n) == [nil, d{n) be divisor function,then 

L d(a(n)) = L d([nk]) = ~XIOgx + (2C - ~) x + O(x~) 
n:;x n:;x 

Where c is Euler's c.-onstant. 

Proof :L d(a{n)) == L d([n~]) 
n$;x n<x 

L d([d]) + L d([d]) + ... + L d([i!]) + O(NI?:) 
N39:S;x«N +1)3 

= 7 . d(l) + 19· d(2) + .,. + [(N + 1)3 N 3]d(N) + O(Ne) 

= L (3i ~ 3j + l)d(j) + O(NI?:) 
jsN 

LetA(N) = 2".: d(j)=NlogN+(2c 1)N+O(N~)[217f(j) 3j2+3j+1, simi-
j'5:.N 

larly, we have 

L (3j2 + 3j + l)d(j) A(N)f(N) - A(l)f(l) - hN A(t)!,(t)dt 
j$;N 

= [Nlog N + (2c - l)N + O(N~)J(3N2 + 3N + 1) IN [tlogt (2c l)t + O(t!)](6t + 3)dt 

= 3N3 1ogN + 3(2c -1)N3 + O(N~) + 3N2 IogN + 3(2c - 1)N2 + NlogN + (2c -l)N 

-7(2c - l)N -l'l 6t2 1ogtdt - IN 6(2c 1)t2dt + 0 (IN 6tidt) - IN 3t logtdt IN 3(2c - l)tdt 

Because 

j,N. 2 3 
1 6t2 Iogtdt = 2N3 log N :iN + ell 
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So 

l: (3j2 + 3j + l)d(j) 3N3 10g N + 3(2c - 1)N3 2N3 10g N + ~ N3 
- 2(2c - 1)N3 + O(Nfr) 

j'5. N 

= N 310gN + (2C -~) N 3 + O(N~) 

As a result,we have 

l:: d(a(n)) = 
1 

d([n 3 ]) 

j~N j~N 

L (3l + 3j + l)d(j) + O(N5) 
j~N 

= N 3logN + (2C -~) N 3 + O{N~) + O(N5) 

1 (1) 5 =3xlogx+ 2c-3" x+O(xii) 

Theorem 3 Let n be a positive integer, and a(n) = [ni], d(n) be divisor func-

tion,then 
1 1 2: d(a{n)) = L d([nkJ) = "kx log x + O(x) 

n~X' n'5.X' 

Proof I: d{a(n)) = L d([ntJ) 
n$x n~X' 

= (2k l)d(l) + (3k - 2~)d(2) + ... + [(N + l)k - Nk]d(N) + O(Nc) 

L [(j + l)k - .ik]d(j) + O(Nt::) 
j$N 

Let A(N) L d(j) = NlogN + (2c -l)N + O(N!/2
1
,f(j) = [(j + l)k -/],then 

j'5.N 

L [(j.,+ l)k -lJd(j) = A(N)f(N) - A(l)f(l) -iN A(t)f'(t)dt 
j~N 1 

= [Nlog N + (2c - l)N + O(N~)]((N + l)k - N k
] - A(l)f(l) 

76 



So 

IN [t log t + {2c - l}t + O(tt)](k(t + 1)k-1 - ktk-1)dt 

= [N log N + (2c - l)N + O(Nt)](I= ( k 1 iVk
-

l
) 

l=l l 

-k !,N [tlog t - 2(2c - l)t + O( t~)]( '£ (k 1 1 tk- l - 1 )dt 
1 1=1 I 

( : 1 NklogN (k 1 1 1 t ktk-1logkdtf O(N
k

) 

( : 1 Nklog N - ( k ~ 1 1 N
k 

logN + O(N
k

) 

Nk log N + O(Nk ) 

L d(a(n») = L d([nt]) 

jS,N 

= N k log N + O(Nk
) + O(NE) 

1 = kX log x + O(x) 

2. Mean-value of cp(a(n» and it's generalization 

Theorem 4 Let n be a positive integer,and a(n) = [fo ], cp(n) be Euler totient 

function, then 

L cp(a(n» = L cp([vn]) = 42X~ + O(x log x) 
nS:.$ ns,$ ~ 

Proof L ~(a(n» = L cp([fo]) 
nS;x ns,$ 

L <p((v'i]) + L ~([-Ji ]) + ... + L ~([Vi ]) + O(N) 
22Si<32 N2S,iS,$«N+l)2 

= 3cp(1) + 5<p(2) + ... + [(N + 1)2 - N2Jcp(N) + O(N) 

= L (2j + l)cp(j) + O(N) 
is,N 
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Let ACN) = L cpU) := ';N2 + O(NlogN)[2l, f(j) := 2j + 1,then 
j"5:N 71" 

Then 

L (2j + l)cp(j) = A(N)j(N) - A(l)f(l) -iN A(t)J'(t)dt 
j'SN 1 

= [:2N2 + O(NIogN)] (2N + 1) -1N 
[:2t2 + O(tlogt)] 2dt 

6 ,+ O(N2}ogN) - :2 N3 + O(N2 1og N) 

4 = 2 N3 + O(N21ogN) 
7r 

L cp([Fn]) = L (2j + l)cp(j) + O(N) 
n"5: x j"5.N 

= ~ N 3 + O(N21ogN) + O(N) 
IT 

4 3 ( = 2X2 + 0 x log x) 
IT 

Si:rnilarly, we ha.ve 
1 

Theorem 5 Let n be a positive integer,and a(n) = [n 3 ]' cp(n) be Euler totient 

function, then 

L <p(a(n) 
1 9 4 L c.p([n 3 ]) = 21r2X3 + O(xlogx) 

n'Sx 

Proof L <p{a(n») = L cp([ni]) 
n"5.x n:Sx 

= L <p({d]) + L c.p([i~]) + ... + L cp([dJ) + O(N) 
13 "5: i <'C'3 2'1:::;i<33 N3:::;i:::;x«N+l)3 

7c.p(l) + 9c.p(2) + ... + [(N + 1)3 - N3Jc.p(N) + O(N) 

= L (3j2 + 3j + l)cp(j) +' O(N) 
j"5:N 

Let A(N) I:: <p(N) = 32N2 + O(NlogN)[2l ,j(j) = 3l + 3j + 1,then 
j:::;N 1r 

L (3j2 + 3j + l)cp(j) = A(N)f{N) - A(l)f(l) _ j,N A(t)f'(t)dt 
i"5:. N 1 

= [:2N2+O(NIogN)] (3N2+3N+l) lN [:2t2+O(tlogt)] (6t+3)dt 

~N4 - ~N4 + O(N3 1ogN) 
71"2 21r2 
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So 

L v;([d]) L (3j2 + 3j + l)<p(j) + O(N) 

~2N4 + O(N3 1ogN) + O(N) 
21f 

9 4 
= -2 "x 3 + O(xlogx) 

1f-

Theorem 6 Let n be a positive integer,and a(n) [nt], <p(n) be Euler totient 

function, then 

L <p(a(n)) = L <p([n~J) 6k til 
(k + 1)1r2 x k + O(x log x) 

Proof 2.: <p(a(n)) = L <p([n~]) 
n5:x n5:x 

= L <p([it]) + L <p([it]) + .. , + L <p([it]) + O(N) 
lk:Si<2k 2k:Si<3k Nk:Si:Sx«N+l)k 

Let A(N) = L 1p(j) 
j5:N 

L [(j + l)k - jk]<p(j) = A(N)f(N) - A(l)f(l) _ jN A(t)f'(t)dt 
j:SN 1 

= [:2 N2 + O(N log N)] [(N + l)k - N k] ~k [:2 P + O(tlogi)] k[(t + l)k-l - tk-1Jdi 

3k N k +1 + O(Nk log N) k(k - 1) 3 Nk+1 
~ k+l ~ 

6k ___ N k +1 + O(Nk 10gN) 
(k + 1)1f2 

So 
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