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ABSTRACT. The main purpose of this paper is to study the asymptotic property of
the cube free numbers, and obtain sorme interesting asymptotic formulas,

1. INTRODUCTION AND REsuLTs

A natural number a is called a cube free number if it can not bhe divided by any
b®, where b > 2 is an integer. One can obtain all cube free numbers by the following
method: From the set of natural numbers (except 0 and 1)

-take off all multiples of 2%(i.e. 8, 16, 24, 32, 40, ...).

-take off all multiples of 33.

-take off all multiples of 53,

---and so on (take off all multiples of all cube primes).

Now the cube free number Sequences is 2, 3,4,5,6,7,9, 10, 11,12,13,14,15,17, - - -,
In reference [1], Professor F. Smarandache asked us to study the properties of the
‘cube free number sequences. About this problem, it seems that none had studied
it before. In this paper, we use the analytic method to study the asymptotic prop-
erties of this sequences, and obtain some interesting asymptotic formulas. That is,
we shall prove the following three Theorems.

Theorem 1. Let A denotes the set of all cube free numbers. Then we have the
asymplotic formula ’

2 aL,
o= i 0(st),
a<c

where € denotes any fizred positive number, C(s) is the Riemann zeta-function.

Theorem 2. Let A denotes the set of all cube free numbers, o(n) is the Fuler
Junction. Then we have the asymptotic formula
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Theorem 3. Let A denotes the set of all cube free numbers, d(n) is the Dirichlet
divisor function. Then we have the asymptotic formula
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where ('(2) = Z > denotes the summation over all primes.

n=2

2. PROOF OF THE THEOREMS
In this section, we shall complete the proof of the Theorems. For conveniently
we define a new number theory function a(n) as follows:
0, in=1,
a(n)=<¢n, fkfnn>1,k>2
0, ifk3|nn>1k>2

It is clear that

j{:cz:=§z:a n

acA n<z
a<z

) =1+ i “é’_j).

n=1

Let

From the Euler product formula (2] and the definition of a(n) we have

a(p) a(p®)\ _ L 1 . Gs—1)
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By Perron formula [3] we have
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Taking. so =0, b= 3, T = z7, H(z) = z, B(o) = —L+, in the above formula ,
then we have

‘ 1 SHT*(S_*Q__I .
:‘/—;a( n) = 2z7r_/3 o CB(G-1)) s ds+ O(zate).
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To estimate the main term

1 3 s — 1)z
2 a—ir C(3(s — 1))50{8’

we move the integral line from s =3+ 4t to s = % ~+3¢. This time, the function

(s — 1)z

1) = et =s

have a simple pole point at s = 2, so we have

3+1T -g-+iT 3T 33T — 1)g? 2
2 i’ spir Jaor C(3(s—1))s 2¢(3)
We can easy get the estimate
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Taking T = xg, we have

Za=2a(n):§%+0($%+e).

aCA n<z (
a<z

This completes the proof of Theorem 1.
@ a.(n) d{a(n))
Let =1+ d =1+ e
et fi(s) = E an f2(s) E —

n—
From the Euler product formula [2] and the definition of a(n), we also have
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¢*(s) ( 2 )
= 14+ —— .
¢2(2s) I;I (p* +1)?
By Perron formula {3} and the method of proving Theorem 1 we can easy obtain
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This proves the Theorem 2 and Theorem 3.
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