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Abstract 

For any positive integer a, let Sea) denote the Smarandache function of a. In this paper, we prove that the 
equation S(ni + Sen) = kn has infinitely many positive integer solutions for every positive integer k. 
Moreover, the size of the number of solutions does not depend on the parity ofk. 
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1. Introduction 

Let N be the set of positive integers. For any positive integer a, let 

(I) S(a)=min{rlrEN,alr!}. 

Then Sea) is called the Smarandache function ofa. Let k be a fIxed positive integer. In this paper we deal 
with the equation 

(2) S(n)z + Sen) = kn, n E N. 

For any positive integer x, let N(k,x) denote the number of solutions n with n :s; x, and let N(k) denote the 
number of all solutions n of (2). A computer search showed that N(l, 104

) = 23, N(2, 104
) = 33, 

N(3, 104
) = 20, N( 4,104

) = 24, N(5, 1 04
) = 11 and N(6, 104

) = 26. In [1] Ashbacher posed the following 
questions: 

Question 1: Is N(k) = co for k = 1,2, 3, 4, 5 or 6? 
Question 2: Is there a positive integer k for which N(k) = O? 
Question 3: Is there a largest positive integer for which N(k) > O? 
Question 4: Is there more solutions n when k is even than when k is odd? 

In this paper, we completely solve the above-mentioned questions. In fact, we prove a general result as 
follows: 

Theorem: The positive integer n is a solution of (2) if and only one of the following conditions is satisfIed. 

(i) n = 1 for k = 2. 
(ii) n = 4 for k = 5. 
(iii) n = p(p+ 1) for k = 1, where p is a prime with p > 3. 
(iv) n = p(p+ 1)/k for k > I, where p is a prime with p = -1 (mod k). 

Corollary 1: As x ~ co, we have 

NCk,x) - 2 -V (kx) / (q>(k)log(kx») . 

Corollary 2: For any positive integers kl and kl' we have 

N(k l) Cjl(kz) 

-------- ~ (k l/kl) 

N(k1) Cjl(k l) 
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By our results, we observe that (2) has infmitely many solutions n for every positive integer k. Moreover, 
the size ofN(k,x) does not depend on the parity ofk. 

2. Preliminaries 

Lemma 1: For any positive integers u and v, we have S(u)::; S(uv). 

Proof: Let a = S(u) and b = S(uv). By (1), a and b are least positive integers satisfying u: a! and uv! b! 
respectively. So we have a ::; b. The lemma is proved. 

Lemma 2: For any positive integer u with u > I, there exists a prime factor d such that d i S(u). 

Proof: Let u = P1llP212 ... Pktlc be the prime factorization ofu. Then, by [2], we have 

S(u) = max ( S(PI II), S(P212), ... ,S(Pk tic) ) 

and PI I S(PiO) for i = 1,2,3, ... ,k. This proves the lemma. 

Lemma 3: For any positive integer u, we have 

= u, ifu = 1,4 or p, where p is a prime. 
S(u) 

::; U/2, otherwise. 

Proof: See [4]. 

Lemma 4: For any coprime positive integers, u and v, we have S(uv) = max (S(u), S(v) ). 

Proof: Let a = S(u), b = S(v) and c = S(uv). By (1), a, b and c are least positive integers satisfying u I a!, 
v I b! and uv I c! respectively. This implies that c ~ max(a,b). 
If a ~ b, then we have u I a! and v I a!. Since gcd(u,v) = 1, we get uv I a!. So we have a ~ c. This implies that 

c = a = max(a,b). By the same method, we can prove that if a ::; b, then c = b = max (a,b). The lemma is 
proved. 

Lemma 5: For any positive number x, let Il(x) denote the number of primes p with p::; x. As x ~~, we 
have Il(x) - X/logx. 

Proof: See [3]. 

Lemma 6: Let a,b be integers satisfying a > land gcd(a,b) = l. For any positive number x, let Il(x;a,b) 
denote the number of primes p such that p ::; x and p == b(mod a). As x ~ ~, we have 
Il(x;a,b) - x/<p(a)logx, where <pea) is the Euler function ofa. 

Proof: See [5]. 

3. Proofs 

Proof of Theorem: Clearly, ifn satisfy (i) or (ii), then it is a solution of(2). Ifn satisfy (iii), then 
n = p(p+1), where p is a prime with p > 3. Since gcd(p,p+l) = I, by Lemma 4, we get 

(5) Sen) = S(p(P'" 1» = max(S(p ),S(p+ 1 ». 
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Further, since p.t-! ~ 6 is not a prime, by Lemma 3, we get S(p+ I) :5 (p+ 1)/2 < p. Hence, we see from (5) 
that Sen) = S(p) = p. It implies that S(n/ + Sen) = p2 + P = nand n is a solution of (2) for k = I. By the 
same method, we can prove that ifn satisfY the condition (iv), then it is a solution of (2) for k > L Thus, the 
sufficient condition of our theorem is proved. 

We now prove the necessary condition. Let n be a solution of(2), and let t = Sen). We get from (2) that 

(6) t(t+I)=kn. 

If n = I or 4, then t = I or 4, and n is a solution of (2) for k = 2 or 5. From below, we may assume that 
n;:: I or 4. Since gcd(t,t'rl) = I, by Lemma 4, we get from (6) that 

(7) S(kn) = S(t(t+I)) = max(S(t),S(t+I». 

If Set) :5 S(t+ I), then from (7) we get 

(8) S(kn) = S(t+I). 

By Lemma I, we have S(kn) ~ Sen) = t Hence, by (8) we obtain 

(9) S(t+l) ~ t 

Since n ;:: I or 4, by Lemma 3, we see from (9) that either t = 3 or t = p-l, where p is a prime. When t = 3, 
we get n = 3 or 6. Then n satisfies the condition (iv). When t = p-l, we have Sen) = p-l and 

(10) S(kn) = p, 

by (8). Since p is a prime, by Lemma 2, we see from (10) that p I kn. If P I k, then kip is a positive integer 
and t = p - 1 = kn/p by (6). However, by Lemmas 1 and 3, it implies that 

p - I > S(p - 1) = S(kn/p) ~ Sen) = t = p - 1, a contradiction. 

If Set) > S(t+ 1), then from (17) we get 

(11) S(kn) = Set). 

Since S(kn) ~ Sen) = t, by Lemmas 1 and 3, we see from (11) that Set) = t. Since n;:: 1 or 4, by Lemma 4, 
we get t = p, where p is a prime. Hence, by (6), we obtain 

(12) p(p+ 1) = kn. 

Further, since Sen) = p, by Lemma 2, we have pin and nJp is a positive integer. Then, by (12) we get 
p == -I(mod k). Furthermore, since n;:: 4, we get from (12) that p > 3, for k = L This implies that n satisfies 
the condition (iii) of (iv). Thus, the theorem is proved. 

Proof of Corollaries 1 and 2. Let II(x) and II(x;a,b) be defined as in Lemmas 5 and 6 respectively. By 
Theorem, we have 
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ifk= I, 

DC ~(2x + Yo) - ~), ifk=2, 

N(k,x) 

DC ..J(5x + Yo) - ~; 5,-1) -L- 1, ifk = 5, 

DC ..J(kx + Yo) - ~; k,-I), otherwise. 

Therefore, by Lemmas 5 and 6, we get the corollaries immediately. 
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