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Abstract: For any positive integer n, let den), <pen) and Zen) denote the divisor function, the Euler function 
and the pseudo-Smarandache function ofn respectively. In this paper, we prove that the functional equation 
Zen) + <pen) = den) has no solution n. 
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Let N be the set of all positive integers. For any positive integer n, let 

(1) den) = L 1, 

din 

(2) cp(n) = 

19n~ 

gcd(m,n)=1 

1, 

a 

(3) Zen) = min { a I a c N, niL: j }. 
j=1 

Then den), <pen) and Zen) are called the divisor function, the Euler function and the Pseudo-Smarandache 
function ofn respectively. In [1], Ashbacher posed the following unsolved question: 

Question: How many solutions n are there to the functional equation 

(4) Z(n) + <p(n) = den), n EN? 

In this paper, we completely solve the above-mentioned question as follows: 

Theorem: The equation Zen) + <pen) = den), n E N has no solution. 

Proof: Let n be a solution of(4). A computer search showed that (4) has no solution with n ~ 10000 (see 
[1 D· SO we have n > 10000. Let 

(5) 

be the prime factorization ofn. By [2, theorems 62 and 273], we see from (1), (2) and (5) that 

(6) 

(7) 

den) = (rl + 1)(r2 + 1) ... (r. + I) 
k 

<pen) = n II (l-l/pi) 
i=l 

On the other hand, it is a well-known fact that 
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(8) n I Y2 Z(n)(Z(n) + I) 

(see [I]). From (8) we get 

Zen) ~ ...J (2n + ~ - ~) . 

Therefore, by (4), (5), (6), (7) and (9), we obtain 

(10) 

where 

(11 ) 

(12) 

1 ~ fen) + g(n) 

k 

fen) = II (l - I/pi)(pri/(r,+I», 
i=1 

k k 

g(n) = ~ 2 II (Pi [1,'2/(r,+I» - Y2 II l/(ri + 1). 
i=I i=I 

Clearly, we see from (12) that g(n) > 0 for any positive integer n with n > 1. Hence, we get from (10) that 

(13) fen) < 1. 

Ifk = 1, then n = Plrl and Zen) 2: p/I - 1 by (3). Hence, by (1) and (2), n is not a solution of(4). This 
implies that k 2: 2. 
Ifk 2: 3, then Pk 2: 5 and fen) 2: 1, by (11). This contradicts with (13). So we have k = 2. Then (11) can be 

written as 

Ifp2> 3, then from (14) we get fen) 2: 1, a contradiction. Hence, we deduce that PI = 2 and P2 = 3. Then, by 
(13) and (14), we obtain 

From (15), we can calculate that (rj,r2) = (1,1) or (2,1). This implies that n ~ 12, a contradiction. Thus, (4) 
has no solution n. The theorem is proved. 
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