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ABSTRACT. The main purpose of this paper.is to study the asymptotic property 
of the k-full numbers (where k ~ 2 is a fixed integer), and obtain some interesting 
asymptotic formulas. 

1. INTRODUCTION AND RESULTS 

Let k 2 2 is a fixed integer, a natural number n is called a k-power free number 
if pk f n for any prime p. If pin implies pk I n, we call n as a k-full number. 
In problem 31 of reference [1], Professor F. Smarandache asked us to study the 
properties of the k-power free number sequences. It is clear that there are some 
close relations between k-power free number sequences and k-full number sequences. 
In this paper, we use the analytic method to study the asymptotic properties of 
k-full number sequences, and obtain some interesting asymptotic formulas. That 
is, we shall prove the following six Theorems. 

Theorem 1. For any real number x 2:: 1) we have the asymptotic formula 

6k ·x1+t ( 1 
""' n - II 1 + ------,--
~ - (k + 1)7T2 (p+ 1) 
nEA P 
n:S;x 

( where E denotes any fixed positive number. 

Theorem 2. Let tp(n) is the Euler Junction. Then Jor any real number x 2:: 1, we 
have the ~symptotic JorrmLla 
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Theorem 3. Let ex > 0) (J" a (n) L dO. Then jor any real number x ~ 1, we have 
din 

the asymptotic jO'ffiwla 

Theorem 4. Let d( n) denotes Dirichlet divisor function. Then for any real number 
x ~ 1) we have the asymptotic jormula 

~ d(n) = IT 1 + ~ 2 ~ . f (log x) 
6k . xt ( (2pfc - 1) L:~~l (k~l)pk+l-i - kpk+i) 

L-.t 7r2 , ( + l)k+l( t 1)2 nEA p p p 

where f (y) is a polynomial of y with degree k. 

Theorem 5. For any real number x ;;::: I} we have the asymptotic formula 

nEA 
n:S;x 

where m is any fixed integer, (m, n) denotes greatest common divisor of m and n. 

Theorem 6. For any real number x 2 I, we have the asymptotic formula 

L (J"a((m, n)) = 6k· xt IT (1 + 1 1 ) IT (1 + (Jf3 - ~-1) pt) 
nEA pfm (p + 1) (pi< - 1) ptlilm p(pi< 1) 
n:S;x ~~k 

x IT (1+ I:p-t (pi - pi-i) + (pIlr-
i

) pt) IT (-p-) + 0 (x..ft;:+e) . 
, p(pk - 1) P + 1 pf3llm, 1.=k plm. 

~>k 

2. PROOF OF THE THEOREMS 

In this section, we shall cornplete the proof of the Theorems. For conveniently 
we define a new number theory function a(n) as follows: 

{

I, 

a(n) = n, 

0, 

ifn = 1; 

if n is a k-full number 

if n is not a k-full number 
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It is clear that 
Ln= La(n). 
nEA n:Sx 
n:Sx 

Let 

From the Euler product formula [2] and the definition of a(n) we have 

( 
a(pk) a(pk+l) ) 

l(s) = IT 1 + T- + p(k+l)s + ... 
p 

( 
1 1 

= 1] 1 + pk(s-l) 1 -

= IT (1 + pk(;-l») IT (1 + (Pk(,-l) + :)(PS-l - 1)) 
p p 

((k(s-l)) ( 1 ) 
= ((2k(s - 1)) IT 1 + (ph(S-l) + l)(ps-l - 1) , 

p 

where ((s) is Riemann zeta function. Obviously, we have inequality 

la(n)1 ~ n, L~ a(n) 1 
~- <--~ 
n a a 1-

n=l 

where a > 1 - te is t~e real part of s. So by Perron formula [3] 

'" a(n) 1 l b
+

iT 
f( ) X

S 

d .0 (xb B(b + a o)) L.; -- = . s + So - S + 
nBQ 2~7r b-iT S T 

n:Sx 

( 
. log x ) ( . x) + 0 Xl-ao H(2x) IDln(l, T) + 0 X-aD H(N) mln(l, n;TI) , 

where N is the nearest integer to x, Ilxll = Ix - NI. Taking So = 0, b = 2 + te, 
T = xl+:h- 1 H(x) X, B(a) a-{_l' we have 

k 

1 12+i +iT ((k(s - 1)) X
S 

t 'L a(n) = -,- R(s)-ds + O(x1+n +e
), 

2~1T 2+.!.-iT ((2k(s - 1)) s 
n:Sx, k 

where 

( 1 ) R s = 1 + . () IT (ph (s -1) + 1) (ps -1 - 1) 
p 

To estimate the main term 

1 12+t +iT ((k(s - l))x S 

- R(s)ds, 
2i7r 2+t-iT ((2k(s - 1))s 
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we move the integral line frorn 8 = 2 + ~ ± iT to s 1 + A ± iT. This time, the 
function 

l(s) = ((k(s - l))x.'1 R(s) 
((2k(s - l))s 

have a simple pole point at s = 1 + ~ with residue (k~~;(~2) R(l + ~). So we have 

- + + + R(s)ds 
1 (12+t +iT 11+2\+iT /,1+2\ -iT /,2+t-iT) ((k(s - l))x.'1 

2i7f 2+i-iT 2+t+iT l+;h-+iT l+dk-iT ((2k(s - 1))8 

k· x
1
+i ( 1) 

1 + 1 • 

+ IJ (p + l)(pli -1) 

'rVe can easy get the estinlate 

1 (11+21k+iT /,2+~-iT) ((k(s - l))x" 
- + R(s)ds 
27fi 2+t+iT l+if-iT ((2k(s - 1))8 

r2+f. ((k(O' - 1 + iT)) X2+t 
«)1+-1- ((2k(0' - 1 + iT))R(s)---;y- dO'« ---;y- = x

1
+

dk 
2k 

and 

1 1,1+ h -iT ((k(8 l))x.'1 j'T ((1/2 + ikt) x 1+ik 1 
-. R(s)ds « dt« X 1+2k +e:. 
27ft, l+A +iT ((2k(s - 2))s 0 ((1 + 2ikt) t 

Note that ((2) = , from the above we have 

I: 11, - 6k . II (1 + 1 ) + 0 (x1+ 2
1
k +e:) 

nEA - (k + 1)7f2 
p (p + l)(pt - 1) . 

n:::;x 

This completes the proof of Theorem 1. 
Let 

11(8) = ~ VJ(n) , 
~ 11,.'1 
n=l 
nEA 

14(8) = ~ 0"0: ((m, 11,)), 
~ 11,.'1 
n=l 
nEA 

15(8) = ~ cp((m, 11,)). 
~ 11," 
n=l 
nEA 

From the Euler product formula [2] and the definition of cp(n), 0"0;(11,) and d(n), we 
also have 

1 (s) = II (1 + cp(pk) + cp(pk+l) + ... ) = II (1 + r.p(pk) ( 1 )) 
1 pk.'1 p(k+l)s pks 1 - --1::--

p p pS 1 

((k(8 - 1)) II ( p - p.'1-1 ) 
- 1 + . 
- ((2k(8 - 1)) (pk(s-l) + l)(ps - p) , 
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and 

(( k 8 ) (pkS) ( 1 ) 
15(8) = ((2ks) II pks + 1 II 1 + (pk~ + l)(ps - 1) 

plm pfm 

( 
_B _B-1) (,8-1 i i-I ,8 _B-1) 

X 1+ V -V 1+ P -p + p V II pks (1 _ ~) II ?= pis pks (1 _ ~) . 
p.8llm P p!3llm ~=k P 

,8Sk .B>k 

By Perron formula [3] and the method of proving Theorem 1, we can obtain the 
other results. 
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