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ABSTRACT. Let p be a prime, n be any posit.ive integer, Sp(n) denotes the smallest 
integer such that. Sp(n)! is divisible by p' •. In this paper, we study the asymptotic 
propert.it's of S'1'(n) , and give an int.el·esting asymptotic fOfmula fOf it. 

1. INTRODUCTION 

Let p be a prime, n be any positive integer, 5p {n) denotes the smallest integer 
such that Sp(n)! is divisible by pn. For example, S3(1) = 3, S3(2) = 6, 5 3 (3) = 
S3(4) = 9, ....... In problem 49 of book [IJ, Professor F.Smarandache ask us 
to study the properties of the sequence {Sp(n)}. About tIns problem, it appears 
that no one had studied it yet, at leclSt, we have not. seen such a paper before. The 
problem is interesting because it can help us to calculat.e the Smarandache function. 
In this paper, we use the elementary methods to study the asymptotic properties 
of Sp(n), and ~,.ive an interesting asymptotic formula for it. That is, we shall prove 
the following: 

Theorem. F07' any fixed prime p and any positive integer n, we ha'ue the asymp
totic formula 

Sp(n) = (p-I)n + 0 (l:p .Inn). 

From this theorem we may immediately deduct' the following: 

Corollary. For any positive integer n, we have the asymptotic formttlas 

a) S2(n)=n+0(1nn); 

b) 5:3(n) = 2n + 0 (In 11) . 

Key UJords and phTfLSes. F.SmarandachE' prohlE'Ju; Pril11iti\"(' numbers; A~Ylllptot.i(" fot·mula. 
* This work is supported by th" N.S.F. and the P.S.F. of l' R.Chilia. 
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2. PROOF OF THE THEOREM 

In this section, we complete the proof of the Theorem. First for any iL'{ed prime 
p and any positive integer n, we let a( n,p) denote the sum of the base p digits of n. 
That is. if n = alPOl + a2p0<2 + ... + aspO<l with as > as-I> ... > 0'1 2 0, where 

s 

1 ::; ai ::; P - 1, i = 1,2,· .. ,8, then a(n, p) = L ai, and for this number theoretic 
i=1 

function, we have the following two simple Lemmas: 

Lemma 1. For any integer n 2 1, we have the identity 

where [xl denote,s the greate,st integer not exceeding x. 

Proof. From the properties of [xl we know that 

[~:] = [aIPCt1 + a2por:t ... + aspo.] 

_ { t ajpoj-i, if O'k-l < i ::; ak 
- j=k 

0, if i > as. 

So from this formula we have 

= L !:: = L alP 1 + a2P 2 + ... + asp • += [ ] += [or or Ct ] a(n) _. . 
p' • 

i=l i=l P 

This completes the proof of Lemma l. 

Lemma 2. FOT any positive integer n with pin, we have the e,stimate 

p 
a(n,p) ::; Inp Inn. 

Proof Let n = alpOl + a2pCt2 + ... + aspCt. with as > as-I> ... > 0'1 2 1, where 
1 ::; ai ::; p - 1, i = 1,2,· .. ,s. Then from the definition of a(n,p) we have 

s s 

(1) a(n,p) = 2: ai ::; 2:(p - 1) = (p - 1)8. 
i=l ;=1 
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On the other hand, using the mathematical induction we can easily get the inequal
ity 

or 

In(n/as } Inn 
s < < --. 

- lnp - lnp 
(2) 

Combining (1) and (2) we immediately get the estimate 

p 
a(n,p) ~ Inp Inn. 

This proves the Lemma 2. 
N ow we use Lemma 1 and Lemma 2 to complete the proof of the Theorem. For 

any fixed prime 'p and any positive integer n, let Sp( n) = k = al • pal + a2 . pa2 + 
... + as . po'. with as > as-I> ... > al ~ 0 under the base p. Then from the 
definition of Sp(n) we know that pnlk! and pn t (k -I)!, so that al 2: 1. Note that 
the factorization of k! into prime powers is 

k! = II qO'qCk) , 

q<k 

+00 [k] where II denotes the product over all prime ~ k, and aq(k) =?= i . From 
q$k ,=1 q 

Lemma 1 we immediately get the inequality 

or 
1 1 

-- (k - a(k,p) - al < n ~ --1 (k - a(k,p)). 
p-1 p-

I.e. 
(p -l}n + a(k,p) ~ k::; (p -l)n + a(k,p) + (p -1) (al -1). 

Combining this inequality and Lemma 2 we obtain the asymptotic formula 

k = (p - l)n + 0 . (: p In k) = (p - l)n + 0 (: p In n ) . 

This completes the proof of the Theorem. 
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