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ABSTRACT. A number n is called simple number if the product of its proper divisors 
is less than or equal to n. In this paper, we study the mean value properties of the 
sequence of the simple numbers, and give several interesting asymptotic formulae. 

1. INTRODUCTION 

A number n is called simple number if the product of its proper divisors is less 
than or equal to n. For example: 2,3,4,5,6,7,8,9,10,11,13,14,15,17,19,21,···. 
In problem 23 of [1], Professor F.Smarandach asked us to study the properties 
of the sequence of the simple numbers. Let A is a set of simple numbers, that 
is, A == {2, 3, 4, 5,6,7,8,9,10,11,13,14,15,17,19,21,·.·}. In this paper, we use 
the elementary methods to study the properties of this sequence, and give several 
interesting asymptotic formulae. That is, we shall prove the following: 

Theorem 1. For any positive number x > 1, we have the asymptotic formula 

L .!. = (lnlnx)2 + B1lnlnx + B2 + 0 (l~lnX) , 
A

n nx 
nE . 
n~x 

where B 1 ,B2 are the constants. 

Theorenf2. Fo'r any positive number x > 1, we have the asymptotic formula 

L <p~) = (In In X)2 + C1lnlnx + C2 + 0 C~:x) ,. 
nEA 
n~x 

where 0 1 , O2 are the constants, ¢( n) is Euler function. 
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Theorem 3. For any pos'itive nurnber x > 1, we have the asymptotic formula 

~ 1 2 L = (lnInx) 
0" 

nEA 
(

In lnx) 
D1 In In x + D2 + 0 In x ' 

n<x 

where D 1 , D2 are the constants, O"(n) is d'ivisor function. 

2. SOME LEMMAS 

To complete the proof of the Theorems, we need the following two Lemmas: 
First Let n be a positive integer, pd(n) is the product of all positive divisors of n, 
that is, Pd (n) = II d. qd (n) is the product of all positive divisors of n but n, that 

din 

is, qd(n) = II d. Then we have 
dln,d<n 

Lemma 1. Let n E A, then we have n = p, or n == p2, or n = p3, or n == pq fO'l.tr 
cases. 

Proof. From the definition of pd(n) we know that 

Pd(n) = II d = II~· 
din din 

So from this formula we have 

(1) p~(n) = II d x II ~ = II n = nd(n). 

din din din 

~ f •• d(n) 
where d(n) = L 1. From (1) we ImmedIately get Pd(n) = n-2- and 

din 

(2) II 
dln,d<n 

IId 
d= ~ =nd~n)-l. 

n 

By the definition of the simple numbers and (2), we get n d~n) -1 ~ n. Therefor we 
have 

d(n) ~ 4. 

This inequality holds only for n = p, orn = p2, or n = p3, or n = pq four cases. 
This completes the proof of Lemma 1. 

Lemma 2. For any positive number x > 1, we have the asymptotic formula 

o (lnlnx) , 
lnx 



whe-re B l , B2 are the constants. 

P-rooj. It is clear that 

I: ~ In In ~ == I: ~ In(lnx -lnp) 
p~Vx p P p~v'x P 

= L ~ (lnlnx +In (1- ~:~)) 
p'5;v'x 

(3) ""' 1 '" 1 ( In p ) == lnlnx ~ - + ~ -In 1 - - . 
p p lnx 

p~Vx p~v'x 

Applying 

(4) 

we obtain 

(5) (
lnlnx) == (In In x) 2 + B l'In In x + 0 In x . 

If m > 2, note that 7r(x) == x + In~ x + 0 Cn~ x), then we have 

= (v'x In m y d7r(Y) 
J2 Y 

(6) 

00 1 
From (6) and note that I: m2m is convergent, we have 

m=l 

- I: ~ In (1 _ In p ) 
;;;: p In x 173 
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2 ' ="- + + ... + + ... 1 (In p In p In m p ) 
L.,; p In x 2 x 'm x 

p~,,;x 

1 "In p + 1 "" In 
2 

p 1 In m p 
lnx L.,; p 2 x ~ p ... + -------.-x L p + ... 

p~ v'x v'x 

_1_ (~lnx + 0(1)) + ... + _1_ (_l_lnm x + 0 (_ln~m_-_2 x_, _)) + ... lnx 2 m x m2m 

(7) 

where we have used the asymptotic formula L lnp = llnx + 0(1) and the 
p 2 

p~v'x 

power series expansion In(l - x) -(x + + .,. + m + ... ). From (3), (5) and 
(7) we immediately get 

"" ~ In In x = (In In x) 2 
~ P P (

In lnx) B 1 lnlnx+B2 +0 ~ . 

This proves Lemma 2. 

3. PROOF OF THE THEOREMS 

In this section, we shall complete the proof of the Theorenls. From Lenlma 1 we 
have 

(8) 

Applying (4) and Lernma 2 we get 

L p~ = 2 L ~ L ~ - ( L ~) (L ~) 
pq~x p~,,;x q~x/p p~-IX q$vx 

=2 L ~(lnln;+CdoC:x))-(lnlnVx+Cl+oc:x)r 
p~ ,,;x 

=2 L ~Inln~+2Cl L ~+O (1 ""~) 
p p p lnx ~ p 

ps. -IX p~,,;x 

- ((lnlnx)2 + C21nlnx + + 0 C~:x) ) 
(9) = (lnlnx)2 C4 1nlnx + C5 + 0 C~~:x) . 
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1 
Coulbining (4), (8) and (9) and note that ~ is convergent, we imulediately 

obtain 
1 

~ - = (lnlnx)2 + B1ln 
n 

nEA 
n'5.x 

B 0 (
lnlnx) x+ 2+ ---. 

x 

This completes the proof of Theorem 1, 
Now we complete the proof of Theorem 2 and Theorem 3. From the definitions 

and the properties of Euler function and divisor function, and applying Lemma 1 
we have 

and 

Note that and ~ (1 ) is convergent, then using the 
pp±l 

p 

1 1 
- - =F ----

p 

1 

p±l 

ulethods of proving Theorem 1 we can easily deduce that 

and 

~_l 
nEA ¢(n) 
n$.x 

2 (lnln x) (lnlnx) + C1lnln:x: + C2 + 0 --
lnx 

nEA 
n$.x 

1 '= (lnlnx)2 + D1lnlnx + D2 + 0 (lnlnx) . 
lnx 

This completes the proof of the Theorems. 
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