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Abstract: letm = Clln kl + Cl 2nk2 + ...... + a~nk.r ,where 1 ~ Cl
i < n, i == 1,2,"" s. k) > k2 > ... > 

k.~ :::::0, a(m,n)==Cl
I 
+az +······+a.~, for Ak(N,n)== I ak(m,n) (k==I,2,3). An exact 

m<N calculating formula for Ak(N,n) (k = 1,2,3) is given. 
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§l Introduction and Main Results 

In problem 2 I of (1], Professor F.Smarandache asked us to study the properties of the sequences of digital 
sum. In paper [2] and [3] we give exact calculating formulas for AI (N, n) and A2 (N, n). In this paper, 
we give an exact calculating formula for A3 (N, n) . For convenience, let 

n-I 

lPk(n)==Ii k 
, 

i=) 
() 

n(n-I) 
rpl n == , 

2 
() 

n(n -1)(2n -I) 
rp2 n == . 

6 
First we have the following. 

Definition. Assume n (n c 2) be a fixed positive integer, for any positive integer m in 
base n , let m == alnk, +G2n k2 + ...... + asnk .• , where k) >k2 > ... > k,v 2::: 0, 1::::; a j < n, 

i ;:: 1,2, ... ,s .Then 

a(m, n) == a, + G2 + ...... + a ... and for any positive integer r, Ar(N,n);;;::. I: ar (m, n) . 
m<N Theorem 1. Let N = a,n k

, + a2nk2 + ...... +asn k
.f ,where k} > k2 > ... > k.

t 
20; I::::; aj < n; 

i:;;;;1,2,···,s, Then 

, H 
((n -l)rp, (a; )(]Jl (k j ), + k/P2 (a j )) + n 2 

(fJ,2 (a;) + 3n(L a j )(k j a j {fJ2 (n) + nrp2 (a j ) + (n -l)a; 
./=1 

10 
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A3(N,2) 

i 1,2"",10; 

k) > k2 > ... > ks 20 , then 

A](N,lO) 

25 ± (40tpI2Cai) + 3645kl(k, - 3) + 180k;a;(a/ + Sal + 14) + 15390k/a; 2430(kj + ai -1) + ;=1 

30(£ aj )(36<p1 (aJ + 4rp2 (aJ + 3kj Cl; (27 kj + 11»)+ 60Cl j (I a j )2 (9k j + a
l 
-1) + 40(I: Cl

J
)3) Ok;-3 )=1 

j=1 /=1 

§2 Proof of the theorem 

In this section, we complete the proof of the theoren1 . First we have six simple lemmas. 
Let n, a are positive integers, k is an integer, we have five lemmas. 

[2] k n -1 k Lemmal . A1(n ,n)=~-kn . 
2 (1) 

Lemma 2[2]. AI (an k ,n) ~(n-l)k+(Cl-l))nk. 
2 (2) 

Lemma 3[3]. A2 (n k ,n) = (krpz (n) + (n -l)rpt (n)cpt (k))n k- I 
• (3) 

Lemma 4[3]. 

( , 

Lemma 5. 

k (2 ( 1 ) ) k-? (5) A3 (n ,n) = kepi (n) (2n -1) +2"(n -l)(k - 3)k + 6rp, (n)rp2 (n)cpI (k) n -. 

Proof. We only prove the identity (5) 
If k:= 1, then 

The left of the equation = A3 (n, n) = a 3 (1, n) + (2 -1, n) + ...... + a3 (n -1, n) 

The right of the equation = nrp,2 (n)· n- I = rp,2 (n). 

So the left and right of the equation (5) equals, the proposition is correct. 

Assume k = p , lemma (5) is correct. That is, 
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A, (n P , n) = (p",,' (n)(2n - I) + ~ (n -I)(p - 3)p) + 6"" (n)"" (n)"" (p) )nl'-' . 

Then A] (n P+
1 ,n) = I a3 (m, n) 

m<n P+ 1 

= I a 3 (m, n) + I a 3 (m, n) + ... + I a 3 (m, n) 
m<n P nP ~m<ZI1f' (n-l)n P Sm<I1I'+1 

== I a 3 (m,n)+ I (a(m,n)+lr + ... + L: (a(m,n)+(n-l)Y 

n-I 17-1 11-1 =n I a 3 (m,n)+3 I a 2 (m,n)(Ii)+3 I a(m,n)(Ii 2 )+Cf)3)n P 

i=1 

= nA3 (n P
, n) + 3rp(n)A 2 (n

P
, n) + 3rp2 (n)AI (n P

, n) + rplz (n)n P
• 

Combining inductive assume, (1) and (2), we immediately get 

A, (n P+' , n) = (p "', , (n)(2n -I) +~(n -l)(p - 3)p) + 6"" (n)"" (n)"" (p) )n P
-' + 3"" (n)(p"" (n) 

,., 
+ rpl (n)rpl (p)(n -l»)n P

-
1 + ~(n -l)prpz (n)n P + rpl2 (n)n P 

= (p + I)",,' (n)(2n I) +~(n -I)(p - 2)(p + 1))+ 6"" (n)"" (n)"" (p + 1) )n P
-' . 

So lemma 5 is also correct for k = p + 1 . 

Lemma 6. 

A3(ank., n) = (karpl 2 (n)((2n 1) +~(n -l)(k 3)k)+ 3rp2 (n)(2arpl (n)rpl (k) + knrpl (a») 2 

+ 3nrpl (n)(n -l)rpl (a)rpl (k) + krpz (a») + n2 
rpI 2 (a) ~k-2 

proof. A3 (an k ,n) = I' a3 (m, n) 
m<on k 

= I a3(m,n)+ I a 3 (m,n)+'''+ I a 3 (m,n) 
m<nk 1/ sm<2nl.: (a-l)n k <;m<anl.: 

I a 3 (m,n)+ I (a(m,n) +1)3 + ... + I (a(m,n)+(a-l))3 
m<:.nk O:Sm<:.nk O:sm<nk 

a-I a-I a-I 
==a I a

3
(m,n)+3 I a2

(m,n)(Ii)+3 I a(m,n)(L>2)+(I>3)n k 

m<nk m<nk 1=1 m<r/ i",] i=;] 

= aA3 (n k ,n) + 3rp(a)A2 (n k ,n) + 3rp2 (a)AI (n k ,n) + rp1 2 
(a)nk 

Combining (1), (3) and (5), we get 

(6) 

A] (an k 
, n) = (ka"" , (n)(2n -I) + ~ (n -I)(k - 3)k)+ 3"" (n)(2a"" (n)"" (k) + kn"" (a») 

+ 3nrpl (n )((n -l)rpJ (a)rpl (k) + krpz (a») + n2rp) 2 
(a) )nk

-
2 

• 

This proves lemma 6. 
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Now we use the above six lemmas to complete the proof of the theorem, 

m<.N 

== I a 3 (m,n)+ L a 3 (m,n)+"'+ I a 3 (m,n) 
m<.Gln"l aln") :>;m<.alll"l +a2n"2 N-asnk,~ Sm<N 

= I a 3 (m,n)+ L (a(m,n)+aJ
3 + ... + I (a(m,n)+'IaiY 

III<Ulnk, O:sm<.oznk2 0:;;'/11 <o.,n",· i=1 

of s i-I ,\ i-I .~ i-I 

== I A3 (aink,) + 3 I (2: aj )A2 (ain
kj

) + 3 I (La.i)2 AI (ajnki ) + I Cl: a j)3 aink; 
i",1 i:::d j=1 i .. 1 j,.,,1 i=l j,.,l 

From (2), (4) and (6), we have 

A3 (N,n) 

i-I 

(n -l)CPl (a j )CPI (kJ + kJPz (a j ») + n2
rpJ 2 (a j ) + 3ncl: G,i )(kj Gj rp2 (n) + nrp2 (aJ + (n -l)a j 

j",,1 

This completes the proof of the Theorem. 
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