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In this paper we define the numerical functions <Ps, <Ps *, IDs and we prove some 

propenies of these functions. 

1. Definition. If Sen) is the Smarandache function, and (m, n) is the greatest common 

divisor ofm and n, then the functions <Os' <Ps * and IDs are defined on the set N* of the positive 

integers, with values in the set N of all the non negative integers, such that: 

<Ps(x) = Card{m EN* /0< m ~ x. (S(m), x) = I} 

<Ps *(x) = Cardlm EN* /0< m ~ x, (S(m), x) ~ I} 

(Os(x) = Card{m EN* /0< m ~ x, and SCm) divides x}. 

From this definition it results that: 

<Ps(x) + <Ps *(x) = x and IDs(x) ~ <Ps *(x) 

for all x E N*. 

2. Proposition. For every prime number p E N* we have 

<Ps(p) = P - 1 = <p(p), <Ps(p2) = p2 - P = <p(p2) 

where <0 is Euler's totient function. 

(1) 

Proof. Of course, if p is a prime then for all integer a satisfying 0 < a ~ p - 1 we have 

(S(a), p) = 1, because Sea) ~ a. So, if we note Ml (x) = {m EN* /0 < m ~ p, (S(m), p) = I} 

then a -= M1(p). 

!\r the same time. because S(p) = p, it results that (S(p), p) = p ~ 1 and so p e Ml(P)· 

Then we have <Ps(p) = P - 1 = <p(p). 

The positive integers a, not greater than p2 and not belonging to the set Ml(p2) are: 

p, 2p, ... , (p-l )p, p2. 
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For p = :2 this assenion is evidently true. and if p IS an odd prime number then for all 

h < P it results S(h· p) = p. 

N ·f 'd h h (S( ) ') 1 I d d ·f&". ILl IL, etr , 0\"'. I m < p- an m ~ p t en. m. p- = . n ee . I lor m = q I . q2 ... ·qr . qj :;t p 

we have (S(m), p2) :;:: I. then it exists a divisor q'"' ofm such that SCm) = Seq''') = q(a. - iet)' with 

. ia.-I il 
lu E ! 0: i -q- i i 

L.... _ .... ...J 

From (q( a. - i,~ ), p2) :;:: 1 it results (q( a. - i'L ), P ) :;:: 1 and because q:;:: p it results 

(a. - i,~, p):;:: I, so (a. - i,~, p) = p. But p does not divide a. - i," because a. < p. 

Indeed. we have: 

q" < p2 <=> a. < 110gqP :::; 1· ¥ = p 

because we have: 

log p :::; E. for q 2! 2 and p 2! 3 . 
q 2 

So, 

3. Proposition. For every x E N* we have: 

<ps(x) :::; x - t(x) + 1 

where t(x) is the number of the divisors ofx. 

Proof. From (1) it results that <Ps(x) = x - <Ps *(x), and of course, from the definition of 

<Ps * and t it results <Ps *(x) 2! t(x) - I. Then <Ps (x):::; x - t(x) + I. Panicularly, if x is a prime 

then <Ps(x):::; x - I, because in this case t(x) = 2. 

Ifx is a composite number, it results that <Ps (x):::; x - 2. 

4. Proposition. If p < q are two consecutive primes then: 

<Ps (pq) = <p(pq). 

Proof. Evidently, <p(pq) = (p - I) (q - I) and 

<Ps (pq) = Card{m EN* /0 < m:::; pq, (S(m), pq) = I}. 

Because p and q are consecutive primes and p < q it results that the multiples of p and q 

which are not greater than pq are exactly given by the set: 

M = {p, 2p, ... , pl, (p + I)p, ... , (q - I)p, qp, q, 2q, ... , (p - l)q}. 

These are in number of p + q - 1. 
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Evidently. (S(m). pq);:: I for mE lp.1p ..... (p - I)p. p2, q, 1q •.... (p - l)qJ. 

Let us calculate SCm) tor mEl (p -+- 1 )p. (p+ 1)p ..... (q - 1 )pl. 

Evidently. (p -+- i. p) = I for 1 ::; i ::; q - p - I. and so [p + i. p] = pep + i). 

It results that S(p(p + i) = S([p, p + i]) = max I S(p). S(p -+- i) I = S(p). 

Indeed. to estimate S(p + i) let p -+- i = P ~I • p~: ... p~h < q < 1p. 

Then p~1 < p. p~: < p .... p~h < p. 

It results that: 

S(p ~ i) = S(pt) < S(p), for some j = D. 
It results that: 

(S(p(p + i), pq) = (p, pq) = p ~ I. 

In the following we shall prove that if 0 < m ::; pq and m is not a multiple of p or q then 

(S(m). pq) = 1. 

It is said that ifm < pl is not a multiple ofp then (S(m), p) = 1. 

Ifm::; ql is not a multiple ofq then it results also (S(m), q) = 1. 

Now. if m < pl (and of course m < ql) is not a multiple either of p and q then from 

(S(m), p) = 1 and (S(m), q) = 1 it results (S(m), pq) = 1. 

Finally, for pl < m < pq < ql, with m not a multiple either of p and q, if the 

decomposition of m into primes is m = p~l . p~: ... p~s then Scm) = S(p~k) < S(p) = P so 

(S(m), p) = 1. 

Analogously, (S(m), q) = 1, and so (S(m), pq) = 1. 

Consequently, 

<Ps (pq) = pq - p - q -+- 1 = <Ps (pq). 

5. Proposition 

(i) If P > 1 is a prime number then c!)s (p) = 1, C!)S (pl) = p. 

(ii) If x is a composite number then c!)s (x) ~ 3. 

Proof. From the definition of the function c!)s it results that c!)s (p) = 2. 
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If I::; m ::; p!.trom the condition that S(m) divides p! it results m = 1 or m = kp, with 

k::;p-I.so: 

mE :l.p.1p ..... (p-l)p} and ffis(p!)=p 

Ifx is a composite number. let p be one of its prime divisors. 

Then. of course. L p, 1p Elm / 0 < m ::; x I. 

Ifp> 3 then: 

SO) = 1 divides x, S(p) = p divides x and S(2p) = S(p) = p divides x. 

It rezults ffis(x)~3. 

Ifx = 2u, with a ~ 1 then: 

S( 1 ) = 1 divides x. S(1) = 2 divides x and S( 4) = 4 divides x , 

so we have also ffis(x) ~ 3. 

6. Proposition. For every positive integer x we have: 

ffis(x) ::; X - q>(x) + 1. 

Proof. We have q>(x) = x - Card A., when 

A = 1m /0< m::; X, (m, x);to n. 

Evidently, the inequality (2) is valid for all the prime numbers. 

(2) 

If x is a composite number it results that at least a proper divisor of m is also a divisor of 

S(m) and of x. So (m, x);to 1 and consequently mEA. 

So. {m / 0 < m::; X, S(m) divides xl c A u {II and it results that: 

Card 1m! 0 < m::; x, S(m) divides xl ::; Card A-I, or 

ffis(x) ::; 1 + Card A., 

and from this it results (2). 

7. Proposition. The equation ffis(x) = ffis(x + 1) has not a solution between the prime 

numbers. 

Proof. Indeed, if X is a prime then ffis(x) = 2 and because x + 1 is a composite number it 

results ffis(X + 1) ~3. 
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Let us observe that the above equation has solutions between the primes. For instance, 

ffis(35) = ffis(36) = II. 

8. Proposition. The function <ps(x) has all the primes as local maximal points. 

Proof. We have (J)s(p) = p - 1, <Ps(p - I) ~ p - 3 < <Ps(p) and (J)s(p 1- I) ~ <Ps(p), because 

p ~ I being a composite number has at least two divisors. 

Let us mention now the following unsolved problems: 

(UP t ) There exists x E N* such that <Ps(x) < <p(x). 

(UP2 ) For all x E N* is valid the inequality 

ffis(x) ~ T(X) 

where T(X) is the number of the divisors ofx. 
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