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For every natural number p we define p’ as the following triplet
(p"-1,p",p"+1), where p"=23.5....p
Let us consider the following requence of prime numbers :
2=p <3=p,<5=p;<..p <...
We call the triplets (p; ~1,p;,p; +1), where p,=p.p,..p, ,k=12..a p

triplets.

It is casy to observe that : o _
i) (p; -1,p, +1)=1 , because p, —1,p, +1 are both of them are add numbers, and
(pe+D-(p-D=2

i) if n=s®.s3 5% divides p,-1or p,+1, because (p,—1p;)=1, this

implies s, > p, , for every i elt.

i)  ifndivides p,—1 or p,+1,then(n,p,)=1, forh<k
Proposition. The triplets p° are separated .

Proof. Let us consider the consecutive triplets :

p;—l - 1’p;—1 ’p;-l +1

Pe-Lpi P+l

Because p;, —1-(p,_ +1)=p, (p,—~1)—-2>0 it results that every two consecutive
triplets are separated , so we have :

P —l<pl <p +1<p,—1,p;<pi+l<.<p,—l1<p, <p, +1<.
Remark. Let us consider the triplets :

pi—Lpi, P+l

P, =1, py, b+ 1, where k < h,and

M, ={n eN/p, +l<n<p, -1}

Then we have :

a) if h—k is constant , then card M increases simultaneously with k .
b) card M,, increans when A—k increases.

Definition . We say that the triplets p;, p, , where & </ , are F - prime triplets iff there is
no neN,n>1sothat n/p, +landn/ p, or n/ p, 1

Examples. The triplets :

5 -1=29,5 =30,5 +1=31

7" -1=209,7 =210,7 +1=211lare

F - prime triplets.

The triplets :



7" -1=209,7 =210,7 +1=211

11" —=1=2309,11" =2310,11" +1=2311

are not F - prime triplets, because (7"-1,11) =11

Definition . The triplets : (p"—1,p",p" +1) and (¢ -14".¢" +1) where p"—1=¢q or
p’ +1=gq are called tinked triplets.

Remark. i) If q and p are two consecutive prime numbers, then we call p° and ¢  as
consecutive linked triplets. For example 3' and S° are consecutive linked triplets.

ii) Two linked triplets are not F- prime triplets.

Proposition . There is no consecutive linked triplets with p<q , forevery p2 5.

Proof, Because p and q , p<g , are two consecutive prime numbers , we have :
p<q<2p.

For every p=>5 we have:

[P +1]=[L+l}z[ﬁ_+l}{s_+l]:i23,

q g q) l2p ) L2 9] 2

where s is such that s< p and s and p are two consecutive prime number, so we have :
p +1#q.

Because [p _1}2[2——}-}=5——122, then we have p"—1#¢
q

2 q 2
Remark i) There are p triplets such that p’ —land p" +1 are friend prime numbers (for
example for p=35)
There are friend prime numbers which do not belong to a p° triplet . For example the
friend prime number 11 and 13 do not belong to any triplet p , because 12 isnota D .
ii) The friend prime numbers which belong to a triplet p are called friend prime numbers
with the triplet p" .
There are the pairs of friend prime numbers (5,7) and (29,31) with the triplet p° which
correspond to p" linked consecutive triplets.

Unsolved problem
i) There are an infinite set of friend prime numbers which the triplet p” .

i) There are an infinite set of friend prime numbers which the triplet is not p .
Proposition. For every k € N there is a natural number A, 2> k such that for every s> h
_the triplets (p; —1,p;,p; 1) and (p. -1,p.,p. +1) arenot F - prime.

Proof. If ndivides p, or p;+1,then n=g* 1%  where ;> p; for every jel,i .
Letnben=1t.1,....1.

Then 7 divides p,—lorp,+1.1fp,= max{tj} _then h>k, i divides p; and, of
course , 7 divides p| , for every s2h . Then the triplets p;, p, are not F - prime.
Definition. If n=p...p" » then 7 is denoted by 7= { 7 A P }

Definition. Let us consider M = {fz}new and let < be the partial ordering relation on
M, defined by
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bope) S {atattolnop,ontely g, od p =g, imples

a, <p .
Definition. Let us consider M, =p,wp; ~1Up, +LkeN".

Then we define p; = {n e N /i< M, } and % for h<k.

Remark. For n=1t1...t]" |ifne D, , then there are the following cases :

iy n/p, and

iy n/ p,—lorn/ p,+1

In the first case, 7 e{pk,plp,,,...,p,‘_lpk,...,p,:}.

In the second case, becasuse ; > p, for every j Ei,_; it implies that there is s eﬂ for
every h,1<h<k ,suchthat £ ¢ B -1, respectively ¢ ep, +1.

In the paper [1] it'is defined the Primorial Smarandache function, denoted by SP, , where
SP:Ac N >N * and SP.(n)=p , where p is the smallest prime number such that n
divides one of the numbers which belong to the triplet p":p’ -1, p,p +1 , where
p’ =2.3.5.....p ( the product of the prime numbers which are < p )

In the paper [1] it is proved that the free of quadrates numbers belongs to the domain of
definition of the function SP. . The problem is : There are numbers which are not free of
quadrates numbers which belongs to the domain of definition of the function SP, ?

We study if there is x> e N* , where x is a prime number, such that x* divides one of the
numbers of the triplet p":p" —1,p",p" +1, where p is a prime number .

It is casy to see that x* # p’, for every prime number p .

We proof that every prime number x eN" has the property x*#p 1 . If x<p , then
x*tp 1.

Proposition. x*#p” £1

Proof. In the case x? = p’ +1 , then x* —1=p" . It is casy to see that x =2 do not verify
this property.

Because x> —1= M4 and p’ = M4+2 ,thén x* -1=p

Ifx =p -1,x*+1#M3and p = M3, then X*+1zp

Remark. Every free of quadrates number could be of onc of the following kinds :
4hec? (4 +1)x?, (4k +2)x* or (4k +3)x* , where k € N and x is a prime number.
Proposition. For every prime number x,x € N , we have :

a) dkx’ = p  £1

b) (4k+2)x* = p %1

¢) (4k+Dx*=p +1

d) dk+3)x*=p -1

Proof. a) Because 4kx? is an even number and p’ £1 are odd numbers, then it results
that 4kx’ = p 1 ‘

b) In an analogue way (4k+2)x’ = p" 1, because (4k +2)x* is an even number.

¢) Because (4k+1)x*-1=M4,x>2and p"= M4+2 then it results  that
(4k+1)x* = p"+1. For x=2 it can be directly proved.
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d) Because (4k +3)x* +1= M4, then it implies (4% +3)x*#p -1 .For x=2 it is
directly proved. _

In order to proved the proposed problem it is necessary to study the following cases, too:
Jx and p which are prime numbers, so that :

a) (4k+1)x*=p -1, where 4k +1, 4k +3 are prime number greater than x.

b) (4k+3)x* = p" +1 or products of primes greater than x.

It is easy to see that in the case when 4k+1 and 4k +3 have a prime factor q smallest
than p (g < p) the assertions a) and b) are not proved.
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