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REMARKABLE INEQUALITIES 
by 

Ion BiHicenoiu 

In this paper are presented inequalities between factors of canonical decomposition. 

e p1 (0) ep1(0) ep,,(D) (0) 
n! = Pl· P2 . ... . p 11(0) 

be the decomposition of n! into primes with 2 = PI < 3 = pz < ... < Px(n) , 
and n(n) is the number of prime numbers smaller or equal to n. Of course, epi (n), i = 1, n(n) 
are Legendre's exponents. It is said that: 

e,(n)=[%H;2 ]+[f]+ ... 
1. Proposition. 
For every n ~ 4, holds: 

Proof. Because 

(1) 

If n = 2k, then 

If n = 2k+ 1, it results that we have the following possibilities: 2k+ 1 = 3m or 

2k+ 1 = 3 m+ 1 or 2k+ 1 = 3 m+2 and consequently 1. = 1 __ 1_ or 1. = 1 or 1. = 1 + _1_ 
m 2 2m m 2 m 2 2m· 

It results 

[%J_1.>l _1_lQ 
[~J-m-2-14-7 ' 

While 

. [nJ> 1Qr nJ that IS "2 -7L3 for n~21. 

[2~] JKi]] J~·1f·t[~]L [1fH[~]] =[11J =2 
[3n2 ] [t[~JJ - [t[~JJ - [t[~JJ 7 

that is [2~ ] ~ 2[3n2 J. 



. e2(n) 5 
From (1) and (2) It results e3(n) 2: 3" for n 2: 216 and so 

2e2(a) > 2e3(a) for n 2: 216. 

It may be verified directly that 2e2(a) > 3e3(a) for 4 ~ n < 216. 

2. Proposition. 

For p 2: 5 and n 2: 2 it is true that 

Proof. 

i) If 2 ~ n < p because ep(n) = 0, it results 

iii) For 

Therefore 

then it may be showed that: 

f J~Hf,-L e,(n) 
2 - [~J -ep(n) 

p2(3n - 8) p 8p 
>- <=> n>--2· 

4n(p+ 1) 2 p-

n 2: p2 2: n > p ~ 2 for p 2: 5, it results 

[iJ+[fiJ p 

[~J+[:2 f2 
If n = 2k, then: 

[~J .~ p p-1 
->--->--
[~J ~-2 2 

(2) 

e2(n) 5 
2 e3(n) 2: 23" > 3 or 

(3) 

(4) 

(5) 

If n = 2k+1 2: p, then 2k+1 is of the form: 2k+1=pm+i, i E O,p-l .For i=O, it results 

!. = E. __ 1_ > P - 1 and I:'.or . 11k P i 
m illE ,P -, m = - + - . 

2 2m - 222m 
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Finally we get 

[~J k p-I 
--->--
[~J-m- 2 

(5') 

We have also 

[;2 ] Jt[~]] J¥Ti[~JJ J P(P;I) ]m~JJ _[PCP-I)] 
[;2rm~Jr m~JJ - [tHJJ - 4 

While 

[;, ] J R P(P; I) ]![:z ]L [P.J[P(P-I)J [;, r [ b[ ;2 ]] - 2 4 

[;, L [p.Ji-2[pCp -I)J > E. 
[;, ] - 2 4 - 2 for P " 5, i " 2 

Generally 

From (4) and (6) it results that 

e2(n) > P. for n ~ p2 
ep(n) - 2 

e2(n) P 

(6) 

(7) 

From (3) and (7) it results 

3. Proposition. 

2 ep(n) ~ 22' > p, that is: 2ez(n) > 2ep(n) 

Let p, q be prime numbers, n = p·q·x with xEN*. If 

it results 

Proof. Obviously, if n=pm ;en:q 
[~J = px = p > 1 

(8) 

e,(n) [~J+[:z ]+[;,} ... q 

eq(n) = [~J+[qn2 ]+[q~]+ ... "p 

We shall prove that 

. (9) 

For n = p·q·x , XE N* is true the' following inequality 

[;l [.9.Ji-2[qZ] > [q2] 
[ ] 

- P 2 - 2' if P < q. i ~ 2 
n p P 
qi 
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We prove this inequality using the mathematical induction. Obviously 

[;2] Jt[~JJ > [~[~JL [~][~~]] =[q2] 

[:2] [![~]] - m~]] - m~]] p2 
We suppose that is true (10) for i=k-l, that is: 

[pi=t L [9.Jk-3[q2] > [q2] 

[ ]

- p 2 - 2 
n p P 

qk-l 

And we demonstrate that (10) is true for i=k: 

[pn,] = [~[pi=t ]] ~ [tm'-3[~]~ qf:t ]] ~[~r[ q:] ~[q:] 
[:' ] [![ q~-l ]] [ ~ q~-l ]] P P P 

Finally the fonnula (10) is true for i ~ 2. 

If [q2] > 9. then from (8) and (10) it results (9). Using (9) it results: p2 p 

ep(n) q 
p eq(n) ~ p P 

(10') 

(11) 

9. 
Because pC! > qP is q > P ~ 3 it results p p > q and therefore 

ep(n) q 

p eq (n) ~ p P > q that is: 

p ep(n) > p eq(n) 

4. Remark. 

The restriction 
i) p = 2 and q ~ 5, 

3 ~ P < q it suppressed in following cases: 
because in Proposition 2 it is showed that: 

2 e2(n) > qeq(n), for n ~ 2. 

ii)p=2, q=3 for n=2·3·x, xEN*, 61x and x~18. Is true that: 

Obviously 

that IS 

3X+[3X] 
_~;-;2=--=- > 1 
2X+[23x] -3 

3x +[3X] 
_~;-;2=--=-~ 1 <=> 0 < 3[3X] _5[2X]_x 
2X+[~X ] 3 2 3 
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(11') 



Because 3(32X-1)-523"'(-X~3[3;J-5[;XJ-x, and O~X618 for x~18, 
it results: 

(12) 

Using (2) and (12) it, results: 

e2(n) 5 
2 e3 (n) ~ 23" > 3 and therefore 

iii) p = 2, q = 3 and n = 22·32.x, where xEN*. 
Indeed 

(13) 

Using (2) and (13) it results: 

e2(n) 5 
2 e3(n) ~ 23"> 3 and therefore 2c!(n) > 3e3(n) . 
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