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I. INTRODUCTION

The Smarandache function S:N*—N* is defined [9] by the condition that S(n)
is the smallest positive integer £ such that &! is divisible by n.

If

n=pi.p*...p’ (1
is the decomposition of the positive integer n into primes, then it is easy to verify that

S(n)= max (S (p,“ )) 2)

One of the most important properties of this function is that a positive integer p is
a fixed point of S if and only if p is a prime or p = 4.

This paper is aimed to provide generalizations of the Smarandache function. They
will be constructed by means of sequences more general than the sequence of the
factorials. Such sequences are monotonously convergent to zero sequences and divisibility
sequences (in particular the Fibonacci sequence).

Our main result states that the Smarandache generalized function associated with
every strong divisibility sequence (sequence satisfying the condition ( 15) from bellow) is a
dual strong divisibility sequence (i.e. it satisfies the condition (26), the dual of (15)).

Note that the Smarandache function S is not monotonous. Indeed, n, <n, does

not imply S(»,)< S(n,). For instance 5<12 and S(5) =5, S(12) = 4.

d
Let us denote by v the least common multiple, by A the greatest common divisor
d
and let A=min, v =max.Itis known that
d
N, =(N',/\,v) and N, :[N',/\,v)
d

are lattices. The order on N* corresponding to the lattice N, is the usual order:

n <n, &n AR, =n,
and it is a total order. On the contrary, the order < corresponding to the lattice N,

d

defined as
n, §n2 < n, nny =,

( the divisibility relation) is only a partial order.
More precisely we have
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n, <n, < n, divides n, .
3 _
For n, <n, we shall also write n, >n,. We notice that N, has zero as the greatest
d d
element, N, does not possess a greatest element and both lattices have 1 as the smallest

element. Then it is convenient to consider in N, the convergence to infinity and in N,

the convergence to zero.
Let

n, :Hpia‘ and n, :Hpi‘

be the decompositions into primes of n, and n,. Then we have

d
n,vn, = Hp,m“"(“"‘m .
The definition of the Smarandache function implies that

S(nlj/nzsz(n,)vS(nz) 3)
Also we have
n, <n, = S(n,)< S(n,). )

In order to make explicit the lattice (so, the order) on the set N, we shall write
N, instead of N~ if the order on the set of the positive integers is the usual order and

N, instead of N”, if we consider the order < respectively.
Then (4) shows that the Smarandache function, considered as a function
S:N, >N, 5

1s an order preserving map.
From (2) it follows that the determination of § (n) reduces to the computation of

S (p" ) In addition, it is proved [1] that if the sequence
(p): 1, p, P, ., P, ... (6)
is the standard p — scale and the sequence

[P]3 al(p)’ az(p), “s ai(p)’

is the generalized numerical scale determined by the sequence
alp)=2=
then
S(pa):p(a[p])(p) : (7)
In other words, § (p") can be obtained by multiplying by p the number obtained

writing the exponent « in the generalized scale [p] and "reading" it in the scale (p)

For instance, in order to calculate S (399) let us consider the scale
[3] 1,4, 13, 40,121, ...

Then, for ¢ =99, we have

) = 2a,(3)+a,(3)+a,(3)+24,(3) = 2112
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and "reading" this number in the usual scale

3) 1,333, ..
we get S (399)-—- 3(2-33 +3°+3 +2)=204. So, 204 is the smallest positive integer whose
factorial is divisible by 3%

We quote also the following formula used to compute S (p"):

$(p%)=(p -1 +o, ), ®

where o7, (a) stands for the sum of the digits of the integer & written in the scale [p].

2. GENERALIZED SMARANDACHE FUNCTIONS

A scquence of positive integers is a mapping o : N* — N and it is usualy denoted
by (cr,,)"e .+ (i.e. the set of its values). Since in the sequel an essential point is to

make cvident the structure (the lattice) on the domain and on the range of this function
respectively, we adopt the notation from (5).
Then

o:N, >N, | ©)

shows that o is a sequence of positive integers defined on the set N°. This set was

structured as a lattice by A and v and its range has also a structure of lattice, induced by
d

A and v.

d

Definition 2.1. [3] The sequence (9) is a multiplicatively convergent to zero
sequence (mcz) if

(M)neN" (3) m, eN" (V)mZm":>n§a(m). (10)

In other words, a (mcz) sequence is a sequence defined as in (9), which is
convergent to zero.
These sequences, satisfying in addition the condition

O'(n)go(n+l) (11)
(that is o(n)divides o(n+1)) were considered by G. Christol [3] in order to obtain a
generalization of p —adic numbers.

As an example of a (mcz) sequence we may consider the sequence defined by
o{n)=n!. This sequence also satisfies the condition (11).

Remark 2.1. We find that the value S(n) of tbe Smarandache function at the point
n is the smallest integer m_ provided by (10), whenever O'(n):n!. This enables us to
define a Smarandache type function for each (mcz) sequence. Indeed, for an arbitrary
(mcz) sequence o, we may define S, (n) as the smallest integer m, given by (10).

The (mcz) sequences satisfying the extra-condition (11) generalize thc factonal.
Indeed, if
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oln+1)= k) 12
then _
o(n)=k, ky-..-k,, with k, =1and k, eN" for i>1.
Starting with the lattices N, and N,, we can construct sequences
oc:N,—>N, . (13)

Definition 2.2. A sequence (13) is called a divisibility sequence (ds) if
n§m:o*(n)g0'(m) (14)
d
(that is if the mapping o from (13) ia monotonous). The sequence (13) is called a strong
divisibility sequence (sds) if
O’Q12\m :O'(n){i\a(m) for every n,meN". (15)

Strong divisibility sequences are considered, for instance, by N. Jensen in [5].

It is known that the Fibonacci sequence is also (sds).

For a sequence o of positive integers, concepts as (usual) monotonicity,
multiplicatively convcrgence to zero, divisibility, have been independently studied by many
authors. A unifying treatement of these concepts can be achieved if we remark that they

are monotonicity or convergence conditions of a given sequence o :N" —> N', for
adequate lattices on N~ .

We shall consider now all the possibilities to define a sequence of positive integers,
with respect to the lattices N, and N,. To make briefly evident thc kind of the lattice
considered on the domain and on the range of « , we shall use the following notation:

(a) asequences,,:N,— N, isan(oo)- sequence

(b) a sequence o, , N, —> N, isan (od )— sequence

(c) asequenceo,, :N, — N, isan{(do)- sequence

(d) asequencec, N, —>N,isa (dd) - sequence

We have already seen (Remark 2.1) that, considering (mcz) sequences, the
Smarandache function may be generalized.

In order to generalize tbe Smarandache function for each type of the above
sequences, it is necessary to consider the monotonicity and the existence of a limit
corresponding to each of the cases (a) - (d).

Of course, the limit is infinit for N _-valued sequence and it is zero for the others.
We have four kinds of monotonicity.

For a (do)- squence o ,, the monotonicity reads:

(mdo) (v>nl’nZEN.’ n1§n2:>o-do(nl)'<‘o-do(n2)

and the condition of convergence to infinity is:
(c,,) (¥)neN" (@)m, eN’ (V)m;mn =g, (m)zn.

Similarly, for a (dd)- sequence o, the monotonicity reads:
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(mdd) (v)nnanN‘: nlfnzzo'dd(nl)§cdd(nz)

and the convergence to zero-is:
(cu) (W)neN' (@)m, eN’ (V)mgmn = Uu(’")?" :

Definition 2.3. The generalized Smarandache function associated to a sequence
o, satisfying tbe condition (ij), with i, je {o d }, is

SU. (n)= min {mn |m_ given by the condition (C,-j )} (16)

Remark that (00)- sequences are the classical sequences of positive integers. As
examples of (od)-sequences we quote the (mcz) sequences. Examples of
(dd)- sequences are (ds) and (sds)— sequences . Finally, the generalized Smarandache
functions S, associated with (od)— sequences satisfying the condition (c,,) are
(do)- sequences .

The functions §; have the following properties:

Theorem 2.1. Every function S satisfies:

(i) (V)n,n,eN", n<n=S_(n)<S, (1),
that is S, satisfies (m_,).

(ii) Soo(nl v h, ) = Soo(nl )V Soo(nZ)

(iii) S, (n1 /\nz)z Sw(nl)/\ Sw(nz).

Proof: (/) The definition of S, (n) implies that:

S, (ni)z min {mn‘_ I(V)m >2m, =0, (m)z n, } fori=1,2
Therefore

V)m=>S (n,)=>0o,,(m)2n,2n

andso S, (n,)< S, (n,). The equalities (i) and (jif) are consequences of (i).

Theorem 2.2. Every function S, has the following properties
(iv) (V)nxa n,eN’, n, sn, = Sod(nl)S Sod(nz)

thatis S, satisfies (m_,).
(v) S o (nx 5/”2\’ =S8, (nl)VSad (nz)-
(Vi) Soa ("1 Ay jS A (nl)/\Sod (nz)~

Proof: The equality (v) may be proved in the same manner as the equality (3) for
the function S. Then from (v) it follows (iv).
For (vi) letusnote u=S_,(n,)AS,,(n,). From

nnn,<n, nnAn,<n,
d d d d
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and from (iv), it follows that
A {i\njﬁ Sod(nl)’ Sod(”l {i\nz)S A (nz):

50 S, AL SSoar(nl)’\Sad(nz)-

Theorem 2.3. The functions S, satisfy

(i) (V)n,n,eN°, n <n,=S,(n)<S,m).

(i) S 1) Sul )V S m,).

(ix) Sdo(nl Vnz): Sdo(nl)VSdo(nZ)'

(x) Sdo(nl /\nZ):Sdo(nl)/\Sdo(nZ)'

Proof: Let us note that (ix) and (x) are consequences of (vii). In our terms (vii)
is just the fact that the Smarandache generalized function S, associated with a

(do) - sequence is (00)-monotonous . To prove this assertion, let n, <n,. Then for
every m>m, , we have
d

C 4 (m) 2n, 2n,
andso S, (1)< S, (n,).
(viii) Fori=],2 we have:
S, (n,)=min {mm I(‘v’)m?mn‘ =0, (m)> ni}

Let us suppose that n, <n,, so n, vn, =n, and S, (n,vny)=S,(n,). If we take

4
m, =8, (n)vS,(n,), then for every m>m, it follows that o,(m)zn,, fori=1 2, so
d
o, (m)=n, vn, whence the desired inequality.

Consequence 2.1. Sdo(nl)/d\Sdo(nz) < Sdo(n,)/\ Sda(nz): Sdo(n1 /\nz)s
Sul )V S )= 5.1, V1)< S, ) S, ).
Theorem 2.4. The functions S, satisfy:
() S, (nl anj < S, (1 )9S, (m).
(xii) If <n, or n, <n, then
s, (nl inzj S, (1) S, ().

(xiii) S (’11 ;\nz)ﬁ S (nl)Ade (n2)~

Proof : The proof of (xi) is similar to the proof of (viii) and the other assertions
may be easily obtained by using the definition of S, from (17) (fori=j =d).

Consequence 2.2. Forall n,,n, e N* we have
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d d
S (nx)Vde (”2)S de(nx V”z) <Su (nl )Vde(nz)-
This follows from the fact that

d d
n,<mvn, fori=172 :>de(n,.)sS‘,d(n1 vnz).
d

If o, is a divisibility sequence, the above theorem implies that the associated
Smarandache function satisfies the inequality (xi). In the following we shall see that, if the
sequence o, is a divisibility sequence with additional properties, namely if it is a strong

divisibility sequence, then the inequality (xi) becomes equality.

Theorem 2.5: If o, is a (sds) satisfying the condition (c,,), then :

de(nl\d/n:jzsdd(nx)\d/de(nz) (17)

and
(V)nn n, eN’, n 5": DSa(nl)Ede(nz) (18)

(ie. S, satisfies the monotonicity condition (m,)).
Proof: In order to prove the equality (17), it is sufficient to show that

de(n,)Ede(nlxd/nzj, fori=1, 2.
But if, for instance, the above inequality does not hold for n, and we denote
d, :de(n,){i\de(nl (d/nzj,
it follows that d, < S, (n,) and taking into account that
0 (S . (n ))fn‘ and n,<n, :/n2 EO'M(SM(HI :/n2 D ,

we have

ouldy)= od,{de ()75 (nl CnZD _

d

d
=0 4 (de (nx ))é\o-dd(‘gdd[nl anjj?”l ARy =n,.

Thus, we obtain the contradiction

S (’71 ) <d, <S, (n1 ) :

So, if the sequence o, is a (sds), that is if the equality (15) holds, then the
corresponding Smarandache function S, satisfies the dual equality (17).

Example. The Fibonacci sequence (F, )neN- is a (sds). Therefore, the generalized
Smarandache function S, associated with this sequence satisfy:
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S, (nl :/nz) = S, (n )V S, (n,) (19)

By means of this equality, the computation of S, (n) reduces to the determination

of ¢ (p“ ), where p is a prime number. For instance
S.(52)= min zm" [(V)mEmn = 52§F(m)‘}

d d
=5, (2*)vS.(13)=6vT=42.
So, 42 is the smallest positive integer m such that F(m) is divisible by 52.
Also, we have

d d

Sp(12)=S.(2-3)=5,.(2*)vs,(3)=6va=12, (20)
therefore n =12 is a fixed point of S .

The values of S, (p*) may be obtained by writing all F, in the scale (p) given by
(6), which is a difficult operation. At the time being, we are not able to provide a closed
formula for the computation of S, (p") However, we shall present some partial results in
this direction. In [8] it is stated that

3 <F, & 4.3+ <n

2°<F 3.2 <n, fork>3.
d d

It is known (see for instance [6], [7]) that if o is a non-degenerate second-order
linear recurrence sequence defined by

o(n)=Ac(n-1)-Bo(n-2) 21
where 4 and B are fixed non-zero coprime integers and o(1)=1, o(2)= 4, then
neZ’, rz?B:ID(B)meN' nEJ(m). (22)

The least index of these terms is called the rank of appearance of » in the sequence
and is denoted by r(n).
If D= A* -4B and (D/n) stands for the Jacobi symbol, then for mn Q\BD =1 and

p a prime we have ([6])
nso(m) rim)sm; r(p)sp-(D/p)

r(p) p_—%D_/_p_)_ < (B/p) =1, r(mf/n) = r(m)\d/r(n).

Let us denote N, = {n eN'|n nB = l}. Obviously, if 7 is considered as a function

(23)

A

r:N, — N7, then we can write:
‘{/m in<o(m )}
d
Whence an evident parallel between the above methods described for the construction of

the generalized Smarandache functions and the definition of the function r.
For the Fibonacci sequence (F,) we have 4 =1, B=-1and so D = 5.

r(n)= min

This implies
p=5k+1=(5/p)=1 (24)



p=5k+2=(5/p)=-1 (25)
and it follows that if (24) holds, then p divides F, . Thus S, (p) is a divisor of p - 1. In

the second case p divides F,,, and S,(p) is a divisor of p + 1.

p+l

From (23) we deduce

Se(p)<p-(5/p)
for any prime number p.

Lemma 2 from [6] implies that the fraction (p—(5/ p))/S.(p) is unbounded. We
also have

p* <F, SF(p")sn :
d
Example. For p = 11 it follows (5/p) =1, so S (1 1)510 . In fact, we have precisely

S.(11)=11-(5/11)=10, but there exist prime numbers such that S,(p)<p - (5/p). For
instance, p =17, for which p - (5/p) =18 and S.(17)=9.
Definition 2.4. The sequence o is a dual strong divisibility sequence (dsds) if

O‘(n ém) = a(n)f/o(m) foralln,meN". (26)

It may be easily seen that every strong divisibility sequence is a divisibility
sequence. We also have:

Proposition 2.1 Every dual strong divisibility sequence is a divisibility sequence.
Proof. We have to prove that (26) implies (14). But if n<m, it follows
d

d
nvm=m and then
d

o(n)= o nVm = o(e) () @)
s0, o(n)<o(m).

Then Theorem 2.5 asserts that the Smarandache generalized function S,

associated with any strong divisibility sequence o is a dual strong divisibility sequence. Of
course, in this case, both sequences o and S, are divisibility sequences.

It would be very interesting to prove whether the converse assertion holds. That is
if §,, is the generalized Smarandache function associated with a ( divisibility) sequence

o, satisfying the condition (c ), then the equality (17) implies the strong divisibility.

Remarks. (1) It is known that the Smarandache function S is onfo. But given a
(dd)- sequence o ,, even if it is a (sds), it does not follow that the associated function

S, is onto. Indeed, the function S, associated with the Fibonacci sequence is not onto,
because #n =2 is not a value of S,
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(2) One of the most interesting diophantine equations associated with a
Smarandache type function is that which provides its fixed points. We remember that the
fixed points for the Smarandarche function are all the primes and the composit number
n = 4. For the functions S, the equation providing the fixed points reads S, (x)=x and

for S we have as solutions, for instance, n =35, n =12.

At the end of this paper we quote the following question on the Smarandache
function, also related to the Fibonacci sequence:

T. Yau [10] wondered if there exist triplets of positive integers (n, n-1, n-2) such
that the corresponding values of the Smarandache function satisfy the Fibonacci
recurrence relation S(n)=Sn-1) + S - 2).

He found two such triplets, namely for n =11 and for n =121. Indeed, we have

S(9) + 8(10) = S(11) and S(119) +.5(120) = S(121).

Using a computer, Charles Ashbacher [2] found additional values. These are for

n=4902, n=26245,n=32112, n=64010, n=368139, n =415664.

Recently H. Ibsent [4] proposed an algorithm permitting to find, by means of a
computer, much more values. But the question posed by T. Yau "How many other
triplets with the same property exist?"is still unsolved.
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