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1 
The aIm of this article IS to study the senes I -- called Smarandache 

n2!2 sm(n) 

harmonic series. The article shows that the series I-,l- is divergent and 
n2!2 S-(n) 

n 1 
studies from the numerical point of view the sequence an = I-2-. -In(n). 

1=2 S (1) 

1. Introduction 

The studies concerning the series with Smarandache numbers have been done 

recently and represents an important research direction on Smarandache' s 

notions. The question of convergence or divergence were resolved for several 

series and the sums of some series were proved to be irrational. 

The most important study in this area has been done by Cojocaru [1997]. He 

proved the following results: 

1. If (xJ
n

2!O is an increasing sequence then the series I Xn+! - Xn is divergent. 
n2!O S(xn) 

1 1 
As a direct consequence, the following series I--., I ') and 

n2! Z S(n) n2!!S(_·n+l) 

~ S( 4. ~ + 1) are divergent. 

2. The senes 
na 

~ S(2)· S(3)-... ·S(n) 
IS convergent and the sum 

,,1 (71 lOI! 
L. is in then interval \ 100' 100F n2!2 S(2)· S(3)· ... ·S(n) 

1 (717 12531 
3. The series I -. - is converges to a number in the interval 1--

0
, --0)1 . 

n2!OS(n)~ ~ \100 100 



· ~ Sen) . . 
4. The serIes L,.-,- converges to an IrratIOnal number. 

,,;,0 n. 

lozsef [1997] extended Cojocaru's result and proved that the serIes 

~ Sen) 
L,. (-If --,- also converges to an irrational number. 
,,;,0 n. 

2. Divergence of the Series I-,_I
,,;,2 S-(n) 

In this section, the divergence of the series I-,_l- will be proved based on an 
n;,2 S-(n) 

inequality vvhich we shall establish in Lemma 1. 

Lemma 1. 

( Jr2 " 1 ) 1 
limn- -- ) =-
n-+cc l8 ~(2i+lt 4 

Proof 

The proof is based on the well-known formula 

( Jr2 
1/ 1 '\ 

and on a double inequality for the quantity n -1-- I; 2)' . 
\8 1:0(~1+1) 

Let m be a natural number such that m>n. We then have 

(1) 

(2) 

(3) 

(4) 

mIn 1 m 1 
The difference I;. 2 - I; 2 = I / ) is studied using (3-4) to 

1:0(_1+1) 1:0(_1+1) i="+I(~I+l)-

obtain the inequalities (5-6). 

m 1 mIl 1 1 

1~1(2i+l)2 <i~I(21+1)(2i-l) ="2(2n+1-2m-rl) 
(5) 

(6) 



Therefore. the inequality 

1( 1 1 ~ m 1 " 1 1( I 1 \ 
2\:2n + 3 - 2m + 3) < ~ (:2i + 1)2 - ~ (:21 + 1)2 < 2~ 2n + 1 - 2m + 1) 
hold~ for all m>n. If m~co then the inequality (7) becomes 

1 Ji-!l 1 1 
--- < - - I < and 
2(2n + 3) 8 1=0 (2i + 1)2 2(2n + 1) 

( , \ 
n Iff' In 1 I n 

< nl -- , i < . 
7(7n , ... ) ! 8 (7' 1)-) lCl -'-1) _ • _ T J \ 1=,) ~l T _ _ n, , 

Th ' I' 9)' h I" ( ,1f
2 

f' 1 '\ emequalty( glvest e 1m It Iimn'I--L ' ,2)1=-
n~x \ 8 1=0(:2i+1) 4 

In Lemma 2 we will prove an inequality for Smarandache's function. 

Lemma 2. 

5(2'( ·n):S; n (Vn >:2k > 1). 

Proof 

(7) 

(8) 

(9) 

(10) 

Because n> 2k the product n~ = 1· :2· ... ·n contains the factors 2, 4, ... , 2k. 

Therefore, the divisibility nf = 1· :2· ... ·n = :2 k 
. n· m ytk . n holds resulting in the 

inequality 5(2k . n) :s; n 

:' 1 
In the following, \ve analyse the summation an = ~ S' n ' where n>O . ~ _ L '4(7 -I- ') 

1=1 .~' 1 

Let us define the sets 

- 2" +i! 
.J, = i = 1 2n 5(2n + i) :s; -- ~ and B = 
'>, (2",/)J ~ 

which is a partition of the set {I = 1,:2 n
} . 

Lemma 3. 

If I = :2 k . J satisties the following conditions: 

29 

:2" -I- i 
i = 1 2" 5(2" + I) > --, (7n ')' _ ,I 

( 1 1) 



• k ~ n-19g2(n)-1 

• j is a odd number so that J < 2n
-

k 

then i = 2k 0 j EA". 

Proof 

If k satisfies k ~ n -log2 (n) -1 then n - k 2: log2(n) + 1 and the inequality 

2n
-

k + 12: iog,(n)+l + 1 = 2n + 1> 2k 

holds. 

Applying Lemma 2 and (14), the following inequality 

..,n + Ik 0 ' 

S(2n + i) = S(2 k (2 n
-

k + j)) ~ 2n
-

k + j = - : ) 
(2n,2 oJ) 

is found to be true. Therefore, the relationship 1 = 2k 0) E A" holds. 

( 12) 

(13) 

(14) 

Let en = {2k 0 j = I,Y(k ~ n-log2(n)-1, j odd, j < 2n
-

k
} be the set of numbers 

which satisfies the conditions of Lemma 3. Thus, the inclusion en c A" holds. 

Theorem 1 shows an inequality satisfied by the sequence an. 

Theorem 1. 

o :" 1 1 1 
(Vc>O'ti3N_>O)(Vn>N_)a =' 2 >(--c)-. (15) 

l\ G G n f:(s (Y+i) 4 n-l 

Proof 

Let £>0 be a positive number. 

2" 1 
The summation a = I 2 is split into two parts as follows 

n 1=1 S (Y + i) 

2" 1 1 1 1 
a - , - , ..j... , > ' (16) 

f/ - L s2(..,n ') - L s2(jn ')' L s2(jn ') L s2(jn ')' 
I=i .- +1 iE.-i" - +1 lEE, - +1 iE.~" _ +1 

Because en ~ An' the inequality holds. 

Consequently, 

30 



( l7) 

is true. 

)n . 

f h - +1 I. I i = 2 . JO E en c_.,1 then s()n 0) < -- - )n-" ° holds. This inequality is 
"'n - + I - ()n 0) - - + J _ 

_ ,I 

applied in (17) resulting in 

(
)n-k.... )2 - , J 

(18) 

The right side of (18) is equivalent to the tollowing summations 

1 1 1 
k = 0 => (2n + 1)2 + (2n + 3)2 + ... + (y+1 _ 1)2 + 

2" -I 1 
therefore, the sum is equal to I ° 2 

,=2:0"'!: ",] (21 + 1) 

The inequality (13) becomes 
r· '. 

21'1 -I 1 2" -1 1 2t·cog~ '1TIj_1 

a>I =I -I-
n 1=2[,,,,!:",1 (2i + 1)2 i=l (2i + 1)2 i=l (2i + 1)2 . 

(19) 

Based on Lemma 1, a natural number Nc can be found so that the inequalities 

(20-21) hold simultaneous true for all n> Nc . 

(20) 

(21 ) 



The inequality (22) is true for all n> Nc. 

0;. 

(22). 

The divergence of the series I -d- is proved based on the inequality (22). 
n?2:J (n) 

Theorem 2. 

The series I_,I- is divergent. 
n?2 S-(n) ~ 

Proof 

Theorem 1 is applied starting from the obvious equation I-21
- = Ian· 

n?2 S (n) n?l 

Let 6'>0 be a positive number. There exists a number .\".,>0 so that the 

inequality an > (-.!.. - c) _1_ holds for all n> Nt;' The divergence of the series is 
4 n-l 

given by I + = Ian ~ Ian ~(~-c)- I ~= ~ 
,,» S (n) n>l n>V 4 n>\j n I 
-- - -- I: -- I: 

Consequence 1. 

Proof 

If mS2 then the series I _1_ is divergent. 
n?2 sm(n) 

1 
The statement follows directlv from divergence of the series I-, - and the 

- n?2 Sw(n) 

. ." 1 ,,1 mequalIty ~-,-~~--. 
n?2 S-(n) n?: sm(n) 
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" I 
3. About·the Sequence an = L-) -. -In(n) 

;=2 S-(l) 

. . ~ 1 
In thIS sectIon the sequence an = L..,.-2 -. -In(n) IS evaluated and some 

1=2 S (I) 

remarks concerning the sequence values are made I. 

n an n an n an 

500 -3.14 100000 11.19 500000 31.15 

1000 -2.97 200000 17.95 1000000 47.74 

1500 -2.75 300000 23.09 1500000 56.80 

2000 -2.55 400000 27.38 2000000 66.05 

2500 -2.35 500000 31.15 2500000 74.14 

3000 -2.14 600000 34.53 3000000 81.45 

3500 -1.95 700000 37.63 3500000 88.13 

4000 -1.79 800000 40.51 4000000 94.34 

4500 -1.60 900000 43.20 4500000 100.15 

5000 -1.44 1000000 45.74 5000000 105.63 

" 1 
Table 1. The values for the sequence an = L-2 -, -In(n) 

1=2 S (I) 

1 
Because L-2- is divergent, it is natural to find the convergence order for 

n?2 S (n) 

the series. 

n 1 
Firstly, we evaluate the sequence an = L-2-. -In(n) and its values are 

1=2 S (I) 

presented in Table 1. Analysing the results from Table 1, the follo\ving 

remarks are obvious: 

n 1 
1. The sequence an = L -_-) -. - In( n) can be considered pseudo-monotone. 

1=2 S (I) 

1 ,\;umerical results presented in the tables have been calculated by Henry Ibstedt. The algorithm and its 
implementation will be included in Computer Analysis of Sumber Sequences, Hlbstedt, American 
Research Press (to appear slimmer 1998) 33 



2. The . sequence 
n 1 

a = "'-- -In(n)' 
II L....S2(.) 

J=2 I 
satisfies the inequality 

n 1 
a" = ~ S2(i) -In(n) > 0 'lin: 50000 < n < 5000000. If the inequality holds for 

all n>50000 then it is evident that I-)_I- diverges. 
n~2 S-(n) 

3. Because (the values of) the sequence an is pseudo-increasing we 

(n 1 ) 
conjecture that limII-,-. -In(n) = 00. 

n~oo\'=2 S-(z) 

n 1 
Secondly, the sequence bn = ~ S2(i) -In(n) -In(ln(n)) is evaluated in Table 2. 

n bn n bn n bn 

500 -3.14 100000 4.83 500000 1.83 

1000 0.17 200000 3.08 1000000 1.26 

1500 0.21 300000 2.43 1500000 1.02 

2000 0.2 400000 2.07 2000000 0.87 

2500 0.21 500000 1.83 2500000 0.77 

3000 0.2 600000 1.65 3000000 07 

3500 0.18 700000 1.52 3500000 0:65 

4000 0.17 800000 1.4 4000000 0.61 

4500 0.18 900000 1.33 4500000 0.57 

5000 0.16 1000000 1.26 5000000 0.53 

n 1 
Table 2. The values for the sequence bn = I-,-. - -In(n) -In(\n(n)). 

,=2 S -(I) 

This sequence is more unpredictable than the sequence an. The only thing, 

\vhich can be remarked is the decreasing behaviour. We have not been able to 

predict if this sequence is convergent yet. 

34 



4. Conclusions 

A proof more simple than the proof presented in this article can be obtained 

using a convergence test similar to the condensation test [Nicolescu et.al. 

1974]. According to this test, if (aJ n>O is a decreasing sequence of positi ve 

numbers then the series I an is convergent if and only if the series I2n . a
2
" 

n>O n>O 

is convergent. The sequence (_1_) satisfies that Iy. 1 IS 
\sm(n) n>1 n>O sm(y) 

divergent. In spite of that, we cannot conclude that the series ~_l_ 
L. IS 
1/>1 Sm(n) 

divergent because the sequence (-d-) is not decreasing. 
S (n) n>1 
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