
THE FACTORIAL SIGNATURE OF NATURAL NU~IBERS 

by 

Ion BaHicenoiu 

In this paper we define the factorial signature for natural numbers and with this 

we obtain several results. 

1. DEFINITION The system 01' j2 ' ... , jr ) E N*r is a system of 
c: . 1 ,_ j I j 2 J 1':(5) 
lactona exponents if :3 s E N* so that s: - Pl' P2 ..... P1t(s) , where 

2=PI<3=P2<"'<P1t(S):S:s, n(s)=r. 
Obviously, for every natural number s > 1 there exists a system of factorial 

exponents 0], j2 ' ... ,j1t(S»)' 
1t(S) ep'(s) 

Because s~ =11 Pi I', where epiCs) 
i=l 

are Legendre's exponents, it is 

true that: e p1 (s) ~ epz(s) ~ ... ep"(5)(S) = 1. 
Therefore for every system of factorial exponents Ul ,j2 ' ... ,jr ) it results 

that j 1 ;:::: j2 ;:::: ... ;:::: jr = 1 . 

It exists a finite number of system of factorial exponents with r components. 

Indeed, they correspond those natural numbers with the property: Pr 1 :s: s~ < Pr-l ~ 

If (i'r ' j'2 ' ... , j'r) and U" I ' j"2 , ... , j"r) are systems of factorial 

exponent corresponding as n respectively m, then 

n<m ~ j'] :S:j"] , j'Z:s:j"2'''' ,j'r-I :S:j"r_I ,j'r=j"r= 1. 
If TI: (n) = TI: (n+ 1), then n 7 1 is a composite number and their systems 

of factorial exponents have the same number of components. 



If n - 1 IS a prime number, then ;;: (n7 1) = ;;: (n) - 1 and if 

(j I ,j:: , ... , J'":(n) = 1) is the system of exponents of adequate factorial for n, u1.en 

the system of exponents of adequate factorial for n+ 1 is: 

(i! ,j2'''' ,j:t(n) =1, j:t(n-I) =1) 
Two systems of factorial exponents with r components, adequate as two 

different natural numbers, have different components and equal components, too. 

2. DEFINITION Let n EN, 

the smallest positive integer such that s! is divisible by n. Then the factorial 

signature for n (denoted by s.f.(nU) IS: 

where is the largest subset for 
ail a" a,. ' 

Pi. ,Pi, -, ... , Pi .. ~ 
l _ • ) 

so that there are 

~'k 

~ i. 2 ai. 2 1, j E 1, r 
"J !\.; 

with 
~:k 

Pi, ; ~(s - 1): and 
J 

J I I Pi.. S .. 
~j 

It is considered s.f.(O):= 0, s.f.(I) = {I}. 
Obviously: e p;. (s - 1) < ~ ik ::; epi,(s), j = 1, r 

'''J '; J 

3. DEFINITION -rhe type of the factorial signature for n is noted 

T[s.f.(n)] and T[s.f.(O)] = 0, T[s.f.(n)] = s, for n> 0, where s is the 

smallest positive integer such that n I s~. 

4. EXAMPLE 
a) Let n = 120 = 23 

x 3 x 5, therefore PI = 2, P2 = 3, P3 = 5; 

<Xl = 3, <X2 = 1, <X3 = l. Obviously the smallest positive integer s thus so 

that nis! IS s=5. Indeed,·s.f(120)={5} because {5} isthehrgest 

subset of {23
, 3, 5} in the sense that (see definition 2) it exist ~3 = <X3 = 1 

so that 5~314~ and 5P3 15!. 

b) Let n = pO:, then S.f.(PCl) = {pO: } and T[s.f.(pO:)] = s iff 

ep(s-l) < a::; ep(s). 

a l • 

5. PROPOSITION Let . Pi.', 

pi: < pi: < ... < pit, with 
r a'k a" a. 'I - f ( ) - I I : , 'k, ~ 

~. ' n - 1 Pi, ,Pi" , ... , PI' , l 1 ~ "r ) 
and 

Ui:.- _ 

T[s.f.(n)] = s > 1 then it exists at least an element Pi. "J , j = 1, r 
K

J 

so that 
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and 
I -'. '\-

T S·f.lp:,":) J = s. 

Proof Let Pikl < Pi,,: < ... < Pi"r . 

Because T[s.f.(n)] = s > 1 it results that n: s! and it exists 

epik (s - 1) < ~ik. ::; epik (s) 
_J_ J J 

so that 

If does not exist j E 1, r so that epikJ (s-l) < aikj ::; ep'''J (s) , 

then pi ler < P1t(s) because pi ler = P1t(s) it implies that 

ai ler = epiler (s) = ep1t(S)(s) = 1 = ~il<r and eP7t(S)(s - 1) = 0 . 

Using ai, ::; ~i' ::; ep (s) it results that aile::; ep (s - 1), j = 1, r . 
KJ Kj lie] J lie] 

Thus we have T[s.f.(n)] ::; s - 1 < s , which is not possible. 

Therefore it exists j E 1, r so that ep'k
j 
(s -1) < ai"j ::; epi \:; (s) and in 

consequence T[ s.f. (p:J"j ) ] = S. 

ail< 
We can observe that Pi

k
, J indicates the type T[s.f(n)]. 
J 

6. DEFINITION The complement until a factorial (see [2]), IS 

b : N* ---7 N* , ben) = k, ",'here k IS the smallest positive integer so that 

n ben) is a factorial. Thus n ben) = m~. 
Obviously, if n ben) = m!, then m! is the smallest factorial divisible 

by n, therefore n ben) = [T](n)]1 where T] is Smarandache function see [1]. 

It is easy to see that ben!) = 1 and b(P) = (P-l)! P is a prime 

number. 

Because T](n!) = n it results 

7. PROPOSITION 

b(m~ . p) = (p - ,I)! 
m. 

Let p 

ben) = [TJ(n)]! 
TJ(n!) 

be a prime number and p > m, then 

Proof Obviously, p! is the smallest factorial divisible by m! p. 

Therefore b(m!. ) = L = (p -1)1 
P m~p m! 

8. PROPOSITION 
T[s.f(n)] = s iff nb(n) = s1 

Proof Obviously, T[s.f(n)] = s <=> s1 is the smallest factorial divisible 

by n <=> n ben) = s1. 
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9. DEFI~ITIO~ 
Q nbn = mb(m). 

\Ve defme the ecruvalent relation: s.f.en):::: s.f.(m) <=> 

1\ 

\Ve note s! = {n E N* / nb(n) = s!}. 

10. REMARK Obviously, if s.f.(n) = s.f.(m) then s.f.(n) ::::: s.f.em). 

If s.f.(n) ::::: s.f.(m) it does not result that s.f.(n) = s.f.(m). If 

s.f.(n) = s.f.(m) it does not result that n = m. If n ben) = s! it results that 

s.f.(n) ::::: s.f.(s!) because s! b(s!) = s!. 
1\ 

We also observe that T[s.f.(n)] = s Q n E s! 
1\ 

If P is a prime number, then pEp! because p b(P) = p!. It is easy to 
see that s.f.(P) = s.f.(p!) = {p}. 

e pi (P) epe(p) -.. 
Because p! = PI· P2 .... p, where 2 = Pl < .) = P2 < ... < p, It 

results 1\,- { z epi (P). e p2 (P). .} 
p.- P, PIP, P2P, PIP, PIPZP, ... , PI P2 ... P . 

ep. (s) e~ (s) e? (5) 
I _ . 'I . '12 ._< 

S.f.(s.) - {PI I ' Pl 2 ' ••• , PI" } 

1\ 1\ 

11. PROPOSITION If (n, m) = 1 and n, m E s! then n· mE s! 

and s.f.(n· m) = [s.f.(n)] u [s.f.(m)]. 
,t cr.1 cr.2 cr.t 

ProD). Let n = PI . P2 .... " Pt and 
"(1"(2 Yo m = ql . q2 ..... qh 

the cannonical decomposition of n and m. Obviously, because (n, m) = 1 

results Pi * qj for i E 1, t, j E 1, h. 

cr." cr." cr.. "(j I "f'le 

Let s.f.(n) = {Pi, -, Pi 2 "' ••• , Pir'r} and s.f.(m) = {qji ' ... , qjk } . 
1\ 

be 

it 

Because n, m E s! it results that s is the smallest positive integer so that 

nl s1, mJ s! and it exists ~il' ~il' ... , ~ir and bj:, bj:, .. ,bj" 
respectively so that ~iu;::: ai" ;::: 1, U E 1, r and bjy;::: (jy ;::: 1, V E 1, k and 

P,U Y"( I)' Piu I I Piu!l S - . , Piu s. 

In (n, m) = 1 and n I s!, m! s! it results that n m i s!. Because s 

is the smallest natural number such as n I s! and n m I s! it results that s 

is the smallest natural number such that s! is divisible by n· m, therefore 
!\ 

T[s.f.(nm)] = s, so that nm ES!. 
cr.1 cr.2 cr. t Y I ·Ie Yo d 

Obviously 11m = PI· P2 ... Pt . ql . q2 ... qh an 

cr.i l cr.'2 cr.ir YJ1 "fjle f f ( ) 
S.f.(l1· m) = {Pi, ' Pi: ' ... , Pi r ,qjj , ... , qjk } = [so .(n)] u [so . m ] 
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12. RE'\lARK The proposition 11 can be also formulated in this way: if 

n ben) = s!, m b(m) = s! and en, m) = 1, then nrnb(nrn) = s!. 

It results b(n· m) = b(n)s~(m) if (n, m) = 1 and n, m E ~ 

13. PROPOSITION 

If (n, m) =1 and s.f.(n) ::::: s.f.(m), then b(n·m) = (b(n), b(m». 

Proof Let T[s.f.(m)] = s, because (n, m) =1 and s.f.(n)::::: s.f.(m) 

then it results: 

nb(n) = mb(m) = runb(nrn) = s!, 
Sl 

therefore ben . m) = mil . Let us consider d = (b(n), b(m», ben) = d·a 

and b(m) = d·b, where (a, b) = 1. Then nb(m) = mb(m) implies that 

na=mb. 

Because (a, b) = 1 it results a I m and bin, then we can \vnte 

n = hb, then hba = mb, so that m = ah. Since 1 = (n, m) = (hb, ha) = h(a, b) = h 

it results n = b, m = a. 
Sl Sf 

Then (b(n), b(m)) = d = na = rull = ben . m) 

14. PROPOSITION 

Let and 
"fjl "fjr 

s.f.(n) = {qjl ' ... , qjr }. If 
/\ 

n E s! 

and then 

Proof 

eo (5) 

r ep (5) e. (51 e. (s) 

Because f( ') I 'I ":0" ":<' l·t r_esult;;: s .. s. = 1 Pi ,Pi - , ... , Pi. ... 
L 1 ~ K 

Pi·!h X(s-l)~ 
h 

ep (5) 

and Pi 'h Is~ for h = 1, k, therefore pi" Is, 
h 

thus we have 
ail a!l a 'k 

S = Pi, . Pi: .. -.. Pi
k

, where 1 S; <Xih S; e p:
h 
(s) for 

h = 1, k. 
/\ 

Because n ES~ 

~J"'I(s-l)~ qJm and 

{ qj : , qj z' ... , qj r} C {p i I> Pi 2 , ... , Pi k} . 

n.. > y. > 1 1-' 1m - 1m - ) 

thus 

/\ 

for m = 1, r 

qjJs. 

so that 

Therefore 

15. DEFINITION Let n,m ES~ and 
a'i a'2 a. r } 

s.f.(n) = {Pi, ,Pi z ' - - ., PI," , 
"fJ1 YJ2 "fJk 

s.f.(m) = {qjl ,qjz ' ... , qjk } then sJ.(n) :: s.f.(m) iff 
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and for even.: P" = CL: it i.rnplies 

16. RE~L\'RK Obviously "C" IS a partial order relation in the set of 
1\ (\ 

factorial 

results 
Ct.;! 

signatures of numbers which belongs to s1. For any n ES: it 

s.f.(n) c::: s.f.(s!) , so that s·f(s1) is the maximal element. If 

S = p' Ii . p~iz. .... p~iu then the minimal elements in the factorial signatures of 

numbers which belongs to s1 are: 

~' ep' (S)-a.ih·1l I,' e", (S)-Ct.ih+1: 
'h ' ' "'h ,I 

s.f. , Pi h ' r = ~ Pi ~ , 
I • !: l'l I 

h E 1, U 

because 

17. PROPOSITION 
Smarandache function. 

1\ 

" , 

/\ 

and for any XES! 

it results s.f(x) = I p~?\ (s)-ai" -1 ' 
I, .:1 

For any rn E N, 11-1 (rn) =rn!, \vhere 

so that 

IS 

Proof Let n Ern! then nb(n) = [Tj(n)]! = m!, therefore Tj(n) = m, 

or n E Tj -l(m). Conver:;.::!v, if n E Tj-l(m) it results Tj(n) = m , that 
1\ 

nb(n) = [Tj(n)]! and therefore n Em! 

1\ 

18. DEFI~ITIONS In s! it IS considered the equivalent relation: 

n ::::: m <=> s.f.(n) = s.f.(m). The echivalent class for n IS 
/\I' I\. 'I 

n := i rn ES: I s.f.(n) = s.f.(rn) ~ . The set of equivalent classes in -' ~, It 

1\ 1\ 
1\ 1\ 

noted with s1 In s1 

n:5 ill Q s.f.(n) C:::s.f.(rn) 

19. REMA.RK Each class 
1\ 

it IS considered panial order relation 

1\ 

IV 1\ 

n E s! is a set of elements \vhich belongs to 

I S. , and it is total ordered in the sense of the relation::; It is also fInite, therefore 

it has a minimum and a maximum. If 
Ct.' a. a 

s.f.(n) = {Pi,!I, Pil'z, ... , Pir'e}, then in 

the class 
IV 
n the smallest number IS 

- _ ail. a,:. . a'r and the n-p, p; .. p. 
.1 .: ~ r 

other numbers of A·n:, ·th A <:. <:0 £,·th 
WI = Ph; . Ph; _._._ ... P!-:k ' \V1 

and and o ::; Sj ::; eph;(s) , j = 1, k, where 
eo, (5) e ph (s) 1 

·'1 . k ! 

Ph P·, = 
~ , , ... , nk " 

e p : (5) l' f I 
Pl , ... , P::(5): - S .. (s.) 
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'j 

The largest number of n IS: 

f\ 
f\ 

Minimal elements of s~, in the sense of the partial order relation :S, are 
ep. (s)-a. .. + I 

1~ 'n 

the classes which respectively have the elements: P i
h 

' h = 1, r . The 
f\ 

f\ 

maximal class of s! has s! as element. 
N < N N IV' 

If n _ ill and n;:: ill, the absolute value of the difference between 
f\/ 

two different numbers in the class ill is larger than the smallest between absolute 
N 

values of differences between t\vo different numbers of the class n. 
1\/ < 1'1 "f AI 

If n _ ill and n ;:: ill, the absolute value of the difference behveen a 
N N . 

number of n and a number of ill IS larger or equal than the smallest nwnber 
N 

of n and therefore it is larger or equal than the smallest number of the minimal 
< f\/ 

class comparable (in the sense of the partial order relation _) with n. 

20. EXA~lPLE Let 

Let us consider the .;;;:t of natural numbers with the factorial signature of 
f\ 

type 12, so that 12!= {n EN Inb(n) = 12!} = {n E N I s.f.(n) = s.f.(l2~)} 
f\ 

Obviously 11-1(12) =12! . 
f\ 

The minimal elements of 12! , in the sense of the partial order relation < - , 
.tV,v -v tV 

are: 2 10
-
2

-
1 = 29 and 35

-1-1 = 35
. 

f\ 

Factorial signatures of numbers of 12 ~ are ordered in the following way: 

r {21O} ~{210,3}C:::{210,32}C:::{210,33}C::: {21o,3 4}C::: l 
{29}~~ ~{2!0,35 

l {29,3}~{29,32}~{29,33}~{29,34}~ {29,35}~ J 

f\ 

Classes of numbers of 12! are presented in next table: 

76 



s.f.(n) sf.(n) s.f.(n) 

{3 5 
} 

'~5 
.) 

: 35 . 5 

I 

29 .7 

I 
35 

. 7 
29 ·11 35 ·11 
79 -2 35 . 52 - .) 

29.5.7 35.5 . 7 
29 

• 5 . 11 35 . 5 . 11 
29

• 7 . 11 35 . 7 . 11 
29 

. 5 . 7 . 11 35 • 5 . 7 . 11 
29 • 52. 7 . 11 35 . 52 . 7 . 11 

210 {io} {29
, 3} 29 ., . .) {35,2} 35.2 

210 -.) 29 .3 ·5 35.2 . 5 
iO·7 29 .3 ·7 35 .2.7 
1210 .11 29 

• 3 . 11 35 .2. 11 
1210.52 29 • 3 . 52 35.2.5: 
12 10 .5 . 7 29

• 3 ·5 . 7 35 . 2 . 5 . 7 
I 
12 10 .5. 11 29

• 3 . 5 . 11 35.2.5.11 
I I 1210.7. 11 29 . 3 . 7 . 11 35 • 2 . 7 . 11 
12 10 .5 ·7· 11 29 . 3 . 5 . 7 . 11 3s . 2 . 5 . 7 . 11 ! 
iO . 52 . 7 . 11 29 • 3 . 52 . 1 . 11 35 • 2 . 52 . 7 . I 

11 1 
I ; 

210 .3 I {210, 3} {29
, J2} 29

• 32 {35,22} 35 . 22 

- - - - ---- - - - - - -
210 . 3 . 52 . 7 . 11 29 . 32 . 52 . 7 . 11 35 . 22 . 52 . 7 . 11 

.. 
1 _____________ 1------------ i ------------ ------ -------
I ------- I 

210 .33 {21°,3 3
} {29

, 34
} 29 ... 4 . .) {3s,28} 35 . 28 

--- - --- - - - - - - -
21°.3 3 .52 .7. 11 29 . 34 

• 52 . 7 . 11 35 . 28 • 52 . 7 . 11 

{21°,3 4
} {29

, 35
} 

, 
210 .34 29

• 35 1 

I 

I i -- -- 1----- I I 

210. 34
• 52 . 7 . 11 129 .35 .52.7.11 i I 

210. 35 

I 
{21°,3 5

} I 
I 

! i 

I I 
I 

- --- ! i 
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