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In this paper we define the function 6, N\{0,1} > N and 6:N\{0,1,2} >N as
follows :

6,(x) = LS(pV) 6(x) = ZS(p),

p/x pAX
O<psx O<psx
p-pnme p-prime

where S(p*)is the Smarandache function defined in [3] (S(n) is the smollest integer m

such that m! is divisible by n).
For the begining we give some properties of the ¢ function. Let us observe that,

from the definition of &, it results:

6,(2)=S(2%) =4, 6.8)=5(2% =10,

6,(3) =S(3’) =6, 6,(9)=5(3") =21,

6.(4)=5(2") =, 6,(10) = S(2'%) +S(5'") = 12 +45 = 57,
6,(5)=S(5°) =25, g.(11)=sa1') =121,

0.(6) =S(2°)+S(3%) = T+15=22, 6,(12)=5(2"7) +5(3'?) =43,
6.(7)=5(77) = 49,

We note also that if p-prime than 6,(p") = p>.

Proposition 1. The series 2(9_,,.(,%))_l is convergent.
x22

Proof. o, R l : 1
roaf E( W) 5(22)+5(3-‘)+S(5-‘)+S(2")+S(3(’)+
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+
2 (pymy - DV(x) o2 (Pugy ~ D V(%)

where V(x) denote the number of the primes less or equal with x and divide by x.
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. =1 1
Of course the series 3 — and

> are convergent, so the
i=2 Pi Pven/x (PV(x) ~ DV(X)

propositionis proved.

Then

21
Proposition 2. Let the sequence T(n)=1-Ig@,(n)+) —.
=2 03(1)
lim T(n) = —c0.
n—oo

w
The proof is imediate because the series Y
n=2Y\N

is convergent according by the

proposition 1.

Proposition 3. The equation §,(x) = 6,(x +1) (0) has no solution if x is a
prime.

Proof. 1f x is a prime number the equation become
x? = 6,(x+1), where

gs(x+1):s(p:-ﬂ)+S(p,x"'l)+."+s(px+l )

iz vgaeny
Using the inequality
(p-Da<S(p?) < pa (1
given in [4], we have
G(x+1) < (x+1)(p;, +pi, +-+piy )
Let us presume that the equation (0) has solution. We have the following relation:
x? S (x+D(p;, +py,+4p;, ) e
and we prove that
Pi, +Pi, *+py,, , Sx—1 3)

forx2>9.
Let n=p/-pyt---p, p; #pj, 1 # ], the decomposition of n into primes. We
define the function f(n) =1+ a;p;+---+a,p, and we show that f(n)sn-2 for n>9. If

1sn<9 the precedent inequality is verified by calculus). For n>9, we prove the
inequality by induction:
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[(9)=7, £(10)=8, f(12)=8<10, true.
Now let us suppose that f(n)<n-2, ¥V n212, and we show that f(n+1)<n-1
In this case we have three different situations:
[) n+1=h=k, -k, where k k, are composed members. Using the true relation,

f(h) = f(k,-ky) = f(k;)+f(ky) -1, we have

f(h)=f(n+l)=f(k‘)+f(k3)-1Sk,—2+k2—2—1=k‘~k2—8—5s
<h-2=n+l-2=n-1=>f(n+1)<n-1.

II) n+1=h=k,; ky, where, k, - prime, k, — compounded,
f(h):f(k,)+f(k2)—-lskl+1+k2—2—1Sk‘-k-_,—2=n—l.

[1l) n+1=h=k, k,, where k;, k, — prime,
f(h):l+k1+k2=k,k2+2—(kl—1)(k2-l)sh+2—4=h—2=n—1.

Conclusion: f(n)<n-2,Vn29.
Then f(n) Sn+2= l+ap + @py+--+aq,p, Sn-2=

a,p; + a;py+---+a,p, Sn-3.

We obtain

Py +Pa++p, S@p + APyt p Sn=3<n-2
Using (3) in (2) we have

x? < (x+1)x-1)= x2<x?-1, imposible.

Proposition 4. The equation G,(x) = G(x +1) has no solution for (x 1) - prime.

Proof. We have f(x+1) =(x+ 1)2.
We suppose that the equation has solution and with the inequalityes (1) is must that

(x+1)? < X(Pi\; + pl\. +'”+pi‘\-(.,) < x2, imposible.

We give some particular value for O(x)= Y S(p*);
pix

p-pnme



8,(3)=52"=4 8,8) =S(3*) +S(5%) +5(78)=18+35+49=102

0. (4)=53"=9 8,(9) = §(2%)+5(5%) +S(7°) = 12+40+56 =108

8,(5) = S(2°) +S(3°) = 20 89,10)=S(3'") + (7% =24 +63=87

8,(6) = S(5%) =30 8,(11) = S(2”)+S(3”)+S(5”)+S(7”)= 16+27+
+50+73=163

8,(7)=527)+s3" +S(5') = 8,(12) =82 +s(7) +8(1 1'2) =50+77+

=8+18+36=62 +121=248

8,(13) =21 +s(3") +5(5'%)+5(7?) +5(117) =
=16+27+60+84+132=319.

Proposition 5. The series Z(-Gs(x))'1 is convergent.
x23

Proof.
1 1 1 1

0,60 = —
200N =555 53 T s@)+s3) FS@) eSS | S@)+S()+S(T)

1 1 1 i 1 1 1
+---< + + + +---< —5 —< ) —.
s2) s3% S¢™ s@) Z’J S(p}) Z‘s Pl x}:‘gxz

pﬁx inx

p,—prime p,—prime

. 1. ..
Because the senes 2—2' is convergent, we have that our senes 1S convergent.
x23X

Proposition 6. If T(n) =1-1g 6,(n)+ ?1__ then lim T(n) = —o.
i 303(‘) n—$o

)

Ma

Proposition 7. The equation b,(x) = ?s(x +1) has no solution if x+1=p-prime.

Proof. If x+1 is prime be wouldn't divide with any of prime numbers then him

26



6’(x+l) _ Zs(px+l) S(p;‘”)+S(px”)+---+5(p¥+l )

i X
pix+l i
O<psx+l
The number x is divisible with at least two prime numbers then him. In the case

(x) = Y S(p*) will have at least two terms S(pl ) less then they are in ) (x+1).
pXx
0<psx

Moreover S(p*) < S(p/*') and it results that 8,(x) < G,(x+1).

Proposition 8. The equation 6,(x) = 6,(x +1) has no solution if x=p-prime, x2 9.

Proof. using the function Fy(x) = Y S(p*) defined in [2] we have
O<psx
p-prime

E.(x) = 6,(x)+ 8,(x)

F(x+1) = 6,(x+1)+6,(x+1).

If our equation have solution -0,(x) = b,(x +1) then
F,(x)-F(x+1)=6,(x)- 6,(x+1)

or

E,(x)- E(x+1) = x* - 6,(x+1).

Is known [2] that F,(x) - F;(x+1) <0. We have x2 - G, (x+1)<0=> x? < O,(x+1).
Using (3) we have

g (x+1)s(x+1)(x-1) = x2 — 1, therefore x? <x? -1, imposible.

For x<9 is verified by calculus that the equation 0,(x) = 6,(x +1) has not solution.

Proposed problem

1. 6,(x)=6,(x+1), x, x+1 are composed numbers.
2. 6,(x) = G(x+1), x, x+1, are composed numbers.

Calculate

3. lim 9’(:), aeR.

n— n

4, lim ﬂ(—rﬁ

n—® n

, aeR.
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