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Let p be a prime number. In [5] is defined the function Sp as .SP:N* —>N*,Sp(a)= k, where k is

the smallest positive integer so that p? is a divizor for k!.

A Smarandache function of first kind is defined for each 5 eN" in [1], as numerical function
S,,:N* — N, so that:

i) if n=4', where u=1 or u= D, then S, (a)=4%, k being the smallest positive integer with the
property that k!= M -4'9.

11) ifn:pli‘ -péz o —p;’, then Sp(a)= max {Spj (ija)}.

I</j<r

It is proved that:
2 max{Sn (@), S,,(b)} <Sp(a+b)<S,(a)+S,(b)

2 Sula+b6)<S,(a)-S,(b)

-

In [2] is proved that:

i) the function §,, is monotonously increasing,

11) the sequence of functions {Sp,- }iei\f' 1s monotonously increasing.

iii) for p, ¢ - prime numbers such that: p <q=>8p,<S;and p-i<g= Sp,- < Sy, Where i eN”
) if n<p, then §,, < Sp- ’

In [3] it is proved:

1) for p>5, Sp> max{Sp_l,Spﬂ}

i1) for p,q - prime numbers, /, JjeN i

P<q and i< = Spi<Sq/

1i1) the sequence of functions {S,, }neN' 1s generaly increasing boundled
V) if n=pl-pp- - pl, there are kyky,...k, {12, .r} so that for cach ¢eim there is

q €N * 50 that
Sp(qr) = Spu.-, (4:)
ke



and foreach / e N * we have:

I<t<m

§,(/)= max {Spku- (/)},

i —_— . .
We define the set { pk"' lt €l, m} as the set of active factors of » and the others factors as the pasive
t
factors.
— — il, iZ,____ ir
Let NP]'P:"'"Pr _{n_pl 1) b,
Then

.. . * .
,h ...l €N }, where py < pp <---< p,. are prime numbers.

NPP2-Pr {n eN In has p{‘ , p;,...,‘ p;’ as active factors}

P Pr-Pr

is the S-active cone.
A Smarandache function of second kind is defined for each keN' in [11, as the function

S*:N" — N* where $%(n)= S, (k).

. It is proved that:
> max{sk (a),S"(b)} <S*(a-by< $¥(a)+ S (B)
2 S*(a-b) < S*(a)- S*(b)

In [4] it 1s proved that:
i) for k,n e N" the formula Sk(n) <n-kis true
11) all prime numbers p > 5 are maximal points for $* and

évk(p)zp[k—‘p(k)], where Osip(/c)s[ﬁp——l]

iii) the function S¥ has its relative minimum values for every n= pl, where p is a prime number
and p > max{3,k}
iv) the numbers 4p for p prime number, £ €N * and p >k, are the fixed points of § k
v) the function S ¥ have the following properties:
a) S¥ =0 (n'*®), for £>0
S5my _,

b) lim sup———
n—oo n

c)S k 1s, "generally speaking”, incresing, thus:
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VneN",3my eN so that Vm > my = S*(m)= S¥ (i)

1. DEFINITION. Let o# = {S,,,(n)'n,m EN*}, lett A BeP(N)\D and a=min4,
b=minB,a’ = max 4,5 = max B . The set I is the set of the functions:

S(h),n < max{a,b}
| Sa, (b), max{a, b} < n < max{a®, 5%}

where
* .
Ig:N —o#, with ]g(n) = ap = m?X{ai e Aa; < n}
H

b = ma}x{bj eBij Srz}
/

\Sa‘(b*),n >max{a’,b')

2. EXAMPLES.
6,10,12} ,* .
a) 1?3,8,10} ‘N — o and:
n 12 3 4 s 6 7 8 9 10 11 12 ,s13
6103

3810} | S3(6) S3(6) S3(6) S3(6) S3(6) S3(6) S3(6) Sg(6) Sg(6) Sjo(10)  Sjp(10)  Spp(l2)  Si(12)

b)Let A={1,3,5,....2k+1,..}
B={2,4,6,.,2k,.}

IB:N" > ot and:

n | 1 2 3 4 s 6 . 2 2+

Zls,m 50 50 S0 8$,06) S6) .. Su@k-1) Su2k+D)

6) Let A={5,9,10) and 14, 1%.:N" — ot with
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n 1 2 3 4 5 6 7 & 9 10 n>11
) S5(5)  S5(5) S5(5) S5(5) S85(5) S5(5)  S5(5) S5(5) S4(9) S§,,(10) S14(10)
v S S55(2) S503) S,(4) S5(5) Sg(6) S(7)  Sg(8) S5(9)  S§p(10) | S, (n)

. A . . N® Aot N[ a*
It 1s easy to see that /) is not the reduction of / e and /(N ) c ]N' (N )

3. REMARK.
The functions whitch belongs to the set / have the folowing properties :
1)if 4 <4, and n €4, , then Ifl(n)zli(n)
I)if BB, and neB;, then 15 (n) = I%2(n)
2) ]11\\//. (n)=S,(n) = 5"(n), the function I;\\/{. 1s called the 7 - diagonal function and Ij\\fl’ (N*) is
called the diagonal of o# .
. 3) foreach m eN* I{A’["} =S, for I{A'/n}(n) =S,,(n),vn eN”.
- 3)foreach meN~ Ii/m} =S" for 11{\;’:}(") = S, (m) = S™(n),YneN",
4)if n €4 B, then I5(n)= I (n) = Sy ().

4. DEFINITION. For each pair mn eN iy S,,(n) and S™(n) are called the simetrical numbers
relative to the diagonal of o#

S,, and S’ are called the simmetrical functions relative to the I-diagonal function I AA[[.. As a rule,
I g and / g are called the simmetrical functions relative to the I-diagonal {unction / IN .-

5. DEFINITION. Let us consider the following rule T:1 x [ — I, IAB T/ g =7 ZUCI? . It is easy to see
that T is idempotent, commutative and associative, so that:

iy Br5=18

i) 18172 =12718

iii) (187 12) TIE = 1B (12 T1F), where 4,B,C,D,E,F e P(N')\@

6. DEFINITION. Let us consider the following relative partial order relation p, where:

pcixl,
I8pI2 & AcC and BcD.

1t is easy to see that (1,7, p) is a semilattice.
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7. DEFINITION. The elements u,v € [ are p - preceded if there is w €I so that:
wpu and wpv.

8. DEFINITION. The elements u,v €1, are p - strictly preceded by w if
D)wpu and wpv.

i) Vx e I\{w} sothat x pu and x pv =>x pw.

9. DEFINITION. Let us defined:

I ={(u,v) eI x lju,v are p—preceded }
F={@wv)yelx Ilu,v are p—strictly preceded}.

It is evidently that (u,v) el o (v,u) e [ and (u,v) elf o (v,u) el”.
' 10. DEFINITION. Let us consider T'=U xU, U I and let us consider the following rule:
1 W, Wcl, ]f _L[g = IB"g and the ordering partial relation rcUxU so that

An
B D D B
IArICc>[CpIA )
The structure (/ #,_L,r) is called the return of semilattice (/,T,p).
11. DEFINITION. The following set

@8:{15 cl|4nB=0]

is called the base of return (1#,_l_,r).
12. REMARK. The base of return has the following properties:

Dif I8 eB= 15 B

i) for @ XN, I§ B

ii1) for / g €D is true the following equivalence & = X < Cy+(A A B) & non existence of I\Y 17 f .
13. PROPOSITION. For I @ there exists n €N so that I%(n) = 11‘\‘/’.' ().

Proof. Because A B # O it results that there exists 7 € A B so that:

18(ny=Sy(n)= 1;\‘/’.‘ (n).

It results that for / f €@ then [ ‘f has at least a point of contact with [-diagonal function.
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14. REMARK. From the 1. it results:

rb, n<b=minB
b, b<n<b =maxB
lg}(n)=s,,(b,,), where 5, =1 where
by = max{x € Blx <n}
* *
b ,n>b

and

a, m<a=min A4
ay, a<m<d =maxA4
I;{‘l'"}(m) = Sm(am), where a, =1 where

a; = max{x € Ax <m}

* *
a ,m>a
15. PROPOSITION. There are true the following equivalences:

(18,12) er* = 15,12 B = 3nmeN" so that:

1B(n)y= 12, (1) = Sp(ba), 12(m)=ID,(m) = Sp(dy), I (m) = 19" (m) =™ (@), and

Ig(m) = I“g"}(m) =S™(c,,) where a,,,b,,c,,,d, are defined in the sense of 14.

Ifn<m, then n<a,, c,<m.

Proof. Evidently,

(18,12) er* & 4nC %@ and BAD =@ = IS, I} €.

Because AmC¢@'and BAD=Jitexists neAnC and me BN D. Then:

15(m) =18 ,(n)= $,(8,), I8 (m)=1,() = Sp(dy)

15(m)= lﬁf”f(m) = 5™(ap), 1£<m)— 187 (m) = S™(cp).

Conversely, if there exist meN~ so that Ig(n) =3S,(4,) and Ié)(n) =S,(d,), then because
Ig(n)z S,(b,) it results n=q; = max{ai eAla,- Sn}, so that n € A. Because [g(n)z S,(d,) it results

{

neC.
Therefore ANC = J, thus, finally, /3 C . Itis also proved /p D 28 in the some way.

If n<m, because nednC it results that ne{x eA|x<m} and ne{y eC]y<m} therefore

n<a,<mand n<c, <m.
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This is presented in the following scheme:

1 Lo 2N
rbm'\m,:

16. DEFINITION. The return (L*,L,r) of semillatice (L, T,p) is:

a) null, ,if F=(uufuel)=A;.
b) weak, if cardl¥ < card(L x L\ l,#)
¢) consistent, if card* = ca rd(Lx L - L#)
d) vigour, if cardZ¥ > card(L x L- 1¥)
e) total, if F=IxL.

17. PROPOSITION. The return (1# ,L,r) of the semilattice (I,T,p) is consistent.
Proof. Evidently, card(2?(N )\ @) =X, card [ = card[(@(N*) ~ D) x (P(N") - @)] =N and

card(/ x I)=%.

Let us consider &:{(A,C)!A,C e@(N‘)—@,AmC:@} and & = {(A,C)IA,C e@(N‘)-—@,
AnC=J}.

cardZ =cardd? =N. Indeed, if ANC =0 it resulls that CyrAuCyC= N"; because for every
XeP(N)-@ 37 =N*\ X so that XUY=N" then it results cards# =card P(N")=N. Because for
each (4,C), A C egz’(N*)—-Z,AmC= @, it exist at least two (4),(),(4,C;) with
AN 20,4 NCy =D itresults cardF >cardF =N.
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Since  card&Z < card[(?’(N Y= D) x (P(N - @)] =N finally cardg% =N.  Because
card/" = card(&# x F )= and card(/ x [) - = card(s# x & ) =N it results that (I#,_L,r) 1s a return

consistent.
18. REMARK. Generaly, it is interesting the folowing problems:
i) what relations, operations, structures can be defined on

M= {Sm(n) in,m eN*}?

ii) what relations, operations, structures can be defined on

o ={ f| FN" > ott)?
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