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The aim of this article is to introduce two functions and to give some simple properties for one of 

them. The function's properties are studied in connection v.ith the prime numbers. Finally, these 

functions are applied to obtain some inequalities concerning the Smarandache's function 

1. Introduction 

fn this section, the main results concerning the Smarandache and Euler's functions are 

review. Smarandache proposed [1980] a function 5 N* -+ N defined by Sen) = min{k k! IlJ . 

This function satisfies the following main equations 

1. (n, m) = 1 => S(n· m) = min{ Sen), SCm)} 

(I) 

(2) 

3 (7 n > I) Sen) 5, n 

(3) 

and the equality in the inequality (3) is obtained if and only if !I is a prime number The research on 

the Smarandache's function has been carried out in several directions. One of these direction studies 

n 

ISU) 
the average function S : N* ~ N defined by S(n) = -'.'=--,1 __ Tabirca [1997] gave the following 

n 

two upper bounds for this function 
- 3 I? (V n > 5) Sen) 5, -·n.,---:::'" 

8 4 Il 
and 

- "'1 I? - "'·n (7 n> 23) Sen) 5, ~. n + - -:::... and conjectured that ('v' tI> I) Sen) 5,-=--
72 12 n In 

Let rp: N* ~ N be the Euler function defined by rp( n) = card (k = L III (k ,ll) = I} . The 

main properties of this function are review below· 



I. (n,m) = I=> rp(ll' m) = rp(I1)' rp(m) 

(4) 

(5) 

n 
3. rp(-) = card{k = 1,I1I(k,n) = m} 

m 

(6) 

It is knov"TI that if f .. V* -)0 ,V is a multiplicative func:ion then the function g S* -)0 .V 

defined by g(n) = If(d) is multiplicative as well. 
an 

2. The functions Ij/~,J!.;. 

In this section two functions are introduced and some properties concerning them are 

presented. 

Definition 1. 

Let If/ 1 ' If/: be the functions defined by the formulas 

n 

1. fII:'v * -)0 .v, fill (n) = I -!!-
1=1 (1,11) 

(7) 

" . 
2. Ij/,_ :V * -)0 .V, III (n) _ '" _I -

. 't'2 - 7S' (i, n) . 

(8) 

If/Jij fIIJij / Ij/Jij 

11 III 

3 .., 12 77 -

3 7 4 13 157 

-+ II 6 14 129 

5 21 II 15 I-n 

6 21 11 16 171 

fII:fiJ 

56 

39 

79 

65 

74 

86 

83 

fIIJi) fII:(i) 

21 301 lSI 

22 333 167 
.,.., 
_J 507 254 

24 301 lSI 

25 521 261 

26 471 236 
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7 43 22 17 273 137 27 547 274 

8 43 22 18 183 92 28 473 237 

9 61 31 19 343 172 29 813 407 

10 63 32 20 231 116 30 441 221 

Table 1. Table of the functions Ij/ l' Ij/ 2 

Remarks 1. 

1. These function are correctlv 
, ~ 

defined based on the implication 

. n n. 

n I I n I I 

(i,n) , (i,n) 'EN~ i=1 (i,n)' i=1 (i,n) 'EN, 

2. If P is prime number. then the equations Ij/ 1 (p) = p2 - p..,-1 and Ij/ 2 (p) = PCP,., - J) - 1 can 

be easy verified. 

3 The values of these functions for the first 30 natural numbers are shown in Table 1. From this 

table, it is observed that the values of IjlI are always odd and moreover the equation 

~1jI1(n): 
1jI,(n) =' -'- seems to be true, 

~ 2 

Proposition 1 establishes a connection between Ij/ 1 and rp . 

Proposition 1 

If ll/O is an integer number, then the equation 

Ij/l(n) = Id.rp(d) (9) 
.in 

holds. 

Proof 

Let Ad = {I = LIn (i,ll) = d} be the set of the elements which satisfY fi,ll)=d 

The following transformations of the function 1jI,' holds 

84 



( \ 

Csing(6) the equation (10) gives 'l'r(n) = L: -dnqJ1 -d
n

, 
d'n "./ 

Changing the index of the last sum, the equation (9) is found true .... 

(l0) 

The function g(n) =nrpfn) is multiplicative resulting in that the function 1f/: (n) = I d . (j)( d) IS 

..in 

multiplicative Therefore. it IS sufficiently to find a formula for 1f/: (p'" ). where p ,s a pnme 

number. 

Proposition 2. 

If p is a prime number and kCl then the equation 

holds. 

'. p: k_! _ I 
'l'l (p') = ~-

p-I 

Proof 

The equation (II) is proved based on a direct computation, which is described below. 

Theretore, the equation (II) is true .... 

Theorem 1. 

p?k-i -J 

p-I 

k. ~ lc 
If n = p!' . P:' .... P s' is the prime numbers decomposition of fI, then the tormula 

s s 1 k 1""{ I 

T1 Ie. IT P, ' -
'l'l (. Pi . ) = . _ I 

1=; 1=1 P, 

holds 

Proof 

The proof is directly tound based on Proposition I 1 and on the multiplicative property' of '1'" 
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( 12) 



p3 ~ 1 2 
Obviously, if p is a prim number then If/ 1 (p) = --- = p - pc... I holds finding again 

p-"-I 

the equation from Remark 12 If n = PI . P:··· .·Ps is a product of prime numbers then the 

following equation is true. 

s 

1f/\(n)=lf/I(PI'P2"Ps)= I1(p; -P, -I) 

Proposition3. 

l=l.lLn)=i 

Proof 

1=1 

n· rp( n) 

2 

This proof is made based on the Inclusion & ExclUSIOn principle 

Let D p = {i = 1,2, .. , IIi pi II} be the set which contains the multiples of P 

This set satisfies 

n 
Dp = p'< 1,2,. ,-~ and 

pj 

Let n = P~\ . p;1 .... P:' be the prime number decomposition ofn. 

The following intersection of sets 

U = 1,2, ... , n; p,n /\ P, n /\ ... /\p,n} 
~, J. • ~ 

is evaluated as follows 

Dpc ' :". DpJ: n .. r,DpJ~ = (i = 1,2, ... , nl P-" . Pi: ··.··Pj~ :n} = Dp,\ p., 

Therefore, the equation 

n ___ n ___ +l 

holds. 

The Inclusion & Exclusion principle is applied based on 

D = {i = L 2" nl (i. n) = I} = {I, 2 ... n} - y D p, 

j=l 

and it gives 
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.. ?J~ 

(13 ) 

( 14) 

(14 ) 



z<n. (:.n):l /::1 ..,,:1 

Applying ( 14), the equation (I5) becomes 

( 
n , n 1 
-.1 ~II 

2 ~Plt ·p}:"Pj~ 

The right side of the equation (16) is simplified by reordering the terms as follows 

Therefore, the equation (14) holds. of, 

Obviously, the equation (I4) does not hold for n=1 because 
i=I.(I.1)=1 

Based on Proposition 3, the formula of the second function is found. 

Proposition 4. 

The following equation 

holds 

Proof 

= 1 and n· rp(n) 
2 

(15) 

( 16) 

2' 

( 17) 

Let I n.d = {i = 1, 2" nl (i, n) = d} be the set of indices which satisfy (i.n) =d Obviously, the 

follo'Wing equation 

(Vd!n) I n.d =d.I'!...1 
d 

holds. Based on (18), the sum f _._i - is transtormed as follows 
1=1 (l,n) 

;=1 dn rei",d dn 

Proposition 3 is applied for any divisor d#J and the equation (19) becomes 

87 

(I8) 

( 19) 



Completing the last sum and changing the index, the equation (20) is transformed as follows 

. 1 I I II I I 'I' 2 ( n) = I ~ - d . q;{ d) = I - - ~ - d . q;{ d) = - ~ - . 'I' I (n) 
? ? ? ? .., 
- I"'dn - - dn - -

resulting in that (17) is true .... 

Remarks 2 

(20) 

1. 
'l'l(n) + I . 

Based on the equation 'I' 2 (n) = ':2 ' it IS found that '1'1 (n) = 2· 'l'2(n) -1 is always 

:- '1'1 (n)! 
an odd number and that the equation 'I' J (ll) = ! --; holds. 

- I 2 i 

? If kl k, k l' h' b d . . f h h 11 I _. n = PI . P2' ····Ps' > IS t e pnme num ers ecomposltlOn 0 n, t en t e ormu a 

3. Upper bounds for the Smarandache's function 

In this section, an application of the functions 1fI1' IfIz is presented. Based on these function an 

inequality concerning the Smarandache's function is proposed and some upper bounds for 

_ 1 n 

Sen) = _. IS(i) are deduced. 
n 1=1 

Let PI =2, P2 =3 ... , Pm , ... be the set of the prime numbers. 

Proposition 5. 

Proof 

Let i,j be two numbers such that i? Pm and j = I,PI . PZ···Pm • 

88 

(21 ) 



Based on the inequality 

....:cP....:I_·...=.P-=2c...· ._. '....:c' P..c.m~ . . 
- 1+ lI' 
Pi, ·PI,·····Pi, 

PI·P2··:Pm /.+J. >/. ·l>p ... 1 
1- + - m· , 

Pi ·Pi.···:Pi I _ , 

The following divisibility holds 

therefore. the inequality (21) is found true ... 

Proposition 6. 

p,·Pz· ... p~ 

we find that the product 

(V i ~ Pm) IS(PI . P2···Pm· i + j):<; i 'lfIdpI . P2·····Pm) ... 1f12(PI . P2···Pm) (22) 
j=l 

Proof 

The equation (21) is applied for this proof as follows: 

PI' P2·····Pm 
--''--'---'-''---=-- + j 

(PI' P2·····Pm'j) 

Applying the definitions of the functions '1/ I' '1/ 2 ' the inequality (22) is found true .... 

Theorem 2. 

The following inequality 

is true for all n > PI . P2 '-Pm-I . P;'" where 

PIP'···P~-I·Pm· . (Pm -1)· Pm 
em = I S(I) -1fI1(PI· P2' -Pm)· 2 - 1f12(PI . P2"Pm)' (Pm - I) (24) 

1=1 

is a constant which does not depend on fl. 
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Proof 

Proposition 6 is used for this proof. 

n 

Let n be a number such that n> PI' Pz' . :Pm-I . p;". The sum I SCi) is split into two sums as 
i:1 

follows 

n p,'p, "'P~-i'P~' n 

IS(i) = IS(i) + IS(i) 
1=1 i=1 l=p]"p;, .. ·pfPI-l·p"''':.. .. l 

I n -l 
P,'P, ... ·P~_I·Pm2 i P,'p, .. p~: P\·p,·····p~ 

IS(i) ~ I IS(PI . Pl··Pm· i .,. j). 
1:1 I=P", J=I 

For the second sum the inequality (22) is applies resulting in the following inequality 

n ' ---'-1 
n PI·P2··P~.P~ ip.,·p2· .. ··p~1 

= 

IS(i)::; IS(i) + I[i. fill (PI . PZ' -Pm) + f112(PI . P2· .. ·Pm)]. 
i=1 1:1 

Calculating the last sum, the inequality (25) becomes 

n P:·P-: .. _·p",....!·p",,-

ISU)::; IS(i)+fIIl(PI·P2· .. :Pm)· 

1 \;- -

n 1-1 i.: n i 
PI' PZ"Pm! ) i PI' PZ"':Pm i 

~ 

1=1 i=1 
2 

I' n n I" n -: 
Based on the double inequality I ; - I < S; i : , we find 

i PI' P:"Pm ! PI' Pz' ':Pm : PI' PZ':Pm \ 

PI ·p:.··:p", 

Dividing by 11 and using Proposition 4, the equation (22) is found true .• 

.... Conclusions 

(25) 

The inequality (22) extends the results presented by Tabirca [1997J and generates several 

inequalities concerning the function S. which are presented in the following: 
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• 
I n -

m=1 ~ (n> 4) Sen) = _. IS(i) ~ 0.375· fI + 075.,. 2 
n i=1 n 

• 
- 1 11 "4 

m=2 ~ (n> 18) Sen) = -. I Sci) ~ 029167· n.:.. 176.:..-=-
n 1=1 fI 

• 
~ , _ - 1 f-. _ ~ _ 1052 

m=.) ~ (n> 1)0) Sen) = -. L S(/) ~ 02-1)· n - 7 . .)) ---
fI . fI 

l~l 

• 
- 1 /I 1768-9 

m=4~ (n>1470)S(n)=-·IS(j)~0215.n--I5.15- ) 
n 1=1 n 

The coefficients of n from the above inequalities are decreasing and the inequalities are stronger and 

stronger. Therefore, it is natural to investigate other upper bounds such us the bound proposed by 

- 1 n 2:n 
Tabirca [1997] Sen) = -. IS(i) :::; --. Ibstedt based on an LBASIC program [Ibstedt 

n 1=1 Inn 

- 1 n n 
1997] proved that the inequality S (n) = - . IS (i) :::; -- holds for natural numbers less than 

n 1=1 Inn 

5000000 A proof for this results has not been found yet. 

References 

G. H. Hardy and E. M. Wright, An Introduction to Theory of .\'umbers, Clarendon Press. 

Oxford. 1979 

" F. Smarandache, A Function in the ~umber Theory. All. C'mv. TimlS()Qra, Vol XV lII. 1980. 

3 H. Ibstedt. Surfing on the Ocean of ,Vumbers - a few Smarandache's ;Votions and Similar 

Topics, Erhus Cniversity Press, 1997. 

4. S Tabirca. T. Tabirca, Some Upper Bounds for the Smarandache's Function. Smarandache 

.\'otions Journal, VoL 7, ~o 1-2. 1997. 

91 




