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Abstract

In the realm of sample survey research, the classical statistics approach pri-
marily deals with precise and definitive types of data to estimate population
parameters when additional information is available. However, this approach
fails when faced with data indeterminacies. To address such ambiguities, neu-
trosophic statistics emerges as an extension of both fuzzy and classical statis-
tics. Thus, in light of the challenges posed by indeterminacy in sampling, we
have introduced a proficient neutrosophic class of estimators, with and with-
out Searls technique (optimization tool) for estimating the mean utilizing
additional (ancillary) information under neutrosophic simple random sam-
pling (NeSRS). The expression for the Bias and mean square error (MSE)
of propounded estimators are derived up to the first order of approxima-
tion. The primary objective of this manuscript is to attain optimal estimates
using our proposed neutrosophic estimators for unknown population mean
values, while minimizing MSE and maximizing relative efficiency (RE). We
accomplish this through an extensive study utilizing neutrosophic real data
and simulations.

AMS (2000) subject classification. 62D05; 62A86.
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1 Introduction

Classical statistics primarily deals with precise and well-defined numerical
values for estimation. Numerous researchers have harnessed the principles of
classical statistics within the realm of sampling theory, particularly for esti-

Abhishek Singh and Bavita Singh have contributed equally to this work.

Published online: 18 June 2025


http://crossmark.crossref.org/dialog/?doi=10.1007/s13571-025-00369-9&domain=pdf
http://orcid.org/0000-0003-2009-5177

B. Singh et al.

mating population parameters while incorporating ancillary information. As
a result, a substantial body of literature has emerged, encompassing diverse
advancements in the field of estimators. Cochran (1940) delved into the
intricacies of ratio estimation, while Murthy (1964) explored product esti-
mation, both accompanied by illustrative examples. Building upon these
foundations, Sisodia and Dwivedi (1981) devised a transformed ratio esti-
mator, leveraging the coefficient of variation of the ancillary variable. In a
similar vein, Upadhyaya and Singh (1999) introduced a methodology involv-
ing transformed ancillary information to estimate the population mean.
Introducing enhanced techniques, Bahl and Tuteja (1991) advocated the
employment of efficient ratio and product exponential methods for estima-
tion purposes. Expanding upon these ideas, Upadhyaya et al. (2011) and
Khan et al. (2014) contributed to the field by presenting improved esti-
mators for mean estimation, capitalizing on ancillary information. In con-
clusion, classical statistics serves as the foundation for precise estimation
using definite numerical values. Its integration with sampling theory and
ancillary information has paved the way for a wealth of innovative estima-
tor development, as evidenced by the contributions of various researchers
over time. The estimation under classical statistics is free from uncertainty
in the measurements of the observations but where there is uncertainty in
data, we deal with these problems with fuzzy and neutrosophic statistics
among these two methods neutrosophic statistics is better as it measures
the indeterminacy in data too, see Aslam (2019). So, to deal with the data
having some kind of uncertainty or indeterminacy, neutrosophic statistics is
the most preferred method to analyze these kinds of data sets. Nowadays,
neutrosophic statistics is very popular in statistical theory, and only because
of its popularity, many forms or modified forms of estimators have also been
proposed by several authors. An alternative definition characterizes it as an
extension that amalgamates concepts from both fuzzy and classical statis-
tics, designed to effectively manage the inherent data uncertainty. A lot of
work has been carried out by many researchers based on neutrosophic statis-
tics. Smarandache (2014) proposed neutrosophic statistics. In the previous
few years, the development of new estimators or modification of estimators
are much in trend and many authors have propounded various extended
forms of classical as well as neutrosophic estimators with their applications
in many applied fields. For a more detailed study including the applications
of classical as well as neutrosophic statistics, one may refer to Chakraborty
et al. (2021), andVishwakarma and Singh (2022a, b). The paper is presented
as follows: In Section 1, we present an introduction followed by the sub-
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sequent sections. In Section 2, we have discussed neutrosophic data, the
research gap, and the motivation of the study, in Subsection 2.1, we have
defined the terminologies. In Section 3, we have shown some existing neu-
trosophic estimators by several authors. In Section 4, we have proposed the
neutrosophic estimators motivated by several authors with and without the
Searls technique. In Sections/Subsections 5, 5.1, and 5.2, we have shown
efficiency comparisons theoretically as well as numerically. The results and
discussion are shown in Section 6, and in Section 7, the conclusion of this
manuscript is shown.

2 Neutrosophic Data, Research Gap, and Motivation
of the Study

Zadeh (1996, 1965) introduced the foundational concept of fuzzy sets, mark-
ing a significant milestone in the field. To tackle uncertainty within data,
neutrosophic logic emerged as an extension of fuzzy logic. Consequently, neu-
trosophic statistics, rooted in neutrosophic logic and sets, emerged as a more
sophisticated iteration of fuzzy statistics designed to address uncertainty.
The development of neutrosophic statistics has been enriched by extensive
research endeavors. The inception of neutrosophic theory is attributed to
Florentin Smarandache, with comprehensive literature available in Florentin
Smarandache works (1999, 2001, 2013, 2014, 1998, 2005, 2019), offering an
introduction to neutrosophic statistics as an extension of fuzzy sets. Smaran-
dache (2010) emphasized the superiority of neutrosophic logic over fuzzy
logic. Neutrosophic statistics not only extends fuzzy and classical statis-
tics but also encompasses intuitionistic statistics, as explored by Atanassov
(1986, 1999). Furthermore, Chen et al. (2017a,b) elucidated the applica-
tion of neutrosophic numbers in rock engineering contexts. Aslam (2019)
pioneered the novel neutrosophic analysis of variance technique for neutro-
sophic data. Alhabib et al. (2018) embarked on groundbreaking research
in neutrosophic probability statistics. Building upon these foundations,
a multitude of researchers, including Aslam (2019), Aslam et al. (2020),
Aslam and Algarni (2020), and Rao and Aslam (2021), have harnessed
the concept of neutrosophic statistics across diverse statistical procedures
and fields. Recent contributions have extended to sampling theory, with
Tahir et al. (2021) introducing neutrosophic ratio-type estimators for mean
estimation and Vishwakarma and Singh (2022a,b) presenting computa-
tions for neutrosophic generalized estimators. AlAita and Aslam (2023)
have given the analysis of covariance under neutrosophic statistics. Further,
Singh et al. (2023a,b), Yadav and Smarandache (2023), Singh et al.
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(2023a, b), Alomair and Shahzad (2023), Tahir et al. (2023), Raghav (2023),
Singh et al. (2024a,b), Kumari et al. (2024), Abbasi et al. (2024), Khanna
(2024), Singh et al. (2024a,b), Singh and Kumari (2024), Shahzad et al.
(2025), Singh and Gupta (2025), and Singh et al. (2025a, b) have given neu-
trosophic estimation procedures for estimation population mean. Neutro-
sophic statistics offers a solution to address the inherent uncertainty within
data. A comprehensive resource for exploring this concept can be found
in the book “Cognitive Intelligence with Neutrosophic Statistics in Bioin-
formatics” authored by Florentine Smarandache and Muhammed Aslam.
Further in-depth study of neutrosophic statistics can also be undertaken by
visiting the website (http://fs.unm.edu/NS/NeutrosophicStatistics.htm). In
the last two decades or so, several studies have been carried out in survey
sampling for certain, determined, and clear data. Nevertheless, in numer-
ous scenarios, data exhibit a neutrosophic nature, characterized by uncer-
tainty, vague interval values, and ambiguous observations, under some cir-
cumstances, at this instant, neutrosophic statistics is applied. In real life, the
scenario is quite different, here data that is indeterminant are more avail-
able than determinant data therefore neutrosophic statistical techniques are
much needed. This manuscript is one step in this area. Statistics is the com-
pilation of the data collection, analysis, and interpretation. To amass data,
it becomes imperative to employ statistical techniques capable of accommo-
dating a spectrum of uncertain observations, encompassing the likelihood of
incorporating actual measurements. Here, classical statistics failed to inves-
tigate the data in the indeterminant form and hence neutrosophic statistics
replace classical statistics. Taking the motivation from the lots of work, Tahir
et al. (2021), and Vishwakarma and Singh (2022a,b) have initiated estima-
tion procedure in sampling theory, and also, taking motivation from them,
this article aims to propose some class ofratio and product type estimators
under the neutrosophic scheme.

2.1 Notations and Terminologies The neutrosophic number’s poten-
tial range could extend over an unfamiliar interval [a, b], yet there exist
various methods to express neutrosophic observations, each offering distinct
representations of the interval values.Here, we are presenting neutrosophic
values as Zny = Zp + Zyly, where Ine€[lp, Iy], Zr and Zy are lower and
upper values of neutrosophic observations, and N is here for neutrosophic
number. Thus,the neutrosophic values are in the interval form Zye[a,b] ,
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where “a’ and "0 are the lower and upper values of the Zy. Taking moti-
vation from Tahir et al. (2021), and Vishwakarma and Singh (2022a, b), we
propose some classes of estimators with Searls and without Searls technique
using ancillary variable. The technique proposed by Searls (1964) aims to
minimize the mean square error or reduce the bias of an estimator by incor-
porating known values of the coefficient of variation (C.V.) on prior infor-
mation related to the study variable. The prior knowledge is often accessible
or available in advance to researchers in many research fields, like biology,
agriculture, risk and finance analysis, quality control and reliability engineer-
ing, and medical and pharmaceutical research for conducting clinical trials,
if not available in advance, then can be attained from the past data. This
information plays a crucial role in designing experiments and determining
optimal sample sizes, ultimately leading to the development of more precise
estimators. With the Searls (1964) technique, the family of neutrosophic
estimators appears to be more efficient than their member estimators. The
whole procedure of estimation can be seen in a flowchart diagram placed in
Appendix B.

Consider a neutrosophic random sample of size ny drawn from a finite
population comprising Ny units. Assume y;n as the i-th sample observa-
tion of our neutrosophic data, which is of the form y;n and similarly the
auxiliary variable as x;n. Here, y;nis our neutrosophic variable of interest,
and similarly is our auxiliary neutrosophic variable which is correlated to
our study variable y;y. In addition, 5 and Zx are sample means, Yy and
Xy are the overall averages, Cyn and C,n are neutrosophic coefficient of
variation for Yy and Xy, respectively, pgyn is the neutrosophic correlation
between Yy, and Xy, (neutrosophic variables), Ba(z)n 18 the neutrosophic
coefficient of kurtosis for auxiliary variable Xy, €,n, and €,x are neutro-
sophic mean errors study and auxiliary variable respectively. In a similar
vein, the calculation of bias and mean squared error (MSE) is extended to
neutrosophic sets for analytical purposes. To formulate the expressions for
Bias and MSE of the estimators, relevant error terms that are up to the
first-order approximation are taken into account, contributing to the com-
prehensive analysis.

EyN = (UN—YN); éxn = (Zn—Xn) and expected values are as: E(eyn) =

E(Ey) = ONYRCoys E(Eay) = ONYRC2y; E(Eynéan) = ONYNCyn X N;

2
2 _ Oin. 2 _ Tyn. _ _OzyN . _ 1-fn. _ nn
Can =385 Cyn = 273 PruN = O =05 v = Ny

OxNOyN
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3 Existing Estimators within the Framework
of Neutrosophic Simple Random Sampling (NeSRS)

Here, we have transformed many existing estimators into neutrosophic esti-
mators to defeat the complications of uncertainty in data.

The mean and variance under the neutrosophic estimator of the unbiased
estimator are given below:

1 X
1 1; .
N = ;yz\/ (1)
MSE(yn) = Var(jn) = OnY3Cpy (2)

The neutrosophic ratio estimator for estimating the mean using ancillary
variables is given below:

gov = XXy (3)
TN
_ eon )
grn = (YN + €ynN) (1 + )i:, ) (4)
N

Expanding Eq. 4 in neutrosophic error terms. We have expressions for the
Bias and MSE of the estimator in Eq. 4 up to 1st order of approximation
are given as

Bias(jrn) = ONYN[C2n — CanCyn payn ] (5)
MSE(@TN) = GNY]\zl [CgN + C:%N - 2CacNCpr:cyN] (6>
The neutrosophic product estimator, in the case of negative correlation, is
given by:
_ _ [ ZN
= - 7
YrN YN (XN) ( )
— e
YrN = (YN + éyN) (1 + ;N> (8)
N

Simplify Eq. 8 and then by taking expectation, the Bias of the estimator in
Eq. 7, as given below:

BiaS(ng) = QNCxNYNCprxyN (9)
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Squaring and taking the expectations of the simplified form of Eq. 8, the

MSE of neutrosophic product estimator up to the 1st order approximation
is given by:

MSE(gn) = ONYR[Con + Con + 202ynCanCyn | (10)

Motivated by Bahl and Tuteja (1991), we propose the neutrosophic expo-

nential type ratio estimator by doing some transformation in the existing
estimator, given as follows:

_ o Xy —In
YBTrN = YNETD m (11)

Using the expression of neutrosophic mean error terms, we have:

_ _ 1
_ S —€xN €xN
— Y, — 1 = 12
(éyn + N)6$P<2XN ( + 2XN> ) (12)

Expanding the above series in Eq. 12, we have:

€xNEyN B YNéxN 3YN53N
2X N 2X N 8X%

YBTrN — YN = EeyN — (13)

To get the expression of Bias, we take the expectation of Eq. 13 on both

sides:

L - 13 1
Bias(yprin) = ONYN [SC‘gN - 2CxNCprxyN] (14)

Taking the square on both sides in Eq. 13 and after applying expectation,
we obtain the MSE as given below:

_ 1
MSE(yprrn) = ONYR {CyQN + Zcijv - p:EyNCmNCyN:| (15)

Motivated by Bahl and Tuteja (1991), we propose the neutrosophic exponen-
tial type product estimator, after doing some transformation in the existing
estimator which is given as:

_ _ -fz'N XN
— o 2N 16
YBTrN = YNEIp (a‘:N X > (16)
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Following the Case of the estimator in Eq. 11, the expressions for Bias and
MSE for the neutrosophic exponential estimator in Eq. 16 are as:

pxyNCxNCyN > (17)

L — -1
Bzas(yBTpN) =0OnYN (80§N + 5

_ 1
MSE(Jpryn) = ONYE (OjN + ZCQ%N + pxchchyN> (18)

The neutrosophic values can be represented in various formats, with the
neutrosophic numbers potentially encompassing an unknown interval [a, b].
Here, we are illustrating neutrosophic values as Zy = Zp + Zyly with
Ine[Ir, Iy] , the symbol ‘N’ is used to represent a neutrosophic number.
Consequently, our neutrosophic observations will fall within an interval Zy €
[a, b], where " @’ and "’ denote the lower and upper values of the neutrosophic
data.

4 Proposed Neutrosophic Class of Estimators
with and without Searls Technique

Motivated by Singh and Espejo (2003), we have developed the following
neutrosophic estimator by combining the ratio and product estimator, given

below:
USErpN = N {041 (g) + (1 —a) (f(]]vvﬂ (19)

Here « is a constant which is supposed to optimize the estimator ysgqpN
for minimum MSE. Now putting the values of yny and Zy in terms of the
neutrosophic mean error in Eq. 19, we have the result below:

Yserpn = (eyn + V) [al <1 + ?Z) _1(1 +ay) <1 + ;”;)] (20)

The approximated Bias and MSE of §sgqpn, up to 1st order are given
by
Bias(§sprpn) = ONYn (01 Coy + (1 — 201) poynCanCyn) (21)

MSE(gSErpN) = HNY]\QI(CsN + CgN + 40&%02]\, — 40&1051\[

+ (2 — 401) paynCanCyn) (22)
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The optimum value of the constant «;is given by

_ 1 pa:yNCyN
a1 = 9 (1 + CIN (23)
. _ (1 +uNC,
BZGS(?/SErpN) = 0NN <2 (1 + W) C%N - Pin05N> (24)

We have the optimum (minimum) MSE of (ysgrpn) as follows:
MSE(@SErpN)min = QNY]\%C;N(l - pin) (25)

Inspired by Singh et al. (2008), we have propounded a neutrosophic ratio
cum product exponential estimator, as given below:

_ _ XN — TN Iy — XN
= _ ]. - = 26
YSrpeN = YN [a4€$p<XN m fN) +( a4)€xp<jN n XN)} (26)

Now emplacing the values of yn and Zy in terms of the neutrosophic mean
error in Eq. 26), the simplified expression is:

- _ -1
_ = _ € e
YSrpeN = (YN + CyN) [O@GI})(M (1 + a:N) >

2X N XN
€xN €xN -1
1-— (14 =2 27
T a4>e:cp<2XN< n XN) )] (27)
_ = —EyNEzN  ExNYN  ENYN _
YSrpeN — YN = 054|: Z;_{Nﬂf — xXN x;(yN :| + eyn

— — — — _2 X
CyNEzN | CyNEyN ex]\LYN
92Xy | 2Xy  8XZ

The approximated Bias and MSE of the estimator ¢g,pen up to lstorder are
given by as

. _ — 1
Bias(ysrpen) = ONYN [( —ay + 2> PeyNCynCan

+ <a24 - ;>C§N] (29)
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_ 1\ 2
MSE(gSrpeN):'gNY]\Qf |:Cy2N+ (—a4+2> C%N

1
+2< — oy + 2>p$yNCyNCxN:| (30)

and ay is constant whose optimum value is obtained by minimizing (equating
the derivative of M SE(ys,pen) With respect to au,to zero), given by:

1 Cyn
V= — — 31
(071 9 + PxyN CxN ( )

The expressions of Bias(ysrpen) and minimum MSE of ggypen as follows:

o —ONYN
Bzas(ySrpeN) = 3 ( - Cg%N + 8p:25yNCy2N
_4pa:yNCyNC:cN) (32)
MSE@SrpeN)min = GN?J\%C;NO - szcyN)- (33)

Influenced by Searls (1964), Rehman and Asif (2020), we propose the class
of neutrosophic estimator
Case I:

YrirN = K1yn [045 (;(]]VV) +(1—as) (f(]]vvﬂ (34)

where k1 and a5 are constants.
Substituting the values of g and Ty in terms of the neutrosophic mean
error in Eq. 34, now the resulting expression is given here:

_ ~1 _
_ = .
gRlTN:]ﬁ(YN-i-éyN) as| 1+ —N +(1—Oé5) 1+ —N (35)
XN XN

Now, we expand the neutrosophic mean error given in Eq. 35, up to first-
order approximation,the simplified expression is given below:

_ > > _ exNY ExNE
UrieN — YN = (k1 — D)YN + k4 [ey]v +(1- 2a5)< x)](y N xévz yN)
N N

tasYy @fz ) T (36)
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Approximated Bias and MSE of yr,,n, up to lstorder are given by:

Bias(§r,rn) = (k1 — 1)Yn + Onk: [(1 — 205) YN payNCynCoun - (37)
+YNa59NC§N} (38)

MSE(§r,»n) = (k1 — 1)?Y2 + OnkIYR [CjN + (1 —2a5)2C2y +2(1 — 2a5) X pryNCynCan
+Onky (k1 — 1)V2 {a5C§N + (1 = 205)CoNCy N Py N (39)
Now minimizing M SE(yr,n) (equating the derivatives of MSE(yr,,n)

w.r.to a5 and k; to zero), we get the following two solution sets:
The solution set I:

eNp:chN CyN Cen +1
GNCz (QPwyN CyN - Ca:N)

k:1:0, a5 =

The solution set II:

_ 80N 3, NCiyn — 60N puynCynCan — ONCEy — 4
169NpinC§N — 89pryNCyNCa;N — 30NC§N — 49NC§N —4

k1

40N %y NCanNCon —30N PayNCynCan +20NpaynCio N —ONCian —ONCanCy N =202y NCyN =202 N
a5 =

Can (8ONP2, NCo N —60NPoyNCynCan —ONCE  —4)

On putting the values from solution set Ilin Eqs. 36 and 37, the Bias
and minimum MSE of yg,,n as follows:

QNYN(49NPinCa%N05N - 40NP§yNC;1N - 26szyNC§]\]C:1;N — QNC;IN
4+ 40NC§N +308C2 5 + 80N prynCanCyn — 1691\7,0in0§]\,

Bias(Yr,rN) =
(40)

QNY]\% (4‘9Np920yNCa:ZNC§N - 4‘9Np92¢yNC§N - 29szyNCyNC§’N ]
4 + 4‘9NC§N + 39NC§N 4+ 80N peyNCanCynCoan — 1609NpinC§N
{ 40 payn Can Cipy — OnCitn — OnCanCin — 492y Con +4Chx }
4+ 49NC§N +30nC2 )y 4 80N poynCanCynCan — 160NpinC§N '
(41)

MSE(gr,»rN) = {
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Case II:

Xy - Ty — X
YRrorN = k2iN [046 <X,NN>+(1—O¢6) (—NN>]

N —IN XN+ ZN
(42)
where ko and «g are constants.
Now, placing the expressions of neutrosophic mean error terms in Eq. 40
results in the expression below:

_ _ Nt c eon \ "

_ > _ —€xN €x N CaN CaN

st (3212 0o (2 5 )]
43

Now, we expand the neutrosophic mean error given in Eq. 41, up to
first-order approximation, the resulting expression given here:

o o 1 EyNExN | ExNY] 1\ e2yY
YRorN — YN = [YN(kz—l)-i—kz <€yN+ (5 _066) (%4— ‘ )J(YNN) + (%—g) ez)%%N)}
(44)
Approximated Bias and MSE of yr,,n, up to 1st order are expressed by:

Bias(ngrN) = YN |:(k2 — 1) + kQGN((% — aG)pzyNCyNC:I;N + (% — é)czjv)} (45)

_ _ 1 2 1
MSE(r,rN) = (k2 — 1)°Yg + ONkSYR [CEN + (5 a aﬁ) Cin + 2(5 a aﬁ)prCyNC””N]

_ 1 1
+29Nk2(k2 — 1)Y1% [(% — g)CﬁN + (5 — Oéﬁ)CyNCZNpIyN:| (46)

Following the lines of case I, we minimize MSE(yr,-n), and get the

following two possible solution sets:
The solution set I:

80N prynCynCan — ONC2 5 + 8

ko =0 =
? ) 26 40ch(2pxyNCyN - CxN)

The solution set II:

B 169NpinC§N — 120pryNCyNCajN + GNC:?N -8
? T 8(40np2, N Coy — 20N prynCynCan — ONC2y — 1)
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and

240N P2y nCan Con —30N puyn Cyn Can +40N poyn Co y =208 Cun Cy y —4poyn Cyn —2CaN)
C:pN(169NPinC§N*129NP.7:yNCyNC;cN 791\7031\, - 8)

a6

By putting values from the solution set II in Eq. 44, we have the following
Bias and minimum MSE as

ONYN(169NP92WNC£N05N + 649NpinC;jN - 169NnyNCchgN — GNC;;N)
64(491\1/)3?41\,051\, — 20N peyNCynCan — 0NC§N —-1)

Bias(gRng) -

—160NYNCINCry — 19202 yCoy + 64C7
64(49Np320yN05N — 20pryNCyNCxN — QNCSN — 1)

(47)

MSE(QRN‘N) =
ONYR (160N p2, NConCon —640n p2ynCyn — 80N paynCyn Con +640n payn CanCin)
64(1—40np2, N C2 420N payn Cyn Con +0nC2 )

—ONCoy — 1608Co N C2y — 64p2, N Ciy + 6407y
64(1 — 40Np925yNCy2N + 29Npa;yNCyNCxN + QNCy2N)

(48)

For the above all expressions in this section, the neutrosophic observations
can be represented in various formats, with the neutrosophic numbers poten-
tially encompassing an unknown interval [a, b]. Here, we are illustrating
neutrosophic values as Zny = Zp + ZylIn with Ine[lp, Iy], the symbol 'N’
is used to represent a neutrosophic number. Consequently, our neutrosophic
observations will fall within an interval Zela, b], where ‘a’ and ‘b’ denote the
lower and upper values of the neutrosophic data.

5 Efficiency Comparison

In this section, to show the properties of the proposed estimators theoreti-
cally, we compare the optimum MSE of proposed estimators with the other
existing estimators, we have used the MSE and relative efficiency (RE) cri-
teria to show the supremacy of our proposed estimators over other existing
estimators @ and proposed estimators will be better than to other existing
estimators iff

(MSE()-MSE(6))< 0 = MSE(®)< MSE(0) = 73ng) > 1, and we
have a relative efficiency formula:

RE(®, @):%(g)) i.e., RE must be greater than 1.
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Where, MSE(®) is the MSE of the proposed estimators @ = §r1,n, Yr2rN
and MSE(O) is the MSE of the existing estimators © = ynn, YrN, YpN, YBTrN+
YBTpN YSErpN s Ysrpen- The comparisons of proposed estimators over exist-

ing estimators are as follows:

(i) The estimator yr,,n from Eq. 46 will be more efficient than the esti-

mator y,n from Eq. 2 iff

7 - _ _ MSE(§n
(MSE(gr;rv)-MSE(5nn))< 0 or RE(Frarn, nn)= sr5mgecay > 1
ie.,

64(1 — 40N p2, Ny C2y + 208 payn CynCan + OnC2y)

XxConCin) — OnCan — 160nCinCan — 64p2, nCon + 64C5 ) ovv2or | <o
— UN
64(1 — 40N p2, Ny C2y + 20N paynCynCan + OnC2y) NN

80N payn CynCoy +640N Co N poyNCan+0nCan +1608C2 N C2y +64p2 yCo 46408 Cl -

169NpincchsN+1929NpinC:N

(ii) The estimator gr,,n from Eq. 46 will be efficient than the estimator

yrn from Eq. 6 iff

_ _ _ _ MSE(y,n
(MSE(yRQTN)'MSE(yTN))< 0 or RE(yRQTN’yTN): MSE(yEIZ:2T]?I) > 1,
ie.,

OnYZ (160N p2, nC2NC2y — 640N p2 N Citn — 80N poynCynC2y + 640 payn ConCiy)

—ONCoy — 1608CoNCoy — 64p2, N Coy + 6407 )
64(1 — 49Np:2cyNC§N + 20Np$yNCyNCxN + QNCSN)

_GNY]%(CsN + C;%N — QCxNCprxyN) < 0,1.e.,

5280Np92cyNC£NC§N + 1929Np3:yNC;N + 649pryNCSNCxN + 128p5yNnCynCan

640N City + 64C2 + 5120n 3\ Co  Can N
- - - >
5289NpinCfNC§N + 19291\][)2ch31\, + 649Npa:chSNCmN + 128pmchyNCmN
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(iii) The estimator ygr,,n from Eq. 46 will be more efficient than the esti-

mator ypr,-n from Eq. 15 iff .
MSE(Jg.r~)-MSE(yp7:~)< 0 or RE(YR,r N, UBTrN)= %ﬁ;ﬁ; > 1,
ie.,

QNYJ\zr(lﬁeNpincchsN - 640NpinC;LN — 80N poynCynCoy + 649szyNCwNCSN)

—ONCEy —160NC2 N C2 — 64p2 C2\ +64C2 ) _ c?
N - 2,;N N cyN“YyN ,,QN —9NY13(03N+ N _C:zNCprxyN) <0
64(1 — 40np2 NCon +20NpeynCynCon + ONCE )

4

2569NP§yNCxNC§N + 406pryNCyNC§N + HNC;lN
2089NpinC£NC§N -+ 1929NpinC;N + 649pryNCyNCxN

+320NC2 Oy — 64C, 4 642, v Coy + 1602y

> 1
2089NpinC§NCy2N + 1929Np920yNC;1N + 649NpmyNCyNCmN

Similarly, further efficiency comparison is done like Shukla et al.
(2023).

UrorN is more efficient compared to yprpn iff RE(Gr,rnN,UBTpN)=
MSE(ysrpn) -1
MSE(Yryrn)

UrorN is more efficient compared to Yserpn iff RE(GR,r N, UsErpN)=
MSE(Yserpn) >1
MSE(YryrN)

UrorN is more efficient compared to ygrpen iff RE(Yr,rN,Usrpen)=
MSE(Jsgrpn) -1
MSE(Gryrn)

UrorN is more efficient compared to y,n iff RE(Yr,rn.Upn)=
MSE(gpn)

MSE(Gryrn)

Yr,rN 1s more efficient compared to g,y iff RE(Yr, ~,Unn)=
MSE(gnn) 1

MSEr, o)

Ur,rN is more efficient compared to .y iff RE(yg, n,0-n)=

MSE(Gon)
MSEGna) >

Yr,rN 1s more efficient compared to ypr,n iff RE(Yr,rN,UBTrN)=
MSE(yprrn) >1
MSE(Yr,r~)
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(x) Yr,rn is more efficient compared to yprpn iff RE(Yr,rN.UpTpN)=
MSEWsrpn) < 1
MSE(gr,r~)

(xi) gR,rn is more efficient compared to Ysgrpn iff RE(UR,»~N,UsErpN)=

MSE(§serpn)
MSE(n o) = L

(xii) yr,rn is more efficient compared to Ysrpen iff RE(Ur,rN,Usrpen)=

MSE(gSrpeN)
MSE(in ) > L

MSE(gyn)

(xill) yr,rn is more efficient compared to g, iff RE(lerN,gpN):m
o

>1

5.1 Empirical Study This section consists of applying real-life data
to examine the performance of the proposed estimators under NeSRS. The
data is taken from chapter 16 of the book titled “Cognitive Intelligence with
Neutrosophic Statistics in Bioinformatics”, and is aboutnetworking and sales
of medical representatives. We have considered two neutrosophic variables
Percentage of networking before the pandemic and Percentage of sales after
the pandemic. Here, Percentage of networking before the pandemic is the
neutrosophic subsidiary variable, Xn € [X, Xy| and *, Percentage of sales
after the pandemic’ is a neutrosophic study character Yy € [Yz,Yy]. The
parameters for the given data are listed in Table 1.

Further, by the method of NeSRS, we have taken total ny = 10,15
samples from the population, Ny = 30 and from Table 1, we have REs
values of the propounded neutrosophic estimators in Table 5.

5.2 Monte-Carlo Simulation ~ This section consists of applying a
Monte-Carlosimulationfor neutrosophic values given in Vishwakarma and
Singh (2022a, b). The neutrosophic random variables (NRV) follow a neutro-

Table 1: Neutrosophic parameters for the data

Percentage of networking before the pandemic vs Percentage of sales
after pandemic
Parameters  Neutrosophic values  Parameters  Neutrosophic values

Ny (30, 30 Syn [12.32,12.32]
ny [10, 10], [15, 15] Cun [0.441,0.438]
Xy [34.16, 34.45] Cyn [0.354,0.351]
Yn [34.80, 35.04] Bo(x)N [1.793,1.793]
Sen [15.08,15.09] PyxN [0.861,0.862]
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sophic normal distribution (NND) i.e., (Xn,Yn) ~ NN[(zn,025)s (Hyn,
05 ~)]- The neutrosophic data are sourced from a 4 variable multivariate nor-
mal distribution characterized by means (ji.r, ftyr, potr, pyrr) and a covari-
ance matrix

UiL PyxLOxLOyN 0 0
PyzLOxLOyN USL 0 0
0 0 0’5(] PoulU OuUOvU
0 0 PoulU OuUOvU O-g]v

The neutrosophic parameters for the simulated uncertain data are in
Tables 2 and 3, and for classical data corresponding in Table 2 is given in
Table 4. In Table 2, the neutrosophic data is generated with a correlation
coefficient [0.70, 0.70], and in Table 3, the data is generated with a cor-
relation coefficient][0.90, 0.90], and in Table 4, classical data is generated
with correlation coefficient 0.70 along with means and variances are taken
as averages of lower and upper values of corresponding neutrosophic means
and variances in Table 2 for classical evaluation along with neutrosophic
evaluation.

Further, by the method of NeSRS and SRS for both positive and negative
correlation coefficients, we have taken total n = 42,72 samples from the
population of size 150 along with the parameters stated in Tables 2, 3,

Table 2: Neutrosophic parameters for the estimation under NeSRS

For +ve correlation coefficient

Parameters Neutrosophic values Parameters Neutrosophic values
Ny [150, 150] SyN [10.54, 12.56]

ny [42,42],[72,72] Can [0.250, 0.207]

Xy [45.42, 65.69] Cyn [0.233,0.194]

Yy [45.29,64.86] Bo(z)N [2.702,3.114]

SN [11.33,13.58] PyzN [0.700,0.700]

For -ve correlation coefficient

Parameters Neutrosophic values Parameters Neutrosophic values
Ny [150, 150] SyN [11.56,13.75]

ny [42,42],[72,72] Can [0.263,0.215]

Xy [44.4,65.38] Cyn [0.259,0.211]

Yy [44.71,65.14] Bo(z)N [2.977,2.946]

SN [11.68,14.05] PyxN [—0.70,—0.70]
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Table 3: Neutrosophic parameters for the estimation under NeSRS

For +ve correlation coefficient

Parameters
Ny

ny

XN

Y

S:EN

Neutrosophic values
[150, 150]
[42,42],[72,72]
[46.08, 65.3]
[46.29, 64.65]
[11.22,13.59]

For -ve correlation coeflicient

Parameters

Neutrosophic values
[150, 150]
[42,42],[72,72]
[44.41,63.48]
[46.02,66.38]
[10.46,12.97]

Parameters
SyN

CIN

Cyn

Ba(z)N
PyxN

Parameters
SyN

CmN

Cyn

Ba(z)N
PyxN

Neutrosophic values
[11.48,13.59]
[0.243,0.176]
[0.296, 0.210]
[3.268, 3.426]
[0.900, 0.900]

Neutrosophic values
[10.30,14.43]
[0.236,0.204]
[0.224,0.217]
[3.970, 3.010]
[—0.90, —0.90]

and 4, we have the REs values of the proposed neutrosophic estimators
and some other existing estimators under both NeSRSand classical simple
random sampling (SRS). The whole computation of the attaining REs values

Table 4: Neutrosophic parameters for the estimation under NeSRS

For +ve correlation coefficient

Parameters

n i S

Classical values
150

42,72

56.19

55.85

12.81

For -ve correlation coeflicient

Parameters

NS 2

Classical values
150

42,72

54.99

54.8

13.36

Parameters
Sy

Cz

Cyn

Ba(x)

Pyzx

Parameters
Sy

Cx

Cyn

ﬁ?(w)

Pyzx

Classical values
13.02
0.228
0.233
2.892
0.700

Classical values
13.02

0.228

0.221

2.571

—0.70




A FAMILY OF NEUTROSOPHIC ESTIMATORS FOR ESTIMATING MEAN...

of the estimators under both NeSRS and SRS is repeated 6000 times and
the results are shown in Tables 6, 7, and 8

6 Results and Discussion

We have given the mathematical expressions for the proposed estimators
approximated up to the 1st order under NeSRS. Also, we have shown theo-
retical efficiency comparisons and numerically, we have carried out real data
application and a simulation study on generated data. The calculated REs
are shown in Tables 5, 6, 7, and 8.

In Table 5, the REs of the propounded neutrosophic estimators and some
other existing estimators under NeSRS are given for sample sizes 10 and 15
through neutrosophic real data. The highest REs of the estimators §sgqpn,
USrpeN> YR,rN» YRorN are in bold font and we can see our proposed Searls
estimators yr,rn, and ygr,rn are superior to other estimators.

In Table 6, the REs of the propounded estimators and some exist-
ing estimators are given through the Monte-Carlo simulation method for
Pyzn=[0.70, 0.70] and py,n=[-0.70, -0.70]. In Table 6 like Table 5, the high-
est REs of the estimators YsgrpnN, USrpeN, YRirN> YR,rN are in bold font.
Theproposed neutrosophic Searls estimators yr,,n, and yr, N are superior
to proposed andother existing estimators under NeSRS. We also see the REs
of the propounded estimators and other existing estimators under NeSRS
are increasing with the increasing value of sample size.

Table 5: REs of the proposed estimators under NeSRS over g, 5

Percentage of networking before the pandemic vs Percentage of sales
after pandemic

Estimators REs Estimators REs
n =10 n =15

YnN [1.000, 1.000] YnN [1.000, 1.000]
YrN [2.454,2.468] YrN [2.454,2.468]
YpN [0.213,0.213] UpN [0.213,0.213]
YBTrN [3.173, 3.183] YBTrN [3.173, 3.183]
YBTpN [0.406, 0.406] YBTpN [0.406, 0.406]
gSErpN = gSrpeN [3-8657 3887] gSErpN = ?jS’rpeN [3-8657 3887]
YRirN [4.032, 4.054]  Yr,»N [3.947, 3.969]
YRor N [3.891, 3.913]  Yr,»N [3.878, 3.900]

The bold highlighted fonts are the estimators which performed better over other estimators
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Table 6: REs of the proposed estimators under NeSRS over g, 5

payn = [0.70,0.70]

Estimators REs Estimators REs
n =42 n="72
YnN [1.000, 1.000] YnN [1.000, 1.000]
Yr N [1.459,1.615] Yr N [1.466, 1.940]
YpN [0.288,0.265] UpN [0.277,0.266]
YBTrN [1.744, 1.957] YBTrN [1.805, 2.115]
YBTpN [0.509, 0.479] YBTpN [0.495, 0.477]
YserpN = Ysrpen  [1.816,2.081]  YsprpN = Ysrpen  [1.880, 2.374]
YRy N [1.818, 2.082]  ypr, N [1.882, 2.375]
YRor N [1.817, 2.081]  Yr,rN [1.881, 2.374]
pzyn = [—0.70,—0.70]
Estimators REs Estimators REs
n =42 n="72

YnN [1.000, 1.000] YnN [1.000, 1.000]
UYrN [0.324, 0.305] UYr N [0.285, 0.283]
UpN [1.326, 1.826] UpN [1.779,1.863]
YBTrN [0.552,0.523] YBTrN [0.501, 0.498]
YBTpN [1545, 1835] YBTpN [1915, 1964]
YSErpN = YSrpeN [15859 2044] YSErpN = YSrpeN [2101’ 2185]
YRy rN [1.585, 2045] YRrN [2099, 2185]
YRor N [1.585, 2.045]  Yr,rN [2.102, 2.187]

The bold highlighted fonts are the estimators which performed better over other estimators

Similarly, in Table 7, like Table 6, the REs of the proposed estima-
tors and some existing estimators are given for both p,,n=[0.90, 0.90] and
pyen=[-0.90, -0.90]. In Table 7 like Table 6, the highest REs of the estimators
USErpN s YSrpeNs YR,rN» YRr,rN are in bold font. The propounded neutrosophic
Searls estimators yr, N, and yg,,n are superior to other proposed and exist-
ing estimators under NeSRS. We also seethe REsof theproposed estimators
and other existing estimators under NeSRS are increasing proportionally to
sample size and correlation coefficient.

Like Table 6, in Table 8, the REs of the proposed estimators and
some existing estimators are given under classical simple random sampling
through the Monte-Carlo simulation method for both p,,=0.70 and py,=-
0.70. In Table 8 like Table 6, The highest REs of the estimators ysgyp, Ysrpe;
YRyr> UR,r are in bold font. The proposed Searls estimators yg,,, and yr,»
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Table 7: REs of the proposed estimators under NeSRS over g, x

payn = [0.90,0.90]

Estimators REs Estimators REs
n =42 n="72
YnN [1.000, 1.000] YnN [1.000, 1.000]
UrN [1.459,1.615] YrN [1.466, 1.940]
UpN [4.604, 5.090] UpN [4.933,5.755]
YBTrN [3.025,2.919] YBTrN [2.313,2.427]
YBTpN [0.449, 0.461] YBTpN [0.525, 0.516]
YsErpN = Ysrpen  [5.185, 5.414]  YsprpN = Ysrpen  [5.069, 5.950]
YRyrN [5.193, 5.421] YRirN [5.084, 5.962]
YRor N [5.186, 5.415]  Yr, N [5.070, 5.952]
pzyN = [—0.90, —0.90]
Estimators REs Estimators REs
n =42 n="72

UnN [1.000, 1.000] YnN [1.000, 1.000]
Yr N [0.252,0.278] UYr N [0.264, 0.274]
UpN [3.980, 5.851] UpN [4.919, 6.233]
YBTrN [0.453,0.482] YBTrN [0.466,0.477]
YBTpN [2869, 2741] YBTpN [2837, 2819]
YSErpN = YSrpeN [45029 5879] YSErpN = YSrpeN [5174’ 6275]
YRy N [4.503, 5.879]  Yr,rN [5.174,6.277]
YRor N [4.508, 5.890]  Yr, N [5.197,6.306]

The bold highlighted fonts are the estimators which performed better over other estimators

are superior to proposed and other existing estimators under SRS. We also
see that the REsof theproposed estimators and other existing estimators
under SRS are increasing with the increasing value of sample size.We also
observe that for interval types of data, neutrosophic proposed estimators
are better than corresponding estimators as there is some loss of informa-
tion due to their crisp nature, and overall neutrosophic results are better
than corresponding classical values.

7 Conclusion

In this article, following Tahir et al. (2021), Vishwakarma and Singh
(2022a,b), and by employing neutrosophic ancillary information, we have
proposed neutrosophic generalized estimators with and without (Searls
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Table 8: REs of the proposed estimators under SRS over g, n

peyn = 0.70
Estimators REs Estimators REs
n =42 n="72
T 1.000 Tn 1.000
Yy 1.149 Yy 1.521
7o 0.325 7o 0.295
YBTr 1.447 YBTr 1.744
YBTp 0.557 YBTp 0.516
gSErp = gSrpe 1.456 gSErp = gSrpe 1.836
YRyr 1.458 YRyr 1.837
YRor 1.457 YRor 1.837
payN = —0.70
Estimators REs Estimators REs
n =42 n="72
Un, 1.000 Un 1.000
UYr 0.313 UYr 0.293
Yp 1.527 Yp 1.559
YBTr 0.536 YBTr 0.513
YBTp 1.675 YBTp 1.772
YSErp = YSrpe 1.770 YSErp = YSrpe 1.875
YRy 7 1.772 YRyr 1.876
YRy 1.772 YRor 1.877

The bold highlighted fonts are the estimators which performed better over other estimators

1964) technique. We haveshown the mathematical expressions of approxi-
mated Biases and MSEs for the neutrosophic proposed estimators up to 1st.
Further, real data application and simulation studies have been carried out
to highlight the properties of the proposed neutrosophic estimators. The pro-
pounded neutrosophic estimators with highREs have gained supremacy over
the other existing estimators under NeSRS. Also, proposed neutrosophic
generalized estimators using the Searls technique have shown supremacy
over proposed neutrosophic generalized estimators without the Searls tech-
nique. We have also delineatedand concludedthat the neutrosophic method
of estimation is more reliable and efficient than the classical method of esti-
mationfor interval /uncertain types of data.

The work in sampling theory under a neutrosophic environment is initi-
ated by Tahir et al. (2021) for estimatingthe population mean and later by
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Vishwakarma and Singh (2022a,b), and motivated by them, we have also
given generalized estimators with and without the Searls technique under
NeSRS.The limitation of this study is that it is applicable to uncertain/fuzzy
data.

The future study can also be done in other neutrosophic sampling meth-
ods like neutrosophic systematic sampling, stratified sampling, cluster sam-
pling, successive sampling, neutrosophic ranked set sampling,and under its
variantsor by applying some efficient estimators better than the estimators
in this manuscript. Also, this same study can be done utilizing the Searls
technique under RSS as by Singh and Vishwakarma (2021).
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Appendix A

Table 9: Some particulars of the suggested Searl estimators

Case 1
k « Estimators
k o Yr,rN = kN | i%v +(1-a) % Proposed estimator
1 « USErpN = YN | i%" + (1 —a) ;—(—?’V , Proposed estimator
k 1 Ykaur TN = ng ﬁ
k 0 Ykaur pN — k;gN ):(71;
1 1 Graur o~ = kv ( 22 ), Tahir et al.(2021)
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Table 9: continued

Case 2
k o Estimators
k a Yryrn=9n [Oé (gg;ig) +(1-«) (%&1§Z> Proposed estimator
1 o Gsrpen = kN [a <§Z;§Z> +(1—-a) (%ﬁﬁ ] , Proposed estimator
k 1 sren = kgnexp|a| 2728 ),
k 1 gSpeN = ngexp « §Z;§§x ,
L 1 gpren = gneap|a| 25725 ) | Tahir et al.(2021)
k 1 gprey = gnexp|al X5 ) | Tahir et al.(2021)
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Appendix B
Flow Chart

Here, Flow diagram is given below, which explians the path of using the proposed
methods under neutrosophic numbers.
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