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Differential BCI Algebras

E. Ilojide*

Abstract

In this paper, the notion of differential BCI algebras is introduced. The concept of partial or-
dering in BCI algebras is used to investigate some properties of differential BCI algebras. Necessary
and sufficient conditions for the differentiability of BCI algebras are obtained. Moreover, necessary
and sufficient conditions for an algebra of type (2,0) to be a differentiable BCI are also presented.
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1 Introduction

BCI algebras were introduced by Imai and Iseki in [1l]. In [2[], Iseki introduced the notion of BCK
algebras which is a generalization of BCI algebras. These two algebras originated from two different
sourses. One of the motivations is based on set theory. In set theory, there are three most elementary
and fundamental operations. They are union, intersection and set difference. If we consider these oper-
ations and their properties, then as a generalization of them, we have the notion of Boolean algebras. If
we take both union and intersection, then as a general algebra, the notion of distributive lattices is ob-
tained. Moreover, if we consider union or intersection alone, we have the notion of upper semilattices
or lower semilattices. However, the set difference together with its properties had not been considered
systematically before the works of Imai and Iseki.

Another motivation is from propositional calculi. There are some systems which contain only the
implicational functor among logical functors, such as the system of positive implicational calculus, the
system of weak positive implicational calculus, BCK- systems and BCI- systems. Undoubtedly, there are
common properties among these systems. It is well known that there are close relationships between the
notion of set difference in set theory and implication functor in logical systems. Some questions were
therefore raised. What are the most essential and fundamental properties of these relationships? Can
there be a formulation of a general algebra from the above consideration? How would an axiom system
be obtained that establishes a theory of the general algebra. It was while answering these pertinent
questions that the notion of BCI algebras was birthed.

Several generalizations of BCI algebras have been studied. For instance, the notion of BCH algebras
was introduced in [3]]. In [4]], d algebras were studied. In [5], the notion of BFE algebras was introduced.
Ideals and upper sets in BE algebras were investigated in [6]] and [7]]. Pre- commutative algebras were
studied in [8]]. Fenyves algebras were studied in [9]], [10] and [11]. In [12]], @ algebras were introduced.
Homomorphisms of ) algebras were studied in [13]].

Recently, it has been shown in [[14] that BCI algebras and their generalizations have diverse appli-
cations in coding theory. Motivated by this, more research interest has been given to the study of BCI
algebras and their generalizations.. Obic algebras were introduced in [15]]. In [[16]], torian algebras were
studied. It was shown that the class of torian algebras is a wider class than the class of obic algebras.
Ideals of torian algebras were investigated in [[17]]. The dual and nuclei of ideals as well as congruences
developed on ideals of torian algebras were studied. In [[18]], right distributive torian algebras were
studied. Isomorphism Theorems of torian algebras were studied in [19]].
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In this paper, the notion of differential BCI algebras is introduced. The concept of partial ordering
in BCI algebras is used to investigate some properties of differential BCI algebras. Necessary and
sufficient conditions for the differentiability of BCI algebras are obtained. Moreover, necessary and
sufficient conditions for an algebra of type (2,0) to be a differentiable BCI are also presented.

2 Preliminaries

In this section, some basic concepts necessary for proper understanding of this paper are discussed.

Definition 2.1. [1]. An algebra (X;*,0); where X is a non-empty set, * a binary operation defined on X,
and 0 a constant element of X is called a BCI algebra if the following bold for all x, vy, z € X:

1 ((zxy)*(zx2)*(2%y) =0
(z*(z*y)xy=0
rxx =0

rxy=0,yxr=0=>c=y

R N

zx0=x

Define a binary relation < on a BCI algebra (X;*,0) by 2 < y if and only if x * y = 0. Then
(X; <) is a partially ordered set.

Definition 2.2. [1J. A BCI algebra (X; *,0) which satisfies 0 x x = 0 for all v € X is called a BCK
algebra.

Let (X;*,0) be a BCI algebra. Then (z *y) * 2 = (x x 2) xy forall z,y,z € X.
We shall denote a BCI algebra by X unless there is the need to emphasize its binary operation and the
constant element.

3 Differential BCI Algebras

In this section, we introduce the notion of differential BCI algebras and investigate some of their prop-
erties. Necessary and sufficient conditions for the differentiability of BCI algebras are discussed. More-
over, necessary and sufficient conditions for an algebra of type (2,0) to be a differentiable BCI are also
presented.

Definition 3.1. Let X be a BCI algebra, and let x,y € X. Define x x y¥ = ((x % y) *y) * ...) x v.
(y appears k times); where k is a natural number.

Remark 3.2. It follows therefore that = * (z * y)* = (z % (z *xy) * (z *xy) *...) * (z x ).
((x % y) appears k times).

Definition 3.3. Let X be a BCI algebra, and let N* be the set of non-negative integers. Let v,y € X, i,j €
N*. Define the following:

1. DY(z,y) = 2 * (z x7)
2. Di(z,y) = (DY (z,y)* (xxy)’) = (y*z)7; or equivalently, D (z,y) = ((zxy) 1) (yxx)d
3. D¥i(y,z) = (y* (y*x) )« (xxy)
4. D*Vi(z,y) = D™ (z,y) = (z x y)
5. DYt (z,y) = DY (z,y) * (y * x)
15 [JMAM, Vol. 8, Issue 1 (2025) cNSMB; www.tnsmb.org

(Formerly Journal of the Nigerian Society for Mathematical Biology)



E. Ilojide (2025) Int. J. Math. Anal. & Mod., 8(1):14-21

Definition 3.4. A BCl algebra X is said to be differentiable if there exist k, 1,1, j € N* such that
D*\(x,y) = D" (y, z) (1)

or equivalently,

(@x (wxy)" s (yxa) = (y* (yxa) )« (wxy) (2)

Expression (2) is called the derivative of X, while expression (1) is called the differential form of

X.

Remark 3.5. Let X be a BCI algebra. If X is differentiable as in Definition 3.3, then X is of order
(k1) x (4, 7).

We show in the following proposition that the order of a differentiable BCI algebra is symmetric.

Proposition 3.6. Let X be a differentiable BCI algebra. Then X is of order (k,1) x (i, j) if and only if X
is of order (i,7) x (k,1).

Proof. This is obtained by the replacement of = with y in the respective derivative of X.

Proposition 3.7. Let X be a differentiable BCI algebra of order (k,1) x (i,7). Then X is also of order
(k +n,1) x (i, + n) for any natural number n.

Proof. Let X be a differentiable BCI algebra of order (k, 1) x (i, j). Then D*!(x, y) = DI (y,z) =
(2% (zx )" x (yx 2) = (yx (y x 2) ) x () (3)

Now, 'multiplying’ both sides of expression (3) on the right by z *y (n times) and writing the resulting
expression in differential form gives D*+t™! (i) = D"/*"(y, x) as required.

Proposition 3.8. Ler X be a differentiable BCI algebra of order (k,1) X (i,j). Then X is also of order
(k,14+n) x (i + n, j) for any natural number n.

Proof. This is obtained by a similar argument in the proof of Proposition 3.2.
Definition 3.9. A BCI algebra X is said to be palindromic if v x (x xy) =y * (y x x) forall z,y € X
Proposition 3.10. A BCl algebra X is palindromic if and only if it is differentiable of order (0,0) x (0, 0).
Proof. Let X be a BCl algebra. Suppose X is differentiable of order (0,0) x (0, 0). Then z*(zx*y) <

D%0(z,y) = D%O(y,z) < y * (y * x) as required.
The following lemma is straightforward from definition.

Lemma 3.11. Let X bea BCI algebra. Then (z + (x % y)) x y = 0 forall z,y € X.
Proposition 3.12. Let X be a BCI algebra. Then for all natural numbers k the following bold:
1. DF1k(z,y) > DM (y, )
2. D*H(y,x) > DFFH (2, y)
3. DFVh(g,y) > DK+

Proof-
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1. By Lemma 3.1, we have
x 2y () (4)
Now "multiply’ both sides of expression (4) on the right by x * y (k times) to get
(@ xy)" > (y* (=) * (xy)" (5)
"Multiply’ both sides of expression (5) on the right by y * z (k times) to get

(@ (zxy)®) x (yxa) > ((y# (= 2) * (@5 y)*) x (y* )k (6)
Expression (6) is the same as
(@ (wxy)") = (yr o)k > (y= (o))« (@ y)* (7)
Writing expression (7) in differential form gives D*~1F (2, y) > D¥F(y, x) as required.
2. 'This holds by performing similar operations in item (1) to the result of Lemma 3.1.
3. This follows from item (1) and item (2) since (X, <) is a partially ordered set.

We therefore have the following corollary.
Corollary 3.13. Let X be a BCI algebra. Then D%(x,y) > D¥2(x,y) > D*3(x,y) > ...

Proposition 3.14. Let X be a BCI algebra of length k; (k a natural number). Then X is differentiable of
order (k — 1,k) x (k, k).

Proof. Let X be a BCI algebra of length k. Then there are at most k& + 1 terms in any connected
chain in X. By Corollary 3.1, there exists n € N* (n < k) such that for any =,y € X, we have

Dz, y) = DM (g y). (®)

Now, ‘multiply’ both sides of expression (8) on the right by x * y ((k — 1) — n times) and by y * x
((k — 1) — n times) in turn, to get

DF=LE (g, y) = DPF1(z, ). Now, by Proposition 3.5 (1) and (2), we have

DF=LE(z,y) > DFE(y, ) > DF*+1(z y). Hence, D*~LF (2, 1) = DF*(y, ) as required.

Example 3.15. Let X = {0, 1, 2}. Define a binary operation * on X by

{m,w#y
Txy =

0, x=y

Then (X;*,0) is a BCK algebra. Now, let m,n, k,l € N*. Notice that
(2 (2 x y)™ ) (y * 2)"
= (z*x 2™ xy™ = (0% 2™) * y™ = 0. Thus, D™"(z,y) = 0.
Similar argument gives D! (y, x) = 0. Hence, D™"(z,y) = D*!(y, ). Therefore, X is differentiable
of order (m,n) x (k,1).

Remark 3.16. Let (G, -) be an abelian group with e as the identity element. Define a binary operation
xonGbyr+y=ux- -y !forallz,y € G. Then (G;*,e) is a BCI algebra. This BCI algebra is called
the BCI algebra induced by the group (G, ). We may replace the identity element e of the group by 0
without loss of generality.

Proposition 3.17. Let (G} %, 0) be the BCl algebra induced by the group (G, ). Then D% (x,y)xD™"(y, x) =
(w1t g)i=dtm=tl forall vy € G, i, 5,m,n € N¥,
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Proof. Since (G, -) is an abelian group and zxy = 2 -y~ ! forall #,y € G, we have x x y* = z-y~F

for all k € Nx,

Now, (z * (z *y)"™*1) * (y * )

=qx- (LE . y*l)fifl . (y . xfl),j

— (o h)id it

That is, D% (z,y) = (x )7 . =7+,

We also have D™"(y, x) = (y~1)m—n . gm—n+l

That is, D"™"(y, x) = (q;—l)—(m—n+1) Ly~ (m=n),

Hence, D™ (2,y) * D™"(y,z) = 2~ " - y)" /T~ as required.

Definition 3.18. Let (X;*,0) be a BCI algebra. If there exists an x € X such that 0 « x # 0, then X is
said to be a smarandachely BCI algebra.

Proposition 3.19. Let X be a smarandachely BCI algebra induced by the group (G, -) such that X is
differentiable of order (i,j) x (m,n). Theni —j+m —n+1# +1.

Proof. Suppose i — j+m —n+1 = +. Since X is smarandachely, the set X = {x € X : 02 = 0}
is non-zero. Let € X. Then D" (0, ) * D™"(2,0) = (07! - z)i=/tm—n+l — 2 41,
Also, since X is of order (i,7) x (m,n), we have
D%i(0,z) * D™"(2,0) = 0. Hence, %' = 0 and z = 0; a contradiction to # # 0. Therefore,
i—j+m—n-+1%# =£1 as required.

Proposition 3.20. Ler X be a smarandachely BCI algebra. Ifi — j +m —n+ 1 # +1, then X is
differentiable of order (i, j) x (m,n).

Proof. Let us denote | i —j + m —n+ 1 |= k. Then k # 1. If k = 0, then the result holds. Now,
suppose k > 0. Let (G} *,0) be the BCI algebra induced by the cyclic group (G;-,0) of order k. Then
we have
Di’j(.’b,y> " Dmm(y’x) — (mfl . y)ifj+mfn+1 — (‘,I/.fl . y)ik =0.

Therefore, D™ (x,y) = D™"(y, ) as required.
By Proposition 3.8 and Proposition 3.9, we have the following theorem

Theorem 3.21. A smarandachely BCI algebra X is differentiable of order (i,j) x (m,n) if and only if
i—j+m—n+1%# =+l

Theorem 3.22. Let (X;x,0) be an algebra of type (2,0). Then X is differentiable of order (i,j) x (m,n)
if and only if the following hold for all x,y,z € X:

I ((zxy)=(x*xz))*(z*xy) =0;
2. 2x0=um
3. DY (x,y) = D™"(y,x) for some i, j,m,n € N*,

Proof. Suppose (X;*,0) is an algebra of type (2,0) which satisfies items (1),(2) and (3) hold. We
only need to show that x *y = O0and y*xx =0 = o = y.
By item (2), 2 * 0¥ = 2 for some natural number k. Suppose = x4y = 0 and y * 2 = 0, then
(z* (zxy) ) x (yxa) = (2 +0F) 0 = a.
Thus, D% (z,y) = x. Similar argument gives D™"(y, ) = y. Therefore, 7 = y as required. There-
fore, (X; *,0) is a differentiable BCI algebra of order (i, j) x (m,n).

The converse is obvious.

Theorem 3.23. Analgebra (X; *,0) of type (2,0) is differentiable of order (i, j) x (m,n) if and only if the
Jollowing hold for all x,y, z,u € X:

L oux(((zxy)*(xx2))*(zxy)) =u;
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2. Db (zxy) = D™ (y*x) %0

Proof. Suppose (X;*,0) is an algebra of type (2,0) which satisfies items (1) and (2). Let p =
(((0%0) % (0% 0)) * (0%0)). Then by item (1), we have p * (((0%0) * (0% 0)) * (0% 0)) = p. Thus,
p * p = p. Using item (1) again, we have

ux (((pxp)* (p*p))*(p*p) =u 9)

Now, repeated application of p * p = p to expression (9) gives v * p = u for all u € X. Substitute p
for y and z in the left hand side of item (1) to get u(((x * p) * (z * p)) * (p * p))
=wux* ((x*x)*p) =ux*(x*x)=u,and so by induction, for every natural number k we have

uwx (zxz) =u (10)

From this, we have that D%7(0,0) = (0 % (0 % 0)**1) % (0 % 0)

= 0% (0% 0)/ = 0. Similar argument gives D" (0, 0) = 0. Therefore item (2) implies 0 * 0 = 0.
Replacing = with 0 and k with 1 in expression (10), we have u * (0 % 0) = u. Hence, for all u € X, we
have

ux0=u (11)

Combining expression (11) with item (2), we have
DY (z,y) = D™"(y, x) (12)

and so by Theorem 3.2, it remains to show that ((x xy) * (x % 2)) * (z xy) = 0 for all x,y, 2z € X.
Now, replacing u with u % u; = with v and k with ¢ + 1 in expression (10), and using expression (11),
we get

(w s w)* ((wru) 0)" = uxu (13)

Substituting 0 for u; w for z and n for k in expression (10), we have
O (u*xu)" =0 (14)

In particular, if n = 1, we have

O (u*u)=0 (15)

Now, expressions (13) and (15) together with expression (11) give

D (uxu,0) = ((u*u)* ((usu)*0)H) (0% (u*u))

=(u*xu)* 0/ =ux*u

Expressions (14) and (15) together with expression (11) give

D™(0,u % u) = (0% (0% (uw*uw)™ L) * ((u*u)*0)"

= (0% 0™ ) % (uxu)” = 0% (ux*u)” = 0.

Hence, expression (12) implies u * u = 0 for every u € X. Now, substituting u with ((z * y) * (z *
2)) * (z xy) in item (1), it follows that ((z *y) * (z * 2)) * (z xy) = 0 as required. Therefore, (X;*,0
is a differentiable BCI algebra of order (i, j) x (m,n).

The converse is obvious.

Theorem 3.24. Let X be a BCK algebra such that x x (v x (x x y))'* = o x ' forall i € N*, If X is
differentiable of order (i, j) x (m,n), then the following hold:

1. x*ytl = p syt

2. wxyf Tl =g gymtl;
3. X isalso of order (i, j) x (j,n)

Proof-
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1. Since X is BCK, we have (z+y)*x = 0 forall 7,y € X. Also, since z* (z* (r*y)) ™! = pxy't?

for all i € N*, we have

D¥(z,xxy) = (v % (xx (xxy) )« ((wxy) x2)) =z xy*h

Similarly, D"™"(z*y, z) = xxy" 1. Now, since X is of order (i, 5) x (m, n), we have D"/ (z, z*
y) = D™"(x %y, x). Hence, 2 x 't = 2 % 4" as required.

2. By Proposition 3.1, X is of order (m, n) x (i, j). Therefore, by item (1) above, the result follows.

3. Since X is of order (i,5) x (m,n), we have (z x (v * y)' ™) * (y * )7

= (y* (y=a)™ ) x (zry)"

Also, by item (2) above, we have y * (y * )77 = y % (y * )™ T, Hence,

(% (xxy) ) x (y*x2) = (y* (y*2)7T % (2 % y)". Therefore, X is of order (i, j) x (j,n) as
required.

Theorem 3.25. Let X be a differentiable BCK algebra such that x x (v x (x x y))"™*! = 2 x y' ! for all
i €N andx >xxy>axy?> ... >x*xy" forallw,y € X. Suppose X is of order (i,7) x (m,n) with
i = min{i, j,m,n}, then the following hold:

MooR LN =

If 1 = j, then X is also of order (i,1) x (i,1);

Ifi < jandi < n, then X is also of order (i,i + 1) x (¢,i + 1);

Ifi < jandi=m =n, then X is also of order (i,i) x (i,1);
Ifi<j,i=mnandi<m < j,then X is also of order (i,m + 1) x (m,1i);
Ifi<j, i=mnandj <m,then X is also of order (i, j) x (j,1).

Proof. Since X is of order (i, ) x (m,n), then

(zx (wxy) ™ x (yxz) = (yx(yxa)™ ) x (zry)" (16)

Also, since i = min{i,j,m,n},theni <m < m+1andi < n.

20

1. If i = j, then expression (16) can be written as

(% (zxy) T s (yx2) = (y* (y*2)") x (2 % y)". Since i < m and i < n, then
(y* (y*x)™ )« (@xy)" < (y* (y+2)"™) * (24 y)’, and s

(@ (wxy) ) x(yxz) < (yx(yxa) )« (zxy) (17)

Exchanging x and y in expression (17), the opposite inequality holds. Therefore
(@ (wxy)™h) s (y+ 2)' = (y (y*2)'™) * (2% y)" as required,

2. By Theorem 3.4(1), we have u * v'T! = w x v"*! for all u,v € X. Since i < n, we have

1 = y % v* whenever k > 4. Since u and v are arbitrary and i < j, the left side of
expression (16) is the same as (z * (z * y)'™') * (y * 2)'*! and its right side is the same as
(y * (y * 2)F1) % (2 * y)iTL. Hence,

(% (z*y) ™) * (yx2)t = (y* (y* 2)" * (2 % y)" ! as required.

u *x v

3. Since i = m = n, X is of order (i, j) x (4,7). Then the result follows from Proposition 3.1 and

item (1) above.

4. By Theorem 3.4(2), we have u * v/ 71 = wu % v™T! for any u,v € X. Since m < j, we

have u * v/ = u * v"™*!, Since u and v are arbitrary, the left side of expression (16) becomes

(2 % (z * y)"™h) * (y * )™+, Also, since i = n, the right side of expression (16) becomes
(y* (y* )™ % (2 % y)". Hence,
(z* (zxy) T (yxa)™H = (y* (y* )™ % (2 *y)! as required.

5. Since i = n, X is of order (i, ) x (m, ). Therefore the result follows from Theorem 3.4(iii).
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