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Abstract. This work investigates the evolution of traditional set theory to address complex and ambiguous
real-world phenomena. It introduces hierarchical hyperstructures and superhyperstructures, where superhyper-
structures are formed by iteratively applying power sets to create nested abstractions.

The focus is placed on three foundational set-based frameworks—Fuzzy Sets, Neutrosophic Sets, and
Plithogenic Sets—and their extensions into Hyperfuzzy Sets, HyperNeutrosophic Sets, and Hyperplithogenic
Sets. These extensions are applied to various domains, including Statistics, TOPSIS, K-means Clustering,
Evolutionary Theory, Topological Spaces, Decision Making, Probability, and Language Theory. By exploring
these generalized forms, this paper seeks to guide and inspire further research and development in this rapidly

expanding field.

Keywords: Fuzzy set, Neutrosophic set, Hyperstructure, Hyperfuzzy set, Hyperneutrosophic set

1. Introduction

1.1. Fuzzy Sets, Neutrosophic Sets, and Plithogenic Sets

Set theory, a foundational pillar of mathematics, provides a robust framework for analyzing
collections of elements known as "sets” [118,192,210,237,415,416]. This paper focuses on three
significant extensions of set theory—Fuzzy Sets [448], Neutrosophic Sets [354], and Plithogenic
Sets [367]—and explores their further generalization into Hyperfuzzy [165], HyperNeutrosophic
[146], and Hyperplithogenic Sets [146]. To establish context, we begin with an overview of these

foundational concepts and their approaches to handling uncertainty.

Traditional set theory has evolved over time to address the inherent complexities and am-
biguities of real-world scenarios. This evolution has given rise to a variety of advanced frame-
works, including Fuzzy Sets [107,407,448-452,465], Vague Sets [21,86,95,[196,458], Hesitant
Fuzzy Sets [409,410], Soft Sets [32,33,147,256,268,439], Rough Sets [289-295], Neutrosophic

Offsets [361, 363,379, 380], and Neutrosophic Sets [80, 124, 279, 351, 353, 354, 356, 359, 393, 419].
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These methodologies each address specific dimensions of uncertainty. For instance, Fuzzy
Sets assign membership values ranging from 0 to 1, allowing for partial belonging and providing
a flexible framework for modeling uncertainty [448|. By contrast, Neutrosophic Sets extend
this approach by introducing three degrees—truth, indeterminacy, and falsity—offering a more
comprehensive toolset for capturing ambiguity in complex systems [354}356].

A particularly noteworthy development is the concept of Plithogenic Sets, which generalize
these frameworks further by incorporating multi-dimensional uncertainty and contradictions.
This advanced model is especially useful for addressing challenges in analyzing complex systems
where traditional methodologies may fall short [3,1701317}344,367,[368}389,:394,403].

Significant strides have been made in the development of these uncertain set theories, and
their applications have expanded into related domains. For example, uncertain graph theories
such as Fuzzy Graphs and Neutrosophic Graphs have emerged as essential tools for solving a
wide array of theoretical and practical problems [12-14,17-20,22H24}26.|81},137,/145-147},149,
153-1554327].

1.2. Hyperstructures and Superhyperstructures

This subsection discusses the concepts of Hyperstructures and Superhyperstructures, which
represent hierarchical structures in mathematics. A Hyperstructure is an extension of the power
set concept applied to various mathematical frameworks [387,388]. A Superhyperstructure, in
turn, generalizes this idea by introducing the notion of n-th power sets, thereby creating
a hierarchical and iterative abstraction. Superhyperstructures build upon hyperstructural
principles, allowing for deeper abstraction and complexity [387}388].

For example, in graph theory, a Hypergraph is a hyperstructure, while a Superhyper-
graph extends this concept by incorporating superedges and supervertices. Hypergraphs
are generalized graphs where edges, termed hyperedges, can connect more than two ver-
tices [60,[76[119,171H173]. Superhypergraphs provide an even broader generalization, enabling
a higher level of abstraction and flexibility in graph-theoretic studies [138-140,/140,/141,/146,
148150,,/151},/1644|187},/188},314,|3551|370|, 371,377,382} 385,,387].

The discussion above focuses primarily on superhypergraphs in graph theory. However,
many other concepts have been explored in the realm of superhyperstructures, including su-
perhyperalgebras [207,[208,350,375L395|, superhypertopology, superhyperrings [386], superhy-
perrough sets [146], superhyperdecision-making [143|, superhypergraph neural networks [141],
superhypergroups [224], superhyperfunctions [381,385], superhyperweighted sets [146], super-
hypertopologies [383,384L395], superhyperlanguages [135,144], PDCA superhypercycles [138],
and superhypergames [143]. These extensions represent a wide array of mathematical and

applied concepts being actively studied.
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1.3. Hyperfuzzy, HyperNeutrosophic, and Hyperplithogenic Sets

This subsection provides an explanation of Hyperfuzzy, HyperNeutrosophic, and Hyper-
plithogenic Sets. Fuzzy Sets [146,165,214,399], Neutrosophic Sets [146], Plithogenic Sets [146],
Soft Sets [1,|136}/154,|193], 206,304}, 338,341},|366,380], Rough Sets [146], and Vague Sets [146)
have all been extended using Hyperstructures and n-SuperHyperstructures.

For example, in the case of Fuzzy Sets, these extensions are known as Hyperfuzzy Sets
[134,165],214H217}, 249,253,261}, 277,1399] and SuperHyperfuzzy Sets [146},364]. Similarly, for
Neutrosophic Sets, the extensions include HyperNeutrosophic Sets [146}364] and SuperHy-
perNeutrosophic Sets [146,[364], while for Plithogenic Sets, they include HyperPlithogenic
Sets [146] and SuperHyperPlithogenic Sets [146]. This paper examines these concepts in de-
tail. Readers interested in the underlying principles or further details about these concepts

are encouraged to consult relevant literature, such as [146], as needed.

1.4. Our Contribution in This Paper

This subsection presents Our Contribution in This Paper. The HyperUncertain Set and
SuperHyperUncertain Set, as extensions of the Uncertain Set, are believed to have wide-
ranging applications; however, research on these concepts remains in its infancy.

In this paper, we explore the applicability of HyperNeutrosophic Sets and SuperHyperNeu-
trosophic Sets to various domains, including Statistics, TOPSIS, K-means Clustering, Evolu-
tionary Theory, Topological Spaces, Decision Making, Probability, and Language Theory.

It should be noted that this paper primarily focuses on theoretical mathematical consid-
erations. Therefore, further experimental validation and application-oriented research will be
necessary for practical implementation in specific technologies and fields.

Through these studies, we sincerely hope to contribute to the advancement of future research

in this domain.

2. Preliminaries and Definitions

This section provides an introduction to the foundational concepts and definitions required
for the discussions in this paper. While we aim to present the core ideas, an exhaustive
exploration of all terms is beyond the scope of this work. Readers interested in further details

are encouraged to consult the cited references for additional insights.

2.1. Fundamentals of Set Theory

This subsection offers a concise overview of the basic principles of set theory. For a more

detailed treatment, we recommend established references such as [195,[210,[213].
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Definition 2.1 (Set). [210] A set is a collection of distinct and clearly defined objects, called
elements. For any object x, it is possible to determine whether x belongs to a given set. If x
is an element of a set A, this is denoted as x € A. Sets are commonly represented using curly

braces. For example, the set A = {1,2,3} contains the elements 1, 2, and 3.

Definition 2.2 (Subset). [210] A set A is said to be a subset of another set B, written as

A C B, if every element of A is also an element of B. This relationship can be expressed as:
ACB < Vz(xr€ A = z€B).

If AC B but A # B, A is referred to as a proper subset of B, denoted by A C B.

Definition 2.3 (Empty Set). [210] The empty set, denoted by 0, is the unique set that

contains no elements. It is defined formally as:
Va (z ¢ 0).

For instance, the empty set can be represented as () = {}.

Definition 2.4 (Universal Set). [210] The universal set, denoted by U, represents the set of
all objects under consideration within a specific context. Any set A being analyzed is a subset
of U. Formally:

ACU for any set A.

Definition 2.5 (Operation). [210] An operation is a function or rule that takes elements of

a set S and produces another element within S. Formally, an operation o on S is defined as:
0: x5 —S8.

Examples include addition and multiplication, which are operations on the set of real numbers

R.

Definition 2.6 (Binary Operation). [82] A binary operation on a set S is a function x* :
S x S — S that combines two elements a,b € S to produce another element a * b € S. For

example, addition and subtraction are binary operations on R.

2.2. Hyperstructure and Superhyperstructure

This subsection explores the concepts of Hyperstructure and Superhyperstructure, which
serve as advanced mathematical frameworks for representing hierarchical systems. A Hyper-
structure builds upon the notion of a powerset, providing a way to model relationships within
sets. Extending this idea, a Superhyperstructure incorporates the n-th powerset, enabling the
representation of multi-layered, hierarchical systems [135387,,1388]. The formal definition of

the n-th powerset is provided below.
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Definition 2.7 (Base Set). A base set is a fundamental set S from which more advanced

structures, such as powersets and hyperstructures, are derived. It is formally defined as:
S = {x | z is an element within the specified domain}.
All elements in structures such as P(S) or P,(S) originate from the elements of S.

Definition 2.8 (Powerset). [141,325] The powerset of a set S, denoted P(S), is the set of all
subsets of S, including both the empty set and .S itself. Formally, it is defined as:

P(S)={A|AC S}

Definition 2.9 (n-th Powerset). (cf. [141},350,[387])
The n-th powerset of a set H, denoted by P, (H), is defined through an iterative process.

Starting with the standard powerset, the construction proceeds as follows:
P(H)=P(H), P,+1(H)=P(P,(H)), forn>1.
Similarly, the n-th non-empty powerset, denoted by P¥(H), is recursively defined as:
Pi(H) = P*(H), Fp.(H) = P"(P;(H)).
Here, P*(H) represents the powerset of H with the empty set excluded.
Proposition 2.10. (¢f. (141,350, 387/)
The n-th powerset generalizes the traditional concept of a powerset by applying the powerset

operation iteratively.

Proof. The n-th powerset, P,,(H), is constructed by repeatedly applying the standard powerset
operation. Since P;(H) = P(H), and each subsequent step P,,+1(H) builds upon the previous
powerset, this iterative process inherently extends the original concept. Thus, the proposition

follows directly from the definition.

To provide a formal basis for the concepts of Hyperstructures and Superhyperstructures,

we proceed with the following definitions and propositions.

Definition 2.11 (Classical Structure). (cf. [350,387]) A Classical Structure is a mathematical
construct defined on a non-empty set H, equipped with one or more Classical Operations that
adhere to specified Classical Axioms. Specifically:

A Classical Operation is a function of the form:
#0 cH™ — H s
where m > 1 is an integer, and H™ denotes the m-fold Cartesian product of H. Examples

include addition and multiplication, as found in common algebraic structures such as groups,

rings, and fields.
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Definition 2.12 (Hyperstructure). (cf. [141,350,387]) A Hyperstructure extends the concept

of a Classical Structure by operating on the powerset of a base set. Formally, it is defined as:
H = (P(5),0),

where S is the base set, P(S) is its powerset, and o represents an operation defined on subsets
within P(5).

Definition 2.13 (n-Superhyperstructure). (cf. |[350,387]) An n-Superhyperstructure general-
izes a Hyperstructure by utilizing the n-th powerset of a base set. It is formally represented

SH,, = (Pn(5),0),

where S is the base set, P,(S) is the n-th powerset of S, and o is an operation defined on

elements of P, (.9).

Proposition 2.14. An n-Superhyperstructure is inherently characterized by the properties of

the n-th powerset.

Proof. This follows directly from the definition of an n-Superhyperstructure, which is con-

structed explicitly using the n-th powerset P,(S). g

Proposition 2.15. A Hyperstructure is a special case of an n-Superhyperstructure for n = 1,

and every n-Superhyperstructure generalizes the concept of a Hyperstructure.

Proof. By definition, a Hyperstructure is based on the powerset P(S), which corresponds to
the 1-st powerset P;(S). When n > 1, the n-th powerset P, (S) extends the structure, making

the n-Superhyperstructure a generalization of the Hyperstructure.

Additionally, we introduce the Dynamic n-SuperHyperStructure as an extension of the n-
SuperHyperStructure framework. Although this paper does not provide a detailed discussion
on the topic, it is worth noting that the concepts introduced later—such as the superhyperfuzzy
set, superhyperneutrosophic set, and superhyperplithogenic set—can also be endowed with

dynamic properties.

Definition 2.16 (Dynamic n-SuperHyperStructure). Let S be a nonempty set, and let
P1(S) = P(S) be the power set of S. For each integer n > 2, define:

Pn(S) = P(Pn-1(5));

the n-th power set of S.
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A Dynamic n-SuperHyperStructure over a time domain T (which may be discrete or con-

tinuous, e.g., T C R) is a triple:

DSH,, = (S, {ot}ier, V),

satisfying the following conditions:

(1)

(2)

Base Set and Hierarchy: The structure is built upon the n-th powerset P,(S).
Each element of P, (S) is a highly nested subset structure derived from S.

Time-Indexed Operation: For each fixed t € T', there is a binary operation:
o1 : Pn(S) X Pn(S) = Pn(S).

The pair (P, (S5), o) is an n-SuperHyperStructure at time ¢. In other words, for each
t, o satisfies the structural axioms (if any are imposed) for n-SuperHyperStructures
(e.g., closure under oy, well-definedness of the operation, etc.).

Dynamic Evolution of Elements: There exists an evolution function:
VT x Pp(S) — Pu(S),

which governs how elements of P, (S) evolve over time. For instance, if {X;}ier is a

time-dependent family of elements in P, (.5), their evolution can be described by:
Xepar = U(t, Xy).

In a continuous-time setting, one might consider a limit At — 0 and define a differential
equation on P,(S), but this requires additional structure.
Dynamic Evolution of the Operation: The operation o; may also evolve with

time. Formally, there is a function:
Q:T x Pp(S) X Pn(S) = Pn(S),

such that:
Xo Y =Q(tX,Y),

for all X, Y € P,(5). The choice of 2 defines how the binary operation changes as the
system evolves over time.

Consistency and Well-Definedness: For each t € T', the structure (P, (S), o;) must
be well-defined as an n-SuperHyperStructure. This means that o; takes two elements
of P,(S) and returns an element of P,(S), and any additional axioms imposed on
n-SuperHyperStructures (e.g., certain associative-like properties or closure properties)
must hold for each fixed t.

If ¥ is the identity function (i.e., U(¢t, X) = X for all ¢, X') and o; = o is time-invariant,

the Dynamic n-SuperHyperStructure reduces to a static n-SuperHyperStructure.
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e By appropriately choosing ¥ and (), one can model a wide variety of systems that
exhibit hierarchical complexity and evolve over time, such as changing relational net-

works, adaptive classification schemes, or evolving hierarchical data structures.

2.3. Fuzzy Set, Hyperfuzzy Set, and Superhyperfuzzy Set

This subsection introduces the definitions of Fuzzy Set, Hyperfuzzy Set, and Superhyper-
fuzzy Set. Intuitively, these concepts extend the idea of fuzzy values into hierarchical struc-
tures, enabling a more nuanced representation of uncertainty. The formal definitions are

provided below.

Definition 2.17. [448,452] A fuzzy set T in a non-empty universe Y is a mapping 7: Y —
[0,1]. A fuzzy relation on Y is a fuzzy subset § in Y x Y. If 7 is a fuzzy set in Y and ¢ is a

fuzzy relation on Y, then ¢ is called a fuzzy relation on T if
0y, z) <min{7(y),7(2)} forally,z €Y.

Example 2.18 (Weather "Warmth”). Weather prediction involves forecasting atmospheric
conditions, including temperature, precipitation, and wind, using scientific models, historical
data, and computational methods (cf. [54}323,397]).

A fuzzy set T models the degree of "warmth” in different temperature levels Y. Let:
Y = {Cool, Mild, Hot },
where the fuzzy set 7:Y — [0, 1] assigns membership values to each element:
7(Cool) = 0.2, 7(Mild) =0.6, 7(Hot)=0.9.

These values represent the perceived degree of warmth for each temperature level.

Real-Life Application: A thermostat can use the fuzzy set 7 to determine whether to in-
crease cooling or heating based on the perceived warmth of the environment, rather than fixed
thresholds.

Definition 2.19 (HyperFuzzy Set). [72,|165,214}276,|399] Let X be a non-empty set. A
mapping i : X — P([0,1]) is called a hyperfuzzy set over X, where P(]0,1]) denotes the

family of all non-empty subsets of the interval [0, 1].

Example 2.20 (Customer Satisfaction with Cars). Customer satisfaction measures how well
a product or service meets customer expectations, influencing loyalty, retention, and overall
business success (cf. [564/100}228]).

A hyperfuzzy set [i represents satisfaction levels for different car attributes X:

X = {Price, Fuel Efficiency, Design}.
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The hyperfuzzy set ji : X — P([0,1]) assigns subsets of satisfaction degrees to each attribute:
f(Price) = {0.8,0.9}, [(Fuel Efficiency) = {0.6,0.7,0.9}, fi(Design) = {0.4,0.6}.

Each subset represents possible satisfaction levels due to uncertainty or varying preferences
among customers.
Real-Life Application: Car manufacturers can use this model to analyze diverse customer

opinions and develop vehicles that maximize satisfaction across multiple attributes.

Definition 2.21 (n-SuperHyperFuzzy Set). [?,|146] Let X be a non-empty set. The n-
SuperHyperFuzzy Set is a recursive generalization of fuzzy sets, hyperfuzzy sets, and super-

hyperfuzzy sets. It is defined as:

fir, : Pr(X) — Pn([0,1]),

where:

o Pi(X) = 75(X), and for k > 2,
Pr(X) = P(Pr1(X)),

represents the k-th nested family of non-empty subsets of X.
e P,([0,1]) is similarly defined for the interval [0, 1].
e ji,, assigns to each element A € P,(X) a non-empty subset ji,(A) C [0, 1], representing

the degrees of membership associated with A at the n-th level.

Example 2.22 (Example: Academic Performance in Subjects). Academic performance evalu-
ates a student’s success in educational tasks, measured through grades, test scores, and overall
learning achievements (cf. [298,321]).

A superhyperfuzzy set [i, models learning effectiveness across subject groups X:
X = {Math, Science, Art}.
Level 1: The first power set P;(X) includes subsets of X:
P1(X) = {{Math}, {Science}, {Math, Science}, ... }.
For a subset A = {Math, Science}, the first-level mapping assigns:
f1(A) ={0.7,0.8}.
Level 2: The second power set Pa(X) contains subsets of Py (X). For example:
Po(X) = {{{Math}, {Science}}, {{Math, Science}},...}.
For B = {{Math}, {Science}}, the second-level mapping assigns:

fia(B) = {0.6,0.9}.
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Real-Life Application: Educational institutions can model and optimize the learning effec-
tiveness of combined subject groups, designing curricula that cater to hierarchical dependencies

between disciplines.
Theorem 2.23. An n-superhyperfuzzy set generalizes both fuzzy sets and hyperfuzzy sets.

Proof. This is evident. Refer to [146] if necessary.

As demonstrated above, Fuzzy Sets can be extended to Hyperfuzzy Sets and SuperHyper-
fuzzy Sets, allowing related concepts to be similarly generalized. For instance, Bipolar Fuzzy
Sets |27,67,/68,318,459-461] can be extended to Bipolar Hyperfuzzy Sets and Bipolar Super-
Hyperfuzzy Sets; Tripolar Fuzzy Sets [308-311] to Tripolar Hyperfuzzy Sets and Tripolar Su-
perHyperfuzzy Sets; Neuro-Fuzzy Sets [11,/96,128,185,197,227,267] to Neuro-Hyperfuzzy Sets
and Neuro-SuperHyperfuzzy Sets; Hesitant Fuzzy SetsSets [324,3341/409,1410,437] to Hesitant
Hyperfuzzy Sets and Hesitant SuperHyperfuzzy Sets; Picture Fuzzy Sets [103,/104,159,251,[335,
347,398,422,426] to Picture Hyperfuzzy Sets and Picture SuperHyperfuzzy Sets; Pythagorean
Fuzzy Sets [296,427,/462] to Pythagorean Hyperfuzzy Sets and Pythagorean SuperHyperfuzzy
Sets; Spherical Fuzzy Sets [34,41,130,/180,/181},254,262}/418| to Spherical Hyperfuzzy Sets and
Spherical SuperHyperfuzzy Sets; and Nonstationary Fuzzy Sets [37,/161,200,1201} 322} 443]to
Nonstationary Hyperfuzzy Sets and Nonstationary SuperHyperfuzzy Sets. These extensions

provide a framework for addressing increasingly complex and nuanced forms of uncertainty.

2.4. Neutrosophic, HyperNeutrosophic, and SuperHyperNeutrosophic Sets

Building on the concept of Fuzzy Sets, this subsection explores Neutrosophic, HyperNeu-
trosophic, and SuperHyperNeutrosophic Sets. Neutrosophic Sets extend Fuzzy Sets by in-
corporating the notion of indeterminacy, which captures situations that are neither true nor
false |354]. This generalization provides a more robust framework for modeling real-world
scenarios characterized by higher levels of uncertainty and complexity than Fuzzy Sets can
address. Consequently, these concepts have been the focus of extensive research in numerous

studies [156},157,225,352}|13564[357.373},390-392,1396]. Relevant definitions are provided below.

Definition 2.24 (Neutrosophic Set). [354] Let X be a given set. A Neutrosophic Set A on

X is characterized by three membership functions:
Ty: X — 10,1, I4:X—]0,1], F4:X —][0,1],

where for each x € X, the values T4(x), Ia(x), and Fa(x) represent the degree of truth,

indeterminacy, and falsity, respectively. These values satisfy the following condition:

0< TA($) + IA(ac) + FA(m) < 3.
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Example 2.25 (A decision-making scenario in everyday life). Decision-making is the process
of evaluating options and selecting the best course of action to achieve specific goals or solve
problems (cf. [28,921297]).

Consider a decision-making scenario in everyday life: determining whether a given fruit
(say, a banana) is “ripe” enough to eat. Let X be the set of all bananas in a grocery store.
Define a Neutrosophic Set A representing the subset of bananas that are considered “ripe.”

For each banana z € X:

Ta(z) € [0, 1] measures the degree of certainty that the banana is ripe (e.g., based on color and smell).

I4(z) € [0,1] measures the indeterminacy or uncertainty about its ripeness (e.g., poor lighting, no direct smell test

F4(z) € [0,1] measures the degree of certainty that the banana is not ripe (e.g., it is still green and too hard).

A possible assignment might be:
Ta(z) =0.7, Ix(x)=0.2, Fy(x)=0.1,

indicating a reasonably high belief that the banana is ripe, some uncertainty due to ambiguous

appearance, and a small possibility that it is not ripe.

Definition 2.26 (HyperNeutrosophic Set). [146,364] Let X be a non-empty set. A mapping
fi : X — P([0,1]%) is called a HyperNeutrosophic Set over X, where P([0,1]?) denotes the fam-
ily of all non-empty subsets of the unit cube [0, 1]3. For each z € X, fi(x) C [0, 1]? represents a
set of neutrosophic membership degrees, each consisting of truth (77), indeterminacy (I), and

falsity (F') components, satisfying:
0<T+I+F<3.

Example 2.27. Now consider extending the scenario. Suppose there are multiple experts
or tests evaluating the same banana’s ripeness. One expert relies on color, another on smell,
another on texture. FEach produces a triplet (7,1, F) of evaluations. For each banana x,
instead of assigning a single (7,1, F'), we now have a set of such triplets, reflecting various
perspectives.

For example:

fi(z) = {(0.8,0.1,0.1), (0.6,0.3,0.1), (0.75,0.2,0.05)},

where each element in fi(x) might come from a different test:

e First triplet (0.8, 0.1, 0.1): Based on color analysis.
e Second triplet (0.6, 0.3, 0.1): Based on a smell test.
e Third triplet (0.75, 0.2, 0.05): Based on texture and firmness test.
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Combining these different evaluations into one set for each banana gives a HyperNeutro-
sophic Set. Thus, each banana’s “membership” in the concept of “ripe” is represented not just

by one triple, but by a collection of triples capturing multiple dimensions of assessment.

Definition 2.28 (n-SuperHyperNeutrosophic Set). [146,364] Let X be a non-empty set. An
n-SuperHyperNeutrosophic Set is a recursive generalization of Neutrosophic Sets, HyperNeu-

trosophic Sets, and SuperHyperNeutrosophic Sets. It is defined as:

A, Pn(X) — 75n([0, 1]3)7

where:

e Pi(X)="P(X), and for k > 2,

Pre(X) = P(Pr_1(X)),

represents the k-th nested family of non-empty subsets of X.

e P,([0,1]?) is similarly defined for the unit cube [0, 1]°.

e The mapping A, assigns to each A € P,(X) a subset A,,(A) C [0,1]3, representing the
degrees of truth (7), indeterminacy (I), and falsity (F') for the n-th level subsets of
X.

For each A € P,(X) and (T, 1, F) € A,(A), the following condition is satisfied:
0<T+I+F <3,
where T', I, and F represent the truth, indeterminacy, and falsity degrees, respectively.

Example 2.29. Consider a supply chain scenario (cf. [263,/400]) involving multiple stages:

(1) Farms where bananas are grown.
(2) Distribution centers where bananas from different farms are aggregated.

(3) Retailers who receive these bananas and sell them to consumers.

We can model the degrees of banana ripeness at different layers of this supply chain using
Neutrosophic-type sets. If we let n = 0 correspond to a Neutrosophic Set, then at the farm
stage (where n = 0), each banana is associated with a single (T, I, F)-triple indicating its

ripeness:

Ag 1 Po(X) = Po([0,1]%),

where 750(X ) is just X itself, and Py( [0,1]3) represents assigning one (T, I, F)-triple per ele-
ment.
At the distribution center stage (where n = 1), you aggregate the farm-level (Neutrosophic)

evaluations into a HyperNeutrosophic Set. This means that for each banana, instead of having
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just one (7,1, F)-triple, you now have a set of such triples (e.g., from different assessment

criteria like color, smell, and texture):

Ay PUX) = Pi([0,1]%),

where Py (X) indicates we are considering sets of elements with potentially multiple (T, I, F)-
triplets assigned to each.

At the retail stage (where n = 2 or higher), you can form an n-SuperHyperNeutrosophic Set
by integrating data from various distribution centers. This yields nested structures of sets of

sets of (T, I, F')-triplets, capturing multiple layers of uncertainty and information aggregation:

An . ﬁn(X) — ,ﬁn([ov 1]3)7

where 75n(X ) represents n-fold nested sets, and each nesting corresponds to an additional layer
of aggregation.
For example, at a high n (several stages beyond just farms and distribution centers), you

might have:
Ay(A) ={{{... (T, [, F)), (T3, 1, F5),... } ... }},

with multiple nested collections of (T, I, F')-triplets acquired from multiple levels of the supply
chain. Each nesting step adds more complexity, reflecting a combination of many different
assessments and conditions contributing to the final understanding of banana ripeness across

the entire supply chain.

Theorem 2.30. An n-superhyperneutrosophic set generalizes both neutrosophic sets and hy-

perneutrosophic sets.

Proof. This is evident. Refer to [146] if necessary.

Theorem 2.31. An n-superhyperneutrosophic set generalizes n-superhyperfuzzy sets.

Proof. This is evident. Refer to [146] if necessary.

As demonstrated above, Neutrosophic Sets can be extended to Hyperneutrosophic Sets and
SuperHyperneutrosophic Sets, enabling the generalization of related concepts. For example,
Bipolar Neutrosophic Sets [112}/113,413] can be extended to Bipolar Hyperneutrosophic Sets
and Bipolar n-SuperHyperneutrosophic Sets. Similarly, Interval-Valued Neutrosophic Sets
[332,1442,1447| 1454, |456] can be generalized to Interval-Valued HyperNeutrosophic Sets and
Interval-Valued n-SuperHyperneutrosophic Sets. Furthermore, Neutrosophic Soft Sets [223|
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255,333 can be extended to Hyperneutrosophic Soft Sets and n-SuperHyperneutrosophic Soft
Sets.

Additionally, numerous types of Neutrosophic Sets are known, such as Hesitant Neutrosophic
Sets [331,1463], Spherical Neutrosophic Sets [64,169.[234)326], and Intuitionistic Neutrosophic
Sets [62,/63,202]. These sets can similarly be extended, offering a broader framework for

analyzing and applying Neutrosophic concepts across various fields.

2.5. HyperPlithogenic Set

The Plithogenic Set is known as a type of set that can generalize Neutrosophic Sets, Fuzzy

Sets, and other similar sets [367,[368]. The definition of the Plithogenic Set is provided below.

Definition 2.32. [367,368] Let S be a universal set, and P C S. A Plithogenic Set PS is
defined as:

PS = (P,v, Pv,pdf,pCF)
where:

v is an attribute.

Puv is the range of possible values for the attribute v.
pdf : P x Pv — [0,1]° is the Degree of Appurtenance Function (DAF).
e pCF : Pv x Pv — [0,1]! is the Degree of Contradiction Function (DCF).

These functions satisfy the following axioms for all a,b € Pu:

(1) Reflexivity of Contradiction Function:
pCF(a,a) =0
(2) Symmetry of Contradiction Function:
pCF(a,b) = pCF(b,a)

Example 2.33. (cf. [142,|153]) The following examples of Plithogenic Sets are provided.

e When s =t =1, PG is called a Plithogenic Fuzzy Set.
e When s =2,t =1, PG is called a Plithogenic Intuitionistic Fuzzy Set.
e When s =3,t =1, PG is called a Plithogenic Neutrosophic Set.

Definition 2.34 (HyperPlithogenic Set). [146] Let X be a non-empty set, and let A be a
set of attributes. For each attribute v € A, let Pv be the set of possible values of v. A
HyperPlithogenic Set HPS over X is defined as:

HPS = (P, {vi}{_y, {Puity {pdf Y1y, pCF)

where:
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e P C X is a subset of the universe.

e For each attribute v;, Pv; is the set of possible values.

For each attribute v;, pglfl : P x Pv; — P(]0,1]%) is the Hyper Degree of Appurtenance
Function (HDAF), assigning to each element x € P and attribute value a; € Pv; a set

of membership degrees.
pCF : (Ui, Pvi)x (U, Pv;) — [0,1]" is the Degree of Contradiction Function (DCF).

Definition 2.35 (n-SuperHyperPlithogenic Set). [146] Let X be a non-empty set, and let
V = {v1,v2,...,v,} be a set of attributes, each associated with a set of possible values P,,.

An n-SuperHyperPlithogenic Set (SHPS),,) is defined recursively as:
SHPS, = (P, V, Py iy, Apdf] Vi pCF ),

where:

e P C X, and for k > 2,

Py = P(Pr-1),

represents the k-th nested family of non-empty subsets of P;.

e For each attribute v; € V, P,, is the set of possible values of the attribute v;.

e For each k-th level subset Py, pglfl(n) . P, x P,, — P([0,1]*) is the Hyper Degree of
Appurtenance Function (HDAF'), assigning to each element x € P, and attribute value
a; € P,, a subset of [0, 1]*.

o pCF™ |, Py, x UL, Py, — [0,1] is the Degree of Contradiction Function (DCF),
satisfying:

(1) Reflexivity: pCF™ (a,a) =0 for all a € J_, P,,,
(2) Symmetry: pCF™(a,b) = pCF™(b,a) for all a,b € J}_, P,
e s and ¢ are positive integers representing the dimensions of the membership degrees

and contradiction degrees, respectively.

Theorem 2.36. An n-superhyperplithogenic set generalizes both plithogenic sets and hyper-

plithogenic sets.

Proof. This is evident. Refer to |[146] if necessary.

Theorem 2.37. An n-superhyperplithogenic set gemeralizes both n-superhyperfuzzy sets and

n-superhyperneutrosophic sets.

Proof. This is evident. Refer to [146] if necessary. -
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2.6. Plithogenic Sets: A Unified Framework for Handling Various Parameters

Plithogenic Sets provide a unified framework for generalizing a wide range of concepts,
as described below. This capability extends naturally to HyperPlithogenic Sets and n-

SuperHyperPlithogenic Sets, maintaining the same principles of generalization.

Example 2.38. (cf. [142,[153]) The following table provides concrete examples of Plithogenic
Sets and their transformations, highlighting the number of parameters (s) and their associated
features. These examples also illustrate the diversity and complexity of Plithogenic Sets.

It is important to emphasize that while the number of parameters is relevant for classifica-
tion, their names and meanings must also be considered, particularly when analyzing applica-
tions. For example, the Quadripartitioned Neutrosophic Set is known to be more practical and
applicable compared to Turiyam Neutrosophic Sets or Ambiguous Sets [351]. Additionally, it
should be noted that other extended sets, such as the Multi-fuzzy set [29,35,339,340,440] and
the Refined Neutrosophic Set [111,220}275,[313,412,414], also exist. These sets include mul-
tiple parameters representing the same type of uncertainty, further enriching their descriptive

capabilities.

s | t | Type of Plithogenic Set

1| 1| Fuzzy Set [448]

2 | 1 | Intuitionistic Fuzzy Set [46-53]

Vague Set [86,95,196]

Paraconsistent Set [87,131,247,/424,425]
3 | 1 | Neutrosophic Set [353,7354]7 -
Hesitant Fuzzy Set [409,410]
Three-way Fuzzy Set [199,420)
Spherical Fuzzy Set [24,(179}/181]
4| 1 | Quadripartitioned Neut}osoi)hic Set [71:90]
Double-Valued Neutrosophic Set [1204219,230}252.|428]
Ambiguous Set [345,346,351]

Turiyam Neutrosophic Set [158,|343]

Pentapartitioned Neutrosophic Set [106]

Hexapartitioned Neutrosophic Set |28§]
Heptapartitioned Neutrosophic Set [78}271]

Octapartitioned Neutrosophic Set

O [0 | 3| | Ot
o I G SO

Nonapartitioned Neutrosophic Set

TABLE 1. Examples of Plithogenic Sets based on parameters s and t.
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3. Result: Application of HyperNeutrosophic Sets to Various Sciences

This paper explores the application of HyperNeutrosophic concepts across various scientific
fields. It is worth noting that if a HyperNeutrosophic Set can be applied to a particular
domain, it is natural to consider that Hyperfuzzy Sets and Hyperplithogenic Sets could also find
application in similar contexts. Furthermore, for SuperHyperNeutrosophic Sets, it is equally
plausible to examine the applicability of SuperHyperfuzzy Sets and SuperHyperplithogenic

Sets within the same or related domains.

3.1. HyperNeutrosophic Probability

Probability quantifies the likelihood of an event occurring, represented as a value between
0 (impossible) and 1 (certain) [110,[264},[284} 285/1299,306]. Related concepts, such as Hyper-
Probability and n-SuperHyperProbability, have also been explored [85,(144].

Furthermore, extended frameworks like Fuzzy Probability [84.245|300,[330%457,/464], Neu-
trosophic Probability [358,[362], and Plithogenic Probability [365] are well-established. These

concepts will be analyzed in the following sections.

Definition 3.1 (Neutrosophic Probability). [358/362] Let © be a sample space, and F be a
o-algebra of subsets of 2 (events). A Neutrosophic Probability (NP) is a function:

NP :F —[0,1]3
where for each event A € F, NP(A) = (T'(A),I(A), F(A)) satisfies:
0<T(A),I(A),F(A) <1 and 0<T(A)+1I(A)+ F(A)<3.

Here:

e T(A): Truth degree of A (likelihood of A being true),
e [(A): Indeterminacy degree of A (uncertainty about A),
e F(A): Falsity degree of A (likelihood of A being false).

Example 3.2 (Applications of Neutrosophic Probability). This section provides two precise
examples of Neutrosophic Probability and their applications in real-life contexts.
1. Weather Forecasting: Consider 2 = {rain, sunny, cloudy}, and let the event A =

{rain} represent the occurrence of rain. A Neutrosophic Probability function assigns:
NP(A) = (0.75,0.15,0.10),

where:

e T(A) = 0.75: The degree of truth, representing the probability of rain based on mete-

orological predictions and atmospheric data.
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e [(A) = 0.15: The indeterminacy, accounting for uncertainty due to limited data or
conflicting weather models.
e F(A) =0.10: The degree of falsity, indicating the probability that rain will not occur
based on historical weather patterns.
This enables a nuanced understanding of the likelihood of rain, integrating truth, uncertainty,
and contradiction.
2. Medical Diagnosis: In a diagnostic scenario, consider 0 = {healthy, sick} with A =
{sick} representing a positive diagnosis for an illness. A Neutrosophic Probability function

assigns:
NP(A) = (0.80,0.10,0.10),
where:

e T'(A) = 0.80: The probability of being sick based on test results.

e /(A) = 0.10: Indeterminacy arising from inconclusive or incomplete diagnostic infor-
mation.

e F(A) = 0.10: The probability of being healthy despite the test results, indicating

potential errors or anomalies in testing.

This provides a comprehensive representation of diagnostic uncertainty, enhancing clinical

decision-making.

Definition 3.3 (HyperNeutrosophic Probability). Let © be a sample space, and F be a o-
algebra of subsets of Q. A HyperNeutrosophic Probability (HNP) is a function:

HNP:F — P(0,1]?),

where P([0,1]3) is the power set of the neutrosophic unit cube [0,1]3. For each event A € F,
HNP(A) is defined as:

HNP(A) = {(Ti(A), I(A), Fr(A)) | k € Ka},

where:

o Ti(A), I(A), Fr(A) € [0, 1] are the k-th truth, indeterminacy, and falsity degrees of A,
e K4 is the index set of evaluations for A,

e Kach triple satisfies:
0< Tk(A) + Ik(A) + Fk(A) <3.

Example 3.4 (Applications of HyperNeutrosophic Probability). This section elaborates on
two concrete examples of HyperNeutrosophic Probability, illustrating its utility in real-world

scenarios.
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1. Financial Risk Assessment (cf. [236]): In assessing credit default risks, let
) = {default, no default} with A = {default} representing the event of a credit default.
A HyperNeutrosophic Probability function assigns:

HNP(A) = {(0.85,0.10,0.05), (0.75,0.15,0.10), (0.80, 0.12,0.08) },

where:

Each triple (Tx(A), Ix(A), Fx(A)) corresponds to evaluations from different financial
models or analysts.

Ti(A): Reflects the degree of truth (likelihood of default based on financial metrics).

I, (A): Captures uncertainty due to varying assumptions or incomplete data.

Fj(A): Represents the likelihood of no default, considering optimistic scenarios or
mitigating factors.
This enables risk analysis by consolidating diverse expert perspectives.

2. Environmental Risk Analysis(cf. [178]): In evaluating the impact of industrial
activities, let Q = {low impact, medium impact, high impact} with A = {high impact} repre-

senting a severe environmental impact. A HyperNeutrosophic Probability function assigns:
HNP(A) ={(0.65,0.20,0.15), (0.70,0.15,0.15), (0.60, 0.25,0.15) },

where:

Each triple corresponds to evaluations from different environmental studies or simula-

tion models.

Ti(A): Degree of truth based on environmental assessments or emissions data.

I (A): Indeterminacy arising from uncertain or conflicting data.

Fi(A): Degree of falsity representing the likelihood of minimal or no impact.

This facilitates a robust decision-making process by integrating multiple environmental per-

spectives and addressing uncertainties.

Definition 3.5 (n-SuperHyperNeutrosophic Probability). Let 2 be a sample space, and F be
a o-algebra of subsets of Q. An n-SuperHyperNeutrosophic Probability (n-SHNP) is a function:
HNP™W : F = P*([0,1)%),
where P™([0,1]?) is the n-th nested power set of [0,1]%. For each event A € F, HNP™(A) is

defined recursively as:

[0, 1]3, if n =0,

HNP™(A) =
PHNPCV(A)), ifn>1.

This structure captures higher-order uncertainties and allows for multi-layered probability

evaluations.
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Theorem 3.6 (Relation of an n-SuperHyperNeutrosophic Set). n-SuperHyperNeutrosophic

Probability possesses the structure of an n-SuperHyperNeutrosophic Set.

Proof. This follows directly and is evident.

Theorem 3.7 (Reduction
to Neutrosophic Probability). For n = 0, n-SuperHyperNeutrosophic Probability (n-SHNP)
reduces to standard Neutrosophic Probability (NP).

Proof. By definition, when n = 0, we have:
HNPO(A) =[0,1]3,
where [0, 1] represents a single neutrosophic triple (T'(A), I(A), F(A)) with:
0<T(A),I(A),F(A)<1 and 0<T(A)+1(A)+ F(A)<3.

This is precisely the definition of a Neutrosophic Probability for the event A. Therefore,
0-SHNP is equivalent to NP.

Theorem 3.8 (Hierarchical Complexity). For everyn > 1, n-SHNP is strictly more complez,
in terms of set structure, than (n —1)-SHNP.

Proof. Consider the recursive definition:
HNP™(A) = P(HNP" D (4)).

When moving from (n — 1) to n, we apply the power set operation P, which generates the
set of all subsets of HN P(”_l)(A). The power set operation always produces a strictly larger
and more complex structure for non-empty sets. Hence, HN P(”)(A) introduces an additional
layer of combinatorial and hierarchical complexity compared to HN P(”_l)(A), making n-

SHNP strictly more complex than (n — 1)-SHNP.

Theorem 3.9 (Consistency of Truth, Indeterminacy, and Falsity). For any event A € F, the

total measure of truth, indeterminacy, and falsity at each level n satisfies:

0< > (T+I+F)<3-[HNP™(A).
(T,I,F)eHNP™)(A)

Proof. By definition, each triple (Ty, Iy, F}) € HN P (A) satisfies:

0<Ty+ Iy + Fp <3.

Takaaki Fujita and Florentin Smarandache, Exploring Concepts of HyperFuzzy,
HyperNeutrosophic, and HyperPlithogenic Sets



21

For the n-th level, HN P (A) consists of subsets of (n—1)-SHNP structures due to the power

set operation. The total measure over all elements in HN P (A) is given by:

> (T +1+F),
(T, I,F)EHNP™)(A)
which must be bounded above by 3 - |[HN P (A)| due to the constraints on each triple. The

lower bound 0 is achieved if all measures are zero. This consistency holds at all levels n.

Theorem 3.10 (Projection Property). For any n > 1, there exists a projection function:
Tn s HNP™(A) - HNP™ D (A),

which maps an n-SHNP structure to its corresponding (n—1)-SHNP structure without violating

the probability constraints.

Proof. Define m,, as the inverse of the power set operation:
T(S) ={x e S|ze HNP" VD (4)}.

By construction, HN P (A) = P(HN P 1 (A)), so every element of HN P (A) is a sub-
set of HNP(”’U(A). Applying 7, preserves the original structure of HNP(”’U(A). The
constraints on truth, indeterminacy, and falsity are inherited directly from the (n — 1)-level,

ensuring that m, maintains consistency with the probability framework.

Theorem 3.11 (Continuity under Nested Refinement). If the probability values (T, 1, F) are
adjusted within the bounds of the constraints at level n, the resulting n-SHNP structure varies

continuously with respect to those adjustments.

Proof. Each level n of the n-SHNP structure is defined recursively via the power set opera-
tion. Small changes in the neutrosophic values (7,1, F') at any level propagate through the
hierarchy as adjustments to the subsets in subsequent levels. Since the power set operation
involves discrete combinations of subsets, the adjustments in the probability values lead to
corresponding changes in the elements of the higher-level power sets without discontinuities.
Thus, the structure of HNP(A) varies continuously under bounded perturbations of the

probability values at any level.

Similarly, HyperFuzzy Probability, HyperPlithogenic Probability, SuperHyperFuzzy Prob-
ability, and SuperHyperPlithogenic Probability can also be defined.
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3.2. HyperNeutrosophic Statistics

This subsection introduces HyperNeutrosophic Statistics. Statistics is the discipline con-
cerned with the collection, organization, analysis, and interpretation of data, aiding in making
informed decisions and predictions [74}75/429]. Statistics is deeply connected to probability
theory and encompasses important concepts such as random variables [284,[299], expecta-
tions [61},243], and distribution functions [121}246].

Extensions of classical statistics, such as Fuzzy Statistics [83}/115//221,239,278307,/408423],
Neutrosophic Statistics [42-45,93,1360], and Plithogenic Statistics [369}/1374,/378], have been
developed to address various forms of uncertainty. This paper further extends these concepts
to HyperNeutrosophic Statistics and SuperHyperNeutrosophic Statistics. Relevant definitions

are provided below.

Definition 3.12 (Neutrosophic Statistics). [93,|360] Neutrosophic Statistics (NS) is a gener-
alization of classical statistics and interval statistics, developed to handle data characterized
by indeterminacy, vagueness, and conflicting information. It relies on Neutrosophic Logic,
Probability, and Set Theory to provide a robust framework for analyzing uncertain datasets.

Components of Neutrosophic Statistics.

(1) Neutrosophic Probability Distribution (NPD): For a random event x, its occurrence is

described by a triple:
NPD(z) = (T(2), I(x), F(x)),

where:
e T'(x): The degree of truth (probability that x occurs).
e [(x): The degree of indeterminacy (uncertainty whether = occurs or not).
e F(z): The degree of falsity (probability that = does not occur).

These values satisfy the condition:
0<T(x)+ I(z)+ F(z) < 3.

(2) Neutrosophic Random Variable (NRV) [79,174,|175]: A random variable X in Neutro-

sophic Statistics maps outcomes to their corresponding neutrosophic probabilities:
X: Q= {(T,[,F)c[0,1P|0<T+I+F <3}

Unlike classical random variables, NRVs include indeterminate components, enabling
more flexible representations of uncertainty.
(3) Neutrosophic Expectation: The expectation E[X] of a neutrosophic random variable
X is defined as:
E[X] = (ET[X],EI[X],EF[X]),
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where E7[X], Er[X], and Ep[X] represent the expectations of truth, indeterminacy,
and falsity, respectively.

(4) Neutrosophic Variance: The variance Var[X] is computed component-wise:
Var[X] = (Varp[X], Var;[X], Varp[X]),

providing a detailed analysis of data uncertainty.
(5) Neutrosophic Distribution Functions [2]:
e The Neutrosophic Probability Density Function (N-PDF) is defined as:

Ix (@) = (fr(z), f1(z), fr(z)),

where fr(x), fr(z), and fr(z) represent the densities for truth, indeterminacy,
and falsity.
e The Cumulative Neutrosophic Distribution Function (N-CDF):

FX(ZE) = (FT($)7FI(x)a FF(x))a

accumulates probabilities across truth, indeterminacy, and falsity domains.

Example 3.13 (Neutrosophic Statistics: Disease Diagnosis). Consider a medical diagnosis
scenario (cf. [411]) where the sample space is 2 = {disease present, disease absent}. Let A =
{disease present} represent the event of interest.

A Neutrosophic Probability Distribution (NPD) for A could be:

NPD(A) = (T(A), I(A), F(A)) = (0.7,0.2,0.1),

where:

e T(A) = 0.7: Probability that the patient truly has the disease.
e [(A) =0.2: Uncertainty due to inconclusive test results.

e [/(A) =0.1: Probability that the patient does not have the disease.

Let a Neutrosophic Random Variable X represent the severity level of the disease on a scale

from 0 to 10. For instance:
X (disease present) = (0.7,0.2,0.1), X (disease absent) = (0.1,0.3,0.6).

Assuming severity level 8 for ”disease present” and 0 for "disease absent,” the Neutrosophic

Expectation is:
Ep[X] =0.7x840.1x0 = 5.6, FE;[X]=0.2x8+0.3x0=1.6, FEp[X]=0.1x840.6x0=0.8.

Thus, the expectation is:
E[X] = (5.6,1.6,0.8),
providing a comprehensive analysis of the severity with truth, indeterminacy, and falsity com-

ponents.
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Definition 3.14 (HyperNeutrosophic Statistics). HyperNeutrosophic Statistics (HNS) is a
framework that generalizes Neutrosophic Statistics by incorporating sets of Neutrosophic Prob-
ability Distributions (NPDs) to represent multiple sources of uncertainty or criteria simulta-
neously.
(1) HyperNeutrosophic Probability Distribution (HNPD): Let x € ) represent a random
event. A HyperNeutrosophic Probability Distribution (HNPD) for z is defined as:

where:
e 7 is an index set representing distinct sources, tests, or criteria.
e Each triple (Tj(z), Ii(xz), F;(x)) satisfies:

0 <Ti(x),Li(x),Fi(z) <1 and 0<T(z)+ Li(x)+ Fi(z) <3.

(2) HyperNeutrosophic Random Variable (HNRV): A HyperNeutrosophic Random Vari-

able X maps outcomes to their corresponding HNPDs:
X :Q— P([0,1),

where P([0, 1]) is the power set of [0, 1]3, representing all possible sets of neutrosophic
probabilities.
(3) HyperNeutrosophic Expectation and Variance: Let X be an HNRV. The expectation
E[X] and variance Var[X] are defined component-wise over all i € Z:
E[X] = {Er[X], Ei[X], Ep[X]}, where Ep[X]=> Ti(z)
1€l

and similarly for F;[X]| and Er[X]. The variance is given by:
Var[X] = {Vary[X], Var;[X], Varp[X]}.

Example 3.15 (HyperNeutrosophic Statistics: Multi-Test Disease Diagnosis). Now consider
the same scenario, but with three independent diagnostic tests Z = {1, 2, 3}.
A HyperNeutrosophic Probability Distribution (HNPD) for A = {disease present} is:

HNPD(A) = {(0.65,0.25,0.10), (0.75,0.15,0.10), (0.70, 0.20,0.10) },

where:

e Each triple (T;(A), I;(A), F;
— Test 1: (0.65,0.25,0.10
— Test 2: (0.75,0.15,0.10
— Test 3: (0.70,0.20,0.10

A)) corresponds to a test:

Y

I

i(
)
)
)-
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A HyperNeutrosophic Random Variable X maps outcomes to sets of triples. For ”disease

present,” the set of probabilities is:
X (disease present) = HNPD(A).

Using severity level 8 for ”disease present” and 0 for ”disease absent,” the aggregated expec-

tations are:

8% (0.65+0.75 + 0.70)
- 3

Thus, the HyperNeutrosophic Expectation is:

8 x (0.25 + 0.15 + 0.20 8 x (0.10 + 0.10 + 0.
_56, Byx] = oxXO025F015+0.20) o0 gy 8XU +3 +

Er[X] 3

E[X] = (5.6,1.6,0.8),
capturing uncertainty across multiple diagnostic tests and providing a robust analysis.

Definition 3.16 (n-SuperHyperNeutrosophic Statistics). n-SuperHyperNeutrosophic Statis-
tics (n-SHNS) is a hierarchical generalization of HyperNeutrosophic Statistics (HNS). It in-
troduces n-fold nested hyperstructures derived from Neutrosophic Probability Distributions

(NPDs), allowing for multiple, recursively defined levels of uncertainty.

(1) n-SuperHyperNeutrosophic Probability Distribution (n-SHNPD): Let x € € be a ran-
dom event. A HyperNeutrosophic Probability Distribution (HNPD) is defined as a set
of Neutrosophic Probability Distributions:

HNPD(x) = {(Ti(x), I(z), Fi(x)) | i € T},
where each triple (T;(x), I;(x), F;(z)) corresponds to a neutrosophic characterization
of x under the i-th source of uncertainty, with:
0 <Ti(x),Li(x),Fi(z) <1 and 0<T(z)+ Li(z)+ Fi(z) < 3.

An n-SuperHyperNeutrosophic Probability Distribution (n-SHNPD) is defined by

applying the power set operation n times to the HNPD structure:
n-SHNPD(z) = P"(HNPD(z)),
where:
PYHNPD(z)) = P(HNPD(z)), P>(HNPD(zx))=P(P(HNPD(z))), and so forth.

Thus, for n > 1, n-SHNPD consists of n-fold nested sets of sets of neutrosophic
triples, representing progressively more complex and layered uncertainty structures.
(2) n-SuperHyperNeutrosophic
Random Variable (n-SHNRV): An n-SuperHyperNeutrosophic Random Variable X
maps each outcome w € € to an n-SHNPD:

X : Q — n-SHNPD(z).
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(3) n-SuperHyperNeutrosophic Expectation and Variance: The expectation E[X] of an n-
SHNRY is defined by recursively applying the expectation operator within the nested
power sets, aggregating truth, indeterminacy, and falsity components at each level.
Similarly, the variance Var[X] is defined by recursively computing and aggregating

variances across all nested layers of uncertainty:
E[X] = P”(ET[X], Er[X], EF[X]), Var[X] = P”(VarT[X],VarI[X],VarF[X]).

(4) Recursive Structure: For k > 1, a k-SuperHyperNeutrosophic Probability Distribution
is defined as:
k-SHNPD(z) = P((k — 1)-SHNPD(x)).
By construction:
e For n = 0, n-SHNS reduces to Neutrosophic Statistics.
e For n =1, it reduces to HyperNeutrosophic Statistics.
e For n > 1, it provides increasingly complex hierarchical structures to model un-

certainty.

Theorem 3.17 (Relation of an n-SuperHyperNeutrosophic Set). n-SuperHyperNeutrosophic

Statistics possesses the structure of an n-SuperHyperNeutrosophic Set.

Proof. This follows directly and is evident.

Theorem 3.18 (Reduction to Neutrosophic Statistics). Forn = 0, n-SuperHyperNeutrosophic
Statistics (SHNS) reduces to standard Neutrosophic Statistics.

Proof. By definition, the n-SuperHyperNeutrosophic Probability Distribution (n-SHNPD) is
constructed by applying n-fold nested power set operations to a HyperNeutrosophic Proba-
bility Distribution (HNPD). For n = 0, no power set operations are applied. This leaves us
with the original Neutrosophic Probability Distribution (NPD), thus recovering the standard
Neutrosophic Statistics framework as defined in [93,360].

Theorem 3.19 (Strict Hierarchical Complexity). For every n > 1, the n-SHNPD s strictly
more complex (in terms of hierarchical nesting) than the (n — 1)-SHNPD.

Proof. Consider (n — 1)-SHNPD, defined as (n — 1)-fold nested power sets of an HNPD. To
obtain n-SHNPD, we apply one more power set operation:
n-SHNPD(z) = P((n — 1)-SHNPD(x)).

The power set operation P applied to any non-empty set S produces a strictly larger and more

complex family of subsets. Thus, n-SHNPD is a strictly more nested and richer structure than

Takaaki Fujita and Florentin Smarandache, Exploring Concepts of HyperFuzzy,
HyperNeutrosophic, and HyperPlithogenic Sets



27

(n—1)-SHNPD. This increased complexity follows from the exponential growth in the number

of subsets at each level of the hierarchy.

Theorem 3.20 (Consistency of Expectation and Variance under Projection). Let X be an
n-SuperHyperNeutrosophic Random Variable (n-SHNRV). The ezxpectation E[X] and variance
Var[X] defined at the n-th level are consistent with those at the (n — 1)-th level under suitable

projection.

Proof. By definition, the expectation and variance at the n-th level, E[X] and Var[X], are
formed by applying the expectation and variance operations within nested power sets of neu-

trosophic triples:
E[X] =P"(Er[X], Er[X], Er[X]), Var[X]=P"(Varp[X], Var;[X], Varp[X]).

If we consider a suitable "flattening” or projection operation 7 that reduces P" to P"~! by

selecting representative elements or subsets at each level, the resulting structures satisfy:
m(E[X]) = P" Y Er[X], Ef[X], Er[X]), =(Var[X])=P" ! (Varp[X], Var;[X], Varp[X]).

These projected forms coincide with the expectations and variances defined at the (n — 1)-th
level. Hence, the operations are consistent across levels, maintaining hierarchical coherence of

the statistical parameters.

Theorem 3.21 (Non-emptiness of Expectation and Variance). For any n-SHNRV X, the sets
E[X] and Var[X] are always well-defined and non-empty.

Proof. Each level of the n-SHNRYV is built upon non-empty sets of neutrosophic triples, as
HNPD(z) and its subsequent power sets P*(HNPD(x)) are by definition non-empty. The

expectation and variance are computed by aggregating these neutrosophic values:
E[X]=P"(Er[X], E([X]), Er[X]), Var[X]=P"(Varp[X], Var;[X], Varp[X]).

Since (Er[X], Er[X], Er[X]) and (Varp[X], Var;[X], Varp[X]) are derived from non-empty
neutrosophic distributions, and the power set operation P applied to a non-empty set never
results in an empty set, it follows that both E[X] and Var[X] are well-defined and non-empty

at every level n.

Similarly, HyperFuzzy Statistics, HyperPlithogenic Statistics, SuperHyperFuzzy Statistics,
and SuperHyperPlithogenic Statistics can also be defined.
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3.3. Neutrosophic Decision Making Theory

Social Choice Theory is a branch of economics and political science that examines col-
lective decision-making processes, where individual preferences are aggregated to deter-
mine a collective choice or societal welfare [39,[88)269]. Decision-making, in this con-
text, refers to the process of evaluating alternatives and selecting the most suitable op-
tion to achieve a desired objective [122}]123,]166|,259]. Extensions of traditional decision-
making frameworks, such as Hyperdecision-Making and SuperHyperdecision-Making, have
been developed to tackle complex systems involving hierarchical and multi-layered uncer-
tainties |135]. Furthermore, decision-making has been extensively studied from perspectives
such as Fuzzy and Neutrosophic frameworks, highlighting its importance across diverse do-
mains [15,|16}24}25,40,2704|402} 445, 453].

In this paper, we extend Neutrosophic Decision Making to handle more intricate uncertain-
ties by introducing HyperNeutrosophic Decision Making and SuperHyperNeutrosophic Deci-

sion Making, which are detailed in the following sections.

Definition 3.22 (Neutrosophic Decision Making (NDM)). [283] Neutrosophic Decision Mak-
ing (NDM) is a multi-criteria decision-making framework that integrates neutrosophic logic,
probability, and set theory to handle uncertainty, indeterminacy, and conflicting information.

Let A ={A, Ag,..., Ay} be the set of m alternatives, and C = {C},Cy, ..., C,} be the set
of n criteria. Each alternative A; is evaluated against each criterion C; using a single-valued

neutrosophic set (SVNS), represented as:
Sij = (Tij, Lij, Fij),
where:

o T;; is the degree of truth that A; satisfies C},
e [;; is the degree of indeterminacy about A; satisfying Cj,

e [}; is the degree of falsity that A; satisfies C}.

These components satisfy the condition:
0< T+ i+ Fy; <3, Vi,j.

Decision Matrix. The evaluations are organized into a decision matrix S:

S11 S22 ... Sin
So1 Soe ... So,

S = . . . )
Smi Sm2 ... S

where each entry S;; is a triple (Tij, I;;, Fw)
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Weight Vector. Each criterion Cj is assigned a weight w; € [0,1], representing its relative

importance. The weights satisfy the normalization condition:

n
ij =1.
7j=1

Steps for Neutrosophic Decision Making. The steps for neutrosophic decision making are as

follows:

1. Construct the decision matrix S using expert opinions or data, populating it with
neutrosophic evaluations Sj;.
2. Identify the Ideal Neutrosophic Positive Solution (INPS) and Ideal Neutrosophic Neg-
ative Solution (INNS):
— The INPS is given by:

StT=(T),17,FF), T = maXTU, I = mlan, Ff = min Fy;.
(2

— The INNS is given by:

S” (T ,IJ ,F ) Tf-mlnTw IJ —maXIU, FJ —m?xFij.

3. Compute the neutrosophic distance of each alternative A; from both INPS and INNS
using a distance metric such as Hamming or Euclidean distance.
4. Calculate the relative closeness of each alternative to INPS:
D
RC; = —/—"——,
D] + D,
where D;r and D; are the distances of A; from INPS and INNS, respectively.

5. Rank the alternatives based on their relative closeness RC;. The alternative with the

highest RC; is the most preferred.

Definition 3.23 (HyperNeutrosophic Decision Making (HNDM)). HyperNeutrosophic Deci-
sion Making (HNDM) is an extension of Neutrosophic Decision Making (NDM) that incor-
porates a set of evaluations for each criterion, allowing for multiple perspectives or uncertain
inputs to be represented simultaneously.

Let A = {A1,As,..., Ay} be the set of m alternatives, and C' = {C1,Cs,...,Cy,} be the

set of n criteria. For each pair (A4;,Cj), the evaluation is represented as a set of triples:

H;; = {(T}, If; Fk) | k€ Kij},

1] ) () Y
where:

o TZ’; € [0,1] is the degree of truth for the k-th evaluation,
. Ifj € [0,1] is the degree of indeterminacy for the k-th evaluation,
. lej € [0,1] is the degree of falsity for the k-th evaluation,
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and /C;; is the index set of available evaluations for (A;, C;). Each triple satisfies:
0<TE+ IS+ FE <3, VkeKy.

Steps for HNDM.

1. Construct the HyperNeutrosophic Decision Matrix H, where each entry H;; is a set of

evaluations.
2. Define the Ideal HyperNeutrosophic Positive Solution (IHNPS) and the Ideal Hyper-

Neutrosophic Negative Solution (IHNNS) for each criterion Cj:
R P
Hj = {m]?XTij,ménIij,mkmFij},
- .k k k
H; = {mklnﬂj,m]?xlij,m]?XFij}.

3. Compute the HyperNeutrosophic Distance for each alternative A; from THNPS and

THNNS.
4. Calculate the relative closeness to IHNPS for each alternative:
D~
RC; = X D
D + D;

5. Rank the alternatives based on RC;.

Example 3.24 (Scenario: Medical Diagnosis and Treatment Plan Selection). (cf. [167,401]
433])
Problem: A patient requires a treatment plan for cancer (cf. [446]), and multiple diagnostic
tests (cf. [114]) and expert opinions provide different perspectives on each option’s effectiveness.
Setup:
o Alternatives (A): Ay: Chemotherapy [116], Ao: Radiation Therapy [57], A3: Surgery
[265].
e Criteria (C): Cy: Effectiveness, Co: Side Effects, Cs: Cost.
e Fvaluations: For each alternative A; and criterion Cj, multiple evaluations are col-

lected:

H;j = {(TZ';, Iz-kj, FZ];) | k represents a test or expert opinion}.

Example: For C (Effectiveness of A;), the results from three sources (e.g., imaging,

biopsy [280], and expert review) could be:
Hip = {(0.8,0.1,0.1), (0.7,0.2,0.1), (0.85,0.1, 0.05) }.

Decision Process:
(1) Construct the HyperNeutrosophic Decision Matrix H with evaluations for each
(A3, Cj).
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(2) Define the Ideal HyperNeutrosophic Positive Solution (IHNPS) to maximize effective-

ness and minimize side effects and cost:

+ k : k : k
H = {ml?xﬂj,mklnlij,m]gnﬂj}.

(3) Compute distances of each alternative A; from IHNPS and Ideal HyperNeutrosophic
Negative Solution (IHNNS).
(4) Rank the alternatives based on relative closeness to IHNPS.

Outcome: The treatment plan with the best balance of effectiveness, minimal side effects,

and cost is chosen.

Definition 3.25 (n-SuperHyperNeutrosophic Decision
Making (n-SHNDM)). n-SuperHyperNeutrosophic Decision Making (n-SHNDM) is a hierar-
chical generalization of HyperNeutrosophic Decision Making (HNDM), where the evaluations
for each criterion are represented as nested sets of neutrosophic evaluations. This framework
introduces n-fold nested hyperstructures derived from Neutrosophic Probability Distributions
(NPDs), allowing for deeper levels of uncertainty, multi-layered inputs, and more complex
modeling of preferences and criteria under uncertainty.

Let A = {A1,A,...,An} be a set of alternatives and C' = {C4,Cq,...,Cy} be a set of

criteria. For each pair (A4;,C;), the evaluation is represented as:
HY =P"(0.1F),

where:

e n = 0 reduces to Neutrosophic Decision Making, i.e., a single (7', I, F)-triple.

e n = 1 corresponds to HyperNeutrosophic Decision Making, i.e., a set of (7,1, F)-
triples.

e n > 1 represents n-fold nested power sets of neutrosophic evaluations, capturing mul-

tiple layers of uncertainty and complexity.
Steps for n-SHNDM.

(1) Construct the n-SuperHyperNeutrosophic Decision Matrix H () where each entry H l(]n )
is an n-fold nested set of neutrosophic evaluations.

(2) Define the Ideal n-SuperHyperNeutrosophic Positive Solution (n-SHNPS) and the Ideal
n-SuperHyperNeutrosophic Negative Solution (n-SHNNS):

H]"' = max(Hi(;Z)), HJ_ = min(Hi(;l)),

using suitable aggregation operators that account for the nested neutrosophic structure.
(3) Compute the n-SuperHyperNeutrosophic Distance for each alternative A; from n-
SHNPS and n-SHNNS.
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(4) Calculate the relative closeness to n-SHNPS for each alternative:
D
D;" + D;

(5) Rank the alternatives based on RC;.

Theorem 3.26 (Relation of an n-SuperHyperNeutrosophic Set). n-SuperHyperNeutrosophic

Decision Making possesses the structure of an n-SuperHyperNeutrosophic Set.

Proof. This follows directly and is evident.

Theorem 3.27 (Reduction Property). Forn = 0, n-SHNDM reduces to standard Neutrosophic
Decision Making.

Proof. When n = 0, no power set operations are applied. Hence, each evaluation HZ-(jQ) is
simply a neutrosophic triple (7', I, F') directly representing the degree of truth, indeterminacy,
and falsity for the criterion C; applied to alternative A;. This coincides with the standard

Neutrosophic Decision Making model, proving the reduction property.

Theorem 3.28 (Strict Hierarchical Complexity). For every n > 1, the evaluations in n-
SHNDM are strictly more complex (hierarchically) than those in (n — 1)-SHNDM.

Proof. In (n — 1)-SHNDM, each evaluation Hi(f_l) is an (n — 1)-fold nested power set of

neutrosophic triples. To obtain n-SHNDM, we apply one additional power set operation:

7 =pHE"Y).

i 1J
The power set operation generates a strictly larger and more complex family of subsets. Thus,

n-SHNDM inherently introduces a higher level of complexity than (n — 1)-SHNDM.

Theorem 3.29 (Existence of Ideal Solutions). For any n-SHNDM problem, the
Ideal n-SuperHyperNeutrosophic — Positive Solution (n-SHNPS) and the Ideal n-
SuperHyperNeutrosophic Negative Solution (n-SHNNS) exist and are well-defined.

Proof. Each HZ(]" ) is a non-empty n-fold nested power set of neutrosophic triples. By the
properties of power sets, these structures are always non-empty. Applying the max and min
operations to these nested sets using appropriate neutrosophic aggregation operators yields
non-empty results. Therefore, Hj and H ; are always well-defined. Since this holds for all
criteria C}, the sets {H J+ } and {H; } form the n-SHNPS and n-SHNNS respectively, ensuring

their existence.
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Theorem 3.30 (Continuity under Parameter Perturbations). If the neutrosophic evaluations
(T,I,F) within the nested sets vary continuously with respect to parameter changes (e.g.,
weighting factors or external conditions), then the resulting rankings in n-SHNDM vary con-

tinuously as well.

Proof. The decision-making process in n-SHNDM involves:
H =P (0.1,

and subsequent aggregation steps (max, min, distance computations, and relative closeness)
are compositions of continuous operations over compact sets in [0, 1]3 . As continuous transfor-
mations of continuous parameterized inputs, the outputs (rankings) must also be continuous.
Small perturbations in the input values yield small changes in the evaluated sets and, conse-

quently, in the derived ranking, proving continuity. g

Theorem 3.31 (Monotonicity with Respect to Truth Degrees). Consider two alternatives A,
and Ay and a single criterion C;. If every neutrosophic triple in HI();L) has greater or equal truth
degrees T' than the corresponding triples in Hg) (with other factors equal), then A, cannot

rank lower than A,.

Proof. The decision-making framework ranks alternatives based on their relative closeness to
the n-SHNPS and n-SHNNS, which ultimately depends on the values of T', I, and F within the
nested sets. If HI(,?) uniformly dominates H é?) in truth (and all else is equal), the aggregated
evaluation for A, must be at least as favorable as that for A,, preserving or improving A,’s

relative closeness and thus ensuring A, does not rank below A,. g

Similarly, HyperFuzzy Decision Making, HyperPlithogenic Decision Making, SuperHyper-
Fuzzy Decision Making, and SuperHyperPlithogenic Decision Making can also be defined.

3.4. HyperNeutrosophic Language

This subsection examines the concept of HyperNeutrosophic Language. Various linguistic
frameworks, including Formal Languages [152,|190}/198,[315}/329] and Natural Languages |65,
98.1257], have been extensively explored in the literature. With advancements in fields such
as machine learning, these studies have garnered significant attention, particularly in areas
like Natural Language Processing (cf. [65,98,101},|168|,241},|257}|258|,|301},|421},|432}|438],|444]).
Technologies such as ChatGPT also incorporate these concepts in their applications ( 7,55,
133,/189,|212,1248]). Moreover, related ideas like HyperLanguage [69} 70,132} /135,|144] and
SuperHyperLanguage [135,/144] are well-documented and serve as foundational concepts for

further exploration.
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Related concepts, such as Fuzzy Language [108,109,[305], Neutrosophic Language [144], and
Plithogenic Language [144], have also been explored. In this context, we propose extend-
ing these frameworks to define HyperNeutrosophic Language and SuperHyperNeutrosophic

Language. Their definitions and related concepts are outlined below.

Definition 3.32 (Neutrosophic Language). [144] Let ¥ be a finite alphabet. A Neutrosophic

Language over ¥* is a function:
N :¥* = [0,1]3,
where for each word w € ¥*, N(w) = (T'(w), I(w), F(w)) with T'(w), I(w), F(w) € [0,1] and

0 <T(w)+I(w)+ F(w) <3.

Here:

e T'(w) represents the truth-membership degree of w.
e [(w) represents the indeterminacy-membership degree of w.

e F(w) represents the falsity-membership degree of w.

A Neutrosophic Language generalizes the notion of membership beyond the single member-
ship function of a fuzzy language by explicitly incorporating degrees of truth, indeterminacy,

and falsity.

Example 3.33 (Applications of Neutrosophic Language in Real Life). We present two prac-
tical examples of Neutrosophic Language.

1. Sentiment Analysis in Product Reviews: Consider a product review system [8},66)
where ¥ = {excellent, good, average, poor}. For each word w in the review, the Neutrosophic

Language N(w) assigns:
N (excellent) = (0.9,0.05,0.05), N(average) = (0.5,0.4,0.1).

Here, T'(w) indicates the degree of positive sentiment, I(w) represents uncertainty (e.g., mixed
opinions), and F'(w) reflects negative sentiment. By incorporating these components, the sys-
tem can perform nuanced analysis, considering both explicit sentiment and inherent ambigui-
ties.

2. Medical Diagnosis in Healthcare: In a healthcare diagnostic system [34§], let
Y, = {healthy,ill, uncertain}. For a patient record word w, the Neutrosophic Language N (w)

assigns:

N (healthy) = (0.85,0.1,0.05), N(ill) = (0.3,0.5,0.2).

Here, T'(w) quantifies the likelihood of being healthy, I(w) captures uncertainty in the diag-
nosis, and F'(w) indicates the likelihood of being ill. This provides a structured framework for

handling cases with incomplete or conflicting data.
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Definition 3.34 (HyperNeutrosophic Language). Let ¥ be a finite alphabet. A HyperNeu-

trosophic Language over ¥* is a function:
H: 3" — P([0,1]),
where for each word w € ¥*, H(w) C [0, 1]® represents a set of neutrosophic triples:
H(w) = {(Tk(w), I(w), Fr(w)) | k € Ku},

where:

o Ti(w), I(w), F(w) € [0,1] are the k-th truth, indeterminacy, and falsity membership
degrees, respectively.
e /C,, is the index set of evaluations associated with w.

e Each triple satisfies:
0< Tk(w) + Ik(w) + Fk(w) <3.

The HyperNeutrosophic Language generalizes the Neutrosophic Language by allowing mul-
tiple evaluations for each word, enabling the representation of uncertain or conflicting linguistic

data from different sources.

Example 3.35 (Applications of HyperNeutrosophic Language in Real Life). This section
presents two practical examples of HyperNeutrosophic Language.

1. Machine Translation with Multiple Evaluations: Consider a machine translation
system [435] evaluated by multiple experts. Let 3 = {hello, goodbye}. For each word w, the
HyperNeutrosophic Language H(w) assigns:

H (hello) = {(0.95,0.03,0.02), (0.90,0.05,0.05)}, H (goodbye) = {(0.85,0.1,0.05), (0.8,0.15,0.05)}.

Each triple corresponds to a different expert’s evaluation, capturing variability in the perceived
accuracy and reliability of translations.
2. Crowdsourced Content Moderation: In a content moderation system [406], let

Y = {safe, offensive}. For each word w, the HyperNeutrosophic Language H(w) assigns:
H(safe) = {(0.8,0.1,0.1), (0.85,0.05,0.1)}, H(offensive) = {(0.2,0.6,0.2), (0.3,0.5,0.2)}.

These evaluations reflect judgments from multiple moderators, allowing the system to incor-

porate diverse perspectives and handle ambiguous cases effectively.

Definition 3.36 (n-SuperHyperNeutrosophic Language). Let ¥ be a finite alphabet. An

n-SuperHyperNeutrosophic Language over ¥* is a function:

H™ 5 — Pr([0,1]%),
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where P"(]0,1]®) represents the n-th nested power set of [0,1]3. For each word w € ¥*, the

evaluation is recursively defined as:
0,1]3, ifn=0,
R L

PH" D (w)), ifn>1.

In this framework:

e n = (0 corresponds to the basic Neutrosophic Language.
e n =1 corresponds to the HyperNeutrosophic Language.
e n > 1 represents higher-order structures, where each level of nesting allows for increas-

ingly complex representations of uncertainty and multi-layered evaluations.

Theo-
rem 3.37 (Relation of an n-SuperHyperNeutrosophic Set). An n-SuperHyperNeutrosophic
Language inherently exhibits the structure of an n-SuperHyperNeutrosophic Set.

Proof. The statement follows directly and is self-evident.

Theorem 3.38 (Generalization Property). For any n > 0, an n-SuperHyperNeutrosophic
Language (n-SHNL) generalizes the concepts of Neutrosophic Language (NL) and HyperNeu-
trosophic Language (HNL). Specifically:
(1) For n =0, n-SHNL reduces to a Neutrosophic Language.
(2) For n =1, n-SHNL coincides with a HyperNeutrosophic Language.
(3) For n > 1, n-SHNL provides a hierarchical nesting of neutrosophic evaluations, ex-
tending beyond both NL and HNL.

Proof. By Definition we have:
H™ 3% — P[0, 1]%).
Case n = 0: If n = 0, by definition:
HO (w) = [0, 1%,

which means for each word w, we assign a single triple (T(w), I(w), F(w)) € [0,1]3. This
matches exactly the definition of a Neutrosophic Language (Definition , where each word
w maps to a single neutrosophic triple. Thus, 0-SHNL = NL.
Casen=1:If n=1:
HY (w) = P(HO (w)) = P((0,1]).

This means for each word w, we assign a set of triples, each triple being a point in [0, 1]3.
By Definition this is exactly the definition of a HyperNeutrosophic Language. Hence,
1-SHNL = HNL.
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Casen > 1: Forn > 1,
H™ (w) = P(H™ D (w)).

Since H(™ 1 (w) itself is formed by (n — 1)-fold nesting of power sets of [0, 1]%, taking another
power set increases the complexity and the hierarchy of the uncertainty representation. Thus,
for n > 1, H™ is a strict extension, allowing for n-layered uncertainty and complexity not
captured by NL or HNL.

Combining these results, we see that n-SHNL generalizes both NL (at n = 0) and HNL (at

n = 1), and provides greater complexity for n > 1. g

Theorem 3.39 (Reduction to Classical Languages). If for all words w € ¥* and for all
levels of mesting, the indeterminacy I and falsity F' components vanish (i.e., I(w) = 0 and
F(w) = 0 at the base level and consequently at all higher levels of nesting), then an n-

SuperHyperNeutrosophic Language reduces to a classical crisp language membership function.

Proof. Suppose for each w € ¥* and at all levels of n-nesting, we have:

Under these conditions, every neutrosophic triple simplifies to:
(T(w),0,0),

where T'(w) € [0, 1].
At n = 0 (the Neutrosophic Language level), N(w) = (T'(w),0,0) simply becomes a scalar
membership in [0,1]. If T'(w) is further restricted to be in {0,1}, then it becomes a classical

characteristic function defining a crisp language:
L=A{w|T(w)=1}.

For n = 1 (the HyperNeutrosophic level) or any n > 1, the nested sets of triples would
also collapse to sets of (T',0,0) values. Without indeterminacy or falsity, and assuming a crisp
threshold, the entire nested structure does not add complexity. Ultimately, it boils down to
a deterministic assignment, indistinguishable from a classical language membership if 7'(w) is
binary.

Thus, in the absence of indeterminacy and falsity, n-SHNL reduces to a classical language

with crisp membership, confirming the claim.

Theorem 3.40 (Monotonicity of Complexity). Let H (") be an n-SuperHyperNeutrosophic Lan-
guage. As n increases, the representational capacity and complezity of H™ is non-decreasing.

In particular, for all m > n, H™) can represent at least as complez a structure as H™.
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Proof. By definition:
H™ (w) € P"([0,1]%),
and
H™ (w) € P™([0,1]%).
Since P™([0, 1]3) represents an m-fold power set of [0, 1]2, and m > n, we have:
P([0,1]%) < P™ ([0, 1]%).

This inclusion follows from the construction: each level of power set strictly expands or main-
tains the set of representable structures. No operation reduces complexity; at worst, it pre-
serves it.

Thus, any neutrosophic evaluation representable at level n can be embedded into the rep-
resentation at level m > n. Consequently, the complexity and representational capacity is

non-decreasing as n grows, establishing monotonicity.

Theorem 3.41 (Continuity of Representation). If the base-level neutrosophic evaluations
(T(w), I(w), F(w)) vary continuously in [0,1]* for each word w, then the resulting n-
SuperHyperNeutrosophic Language H™ changes continuously with respect to these variations

at all nesting levels.

Proof. At n = 0, the mapping N(w) = (T(w),I(w), F(w)) is trivially continuous as each
component is a direct evaluation in [0, 1].

For n = 1, HV(w) = P(N(w)). The power set operator at this level represents sets of
neutrosophic triples. Small continuous changes in (T'(w), I(w), F'(w)) at the base level reflect
continuous changes in these sets (e.g., if sets are constructed by applying continuous selection
criteria or aggregation functions).

By induction, suppose continuity holds for H™ 1 (w). The construction of H (w) =
P(H(w)) involves set operations and possibly aggregation operators that are continuous
with respect to the underlying neutrosophic triples. Since composition of continuous operations
remains continuous, H (w) also varies continuously as (T'(w), I(w), F(w)) at the base level
change.

Hence, at every level of nesting, continuity is preserved. This proves that H(™ is a continuous

extension of the base-level neutrosophic evaluations.

Similarly, HyperFuzzy Language, HyperPlithogenic Language, SuperHyperFuzzy Language,
and SuperHyperPlithogenic Language can also be defined.
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Question 3.42. Can concepts such as SuperHyperPlithogenic HyperLanguage and Super-
HyperPlithogenic SuperHyperLanguage, along with their related frameworks, be formally de-
fined? What are their defining characteristics? Furthermore, is it possible to apply these

concepts to natural language processing?

Question 3.43. Related concepts such as natural language generation [2111238,316], natural
language understanding [36,/117,|303,/441], natural language inference [73,94,/102,[232], and
natural language interface [38.|194] have been extensively studied.

Is it possible to extend these ideas to define and explore concepts like Natural HyperLan-
guage, Natural SuperHyperLanguage, Natural HyperPlithogenic Language, and Natural Su-
perHyperPlithogenic Language? Could these extensions have practical applications in certain
fields?

3.5. HyperNeutrosophic Topological Space

A Topological Space is a set of points with a topology, defining open sets to study continuity,
convergence, and neighborhood relationships [30,58,,89.97,204}226]. Extended concepts such
as Fuzzy Topological Space [91,/105,(160}434], Neutrosophic Topological Space [31}/229], and
Plithogenic Topological Space [9] are well-known. This paper further extends these to define
HyperNeutrosophic Topological Space and SuperHyperNeutrosophic Topological Space.

Definition 3.44 (Neutrosophic Topological Space). Let X be a non-empty set. A Neutro-
sophic Topology (NT) on X is a family 7 of neutrosophic subsets of X satisfying the following

axioms:
(1) No, Ny € 7, where:
No ={(2,0,0,0) |z € X}, Ny ={(z,1,1,1) |z € X}.
(2) The intersection of any two neutrosophic open sets is also neutrosophic open:
G1,GoeT — GiNGyerT.
(3) The union of any collection of neutrosophic open sets is neutrosophic open:

{Gi’iEJ,GiGT} - UGZ'ET.
i€J
In this case, the pair (X, 7) is called a Neutrosophic Topological Space (NTS), and any set
in 7 is referred to as a neutrosophic open set (NOS)(cf. [205],312,1336]).

Definition 3.45 (HyperNeutrosophic Topological Space). Let X be a non-empty set. A
HyperNeutrosophic Topology (HNT) on X is a family 7 of hyperneutrosophic subsets of X

satisfying the following axioms:
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(1) No, N1 € 7y, where:
No={(=,{(0,0,0)}) |z € X}, N1 ={(2,{(1,1,1)}) |z € X}.

(2) The intersection of any two hyperneutrosophic open sets is also hyperneutrosophic
open:

G1,Go ety = G1NGy € TH.

(3) The union of any collection of hyperneutrosophic open sets is hyperneutrosophic open:
{G”iEJ,GiGTH} — UGiGTH-
ieJ

Each hyperneutrosophic set is defined as:
H(x) = {(Tp(z), Iy (x), Fi(x)) | k € Ku},

where:
o Ti(x), Iy(x), Fp(z) € [0,1] are the k-th truth, indeterminacy, and falsity degrees, re-
spectively.
e /C, is the index set of evaluations for x.

e Each triple satisfies:
0< Tk(x) + Ik(x) + Fk(x) <3.

In this case, the pair (X, 1) is called a HyperNeutrosophic Topological Space (H-NTS), and

any set in 7y is referred to as a hyperneutrosophic open set.

Definition 3.46 (n-SuperHyperNeutrosophic Topological Space). Let X be a non-empty
set. An n-SuperHyperNeutrosophic Topology (n-S-HNT) on X is a family Tgl) of m-nested

hyperneutrosophic subsets of X satisfying the following axioms:

(1) No,Ni € 7}, where:
No = {(z,P"({(0,0,0)})) |z € X}, N1 ={(z,P"({(1,1,1)})) |z € X}.

(2) The intersection of any two n-superhyperneutrosophic open sets is also n-

superhyperneutrosophic open:

Gl,GQETl(L;l) — GlmGQGTI(;;L).

(3) The wunion of any collection of n-superhyperneutrosophic open sets is n-

superhyperneutrosophic open:

{G”iéJ,Gl'ETI(;L)} = UGzET[(;)
ieJ
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Each n-superhyperneutrosophic set is recursively defined as:
0,1]3, ifn=0,
o - {01

PH™V(z)), ifn>1.
In this case, the pair (X, T]({n)) is called an n-SuperHyperNeutrosophic Topological Space

(n-S-HNTS), and any set in T}_}L ) is referred to as an n-superhyperneutrosophic open set.

Theorem 3.47 (Relation of an n-SuperHyperNeutrosophic Set). n-SuperHyperNeutrosophic

Topological Space possesses the structure of an n-SuperHyperNeutrosophic Set.

Proof. This follows directly and is evident.

Theorem 3.48 (Reduction to Neutrosophic Topological Spaces). If n = 0, then an n-
SuperHyperNeutrosophic Topological Space (n-S-HNTS) reduces to a standard Neutrosophic
Topological Space (NTS).

Proof. For n = 0, we have:
HO(2) = [0,1]%,
representing a single neutrosophic triple (7'(z), I(x), F(z)) with 0 < T'(x) + I(x) + F(z) < 3.
(0)

No power set nesting is involved at this level, so the topology 7;;” consists solely of neutrosophic

(

subsets of X satisfying the usual neutrosophic topological axioms. Thus, (X, T; )) is precisely

an NTS.

Theorem 3.49 (Increasing Hierarchical Complexity). For every n > 1, an n-S-HNTS pos-
sesses strictly greater structural complezity than an (n — 1)-S-HNTS.

Proof. By construction, moving from level (n — 1) to n applies the power set operation P:
H™ (x) = P(H"D(x)).

The power set of a non-empty set is always strictly larger, introducing exponentially more
subsets. Consequently, each step in this hierarchy adds a new layer of complexity, creating an
increasingly intricate family of open sets. Hence, n-S-HNTS is more complex than (n — 1)-S-

HNTS in terms of the richness and combinatorial depth of its topological structure.

Theorem 3.50 (Inductive Construction of n-S-HNTS). Suppose (X, 7'1(}171)) is an (n —1)-
SuperHyperNeutrosophic Topological Space. Define

Y ={P@) |G ery V).

Then (X, Tgl )) is an n-SuperHyperNeutrosophic Topological Space.
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Proof. We use induction on n:
Base case (n = 0): An 0-S-HNTS is just an NTS, which satisfies the neutrosophic topological
axioms by definition.
Inductive step: Assume (X, TI(_?_l)) is an (n — 1)-S-HNTS. In particular:
(1) No, Ny e 7Y,
(2) Finite intersections and arbitrary unions of sets in 7_1(;1—1) lie in 7'1(;_1).
Define 7" = {P(G") | G’ € 77V},
- Since Ny, N7 € TI({n_l), we have P(Ny), P(N1) € T](L?). - For G, G} € T](qn_l), their inter-

section G} N GY lies in Tgl_l). Thus:

P(GY) NP(Gh) = PG N Gh) € i,

- For any collection {G}};c; C 7'1(;_1)2

UGier;™ = (JP@GH="P (U GQ) ey,
ieJ ieJ i€J
These verifications show that T[(;L ) inherits the topological axioms from TI(;L -, Therefore,

(X, TI({n)) is indeed an n-S-HNTS.

Definition 3.51 (Homomorphism). (cf. [126,328]) A homomorphism is a structure-preserving
map between two algebraic structures of the same type. For example, a function f: A — B

is a homomorphism between two groups (A, ) and (B, *) if for all z,y € A:
fl@-y) = f(@) = f(y).

Theorem 3.52 (Reduction Homomorphism). There ezists a natural reduction mapping py, :
TJ(L?) — T}}l_l) that, given ann-S-HNTS, recovers the (n—1)-S-HNTS structure without violating

the topological axioms.

Proof. Define p, to map each G € T(n), where G = P(G') for some G’ € 7'1(;_1), to the

corresponding G’. This mapping is well-defined because every set at level n arises from taking
a power set of a set at level (n — 1).

For any two sets G1,G4 € TI(_;L):

pn(Gl N GZ) = pn(P(Gll) n ,P(GI2)) = pn(P(Gll N Gl2)) = Gll N GIQ = pn(Gl) N pn<G2)'

For any collection {G;}ics C TI(;L):

Pn <U Gz) = pn (7’ (U GQ)) =JGi=Ur(G).

ieJ e e icJ
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Thus, p, respects both finite intersections and arbitrary unions, preserving the topological
structure. This shows that p, acts as a natural homomorphism, reducing an n-S-HNTS back

to (n — 1)-S-HNTS while maintaining all topological properties.

Theorem 3.53 (Boundedness of the Hierarchy). At each level n, the sets remain within
P([0,1]®), ensuring that the hierarchy of n-S-HNTS is bounded within the neutrosophic cube

structure.

Proof. Since each n-S-HNTS is constructed by repeatedly applying the power set operation
to subsets of [0,1]%, no element outside [0,1]® ever appears. The neutrosophic triples, and
their nested power sets, all lie within a bounded domain. Hence, at any level n, the sets
remain subsets of P"([0,1]?), ensuring that the entire hierarchy is contained within a finite,

well-defined structure.

Theorem 3.54 (Continuity under Nesting). If the neutrosophic values (T, 1, F') vary continu-
ously within [0,1]3, then the induced topologies at all levels n change continuously with respect

to these values.

Proof. The construction of TI(}l ) from Tgl U relies on the power set operation, which is purely

set-theoretic and does not introduce discontinuities. Since the underlying neutrosophic triples
are themselves defined within the continuous interval [0, 1]3, small perturbations in T, I, or
F values affect the membership of sets in a continuous manner. Consequently, the resulting
topologies at each level n vary continuously under small changes in the underlying neutrosophic

values.

Similarly, HyperFuzzy Topological Space, HyperPlithogenic Topological Space, SuperHy-
perFuzzy Topological Space, and SuperHyperPlithogenic Topological Space can also be de-
fined.

3.6. HyperNeutrosophic K-means Clustering

K-means Clustering is an unsupervised machine learning algorithm that partitions data into
k clusters by minimizing intra-cluster variance [191}203/209,222,[342|. Extended concepts such
as Fuzzy K-means Clustering [162,(235,240,242,/404,/436] and Neutrosophic K-means Clustering
[302,319] are well-known. This paper further extends these ideas to HyperNeutrosophic K-

means Clustering. The definition is provided below.
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Definition 3.55 (Neutrosophic K-means Clustering). [302,319] Let X = {x1,z9,...,2,} be
a dataset, where each x; € R?. The goal of the Neutrosophic K-means algorithm is to partition

X into k clusters C7,Co, ...,y by minimizing the objective function:
k
JPV)=Y" 3" pey (@)™ |z — v,
j=1z;€Cy
where:

® Lc; (x;) is the neutrosophic membership of z; in cluster C}, given as:

NC’( ) (TZJ’IU’F)

with T;;, I;;, Fy; € [0, 1] satisfying 0 < T3 + I;; + F3; < 3.
o V ={v1,v9,...,v;} are the centroids of the clusters.

e m > 1 is a weighting exponent.

The algorithm iterates as follows:

1. Update the membership degrees:

i — ;]| =%/ (m=D
et (Zle |z; — vy]|=2/(m=1)

2. Update the cluster centroids:

S ccs e, (r)"
Z$i60j MCJ (xl)m

vj =
3. Repeat until convergence of J(P, V).

Definition 3.56 (HyperNeutrosophic K-means Clustering). The HyperNeutrosophic K-means
extends the Neutrosophic K-means by allowing multiple neutrosophic membership evaluations

for each data point. For each x; € X, the membership function is:

poy () = {(Th, 15, Ff) | k € Ky},

130 tago

where /C;; is the index set of evaluations. Each (TZ’;, IZIE, Fk) satisfies:

k k k
0<T5+I; + F;; <3.
The objective function becomes:
k
k 2
-y S uk )™ |l — oyl
j=1xz;€C; \keKy;

The steps for updating ¢, (z;) and v; follow similar iterative updates as in the Neutrosophic

K-means, applied over all evaluations k.
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Definition 3.57 (n-SuperHyperNeutrosophic K-means Clustering).  The
n-SuperHyperNeutrosophic K-means generalizes HyperNeutrosophic K-means by recursively

nesting the membership evaluations. For each x; € X, the membership function is:

i (i) =P ([0,1]%),

where P"([0, 1]3) denotes the n-th power set of the neutrosophic unit cube. For n = 0, ug)j) (x;)
reduces to a single neutrosophic triple. For n =1, ,ugj) (x;) corresponds to a set of triples as in
HyperNeutrosophic K-means.

The objective function is recursively defined as:

k
JM(P,V) Z Z Z Sm”ZL‘i—UjHQ

j=1 i€y S€#g;) (1)

The updates for ,ug;) (x;) and v; are similarly extended iteratively to handle the nested

structure of the membership function.

Theorem 3.58 (Relation of an n-SuperHyperNeutrosophic Set). n-SuperHyperNeutrosophic

K-means Clustering possesses the structure of an n-SuperHyperNeutrosophic Set.

Proof. This follows directly and is evident.

Theorem 3.59 (Reduction to Neutrosophic K-means Clustering). If n = 0, then n-
SuperHyperNeutrosophic K-means clustering coincides with standard Neutrosophic K-means

clustering.

Proof. For n = 0, the membership function reduces to:

n& (i) = 0,1,

which corresponds to a single neutrosophic triple (73, I;;, Fj;). Under these conditions, the

objective function
k
2
=D > ne (@)™l — vl
7=1 $1'EC]'
matches the standard Neutrosophic K-means objective. Consequently, centroid and mem-
bership updates follow the original Neutrosophic K-means algorithm.  Thus, the 0-
SuperHyperNeutrosophic K-means framework exactly replicates the standard Neutrosophic

K-means approach.

Takaaki Fujita and Florentin Smarandache, Exploring Concepts of HyperFuzzy,
HyperNeutrosophic, and HyperPlithogenic Sets



46

Theorem 3.60 (Hierarchical Complexity). For every n > 1, the n-SuperHyperNeutrosophic
K-means framework is strictly more complex in membership representation than the (n — 1)-

SuperHyperNeutrosophic K-means framework.

Proof. The membership function at level n is defined by:

where P denotes the power set. Applying the power set operation increases the number of
subsets, thereby expanding the complexity of the membership structure. Since the power set

(

of a non-empty set is strictly larger than the original set, the complexity of ucnj ) (z;) strictly
surpasses that of M(gj 71)(1:1-). This exponential growth in complexity propagates throughout

the clustering process, making each successive level n more involved than the previous one.

Theorem 3.61 (Continuity of the Objective Function). For any n > 0, the objective function
J (”)(P, V) in n-SuperHyperNeutrosophic K-means clustering is continuous with respect to

membership values and centroids.

Proof. The objective function at level n is:

k
2
YRCATES DI DN DD
J=1i€C5 \ seul™ (z;)
J
Each term S™||z; — v;]|? involves elementary continuous operations (exponentiation, multipli-
cation, and distance calculation). The membership values S and the centroids v; enter these
operations in a continuous manner. Since summations and power set aggregations preserve

continuity, the entire objective function remains continuous.

Theorem 3.62 (Convergence to a Local Minimum). The n-SuperHyperNeutrosophic K-means

algorithm converges to a local minimum of the objective function J(”)(P7 V).

Proof. The algorithm updates membership values and centroids iteratively. Each update is
designed to reduce the objective function or keep it constant, ensuring that the sequence of
objective values is monotonically non-increasing and bounded below by zero. By the monotone
convergence property, the algorithm must converge to a point where no further reduction is

possible, i.e., a local minimum of J™ (P, V). 0

Theorem 3.63 (Partitioning Stability). For any fized n > 0, the partitions obtained by n-
SuperHyperNeutrosophic K-means clustering are stable under small perturbations of the input

data.
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Proof. Small changes in the input data z; produce correspondingly small changes in ||z; —v;|].
Since membership values depend continuously on these distances and are bounded, slight
input variations lead to marginal adjustments in membership values and centroids. Thus,
the cluster memberships and resulting partitions remain close to their original configuration,

ensuring stability and robustness against minor data perturbations.

Theorem 3.64 (Scalability of Complexity). As n increases, the complexity of the n-
SuperHyperNeutrosophic K-means algorithm grows exponentially with respect to the size of

the membership sets.

Proof. At level n, the membership structure involves P"([0,1]3), representing n-fold nested
power sets. Each nesting layer multiplies the number of subsets, leading to an exponential
increase in the cardinality of the membership representation. Consequently, computations
involving membership aggregation, centroid updates, and objective function evaluations scale

exponentially, reflecting a rapid growth in complexity as n increases.

Theorem 3.65 (Generalization to Other Metrics). The properties established for n-
SuperHyperNeutrosophic K-means remain valid if the Euclidean norm ||z; — vj|| is replaced

by any continuous distance metric.

Proof. All continuity, convergence, and stability arguments rely on the continuity and bound-
edness of the operations involved. Replacing the Euclidean norm with any other continu-
ous distance metric preserves these properties. Since the definitions of membership updates,
objective function computations, and centroid calculations depend only on continuity and

boundedness, all theoretical guarantees extend naturally to other continuous metrics.

Similarly, HyperFuzzy K-means, HyperPlithogenic K-means, SuperHyperFuzzy K-means,
and SuperHyperPlithogenic K-means can also be defined. Additionally, extensions to related

concepts such as C-means [6}10,/183] can also be considered.

3.7. Neutrosophic TOPSIS

TOPSIS is a multi-criteria decision-making method selecting the best alternative by proxim-
ity to ideal and anti-ideal solutions [92}/127,[281]. As extensions of TOPSIS, methods like Fuzzy
TOPSIS [181}/184}186,[274},282,|1337],405,462] and Plithogenic TOPSIS [5,)260] are well-known.
Here, we introduce Neutrosophic TOPSIS [4}[28]|218,231}244},272,273,[297]. Its definitions and

related concepts are outlined below.
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Definition 3.66 (Neutrosophic TOPSIS). (cf. [244,272,273.1297]) Neutrosophic TOPSIS is a
multi-criteria decision-making method utilizing neutrosophic triples (T, I, F') for each criterion.
Let A = {A4,..., A} be alternatives and C' = {C,...,Cy} be criteria. The steps are as

follows:

(1) Construct the decision matrix D;; = (T35, I;;, Fi;), where T, I, F € [0, 1] and T+I+F <
3.
(2) Normalize and weight the matrix. Normalize D;; to obtain Njj, then calculate the

weighted normalized matrix as:
Wij = wj - Nij,

where w; is the weight of the j-th criterion.
(3) Define the Neutrosophic Positive Ideal Solution (NPIS) and Neutrosophic Negative
Ideal Solution (NNIS):

NPIS=(T",I",F~), NNIS=(T",I",F"),
where:
T+ = m?XWij(T)a I~ = miinWij(I)7 F~ = ml.inWij(F)’
T = %jnWij(T), It = Hl?XWZ‘j(I), FT = mZaxWij(F).

(4) Calculate the separation measures from NPIS and NNIS:

S =D (T =TT+ (Iij = I7)2 + (Fy; — F)?),
7j=1

4
I
NE

(T = T7)2 + (Iy — IT)* + (Fiy — F1)?).
1

<.
I

(5) Compute the relative closeness of each alternative to the NPIS:
S
St +87
(6) Rank the alternatives based on the values of C;, with higher C; indicating better

P =

alternatives.

Definition 3.67 (HyperNeutrosophic TOPSIS). Let A = {44, Ao, ..., A, } represent m alter-
natives and C' = {C1,Cs,...,Cy} represent n criteria. In HyperNeutrosophic TOPSIS, each

element of the decision matrix D is represented as a set of neutrosophic triples:

Dij = {(TE, If5, Ff) | k € Kij},

ij0 tago

where:
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° TZ’;, IZkJ,Fk [0,1] are the k-th truth, indeterminacy, and falsity membership degrees
for A; under criterion Cj,
e K;; is the index set of evaluations for D;;,
e Each triple satisfies:
0<Tf+ 1L+ F<3.
The HyperNeutrosophic TOPSIS algorithm consists of the following steps:

(1) Construct the Decision Matrix. The decision matrix D consists of sets of neutrosophic
triples for each criterion and alternative.
(2) Aggregate Membership Degrees. Aggregate the membership degrees over k € K;; using

an appropriate aggregation operator @:
E@'j — (Tz]aIl]aF )

where:

Tij = ®rex,, Ty Lij = Orex, I, Fij = ®rex,; FL

ij 1y R ijt 1"
(3) Normalize the Decision Matrix. Normalize D;; using:

Nij:< Ty Ly Fy >

max; ,Tij max; Iij max; -Fz'j

(4) Weight the Normalized Decision Matrix. Apply weights w; to obtain:
Wij = wj . Nij-

(5) Determine the Ideal Solutions. Compute the HyperNeutrosophic Positive Ideal Solu-
tion (HPIS) and HyperNeutrosophic Negative Ideal Solution (HNIS):

HPIS = (T*,I",F~), HNIS= (T ,I",F%),
where:
Tt = m?xWij(T), I = miinWij(I)v = I'IliinWij(F),
T~ =minWi(T), I"=maxW(I), F*=maxW;(F).

(6) Calculate Separation Measures. Compute the separation from HPIS and HNIS:

S = En: (T = T2+ (Lyj — I7)? + (Fiy — F7)?),
j=1

Si = \ Zn: (T = T7)2 4 (Iij — I*)2 + (Fyy — F1)2).
j=1

(7) Compute Relative Closeness. Calculate the relative closeness of each alternative to

HPIS:
S
St +87
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(8) Rank Alternatives. Rank alternatives based on Cj;.

Definition 3.68 (n-SuperHyperNeutrosophic TOPSIS). Let A = {4, Ag,..., A} and C =
{C4,C4,...,Cp}. In n-SuperHyperNeutrosophic TOPSIS, each element of the decision matrix
D is recursively defined as:
(n) _ 3
D;;” =P"([0,1]%),
where P"([0, 1]3) represents the n-th power set of the neutrosophic unit cube.

The procedure extends HyperNeutrosophic TOPSIS with the following modifications:

(1) Recursive Aggregation. Aggregate the nested membership degrees recursively:
) (n)
D;;" = Aggregate(Dij ),

where the aggregation operator accounts for all nested layers.
(2) Normalize and Weight. Normalize and weight 51(-?) as in HyperNeutrosophic TOPSIS.
(3) Ideal Solutions. Define n-SuperHyperNeutrosophic Positive Ideal Solution (n-SHPIS)
and Negative Ideal Solution (n-SHNIS) recursively.

(4) Separation Measures. Extend the separation measures to nested structures:

SH0 = D7 (@ = T + Ly = 1) + (Fy = F)?),
j=1

5 — \ zn: (Tyj — T)2+ (L; — IT)2 + (Fy — F1)2).
j=1

(5) Relative Closeness. Compute the relative closeness for nested structures:

o _ ST "

(6) Rank Alternatives. Rank based on Ci(n).

Theorem 3.69 (Relation of an n-SuperHyperNeutrosophic Set). n-SuperHyperNeutrosophic
TOPSIS possesses the structure of an n-SuperHyperNeutrosophic Set.

Proof. This follows directly and is evident.

Theorem 3.70 (Reduction to Neutrosophic TOPSIS). If n = 0, then n-
SuperHyperNeutrosophic TOPSIS reduces to standard Neutrosophic TOPSIS.

Proof. When n = 0, each element Dl(-jq) of the decision matrix is simply a neutrosophic
triple (T3, 1i;, Fij) without any additional nesting. In this case, all steps of the method—
normalization, weighting, computation of NPIS/NNIS, separation measures, relative close-

ness, and ranking—are identical to those of the standard Neutrosophic TOPSIS procedure.
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Thus, the 0-SuperHyperNeutrosophic TOPSIS framework coincides exactly with Neutrosophic
TOPSIS.

Theorem 3.71 (Hierarchical Complexity). For every n > 1, the n-SuperHyperNeutrosophic
TOPSIS framework is strictly more complex in terms of aggregation and computation than the
(n — 1)-SuperHyperNeutrosophic TOPSIS framework.

(n)

Proof. The n-SuperHyperNeutrosophic decision matrix D, J is defined recursively by:

D" =p(D"Y)

where P denotes the power set operation. Each application of P produces an exponentially
larger set of subsets, thereby increasing both the complexity of the membership structures and
the effort required to aggregate them. Hence, as n increases, the amount of computational
work grows significantly, making n-SuperHyperNeutrosophic TOPSIS strictly more complex

than its (n — 1)-level counterpart.

Theorem 3.72 (Continuity of Relative Closeness). The relative closeness C’Z-(n) mn n-
SuperHyperNeutrosophic TOPSIS is a continuous function of the membership values and the

criterion weights.

Proof. The relative closeness for the n-level framework is given by:

i +,(n) —,(n)’
S+ S
where
CAR (T = T2+ (I — I7)2 + (Fyy — F)?),
j=1
and
570 = S (@ T 4 (1 12 4 (B — ).
j=1

Each component (T;,I;;, Fj;) is drawn from a continuous domain [0,1]%. Arithmetic op-

erations, squaring, and taking square roots are all continuous mappings. Therefore, Sj ()

and S; () depend continuously on the membership values and weights. As a ratio of two

)

continuous, strictly positive expressions, C’i( itself is continuous.

Theorem 3.73 (Convergence). The n-SuperHyperNeutrosophic TOPSIS method converges to

a stable ranking of alternatives as the iterative process reaches a steady state.
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Proof. The iterative steps of the algorithm involve standardizable processes: normalization,
weighting, and aggregation of nested memberships. Since each neutrosophic value (T, I, F') is
bounded within [0, 1], these transformations remain stable and well-defined. As iteration con-
tinues, successive recalculations of separation measures and relative closeness values approach
fixed points, leading the algorithm to stabilize. Consequently, the final ranking of alternatives

will not oscillate indefinitely but will converge to a stable ordering.

Theorem 3.74 (Consistency of Ideal Solutions). The n-SuperHyperNeutrosophic Positive

Ideal Solution (n-SHPIS) and Negative Ideal Solution (n-SHNIS) consistently reflect the ex-

(n)
1)

treme preferences defined by the weighted, normalized decision matriz D
Proof. The n-SHPIS and n-SHNIS (TF, 1=, F~) and (T~,I", F") are determined by extrem-
izing the criterion values in the weighted normalized space. Because these extremizing oper-
ations directly use the aggregated values at the n-th level, they yield consistent definitions
of ”best” and ”worst” scenarios with respect to truth, indeterminacy, and falsity dimensions.
Thus, the ideal solutions accurately represent the extremal preference structure within the n-

SuperHyperNeutrosophic framework, ensuring coherent and meaningful comparisons between

alternatives.

Similarly, HyperFuzzy TOPSIS, HyperPlithogenic TOPSIS, SuperHyperFuzzy TOPSIS,
and SuperHyperPlithogenic TOPSIS can also be defined.

3.8. Neutrosophic Evolution

Darwin’s Evolution explains the process of adaptation and evolution driven by natural
selection [59}/125}/176,/177,320,/430]. In contrast, Neutrosophic Evolution provides a multidi-
mensional framework that incorporates truth, falsity, and indeterminacy to model adaptation
and change [99,286,287,372,,376]. This concept can also be interpreted using HyperNeutro-
sophic Sets or n-SuperHyperNeutrosophic Sets. The following sections outline their definitions

and related formulations.

Definition 3.75 (Neutrosophic Evolution). [376] Neutrosophic Evolution describes the adap-
tation of a being B (e.g., plant, animal, human, or system) in a given environment 7 over a

specific timespan At. It considers three components for every part P of B:
E(P),I(P), and N(P),

representing degrees of evolution, involution, and neutrality (indeterminacy), respectively.
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Mathematical Representation. For a being B with parts Pi, Ps, ..., Py, the state of each part
P; is defined as a Neutrosophic Triple:
S(P) = (E(P), I(P), N(P),
where:
e E(P;) € [0,1]: Degree of evolution of part P,
e [(P;) €[0,1]: Degree of involution (degeneration) of part P,
o N(P;) € [0,1]: Degree of neutrality (indeterminate change) of part P;,

and the following constraint holds:
0<EP)+I(P)+N(F) <3.
Total Neutrosophic State of a Being. The overall state of B at time ¢ is represented as:
S(B.1) = (E(B,),1(B,1), N(B,1)),

where:

BB - 1Y B(R), 1B -1 1) NBo -1 M.
' i=1 i=1

Dynamic Behavior. The evolution of B over time ¢ is defined by the derivatives:
OE(B,t) 0I(B,t) ON(B,t)
o o’ ot

These represent the rates of change of evolution, involution, and neutrality, respectively. The

dynamic system governing S(B,t) is expressed as:

8‘ng7t) = fl(E7ijan7At)7
8]—(832775) = fQ(EvlvNan?At)a
VB _ fy(,1,3.m. 50),

where f1, fo, f3 are functions modeling the influence of environmental factors n and time At.

Applications. This framework can be applied to:

(1) Biological adaptation (e.g., species evolution and regression).
(2) Societal systems (e.g., cultural growth and decline).

(3) Artificial systems (e.g., machine learning model optimization and decay).

Example 3.76 (Neutrosophic Evolution in Real Life). Consider the evolution of a city’s traffic
system B in response to the introduction of electric vehicles (EVs [129,250]) in an environment
n with fluctuating adoption rates and policies over a period At. Each component P; of the

traffic system (e.g., road infrastructure, charging stations, traffic laws) is characterized by:
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where:

e F(FP;): The degree to which the component evolves (e.g., expansion of charging sta-
tions).

e [(P;): The degree of indeterminacy (e.g., uncertainty in policy implementation).

e N(P;): The degree of neutrality (e.g., components unaffected by EV adoption, like

pedestrian crossings [233]).

For instance:

S(Charging Stations) = (0.9,0.1,0.0), S(Road Markings) = (0.4,0.3,0.3), S(Traffic Laws) = (0.7,0.2,0.1).

The total Neutrosophic state of the traffic system is:
S(B,t) = (E(B,t),[(B,t),N(B,t)),
where:
B(B,1) = %(0.9 +04+0.7) = 0.67, I(B,t)= %(0.1 +03+02) =02, N(B,t)=0.13.

This analysis helps city planners understand the degree of adaptation, uncertainty, and neutral

impacts in the system.

Neutrosophic Evolution can be applied to a wide range of concepts. Several examples are

provided below.

Example 3.77 (Examples of Neutrosophic Evolution). The concept of Neutrosophic Evolu-

tion can be intuitively understood through the following real-world examples:

(1) Biological Evolution in Urban Birds (cf. [349]): In cities, bird species such as pigeons
exhibit behavioral and physical adaptations (evolution) to urban environments, like
foraging near human activity or navigating buildings. However, some traditional be-
haviors (e.g., nesting in natural habitats) might diminish (involution), while certain
traits, such as tolerance to human presence, remain neutral (indeterminate).

(2) Cultural Dynamics in a Society: A society’s language (cf. [163]) evolves by incorporat-
ing new slang or technical terms (evolution), while older, less-used words or traditions
fade (involution). Neutral words or practices that are neither widely adopted nor
completely abandoned, like regional dialects, remain in an indeterminate state.

(3) Adaptation of Machine Learning Models: A machine learning model trained for spam
detection updates its parameters when new patterns of spam emails emerge [182] (evo-
lution). Outdated features lose their relevance and are discarded (involution). Features
that are rarely triggered by current data may stay in a neutral state until more evidence

supports their inclusion or exclusion (indeterminate).
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(4) Ecosystem Response to Climate Change: Coral reefs adapt to rising temperatures by
developing heat-tolerant algae (evolution). Some species, unable to cope, face popula-
tion decline or extinction (involution). Other species might exhibit no clear trend of
adaptation or decline due to insufficient data or complexity of interactions (indetermi-
nacy).

(5) Technological Development in Renewable Energy: Solar panel technology [417] improves
with higher efficiency rates and cost reductions (evolution). Outdated manufacturing
methods become obsolete (involution). Experimental methods, such as new types
of photovoltaic cells, remain under investigation, representing an indeterminate state

until proven effective or ineffective.

Definition 3.78 (HyperNeutrosophic Evolution). HyperNeutrosophic Evolution extends Neu-
trosophic Evolution by incorporating multiple evaluations for each component (evolution, in-

volution, and neutrality) of a being B. For each part P of B, the state is represented as:
H(P) = {(Ey(P), Ix(P), Ni(P)) | k € Kp},

where:

e Ei(P),I(P),Ni(P) € [0,1] are the k-th evaluations of evolution, involution, and
neutrality for P,
e [Cp is the index set of evaluations for P,

e Each triple satisfies:
0 < Ex(P) + Iy(P) + Ni(P) < 3.
Total HyperNeutrosophic State of a Being. The overall state of B at time ¢ is given by:
H(B,t) = (Hp(B,1), Hi(B.1), Hy(B.1) ).

where:
1< _1g
Hp(B,t) = — 3 { Bhekp, Ek(Pi)}, Hi(B,t) = ~ z; { Drercp, k(b )}
1= (2

Hv(B.6) = 237 { ey, NP}
=1

Here, & is an aggregation operator over multiple evaluations.
Dynamic Behavior. The rates of change are defined as:
8HE(B,t) 8H[(B,t) 6HN(B,t)
o’ o’ ot
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These are governed by:

OHp(B,t
Eé(t) :fl(HEaHlvHN’T/’At)’
OH[(B,t
Ia(t) = fo(Hp, Hy, Hy,n, At),
aHNa(tBﬁ = f3(Hg, Hr, Hn,n, At).

Example 3.79 (HyperNeutrosophic Evolution in Real Life). Consider the adaptation of an
international healthcare system B during a global pandemic (cf. [266,455]). Each component P,
of the system (e.g., hospital infrastructure, vaccination programs [77], public health campaigns

[431]) is evaluated across multiple regions or agencies k € Kp,, leading to:
H(P) = {(Bx(Py), In(P;), Ne(P)) | k € Kp, }.
For example:
H (Hospitals) = {(0.8,0.1,0.1), (0.7,0.2,0.1)}, H(Vaccination Program) = {(0.9,0.05,0.05), (0.85,0.1,0.05) }.
The total HyperNeutrosophic state of the healthcare system is:
H(B,t) = (Hp(B, 1), Hi(B,t), Hy(B,1) ),

where:

Hp(B,t) = %{(0.8 ®0.7),(0.9®0.85)} = {0.75,0.875},

and similarly for H;(B,t) and Hy(B,t). Here, @ represents an aggregation operator, such as
averaging or maximum selection.

This analysis allows stakeholders to understand how different components of the healthcare
system adapt under varying regional constraints, uncertainties, and neutral factors, providing

a comprehensive framework for policy-making and resource allocation.

Definition 3.80 (n-SuperHyperNeutrosophic Evolution). n-SuperHyperNeutrosophic Evolu-
tion is a hierarchical generalization of HyperNeutrosophic Evolution. For each part P of B,

the state is recursively defined as:
H"M(P) =P(([0,1]%),

where:

e P"([0,1]3) is the n-th nested power set of [0,1]3,
o HO(P) = (E(P),I(P),N(P)) as in Neutrosophic Evolution,
e HM(P) = H(P) as in HyperNeutrosophic Evolution.
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Total n-SuperHyperNeutrosophic State of a Being. The total state of B is:
H™(B,1) = (HEE”)(B,t),H}”)(B,t),H}@(B,t)),

where:
H( )(B t) ZAggregate(H( 1)(B)),
z—l
and similar definitions for Hl(n)(B ,t) and H](\?)(B, t).

Dynamic Behavior. The dynamic system for n-SuperHyperNeutrosophic Evolution is:

oH! (B, R, r(m) pr(n) r(n
Eai)_fl (H( H} )7H](V)7777At)7

Iai )_f2 ( 7H]() ](V)an7At)v
OHY (BY)  n), () 1) ol

Theorem 3.81 (Relation of an n-SuperHyperNeutrosophic Set). n-SuperHyperNeutrosophic

FEvolution possesses the structure of an n-SuperHyperNeutrosophic Set.

Proof. This follows directly and is evident.

Theorem 3.82 (Reduction to Neutrosophic Evo-
lution). For n = 0, n-SuperHyperNeutrosophic Evolution reduces to standard Neutrosophic

FEvolution.

Proof. By definition, 0-SuperHyperNeutrosophic Evolution means no power set operation is

applied. Thus, for each part P of the being B:
HO(P) = (E(P),I(P),N(P)),

which corresponds exactly to the Neutrosophic Evolution definition. The average measures
E(B,t),1(B,t), N(B,t) and their dynamics are then identical to those in the original Neutro-

sophic Evolution framework. Hence, 0-SHN Evolution coincides with Neutrosophic Evolution.

0

Theorem 3.83 (Strict Hierarchical Complexity). For everyn > 1, n-SuperHyperNeutrosophic
FEvolution is strictly more complex than (n — 1)-SuperHyperNeutrosophic Evolution in terms

of state representation.

Proof. The state representation for each part P at the n-th level involves:

H™(P) = PH"D(P)),

Takaaki Fujita and Florentin Smarandache, Exploring Concepts of HyperFuzzy,
HyperNeutrosophic, and HyperPlithogenic Sets




o8

where P is the power set operation. Since P applied to a non-empty set yields a strictly larger
and more complex family of subsets, the complexity of the state representation grows as n
increases. Each level n introduces an exponentially richer structure of nested sets of triples
(E,I,N). Hence, the complexity of H™ (P) strictly exceeds that of H™1(P). g

Theorem 3.84 (Existence and Uniqueness of Solutions). Assume the functions fl(n), an)’ fgn)
governing the n-SuperHyperNeutrosophic Evolution dynamics are continuous and satisfy Lip-
schitz conditions in the wvariables (HJ(E,H), H}n), H](\T,Z)) Then, for given initial conditions

(Hgl) (B,0), H}n)(B, 0),H](\?)(B,O)), there exists a unique local solution for the dynamical sys-

tem: (n)
OHL"(B,t) n
SR = 0 = H 0, A),
oH" (B, 1) —
P 0, 1, 1, ),
OHY (B,Y) ), () ) 1()
A = g 1Y HY A,

Proof. The system of partial differential equations in time can be reduced to an equivalent
system of ordinary differential equations if we consider spatial variables fixed or if the model
is spatially lumped. Under standard ODE existence and uniqueness theorems (such as Pi-
card-Lindelof), continuity and Lipschitz conditions on fln), fz(n), f:.En) ensure a unique local
solution exists through the given initial state. Thus, standard ODE theory applies, guaran-

teeing existence and uniqueness.

Theorem 3.85 (Continuity under Parameter Perturbations). If the functions fl(n), fg(n)7 fgn)
and the aggregation operators wused at level n are continuous, then the solution
(H](En) (B,t),H}n)(B,t),H](\?)(B,t)) depends continuously on environmental parameters n and

time scale At.

Proof. Since the state (H }(3n)7 H}n), H](\?)) at each time ¢ is obtained by integrating a continuous
system of differential equations with continuous initial conditions and parameters, small per-
turbations in 7 or At yield correspondingly small changes in the solutions. Continuity of the
aggregation operators ensures that nested evaluations do not introduce discontinuities. There-

fore, the entire n-SHN Evolution framework is stable under small parameter perturbations.

0

Theorem 3.86 (Boundedness of the State Space). For each part P and each triple (E,I,N) €
[0,1]3, the nested structures remain within P™([0,1]3). Therefore, the state space for n-SHN

FEvolution is bounded.
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Proof. By construction, each neutrosophic triple (E, I, N) satisfies E, I, N € [0,1]. The power
set operation preserves boundedness as it does not introduce elements outside the original
set. Hence, for all n, the state H™(P) C P"([0,1]%) is confined to a bounded domain.
Consequently, H (n) (B, t) remains within a bounded state space for all ¢.

Sim