
1. Introduction

This paper is closely related to [83]. Readers are encouraged to review [83] in advance, as
needed.

1.1. Fuzzy Sets, Neutrosophic Sets, and Plithogenic Sets

Set theory, a cornerstone of mathematics, provides a framework for analyzing collections of
elements called ”sets” [61,139]. This study examines three major extensions—Fuzzy Sets [288],
Neutrosophic Sets [237], and Plithogenic Sets [243]—and their generalizations into Hyperfuzzy
[106], HyperNeutrosophic [90], and Hyperplithogenic Sets [90].

These frameworks address various dimensions of uncertainty. Fuzzy Sets represent impre-
cision through membership values between 0 and 1 [288]. Neutrosophic Sets enhance this
by adding truth, indeterminacy, and falsity components, offering richer analyses of complex
systems [237]. Plithogenic Sets further extend these ideas to handle multidimensional uncer-
tainty and contradictions, making them particularly effective for analyzing highly complex
systems [244,256].
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1.2. Hyperfuzzy, HyperNeutrosophic, and Hyperplithogenic Sets

Extensions of Fuzzy Sets [90, 106, 144, 262], Neutrosophic Sets [90], Plithogenic Sets [90],
Soft Sets [1, 84, 99, 121, 137, 213, 226, 229, 242, 250], Rough Sets [90], and Vague Sets [90] have
been developed using Hyperstructures and n-SuperHyperstructures.

For instance, Fuzzy Sets have been extended into Hyperfuzzy Sets [80, 106, 144–147, 172,
176, 177, 190, 262] and SuperHyperfuzzy Sets [90]. Similarly, Neutrosophic Sets have been
extended into HyperNeutrosophic Sets [90, 241] and SuperHyperNeutrosophic Sets [90, 241],
while Plithogenic Sets have been extended into HyperPlithogenic Sets [90,241] and SuperHy-
perPlithogenic Sets [90,241].

1.3. Our Contribution in This Paper

This section highlights the contributions of this paper. Building on previous research [83], we
investigate the potential applications of HyperNeutrosophic Sets and SuperHyperNeutrosophic
Sets in various domains.

The study focuses primarily on theoretical exploration and mathematical formulation. For
example, we extend concepts such as Neutrosophic Logic, Cognitive Maps, Graph Neural
Networks, Classifiers, and Triplet Groups using HyperNeutrosophic Sets and SuperHyperNeu-
trosophic Sets, and briefly analyze their properties.

Future research should include experimental validation and application-oriented studies to
facilitate practical implementation in specific fields. Through this work, we aim to advance
this area of study and encourage further exploration and development of related topics.

2. Preliminaries and Definitions

This section outlines the essential concepts and definitions necessary for understanding
the discussions in this paper. While we aim to present the fundamental ideas concisely, a
comprehensive exploration of all related terms lies beyond the scope of this work. Readers are
encouraged to consult the cited references for a more in-depth understanding.

2.1. Basics of Set Theory and Others

This subsection provides a brief overview of foundational principles in set theory. For a
detailed discussion, we recommend standard references such as [123,139,143].

Definition 2.1 (Set). [139] A set is a well-defined collection of distinct objects, referred to
as elements. For any object x, it is always determinable whether x is an element of a given
set. If x belongs to a set A, this is denoted as x ∈ A. Sets are often represented using curly
braces. For example, A = {1, 2, 3} represents a set containing the elements 1, 2, and 3.
Takaaki Fujita and Florentin Smarandache, Exploring Concepts of HyperFuzzy,
HyperNeutrosophic, and HyperPlithogenic Sets II



3

Definition 2.2 (Subset). [139] A set A is called a subset of another set B, written as A ⊆ B,
if every element of A is also an element of B. This relationship is formally expressed as:

A ⊆ B ⇐⇒ ∀x (x ∈ A =⇒ x ∈ B).

If A ⊆ B and A 6= B, A is referred to as a proper subset of B, denoted by A ⊂ B.

Definition 2.3 (Empty Set). [139] The empty set, denoted as ∅, is the unique set containing
no elements. It is formally defined as:

∀x (x /∈ ∅).

For example, the empty set can be represented as ∅ = {}.

Definition 2.4 (Universal Set). [139] The universal set, denoted by U , represents the set
containing all objects under consideration within a specific context. Any set A under analysis
is a subset of U . Formally:

A ⊆ U for any set A.

Although some concepts may not have a direct connection to set theory, the following
fundamental mathematical definitions will also be employed. As these are basic definitions,
readers are encouraged to refer to relevant literature as needed.

Definition 2.5 (Real Numbers). (cf. [70,127]) The set of real numbers, denoted by R, includes
all rational and irrational numbers, which can be represented as points on the real number
line. Examples are integers, fractions, and roots.

Definition 2.6 (Natural Numbers). (cf. [160]) The set of natural numbers, denoted by N,
consists of all positive integers starting from 1:

N = {1, 2, 3, . . .}.

Some conventions also include 0, depending on the context.

Definition 2.7 (Homomorphism). (cf. [75,220]) Let (A, ?) and (B, ◦) be two algebraic struc-
tures. A homomorphism is a function f : A → B that satisfies:

f(a ? a′) = f(a) ◦ f(a′) for all a, a′ ∈ A.

Definition 2.8 (Operation). [139] An operation is a function or rule that combines elements
of a set S to produce another element within S. Formally, an operation ◦ on S is defined as:

◦ : S × S → S.

Examples include addition and multiplication, which are operations on the set of real numbers
R.
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Definition 2.9 (Binary Operation). [34] A binary operation on a set S is a function ∗ :

S × S → S that combines two elements a, b ∈ S to produce another element a ∗ b ∈ S.
Examples include addition and subtraction, both of which are binary operations on R.

Definition 2.10 (Graph). [64–66] A graph, denoted G = (V,E), consists of:

• V : A set of vertices (or nodes).
• E: A set of edges, where each edge is an unordered pair of vertices {u, v}, u, v ∈ V .

Definition 2.11 (Directed Graph). (cf. [22,66]) A directed graph, denoted G = (V,E), consists
of:

• V : A set of vertices (or nodes).
• E: A set of directed edges, where each edge is an ordered pair of vertices (u, v),
u, v ∈ V .

Definition 2.12 (Matrix). [25] A matrix is a rectangular array of elements arranged in rows
and columns, typically denoted as A = [aij ], where aij represents the element in the i-th row
and j-th column.

Definition 2.13 (Adjacency Matrix of a Graph). (cf. [114]) Let G = (V,E) be a graph with
vertex set V and edge set E. The adjacency matrix of G, denoted as A = [aij ], is a square
matrix of size |V |× |V |, where |V | is the number of vertices in G. Each entry aij is defined as:

aij =

1, if there is an edge from vertex vi to vj ,

0, otherwise.

For undirected graphs, the adjacency matrix A is symmetric, whereas for directed graphs,
A may not be symmetric.

Definition 2.14 (Weight Matrix). (cf. [193, 268]) A weight matrix is a matrix where each
element represents a weight or parameter, often used to describe relationships in graphs, neural
networks, or optimization problems, such as edge weights or neural connection strengths.

Definition 2.15 (Approximation). (cf. [206]) Approximation refers to the process of repre-
senting a function or a value by another function or value that is close to the original within
a specified level of accuracy. It is fundamental in numerical analysis and machine learning.

Definition 2.16 (Vector). (cf. [63]) A vector is an ordered tuple of elements, typically from a
field R or C, representing a point in an n-dimensional space or a directed quantity with both
magnitude and direction.
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2.2. Hyperstructure and Superhyperstructure

This subsection introduces the concepts of Hyperstructure and Superhyperstructure, ad-
vanced mathematical frameworks designed to represent hierarchical and multi-layered systems.
A Hyperstructure builds upon the powerset of a base set to model relationships within col-
lections of elements. Extending this notion, a Superhyperstructure utilizes the n-th powerset
to represent intricate hierarchical systems across multiple layers [81, 82, 254, 255]. Below, we
formalize the n-th powerset and its related constructs.

Definition 2.17 (Base Set). A base set is the foundational set S from which powersets and
hyperstructures are constructed. Formally:

S = {x | x is an element within the specified domain}.

All subsets and operations within P(S) or Pn(S) are derived from the elements of S.

Definition 2.18 (Powerset). [86, 215] The powerset of a set S, denoted as P(S), is the
collection of all subsets of S, including the empty set and S itself:

P(S) = {A | A ⊆ S}.

Definition 2.19 (n-th Powerset). (cf. [86, 235,254])
The n-th powerset of a set H, denoted Pn(H), is defined recursively. Starting with the

standard powerset, the construction proceeds as:

P1(H) = P (H), Pn+1(H) = P (Pn(H)), for n ≥ 1.

The n-th non-empty powerset, denoted P ∗
n(H), excludes the empty set:

P ∗
1 (H) = P ∗(H), P ∗

n+1(H) = P ∗(P ∗
n(H)).

Here, P ∗(H) is the powerset of H excluding the empty set.

To formalize the concepts of Hyperstructure and Superhyperstructure, we proceed with the
following definitions.

Definition 2.20 (Classical Structure). (cf. [235,254]) A Classical Structure is a mathematical
framework defined on a non-empty set H equipped with one or more Classical Operations that
satisfy specific axioms. A Classical Operation is a function:

#0 : H
m → H,

where m ≥ 1 and Hm represents the m-fold Cartesian product of H. Examples include
addition and multiplication in algebraic structures like groups and rings.
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Definition 2.21 (Hyperstructure). (cf. [86, 235, 254]) A Hyperstructure extends a Classical
Structure by operating on the powerset of a base set. Formally:

H = (P(S), ◦),

where S is the base set, P(S) is its powerset, and ◦ is an operation defined on subsets of P(S).

Definition 2.22 (n-Superhyperstructure). (cf. [235, 254]) An n-Superhyperstructure general-
izes a Hyperstructure by utilizing the n-th powerset of a base set. It is defined as:

SHn = (Pn(S), ◦),

where S is the base set, Pn(S) is the n-th powerset of S, and ◦ is an operation on elements of
Pn(S).

A representative example of a superhyperstructure is the SuperHypergraph, which incorpo-
rates advanced elements such as superedges and supervertices, offering a more abstract and
versatile framework for hierarchical modeling [38, 85, 90, 91, 93–96, 105, 116, 117, 183, 246, 247,
249, 252, 254]. Additionally, concepts such as SuperHyperfunction have also been explored in
the literature [251,253].

2.3. Fuzzy Set, Hyperfuzzy Set, and Superhyperfuzzy Set

This subsection presents the formal definitions of Fuzzy Set, Hyperfuzzy Set, and Superhy-
perfuzzy Set. These concepts extend the traditional notion of fuzzy values into hierarchical
structures, offering more refined tools for representing uncertainty.

Definition 2.23 (Fuzzy Set). [288–292] A fuzzy set τ in a non-empty universe Y is a mapping
τ : Y → [0, 1]. A fuzzy relation on Y is a fuzzy subset δ of Y × Y . If τ is a fuzzy set in Y and
δ is a fuzzy relation on Y , δ is called a fuzzy relation on τ if:

δ(y, z) ≤ min{τ(y), τ(z)} for all y, z ∈ Y.

Example 2.24 (Fuzzy Set: Membership in a Fitness Club). Consider the universe Y =

{John, Alice, Bob, Sarah}, representing a group of people. A fuzzy set τ defines their mem-
bership in a fitness club based on their participation level, where:

τ(y) =



1.0, if the person is a regular member (e.g., Alice),

0.8, if the person participates occasionally (e.g., Bob),

0.3, if the person rarely participates (e.g., Sarah),

0.0, if the person is not a member (e.g., John).

The mapping τ : Y → [0, 1] intuitively represents the degree of belonging for each individual
in the club.
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Definition 2.25 (Hyperfuzzy Set). [29, 106, 144, 189, 262] Let X be a non-empty set. A
hyperfuzzy set over X is defined as a mapping µ̃ : X → P̃ ([0, 1]), where P̃ ([0, 1]) represents
the set of all non-empty subsets of the interval [0, 1].

Example 2.26 (Hyperfuzzy Set: Customer Satisfaction Ratings). Customer satisfaction rat-
ings are often analyzed from the perspective of fuzzy set theory [76, 76, 135, 166]. Consider a
set X = {Product A, Product B, Product C}, representing three products. A hyperfuzzy set
µ̃ maps each product to a set of customer satisfaction ratings, where:

µ̃(x) =


{0.9, 1.0}, for Product A (highly satisfied customers),

{0.4, 0.6, 0.8}, for Product B (moderately satisfied customers),

{0.1, 0.2}, for Product C (low satisfaction levels).

Here, µ̃ : X → P̃ ([0, 1]), where each product is associated with a set of satisfaction levels,
capturing the diverse opinions of customers.

Definition 2.27 (n-SuperHyperFuzzy Set). [90, 241] Let X be a non-empty set. An n-
SuperHyperFuzzy Set is a recursive extension of fuzzy sets, hyperfuzzy sets, and superhyper-
fuzzy sets, defined as:

µ̃n : P̃n(X) → P̃n([0, 1]),

where:

• P̃1(X) = P̃(X), and for k ≥ 2,

P̃k(X) = P̃(P̃k−1(X)),

represents the k-th nested family of non-empty subsets of X.
• P̃n([0, 1]) is similarly defined for the interval [0, 1].
• µ̃n maps each element A ∈ P̃n(X) to a non-empty subset µ̃n(A) ⊆ [0, 1], which repre-

sents the membership degrees of A at the n-th hierarchical level.

2.4. Neutrosophic, HyperNeutrosophic, and SuperHyperNeutrosophic Sets

Neutrosophic Sets enhance Fuzzy Sets by incorporating the concept of indeterminacy,
allowing them to model situations that are neither entirely true nor false [237]. This
framework offers a more comprehensive approach to handling real-world scenarios charac-
terized by significant uncertainty and complexity, making it a focus of extensive research
[100,101,155,236,238,240,248,257,258,260,261]. The formal definitions are provided below.

Definition 2.28 (Neutrosophic Set). [237] Let X be a non-empty set. A Neutrosophic Set
A on X is defined by three membership functions:

TA : X → [0, 1], IA : X → [0, 1], FA : X → [0, 1],
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where TA(x), IA(x), and FA(x) represent the degrees of truth, indeterminacy, and falsity for
each x ∈ X. These values satisfy the condition:

0 ≤ TA(x) + IA(x) + FA(x) ≤ 3.

Example 2.29 (Neutrosophic Set: Decision-Making in Hiring). Decision-making is often
studied in conjunction with Neutrosophic Sets [6, 11, 52, 60, 164, 181, 198, 286]. Consider X =

{Candidate A, Candidate B, Candidate C}, representing applicants for a job. A Neutrosophic
Set A defines the suitability of each candidate, where:

TA(x), IA(x), FA(x)

denote the degrees of truth (suitability), indeterminacy (uncertainty), and falsity (unsuitabil-
ity) for each candidate:

TA(Candidate A) = 0.8, IA(Candidate A) = 0.1, FA(Candidate A) = 0.1,

TA(Candidate B) = 0.5, IA(Candidate B) = 0.4, FA(Candidate B) = 0.1,

TA(Candidate C) = 0.3, IA(Candidate C) = 0.2, FA(Candidate C) = 0.5.

Here, the Neutrosophic Set models the hiring committee’s confidence, uncertainty, and rejec-
tion levels for each applicant.

Definition 2.30 (HyperNeutrosophic Set). [90] Let X be a non-empty set. A HyperNeu-
trosophic Set on X is a mapping µ̃ : X → P̃ ([0, 1]3), where P̃ ([0, 1]3) is the family of all
non-empty subsets of the unit cube [0, 1]3. For each x ∈ X, µ̃(x) ⊆ [0, 1]3 represents a collec-
tion of membership values, with each element comprising degrees of truth (T ), indeterminacy
(I), and falsity (F ). These components satisfy:

0 ≤ T + I + F ≤ 3.

Example 2.31 (HyperNeutrosophic Set: Product Feedback Analysis). Consider X =

{Product X, Product Y, Product Z}, representing three products. A HyperNeutrosophic Set
µ̃ maps each product to a set of customer opinions, where each opinion is a triple (T, I, F )

representing truth (positive feedback), indeterminacy (uncertainty), and falsity (negative feed-
back):

µ̃(Product X) = {(0.9, 0.1, 0.0), (0.8, 0.2, 0.0)},

µ̃(Product Y) = {(0.6, 0.3, 0.1), (0.5, 0.4, 0.1), (0.7, 0.2, 0.1)},

µ̃(Product Z) = {(0.4, 0.5, 0.1), (0.3, 0.6, 0.1)}.

This representation captures the diversity of customer feedback, with multiple sets of opinions
reflecting varying perspectives.
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Definition 2.32 (n-SuperHyperNeutrosophic Set). [90] Let X be a non-empty set. An n-
SuperHyperNeutrosophic Set is a recursive extension of Neutrosophic and HyperNeutrosophic
Sets, defined as:

Ãn : P̃n(X) → P̃n([0, 1]
3),

where:

• P̃1(X) = P̃(X), and for k ≥ 2,

P̃k(X) = P̃(P̃k−1(X)),

denotes the k-th nested family of non-empty subsets of X.
• P̃n([0, 1]

3) is defined analogously for the unit cube [0, 1]3.
• The mapping Ãn assigns to each A ∈ P̃n(X) a subset Ãn(A) ⊆ [0, 1]3, representing the

degrees of truth (T ), indeterminacy (I), and falsity (F ) for A at the n-th hierarchical
level.

For each A ∈ P̃n(X) and (T, I, F ) ∈ Ãn(A), the following condition holds:

0 ≤ T + I + F ≤ 3.

2.5. HyperPlithogenic Set

The Plithogenic Set extends traditional set theories, such as Neutrosophic and Fuzzy Sets,
by incorporating multi-dimensional attributes and contradictions [243,244]. Below, we present
its formal definition.

Definition 2.33 (Plithogenic Set). [243, 244] Let S be a universal set, and P ⊆ S. A
Plithogenic Set PS is defined as:

PS = (P, v, Pv, pdf, pCF ),

where:

• v: an attribute.
• Pv: the set of possible values for the attribute v.
• pdf : P×Pv → [0, 1]s: the Degree of Appurtenance Function (DAF), mapping elements

and attribute values to a membership degree.
• pCF : Pv × Pv → [0, 1]t: the Degree of Contradiction Function (DCF), quantifying

contradictions between attribute values.

These functions satisfy the following axioms:

(1) Reflexivity of DCF :

pCF (a, a) = 0, for all a ∈ Pv.

Takaaki Fujita and Florentin Smarandache, Exploring Concepts of HyperFuzzy,
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(2) Symmetry of DCF :

pCF (a, b) = pCF (b, a), for all a, b ∈ Pv.

Example 2.34 (Examples of Plithogenic Sets). [87, 98] The Plithogenic Set has various
special cases:

• If s = t = 1, the set is called a Plithogenic Fuzzy Set.
• If s = 2, t = 1, it becomes a Plithogenic Intuitionistic Fuzzy Set.
• If s = 3, t = 1, it is referred to as a Plithogenic Neutrosophic Set.

Definition 2.35 (HyperPlithogenic Set). [90] Let X be a non-empty set, and A a set of
attributes. For each v ∈ A, let Pv be the range of possible values of v. A HyperPlithogenic
Set HPS on X is defined as:

HPS = (P, {vi}ni=1, {Pvi}ni=1, { ˜pdf i}ni=1, pCF ),

where:

• P ⊆ X: a subset of the universe.
• For each vi ∈ A, Pvi: the set of possible values for vi.
• ˜pdf i : P × Pvi → P̃ ([0, 1]s): the Hyper Degree of Appurtenance Function (HDAF),

assigning membership degrees as sets.
• pCF :

⋃n
i=1 Pvi ×

⋃n
i=1 Pvi → [0, 1]t: the Degree of Contradiction Function (DCF).

Definition 2.36 (n-SuperHyperPlithogenic Set). [90] Let X be a non-empty set, and let V =

{v1, v2, . . . , vn} be a set of attributes with respective ranges Pvi . An n-SuperHyperPlithogenic
Set SHPSn is defined recursively as:

SHPSn = (Pn, V, {Pvi}ni=1, { ˜pdf
(n)
i }ni=1, pCF (n)),

where:

• P1 ⊆ X, and for k ≥ 2,

Pk = P̃(Pk−1),

representing the k-th nested family of subsets.
• For each vi, Pvi : the set of possible values of vi.
• ˜pdf

(n)
i : Pn × Pvi → P̃([0, 1]s): the HDAF at the n-th level.

• pCF (n) :
⋃n

i=1 Pvi ×
⋃n

i=1 Pvi → [0, 1]t: the DCF, satisfying:
(1) Reflexivity: pCF (n)(a, a) = 0,
(2) Symmetry: pCF (n)(a, b) = pCF (n)(b, a).
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3. Result: Application of HyperNeutrosophic Sets to Various Sciences

In this section, we explore the application of HyperNeutrosophic Sets across various scientific
domains, following the approach outlined in [83]. It is important to note that if HyperNeutro-
sophic Sets prove applicable to a specific domain, it is reasonable to assume that Hyperfuzzy
Sets and Hyperplithogenic Sets could also be utilized in similar contexts. Moreover, for Su-
perHyperNeutrosophic Sets, it is equally logical to investigate the potential applications of
SuperHyperfuzzy Sets and SuperHyperplithogenic Sets within the same or related fields.

3.1. Neutrosophic Logic

Logic is the systematic study of reasoning, involving principles and rules to distinguish valid
arguments, truth, and consistency [54, 72, 233]. Neutrosophic Logic builds upon classical and
fuzzy logic [288] by introducing three degrees—truth, indeterminacy, and falsity—allowing
for nuanced reasoning under uncertainty [18, 30, 45, 97, 102, 212, 239, 245]. The concept of a
Neutrosophic Set can be viewed as an application of Neutrosophic Logic within the framework
of set theory. As evident from previous discussions and references such as [83], it is both natural
and necessary to explicitly extend Neutrosophic Logic into HyperNeutrosophic Logic and n-
SuperHyperNeutrosophic Logic. While the discussion here centers on HyperNeutrosophic Sets
and n-SuperHyperNeutrosophic Sets, similar analyses can also be conducted for Hyperfuzzy
Sets, n-SuperHyperfuzzy Sets, Hyperplithogenic Sets, and n-SuperHyperplithogenic Sets.

Definition 3.1 (Neutrosophic Logic). [237] Let p be a proposition. In Neutrosophic Logic,
the truth value of p is given by an ordered triple

v(p) = (T, I, F ) ∈ [0, 1]3,

where T denotes the degree of truth, I denotes the degree of indeterminacy, and F denotes
the degree of falsity. These satisfy the following condition:

0 ≤ T + I + F ≤ 3.

Unlike many-valued logics that fix T +F ≤ 1, Neutrosophic Logic allows T, I, F to vary some-
what independently, thereby capturing paradoxical and uncertain statements more flexibly.

Example 3.2 (Neutrosophic Example). Consider a proposition p with

v(p) = (0.7, 0.2, 0.4).

Here T = 0.7, I = 0.2, F = 0.4, and 0.7+ 0.2+ 0.4 = 1.3 ≤ 3. Thus p can be viewed as mostly
true, with moderate falsity and some degree of indeterminacy.
Takaaki Fujita and Florentin Smarandache, Exploring Concepts of HyperFuzzy,
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Definition 3.3 (HyperNeutrosophic Logic). Let p be a proposition. In HyperNeutrosophic
Logic, the truth value of p is given by a non-empty subset of [0, 1]3:

v(p) ⊆ [0, 1]3, v(p) 6= ∅,

where each element (T, I, F ) ∈ v(p) satisfies 0 ≤ T + I + F ≤ 3.

Example 3.4 (HyperNeutrosophic Example). Suppose we have two expert opinions about
p. One expert assigns (T, I, F ) = (0.7, 0.2, 0.4), and another expert assigns (T, I, F ) =

(0.4, 0.1, 0.8). Then the HyperNeutrosophic valuation can be taken as

v(p) =
{
(0.7, 0.2, 0.4), (0.4, 0.1, 0.8)

}
.

This set-based valuation captures multiple sources of uncertain or even conflicting information.

Definition 3.5 (n-SuperHyperNeutrosophic Logic). Let X be a non-empty set and define
recursively

P̃1(X) =
{
A ⊆ X : A 6= ∅

}
, P̃k(X) =

{
B ⊆ P̃k−1(X) : B 6= ∅

}
(k ≥ 2).

A n-SuperHyperNeutrosophic valuation v(p) is defined to be an element of

P̃n

(
[0, 1]3

)
,

i.e. an n-th level nested non-empty subset of the unit cube [0, 1]3. At every level, each
(T, I, F ) ∈ [0, 1]3 must satisfy 0 ≤ T + I + F ≤ 3.

Example 3.6 (n = 2 SuperHyperNeutrosophic Example). An example of a 2-
SuperHyperNeutrosophic valuation v(p) could be

v(p) =
{
{ (0.7, 0.2, 0.4), (0.4, 0.1, 0.8)}, { (0.6, 0.3, 0.2)}

}
.

Here each inner set, such as {(0.7, 0.2, 0.4), (0.4, 0.1, 0.8)}, is itself a valid HyperNeutrosophic
subset of [0, 1]3. We then collect those subsets into a larger non-empty set, forming a second-
level structure.

Theorem 3.7. It holds as follows.
(1) When n = 1, an n-SuperHyperNeutrosophic valuation is exactly a HyperNeutrosophic

valuation.
(2) If we restrict a HyperNeutrosophic valuation to be a singleton {(T, I, F )}, it recovers
Neutrosophic Logic.
Hence n-SuperHyperNeutrosophic Logic generalizes both HyperNeutrosophic and Neutrosophic
Logics.
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Proof. (1) By definition, for n = 1 we have

P̃1([0, 1]
3) =

{
A ⊆ [0, 1]3 : A 6= ∅

}
.

Thus a 1-SuperHyperNeutrosophic valuation v(p) is simply a non-empty subset of [0, 1]3, which
is precisely the definition of a HyperNeutrosophic valuation.
(2) In Neutrosophic Logic, v(p) is a single triple (T, I, F ) ∈ [0, 1]3. If we embed it into
HyperNeutrosophic Logic by forming the singleton {(T, I, F )}, this is clearly a non-empty
subset of [0, 1]3, thus satisfying the HyperNeutrosophic requirements. Therefore, the singleton
case of HyperNeutrosophic valuations coincides with Neutrosophic valuations.

Combining these, we see that n-SuperHyperNeutrosophic Logic (for n = 1) equals Hy-
perNeutrosophic Logic, while Neutrosophic Logic is recovered as the singleton case within
HyperNeutrosophic sets. For n > 1, the framework further generalizes these logics by allowing
nested families of HyperNeutrosophic sets.

3.2. HyperNeutrosophic Graph Neural Network

A neural network is a computational model inspired by biological neural systems, designed
for tasks such as pattern recognition, data classification, and prediction [8,13,23,159,274,282,
283]. Building upon this foundation, a Graph Neural Network (GNN) extends neural networks
to graph structures, enabling the modeling of relationships between nodes, edges, and their
associated features [58, 142, 187, 211, 227, 231, 272, 278, 295, 299]. Readers may refer to the
lecture notes or the introduction for further details(cf. [2,58,74,142,187,211,227,231,284,295]).
Building on this concept, Hypergraph Neural Networks (HGNNs) extend traditional Graph
Neural Networks (GNNs) by utilizing hyperedges to model higher-order relationships involving
multiple nodes simultaneously [35, 79, 122, 128, 141, 267, 276]. Additionally, related concepts,
such as the n-SuperHypergraph Neural Network, have also been proposed [86].

Considering these aspects, this paper examines Hyperneutrosophic Graph Neural Networks
and Superhyperneutrosophic Graph Neural Networks (cf. [86]). First, several graph concepts
addressing various types of uncertainty are briefly introduced below.

Definition 3.8 (Unified Framework for Uncertain Graphs). (cf. [88]) Let G = (V,E) be a
classical graph, where V is the set of vertices and E is the set of edges. Depending on the type
of graph, each vertex v ∈ V and edge e ∈ E is associated with membership values to represent
various degrees of truth, indeterminacy, falsity, and other measures of uncertainty.

(1) Fuzzy Graph (cf. [26, 103,107,186,196,217,278])
• Each vertex v ∈ V is assigned a membership degree σ(v) ∈ [0, 1].
• Each edge e = (u, v) ∈ E is assigned a membership degree µ(u, v) ∈ [0, 1].
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(2) Intuitionistic Fuzzy Graph (IFG) (cf. [7, 138,270,297])
• Each vertex v ∈ V has two values: µA(v) ∈ [0, 1] (degree of membership) and
νA(v) ∈ [0, 1] (degree of non-membership), satisfying µA(v) + νA(v) ≤ 1.

• Each edge e = (u, v) ∈ E has two values: µB(u, v) ∈ [0, 1] and νB(u, v) ∈ [0, 1],
with µB(u, v) + νB(u, v) ≤ 1.

(3) Neutrosophic Graph (cf. [32, 33,113,129,150,247,259])
• Each vertex v ∈ V is associated with a triplet

σ(v) = (σT (v), σI(v), σF (v))

, where
σT (v), σI(v), σF (v) ∈ [0, 1]

and σT (v) + σI(v) + σF (v) ≤ 3.
• Each edge e = (u, v) ∈ E is associated with a triplet µ(e) = (µT (e), µI(e), µF (e)).

(4) Quadripartitioned Neutrosophic Graph (QNG) (cf. [131–133,225,232])
• Each vertex v ∈ V is associated with a quadripartitioned neutrosophic member-

ship
σ(v) = (σ1(v), σ2(v), σ3(v), σ4(v))

, where
σ1(v), σ2(v), σ3(v), σ4(v) ∈ [0, 1]

and
σ1(v) + σ2(v) + σ3(v) + σ4(v) ≤ 4

.
• Each edge e = (u, v) ∈ E is associated with a quadripartitioned membership

σ(e) = (σ1(e), σ2(e), σ3(e), σ4(e))

, satisfying:
σ1(e) ≤ min{σ1(u), σ1(v)},

σ2(e) ≤ min{σ2(u), σ2(v)},

σ3(e) ≤ max{σ3(u), σ3(v)},

σ4(e) ≤ max{σ4(u), σ4(v)}.

Example 3.9 (Fuzzy Graph). Let G = (V,E), where V = {v1, v2, v3} and E =

{(v1, v2), (v2, v3)}. Each vertex v ∈ V is assigned a membership degree:

σ(v1) = 0.8, σ(v2) = 0.5, σ(v3) = 0.7.

Each edge e ∈ E is assigned a membership degree:

µ(v1, v2) = 0.6, µ(v2, v3) = 0.9.
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This defines a Fuzzy Graph where vertices and edges have varying degrees of membership.

Example 3.10 (Neutrosophic Graph). Let G = (V,E), where V = {v1, v2, v3} and E =

{(v1, v2), (v2, v3)}. Each vertex v ∈ V is associated with a triplet σ(v) = (σT (v), σI(v), σF (v)):

σ(v1) = (0.7, 0.2, 0.1), σ(v2) = (0.6, 0.3, 0.1), σ(v3) = (0.8, 0.1, 0.1).

Each edge e ∈ E is associated with a triplet µ(e) = (µT (e), µI(e), µF (e)):

µ(v1, v2) = (0.5, 0.3, 0.2), µ(v2, v3) = (0.6, 0.2, 0.2).

This defines a Neutrosophic Graph with truth, indeterminacy, and falsity values for vertices
and edges.

The Neutrosophic Graph Neural Network, along with its extensions, the HyperNeutro-
sophic Graph Neural Network and the SuperHyperNeutrosophic Graph Neural Network, are
introduced below. While the discussion here centers on HyperNeutrosophic Sets and n-
SuperHyperNeutrosophic Sets, similar analyses can also be conducted for Hyperfuzzy Sets,
n-SuperHyperfuzzy Sets, Hyperplithogenic Sets, and n-SuperHyperplithogenic Sets.

Definition 3.11. In general, feature spaces represent the domains of attributes for vertices
and edges, denoted by XV and XE , respectively [21,56,151]. Aggregation rules are operations
that combine features or information from multiple elements, such as vertices or edges, into
a unified representation, denoted as RN (cf. [43, 167, 188]). Learnable parameters, denoted
as Θ, are adjustable variables (e.g., weights in neural networks) optimized during training to
improve model performance (cf. [300]).

Definition 3.12 (Neutrosophic Graph Neural Network (N-GNN) [88]). A Neutrosophic Graph
Neural Network (N-GNN) is a GNN that leverages neutrosophic logic to handle uncertain,
indeterminate, and inconsistent data in graph-structured settings. Formally, an N-GNN is an
8-tuple:

N-GNN =
(
G,XV , XE ,NV ,NE ,RN ,DN ,Θ

)
,

where:

(1) G = (V,E) is a graph with vertex set V and edge set E.
(2) XV and XE are the feature spaces for vertices and edges, respectively.
(3) NV : XV → [0, 1]3 and NE : XE → [0, 1]3 are neutrosophic fuzzification functions,

mapping features to triples (T, I, F ) satisfying T + I + F ≤ 3.
(4) RN is a set of neutrosophic aggregation rules specifying how neutrosophic information

is combined among vertices and edges.
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(5) DN is a neutrosophic defuzzification function that transforms aggregated neutrosophic
values into a crisp or probabilistic output (e.g., a real number or a probability vector
[174]).

(6) Θ is the set of learnable parameters (e.g., weights in neural layers or rule parameters).

N-GNN Layer. Given a vertex feature xv ∈ XV for v ∈ V and an edge feature xuv ∈ XE

for an edge (u, v) ∈ E, the neutrosophic fuzzification layer outputs:

NV (xv) = (µv
T , µ

v
I , µ

v
F ), NE(xuv) = (µuv

T , µuv
I , µuv

F ),

where each triple fulfills µT + µI + µF ≤ 3.
Neutrosophic Aggregation. Let AGGN (·) be a neutrosophic aggregation operator guided by

the rule set RN . For a vertex v, a typical update rule might be:

h(l+1)
v = σ

(
AGGN

(
{h(l)u , NE(xuv) | u ∈ N (v)}

))
,

where h
(l)
v denotes the hidden representation of vertex v at layer l, N (v) is the neighborhood

of v, and σ is a non-linear activation function [68, 230] (e.g., ReLU). After several layers, the
defuzzification step DN produces a final crisp or probabilistic output.

Example 3.13 (A Simple N-GNN on a Triangular Graph). Scenario: Suppose we have
a small graph G = (V,E) with three vertices V = {A,B,C} and three edges E =

{(A,B), (B,C), (C,A)} (cf. [264]). Each vertex and edge has certain uncertain features that
we wish to model using neutrosophic logic.

(1) Vertex Features:
Let us assume each vertex v has a single feature xv (e.g., an uncertain sensor reading
[77]). We define:

xA = 0.7, xB = 0.5, xC = 0.9.

Since these sensor readings contain some noise or uncertainty, we convert them into
neutrosophic triples (T, I, F ) as follows:

NV (xA) = (0.6, 0.3, 0.1), NV (xB) = (0.4, 0.2, 0.4), NV (xC) = (0.8, 0.1, 0.1).

Each triple must satisfy T + I + F ≤ 3; here they all sum to 1.0 ≤ 3.
(2) Edge Features:

Each edge (u, v) ∈ E also has a feature xuv (e.g., an uncertain measure of connection
strength). For simplicity:

xAB = 0.2, xBC = 0.6, xCA = 0.4.

Using the neutrosophic fuzzification NE , suppose:

NE(xAB) = (0.3, 0.4, 0.3), NE(xBC) = (0.5, 0.3, 0.2), NE(xCA) = (0.4, 0.2, 0.4).
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(3) Initial Hidden States:
Assign an initial hidden representation h

(0)
v ∈ Rd to each vertex (e.g., d = 2 dimen-

sions). For instance:

h
(0)
A = (1.0, 0.0), h

(0)
B = (0.5, 0.5), h

(0)
C = (0.0, 1.0).

(4) Neutrosophic Aggregation:
We define a neutrosophic aggregation rule AGGN that combines:

(µv
T , µ

v
I , µ

v
F ) for v ∈ V and (µuv

T , µuv
I , µuv

F ) for (u, v) ∈ E

using some operator, e.g., neutrosophic min or a product-based approach adapted for
(T, I, F ).

A simplified update for vertex A at layer 1 might look like:

h
(1)
A = σ

(
W ·AGGN

(
{h(0)B , NE(xAB), h

(0)
C , NE(xCA)}

))
,

where W is a weight matrix, and σ is an activation function (like ReLU).
(5) Final Defuzzification:

After 2 or 3 message-passing layers, each h
(final)
v might be defuzzified via DN to produce

a class label (e.g., in a classification setting) or a real-valued score (in a regression
setting). For example, one could aggregate the final (T, I, F ) into a single confidence
measure by µT − µF or other transformations, and then map h

(final)
v to a label.

(6) Interpretation:
A higher T in (T, I, F ) suggests the data is more likely to be “true” or valid. A higher
I indicates indeterminacy or lack of clarity. A higher F signals contradictions or false
components.

By tracking these three degrees, the N-GNN can learn to handle nodes or edges with
uncertain or conflicting information more effectively than a standard GNN.

This small triangular graph example shows how even a beginner can view Neutrosophic
Graph Neural Networks in action. Each vertex and edge has a neutrosophic triple represent-
ing its uncertain state, and the GNN aggregates these values through specialized neutrosophic
rules. The final output offers a robust way to manage uncertainty, indeterminacy, and contra-
diction in the data.

Definition 3.14 (HyperNeutrosophic Graph Neural Network (HN-GNN)). A HyperNeutro-
sophic Graph Neural Network (HN-GNN) generalizes the N-GNN by allowing each vertex or
edge to have a set of neutrosophic triples, rather than a single triple. Formally, an HN-GNN
is a 9-tuple:

HN-GNN =
(
G, XV , XE , HN V , HNE , RHN , DHN , AGGset, Θ

)
,
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where:

(1) G = (V,E) is a graph.
(2) XV , XE are vertex and edge feature spaces.
(3) HN V : XV → P([0, 1]3) and HNE : XE → P([0, 1]3) are hyperneutrosophic fuzzifica-

tion functions, mapping each vertex (or edge) to a non-empty subset of [0, 1]3. Each
element (Tk, Ik, Fk) ∈ HN V (xv) (or HNE(xuv)) satisfies Tk + Ik + Fk ≤ 3.

(4) AGGset is a set-level aggregation operator that collapses or summarizes each hyper-
neutrosophic set into either (a) a single representative triple, or (b) a small set of
representative triples used in the subsequent GNN computation.

(5) RHN is the hyperneutrosophic rule set for combining hyperneutrosophic information
from neighboring vertices and edges.

(6) DHN is the hyperneutrosophic defuzzification function, producing a final crisp output
from the hyperneutrosophic representations.

(7) Θ is the set of learnable parameters in the model.

HN-GNN Layer. At each layer l, for a vertex v:

HN V (xv) =
{
(µv

T (i), µ
v
I(i), µ

v
F (i))

∣∣ i ∈ Iv
}

⊆ [0, 1]3,

where Iv indexes multiple neutrosophic evaluations. An edge (u, v) has:

HNE(xuv) =
{
(µuv

T (j), µuv
I (j), µuv

F (j))
∣∣ j ∈ Juv

}
.

We first aggregate each hyperneutrosophic set into a suitable representation (e.g., average or
maximum triple), or keep multiple triples for a richer representation. The node update then
proceeds similarly to an N-GNN, but with set-based inputs instead of single triples:

h(l+1)
v = σ

(
AGGHN

(
{h(l)u ,HNE(xuv) | u ∈ N (v)}

))
.

Definition 3.15 (n-SuperHyperNeutrosophic Graph Neural Network (n-SHN-GNN)). An n-
SuperHyperNeutrosophic Graph Neural Network (n-SHN-GNN) is a further generalization of
the HN-GNN, in which each vertex or edge is endowed with an n-SuperHyperNeutrosophic Set
instead of a HyperNeutrosophic Set. Formally, an n-SHN-GNN is a 9-tuple:

n-SHN-GNN =
(
G, XV , XE , SHN (n)

V , SHN (n)
E , R(n)

SHN , D(n)
SHN , AGGn, Θ

)
,

where:

(1) G = (V,E) is a graph.
(2) XV , XE are vertex and edge feature spaces.
(3) SHN (n)

V : XV → P̃n([0, 1]
3) and SHN (n)

E : XE → P̃n([0, 1]
3) map each vertex (or edge)

to an n-SuperHyperNeutrosophic Set of neutrosophic triples. Concretely, each vertex
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(or edge) is associated with an n-th nested family of subsets of [0, 1]3. Each triple
(T, I, F ) must satisfy T + I + F ≤ 3.

(4) AGGn is an aggregation operator that collapses each n-SuperHyperNeutrosophic Set
into a small number of representative neutrosophic triples (e.g., using hierarchical
combination rules).

(5) R(n)
SHN is the rule set for combining n-SuperHyperNeutrosophic information among

neighbors.
(6) D(n)

SHN is the defuzzification step, producing the final crisp or fuzzy outputs from the
aggregated hierarchical sets.

(7) Θ is the set of trainable parameters.

Hierarchical Set Representation. Let P̃n([0, 1]
3) denote the n-th nested power set of the

neutrosophic cube. For a vertex v:

SHN (n)
V (xv) ∈ P̃n([0, 1]

3),

which might be represented recursively:

SHN (1)
V (xv) = P̃

(
[0, 1]3

)
, SHN (2)

V (xv) = P̃
(
SHN (1)

V (xv)
)
, . . .

At each level, sets of sets of neutrosophic triples are nested, capturing multi-level uncertainties
or multi-source conflicting information.

Layer Update in an n-SHN-GNN. At layer l, suppose each vertex v has hidden representation
h
(l)
v . To update h

(l+1)
v , do:

h(l+1)
v = σ

(
AGGn

({
SHN (n)

E (xuv), h
(l)
u

}
u∈N (v)

))
.

Here, AGGn must systematically process the nested hierarchical sets from each edge (u, v) or
from the vertex features SHN (n)

V (xv). After a user-defined number of layers, D(n)
SHN is applied

to produce the final output (e.g., classification scores or regression values).
Key Properties of an n-SHN-GNN:

• Deep Hierarchical Uncertainty: The n-th nested sets encode multiple layers of contra-
dictory, uncertain, or aggregated data sources.

• Flexible Aggregation: Each level requires a well-defined rule to merge or reduce the
hierarchical sets into workable forms for neural computations.

• Generalization of All Previous Cases: Setting n = 0 or n = 1 reduces to classical or
hyperneutrosophic graph neural networks, respectively, thus unifying these frameworks
under one hierarchy.

Remark 3.16. The above definitions of N-GNN, HN-GNN, and n-SHN-GNN assume typical
forward-pass, layer-by-layer neural network operations. Training is done by gradient-based op-
timization (e.g., backpropagation [120,170,216,279]) on a loss function that measures predictive
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performance. The novel aspect is the representation of edges and vertices with (hyper)neu-
trosophic or n-superhyperneutrosophic sets of membership values, enabling richer modeling of
uncertainty and ambiguity in graph-structured data.

Theorem 3.17 (Generalization Property). An n-SuperHyperNeutrosophic Graph Neural Net-
work (n-SHN-GNN) strictly generalizes both the HyperNeutrosophic Graph Neural Network
(HN-GNN) and the Neutrosophic Graph Neural Network (N-GNN). Specifically:

• If n = 1, the n-SHN-GNN reduces to the HN-GNN.
• If n = 0, the n-SHN-GNN reduces to the N-GNN.

Proof. Case n = 0: By definition, an n-SuperHyperNeutrosophic Set becomes a single neu-
trosophic triple (T, I, F ) ∈ [0, 1]3 if n = 0. Consequently, every vertex or edge in the (0)-
SHN-GNN is associated with a single neutrosophic triple, which matches exactly the data
representation in a standard Neutrosophic Graph Neural Network (N-GNN). Hence, a (0)-
SHN-GNN is identical to an N-GNN in all respects (membership representation, aggregator
design, defuzzification steps, etc.).
Case n = 1: If n = 1, the membership for each vertex or edge is a nonempty subset of [0, 1]3,
i.e. a HyperNeutrosophic Set, rather than an n-th nested structure. Thus, the architecture
becomes exactly that of a HyperNeutrosophic Graph Neural Network (HN-GNN), where each
vertex/edge can hold multiple neutrosophic triples simultaneously but not nested sets-of-sets.
Hence, a (1)-SHN-GNN is isomorphic to an HN-GNN.
Case n > 1: In this situation, each vertex or edge is assigned an n-fold nested hyperstructure
of neutrosophic triples, providing a strictly richer representation than either HN-GNN (n = 1)
or N-GNN (n = 0). Therefore, n-SHN-GNN (n > 1) strictly generalizes both HN-GNN and
N-GNN, as it can simulate them by appropriate “flattening” of membership sets or by choosing
n = 0, 1.

Notation 1. For brevity, let

n-SHN-GNN =
(
G, XV , XE , SHN (n)

V , SHN (n)
E , R(n)

SHN , D(n)
SHN , AGGn, Θ

)
be our canonical reference model.

Theorem 3.18 (Well-Definedness of Layer Updates). Let AGGn be an aggregation operator
that maps from (

P̃n

(
[0, 1]3

))|N (v)|+1
→ P̃n

(
[0, 1]3

)
or [0, 1]d,

for some d ∈ N. Suppose AGGn is closed under the domain of membership sets and preserves
the condition T + I + F ≤ 3. Then each layer update in an n-SHN-GNN is well-defined:

h(l+1)
v = σ

(
AGGn

(
{SHN (n)

E (xuv), h
(l)
u }u∈N (v)

))
,
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yields valid h
(l+1)
v in the intended codomain (e.g., [0, 1]d).

Proof. By assumption, AGGn takes as input a finite set of objects that are each either:

• Elements of P̃n([0, 1]
3), i.e. n-SuperHyperNeutrosophic sets.

• Real vector embeddings h
(l)
u from the preceding layer (if the aggregator merges repre-

sentation vectors directly).

Since AGGn is assumed to be closed under the domain of membership sets, it produces an
output that remains in P̃n([0, 1]

3) (or in [0, 1]d). Furthermore, each triple (T, I, F ) within
the aggregator’s output is guaranteed to satisfy T + I + F ≤ 3. Thus, the output is a well-
defined n-superhyperneutrosophic representation or a standard vector embedding, suitable
for subsequent neural network operations or final defuzzification. The activation function σ

(e.g. ReLU) preserves the property of valid real vector outputs or set membership constraints,
concluding the well-definedness of each layer update.

Theorem 3.19 (Continuity of the Forward Pass). Assume each aggregator AGGn and acti-
vation function σ in the n-SHN-GNN is continuous. Then, as a function of the input features
{xv}v∈V and {xuv}(u,v)∈E, the final output of the n-SHN-GNN is continuous.

Proof. Let L denote the number of layers, and write{
h(l)v

}
v∈V for l = 0, 1, . . . , L.

At l = 0, we have h
(0)
v = Enc

(
SHN (n)

V (xv)
)

or a direct embedding of the vertex features,
which is continuous by assumption of the encoding function Enc. The aggregator AGGn is
continuous in its arguments, and σ is also continuous. Therefore, each update

h(l+1)
v = σ

(
AGGn({h(l)u ,SHN (n)

E (xuv)}u∈N (v))
)

is a composition of continuous mappings in terms of {h(l)u } and the input sets {SHN (n)
E (xuv)}.

By induction on the layer index l, continuity is preserved at each layer, culminating in a
continuous final output {h(L)v }v∈V . Hence the entire forward pass from input feature sets
{xv, xuv} to the final output {h(L)v } is continuous.

Theorem 3.20 (Reduction Homomorphism for Layer Mapping). Let ρn→m be a map
P̃n([0, 1]

3) → P̃m([0, 1]3) with m < n, defined by recursively selecting or aggregating sub-
sets in the nested structure. Suppose each layer aggregator AGGn commutes with ρn→m. Then
the n-SHN-GNN naturally reduces to an m-SHN-GNN.
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Proof. Define the reduction map ρn→m such that for each A ∈ P̃n([0, 1]
3), we find a corre-

sponding B ∈ P̃m([0, 1]3). Concretely, ρn→m flattens the nested subsets from level n down to
level m by either discarding certain nesting levels or merging them. If each layer aggregator
AGGn satisfies

ρn→m

(
AGGn({Ai}i∈I)

)
= AGGm({ρn→m(Ai)}i∈I),

then we have commutativity of aggregator and flattening. Hence, after applying ρn→m to each
vertex/edge membership set at every layer, the system evolves exactly as if it were an m-SHN-
GNN. Consequently, the entire forward pass of the n-SHN-GNN, under ρn→m, produces the
same outputs as the m-SHN-GNN using the aggregator AGGm. This proves that n-SHN-GNN
reduces to an m-SHN-GNN under the existence of such a homomorphism ρn→m.

Definition 3.21 (Fixed Point). (cf. [111]) A fixed point of a function f : X → X is an element
x∗ ∈ X such that f(x∗) = x∗. Fixed points represent states or solutions where the application
of the function leaves the element unchanged.

Theorem 3.22 (Existence and Uniqueness of a Fixed Point under Contractive Aggregation).
Assume each vertex update in an n-SHN-GNN is given by a contraction mapping in the space
of real embeddings (or suitably metricized set space). Formally, suppose there exists λ ∈ (0, 1)

such that for all pairs of states H,H′ ∈ X |V |,

d
(
AGGn(H), AGGn(H

′)
)

≤ λ d(H,H′),

where d is a metric on the space of states. Then there exists a unique fixed point H∗ such that

H∗ = AGGn

(
H∗).

Proof. This theorem is a direct application of the Banach Fixed Point Theorem [110,126,192]
(or Contraction Mapping Principle [31]). The aggregator AGGn is interpreted as a function
on the entire set of node states H ∈ X |V |. By assumption, it is a λ-contraction with λ < 1.
Therefore, there exists a unique fixed point H∗ satisfying H∗ = AGGn(H

∗). Existence follows
from standard contraction mapping arguments, and uniqueness arises because any other fixed
point would produce a contradiction to the strict contraction property.

Definition 3.23 (Universal Approximation). (cf. [118, 202]) The Universal Approximation
Theorem states that a sufficiently large neural network with appropriate activation functions
can approximate any continuous function to arbitrary accuracy on a compact domain. This
property underlies the expressive power of neural networks in learning complex mappings.
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Theorem 3.24 (Universal Approximation of n-Nested Uncertainty). Let F be a class of target
functions that map from P̃n([0, 1]

3)-structured input to real output, i.e.,

f : P̃n([0, 1]
3) × · · · × P̃n([0, 1]

3) → R.

Suppose each aggregator AGGn can be realized as a universal approximator for functions over
P̃n([0, 1]

3). Then an n-SHN-GNN with sufficient hidden layer width and depth can approximate
any target function f ∈ F arbitrarily well.

Proof. This statement extends the universal approximation property of neural networks to the
domain of nested uncertain sets P̃n([0, 1]

3). The key idea is that the aggregator AGGn (plus
any standard feedforward sub-layers) must have enough expressive capacity to approximate
arbitrary continuous mappings of the inputs from P̃n([0, 1]

3). Under standard assumptions of
neural universal approximation (e.g., multi-layer perceptrons with sufficient width and suit-
able activation), we can embed or encode each nested set structure into a finite-dimensional
space, apply a universal approximator, and decode as necessary. Provided the aggregator
supports transformations rich enough (e.g., a deep parametric function), it can approximate
any continuous function on the domain P̃n([0, 1]

3). This argument follows the usual universal
approximation theorem, adapted to an embedding space for the nested sets. Convergence in
approximation is then guaranteed by classical results on feedforward networks with continuous
activation functions (e.g., sigmoids or ReLU).

3.3. Neutrosophic Cognitive Maps

A Cognitive Map is a directed graph that models concepts (nodes) and their causal rela-
tionships (edges), where the edges are assigned weighted influences [19, 203, 223, 280]. Over
time, various extensions have been developed, including Fuzzy Cognitive Maps [17, 162, 168,
199, 201, 210], Intuitionistic Fuzzy Cognitive Maps [69, 134, 175, 200], Neutrosophic Cogni-
tive Maps [9, 148, 185, 194, 207], Dynamic Cognitive Maps [37, 180], Hesitant fuzzy Cognitive
Maps [49–51], Rough Cognitive Maps [46, 47], Cognitive Hypermaps [92], and Cognitive n-
SuperHypermaps [92].

This subsection focuses on the HyperNeutrosophic Cognitive Map and the n-
SuperHyperNeutrosophic Cognitive Map. Their definitions, associated theorems, and relevant
properties are detailed below. While the discussion here centers on HyperNeutrosophic Sets
and n-SuperHyperNeutrosophic Sets, similar analyses can also be conducted for Hyperfuzzy
Sets, n-SuperHyperfuzzy Sets, Hyperplithogenic Sets, and n-SuperHyperplithogenic Sets.

Definition 3.25 (Limit Cycle). (cf. [14]) In general, a limit cycle is a closed trajectory in the
phase space of a dynamical system such that trajectories starting in its vicinity asymptotically
Takaaki Fujita and Florentin Smarandache, Exploring Concepts of HyperFuzzy,
HyperNeutrosophic, and HyperPlithogenic Sets II



24

approach it (stable limit cycle) or diverge from it (unstable limit cycle). It represents periodic
behavior of the system.

Definition 3.26 (Neutrosophic Cognitive Map (NCM)). [9, 148, 185, 194, 207] Neutrosophic
Cognitive Map (NCM) is a directed graph G = (C,E) whose vertices (concepts) are linked by
edges (causal relationships) weighted by neutrosophic triples. Specifically:

(1) C = {C1, C2, . . . , Cn} is a finite set of n concepts representing variables, events, or
processes in a system.

(2) E ⊆ C × C is the set of directed edges, where each edge (Ci, Cj) indicates a causal
influence from Ci to Cj .

(3) Each edge (Ci, Cj) has a neutrosophic weight

Wij = (Tij , Iij , Fij), with Tij + Iij + Fij ≤ 1,

where

Tij ∈ [0, 1] (truth or positive influence), Iij ∈ [0, 1] (indeterminacy),

Fij ∈ [0, 1] (falsity or negative influence).

Adjacency Matrix of an NCM. The adjacency matrix W of an NCM is a matrix whose
(i, j)-th entry is Wij = (Tij , Iij , Fij). Each row-column entry thus encodes the neutrosophic
weights from one concept to another.

State Vector. At time t, the system’s state is given by a vector

A(t) = [ a1(t), a2(t), . . . , an(t) ],

where each ai(t) ∈ [0, 1] denotes the activation level of concept Ci at time t.
State Update Rule. The state evolves in discrete time. Given the adjacency matrix W , the

new state A(t+ 1) is computed by:

A(t+ 1) = Threshold
(
A(t) ·W

)
,

where (
A(t) ·W

)
j
=

n∑
i=1

(
Tij · ai(t) − Fij · ai(t) + Iij · ai(t)

)
,

and Threshold(·) re-scales or normalizes the result to remain within [0, 1]n.
Fixed Point and Limit Cycle. A fixed point is a state A∗ where A∗ = Threshold(A∗ ·W ). A

limit cycle is a finite sequence of states {A(t), A(t+1), . . . , A(t+k)} that repeats periodically.

Example 3.27 (NCM Illustration). Scenario: Suppose we have three concepts related to a
simplified economic model:

• C1: Employment rate
• C2: Investment level
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• C3: Consumer confidence

Let these concepts form an NCM with the following edges and neutrosophic weights:

W12 = (0.6, 0.2, 0.0), W23 = (0.4, 0.3, 0.1), W31 = (0.0, 0.2, 0.5),

and assume no other direct influences exist, so any missing edges have weight (0, 0, 0).
Interpretation of Weights:

• W12 = (0.6, 0.2, 0.0): If the employment rate (C1) rises, it positively influences invest-
ment level (C2) with a truth degree of 0.6. There’s some uncertainty (0.2) about the
relationship, and no negative influence.

• W23 = (0.4, 0.3, 0.1): Investment level (C2) tends to increase consumer confidence (C3)
but with moderate uncertainty and a small negative component (e.g., risk of inflation).

• W31 = (0.0, 0.2, 0.5): Consumer confidence (C3) might negatively impact employment
rate if, for example, overconfidence leads to unstable spending (falsity = 0.5). There’s
also 0.2 uncertainty in this link.

State Update:

A(t) = [ a1(t), a2(t), a3(t) ].

Then

A(t+ 1) = Threshold
(
A(t) · W

)
= Threshold

((
X1, X2, X3

))
,

where, for instance,

X2 =
3∑

i=1

(
Ti2 − Fi2 + Ii2

)
ai(t).

If we pick an initial state A(0) = [0.5, 0.3, 0.8], we iteratively update A(1), A(2), . . . until the
system stabilizes or settles into a cycle.

Why It’s Useful:

• Capturing Uncertainty: Each weight includes truth, indeterminacy, and falsity—help-
ful when exact causal strengths are not fully known.

• Modeling Complex Feedback Loops: NCMs can capture cyclical influences (e.g., C1 →
C2 and C2 → C3 and possibly C3 → C1).

• Possible Outcomes: The model might converge to a fixed point (e.g., stable
employment-investment-confidence levels) or oscillate if the feedback loops are strong
or uncertain.

This example provides an illustration of how to construct and interpret an NCM in a simple
economic context.

Definition 3.28 (HyperNeutrosophic Cognitive Map (HNCM)). A HyperNeutrosophic Cogni-
tive Map (HNCM) is a generalization of a Neutrosophic Cognitive Map, in which each directed
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edge is associated with a set of neutrosophic weights rather than a single neutrosophic triple.
Formally, let

G = (C,E)

be a directed graph where:

• C = {C1, C2, . . . , Cn} is a finite set of n concepts.
• E ⊆ C × C is a set of directed edges.

For each edge (Ci, Cj) ∈ E, the associated weight is a HyperNeutrosophic Set

Wij ⊆ [0, 1]3,

where each element of Wij is a triple
(
Tk(Ci, Cj), Ik(Ci, Cj), Fk(Ci, Cj)

)
satisfying:

0 ≤ Tk(Ci, Cj) + Ik(Ci, Cj) + Fk(Ci, Cj) ≤ 3.

That is, for edge (Ci, Cj),

Wij =
{(

Tk(Ci, Cj), Ik(Ci, Cj), Fk(Ci, Cj)
) ∣∣ k ∈ Kij

}
⊆ [0, 1]3,

where Kij is an index set representing multiple evaluations or sources of uncertainty for the
causal relationship from Ci to Cj .

HNCM Adjacency Representation. The adjacency structure of an HNCM can be recorded
in a matrix W whose (i, j)-th entry is the hyperneutrosophic set Wij . That is,

W =
[
Wij

]
, Wij ⊆ [0, 1]3.

State Vector and Update Rule. Let A(t) =
[
a1(t), a2(t), . . . , an(t)

]
be the state of the

concepts at time t, where ai(t) ∈ [0, 1]. An HNCM typically requires an aggregation operator
to combine the multiple neutrosophic triples in Wij . One common approach is to define
a function Agg : P([0, 1]3) → [0, 1]3 that aggregates the set of triples in Wij into a single
effective triple:

Agg
(
Wij

)
=

(
T ij , Iij , F ij

)
,

where

T ij + Iij + F ij ≤ 3.

Once aggregated, the state update rule can be modeled analogously to a standard NCM, for
example: (

A(t+ 1)
)
j
= Threshold

( n∑
i=1

[
T ij ai(t) − F ij ai(t) + Iij ai(t)

])
,

where Threshold is a normalization (cf. [20, 36]) or clipping function (cf. [44]) ensuring
(A(t + 1))j ∈ [0, 1]. Alternative aggregation or update rules may be used depending on the
application.
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Definition 3.29 (n-SuperHyperNeutrosophic Cognitive Map (n-SHNCM)). An n-
SuperHyperNeutrosophic Cognitive Map is a further generalization of a HyperNeutrosophic
Cognitive Map, where each directed edge is associated with an n-SuperHyperNeutrosophic Set
rather than a HyperNeutrosophic Set. Formally, let

G = (C,E)

be a directed graph where:

• C = {C1, C2, . . . , Cn} is a finite set of n concepts.
• E ⊆ C × C is a set of directed edges.

For each edge (Ci, Cj) ∈ E, the associated weight is an n-SuperHyperNeutrosophic Set

W
(n)
ij : P̃n({(Ci, Cj)}) → P̃n

(
[0, 1]3

)
,

where P̃n denotes the n-th nested family of non-empty subsets, as in the definition of n-
SuperHyperNeutrosophic Sets. Concretely, W (n)

ij assigns to each A ∈ P̃n({(Ci, Cj)}) a subset
of [0, 1]3, such that:

0 ≤ T + I + F ≤ 3

for each triple (T, I, F ) in that subset.
Intuitive Interpretation. The n-SuperHyperNeutrosophic Set on each edge (Ci, Cj) encap-

sulates not just multiple neutrosophic evaluations (k-indexed), but multiple levels (or layers)
of hierarchical uncertainty. For instance, the first level might capture direct uncertainty from
data, the second level might capture expert disagreements about that data, and so forth, up
to n nested levels.

Adjacency Representation. The adjacency structure of an n-SHNCM can be en-
coded in an n-level superhyperneutrosophic matrix, with each entry W

(n)
ij being an n-

SuperHyperNeutrosophic Set that maps nested subsets to subsets of [0, 1]3.
State Vector and Update Rule. Let

A(t) = [ a1(t), a2(t), . . . , an(t) ]

be the state vector at time t. To apply an update, one must first define a procedure to collapse
or aggregate the n-SuperHyperNeutrosophic Set on each edge into an effective triple or small
set of triples suitable for computing a concept’s activation. For example, one might define:

Aggn
(
W

(n)
ij

)
⊆ [0, 1]3

as an aggregation operator that extracts the relevant truth, indeterminacy, and falsity values
from the hierarchical structure. Then, each concept’s next state (A(t+ 1))j can be computed
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using a generalized version of the NCM or HNCM update mechanism:

(A(t+ 1))j = Threshold
( n∑
i=1

[
T ij ai(t) − F ij ai(t) + Iij ai(t)

])
,

where {T ij , Iij , F ij} ⊆ Aggn
(
W

(n)
ij

)
and Threshold ensures the result remains in [0, 1].

Key Properties of an n-SHNCM:

• Hierarchical Uncertainty: Multiple nested layers of indeterminacy or conflicting data
are represented within each edge.

• Complex Aggregation: The user must specify an aggregation operator Aggn to interpret
the hierarchical structure for updating concept states.

• Generalized Dynamics: Similar to standard cognitive maps, the system may evolve to
fixed points, limit cycles, or exhibit chaotic behavior, but now under deeper multi-level
uncertainty.

Theorem 3.30 (Generalization Property of n-SuperHyperNeutrosophic Cognitive Maps). An
n-SuperHyperNeutrosophic Cognitive Map (n-SHNCM) strictly generalizes both the HyperNeu-
trosophic Cognitive Map (HNCM) and the Neutrosophic Cognitive Map (NCM). Concretely:

(1) If n = 0, the n-SHNCM reduces to a standard Neutrosophic Cognitive Map.
(2) If n = 1, the n-SHNCM reduces to a HyperNeutrosophic Cognitive Map.

For n > 1, it provides additional nesting of neutrosophic information, thereby generalizing both
HNCMs (n = 1) and NCMs (n = 0).

Proof. We recall the following definitions:

• A Neutrosophic Cognitive Map (NCM) assigns, to each directed edge (Ci, Cj), exactly
one neutrosophic triple (Tij , Iij , Fij), with Tij + Iij + Fij ≤ 1.

• A HyperNeutrosophic Cognitive Map (HNCM) assigns, to each edge (Ci, Cj), a set of
neutrosophic triples Wij ⊆ [0, 1]3. Each triple in that set must satisfy T + I + F ≤ 3.
Typically, after an aggregation step, one obtains an effective triple (or small set of
triples) to compute causal influences.

• An n-SuperHyperNeutrosophic Cognitive Map (n-SHNCM) assigns, to each edge
(Ci, Cj), an n-SuperHyperNeutrosophic Set of neutrosophic triples. This set is recur-
sively or hierarchically defined up to n levels, capturing additional layers of uncertainty
or contradictory evaluations.

Case n = 0: By definition, a 0-SuperHyperNeutrosophic Set for each edge is just a single
neutrosophic triple

(
Tij , Iij , Fij

)
. Hence each edge (Ci, Cj) holds precisely one triple. This

matches exactly the data structure of a standard Neutrosophic Cognitive Map. Therefore,
when n = 0, the n-SHNCM coincides with an NCM.
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Case n = 1: When n = 1, each edge (Ci, Cj) is assigned a HyperNeutrosophic Set of neu-
trosophic triples rather than just one triple. This is precisely the definition of a HyperNeu-
trosophic Cognitive Map (HNCM). Hence for n = 1, the n-SHNCM reduces to the HNCM
framework.
Case n > 1: For n > 1, an n-SuperHyperNeutrosophic Set is a nested, higher-order general-
ization of a HyperNeutrosophic Set. One obtains successively deeper layers of neutrosophic
evaluations. The resulting map can capture more complex or multi-level contradictory opin-
ions. This structure naturally subsumes the single-level sets of a HNCM (n = 1) and the single
triple of an NCM (n = 0).

Hence, for each integer n ≥ 0:

n = 0 ⇒ standard NCM, n = 1 ⇒ HNCM, n > 1 ⇒ strict generalization beyond HNCM.

Thus, an n-SHNCM indeed generalizes both HNCM (n = 1) and NCM (n = 0).

Theorem 3.31 (Layer-by-Layer Aggregation Consistency). Let Aggn be an aggregation op-
erator that collapses each n-SuperHyperNeutrosophic Set W

(n)
ij into finitely many (or one)

representative triple(s). Suppose for each edge (Ci, Cj),

Aggn
(
W

(n)
ij

)
⊆ [0, 1]3,

and for every triple (T, I, F ) in the output, we have T + I + F ≤ 3. If Aggn is layer-wise
consistent, i.e. it respects the nested structure in P̃n

(
[0, 1]3

)
at each level, then the final

aggregated map is well-defined for an n-SHNCM.
Statement. Layer-wise consistency means that if V (k)

ij ⊂ P̃k([0, 1]
3) is a k-fold subset at level

k, and V
(k+1)
ij extends it at level (k + 1), then

Aggk+1(V
(k+1)
ij ) coincides or refines Aggk(V

(k)
ij ),

ensuring no contradictions among nested layers. Under this assumption, the aggregator Aggn

produces a unique or consistent triple set at the final output, guaranteeing a well-defined n-
SHNCM adjacency representation.

Proof. Consider the nested sets:

V (1) ⊆ V (2) ⊆ · · · ⊆ V (n),

where each V (k) ∈ P̃k([0, 1]
3). By hypothesis, Aggn composes Aggk layer by layer. Specifically,

Aggk+1

(
V (k+1)

)
, restricted to level k, must match Aggk

(
V (k)

)
. This compositional property

ensures that the final aggregator output at level n is independent of the path chosen to ag-
gregate intermediate subsets. Hence, the aggregator is well-defined across all edges (Ci, Cj).
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As each triple (T, I, F ) satisfies T + I + F ≤ 3, the neutrosophic constraints remain intact,
thereby giving a well-defined final adjacency representation for the n-SHNCM.

Theorem 3.32 (Fixed Point under Contractive Aggregation). Let an n-SHNCM have a state
update rule

A(t+ 1) = Fn

(
A(t)

)
,

where Fn : [0, 1]n → [0, 1]n is formed by aggregating each n-SuperHyperNeutrosophic edge set
W

(n)
ij and summing influences. Assume there exists a metric d(·, ·) on [0, 1]n such that Fn is

a strict contraction, i.e. for all A,B ∈ [0, 1]n:

d
(
Fn(A), Fn(B)

)
≤ λ d(A,B), for some constant 0 < λ < 1.

Then there exists a unique fixed point A∗ ∈ [0, 1]n such that

Fn(A
∗) = A∗.

Proof. This is an application of the Banach Fixed Point Theorem (also known as the Con-
traction Mapping Principle). Since Fn is defined on the complete metric space ([0, 1]n, d) and
satisfies d(Fn(A), Fn(B)) ≤ λ d(A,B) with λ < 1, there is a unique fixed point A∗ satisfying
A∗ = Fn(A

∗). Existence follows by iterative updates from any initial state, and uniqueness
follows because a strict contraction cannot admit two distinct fixed points.

Theorem 3.33 (Boundedness of A(t) for n-SHNCM). In an n-SHNCM, let A(t) ∈ [0, 1]n

evolve via any aggregator-based update rule. Then for all times t ≥ 0, we have A(t) ∈ [0, 1]n.
In other words, the state remains in the unit hypercube [0, 1]n regardless of the complexity or
depth n of the superhyperneutrosophic edges.

Proof. By definition, each aggregator Aggn
(
W

(n)
ij

)
returns neutrosophic triples (T, I, F ) with

T + I + F ≤ 3 and each T, I, F ∈ [0, 1]. The update for each concept Cj is typically:

(A(t+ 1))j = Threshold
( n∑
i=1

[
T ij ai(t)− F ij ai(t) + Iij ai(t)

])
,

where Threshold is some normalization or clipping that maps real values into [0, 1]. Since
ai(t) ∈ [0, 1] and T ij , F ij , Iij ∈ [0, 1], the inner expression is bounded (in, say, [−n,+n]). The
Threshold function ensures (A(t+1))j ∈ [0, 1]. Therefore, A(t+1) ∈ [0, 1]n, and by induction
on t (starting from some A(0) ∈ [0, 1]n), all future states remain in [0, 1]n.
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3.4. Neutrosophic Classifier

A classifier is a function or algorithm that assigns input data to predefined categories or
classes based on learned patterns or rules from training data [12, 28, 234]. A Neutrosophic
Classifier leverages neutrosophic logic to address uncertainty by assigning truth, indeterminacy,
and falsity degrees for classification tasks [15,16,71,285].

A related concept is the Fuzzy Classifier, which uses fuzzy logic to handle uncertainty by
assigning membership degrees to classes, enabling flexible and imprecise decision boundaries
[39, 165, 208, 301]. Additionally, the Intuitionistic Fuzzy Classifier is another known approach
in this context [154,265,273].

This section introduces the HyperNeutrosophic Classifier and the n-
SuperHyperNeutrosophic Classifier, which extend the Neutrosophic Classifier framework to
higher levels of complexity and abstraction.

Definition 3.34 (Supervised Learning). [40, 55, 59, 119] In general, Supervised Learning is
a method in machine learning that involves learning a relationship or mapping between a set
of input variables X and an output variable Y based on labeled training data. The goal is to
construct a model f , which minimizes the risk and accurately predicts the output for unseen
data. The training dataset consists of pairs (xi, yi), where xi ∈ X and yi ∈ Y . Using the
principle of risk minimization, the model f is optimized to generalize well to new data. Once
trained, the model can be applied to infer outputs for new, unlabeled inputs.

Notation 2. All definitions assume a supervised learning context in which we have:

Training set D = {(x1, y1), (x2, y2), . . . , (xm, ym)},

where xi ∈ Rd (feature space), and yi ∈ C = {c1, c2, . . . , cK} is the set of class labels.

Definition 3.35 (Neutrosophic Classifier). Let X = Rd be the feature space, and let C =

{c1, c2, . . . , cK} be a finite set of classes. A Neutrosophic Classifier is a function

N : X → [0, 1]3 × · · · × [0, 1]3 (K times),

so that for each input x ∈ X , the classifier outputs a K-tuple of neutrosophic membership
triples:

N (x) =
(
(T1(x), I1(x), F1(x)), . . . , (TK(x), IK(x), FK(x))

)
,

where each triple (Tj(x), Ij(x), Fj(x)) ∈ [0, 1]3 satisfies

Tj(x) + Ij(x) + Fj(x) ≤ 3.

Intuitively, Tj(x) represents the degree of truth-membership (confidence that x is in class cj),
Ij(x) the degree of indeterminacy, and Fj(x) the degree of falsity.
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Classification Decision: Typically, one might apply a defuzzification or neutrosophic decision
function to map the neutrosophic outputs to a crisp label in C. For example:

ŷ(x) = arg max
1≤j≤K

(
Tj(x)− Fj(x)

)
,

or any other decision rule that accounts for (Tj , Ij , Fj).

Definition 3.36 (HyperNeutrosophic Classifier). Let X = Rd and C = {c1, . . . , cK}. A
HyperNeutrosophic Classifier is a function

HN : X →
(
P([0, 1]3)

)K
,

where for each x ∈ X and for each class cj ,

HN (x)j = Wj(x) ⊆ [0, 1]3,

is a HyperNeutrosophic Set of possible triples {(Tk, Ik, Fk)}. Each triple (Tk, Ik, Fk) within
Wj(x) must satisfy

Tk + Ik + Fk ≤ 3.

Rather than assigning one neutrosophic triple to class cj , the HyperNeutrosophic Classi-
fier assigns a nonempty subset of [0, 1]3. Different elements in this subset might represent
multiple experts’ opinions, different data sources, or uncertain/conflicting evaluations of the
membership degrees for class cj .

Decision Rule: One commonly aggregates each set Wj(x) into a single representative triple,
e.g.

(T, I, F )j(x) = Agg
(
Wj(x)

)
,

then apply a neutrosophic-based decision rule, such as

ŷ(x) = arg max
1≤j≤K

(
T j(x)− F j(x)

)
.

Definition 3.37 (n-SuperHyperNeutrosophic Classifier). Let X = Rd and C = {c1, . . . , cK}.
An n-SuperHyperNeutrosophic Classifier is a function

SHN (n) : X →
(
P̃n

(
[0, 1]3

))K
,

where P̃n([0, 1]
3) denotes the n-th nested family of non-empty subsets of the unit cube [0, 1]3.

Concretely, for each x ∈ X and class cj ,

SHN (n)(x)j = W(n)
j (x),

where W(n)
j (x) ∈ P̃n([0, 1]

3). Each nested membership structure satisfies the constraint

∀(T, I, F ) ∈ W(n)
j (x) : T + I + F ≤ 3.

At level n = 0, W(0)
j (x) is simply a single triple (T, I, F ), matching a standard Neutrosophic

Classifier. At level n = 1, W(1)
j (x) ⊆ [0, 1]3 is a HyperNeutrosophic set, i.e. multiple triples.
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For n ≥ 2, one obtains hierarchically nested sets-of-sets, capturing multi-level or multi-source
uncertainty at each depth.

Decision Step: One typically defines an aggregation operator Aggn : P̃n([0, 1]
3) → [0, 1]3 to

collapse each nested membership structure to a single triple. Then the classification decision
can be performed via a neutrosophic-based rule on these aggregated triples.

Theorem 3.38 (Reduction Property of n-SuperHyperNeutrosophic Classifier). An n-
SuperHyperNeutrosophic Classifier reduces to a HyperNeutrosophic Classifier if n = 1, and
reduces to a standard Neutrosophic Classifier if n = 0.

Proof. By definition, P̃0([0, 1]
3) is just a single triple (T, I, F ). Thus, if n = 0, SHN (0) assigns

exactly one triple to each class, i.e. a Neutrosophic Classifier. If n = 1, P̃1([0, 1]
3) = P([0, 1]3)

is a set of one or more triples in [0, 1]3, forming a HyperNeutrosophic set. Hence SHN (1)

becomes a HyperNeutrosophic Classifier. For n > 1, each class membership is an n-th nested
structure, strictly more general than n = 1 or n = 0.

Theorem 3.39 (Well-definedness of SHN (n)). Let SHN (n) be an n-SuperHyperNeutrosophic
Classifier. Suppose for each class cj, W(n)

j (x) ∈ P̃n([0, 1]
3) is generated via a function

Φ
(n)
j : X → P̃n([0, 1]

3),

which respects the condition T + I + F ≤ 3. Then SHN (n) is well-defined for all x ∈ X .

Proof. We must check that each W(n)
j (x) is indeed in P̃n([0, 1]

3). By assumption, Φ(n)
j con-

structs an element of the n-th nested power set. Moreover, each triple within the structure
satisfies T +I+F ≤ 3. Since j ∈ {1, . . . ,K} is finite, the classifier output is a K-tuple of valid
n-SuperHyperNeutrosophic sets. Thus, SHN (n) is properly defined on the entire domain X .

Theorem 3.40 (Continuity of a Parametric SHN (n)). Suppose SHN (n) depends on parame-
ters Θ, i.e. each W(n)

j (x) is generated by a continuous function of (x,Θ) into P̃n([0, 1]
3. If the

aggregator and set-construction steps are all continuous with respect to Θ and x, then SHN (n)

is a continuous map from X ×Θ into
(
P̃n([0, 1]

3)
)K .

Proof. Each step in producing W(n)
j (x) is assumed continuous with respect to the real param-

eters Θ and the input x. The nested structure P̃n([0, 1]
3) can be embedded or represented in

a suitable topological space (e.g. via canonical encodings or representing each level’s subsets).
Under a standard product topology, continuity follows by composition of continuous maps at
each stage. Therefore, SHN (n)(x; Θ) is continuous in both arguments.
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Theorem 3.41 (Fixed-Structure Theorem for Classifier Consistency). Consider a training set
{(xi, yi)}. Suppose the classifier SHN (n) uses a fixed, non-trainable aggregator Aggn that maps
each W(n)

j (x) to a single triple (T, I, F )j(x). If Aggn and the mapping from input to W(n)
j (x)

remain unchanged during training, then the classification boundaries are determined by the
aggregator result. Specifically, if ŷ(x) = argmaxj(T j(x)− F j(x)), any parameter updates that
do not alter W(n)

j (x) or aggregator logic cannot change the decision boundary.

Proof. Because the aggregator Aggn and the membership structure W(n)
j (x) are assumed fixed,

none of the computed triple (T, I, F )j(x) can change. Hence, for all x, the final numeric score
T j(x)− F j(x) is invariant. Therefore, the classification boundary (i.e. the set of x ∈ X where
maxj(T j(x)−F j(x)) is tied or changes among classes) remains the same. Thus, no parameter
modifications that do not affect W(n)

j or aggregator logic can alter the classifier’s decision
function.

Theorem 3.42 (Universal Approximation under Suitable Encodings). Let SHN (n) be a para-
metric n-SuperHyperNeutrosophic classifier, which encodes each n-SuperHyperNeutrosophic set
into a finite-dimensional vector (through an appropriate embedding) and then applies a uni-
versal approximator (e.g. a multilayer perceptron). Suppose the embedding and aggregator are
sufficiently flexible to represent or approximate any continuous function X →

(
P̃n([0, 1]

3)
)K .

Then, for any continuous target classification function f∗(x) (mapping x to some ideal mem-
bership structure in P̃n([0, 1]

3)), there exists a sequence of parameter settings Θm such that

lim
m→∞

∥∥SHN (n)(x; Θm)− f∗(x)
∥∥ = 0,

uniformly on compact subsets of X . Hence, SHN (n) is a universal approximator in the domain
of nested neutrosophic set-based classification.

Proof. The universal approximation argument proceeds by noting that each element of
P̃n([0, 1]

3) can be encoded into a finite (though possibly large) dimensional representation
(e.g., by enumerating or sampling from the nested membership sets). A sufficiently expressive
neural network or parametric system can approximate any continuous mapping from X → Z
for Z ⊂ RM . Composing this neural net with a suitable decoding step that reconstructs or
interprets the aggregated sets ensures that the entire map can approximate any continuous
target function f∗. The details rely on standard universal approximation theorems plus a
consistent encoding/decoding scheme for the nested sets. Convergence in the sup norm (or
uniform metric) follows from classical results in neural net approximation theory.
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3.5. Neutrosophic Triplet Group

A Neutrosophic Triplet is an ordered triple that adheres to specific neutral and anti-
properties with respect to a binary operation [10, 221, 222, 257, 259]. Related concepts, such
as Neutrosophic Duplets, are also recognized in the literature [149, 179, 296]. This frame-
work has been further extended to encompass the HyperNeutrosophic Triplet and the n-
SuperHyperNeutrosophic Triplet.

Definition 3.43 (Neutrosophic Triplet). [257] Let
(
N, ?

)
be a nonempty set N with a binary

operation ? : N ×N → N . For an element a ∈ N , a neutrosophic triplet is an ordered triple(
a,neut(a), anti(a)

)
such that:

a ? neut(a) = neut(a) ? a = a, and a ? anti(a) = anti(a) ? a = neut(a).

The elements a, neut(a), and anti(a) are said to form a neutrosophic triplet. In this context:

• neut(a) is called a neutral of a (which replaces or generalizes an identity-like element
but only relative to a).

• anti(a) is called an anti of a (which replaces or generalizes an inverse-like element but
only relative to a).

Definition 3.44 (Neutrosophic Triplet Group). A Neutrosophic Triplet Group (NTG) is a
pair

(
N, ?

)
such that:

(1) Closure: For any x, y ∈ N , we have x ? y ∈ N .
(2) Associativity: For all x, y, z ∈ N , (x ? y) ? z = x ? (y ? z).
(3) Existence of Neutrosophic Triplets: For every a ∈ N , there exist neut(a), anti(a) ∈ N

such that

a ? neut(a) = neut(a) ? a = a, a ? anti(a) = anti(a) ? a = neut(a).

We emphasize that neut(a) replaces the notion of a group identity for the specific element a,
and anti(a) replaces the notion of an inverse for a. Unlike a classical group, these neutral and
anti elements can vary with a.

Example 3.45. Consider
(
Z6,×6

)
, where ×6 is multiplication modulo 6. We observe:

2×6 4 = 8 ≡ 2 (mod 6), 2×6 2 = 4 (mod 6).

Hence for a = 2:

neut(2) = 4, anti(2) = 2,

satisfying

2 ? 4 = 4 ? 2 = 2, 2 ? 2 = 4, 4 ? 4 = 4.
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Thus
(
2, 4, 2

)
is a neutrosophic triplet. Checking associativity and closure reveals

(
Z6,×6

)
is

not a classical group, yet it has valid neutrosophic triplets for certain elements. If each element
admits such triplets, it forms an NTG (modulo verifying all conditions).

Definition 3.46 (Commutative NTG). An NTG
(
N, ?

)
is commutative if x ? y = y ? x for all

x, y ∈ N .

Definition 3.47 (HyperNeutrosophic Triplet Group). A HyperNeutrosophic Triplet Group
(HNTG) is a pair

(
N, ?

)
such that:

(1) Closure & Associativity: For all x, y ∈ N , x ? y ∈ N , and ? is associative.
(2) HyperNeutrosophic Triplets: For each a ∈ N , there is a set of neutrals NeutSet(a) ⊆ N

and a set of antis AntiSet(a) ⊆ N , such that for every b ∈ NeutSet(a) and c ∈
AntiSet(a),

a ? b = b ? a = a, and a ? c = c ? a = b.

In other words, each element a has multiple possible pairs (b, c) forming hyperneutro-
sophic triplets (a, b, c).

Remark 3.48. In a HyperNeutrosophic Triplet Group, each a can have infinitely many neu-
trals NeutSet(a) and infinitely many antis AntiSet(a). This is an extension of the single-triple
idea where we replace neut(a) by a set of possibilities and anti(a) by another set.

Example 3.49. Let
(
N, ?

)
be the same set as in a Neutrosophic Triplet Group example, but

suppose for each element a, we define a set of neutral candidates NeutSet(a) ⊆ N and a set of
anti candidates AntiSet(a) ⊆ N . As long as for each b ∈ NeutSet(a) and c ∈ AntiSet(a) the
required conditions hold, we get a valid HNTG.

Definition 3.50 (n-SuperHyperNeutrosophic Triplet Group). Let n be a nonnegative integer.
An n-SuperHyperNeutrosophic Triplet Group (n-SHNTG) is a pair

(
N, ?

)
such that:

(1) Closure & Associativity: ? is associative and closed on N .
(2) Nested Triplets Up to Level n: For each a ∈ N , we have an n-fold nested family of

possible neutrals and antis. More explicitly, at level k ≤ n, we define

NeutSet(k)(a) ⊆ N, AntiSet(k)(a) ⊆ N.

At each level k, for every pair (b, c) with b ∈ NeutSet(k)(a) and c ∈ AntiSet(k)(a), the
triple (a, b, c) satisfies

a ? b = b ? a = a, a ? c = c ? a = b.

Additionally, the levels are nested in the sense that NeutSet(k+1)(a) refines or extends
NeutSet(k)(a) and similarly for AntiSet(k)(a).

Takaaki Fujita and Florentin Smarandache, Exploring Concepts of HyperFuzzy,
HyperNeutrosophic, and HyperPlithogenic Sets II



37

Theorem 3.51 (Generalization Property). Every n-SHNTG with n = 0 reduces to a Neutro-
sophic Triplet Group (NTG), and every n-SHNTG with n = 1 reduces to a HyperNeutrosophic
Triplet Group (HNTG).

Proof. If n = 0, we allow no hyper-sets of neutrals or antis—only single elements. Hence the
definition collapses exactly to a Neutrosophic Triplet Group: each a has a single neut(a) and
single anti(a). If n = 1, for each a we define NeutSet(1)(a), AntiSet(1)(a) as sets of neutrals
and antis, recovering the HNTG definition from Definition 3.47.

Theorem 3.52 (Reduction Homomorphism). Let ρn→m be a surjective map from the n-
SuperHyperNeutrosophic structure to an m-SuperHyperNeutrosophic structure, with m < n.
Suppose

ρn→m(a ? b) = ρn→m(a) ? ρn→m(b),

and similarly for all nest levels of neutrals and antis. Then (N, ?) at level n reduces to (or
homomorphically maps onto) the (m)-SHNTG structure.

Proof. We define ρn→m to flatten or select subsets from the n-level hyperstructures. If ρn→m

respects the binary operation ? (i.e., is an algebraic homomorphism) and commutes with the
nested neutrals and antis at each level, the resulting image is a valid m-SHNTG. Details parallel
standard homomorphism arguments in universal algebra but adapted to nested triplets.

Theorem 3.53 (Existence of Trivial Triplets at Each Level). In an n-SHNTG, for every
idempotent element x (i.e. x ? x = x) at any level k ≤ n, the triple (x, x, x) forms a trivial
(hyper)neutrosophic triplet (or nested family thereof).

Proof. If x ? x = x, then for each k ≤ n, one can place x in NeutSet(k)(x) and AntiSet(k)(x),
satisfying x ? x = x and x ? x = x.

Theorem 3.54 (Associativity Preservation). In a HyperNeutrosophic or n-SHNTG, associa-
tivity is a global property that must hold for all elements, not just for those forming a single
triplet. Consequently, modifying the set of possible neutrals/antis for certain elements must
preserve associativity across the entire structure.

Proof. Follows from standard arguments in universal algebra: The binary operation ? must
be globally associative, i.e. (x ? y) ? z = x ? (y ? z) for every x, y, z ∈ N . Defining or modifying
hyperneutrosophic sets NeutSet(k)(x) or AntiSet(k)(x) does not remove the requirement that
? remains associative on all of N .
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4. Additional Result: Hyperfuzzy Extension

In this section, we explore extensions based on Hyperfuzzy and Superhyperfuzzy concepts
rather than HyperNeutrosophic sets.

4.1. Neuro-Hyperfuzzy System

A Neuro-Fuzzy System integrates the learning capabilities of neural networks with the rea-
soning mechanisms of fuzzy logic, enabling effective decision-making in uncertain environ-
ments [41, 42, 78, 125, 136, 156, 158]. This hybrid approach leverages the strengths of both
neural and fuzzy systems, making it suitable for a wide range of applications. Additionally, a
related concept, the Neuro-Neutrosophic System, has been discussed in the literature [89,271].

In this subsection, we examine the Neuro-Hyperfuzzy System and its extension, the Neuro-
Superhyperfuzzy System. Definitions and relevant details are provided below.

Definition 4.1 (Neuro-Fuzzy System). (cf. [78, 125, 156]) A Neuro-Fuzzy System (NFS) is a
hybrid intelligent system that integrates fuzzy logic-based reasoning with the learning capa-
bilities of neural networks. Formally, it is represented as a tuple:

N = (X,Y, F,R,L),

where:

• X ⊆ Rn: The input space, where n is the number of input variables.
• Y ⊆ Rm: The output space, where m is the number of output variables.
• F = {f1, f2, . . . , fp}: A set of fuzzy membership functions defined on X.
• R = {r1, r2, . . . , rq}: A set of fuzzy rules, each of the form:

rk : IF
n∧

i=1

(xi is µki) THEN
m∧
j=1

(yj is νkj) ,

where µki and νkj are fuzzy sets for the inputs and outputs, respectively.
• L: A learning algorithm that adjusts F and R based on training data T = {(xt, yt)}Nt=1,

where xt ∈ X and yt ∈ Y.

Definition 4.2 (System Structure of Neuro-Fuzzy System). The architecture of an NFS can
be represented as a multi-layer feedforward network consisting of the following layers:

(1) Input Layer: Directly represents the input vector x = (x1, x2, . . . , xn).
(2) Fuzzification Layer: Transforms crisp inputs into fuzzy values using membership func-

tions:

µki(xi) = fki(xi), ∀k, i.
Takaaki Fujita and Florentin Smarandache, Exploring Concepts of HyperFuzzy,
HyperNeutrosophic, and HyperPlithogenic Sets II



39

(3) Rule Layer: Computes the firing strength of each fuzzy rule rk as:

Activation: Ak =
n∧

i=1

µki(xi),

where
∧

is a t-norm (e.g., the minimum operator).
(4) Aggregation Layer: Aggregates the outputs of all rules using:

ν(y) =

q∨
k=1

(Ak · νk(y)) ,

where
∨

is a t-conorm (e.g., the maximum operator), and νk(y) is the output fuzzy
set for rule rk.

(5) Defuzzification Layer: Converts the aggregated fuzzy output into a crisp value:

y =

∫
y∈Y y · ν(y) dy∫
y∈Y ν(y) dy

.

Definition 4.3 (Learning Algorithm). The learning process optimizes the parameters of F

and R to minimize a loss function:

L(Θ) =
1

N

N∑
t=1

‖yt − ŷ(xt; Θ)‖2,

where:

• Θ: The set of all parameters, including fuzzy membership function parameters and
rule weights.

• ŷ(xt; Θ): The output of the NFS for input xt under the current parameter set Θ.

Gradient-based methods or heuristic approaches are employed to adjust Θ iteratively.

Definition 4.4 (Constraints and Interpretability). To ensure interpretability and consistency:

• Fuzzy membership functions µki must satisfy overlap constraints (e.g., intersections at
membership degree 0.5).

• Rules R should be mutually non-contradictory and logically consistent.

Definition 4.5 (Neuro-Hyperfuzzy System (NHFS)). A Neuro-Hyperfuzzy System (NHFS) is
a hybrid framework integrating a neural network architecture with hyperfuzzy-based member-
ship functions and rules. Formally, we define it as a 5-tuple

NH =
(
X,Y, F̃ , R̃,LH

)
,

where:

• X ⊆ Rn: the input space (n real-valued features).
• Y ⊆ Rm: the output space (m real-valued target variables).
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• F̃ = {f̃1, . . . , f̃p}: a set of hyperfuzzy membership functions, each

f̃k : X → P̃ ([0, 1]),

meaning for every input x ∈ X, f̃k(x) ⊆ [0, 1] is a (non-empty) set of membership
values.

• R̃ = {r̃1, . . . , r̃q}: a set of hyperfuzzy rules. Each rule r̃k has the form

r̃k : IF
n∧

i=1

(
xi is µ̃ki

)
THEN

m∧
j=1

(
yj is ν̃kj

)
,

where µ̃ki, ν̃kj are hyperfuzzy membership functions applied to inputs xi and outputs
yj , respectively.

• LH : a learning algorithm that updates F̃ and R̃ based on training data {(xt, yt)}Nt=1,
aiming to minimize a specified loss function (e.g., MSE) while accommodating the
hyperfuzzy membership framework.

Definition 4.6 (Neuro-n-SuperHyperfuzzy System (NSHFS)). Let P̃n([0, 1]) be the n-
SuperHyperfuzzy extension of [0, 1]. A Neuro-n-SuperHyperfuzzy System extends the Neuro-
Hyperfuzzy System to n nested levels of hyperfuzzy membership:

NSH,n =
(
X,Y, F̃n, R̃n,LH,n

)
,

where:

• F̃n = {f̃n,1, . . . , f̃n,p}, each

f̃n,k : X → P̃n([0, 1]),

describes membership via n-level nested sets in [0, 1].
• R̃n = {r̃n,1, . . . , r̃n,q}, each rule r̃n,k is:

r̃n,k : IF
n∧

i=1

(
xi is µ̃n,ki

)
THEN

m∧
j=1

(
yj is ν̃n,kj

)
.

Here, µ̃n,ki, ν̃n,kj are n-SuperHyperfuzzy membership functions.
• LH,n is a learning algorithm adapted to handle the n-SuperHyperfuzzy membership

structure. It optimizes both F̃n and R̃n using training data under higher-order uncer-
tainties.

Theorem 4.7 (Universal Approximation for Neuro-Hyperfuzzy Systems). Let X ⊆ Rn be a
compact set, and let f : X → Rm be a continuous function. Then, for every ε > 0, there exists
a Neuro-Hyperfuzzy System

NH = (X,Y, F̃ , R̃,LH)

such that for all x ∈ X,
‖f̂(x)− f(x)‖ < ε,
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where f̂(x) is the NHFS output.

Proof. Step 1: Discretization of the Input Space. Since X is compact in Rn, we can construct a
finite covering by hyper-rectangles or grid points {x`}L`=1 such that each point of X lies within
δ-distance of at least one x`. By the uniform continuity of f on a compact set, there exists
δ > 0 ensuring |f(x)− f(x`)| < ε/2 whenever ‖x− x`‖ < δ.

Step 2: Construction of Hyperfuzzy Membership Functions. For each x`, define a hyperfuzzy
membership function

f̃` : X → P̃ ([0, 1])

such that: 1. If x is within δ-distance of x`, f̃`(x) includes a subset of membership degrees near
1 (e.g., [0.8, 1] ⊆ f̃`(x)). 2. Otherwise, f̃`(x) is concentrated near lower membership degrees
(e.g., [0, 0.2]).

Here, each f̃`(x) is a set of membership degrees rather than a single number, accommodating
local variations. Conceptually, this divides X into overlapping “regions,” each associated with
a hyperfuzzy membership structure around x`.

Step 3: Defining Hyperfuzzy Rules. Let R̃ = {r̃1, . . . , r̃L}, where each rule r̃` is triggered
mostly around x`. We denote an output function y` ≈ f(x`) for each `. Then:

r̃` : IF
n∧

i=1

(
xi is µ̃`i

)
THEN y is ν̃`,

where µ̃`i is essentially f̃` focusing on the i-th dimension, and ν̃` is a hyperfuzzy set capturing
y` in [0, 1] for some normalized representation or membership-coded output. The combination
of these rules covers the entire input domain.

Step 4: Rule Aggregation and Defuzzification. The system aggregates contributions from
each r̃`. When x is near x`, f̃`(x) will be high (subset near 1). Thus, rule r̃` dominates the
output, yielding an approximation close to y` ≈ f(x`). By uniform continuity, if x is near x`,
f(x) is near f(x`), ensuring

‖f̂(x)− f(x)‖ < ε

for appropriate choice of membership boundaries and defuzzification methods.
Step 5: Learning Algorithm. The learning algorithm LH refines these memberships and rules

to further reduce approximation error. With gradient-based or other optimization methods,
the membership sets f̃` and output sets ν̃` converge to a configuration that keeps f̂(x) within
ε of f(x).

Since each step can be made arbitrarily precise by refining the covering and adjusting
membership sets, the Neuro-Hyperfuzzy System attains universal approximation.
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Theorem 4.8 (Universal Approximation for Neuro-n-SuperHyperfuzzy Systems). Let X ⊆ Rn

be compact, and let f : X → Rm be continuous. Then, for every ε > 0, there exists a Neuro-n-
SuperHyperfuzzy System

NSH,n =
(
X,Y, F̃n, R̃n,LH,n

)
such that

‖f̂n(x)− f(x)‖ < ε for all x ∈ X,

where f̂n(x) is the system output under n-SuperHyperfuzzy membership.

Proof. The construction is similar to that in Theorem 4.7, but each membership function f̃n,k

and rule r̃n,k uses an n-SuperHyperfuzzy Set, providing nested or higher-level uncertainties.
Step 1: Nested Membership Definition. For each grid point x`, define

f̃n,` : X → P̃n([0, 1]),

so that f̃n,`(x) includes multi-level membership subsets. Each level (1 through n) refines the
degree of confidence or uncertainty, allowing flexible overlaps among different “regions” of
x-space.

Step 2: n-SuperHyperfuzzy Rules. Construct q rules r̃n,1, . . . , r̃n,q, each referencing f̃n,`

membership sets. A typical rule might be:

r̃n,` : IF
n∧

i=1

(
xi is µ̃n,`i

)
THEN y is ν̃n,`,

where µ̃n,`i is a membership set in P̃n([0, 1]) capturing the n-level membership for xi, and ν̃n,`

similarly captures the output membership.
Step 3: Hierarchical Aggregation. When x is close to x`, the nested membership f̃n,`(x)

becomes strongly activated at various levels, thus r̃n,` dominates the final output. Because we
still rely on continuity of f and the refinement principle, we can ensure ‖f̂n(x)− f(x)‖ < ε by
sufficiently dense covering in X and careful arrangement of nested membership sets.

Step 4: Learning Algorithm for n Levels. The learning process LH,n can simultaneously tune
membership sets at each hierarchy (from level 1 to level n). This does not limit approxima-
tion capacity; it merely provides additional structure for capturing uncertain or contradictory
sources of information. By adjusting these levels, the system can approximate f within ε.

Hence, the Neuro-n-SuperHyperfuzzy System achieves universal approximation under the
same topological and continuity assumptions as in the hyperfuzzy case.

Remark 4.9. The above theorems emphasize that extending fuzzy membership to hyper-
fuzzy or n-SuperHyperfuzzy structures does not reduce the ability to approximate continuous
functions on compact domains; rather, it enlarges the representational space of uncertainty.
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Corollary 4.10. In both Theorem 4.7 and Theorem 4.8, if the system is allowed to increase
the number of rules q and refine membership sets arbitrarily, the approximation error can be
made arbitrarily small.

Proof. This corollary follows directly from the proofs of Theorems 4.7 and 4.8, where the
coverings can be made finer and membership sets can be tuned more precisely as q → ∞ or
as membership boundaries become sharper.

4.2. Hyperfuzzy control

A control system is a framework managing and regulating processes or devices to achieve
desired outputs by adjusting inputs(cf. [3, 24, 73, 104, 115, 228]). The Control System is ex-
tended using Fuzzy Sets. Its main feature includes operations such as Fuzzification and De-
fuzzification. The Fuzzy Control System has been extensively studied in various research
fields [53,124,130,161,173,178,182,184,205,275,277,298]. The definition is provided below.

Definition 4.11. (cf. [67, 67, 140, 195]) Let X = {x1, x2, . . . , xn} be the universe of discourse
for input variables and Y = {y1, y2, . . . , ym} for output variables. A fuzzy control system
consists of the following components:

(1) Fuzzification: A mapping Fx : X → [0, 1] that transforms crisp input xi into a fuzzy
set µ(xi), where µ(xi) ∈ [0, 1] is the membership degree of xi.

(2) Fuzzy Rule Base: A set of linguistic rules Rk of the form:

Rk : If x1 is Ak
1 and x2 is Ak

2 and . . . then y is Bk,

where Ak
i and Bk are fuzzy sets defined on X and Y , respectively.

(3) Inference Mechanism: A function Φ : F(X) → F(Y ) that applies fuzzy logical op-
erators (e.g., Min-Max or Max-Product) to infer the fuzzy output based on the rule
base.

(4) Defuzzification: A process that converts the fuzzy output Φ(µ(X)) into a crisp value
y∗ using a defuzzification method such as:

y∗ =

∫
y∈Y y · µ(y) dy∫
y∈Y µ(y) dy

,

where µ(y) is the membership degree of y in the output fuzzy set.

Definition 4.12 (Hyperfuzzy Control System). Let X = {x1, . . . , xn} and Y = {y1, . . . , ym}
be universes of discourse for inputs and outputs, respectively. A hyperfuzzy control system
extends the classical fuzzy control system by replacing each fuzzy set with a hyperfuzzy set:
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(1) Hyperfuzzification: A mapping F̃x : X → P̃ ([0, 1]), so each crisp input xi is mapped to
a non-empty subset of [0, 1] instead of a single membership degree.

(2) Hyperfuzzy Rule Base: A set of hyperfuzzy rules R̃k of the form:

R̃k : If x1 is Ãk
1 and . . . then y is B̃k,

where each Ãk
i , B̃

k is a hyperfuzzy set on X or Y .
(3) Hyperfuzzy Inference: An operator Φ̃ : F̃(X) → F̃(Y ) that aggregates hyperfuzzy sets.

Various extended t-norms/t-conorms or set-based operations can be used to combine
membership sets instead of single values.

(4) Hyperfuzzy Defuzzification: A method mapping the final hyperfuzzy output Φ̃(µ̃(X))

into a crisp value y∗, potentially by selecting representative degrees from each subset
or using bounding strategies:

y∗ = Defz
(
Φ̃
(
µ̃(X)

))
,

where Defz(·) is an extended defuzzification operator for hyperfuzzy sets.

Definition 4.13 (n-SuperHyperfuzzy Control System). Let X and Y be universes for inputs
and outputs, respectively. An n-SuperHyperfuzzy Control System is defined by extending the
hyperfuzzy components (Definition 4.12) to n nested levels:

(1) n-SuperHyperfuzzification: A mapping

F̃x,n : X → P̃n([0, 1]),

associating each input xi ∈ X with an n-superhyperfuzzy set of membership degrees
in [0, 1].

(2) n-SuperHyperfuzzy Rule Base: A set of rules R̃n,k of the form:

R̃n,k : If x1 is Ãk
1,n and . . . then y is B̃k

n,

where each Ãk
i,n, B̃k

n is an n-superhyperfuzzy set on X or Y .
(3) n-SuperHyperfuzzy Inference: An operator Φ̃n that merges the multi-level membership

subsets according to extended logic operations.
(4) n-SuperHyperfuzzy Defuzzification: A process converting the final multi-level hyper-

fuzzy output into a crisp control output y∗.

Here we present two illustrative theorems on stability and robustness. They assume a
dynamical system model:

ẋ(t) = F
(
x(t), u(t)

)
,

where x(t) is the system state and u(t) is the control input produced by a hyperfuzzy or
n-superhyperfuzzy controller.
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Definition 4.14 (Robustness). (cf. [163, 287]) Robustness refers to the ability of a system,
model, or algorithm to maintain its performance or functionality under perturbations, uncer-
tainties, or adverse conditions in its inputs or environment.

Theorem 4.15 (Stability under Hyperfuzzy Control). Consider a control system with state-
space model ẋ(t) = F

(
x(t), uHF(t)

)
, where uHF(t) is generated by a hyperfuzzy control system.

Suppose:

(1) F (·, ·) is continuous and locally Lipschitz in x for each fixed uHF.
(2) There exists a hyperfuzzy rule base ensuring that for each neighborhood of the equi-

librium x∗ = 0, the hyperfuzzy inference produces a control input uHF that reduces a
Lyapunov function V (x) (cf. [27,62,266,281]).

Then x = 0 is Lyapunov-stable; i.e., for any ε > 0, there exists δ > 0 such that ‖x(0)‖ < δ

implies ‖x(t)‖ < ε for all t > 0.

Proof. Lyapunov Function Construction. By hypothesis, we have a scalar function V : Rn →
R≥0 continuous, with V (0) = 0 and V (x) > 0 for x 6= 0. Further, assume V is radially
unbounded in a local neighborhood of interest.

Hyperfuzzy Control Influence. The hyperfuzzy rule base ensures that when x is near 0, the
membership sets produce a control uHF such that V̇ (x) = ∇V (x) · F (x, uHF) remains non-
positive. Since membership sets in [0, 1] are now replaced by ⊆ [0, 1], the control uHF can be
chosen consistently from these subsets to maintain V̇ (x) ≤ 0.

Local Stability Conclusion. By standard Lyapunov arguments, if V̇ (x) ≤ 0 in a neighborhood
around x = 0, x = 0 is stable. More precisely, for any ε > 0, choose a region Ωε = {x : V (x) <

γ(ε)} that implies ‖x‖ < ε. The local Lipschitz continuity of F and continuity of V confirm
that once x(0) is in Ωε, V (x(t)) cannot increase, hence x(t) remains in Ωε. Thus x = 0 is
Lyapunov-stable.

Theorem 4.16 (Ro-
bustness under n-SuperHyperfuzzy Control). Let ẋ(t) = F

(
x(t), un-SHF(t)

)
be controlled by

an n-superhyperfuzzy system (Definition 4.13) with multi-level membership sets. Suppose:

(1) F (x, u) is continuous in (x, u) and locally Lipschitz in x for each feasible u.
(2) The n-superhyperfuzzy rule base can generate control inputs that counteract bounded

external disturbances d(t) up to a known magnitude Dmax.

Then the closed-loop system is robustly stable against disturbances of magnitude at most Dmax,
provided the n-superhyperfuzzy sets at each level are appropriately tuned to reduce a Lyapunov
function or maintain an invariant set.
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Proof. We introduce an augmented system model:

ẋ(t) = F
(
x(t), un-SHF(t)

)
+ d(t),

with ‖d(t)‖ ≤ Dmax. By the assumption on the n-superhyperfuzzy rule base, each membership
set at level k = 1, . . . , n provides a “range” of possible control actions. For any x in a certain
neighborhood, one can choose an action un-SHF from these superhyperfuzzy sets to balance or
compensate for d(t) within ‖d(t)‖ ≤ Dmax.

Let V (x) be a Lyapunov function that decreases under un-SHF in the absence of disturbance.
Because the multi-level membership offers flexible or nested sets of control values, for every x

with ‖x‖ ≤ R, there exists un-SHF(x) such that V̇ (x) ≤ −α(‖x‖) if ‖d(t)‖ ≤ Dmax, for some
positive function α. Thus V (x(t)) cannot grow unbounded. Consequently, x(t) remains in
a bounded region (or converges near 0) even under external disturbance up to Dmax. This
shows robust stability in the sense that the system can handle disturbances within the specified
bound.

Remark 4.17. In Theorem 4.16, the nested membership structure of n-superhyperfuzzy sets
allows the control logic to switch or adapt among multiple levels of uncertainty, improving
robustness compared to single-level hyperfuzzy or classical fuzzy approaches.

5. Future Work: Further Exploration of HyperUncertain Extensions

This section briefly outlines future directions for this research. We anticipate advancements
in extending various concepts using Hyperfuzzy Sets, SuperHyperfuzzy Sets, HyperNeutro-
sophic Sets, SuperHyperNeutrosophic Sets, Hyperplithogenic Sets, and SuperHyperplithogenic
Sets.

Potential areas of extension include:

• Neutrosophic Queueing Systems [57, 214,294].
• Neutrosophic Geometry [5, 153,157].
• Fuzzy Queueing Systems [152,204].
• Fuzzy Matroids [108,109,112,169,191,224].
• Fuzzy Topology [4, 171,209,263,269,293].
• Fuzzy Geometry [48, 197,218,219].

We hope this research inspires further exploration and expansion in these domains.
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