HyperPlithogenic Cubic Set and SuperHyperPlithogenic Cubic Set, pp. 79-93, in Takaaki Fujita, Florentin
Smarandache:  Advancing  Uncertain ~ Combinatorics  through  Graphization,  Hyperization, and
Uncertainization: Fuzzy, Neutrosophic, Soft, Rough, and Beyond. Sixth volume: Various New Uncertain Concepts
(Collected Papers). Gallup, NM, United States of America — Guayaquil (Ecuador): NSIA Publishing House, 2025,
192 p.

Chapter 6
HyperPlithogenic Cubic Set and SuperHyperPlithogenic Cubic Set

Takaaki Fujita ' * Florentin Smarandache?,
I« Independent Researcher, Shinjuku, Shinjuku-ku, Tokyo, Japan. t171d603 @ gunma-u.ac.jp
2 University of New Mexico, Gallup Campus, NM 87301, USA. smarand @unm.edu

Abstract

Concepts such as Fuzzy Sets [23L/47]], Neutrosophic Sets [[32,/33]], and Plithogenic Sets [35] have been exten-
sively studied for addressing uncertainty, with diverse applications across numerous fields. Building on the
Plithogenic Set, the HyperPlithogenic Set and SuperHyperPlithogenic Set have also gained recognition [[15].
A Plithogenic Cubic Set integrates interval-valued and single-valued fuzzy memberships, augmented by multi-
attribute aggregation using plithogenic structures. This paper defines the HyperPlithogenic Cubic Set and
SuperHyperPlithogenic Cubic Set and explores related concepts such as the HyperPlithogenic Fuzzy Cubic
Set, HyperPlithogenic Intuitionistic Fuzzy Cubic Set, and HyperPlithogenic Neutrosophic Cubic Set.

Keywords: Plithogenic Set, HyperPlithogenic Set, n-SuperhyperPlithogenic Set, Plithogenic Cubic Set

1 Preliminaries and Definitions

This section provides an introduction to the foundational concepts and definitions required for the discussions
in this paper.

1.1 Plithogenic Set

The Plithogenic Set is a mathematical framework designed to integrate multi-valued degrees of appurtenance
and contradiction, making it particularly effective for addressing complex decision-making scenarios. Numer-
ous studies have explored the properties and applications of Plithogenic Sets, as highlighted in works such
as [[11[13,28430L39,43].

Additionally, related concepts like the Plithogenic Graph have received considerable attention and analysis in
various studies [[11,|18]]. The Plithogenic Set’s versatility lies in its ability to generalize several established
mathematical frameworks, including Fuzzy Sets [47,/48], Intuitionistic Fuzzy Sets [5,/6]], Vague Sets [7,/19],
Neutrosophic Sets [33}[34]], Picture Fuzzy Sets [9,27,42], Bipolar Neutrosophic Sets [10,146], Hyperfuzzy
Sets [20,21]], and Hesitant Fuzzy Sets [44}45]].

The formal definition is presented below.

Definition 1.1 (Base Set). A base set S is the foundational set from which complex structures such as powersets
and hyperstructures are derived. It is formally defined as:

S = {x | x is an element within a specified domain}.
All elements in constructs like P (S) or ,(S) originate from the elements of S.

Definition 1.2 (Powerset). [14,126] The powerset of a set S, denoted P (S), is the collection of all possible
subsets of S, including both the empty set and S itself. Formally, it is expressed as:

P(S)={A ]| ACS}
Definition 1.3 (n-th Powerset). (cf. [[141|16,31L38]])

The n-th powerset of a set H, denoted P, (H), is defined iteratively, starting with the standard powerset. The
recursive construction is given by:

Pi(H)=P(H), Pus(H)=P(Py(H)), fornz=>1.
Similarly, the n-th non-empty powerset, denoted P}, (H), is defined recursively as:
Py(H) = P*(H), P, (H)=P"(P,(H)).
Here, P*(H) represents the powerset of H with the empty set removed.
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Definition 1.4 (Plithogenic Set). [36l37] Let S be a universal set, and P C S. A Plithogenic Set PS is defined
as:

PS = (P,v, Pv, pdf, pCF)

where:

* v is an attribute.

* Pv is the range of possible values for the attribute v.

e pdf : Px Pv — [0, 1]° is the Degree of Appurtenance Function (DAF)E]
e pCF : Pv X Pv — [0, 1]! is the Degree of Contradiction Function (DCF).

These functions satisfy the following axioms for all a, b € Pv:

1. Reflexivity of Contradiction Function:
pCF(a,a) =0

2. Symmetry of Contradiction Function:
pCF(a,b) = pCF(b,a)

Definition 1.5 (HyperPlithogenic Set). [12}|15}{17] Let X be a non-empty set, and let A be a set of attributes.
For each attribute v € A, let Pv be the set of possible values of v. A HyperPlithogenic Set HPS over X is
defined as:

HPS = (P, {vi}i_ |, {Pvi}i_. {pdf }i_,, pCF)

i=1»

where:

e P C X is a subset of the universe.
* For each attribute v;, Pv; is the set of possible values.

* For each attribute v;, pdf; : P x Pv; — P([0,1]%) is the Hyper Degree of Appurtenance Function
(HDAF), assigning to each element x € P and attribute value a; € Pv; a set of membership degrees.

« pCF : (UL, Pvi) x (U, Pv;) — [0, 1]" is the Degree of Contradiction Function (DCF).

Definition 1.6 (n-SuperHyperPlithogenic Set). [[12l{15]17]] Let X be anon-empty set, andletV = {vi,vp,...,v,}
be a set of attributes, each associated with a set of possible values P,,. An n-SuperHyperPlithogenic Set
(SHPS,) is defined recursively as:

SHPS,, = (P, V,{P Y1y, Apdf " Yoy, pCF™),

where:

e Py C X,andfork > 2, y
Pr =P (Pr-1),

represents the k-th nested family of non-empty subsets of P;.

* For each attribute v; € V, P, is the set of possible values of the attribute v;.

!t is important to note that the definition of the Degree of Appurtenance Function varies across different papers. Some studies define
this concept using the power set, while others simplify it by avoiding the use of the power set [41]. The author has consistently defined the
Classical Plithogenic Set without employing the power set.
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* For each k-th level subset Py, pzlf,(n) : Py X Py, — P([0,1]°) is the Hyper Degree of Appurtenance

Function (HDAF), assigning to each element x € P, and attribute value a; € P,, a subset of [0, 1]°.
e pCF™ : UL, Py, x UL, Py, — [0, 1]" is the Degree of Contradiction Function (DCF), satisfying:
1. Reflexivity: pCF" (a,a) =0 foralla € Uiz, Py
2. Symmetry: pCF" (a,b) = pCF™ (b, a) forall a,b € J, P,,.

* s and ¢ are positive integers representing the dimensions of the membership degrees and contradiction
degrees, respectively.

1.2 Plithogenic Cubic Set

A Plithogenic Cubic Set integrates interval-valued and single-valued fuzzy memberships, augmented by multi-
attribute aggregation using plithogenic structures [3}/4,[25,/40]. Related concepts, such as Neutrosophic Cubic
Sets [12,/8L[221/49]], are also well-established. The definitions and details are provided below.

Definition 1.7 (Plithogenic Cubic Set). [25,40] Let X be a non-empty set. A Plithogenic Cubic Set (PCS) in
X is a pair

IT = (C, Pplitho),

where:

1. C={(x, A(x), a(x)) | x € X} is a cubic set on X (Definition ??), consisting of
* An interval-valued fuzzy mapping
A: X > {lay,at] € [0, 1]},
* A single-valued fuzzy mapping
a:X — [0,1].

2. Pplitho 18 a plithogenic structure (Definition ??) that governs how the attributes and membership intervals
in C are aggregated or combined. In particular, Ppliho = (P, v, Pv, pdf, pCF) includes:
* A domain P C X (or, more generally, a set of interest).
e An attribute v with possible values Pv.

¢ A degree of appurtenance function pdf : P X Pv — [0, 1]*, used to define how elements in P
attach membership vectors under each attribute value.

¢ A contradiction function pCF : Pv X Pv — [0, 1], specifying how attribute values a,b € Pv
might conflict or support each other, often employed in multi-attribute decision contexts.

Intuition:

 The “cubic set” part (A(x), @(x)) captures interval-valued and single-valued fuzzy membership for each
X.

» The “plithogenic” part enforces additional structure on how multiple attributes or parameter values in
Pv can be integrated (often using a plithogenic aggregation guided by pCF).

* The resulting Plithogenic Cubic Set merges these two viewpoints, enabling multi-attribute decision-
making or data analysis with both interval-based and single-valued fuzzy membership, managed under
a plithogenic aggregator.
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Example 1.8 (Plithogenic Cubic Set Illustrative). Suppose X = {xj,x2,x3} is a universe of three elements.
Define a cubic set C on X by:

C= {(xl, [0.2,0.4],0.3), (x2.[0.7,0.9],0.6), (x3.[0.4, 0.5],0.5)}.
Here:
A(x) = [0.2,04], A(xy) = [0.7,0.9], A(x3) = [0.4,0.5],
a(x;) =03, a(x) =06, a(x;)=0.5.

Additionally, let P C X be {x},x2,x3}, define an attribute v with possible values Pv = {u,us}. Suppose we
have:
pdf : P x {uj,u} — [0,1]%,

pdf(x1,u1) = (0.2,0.5), pdf(xi,u2) = (0.3,0.6),
and so forth, plus a contradiction function
pCF(uj,uy) =0, pCF(ui,up) =(04), pCF(uy,uy)=(0.4), pCF(uy,u)=0.
Then
Pplitho = (P, v, Pv, pdf, pCF),

and
IT = (C, Pplitho)

is a Plithogenic Cubic Set on X. The presence of A(x;), a(x;), and the multi-attribute aggregator pdf/pCF
clarifies how membership intervals, single membership values, and attribute-based contradictions coexist in a
single structure.

Definition 1.9 (Plithogenic Fuzzy Cubic Set). [25,40] Let X be a non-empty universe, and let
Politho = (P, v, Pv, pdf, pCF)

be a plithogenic structure (consisting of a domain P C X, an attribute v with possible values Pv, a degree of
appurtenance function pdf, and a contradiction function pCF). A Plithogenic Fuzzy Cubic Set (PFCS) in X
is a pair

Hr = (Cr, Pylitho)-

where:

1. Cg= {(x, Ar(x), ap(x)) | x € X} is a fuzzy cubic set on X, meaning:

e Ap : X — [0, 1] is a single-valued fuzzy membership (instead of an interval-valued one). That is,
foreachx € X, Ap(x) € [0,1].

e ar : X — [0,1] is a second single-valued fuzzy mapping. In typical “cubic set” terminology,
we can interpret (Ap(x),ap(x)) as the pair of membership values capturing two layered fuzzy
memberships for each element x (one possibly playing the role of amplitude, the other of secondary
membership).

2. Pplitho 18 the plithogenic aggregator, as above.

Hence, for each x € X:
(x, Ar(x), ar(x)) with Ap(x), ar(x) € [0,1].

And the plithogenic structure $pjimo provides multi-attribute valuation or contradiction measures used to
combine or compare these fuzzy membership values across different parameter values Pv. This synergy yields
a multi-attribute, two-layer fuzzy membership system governed by a plithogenic aggregator.
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Example 1.10 (Plithogenic Fuzzy Cubic Set). Let X = { x1, x2, x3} be a universe. Define the fuzzy cubic set
Cr = {(x1.02,04), (v, 0.5,07), (x5, 08, 0.6)},
where Ap(x1) =0.2,ar(x;) =0.4, Ap(xz) = 0.5, ar(x2) = 0.7, etc.
Next, let us assume a plithogenic structure Ppjino with:
P = {x1,x3,x3}, v an attribute with possible values Pv = {uy, us},
and define a degree of appurtenance function
pdf : Px{u,uz} — [0,1]7,

plus a contradiction function
pCF : {M],uz} X {M],uz} e [0, l]t.

We might specify, for instance:

pdf (x1,u;) =(0.4,0.6), pdf(x;,uz) =(0.2,0.1),

and
pCF(ui,uy) =0, pCF(uj,up) =0.3, pCF(uz,u3) =0, pCF(uz,u;)=0.3.

Combining these, the Plithogenic Fuzzy Cubic Set is
r = (Cr, Pplitho)-

In effect, we have a two-valued fuzzy membership (Ap, @) for each x, and a plithogenic aggregator controlling
multi-attribute contradictions or synergy among u1, u; in Pv.

Definition 1.11 (Plithogenic Intuitionistic Fuzzy Cubic Set). [25,/40] Let X be a non-empty universe, and
let Pplitho = (P, v, Pv, pdf, pCF) be a plithogenic structure. An Plithogenic Intuitionistic Fuzzy Cubic Set
(PIFCS) in X is a pair

I = (CIF» pplitho),

where:

1. Cg = { (x, A;p(x), ajp(x)) | x € X} is an intuitionistic fuzzy cubic set, namely:

e Arp(x) = (u(x),v(x)) is an interval (or pair) representing membership u(x) € [0, 1] and non-
membership v(x) € [0, 1], with u(x) + v(x) < 1 for each x. Equivalently, we may store an interval
[ 1=, u* ] for membership and [ v~, v* ] for non-membership.

e ayp(x) is a single intuitionistic fuzzy index, e.g. a secondary membership or hesitation part for
x. There are various ways to formalize the cubic notion here, but in general a;p(x) is an extra
single-valued function capturing additional partial membership or hesitation.

2. The plithogenic structure Ppiimo merges these membership pairs (u, v) with contradictory or supportive
attribute values from Pv.

Note: Sometimes the cubic set for an intuitionistic fuzzy environment is defined as (A, @) where A is an interval-
valued intuitionistic fuzzy set (storing membership and non-membership intervals) and « is a single-valued
intuitionistic fuzzy function. The essential idea is that we have one interval/pair capturing membership-
nonmembership for each x, plus an extra single-valued function for x. Then we combine that with the
plithogenic aggregator.

Example 1.12 (Plithogenic Intuitionistic Fuzzy Cubic Set). Let X = {x|,x2}. Suppose we define for each
x €X:

Arp(x) = (p(),v(x)),  with u(x) € [0,1], v(x) € [0,1], u(x) +v(x) <1,
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and ajr(x) € [0, 1] is a single-value capturing a hesitation degree or a secondary membership. For instance:

Arr(x1) = (0.6, 0.3), arr(x1) =0.2,
Arp(x) = (0.4, 0.4), ar(x) =0.1.

Hence the intuitionistic fuzzy cubic set is
Cir = {(x1,(0.6,0.3),0.2), (x2,(0.4,0.4),0.1)}.
Now let Ppimo = (P, v, Pv, pdf, pCF) be a plithogenic structure with:
P ={x1,x2}, v attribute with Pv = {uy,us},
pdf(-,-) : PxPv — [0,1]>, pCF(.,-): PvxPv — [0,1]".
Define a few sample values:
pdf (x1,u1) = (0.8,0.1), pdf(x1,uz) =(0.3,0.5), pdf(x2,u;) =(0.4,0.6), pdf(x2,u2) =(0.7,0.2),
pCF(uy,u1) =0, pCF(uy,uz) =0.5, pCF(uy,u1) =0.5, pCF(uy,uy) =0.
Then the Plithogenic Intuitionistic Fuzzy Cubic Set is
Mir = (Cip, Pylitho)-

This structure allows us to model partial membership, partial non-membership, a second single-valued dimen-
sion for each x, and also to incorporate multi-attribute influences or contradictions across u1, u; in a plithogenic
aggregator.

Definition 1.13 (Plithogenic Neutrosophic Cubic Set). Let X be a non-empty universe, and let Ppliho =
(P,v, Pv, pdf, pCF) be a plithogenic structure. A Plithogenic Neutrosophic Cubic Set (PNCS) in X is defined
by

N = (ONs Pplitho)s

where:

1. Cn = {(x, An(x), any(x)) | x € X} is a neutrosophic cubic set, in which:

e An(x) is an interval-valued neutrosophic membership for each x. Typically, a neutrosophic
membership is a triple (7, 1, F) in [0, 1] with T + I + F < 3. For an interval version, we might
store [T~,T*],[I~,I*], [F~, F*] for each x.

e an(x) is a single-valued neutrosophic membership triple or a single measure capturing partial
truth, falsity, and indeterminacy for x. More simply, it can be (¢, iy, fx) With t, + i, + f < 3.

2. Pplitho = (P, v, Pv, pdf, pCF) is the plithogenic aggregator that unifies these neutrosophic membership
values across multi-attribute domains in Pv.

Hence, each x in X is described by two layers of neutrosophic membership (one interval-valued, one single-
valued), while the plithogenic aggregator fosters multi-attribute or contradictory synergy among attribute values
in Pv.

Example 1.14 (Plithogenic Neutrosophic Cubic Set). [24}25,40]] Let X = {x;,x,}. For each x € X, define

the neutrosophic cubic set membership:

Cn = {(xl, AN (x1), an(x1)), (x2, AN (x2), OIN(xz))},

where for x1,
An(x1) =([0.4,0.6],[0.1,0.3],[0.2,0.4]) (interval T,LF),
an (1) = (0.5,0.2,0.3) (single T,LF) with 0.5+ 0.2+ 0.3 = 1.0 < 3.

For x5,
An(x2) = ([0.7,0.8], [0.0,0.1], [0.1,0.2]), an (x2) =(0.6,0.3,0.1).
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Now let Ppiitho = (P, v, Pv, pdf, pCF) be:
P ={x1,x}, visan attribute with Pv = {uy, us, us},
pdf :PxPv — [0,1]°, pCF(-,-):PvxPv — [0,1]".
For instance,
pdf (x1,u1) = (0.4,0.2), pdf(xi,u2) = (0.1,0.3), pdf(xi,u3) =(0.7,0.2), pdf(xz,u;) =(0.6,0.4), ...

and
pCF(uj,u;) =0, pCF(uy,uy) =0.5, pCF(up,u3) =0.2,...

Thus the Plithogenic Neutrosophic Cubic Set is
[N = (Cn, Pyiitho)-

We have, for each x;, an interval-based neutrosophic membership (T~ (x;), T* (x;)), (I~ (x;), I* (x;)), (F~(x;), F*(x;)),
plus a single triple (Z, ix, fx). Then multi-attribute interactions among u, u,, u3 are managed by (pdf, pCF).

2 Results of This Paper

In this paper, we propose new definitions for various types of sets and briefly examine their relationships with
existing concepts.

This document presents the concept of n-SuperHyperPlithogenic Cubic Sets, built upon fuzzy, intuitionistic
fuzzy, and neutrosophic frameworks. These notions extend existing ‘“HyperPlithogenic Cubic Sets” to higher
orders by nesting membership structures in a recursive manner. For brevity, we refer to them as:

* n-SuperHyperPlithogenic Fuzzy Cubic Set (n-SHPC-FCS),
* n-SuperHyperPlithogenic Intuitionistic Fuzzy Cubic Set (n-SHPC-IFCS),
* n-SuperHyperPlithogenic Neutrosophic Cubic Set (n-SHPC-NCS).

We assume familiarity with:

* Fuzzy/Intuitionistic Fuzzy/Neutrosophic Cubic Sets: Cubic sets that combine interval-valued membership
and single-valued membership (plus, for intuitionistic or neutrosophic, the relevant membership forms).

* HyperPlithogenic Structures: Which assign hyper-set-valued memberships for multi-attribute parameters
and utilize a contradiction function among attribute values.

* n-Super frameworks: In which membership sets or attribute sets are nested up fo the n-th power set or
hyper-power set level, as in " (-).

2.1 HyperPlithogenic Cubic Set (HPCS)

A HyperPlithogenic Cubic Set (HPCS) integrates interval-valued, single-valued fuzzy membership and multi-
attribute aggregation, addressing complex multi-dimensional uncertainty.

Definition 2.1 (HyperPlithogenic Cubic Set (HPCS)). Let X be a non-empty universe. Recall the following:

* A Plithogenic Cubic Set (PCS) on X is apair IT = (C, Pplino), Where C is a cubic set on X (capturing
interval-valued and single-valued fuzzy membership), and Ppiimo 1S a plithogenic structure guiding
multi-attribute aggregation or contradictionﬂ

2See the user’s snippet for the formal definition of a Plithogenic Cubic Set.
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* A HyperPlithogenic Set (HPS) is a structure (P, {v;}, {Pv;}, {pdf,;}, pCF) that allows hyper-degree of
appurtenance (set-valued membership degrees) for each attribute’s domain and a contradiction function

We define a HyperPlithogenic Cubic Set (HPCS) over X as follows:
HPCS = ( Ccubic» ﬂplitho)y

where:

1. Ccubic = {(x, A(x), a(x)) | x € X} is a cubic set on X. Concretely, for each x € X:

e A(x) C [0, 1] is an interval-valued fuzzy membership or possibly an entire sub-interval [ ay, a¥ ].

In many references, we store A(x) = [ay, at] € [0, 1].

e a(x) € [0, 1] is an additional single-valued fuzzy membership for x. That is, each x € X has a pair

(A(x), a(x)).
2. Hplitho = (P, {vi}, {Pvi}, {I;Zl?i}, pCF) is a HyperPlithogenic Set structure. In particular:
e P C X is a domain of interest (often the same as or a subset of X).

» Each attribute v; has possible values Pv;.

. p?i}i :PXPv; —> 5([0, l]s) is a hyper degree of appurtenance function, i.e. it assigns set-valued
membership degrees in [0, 1]* for each pair (x, a;).

e pCF: (U?:1 Pvl-) X (U:l:l Pvl-) — [0, 1]* is the contradiction function, satisfying reflexivity and
symmetry conditions.

The resulting pair
HPCS = (Ccubic, Hyiitho)

is called a HyperPlithogenic Cubic Set.
Example 2.2 (HyperPlithogenic Cubic Set). Let X = {x;,x2,x3}. Suppose we have a cubic set:

Ceubic = {(xl, [0.2,0.4], 0.6), (x2. [0.7,0.8], 0.4), (x3, [0.4,0.9], 0.2)}.
Hence for each x;, we store an interval A(x;) C [0, 1] plus a single real @(x;) € [0, 1].

Next, define the HyperPlithogenic structure:
7-{plith() = (P’ {vls Vz}, {PV], Pv2}9 {ﬁf}?ﬁf‘z}s pCF)a

where
P ={x1,x2,x3}, vy with Pvi={uj,uz}, vy with Pvy={wi,wy}.

The hyper-DAFs might be
pdfy: Px{un,up} — P([0,11%), pdf,: Px{wi,wa} — P([0,1]%).
For instance, . -
pdf,(x1,u1) = {(0.2,0.6), (0.3,0.7)} € [0,1]2, pdf,(x1,up) =---

Then define
pCF ()« ({ur,up, wi, wa} X {ur,uz, wi,wa}) — [0,1]°,
satisfying reflexivity and symmetry. For example,
pCF(ui,uy) =0, pCF(uy,up) =03, pCF(wi,up)=0.5, ...
Putting these together,
HPCS = (CCubiCs Wplitho)

becomes a HyperPlithogenic Cubic Set. It merges an interval-plus-singleton membership for each x; (the
cubic set) with a hyperplithogenic aggregator that yields set-valued membership degrees and a multi-attribute
contradiction measure among {uy, us} and {wy, wy}.

3See the user’s snippet for the definition of HyperPlithogenic Set.
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Theorem 2.3. (HyperPlithogenic Cubic Set generalizes Plithogenic Cubic Set and HyperPlithogenic Set.)

1. If each hypermembership p?l}‘ ;(x, a;) in Hyito is constrained to be a singleton in [0, 1]°, and the interval
A(x) in Ccupic is restricted to a single real number in [0, 1], then an HPCS reduces to a Plithogenic
Cubic Set (Definition[1.7).

2. Ifthe cubic part (A(x), a(x)) is replaced by a simpler membership approach (e.g. ignoring intervals, or
ignoring single-valued parts), an HPCS reduces to a HyperPlithogenic Set.

Proof. (1) HPCS = Plithogenic Cubic Set.
In a HyperPlithogenic Cubic Set (Ccubic, Hplitho):

* Ccubic has an interval A(x) C [0, 1] plus a real @(x) € [0, 1].

* Hylitho = (P, {vi}, {Pvi}, {I;E?i},pCF) has set-valued membership degrees I;E?i(x, a;) € [0, 1]°5.

First, constrain each ]’;d? ;(x, a;) tobe asingleton {m} C [0, 1]°. This collapses the hyper aspect to an ordinary
pdf; : PXxPv; — [0, 1]°. Next, for each x, constrain the “interval” A(x) C [0, 1] tobe asinglereal a, € [0, 1].
Then A : x — a, € [0, 1] becomes an ordinary fuzzy membership. By these restrictions, we precisely match
the structure of a Plithogenic Cubic Set (in which the interval is replaced by a single amplitude). Consequently,
HPCS reduces to a standard PCS.

(2) HPCS = HyperPlithogenic Set.

If we remove the cubic set part (A(x),a(x)), or equivalently if we fix A(x) = {1} and a(x) = 1 for all x
(making them trivial or constant), we no longer store interval or single-valued fuzzy membership for each x.
The entire membership representation then depends solely on the hyperplithogenic aggregator {pdf;}, which
is exactly a HyperPlithogenic Set structure. Therefore, ignoring or trivializing the cubic membership reduces
an HPCS to a standard HPS (HyperPlithogenic Set).

Hence, HPCS strictly generalizes both PCS and HPS. O

Definition 2.4 (HyperPlithogenic Fuzzy Cubic Set). Let X be a non-empty set. A HyperPlithogenic Fuzzy
Cubic Set (HPFCS) in X is a structure

( ﬁuzzy—cubic, leitho) s

where:

1. Fuzzy-cubic 18 a fuzzy cubic set on X. Concretely, for each x € X, we have:
ﬁuzzy—cubic (x) = (AF(X)’ afF (x)),

where
Ap(x) = [ay, ay] € [0,1], ar(x) € [0,1].

X

2. Hyliho = (P, {vi}, {Pvi}, {I;Efi }, pCF) is a HyperPlithogenic structure that assigns set-valued member-
ship degrees to attribute-value pairs:

pdf;: Px Pv; — P([0,1]%),

plus a contradiction function pCF among attribute values.

Hence, each element x € X simultaneously has:

* A fuzzy membership interval Ag(x) C [0, 1],

* A single fuzzy membership real ar(x) € [0, 1],
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* A multi-attribute hyperplithogenic aggregator that can combine or compare these memberships or partial
memberships with other elements or with attributes in pCF.

Example 2.5 (HyperPlithogenic Fuzzy Cubic Set). Let X = {x,x,}. Define a fuzzy cubic set:
Fruzzy-cubic (X1) = ([0.2,0.4],0.3),  Fruzzy-cuvic (x2) = ([0.6,0.8],0.5).
Hence Ap(x;) =[0.2,0.4], ap(x1) = 0.3, Ap(x2) = [0.6,0.8], and ap(x3) = 0.5.
Next, define a HyperPlithogenic structure Hylimo = (P, {v}, {Pv}, {];Zi?}, pCF) with:
P ={xy,x}, visasingle attribute, Pv = {uj,us}.
A hyper-DAF might be:
pdf (x1,u1) = {(0.2,0.5),(0.3,0.7)} € [0, 11%,  pdf (x2,u1) = {(0.6,0.4)},
And a contradiction function pCF(u1,u) € [0,1]* fort = 1; say pCF(u1,u3) = 0.4, pCF (uz,u;) = 0.4.

Then
HPFCS = (ﬁuzzy-cubic’ 7'{plitho)

is a HyperPlithogenic Fuzzy Cubic Set.

Definition 2.6 (HyperPlithogenic Intuitionistic Fuzzy Cubic Set (HIFCS)). Let X be a non-empty set. A
HyperPlithogenic Intuitionistic Fuzzy Cubic Set on X is a structure

( FIF—cubics Wplitho),

where:

1. FIr—cubic 1S an intuitionistic fuzzy cubic set, assigning for each x € X:

Fir-aic () = (An (), na (x), Aw (), (),
in which:

e Ap(x) € [0, 1] is an interval for membership, aps(x) € [0, 1] is a single membership value,
e An(x) € [0, 1] is an interval for non-membership, an (x) € [0, 1] a single non-membership value,

e We require 0 < ap(x) + ay(x) < 1 and Aps(x), Ay (x) suitably restricted so that any real
me Ap(x)andn € Ay (x) satisfy 0 <m+n < 1.

2. Hyliho = (P, {vi}, {Pvi}, {ﬁi} :}, pCF) is a HyperPlithogenic structure, exactly as in Definition
assigning set-valued membership degrees for multi-attribute decisions, plus a contradiction function
among attribute values.

Example 2.7 (HyperPlithogenic Intuitionistic Fuzzy Cubic Set). Let X = {y;, y»}. For each y € X, define:

° AM(yl) = [02’ 04]7 a’M(yl) = 037
* Ay(y1) =[0.1,0.2], an(y1)=0.2,

such that (0.3) +(0.2) = 0.5 < 1 and for any m € [0.2,0.4],n € [0.1,0.2], we have m + n < 0.6 < 1.

* Am(y2) =10.6,0.7], am(y2) =0.25,

s An(y2) =[0.0,0.2], an(y2) =02,
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ensuring 0.25+0.2=045 < 1.
Hence Frr—cubic 18 an intuitionistic fuzzy cubic set.

Nf}t’ let Hpiimo be a hyperplithogenic aggregator with attribute(s) v having domain Pv, a hyper-DAF
pdf(y,a) € [0,1]°, and pCF(a,b) € [0,1]". The combined pair

(7:IF—cubic’ ‘Hpntho)

forms a HyperPlithogenic Intuitionistic Fuzzy Cubic Set.

Definition 2.8 (HyperPlithogenic Neutrosophic Cubic Set (HNNCS)). Let X be a non-empty set. A Hyper-
Plithogenic Neutrosophic Cubic Set (HNNCS) in X is a structure:

(Ncllbi01 7‘[plitho),

where:

1. MNubic 18 a neutrosophic cubic set, assigning for each x € X three pairs (or intervals) plus single reals for
(T, 1, F), for instance:

Newvic (x) = (AT(X), ar(x), Ar(x), ar(x), Ap(x), CYF(X)),

with Ar(x) € [0,1], ar(x) € [0, 1], similarly for I, F, and 0 < ar(x) + a;(x) + ap(x) < 3, plus
constraints for each triple (z,7, f) in Ar(x) X Aj(x) X Ap(x) sothats+i+ f < 3.

2. Hotitho = (P, {vi}, {Pvi}, {I;B?i},pCF) is a HyperPlithogenic aggregator, exactly as in Definitions
or[2.6] used to handle multi-attribute set-valued membership degrees across [0, 1]° and a contradiction
function pCF.

Example 2.9 (HyperPlithogenic Neutrosophic Cubic Set). Let X = {z1, z2}. Suppose a neutrosophic cubic set
Ncubic such that:

Newvic(z1) = ([0.2,0.3], 0.25, [0.0,0.1], 0.05, [0.3,0.5], 0.4),
meaning Ar(z;) = [0.2,0.3], ar(z1) = 0.25, A;(z1) = [0.0,0.1], a;(z1) = 0.05, Ap(z;) = [0.3,0.5],

ar(z1) = 0.4. We require 0.25 + 0.05 + 0.4 = 0.7 < 3, and any triple (¢, f) from [0.2,0.3] x [0.0,0.1] x
[0.3,0.5] must satisfy # +i + f < 3, which is obviously true.

Similarly for z;:
Newvic(22) = ([0.6, 0.7], 0.65, [0.1,0.2], 0.15, [0.0,0.2], 0.1).
Next, define a HyperPlithogenic structure Hpjimo = (P, . .. ) with attribute sets and a hyper-DAF:
pdf;(x,a;) € [0,1]°, pCF(a,b) € [0,1]',

fori =1,...,m. The combination:

(Ncubic, 7'(plitho)

becomes a HyperPlithogenic Neutrosophic Cubic Set on X.
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2.2 n-SuperHyperPlithogenic Cubic Set

An n-SuperHyperPlithogenic Cubic Set is a generalized concept of the Plithogenic Cubic Set using the structure
of an n-SuperHyperPlithogenic Set. The definition is presented below.

Definition 2.10 (n-SuperHyperPlithogenic Cubic Set). Let X be a non-empty universe, and let

( Ccupics Hpitho)

be a HyperPlithogenic Cubic Set as in Definition 2.1l We define an n-SuperHyperPlithogenic Cubic Set
(SHPC,) recursively as follows:

1. Forn=1,
SHPC, = (CCubim Wplitho),

i.e. a standard HyperPlithogenic Cubic Set.

2. Forn > 2, let
_ (n) (n)
SHPC,, = ( Ciubic’ ?{plitho).

Here:

* Ciubic 18 an n-th level cubic expansion, e.g. an iterative layering of interval- or single-valued

membership expansions. Symbolically,

ce = {@ AP @), o™ () | x e X},

where A (x) might be an n-th power set expansion or n-th interval layering, depending on the
chosen model.

. (Hp(lri'tim is the n-th SuperHyperPlithogenic structure, i.e. we define

pdf™ Py x Py —s P[0, 1]%),

or a similar n-level hyper aggregator, plus a contradiction function pCF"") that captures n-th order
expansions of attribute domains.

Hence, we obtain
- (n) ()
SHPC, = ( CCubic’ Wplitho)’
called an n-SuperHyperPlithogenic Cubic Set on X.

Theorem 2.11. (n-SuperHyperPlithogenic Cubic Set generalizes HyperPlithogenic Cubic Set and n-SuperHyperPlithogenic
Set.)

Let SHPC,, be an n-SuperHyperPlithogenic Cubic Set on X. Then:

1. SHPC,, reduces to a HyperPlithogenic Cubic Set when n = 1 (the base level).

2. SHPC,, reduces to an n-SuperHyperPlithogenic Set if we ignore or trivialize the cubic membership
structure (A (x), ™ (x)).

Proof. (1) Reduces to HPCS atn = 1.
By definition (cf. Definition in the user’s snippet for superhyper expansions), setting n = 1 yields
SHPC, = (Cé:l{)ic, ?{If]]it)ho) which is exactly a HyperPlithogenic Cubic Set as in Definition No further
expansions or iterative layering occur.

(2) Reduces to n-SuperHyperPlithogenic Set if we ignore the cubic portion.

Given SHPC,, = (Cg'lf)ic, 7—[})(1?[;10) , we can trivialize the cubic membership for each x by forcing A™ (x) to
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be a constant set { 1} or [0, 1], and " (x) to be 1 (or 0). This effectively removes the cubic layering from

each element x and leaves us with the n-SuperHyperPlithogenic aggregator 7-{;1'?&10 alone. That aggregator

is precisely an n-SuperHyperPlithogenic Set (Definition ?? in the user’s snippet), because it has n-th order
expansions of hyper-degree-of-appurtenance plus the contradiction function.

Hence, SHPC,, indeed generalizes both a single-level HPCS and an n-SuperHyperPlithogenic structure. O

Definition 2.12 (n-SuperHyperPlithogenic Fuzzy Cubic Set). Let X be a non-empty set, and let Ffuzzy—cubic be
a fuzzy cubic set on X, i.e. for each x € X:

7_}uzzy—cubic (x) = (AF (X), aF ()C)),

where Ap(x) C [0, 1] is interval-valued membership, ap(x) € [0, 1] is single-valued membership. Then

define a hyperplithogenic aggregator ?(é’litho at the n-Super level as

7 m ——.(n)
(Pn, {vi iil’{Pvi}i:I’{pdfi },PCF(n)),

where:

e PyC X,andfork >2, Py = ¢(Pk—1), leading to P,, as an n-th nested hyper-power set of P.

* For each attribute v;, Pv; is its set of possible values.

¢ Each 1;1?;”) : P, X Pv; = P"([0, 1]%) assigns an n-level set of membership vectors in [0, 1]°.
» pCF™ is an n-level contradiction function among attribute values in |J; Pv;.

We call

n-SHPC-FCS = (ﬁuzzy—cubim 7{[’)111{}10)

an n-SuperHyperPlithogenic Fuzzy Cubic Set on X.

Example 2.13 (Illustration of n-SHPC-FCS). Let X = {x1,x,}. Suppose the fuzzy cubic set
ffuzzy—cubic (xl) = ( [02, 04] > 03)7 ﬁuzzyfcubic (xZ) = ([05, 06] P 04) .
Hence, Ap(x1) =[0.2,0.4],ar(x1) =0.3; Ap(x2) = [0.5,0.6], ar(x2) = 0.4.

Next, define an n-SuperHyperPlithogenic structure. Let Py = {x|,x,}, for k > 2 do P, = P(Py_1). Suppose
we have one attribute v with domain Pv = {u,u;}. Then

pdr " (A,u) € P([0.117),  pCF™ (uy,uy) € ([0,1])",
ensuring multi-level set membership. The combined structure
- car™ (n)
1-SHPC-FCS = (iussy-cuics (Pus---pdf - pCF™))

is an n-SuperHyperPlithogenic Fuzzy Cubic Set.

Definition 2.14 (n-SuperHyperPlithogenic Intuitionistic Fuzzy Cubic Set). Let X be a non-empty set. An
intuitionistic fuzzy cubic set Fir—cubic On X assigns each x € X the tuple:

(Anr @), anr (0, An (@), an ().

where

e Ap(x) € [0, 1] (interval membership), aps (x) € [0, 1] (single membership),

* An(x) C [0, 1] (interval non-membership), ay (x) € [0, 1] (single non-membership),
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e For any m € Ap(x) and n € An(x) and the single values @y (x), @y (x), we satisfy m +n < 1 and
apy (x)+any(x) < 1.

We then embed this cubic set into an r-SuperHyperPlithogenic aggregator

(Pu i} {Pvi}. {pdf.""}. pCF™)

with Py built via £ (-) up to level n. Combining them yields the n-SuperHyperPlithogenic Intuitionistic Fuzzy
Cubic Set:

n-SHPC-IFCS = (ﬁF_cubic, Wﬁitho)~

Example 2.15 (n-SHPC-IFCS Illustrative). Let X = {y;, y2}. Suppose for an intuitionistic fuzzy cubic set:
Fir—cabie (¥1) = ([0.2,0.3], 0.25, [0.0,0.2], 0.1),

Fir-cubic(y2) = ([04,0.6], 0.5, [0.1,03],02).

Hence each y; has an interval membership A,/ (y;) plus single membership @/ (y;), and an interval non-
membership Ay (y;) plus single non-membership @y (y;). Checkm € Ap(y;),n € Ay (y;) impliesm+n < 1,
similarly aps (y;) + an(y;) < 1.

Next, let H ;:iitho be an n-SuperHyperPlithogenic aggregator with domain sets P; C X, Py = P(Py_1), attribute

sets {v;}, a hyper-DAF ]’;d? l( n), and contradiction function pCF . Then

n-SHPC-IFCS = (ﬁF—cubiC» (}{];llitho)

forms an n-SuperHyperPlithogenic Intuitionistic Fuzzy Cubic Set.

Definition 2.16 (n-SuperHyperPlithogenic Neutrosophic Cubic Set). Let X be a non-empty set. A Neutrosophic
Cubic Set on X, call it Ngypic, assigns each x € X:

Newvic (x) = (AT(X)’Q'T(X)a Ar(x), az(x), AF(X)’G’F(X)),

where for each x, A7 (x), Aj(x), Ap(x) C [0, 1] are interval (or set) memberships for truth, indeterminacy, and
falsity, while ar(x), ay(x), ap(x) € [0, 1] are single-valued memberships for (T, I, F), with t +i + f < 3 for
t€Ar(x),i € Aj(x), f € Ap(x) and ar(x) + a;(x) + ap(x) < 3.

An n-SuperHyperPlithogenic Neutrosophic Cubic Set (n-SHPC-NCS) is formed by combining MNV.ypic With an
n-SuperHyperPlithogenic aggregator

——(n)
Hono = (Pu- {vi}. {Pvi}. {pdf;" }. pCF™),

where each 1;17 fn) is a hyper-set mapping to $”*([0, 1]*) and pCF™ is an n-level contradiction measure.
Formally,

n-SHPC-NCS = (Ncubic’ Wﬁitho)'

Example 2.17 (n-SHPC-NCS Illustrative). Let X = {z;,z2}. Suppose for each z € X:

Neavic(z1) = ([0.2,0.3],0.25, [0.0,0.1],0.05, [0.4,0.5],0.3),
meaning Ar(z;) = [0.2,0.3], ar(z;) = 0.25, A;(z;) = [0.0,0.1], a;(z1) = 0.05, Ap(z;) = [0.4,0.5],
ar(z1) =0.3. Werequire thatt +i + f < 3 for (¢,i, f) € Ar(z1) X A;(z1) X Ap(z1) and (a7 + a7 + aF) < 3.

Similarly,
Neavic(22) = ([0.6,0.7],0.66, [0.0,0.2],0.15, [0.0, 0.1],0.10).

Then define an n-SuperHyperPlithogenic aggregator Wﬁitho = (P,,...), with P; = {z1,22}, Px = P(Px_1)

for k = 2,...,n. We have attributes {v;}, possible values {Pv;}, hyper-DAFs { ];;Zj‘ En)}, and a contradiction
function pCF ™ . The combination

n-SHPC-NCS = (Ncubic’ W;iitho)

is an n-SuperHyperPlithogenic Neutrosophic Cubic Set.
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