F '\ Advances and Applications in Statistics
i . © 2024 Pushpa Publishing House, Prayagraj, India
k q'p \ https://pphmjopenaccess.com

b

https://doi.org/10.17654/0972361724046
. " Volume 91, Number 7, 2024, Pages 855-877 P-ISSN: 0972-3617

NEUTROSOPHIC DISCRETE GEOMETRIC
DISTRIBUTION

Rehan Ahmad Khan Sherwani!, Sadia Igbal’,
Shumaila Abbas!, Muhammad Saleem?,

Muhammad Aslam®* and Florentin Smarandache*

ICollege of Statistical Sciences

University of the Punjab Lahore

Pakistan

e-mail: rehan.stat@pu.edu.pk
sadiaigbal905@gmail.com
shumaila.stat@pu.edu.pk

*Department of Industrial Engineering
Faculty of Engineering-Rabigh
King Abdulaziz University
Jeddah 21589, Saudi Arabia

e-mail: msaleim1@kau.edu.sa

Received: January 24, 2024; Revised: April 18, 2024; Accepted: May 10, 2024

2020 Mathematics Subject Classification: 62A86.

Keywords and phrases: geometric distribution, case studies, neutrosophic logic, moments,
order statistics, reliability analysis.

FCorresponding author

How to cite this article: Rehan Ahmad Khan Sherwani, Sadia Igbal, Shumaila Abbas,

Muhammad Saleem, Muhammad Aslam and Florentin Smarandache, Neutrosophic discrete

geometric distribution, Advances and Applications in Statistics 91(7) (2024), 855-877.

https://doi.org/10.17654/0972361724046

This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
Published Online: May 16, 2024




856 Rehan Ahmad Khan Sherwani et al.

SDepartment of Statistics

Faculty of Science

King Abdulaziz University

Jeddah 21551, Saudi Arabia

e-mail: aslam_ravian@hotmail.com

“Mathematics, Physics, and Natural Science Division
University of New Mexico Gallup

NM, U. S. A.

e-mail: fsmarandache@gmail.com

Abstract

Uncertainty, vagueness, and ambiguity surround us in many real-life
problems and, therefore, always remain under consideration for
researchers to quantify them. This study proposed neutrosophic
discrete probability distribution as a generalization of classical or
existing probability distributions, named neutrosophic geometric
distribution. Case studies presented in the paper will help understand
the concept and application of the proposed distribution. Several
properties are derived, like the proposed distribution’s moment,
characteristic, and probability-generating functions. Furthermore, the
newly proposed distribution derives properties from the reliability
analysis, such as survival function, hazard rate function, reversed
hazard rate function, cumulative hazard rate function, mills ratio, and
odds ratio. In addition, order statistics for NGD, including wth, the
largest, and the smallest order statistics, are also derived from joint,
median, minimum, and maximum order statistics. This examination
opens the path for managing issues that follow traditional conveyances
and simultaneously contain information that is not determined
precisely.

1. Introduction

Smarandache first initiated neutrosophy in [1]. It is a new branch of the
philosophy presented as a generalization of fuzzy logic and a generalization
of intuitionistic fuzzy logic [2, 3]. The modern world is overfilled with
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uncertainty, ambiguity, fuzzy (problems, circumstances, and ideas) [4]. The
classical probability ignores extreme, aberrant, unclear values, so a new
suitable instrument had to be used [5]. The basic concept of neutrosophic
sets was introduced by [6] in a well-defined book in 2014 purely in a
statistics scenario, which presents a new base for dealing with several issues
containing indeterminate data. The primary objective of neutrosophic logic
is to characterize a logical statement in a 3-D neutrosophic space. Each
dimension of the nutrosophic space represents, respectively, Truth (T), False
(U), and Indeterminacy (I) of the statements under consideration. The terms

T, I, and U are the standard, non-standard real subsets (—0, 1+) without any

specific connection. Many researchers extended the classical distributions
neutrosophically, including neutrosophic binomial distribution and
neutrosophic normal distribution, neutrosophic multinomial distribution,
neutrosophic Poisson distribution, neutrosophic exponential distribution
and neutrosophic uniform distribution, neutrosophic gamma distribution,
neutrosophic Weibull distribution and its several families, etc [7-10]. The
readers can see further information on neutrosophic statistics vs classical
statistics in [5, 8, 11-15]. This study extended classical geometric
distribution, which is neutrosophically named neutrosophic geometric

distribution, using neutrosophic logic.
2. Neutrosophic Geometric Distribution (NGD)

Geometric distribution from the distribution theory is a classical discrete
probability distribution [16]. The distribution is related to the binomial
distribution in terms of the nature of the experimental trial, i.e., the trials are
independent and have two possible outcomes (success or failure). The
random variable used in the geometric distribution is the number of trials
needed to attain a first success. The geometric distribution requires the exact
number of failure attempts before obtaining a first success, but the precise
number of failures is hard to find in some situations. In such situations, the
experimenter is not sure about the classification of the outcome, i.e., either

classify the outcome as a success or failure. This indecisive situation is
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called the indeterminate state of the experiment. It requires some specialized
form of geometric distribution because the methodology of the classical
geometric distribution does not support handling such situations. This
section proposed a modified form of the classical geometric distribution

called neutrosophic geometric distribution.

The neutrosophic geometric distribution of discrete r.v. X is well-defined
as the extension of the classical geometric distribution of X with some
indeterminacy or vagueness in the experiment. A neutrosophic geometric
experiment may result in some failures as well as indeterminate outcomes till
the occurrence of the first success; for example, tossing a coin on an unstable
surface that may have cracks, a coin may fall on its edge inside the
crack, and one may get neither head nor tale but some indeterminacy.

The probability of success is labeled as p,(S), a failure p,.(U) and

indeterminate outcome as p,.(I).

Neutrosophic geometric r.v. X represents the number of trials needed for
first success when experimenting with a variable number of times - the
neutrosophic probability distribution of r.v. X is called a neutrosophic
geometric probability distribution.

For x O {1, 2,3, ..., 00}, Np, (occurrences of first success after x trials)

= (Tx’ Uy, Ix)'

For cases where threshold > th" will belong to indeterminate part and
when threshold < thD, the cases will belong to a determinate part. The
probability mass function (7,) and the cumulative distribution function
(F(x)) of neutrosophic geometric distribution are given in equations (2.1)
and (2.4):

pr(s)z[ oy oy @

The same will be true when trials result in failures as there is only one
success, not a fixed number of successes, like in binomial distribution:
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th] x—1
TETXC) Y W R ORC %l 22)

h=0 h

and

L) S S0

M=+

x—zD—l

Y [ i f‘l] 1200 hmn (2.3)

x=1 h=0

The CDF corresponding to equation (2.1) is given by

r(

e ((x+m ny”
F) =1 p,(8) () - @) Y [T )
m U)
m'=0
The CDF corresponding to equation (2.3) is given by

O RSETXO Y W [0 k) ) W (X %) el

x—1
m +1 m
m'=0 '=0

2.1. Physical conditions

(i) Each trial results in three mutually exclusive and exhaustive
outcomes: success, failure, and indeterminacy.

(ii) All the trials must be independent.
(ii1) The probability of success remains fixed or constant for every trial.

(iv) The experiment performs a variable number of times until the first

SuCcess Occurs.
2.2. Case studies

Case study 1. A physician is seeking an anti-depressant for five patients
newly diagnosed. Assume that, of all available anti-depressant drugs,

60% were found effective, 20% were found ineffective, and 30% have no
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evidence about their effectiveness. What is the probability that the first drug
is effective for the fifth patient?

Using the information in the problem mentioned above, we compute the
probability for all three parts of PMF.

X - No of patients until we get the one for which ant-depressant drug

found effective.
So x =1, 2,3,4,5 and we have to find NGp, (x = 5).
p, (effective drug) = p,(S) = 0.6,
p, (ineffective drug) = p,(U) = 0.2,
p, (neither effective nor ineffective) = p,(I) = 0.3.

Let indeterminacy threshold be 2. Then

T5 = (0.6)22: (5 ; IJ (0.3)"(0.2)° "

h=0

= (0.6){(5 ; 1) (0.3)°(0.2)>7071 + (5 I_IJ (0.3) (0.2

+ (5 ; lj (0.3)2(0.2)5‘2‘1}

_ 16 . 27
= (0'6)(625 65 " 1250)

= 0.01968,

S (52 1), | © 2)5—ZD—h—1
Is = (0.6) >° =—==(03)" ) -

T & = onE--n-)

5-3-1=1

:(0.6)H(5 ;1)!(0.3)3 > m?s)'%);_:ill)z}
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511, s ) (0.2 4
* {(4—') (0.3)" h!ES —)4 - 1)!H

h=0

0.2)270"! 021"
= (0.6)[4(0-3)3{03((2 20 =) 1!((2 2 1= 1)’}

0.2)1-0-1
+ (0.3)%%}}

= (0.6)(0.1296 + 8.1 x10~)

= 0.08262,
Us = (p,(S) + p,(1) + p,(U))* = T5 = Is
= (0.6 +03+ 0.2)5 —0.01968 — 0.08262
=1.50821.
If normalized, the computed vector becomes
(Ts, Is, Us) = (0.01968, 0.08262, 1.50821).
By dividing each component of the vector by its total sum, we have

0.01968 + 0.08262 +1.50821 = 1.61051.

Hence we get
(Ts, Is, Us) = (0.012219, 0.051301, 0.93648).

Case study 2. Suppose an investigator is searching for a student who
lives five miles away from the investigator. The investigator knows that
52% of the 25000 live within five miles of him, 33% do not, and there is
no information about 10% of students where they live. The investigator
randomly calls college students until one says the student lives within 5

miles of him. What is the probability that six people need a contact?
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Using the information in the abovementioned problem, we compute the

probability for all three parts of PMF.
X - Number of students the investigator must contact till one says yes.

So, x=1,2,3,.. (total number of students), we need to find the

NGp,(x = 6).

p, (do live within five miles) = p,(S) = 0.52,

p, (do not live within five miles) = p,.(U) = 0.33,

p, (no information about where they live) = p,(I) = 0.1.

Let indeterminacy threshold be 2. Then

Tg = (0.52))
h=
)

2 (6 - l] (P (P0)) !
“n
{(6; lj (0.1)°(0.33)0707" + (6 1_ lj (0.1)'(0.33)°7"!

=(0.52

+ (6 ; 1] (0.1 (0.33)6‘2‘1}

= (0.52){(3.9135x107%) + (5.9296 x 107>) + (3.5937 x 107°)}

= 0.006987,
_,H0 _ 0,
6—-1= 5 D6 z -1 (0.33)6 |
e =0 h'(6-z7—h—1)
6-3-1=2 6-3-h-1
_ (6-1)! (0.33)
(osz)H 0.1 kZ_(:) ME-3-7-T)

6—1 6-4-1=1 (0.33)074h~1
{( )(014 h'(6—)4—h—1)!}
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{(6 D! g1y 0" (033)675! H

A6 -5-h-1)!
h=0 ( )

0337071 (03337171 (03372
= (0.52) |:(0.02){0(! G _)0 )Y + 1(! (3 —)1 -1)! * 2(! 3 —)2 - 1)!}

T et Y ad

0C-0-1)! T@2-1-1)

+(1x107°) {—1(,(2‘133)(1)__0_11),}}

= (0.52)(0.01769 + 6.65 x 107 +0.1°)
=9.5498 x 1072,
Us = (pr(8) + p, (1) + p,(U))" ~T5 ~ I
= (0.52 + 0.1 +0.33)° - 0.006987 - 9.5498 x 10>
= 0.71856.
If normalized, the computed vector becomes
(Ts, I, Ug) = (0.006987, 0.71856, 9.5498 x 10_3).
By dividing each component of the vector by its total sum, we have
0.006987 +9.5498 x 107> + 0.71856 = 0.735097.
Hence we get
(Ts, Ig, Ug) = (9.50487 x 1073, 0.012991, 0.97750).

Case study 3. Suppose that different computer components have a
random selection, from which 30% were defective, 60% were non-defective,
and 10% were unclear whether defective or not. How likely is the seventh

component tested to cause the first defect?
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Using the information in the abovementioned problem, we compute the
probability for all three parts of PMF.

X takes on values 1, 2, 3, ..., and we have to find NGp, (x = 7).
p, (defective components) = p,.(S) = 0.3,

p, (non-defective components) = p,(U) = 0.6,

p, (neither defective nor non-defective) = p,(I) = 0.1.

Let indeterminacy threshold be 3. Then

3

7 =(03)) (7 ; 1) (0.1 (0.6)" !

h=0

=(0.3) {(7 ; 1J (0.1)°(0.6)" 71 + (7 IIJ (0.1)'(0.6)7 1!

+ (7 2_ IJ (0.1)%(0.6)" 27" + (7 ; 1} (0.1)3(0.6)7_3_1}

= (0.3){0.046656 + 0.046656 + 0.01944 + (4.32 x 107}

= 0.0351216,
7-1=5 (7-1)1 ST © 6)7—ZD—h—1
1, = (0.3) =017 > 2
£ - 2 m-"-n-)

Y 7-4-1=2 7-4-h-1
:(0.3)H(74!1)'(0.1)4 hZ:;) h,((g'6_)4_h—1)!}

O o (0 }

{ 51 L n(T=5-h-1)

7=, 6 e (0.6) 67"
( 6! Lo hZ::O h!((7 —)6 s —1)!}]

+
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0.6 (06 | (0.6
= (0-3)[(3O x 0-14){0!((3 20 S 1!((3 —)1 -0 2!((3 2 2- 1)’}

+(6x0.15){ (0‘6)2_0_1 + (0‘6)2_1_1 }

0l2-0-1)! 12-1-1)!

0.6 1-0-1
+(0'16){1'((1—) )H

= (0.3)(3.84 x1072 +9.6 X107 +0.1°)
= 1.1811x 1072,
Uy = (p,(S)+ p (1) + p,(U)) -T7 - I3
= (0.3+0.1+0.6)" —0.0351216 - 1.1811x 107

= 0.96530.

Hence we get

(15, I, U;) = (0.0351216, 0.96530, 1.1811 x 1073).

3. Main Properties of NGD

3.1. Moment generating function

Moment generating function (m.g.f) for the true part of PMF X ~
NGD(x; p,(S)) is given by

Mo(l‘) — (1 _ Pr(l)j D( pr(S) ) 3.1

W) (e - p, )

The indeterminate part of PMF is given as

Mo(e) = ¢ Oy, (5) B Z (e, (1)) Jm—pr( 0y 62
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where

BD:_ 1 + 1 - 1 —

prU) " 21(p, (W)} 281(p,(U))

3.2. Characteristic function

The characteristic function of X ~ NGD(x; p,(S)) the true part of PMF

is given by

00 =2 -2 o a6

p

The indeterminate part of PMF is given as
S )" -
%)= p,(5) B0 Y. M} Q- @)@ G
n=1

3.3. Probability generating function

The probability generating function for the true part of PMF X ~
NGD(x; p,(S)) is given by

6@ = 05, (5)(1-- L) 11 - on, ) 335)

The indeterminate part of PMF is given as

8

G(8) = 8p,(S) {Z }U—(m(U)e)} : (3.6)

n=1
4. Reliability Analysis

This section finds various reliability properties like survival function,
hazard rate function, reversed hazard rate function, and cumulative hazard
rate function. In addition, the Mills ratio and the odd ratio for the new

proposed distribution are derived.
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4.1. Survival function

The survival function of r.v. X ~ NGD(x; p,(S)) for the true part of
PMF is given as:

S() = p,(8) (P (U))(1 - pr(u»‘li(x i j( (1) j .1

The indeterminate part of PMF is given as:

S0 = 1, s)z[ " et ))'"”Z[ oy @

4.2. Hazard rate or failure rate function

The hazard rate function of r.v. X ~ NGD(x; p,(S)) for the true part of
PMF is given as:

Z;fo (X ; 1J p, (1) p, )"
oo (TG0

The indeterminate part of PMF is given as:

h(x) =

4.3)

x-1

e e (X
DI I 'l[x I ‘1J(pr<u))X‘ZD'h'l

h(x) = . 44

DI SN (TR ) S Gl (X 7

4.3. Reversed hazard rate function

The reversed hazard rate function (RHRF) of r.v. X ~ NGD(x; p,(S))

for the true part of PMF is given as:
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(Y (N ) )
a(x) = Zh'o( h j - (45)

= o) )0 X T2

p,(U)

For the indeterminate part of PMF, RHRF is given as:

pr(S )Z I N ( Z_Dlj(Pr(l))zD
DIH I [ ) ;D”J (p )= !
0(x) = o (x+m ' o (x-1 e
RO I G (TR OV S iy (O

(4.6)

4.4. Cumulative hazard rate function

The cumulative hazard rate function (CHRF) of rv. X ~
NGD(x; p,(S)) for true part of PMF is given as:

H(x)=—1n{pr(s)(pr(u) (1-p(U 1z[lej(§;((;))j} @)

For the indeterminate part of PMF, CHRF is given as:

(x)——ln{prs)z(“’”j '"”Z( j(pr(v»xml}

4.8)
4.5. Mills ratio

The Mills ratio of r.v. X ~ NGD(x; p,(S)) for the true part of PMF is

given as:
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DI W (1R SN il (P )

m(x) = 5 . 49
th x -1 h -h-1
Sy oy
For the indeterminate part of PMF, the Mills ratio is given as:
00 xX+tm 1 -1 -m' -1
I W T YN iy (P
_ =0\ m' m
m(x) = . (4.10)
x—1 -1 Z
o jmu»
=1 x -7 Hot x—z"-h-1
ZX Do B
4.6. Odds ratio

An odds ratio of r.v. X ~ NGD(x; p,(S)) for the true part of PMF is

given as:

1= (8) (P W) (= p W)Y (x : lj(i’(g)))

i

O TPR N Y J

l pr(U)

o(x) =

For an indeterminate part of PMF, the odds ratio is given as:

B
pr (S)Z:,:O (;Jrlnlj (pr(]))m'+IZ:,:O (xn; 1) (p, ()" :

(4.12)

o(x) =

5. Order Statistics

In this section, we derived the order statistics for the new proposed

distribution NGD, such as wth order statistics, joint, largest, and smallest
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order statistics, maximum and minimum, median order statistics, and

smallest and largest order statistics.
5.1. wth order statistics

Let X, X5, .., X,, be the random sample from NGD, and let
X(1), X(2)> ---» X(w) be the corresponding order statistics. The proposed wth

order statistic for the true part of the NGD is:

-w+ x—1 X
Fun0) = (= (oS 12( | O

1= ) O, 0 P j(pr(U)jir_l

. (pr(U))X(l P V) 12( l j(p(({,))jlw 5

wth order statistics for the indeterminate part of NGD can be given as:

_ n! n—w+l
S (%) = [CEDICEED] (pr(5))

x—1 _ 0> x—zD—l _ _
< 3 (Henr’s s [ i 1J(pr(u»“-’“
N x=1 h=0

Lm'=0
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5.2. Joint order statistics

Joint order statistics of y;.;, and y,., for true part of NGD is derived as

follows:

fa:u:b(y)

= e (P = )y

mo,
x Z[y lj(p,(z))h(pr(u))y‘h‘l

h=0 h

" _
x Z[Z 1j(pr(1))h(pr(u))r’1‘1

h=0 h

<1 (5) ()0 - pr(u»‘li(x : ij (%jrl
i=0

’ _(p, (U))yi(y z+ ij (%jj - (pr(U))Zi(Z :’ ZJ( 5:((5])))" T‘H

L i=0 i=0
_ o0 ()Y b-u
. (pr(U))yg[yi I ;’;w)j} . 53)
Joint order statistic for the indeterminate part of NGD is given as
follows:
Saun(x)

= b! s'(b—a+1)
(a=-1)"u=-a-1)1(b-u) (p,(5))
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x_ yZ_i (yz J(pr Zuiy_iz( yosoa ](pr(U))y_S'—zD—t
| Pt i
X_ZD:%:DH(ZZ_SJ(pr ZDZS:, ;:0 [ j( (U)F -zt
x_;l(y_;'+mjp’ '"Zo(ym Jorwy=
,,21 ( o mj (pr ()" mzo(mj (,,r(U))x_s'_m,]”‘“‘l
x[i(y‘fnwj(p, yr i( j oy m]b .
m'=1 e

5.3. Largest order statistics

For u =)', the largest order statistic for the true part of NGD is given:

i x—1
RICRLIO) ) A OO
h=0

x [1 = p(8)(p, (U)) (1~ pr(U))_li(x l+ lj(]f:((llj))jl:r _1.

(5.5)

Largest order statistic for an indeterminate part of NGD is given as:

fr]’:r]’(x)

NG S0

M=
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x=1 h=0

Ty

. [1 -n 3 (3 o [ (pr(u»x-m"lr B

m=

(5.6)

5.4. Smallest order statistics

For u =1, smallest order statistics for the true part of NGD is given as:

L
inle) = "(Pr(S»”Z[ J(pr(z))h(pr(a»x-h—l

h=0 h

{(pr(v»xa -2, ©) 1z(x (2 ] " o

Smallest order statistics for the indeterminate part of NGD is given as:

x—1 _
fin@) = np ()" Y ["Zmlj(pr(z))zu

M=+
x—zD—l

5393 [ i 1] (p, @)~ !

x=1 h=0

{Z(’”j( (1»’”“2( o )x-m'-l}n_l. 658

5.5. Median order statistics

For u = m + 1, median order statistics for the true part of NGD is given

as:
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Fon(2) = (2,’;’—1)(19 (s)y™!

x| 1= p,(8)(p, )1 = p, W) Z(mmj(ﬁ(({f)))mr

L m'=0

i x—1
[ ey 59
h=0

The median order statistic for the indeterminate part of NGD is given as:
f m+l,n (x )

=Bt 2 sy

x 1—Pr(5)i(;,++ JP(”)]HZ( j(p’ ))x_m,_lr

r—

Sh{SA IPROTED 3 (p,(u))xm'lr

Lj=0 '
x-1 _ 0. *~ zD 1 _ _ 0
< ¥ [Heory s [ 3 1] ()=
x=1 h=0

(5.10)
5.6. Minimum and maximum joint order statistics

Minimum and maximum joint order statistics for the true part of NGD

are given as follows:
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fl:a:a (y)

= ala = 1)(p,())*(1 - p, @)

& y-1 h y=h-1
A e o)

h=0

wm
X{Z(Zh 1j(pr(z))’l(pr(u»z“}

[ee]

(y:-lj(]f:((é))jl —(pr(U))ZZ(;(Z;iJ(%)T_Z.

1=

x[(pr(u))yz

i=0
(5.11)

Minimum and maximum joint order statistics for the indeterminate part

of NGD are given as:
fl:a:a(y)

= afa = 1)(p,(5))"

-1 _ 0 —zD—l _ _ 0
{ 2 [y Dlj(pr(z))ZZyZ (y ;D 1}( () 'h'l}
ZD—thDﬂ x=1 h=0
S o0& i, -0 o
< 3 [(eor’s s [ J( ()
ZD—thDH x=1 h=0 h

D ¥ ﬁ}(pr(z))m'”ngo[zn; ) (pr(U»z—m’-lr_z. 512
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6. Conclusion

This paper proposed one parameter discrete probability distribution
named neutrosophic geometric distribution (NGD). One of the reasons for
generalizing a classical geometric distribution to a neutrosophic geometric
distribution is the property of dealing with the uncertain situation that
classical geometric distribution fails to deal with, e.g., consider a coin toss
problem where tossing a coin on an irregular surface in which each trial may
result in success or failure. There may be an outcome we cannot examine
whether its success or failure (almost pointing towards both); such outcome
will be considered indeterminacy, which classical statistics exclude\ignored
during the experiment. The proposed modified form of the geometric
distribution is explained with the help of some case studies. Moreover,
several distributional properties and characteristics were explored for the

newly developed neutrosophic geometric distribution.
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