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Abstract

Ranking algorithms are very important tools in decision making. There are two ranking algorithms for n-
valued neutrosophic tuplets (Single-Valued MultiNeutrosophic tuplets): The S-ranking algorithm of Single-
Valued MultiNeutrosophic tuplets, which is introduced by F.Smarandache in 2023, and the N-ranking algo-
rithm of n-valued neutrosophic tuplets, Which is introduced by V. L. Nayagam and Bharanidharan R. in 2023.
In this paper we show (by examples) that these two ranking algorithms are not a total ordering for the set of
n-valued neutrosophic tuplets. These algorithms do not taking into account the number of sources, which is
a very important factor in neutrosophic n-valued refined sets theory. We introduce two ranking algorithms:
The integrated S-ranking algorithm of Single-Valued MultiNeutrosophic tuplets, and the integrated N-ranking
algorithm of n-valued neutrosophic tuplets. These algorithms are improvements of the S-ranking algorithm
of Single-Valued MultiNeutrosophic tuplets, and the /NV-ranking algorithm of n-valued neutrosophic tuplets,
respectively, and taking the number of sources into account. We construct different examples to show that each
step in the integrated ranking algorithms is necessary to make them a total ordering for the set of all n-valued
neutrosophic tuplets.

Keywords: Single-Valued MultiNeutrosophic set; n-valued neutrosophic tuplets; S-ranking algorithm; score
function; accuracy function; certainty function; membership score;non-membership score; average score

1 introduction

Logic is developed from classical logic to n-valued refined neutrosophic logic. In Boolean logic we have only
two truth values: T and F. The main assumption in Boolean logic is that: Every statement is either T (true) or
F (false). In the numerical two-valued logic, with every statement we have two numerical values: T and F, can
be called degrees of membership and non-membership. If T, F' € {0, 1}, then we have the numerical classical
(Boolean) logic. And if T, F' € [0,1] with FF = 1 — T, then we have the fuzzy logic. Fuzzy logic introduced
by L. Zadeh in 1965,2 where with each element we have a degree of membership 7" such that 7' € [0, 1]. The
degree of non-membership F' in fuzzy sets satisfies 7'+ F' = 1. Intuitionstic fuzzy sets are introduced by K.
Atanassov (seel) in 1983 as a generalization of fuzzy sets. In intuitionistic fuzzy sets with each element we
have two degrees; A degree of membership 7" and a degree of non-membership F' such that T, F € [0,1] and
T 4 F < 1. Neutrosophic sets are introduced as a generalization of intuitionistic fuzzy sets by Smarandache
(see”). In Neutrosophic sets theory with each element we have three degrees; The degree of membership
(T), the degree of non-membership (F') and the degree of indeterminacy I such that 7, I, F € [0,1]. In
intuitionistic fuzzy sets theory we have I =1 — (T + F)).

In n-valued refined logic truth value T splits into many types of truths: 77, 75, ..., T}, and I into many types of
indeterminacies: Iy, Is, ...,I,. and F' into many types of falsities: Fi, Fb, ..., Fs, where p, r and s are integers
greater than 1, and p + r + s = n see? Importance of n-valued refined logic and sets appeared in different
applications specially in medical diagnosis see*
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Ordering n-valued neutrosophic tuplets is significant in multi-criteria decision making (MCDM). If we are
looking for a solution of an MCDM problem, we need an ordering for the neutrosophic triplets (or n-valued
neutrosophic tuplets) to help us make a decide which triplet (or n-valued neutrosophic tuplets) is doing better
than the other. In fuzzy MCDM problems there are many orderings on fuzzy numbers and intuitionistic fuzzy
numbers. In neutrosophic set theory there are several orderings for neutrosophic triplets and n-valued neutro-
sophic tuplets. In” F. Smarandache used the single-valued score, accuracy, and certainty functions to construct
a total ordering for neutrosophic triplets. In® V. L. Nayagam and Bharanidharan R. used the membership, non-
membership, and average score functions to construct a total ordering for the neutrosophic triplets. In 2023
different orderings for n-valued neutrosophic tuplets are introduced by V. L. Nayagam and Bharanidharan R,
see” In the same year, F. Smarandache introduced two methods to order Single-Valued MultiNeutrosophic
sets (SVMNS’s). One method for single-valued MultiNeutrosophic sets with the same (p, g, r)-forms and the
other for single-valued MultiNeutrosophic sets with different (p, ¢, 7)-forms, see.®

Definition 1.1. = We say that A is neutrosophic set on X if
A={(z,pa(x),04(x),va(x));x € X}; ptyo,v: X =]70,1%[and ~0 < p(z) + o(x) + v(z) < 3.

The class of all neutrosophic sets on the universe X will be denoted by N(X).
In neutrosophic n-valued refined logic (se€®) the membership degree refined (split) into 7 values i1, fiz, ..., firs

the indetermancy refined into s values o1, 09, ..., 05 and the nonmebership refined into ¢ values v, va, ..., 14
such thatn = r + s + ¢t and

T s t
“0< ZM-FZ%-FZW <n*
i=1 i=1 i=1
The components v;, o; and v, may be partially or totally pairwise independent or dependent. This depends
on applications or situations such as the same expert provided us with many components, or different experts

communicated and shared information. Some authors assumes that 7 = s = ¢ see for example’ and others
assumes that » = ¢ to make the new logic functional and applicable.

Definition 1.2. :© A is called a neutrosophic n-valued refined set on a universe X if

A= {{z, py (2), pi (2), ooy pla (2); 04 (2), 0% (2), ooy 05 (2); v (2), VA (2), .. v ()0 € X}

such that ,ufé,cril, vk X —]70,1%[foreveryi=1,..,7,j=1,...,8,k=1,..,t,r + s+t =nand
T s t
0< Zu%(w) +Zaf4 + ZVZ <nt.
i=1 j=1 k=1
The class of all neutrosophic n-valued refined sets on the universe X will be denoted by R, (X).

Definition 1.3. Let 9 = {(T,I,F);T,I,F € [0,1] and 0<T,I,F <1} be the setofall SVNT"s.

1. The SVNT score function s : It — [0, 1] is defined by:

24T —-1-F

s(T,1,F) = 5

2. The SVNT accuracy function a : 9t — [0, 1] is defined by:

a(T,I,F)=T—F

3. The SVNT certainty function ¢ : 9t — [0, 1] is defined by:

oT\I,F)=T
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Definition 1.4. *Let O = {(T, I, F);T,I,F € [0,1] and 0 <T,I,F < 1} be the set of all single valued
neutrosophic triplet (SVNT).

1. The SVNT membership score ST : 9 — [0, 1] is defined by:

24+ (T —F)2—-1)—1
4

SH(T,I,F) =

2. The SVNT non-membership score S~ : I — [0, 1] is defined by:

2+ (F-D)2-1)—1

S™(T,I,F)=
( R ) 4
3. The SVNT average score C' : It — [0, 1] is defined by:
T+F
C(T,I,F) = %

N can be ordered using two ranking algorithms.

* The S-Ranking Algorithm of SVNT’s: This algorithm is introduced by F. Smaradache in’ using the
score (s), accuracy (a),and certainty (c) functions (see Definition @]) It works as follows:
Let A= (T,I,F)and B= (T",I', F") be two SVMNT's, Then (The symbol >g will be used to refer
this ordering).

1. Step 1: If s(A) > s(B) (s(A) < s(B)), then A >g B (A <g B). Otherwise, go to Step 2.
2. Step 2: If a(A) > a(B) (a(A) < a(B)), then A >¢ B (A <g B). Otherwise, go to Step 3.
3. Step 3: If ¢(A) > ¢(B) (c(4) < ¢(B)), then A >g B (A <g B). Otherwise, A = B.
* The N-Ranking Algorithm for SVNT’s: This algorithm introduced by? using the membership score

(S™), the non-membership score (S™) and the average functions (C) (see Definition . And it works
as follows:

Let A= (T,I,F)and B = (T',I', F') be two SVNT’s. Then (The symbol > will be used to refer
this ordering):

1. Step 1: If ST(A4) > ST(B) (ST(A) < ST(B)), then A >y B (A <y B). Otherwise, go to
Step 2.

2. Step 2: If S=(A) > S7(B) (S7(A) < S7(B)), then A <y B (A >y B). Otherwise, go to Step
3.

3. Step 3: If C(A) > C(B) (C(A) < C(B)), then A >y B (A <y B). Otherwise, A = B.

Single-Valued MutliNeutrosophic Tuplets (SV M NT’s) or n-Valued Neutrosophic Tuplets (NV NT's) can
be ordered using one of the following algorithms:

1. The S-Ranking Algorithm for SVMNT’s with same (p, q, r)-forms:® This algorithm is introduced by
F. Smarandache to order SVMNT’s and it works as follows:

For any SVMNT A = (T4, ..., Tp; I, ..., Iy; F1, ..., F}) we compute the following:

(a) The Average Positivity:
?:1 Tj + ZZ=1(1 - Ik') + Z?:l(l - Fl)
pt+qg+r
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(b) The Average Truth-Falsehood:

:;:1Tj - Z;:l F

AvgTF (A) =
vg" " (A) pryre
(c) The Average Truth:
b,
AvgT (A) = ==
p

We compare any two SVMNT’s
A= (T, ... Ty; I, ... Ig; Fr, oo Fr) and B = (T4, .., Tys Iy, o I FY o, F) withp 4+ g + 7 = noas
follows:

(a) If Avg™(A) > Avg™(B),then A >g B. If Avg™(A) < Avg™ (B), then A <g B. If Avg*(A) =
Avg™(B), then we go to the next step.

(b) If AvgTF(A) > Avg™"(B), then A >5 B. If AvgT"(A) < Avg?F(B), then A <g B. If
AvgTF(A) = AvgTF (B), then we go to the next step.

(c) If AvgT (A) > Avg” (B), then A >g B. If AvgT (A) < AvgT(B), then A <g B. If AvgT(A) =
AvgT (B), then we have

p

i T = Z?lef _ j:1T7{ —T

p p
ll I — ZZ:l Iy, — ZZ:l Tlg — I/
. 2 P .
’
iii. F = Zle Fj — {:1 Fj — F/
. p - .

2. The S-Ranking Algorithm for SV M NT’s with different (p, ¢, r)-forms:® This algorithm is intro-
duced by F. Smarandache to order SVMNT’s with different (p, g, r)-forms, and it works as follows:
Let A= (T1,.... Ty, Iy ooy Igys Fry ooy Fry)and B = (T4, ., T 5 1, o, 1y 5 Y, B ) betwo SVMNT' s
with p; + ¢ + 7 = ny and py + g2 + 79 = no. And let T, I, F,, T\, I/ and F be the classical
averages of the sets:
{1y, Ty b AL o Ly} A o oy 1 AT o T 3 A o I, b and {FY o FYL Y, respectively. Set
Ay = (T4, 1,.F,) and B, = (T),1.,, F!). We order A, and B, using the S-Ranking Algorithm for
SVNT’s:

If A, >5 B, (Aa <g Ba), then A >g B (A <g B)

3. The N-Ranking algorithm for NV NT"s: used the N-Ranking Algorithm for SVNT’s to rank NVNT’s
as follows:

Let A= (T1, ., Ty, Ity ooy Iy Fiy ooy By ) and B = (T}, oo, T, 5 1y oo I3 FY oo, FL ) be two NVNTs

L s gy
with p; + ¢1 + 1 = p2 + g2 + 2 = n and the true degrees, indeterminacy degrees and false degrees are
in ascending order. Let k = lem{p1, q1,71,P2,q2,72}. Rewrite A and B (actually we define new sets

so we will use the symbols A* and B* instead of A and B) as follows:

xr1—times x1—times x1—times yi1—times yi;—times y1—times zj—times zi1—times z1—times
. —_———— —_—~ ——— —— —_—— —— — —_———
A* = (Tl7 ...7T1,T27 ...,T27 "'7TP17 ...,Tpl;Il, ...7.[17[2, ...7127 ...,Iq17 ...7Iql;F17 ...7F1,F2, ...,FQ, ...,Frl, '~7Fr1)

k—times k—times k—times
xro—times xo—times xro—times Yy2—times yz—times ya—times zo—times zo—times zo—times
* ! / / ! / / / ! ! / ! ! ! / / / / !
B = (T}, s T T o T s T oo T Ty o Iy T ooy Iy T TS FY o By o Fy o FL L L)
k—times k—times k—times

Wherek‘:xl ><p1:y1><q1:21><1"1:zgxpgzygxqu,ZQXrg.Deﬁne

STy YLl Yl o B
k ’ k ’ k

(To, Lo, Fo) = (

(@3, 13,y = (Z 2 il syl
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The N-Ranking algorithm for NV NT"s works as follows:

Step 1: If S*(Ty, Io, Fo) > S*(T},I), ). then A >y B. Andif S+ (T3, I, F}) < S+(Ty, In, Fy),
then B <y A. If ST (Ty, Io, Fy) = ST(T}, I}, F}}), then we go to step 2.

Step 2: If S~ (T, Io, Fy) > S~ (T, I), F}). then A <y B. Andif S—(T}, I}, F})) < S~ (Ty, Io, Fy),
then B >y A. If S~ (To, Io, Fo) = S~ (T4, I}, F}), then we go to step 3.

Step 3: If C(Ty, Io, Fo) > C(T}, I, F), then A >y B. And if C(T}, I}, F)) < C(To, Io, Fy), then
B <y A It C(Ty, o, Fo) = C(T}, 1)), F}), then we go to step 4.

Step 4: We compare (T, I, Fip,) and (T, I}, F! ) form = k,k — 1,...,1 by steps 1-3. We have to

get a decision, otherwise we have A = B.

Theorem 1.5. 2 ] The N-ranking algorithm inherits a total order on the set of all n-valued neutrosophic
tuplets.

In the next section we will show that Theorem [I.3]is incorrect; more precisely, we will show that there are tow
different NV NT's A and B, with neither A<y B nor B< y A.

2 Remarks on the Existing Ranking Algorithms for SV NT's and NVNT's

Remark 2.1. S-algorithm and N-Ranking Algorithm for SV NT"s are two different orderings. That is there
are two different single valued neutrosophic triplets A = (7,1, F) and B = (17",I', F’) with A <g B and
A>n B.

See the following example.

Example 2.2. In this example we will find two single valued neutrosophic triplets A = (7,1, F) and
B=(T',I',F'") with A >g B and A <y B. Finding such triplets is not straightforward. Let

A = (0.6,0.9,0.2) and B = (0.5,a,0.3) where a is any real number in [0, 1]. To find the parameter a such
that: S*(A4) < ST(B) and s(B) < s(A) (which implies A <y B and A >g B).

If ST(A) < ST(B), then

SH(A) = 2H06202)E209)70.9 _ 385 < §+(B) = ZHO50Ea)—e _ (5 _ (.30. Which give us the
first inequality 0.385 < 0.6 — 0.3a. We solve this inequality for a to get a < 0.7166....

On the other hand s5(B) < s(A) implies: s(B) = 2t0:520:3=a < g(A4) = 24£0.6=0.220.9 — (. 5. Which give
us the inequality 22=% < 0.5. Solving it for a implies a > 0.7.

So a € [0.7,0.71666...]. Thatis A <g B and A >y B for any a € (0.7,0.71666...). For example if
a=0.71 € (0.7,0.71666...) we have:

2+ (0.5 —0.3)(2 — 0.71) — 0.71

§H(B) = :

On the other hand,

=0.387 > ST(A) = 0.385. So B >y A.

2405-03-0.71

s(B) :

= 0.49666... < s(A) = 0.5. So B <g A.

Example [2.2] shows that <g and < are two different orderings (rankings) for SVNT’s. Hence S-algorithm
and N-Algorithm give us two different decisions in applications. Therefore we need to decide which one is
more suitable for applications than the other.

Remark 2.3. There are two different NV NT's A and B with the same ranking using the N-Ranking and the
S-Ranking algorithms for NV NT's (SVMNT's). See the following example.

Example 2.4. Consider the following two NVNT’s:
A =1(0.9,0.9,0.9,0.9; 0.2; 0.1,0.1) and B=(0.9; 0.2,0.2; 0.1,0.1,0.1,0.1)

It is clear that A and B are two different NVNT’s with p; + ¢q1 + 71 = p2 + g2 + 79 = 6. We will rank A and
B by the N-Ranking and the S-Ranking algorithms:
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1. Using the N-Ranking algorithm for NV NT"s:
First of all, we compute k& = lem{p1, ¢1,71, P2, G2, 72} = {4,1,2,1,2,4} = 4. Thus we rewrite A and
B as follows:
A*=1(0.9,0.9,0.9,0.9; 0.2,0.2,0.2,0.2; 0.1,0.1,0.1,0.1) and
B* =(0.9,0.9,0.9,0.9; 0.2,0.2,0.2,0.2 ; 0.1,0.1,0.1,0.1).
Note that A* = B*, thus

P1 T, q1 I T1 F,
iz Ml il 2z 2 t) =(0.9,0.2,0.1) and

(To, 1o, Fy) = ( A ; A ; A

P2 T/ q2 I/ T2 F/
(Té,[{),F{)) _ (Zt—}ng t , Zt:;yQ t’ Zt:}fZZ t> _ (09,02701)

Since (To, Iy, Fo) = (T4, 1), F}), we have

SH(To, Io, Fo) = ST(T%, 1, FY)
Si(T()vIOvFO) = Si(T(/]vl(l)aFOI)
C(Ty, 1o, Fo) = C(T}, 1), Fy)

So we do not have a decision for A and B using Step 1, Step 2 and Step 3 of the N-Ranking algorithm.
Thus we have to goto Step 4. But Ty = T/, I; = I} and F; = F] forevery t = k,k — 1, ..., 1, so Step 4,
also, fails to give us a decision. Therefore (As proved in®) we have A = B. Which is not true, since A
and B are two different NV NT”s.

2. Using the S-Ranking algorithm for SVMNT’s with different (p, r, s)-forms:
It is clear that A and B have different forms, since A and B have the forms (4,1,2) and (1,2,4)
respectively. We need to compute the triplets (1, I, Fy,) and (T, I!, F!) where T,, I,, F,, T, I!, and
F are the classical averages of the sets:
{Th,T>, T3, Tu}, {11 }, {F1, Fo}, {17}, {11, I3} and { FY, F}, F}, F; }, respectively.
Obviously! (Ty, 1., F,) = (0.9,0.2,0.1) = (T2, I, F.). Which means this algorithm, also, failed to
give us a decision for these two different NV NTs.

Example [2.4|shows the following:

Corollary 2.5. Neither the S-ranking nor the N-ranking algorithm for NVNT's (SVMNT's) is a total
ordering for .

The above corollary says that we may fail to have a decision about two different NV N'T”s using he S-ranking
and the N-ranking algorithms. In the following section we will improve these two ranking algorithms to make
them more powerful tools to rank NV NT"s.

3 Improvement for the S-ranking and the N-ranking algorithms

Remark [2.1] and Remark [2.3]in the previous section show that the existing ranking algorithms for NVNT’s
may fail to give us a decision in some applications (seen Example [2.4). In this section we will introduce
improvements for the S-ranking and /N-ranking algorithms. Before doing this we need to agree when two
different NV NT’s can be considered the same? Consider the following two NV NT"s:

A=(0.3,0.9,0.4; 0.5,0.8; 0.7,0.1,0.2)

B =1(0.9,04,0.3; 0.8,0.5; 0.1,0.2,0.7)

It is intuitive to assume that A and B doing the same (having the same ranking), since they have the same
degrees of membership, indeterminacy and non-membership, but with different orders. This push us to define
the concept of equivalent NV NT"s.
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Definition 3.1. Let A = (T1, ..., Tpy; Ity eoey Iy Fiy ooy Fry) and B = (T}, ooy Thoi Iy ooy Iy FY ooy FL,) be

two NV NT's with p1 + q1 + 71 = n1 and ps + g2 + 72 = na. A and B are said equivalent (in Symbols
A =~ B) if an only if there are three bijections:

f:{Tla--'anl}—>{T1/7' T/ }

gl Iy} — {1}, T}

Wi {Fry e By} — {FY, . L)

Such that f(T) = T forevery T € {T4,...,T,, }, g(I) = I forevery I € {I1,...,1, } and h(F) = F for
every F € {F1,...,F,. }.

Roughly saying, A = B if and only if A and B have the same degrees of membership, indeterminacy and
non-membership but maybe with different order.

Proposition 3.2. The relation = in Deﬁnition is an equivalence relation on N: The set of all NV NT's.

The equivalence classes of ~ are:

N/~ = {[A; AN} where [A] = {B € M A~ B}.

The following assumption is necessary.

Assumption 3.3. [Axiom of Ranking] If the available sources have equal weights, then for any ranking
algorithm £ on D and any A, B € 9 with A ~ B, we have L(A) = L(B).

The axiom or ranking says that equivalent NV NT”s will be awarded the same rank in any ranking algorithm.
That is; equivalent NV N'T”s concept is like the concept of homeomorphic spaces in topology, or isomorphic
groups in group theory, we do not see them different in any ranking algorithms.

Remark 3.4. Henceforth, we will consider the equivalent class [A] = {B € 91; A ~ B} as one n-valued
neutrosophic tuplet and it will be simply written as A (where A € [A] is a representative element of [A]). And
the rank of A is a rank for every B € [A].

We go back to the improvements of the existing ranking algorithms of NV NT’s. Our work built on the
following assumption about the number of sources by F. Smarandache:* The more sources evaluate a subject,
the better accurate result”. This means that if we have two different NV NT"s with the same ranking using
any ranking algorithm but they have different (p, g, r)-forms, then we have to consider the number of sources
P, q, r and n = p+ g+ r in our ranking to decide which one is doing better. To that end we need the following
new concept.

Definition 3.5. Let A = (T, ...,Tp; I1, ..., I4; Fi, ..., F;.) be an n-valued neutrosophic tuplets with p+g+r =
n and let

(T,1,F) = (zz;th i & ZL@)
) b p 5 q s ,

The weighted triplet of A is denoted by W (A) and is defined by:
TXp IXq FX’I"):< leTt Zg:l‘[t Z:_lFt>

W(A) =
(4) = (2,24 2 Lot Lt s

Now, we are ready for improve the existing algorithms for NV NT"s.
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3.1 The Integrated N-Ranking Algorithm for NV NT's

The integrated N-ranking algorithm for NV NT’s is an improvement for the N-Ranking Algorithm for
NV NT'’s and it works as follows:

Let A= (Th,....Tp; Iy oo Igys Fry oo, Fry) and B = (17, .. ,T;z,ll,. ,I[ZZ,Fl,...,FT’Q) be two NV NT's
with p1 + ¢1 + 71 = nq and ps 4 g2 + r2 = n9, and the true degrees, indeterminacy degrees and false degrees

are in ascending order. Let k = lem{p1,q1,71, P2, g2, 72} and

STy Yl Yol Fy
k ’ k ’ k

(To, Iy, Fo) = (

D2 T T/ q2 I/ T2 2 F/
(T, I}, F) = (Zt}c 2 t Zt:}z?ﬁ t Zt:z 2 t)
A and B will be ranked as follows:
Apply Step 1, Step 2, Step 3 and Step 4 in the N-Ranking Algorithm for NV NT"s in sequence till you have
a decision (%). If you do not, then compute the weighted triplets of A and B and go to Step 5:
W(A) = (To Xpl’fo ><Q1’Fo Ty and W(B) = (To szyfo ><f12,Fo T2y

nq ny ny U») ) Up)
Step 5: Compute ST(W(A)) and ST(W(B)). If St(W(A)) < ST(W(B)), then A <y B. And if
ST(W(A)) > ST(W(B)), then A >y B. If ST(W(A)) = ST(W(B)), then go to step 6.
)- )
(

)
Step 6: Compute S~ (W(A)) and S~ (W (B)). If S~ (W(A) < S7(W(B)), then A >y B. And if
ST(W(A)) > ST(W(B)), then A <y B.If S~(W(A)) = S~ (W(B)), then go to step 7.
Step 7: Compute C(IW(4)) and C(W(B)). If C(IW(4)) < C(W(B)). then A <y B. And if C(WW(A)) >
C(W(B)), then A >y B.If C(W(A)) = C(W(DB)), then go to step 8.
Step 8: If S+(T07I(),FO) > 0.5 (S+(T0710,F0) < 0.5) and ny > ng, then A >y B (A <y B). And if
S+(T0,10,F0) > 0.5 (S+(T0,IQ,F0) < 0.5)andn; < ng,then A <y B(A >y B). If S+(A) = 0.5, then
go to step 9.
Step 9. If S_<T0,10,F0) > 0.5 (S_(TQ,I(),FQ) < 0.5) and n; > ng, then A <y B (A >n B). And if
S_(To,lo,Fo) > 0.5 (S_(To,l(),Fo) < 0.5)andny; < no,then A >y B(A <y B). If S_(A) = 0.5, then
go to step 10.
Step 10: If C(T(),IQ,F()) > 0.5 (C(T(),IQ,F()) < 0.5)and ny > no, then A >y B (A <y B). And if
C(To,Io,Fo) > 0.5 (C(To,fo,Fo) < 0.5) and ny < ng,then A <y B(A >y B). If C(A) = (.5, then g0
tostep 11.
Step 11: If nqy > no (N1 < ng),then A >y B (A <y B).

It is important to note that we did not assume any thing about the number of sources, that is we may have
n1 # ng. The first thing we will do is to show that < is a total ordering of the set of all n-valued neutro-
sophic tuplets.

Theorem 3.6. < is a total ordering on the set of all n-valued neutrosophic tuplets.

Proof. Let A and B be two none equivalent NV NT"s (see Proposition Assumptionand Remark.
It is sufficient to show that either A <y B or B <x A. Or equivalently, if neither A <y B nor B <y A,
then A ~ B. Suppose that neither A <y B nor B <x A. Then we do not have a decision using Steps 1-11.
Since we do not have a decision using steps 1-4, we have (T, lo, Fo) = (T4, I}, F§) and A* = B* (see the
N-ranking of SV NT’s). Having A* = B* implies A = B only if ny = no, p1 = p2, ¢1 = g2 and 1 = 7s.
But we do not have a decision using steps 5-7 which are a ranking of W (A) and W (B) using the N-ranking
of SVNT's, so W(A) = W(B). Or, equivalently,
T()Xpl Iqul F0><7"1 Tépr I(/)XQQ FéXT‘Q

( ) ) ):( ’ ) )

ni ni ni n2 n2 n2

But (TO7IOa FO) = (T(;a I(/)7F6)’ Y

b1 b2
£ - B2 1
" - (D
q1 g2
£ 42 2
" - 2
T1 T2
L = =2 3
- - 3
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Since steps 8-11 did not give us a decision, we have n; = ny and p1 = p2, g1 = g2 and r1 = ry. Thus A
and B are of the same (p, ¢, r)-forms. Since A* = B*, we have T; = T}, I; = I] and F; = F] for every
t=k,k—1,...,1(See the N-ranking algorithm above). That is A ~ B an we done. [

Before going for examples note that in Steps 8-11 we use the comparison n; < ng or n; > nj, which raises
the question, what will happen in the Integrated N-ranking algorithm for SV NT"s if we have ny = ny? The
following theorem has an answer.

Theorem 3.7. Let A = (T1,...,Tp,; In, ... Iy, Fry ooy By ) and B = (T7, .., Ty 5 1, o, Do s FY o ) be
two n-valued neutrosophic tuplets with ny = no. If we do not have a decision using the Steps 1-7 in the
integrated N -ranking algorithm, then A ~ B.

Proof. Obvious! see the proof of Theorem 3.6 O

The above theorem says the following: We need Steps 8-11 in the integrated N-ranking algorithm only if
ny1 # ng and Steps 1-7 did not make a decision.

Our first example is ranking the NV NT’s A and B mentioned in Example (note that we do not have a
decision about A and B using the N-ranking algorithm).

Example 3.8. Let A = (0.9,0.9,0.9,0.9; 0.2 ; 0.1,0.1) and B = (0.9 ; 0.2,0.2 ; 0.1,0.1,0.1,0.1). We
will rank A and B by the integrated N-ranking algorithm for NV NT"s. From Example[2.4] we have Steps 1-4
failed to give us a decision and (7o, Iy, Fo) = (15, I}, Fj) = (0.9,0.2,0.1). We compute the weighted triplet
of A and B:

Toxpr Toxq Foxr 09x4 02x1 0.1x2 3.6 0.2 0.2

W(A) = = - )
(A) = (LEB I SR (2 2 2 = (R )

Ty X p2 I x qa F} X9 09x1 02x2 01x4 0.9 04 04
W(B) = (=2 : 2 = = (=)
() ( o ’ no ’ No ) ( 7 ’ 7 ’ 7 ) (777’7)

We go to Step 5. First we compute ST (W (A)) and ST (W (B)).

2T REoD -1 2 (oY) -5 %

ST(W(A)) | 1 =~ (.73.
sty = TR0 22 2R CoF) S g

Since ST(W(A)) 2 0.73 > ST(W(B)) = 0.52, we have a decision using Step 5 which is: A >x B.

In the following example steps 1-7 fail to make a decision, but Step 8 successes.

Example 3.9. Let A = (0.3,0.3; 0.6,0.6,0.6 ; 0.7) and B = (0.3,0.3,0.3,0.3 ; 0.6,0.6,0.6,0.6,0.6,0.6
; 0.7,0.7). Since (To, Io, Fy) = (T3, 1)), F}) = (0.3,0.6,0.7), we have Steps 1-4 fail to make a decision. So,
we go to the next step by computing the weighted triplet of A and B:

T()Xpl I()qu Fy xr 03x2 06x3 0.7x1 0.6 1.8 0.7
A) = = =(—,—, —).
W) = (RSB B D) (2R S S - ()
Ty xpe Ijxqe Fyxry, 03x4 06x6 07x2, 06 1.8 0.7
W(B) = ny | mg | my =T ) TG

Since W(A) = W(B), Steps 5-7 fail to make a decision, too. Thus, we go for the next step. First, we need

to compute ST (7o, Iy, Fy) (which equals ST (T}, 1)), ). ST (To, Lo, Fy) = 2+(0'370'72‘(270'6)70'6 = 0.21.

Since S (Ty, Iy, Fo) = 0.21 < 0.5 and n; = 6 < ny = 12, we have a decision using the second part of Step
8 whichis; A >N B.

In the following example Steps 1-8 fail and Step 9 successes to make a decision.
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Example 3.10. Let A = (0.55,0.55,0.55 ; 0.4,0.4 ; 0.3,0.3) and

B = (0.55,0.55,0.55,0.55,0.55,0.55 ; 0.4,0.4,0.4,0.4 ; 0.3,0.3,0.3,0.3).

Since (To, Iy, Fy) = (T4, I}y, F}) = (0.55,0.4,0.3), Steps 1-4 fail to give us a decision. We go to the next step
by computing the weighted triplet of A and B:

Toxpr Ioxq Fyxmr 0.55x3 04x2 03x2 1.65 0.8 0.6

WA: = = .
()= (B X DX (XS e I (R )
W(B):(Téxm I§ X 2 Féxrg):(0.55><6 0.4 x4 0.3><4):(1.65 0.8 %)

N9 ’ %) ’ N9 14 ’ 14 ’ 14 7,7’7 '

Since W(A) = W (B), we have Steps 5-7 fail, also, to give us a decision. We go to Step 8 which is requiring
St (Ty, I, Fy) # 0.5. But ST (Ty, Iy, Fp) = 2+(0'55_0'3i(2_0'4)_0'4 = 0.5, so Steps 8 fails to give us a
decision. We compute S~ (Ty, Iy, Fo) and go to Step 9.
S™(Ty, Iy, Fy) = 2Tl C=lo)=To _ 24(03°055)2-04)-04 _ (3 Since n; = 7 < ny = 14, we have
A >y Band S™(Ty, Iy, Fyy) < 0.5, we have (by the second part of Step 9) A >y B.

Before proceeding, we need the following Proposition.

Proposition 3.11. Let (T, I, F') be a neutrosophic triplet.

1. If SY(T,I,F)=S*Y(T,1,F)=0.5,then ] =0.0and T = F.
2. IfST(T,1,F) = S*(T,I,F) = C(T, F,I) = 0.5, then I = 0.0 and T = F = 0.5.

Proof. Obvious! we only need to solve simple linear equations. O

In the following example Steps 1-9 fail and Step 10 successes to give us a decision. From Proposition [3.11) we
conclude that: If we are looking for an example where steps 8 and 9 fail, then we have to have Iy = 0 and
Ty = Fo.

Example 3.12. Let A = (0.4,0.4,0.4; 0,0 ; 0.4,0.4) and

B =(0.4,0.4,0.4,0.4,0.4,0.4 ; 0,0,0,0; 0.4,0.4,0.4,0.4).

Since (1o, 1o, Fo) = (T4, I}, F§y) = (0.4,0,0.4), Steps 1-4 fail to give us a decision. We go to the next step by
computing the weighted triplet of A and B:

TOXp1 I()qu FOX’I“1 04x3 0x2 04x2 1.2 1.2

ni1 ny ny 7

Since W(A) = W (B), we have Steps 5-7 fail, also, to give us a decision. We go to Step 8 which is requiring
St (Ty, Iy, Fo) # 0.5. But ST (Ty, Iy, Fy) = 2+(O'4_Of)(2_0)_0 = 0.5, so Steps 8 fails to give us a decision.
We compute S~ (Tp, lo, Fo) and go to Step 9.

But S—(Ty, Iy, Fo) = 2+(0'470'f)(270)70 = 0.5. Thus Step 9 fails too. We go to Step 10. First, we compute
C(Ty, Lo, Fo). Since C(Tp, Io, Fp) = Totfo = 04304 — 04 < 0.5and ny = 7 < ny = 14, we have
A >y B (by the second part of Step 10) A >y B.

In the following example only Step 11 successes to give us a decision. From Proposition[3.T1] in such examples
we must have T, = Fy = 0.5 and Iy = 0.

Example 3.13. Let A = (0.5,0.5,0.5; 0,0; 0.5,0.5) and B = (0.5,0.5,0.5,0.5,0.5,0.5; 0,0,0,0
; 0.5,0.5,0.5,0.5). Since (To, Iy, Fo) = (T4, 1)), F}) = (0.5,0,0.5), Steps 1-4 fail to give us a decision. We
go to the next step by computing the weighted triplet of A and B:

T()Xpl I()qu Fy xr 0.5x3 0x2 0.5x2
A) = =
W) = (B X Txny B2 X5 BX2 80
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Since W(A) = W(B), we have Steps 5-7 fail, also, to give us a decision. We go to Steps 8-10. But

SH(Ty, Io, Fo) = 2HOE08CZ00 _ 5 §—(T, Iy, Fy) = ZHEE=00CZ029 _ ( 5and (T, Iy, Fo) =
T+F =& 5+0 2 =0.5. Thus Steps 9-10 fail to give us a decision. We go to Step 11. Sinceny =7 < ng = 14,

we have (by Step 11) A <y B.

The above discussion shows that every step in Integrated N-Ranking Algorithm of NV NT"s is necessary.

In the following section we will improve the S-ranking algorithm for SV M NT's.

3.2 Integrated S-Ranking Algorithm for SV M NT's with Different (p, ¢, r)-forms

The integrated S-Ranking Algorithm for SV M NT's with different (p, ¢, r)-forms is an improvement for the
S-Ranking Algorithm for SV M NT"s with different (p, g, r)-forms and it works as follows:

Let A = (T1, oy Typy3 Tty ooy Igys Fry ooy Fry) and B = (T}, ooy Th i Iy o 1L FY ooy FL) be two SVMNT's
with p1 + ¢1 +r1 = n1, p2 + g2 + 12 = ng and (p1, 71, 51) # (p2, T2, S2) (We may have ny = ny). And let
Tu, I, Fo, T), I and F, be the classical averages of the sets:

{Tl,.. or bs {15 s Iql} {Fy, s B 2 AT, T, T - G, fand {F o B Y, respectively. Set A, =
(Ta,Ia,F ) and B, = (T,1},, F.). We rank A and B as follows:

Apply Step 1, Step 2, Step 3 in the S-Ranking Algorithm in sequence till you have a decision. If you do not
have a decision, then compute the weighted triplets of A and B:

TaxllaxlFaxrl TXQIXQFXTQ
W(A) = (Z5, 5 S S and W(B) = (S, e S,
Step 4: Compute s(W(A)) and s(W(B)). If s(W(A)) < s(W(B)), then A <g B. And if s(W(4)) >
s(W(B)), then A >g B. If s(W(A)) = s(W(B)), then go to Step 5.
Step 5: Compute a(W(A)) and a(W(B)). If a(W(A4)) < a(W(B)), then A <g B. And if a(W(A)) >
a(W(B)), then A >g B. If a(W(A)) = a(W(B)), then go to Step 6.
Step 6: Compute ¢(W(A)) and ¢(W(B)). If ¢(W(A)) < ¢(W(B)), then A <g B. And if ¢((W(4)) >
c¢(W(B)),then A >g B. If (W (A)) = ¢(W(B)), then go to Step 7.

If at this stage you do not have a decision, the you have s(A,) = s(Ba), a(4q) = a(By,), ¢(As) = ¢(Ba),
s(W(A)) = s(W(B)), a(W(A)) = a(W(B)) and ¢(W (A)) and c¢(W (B)).

Step 7: If s(A,) > 0.5 (s(Ay) < 0.5) and ny > ng, then A >g B (A <g B). And if s(4,) > 0.5
(s(Aq) < 0.5) and nq < no, then A <g B (A >g B). If S(A,) = 0.5, then we go to step 8.

Step 8: If a(A,) > 0 (a(Aq) < 0) and ny > ng, then A >g B (A <g B). Andif a(A,) > 0 (a(A,) < 0)
and nq < neo, then A <g B (A >3 B). If a(A4,) = 0, then we go to step 9.

Step 9: If ¢(4,) > 0.5 (¢c(As) < 0.5) and ny > no, then A >g B (A <g B). And if ¢(4,) > 0.5
(c(A,) < 0.5) and ny < ng, then A <g B (A >g B). If s(4,) = 0.5, then we go to step 10.

Step 10: If nq > ny (n; < no),then A >g B (A <g B).

The first thing we will do is to show the following.
Theorem 3.14. If A and B are two SV M NT's with different (p, q, r)-forms, then A <g B or A >g B.

Proof. Suppose that A and B have different (p, g, r)-forms. To show that: A <g¢ Bor A >g B. By
contrapositive, suppose that: neither A <g B nor A >g B. Which means we do not have a decision for A and
B by steps 1 to 10 in the Integrated S-Ranking Algorithm. A fortiori, steps 4-6 did not give us a decision for
W (A) and W (B), which implies (from the S-Ranking algorithm for SV NT's) W(A) = W(B). And since
we do not have a decision using steps 7-10, we have ny; = na. If we solve the equations W (A) = W (B)
and n; = no, then we get p1 = pa, ¢1 = ¢ and r1 = 7. That is A and B have the same (p, ¢, r)-forms, a
contradiction. Thus A <g Bor A >¢ B. O

Note that in the above proof we have used “not having a decision using steps 7-10” to conclude that n, = ns.
Therefore; if we have n; = ng, then we expect that a decision will be made using steps 1-6. See the following
theorem.
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Theorem 3.15. If A and B are two SV MNT's with different (p, q,r)-forms and ny = ns, then we have
a decision: A <g B or A >g B using steps 1-6 of the integrated S-Ranking algorithm for SV NT's with
different (p, q,)-forms.

Proof. If we do not have a decision using steps 1-6, then we have (T,,1,.F,) = (T,,I!, F.) and W(A) =
W (B). These two equalities give us the following equations:

pno_om

= “)
ny %)
q1 q2
. 5
" o )
1 T2
e 6
" - (6)

But ny = no, s0 p1 = pa2, ¢1 = ¢2 and r1 = r3. Which means that A and B of the same (p, ¢, r)-forms. A
contradiction, hence we have a decision using Steps 1-6. O

In the following example we will show that the two NV NT's A and B in Example has different ranks
using the integrated S-Ranking Algorithm for SV M NT's with different (p, g, r)-forms.

Example 3.16. Let A = (0.9,0.9,0.9,0.9 ; 0.2 ; 0.1,0.1) and B = (0.9 ; 0.2,0.2; 0.1,0.1,0.1,0.1). We
will rank A and B by the integrated S-Ranking Algorithm for SV M NT"s. From (2) of Example 2.4 we have
Steps 1-3 failed to give us a decision. So we compute the weighted triplet of A and B:

T, xp1 Loxq Fuxr 09x4 0.2x1 0.1x2 3.6 0.2 0.2

A: = — ( - .
wia) = (e T foxn, _ 094 0221 01X%)_ (36 02 02,

T xpy I' X qo F! X9 09%x1 02x2 0.1x4 0.9 04 04
W(B) = (=2 a a - _ (22 02 DAy
()= (Faxtz laxa Loxray_ 091 02x32 01xt)_ (09 04 04

Compute s(W(A)) and s(W(B)).

s(W(4)) 3 - T~ 0.82
94T _[_F 2409 _04_04
s(W(B)) = =& _2t T T T L7

Since s(W(A)) = 0.82 > s(W(B)) = 0.67, we have a decision (Using Step 4): A >¢ B. Note that in
Example [3.8] we get a similar decision using the integrated N-Ranking Algorithm which is A >y B.

In the following example steps 1-6 fail, but Step 7 success to give us a decision.

Example 3.17. Let A = (0.3,0.3; 0.6,0.6,0.6 ; 0.7) and

B =(0.3,0.3,0.3,0.3 ; 0.6,0.6,0.6,0.6,0.6,0.6 ; 0.7,0.7). Since A, = (T4, I, F,) = (0.3,0.6,0.7)

= (T],I!,F.) = B, Steps 1-3 fail to give us a decision. We go to the next step by computing the weighted
triplet of A and B. But W(A) = W(B) = (%&, &8 &) (see Example , so Steps 4-6 fail, also, to give us
a decision. Thus we go for the next step. Since

2403-06-0.7

S(Aa) 3

=0.33...<0.5

and n; = 6 < ng = 12, we have (using the second part of Step 7) A >g B. We get the same decision
(A >x B) using the Integrated N-Ranking Algorithm (see Example [3.9).

In the following example Steps 1-7 fail and Step 8 success to give us a decision.
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Example 3.18. Let A = (0.5,0.5,0.5; 0.4,0.4; 0.6,0.6) and
B = (0.5,0.5,0.5,0.5,0.5,0.5 ; 0.4,0.4,0.4,0.4 ; 0.6,0.6,0.6,0.6).
Since A, = (T,, 1, F,) = (0.5,0.4,0.6) = (T,;7 I{’l, F,;) By, Steps 1-3 fail to give us a decision. We go to

the next step by computing the weighted triplet of A and B. But

ToxXp1 Ioxqu Fyxr 05x3 04x2 0.6x2 1.5 0.8 0.6

W(A) = (= = — )
() = (F2B S Se B o (SRR S S = ()

T xpy I' x qu F! X179 0.5x6 04x4 0.6x4 1.5 0.8 0.6

W(B) = a a a _ — (=2 =2 Ty
( ) ( %) ’ U») ’ U») ) ( 14 ’ 14 ’ 14 ) (7’ 7, 7)

Since W (B) = W(A), we have Steps 4-6 fail to give us a decision. We go for the next step. But

s(A4,) = 2+T“*3F“*I = 2405 0 604 _ % = 0.5, so Steps 7 fails to give a decision. Therefore we go
to Step 8. Since a(A,) =T — F =05-0.6=—-1<0andn; =7 < 14 = ng, we have (Using Step 8)
A >y B. That is A is doing better than B.

Before we proceed we need the following proposition:

Proposition 3.19. Let (T, I, F) be a neutrosophic triplet.

1. Ifs(T,I,F)=0.5and ao(T,I,F) =0, then I =0.5and T = F.
2. Ifs(T,1,F)=0.5,¢T,I,F)=05and a(T,I,F) =0,thenT =1 =F = 0.5.

Proof. Obvious! we only need to solve simple linear equations. O

From Proposition [3.19] we conclude that: If we are looking for an example where steps 7 and 8 fail, then we
have to have I, = 0.5 and T, = F,. See the following example.

Example 3.20. Let A = (0.4,0.4,0.4 ; 0.5,0.5 ; 0.4,0.4) and
B =1(0.4,04,0.4,0.4,0.4,0.4; 0.5,0.5,0.5,0.5; 0.4,0.4,0.4,0.4).
Since A, = (Ty, I, F,) = (0.4,0.5,0.4) = (T2, I{I, F(;) = B,, Steps 1-3 fail to give us a decision. We go to

the next steps by computing the weighted triplet of A and B:

ToxXpr Ioxqu Fy,xr 04x3 05x2 04x2 1.2

W(A):( ) ) ):(

)= (2 1.2
ny ny ny 7 ’ 7 ’ 7 7

T

) = W(B).

\1\»—*

Since W(A) = W (B), we have Steps 4-6 fail, also, to give us a decision. We go to Step 7. But

5(Aq) = 20405204 — 0.5, 50 Step 7 fails to give us a decision. We go to Step 8. Since a(A,) = To—F, =
0.4 — 0.4 = 0, Step 8, also, fails. We go to Step 9. Since ¢(A,) =T, =04 < 0.5andn; =7 < ng = 14,
we have A >g B (by the second part of Step 9).

In the following example only Step 10 successes to give us a decision. From Proposition the only such
examples are those withT' = I = F' = 0.5.

Example 3.21. Let A = (0.5,0.5,0.5; 0.5,0.5; 0.5,0.5) and
B =(0.5,0.5,0.5,0.5,0.5,0.5; 0.5,0.5,0.5,0.5; 0.5,0.5,0.5,0.5).
Since A, = (Ty, I, F,) = (0.5,0.5,0.5) = (T2, I;, F!) = B, Steps 1-4 fail to give us a decision. We go to

the next step by computing the weighted triplet of A and B:

Toxp1 Ioxq Fyxr 05x3 0.5x2 0.5x2 1.5

wid) =( V= )= (7;;):W(B)'

ny ’ n1 ’ ni
Since W (A) = W(B), we have Steps 4-6 fail, also, to give us a decision. We go to Steps 7-9. Buts(A,) =
L?M) =0.5,a(4,) =T —F =05-0.5 =0and ¢(A,) = 0.5. Thus Steps 7-9 fail to give us a
decision. We go to Step 11. Since n; = 7 < no = 14, we have (by Step 10) A <y B
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4 Summary

In n-valued neutrosophic sets the number of sources is essential, and must be considered in any ranking
algorithm for NV NT’s. There are two ranking algorithms of NV NT"s:

1. The S-Ranking Algorithm of SV M NT's. Which is introduced by F.Smarandache in 2023.

2. The N-Ranking Algorithm of SV NT"s. Which is introduced by V. L. Nayagam and Bharanidharan R.in
2023.

These algorithms do not consider the number of sources. We introduce two ranking algorithms for SV NT”s:

1. The integrated S-Ranking Algorithm of SV NT"s.
2. The integrated N-Nanking Algorithm of SV NT’s.

These algorithms are improvements for the S-ranking algorithm of SV M NT"s and the N-Ranking Algorithm
of NV NT's, respectively. The integrated ranking algorithms are total orderings of NV NT’s, but the old
ones are not.
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