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ARTICLE INFO ABSTRACT
Keywords: This paper presents novel concepts including stratified single-valued neutrosophic soft topogenous
Stratified (stratified svns-topogenous), stratified single-valued neutrosophic soft filter (stratified svns-filter),

Single-valued neutrosophic soft
quasi-uniformity
Single-valued neutrosophic soft topogenous

stratified single-valued neutrosophic soft quasi uniformity (stratified svnsq-uniformity) and
stratified single-valued neutrosophic soft quasi proximity (stratified svnsq-proximity). Additionally,
order we present the idea of single-valued neutrosophic soft topogenous structures, formed by
Single-valued neutrosophic soft integrating svns-topogenous with svns-filter, and discuss their properties. Furthermore, we
quasi-proximity explore the connections between these single-valued neutrosophic soft topological structures
and their corresponding stratifications.

1. Introduction and preliminaries

Various methodologies have been scrutinized for effectively handling uncertainties, encompassing fuzzy set theory [1], intuition-
istic fuzzy set theory [2], vague set theory, interval mathematics [3,4], and rough set theory [5]. However, these approaches have
encountered significant challenges. Soft set theory, introduced by Molodtsov [6], has emerged as a promising alternative and has
been successfully applied in diverse fields such as function smoothness [7], game theory [8], Riemann integration [9], and proba-
bility theory [10]. Notably, recent advancements in soft set theory and its applications have been particularly noteworthy in certain
domains.

Fuzzy sets: Handle uncertainty by assigning degrees of membership, Intuitionistic fuzzy sets: Allow for more uncertainty with an
extra degree of non-membership, Vague sets: Handle uncertainty by having a boundary region of membership, Interval mathematics:
Deals with uncertainty by working with ranges of numbers, Rough sets: Handle uncertainty by approximating vague concepts,
Stochastic programming: Models uncertainty through probability distributions, Robust optimization: Provides solutions that are valid
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under all scenarios, Simulation: Mimics real-world processes to evaluate different strategies and Decision analysis: Uses decision trees
to evaluate uncertain outcomes.

Maji et al. [11,12] provided an application for decision-making issues along with a few new definitions of soft sets. Dey and col-
leagues have examined the gray relational projection approach, generalized neutrosophic soft set and multiattribute decision-making
in [13,14]. The findings reported in [11], started the study linking fuzzy and soft sets were enhanced by Aktas and Cagman [15], Feng
et al. [16], Chen et al. [17], Ali et al. [18] and Sun et al. [19]. Subsequent research on the fuzzy soft sets notion was conducted by
Yang et al. [20], Kharal and Ahmed [21] and Ahmed and Khara [22]. Shabir and Naz [23] distinguished a variety of issues utilizing
soft sets, subsuming separation axioms. Tanay and Kandemir [24] first developed concepts of fuzzy soft topology by utilizing Chang’s
concept of fuzzy topology. They explored the fundamental concepts by adopting Chang [25]’s definitions, whereas Pazar Varol and
Aygiin [26] defined the fuzzy soft topology in Lowen’s sense. Aygiinoglu et al. [27] defined Sostak’s fuzzy soft topology. Saber et al.
[28] framed single-valued neutrosophic soft topological spaces (¥, 72, T#,T®) (svnst-space). In the fuzzy paradigm, there exist three
alternative ways to uniformity: Kotzé’s [29] uniform covering approach, Hutton’s [30] uniform operator approach and Lowen’s [31]
entourage approach.

Smarandache originally introduced the concept of a neutrosophic set [32], which subsequently led to research on both single-
valued neutrosophic sets (svns) and neutrosophic sets (ns) by Wang et al. [33] and Salama et al. [34,35]. Various applications have
been explored in the works of several researchers [36—-40]. Saber et al. conducted detailed studies on single-valued neutrosophic
regularity space (svnr-space), single-valued neutrosophic ideals (svnis), stratification of svnt-space, single-valued neutrosophic soft sets
(svns), and stratified modeling in soft fuzzy topological structures in extensive works [41-47].

It is widely acknowledged that theories such as fuzzy sets, intuitionistic fuzzy sets, and rough sets are viewed as extensions of
neutrosophic set theory, serving as essential mathematical tools for managing uncertainty. The concepts of stratified single-valued
neutrosophic soft topogenous, which build upon the ideas introduced by Varol et al. [26], Aygiinoglu et al. [27] and Abbas et al.
[48,49], constitute a significant contribution of this paper.

Building upon the insights gained from previous analyses, we introduce the concepts of “stratified svnsq-uniformity” (or “stratified
svns-topogenous order” and “stratified svnsq-proximity”) derived from predefined “svnsq-uniformity” (or “svns-topogenous order”
and “svnsq-proximity”). We investigate several properties associated with these newly formulated structures. Additionally, we explore
the interrelations between these single-valued neutrosophic soft topological structures and their respective stratifications.

Throughout this study, (¥, v) denotes the collection of all svns sets on ¥, where V is the set of all parameters on ¥ and ¥ indicated
to an initial universe.

The svns set £, on ¥ is said to be 1 — absolute snv-soft sets and indicated by V', if £e =1foreachee€v,1€¢, (x)=1for every x €¥

(where, [¥']° =¥, ¢ =1[0,1]) and ¢, = (0, 1].
Definition 1. [32]. Let ¥ # ¢. A neutrosophic set (n-set) on X defined as

O = {1,V ), Hy (1), 0y (V) | ¥ E¥, v, (1), Hy (), 0, () €]70, 17},

representing the degree of membership where (v (1)), the degree of indeterminacy (4 (y)), and degree of nonmembership (@, ());
V y € to the set ©.

Definition 2. [33]. Let ¥ # ¢». Then syn-set © on ¥ is defined as

O ={(y, v, M, 0, |y €¥,v (), 1, 3, 0y (¥) Ec},
where v,y oy 1 ¥—>¢and 0<v (») + p, () + o, (») <3.

Definition 3. [28]. f, is a svns-set on ¥ where, f : V — ¢%ie, f,2 f(e)isasvn-set on ¥, for all e € A and f(e) =(0,1,1), if e & A.
The svn-set f(e) is termed as an element of the syns-set fA. Thus, a svns-set f,, on ¥ can be defined as:

f={efe)leey, fe ec)
={e.v@n @0 @) ee¥. fO e},

where v, Y—=¢ (vf is termed as a membership function), u TR Al (yf is termed as indeterminacy function), and o, 1Y —>¢
(wf is termed as a nbnmembership function) of svns-set.
A svns-set f,, on ¥ is termed as a null svns-set (for short, ®), if v . (e)=0, u ’ (e)=1and @ ., (e)=1, forany e€ V.

A syns-set f,, on ¥ is termed as an absolute svns-set (for short, V), if v, (e)=1, uf(e) =0 and cof(e) =0, forany e .

Definition 4. [45] ¢, T2, TH#,T?®)isasvnst, if T°,TH,T?® .Y - g&’v) it meets the next criteria: for every e € v:
(T TX@) =T (V)=1and T} (®) =T/ (V) =T2 (@) =T (V) =0,
(T3) TP (£ M) 2 T 2(£,) AT (1), Tl (£, Mhy) STH(EH VT (M),
TO#, Mhy) STOE)VTO(hy), Y £,,7h, € F,V),
(T3) T2 U jes 1,10 2 Njey TOUE1), T U jesl€,1) <V ey T (1£,1),
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TEOUjesl1) < Vjes TOUL)), V£, € (V).
The synst (TV,TH#,T?) is said to be stratified If it meets the next condition
(T) T)(V)=1and T/(¥)=T*(¥")=0foreachee v, 1 €.

The quadrilateral ¥,7",7#,7®) is named stratified svnst-space. Representing the degree of openness (7"(£,)), the degree of indeter-
minacy (7)'(£,)), and the degree of non-openness (T,”(£,)); of a svns set with respect to that parameter e € V.
Sometimes, we will write 7Y#® for (T°,TH*,T®).

Now we mind some concepts and nomenclature that will be applied in this paper.
Assume Y((¥, v)) denotes the collection of all mappings z : (¥,Y) — (¥, v) with the next properties, for each £, € ¥,Y)

(z1) £, = z(f5),
(22) 2(Ujey (£,);) = Ujey 2((£,),)-

For z,t € ¥((¥,v) we define that zor and z Mt by

(zon)(£5) = z(1(£,)),

and
(znnEs) =mfz(h,) UHE.) | £, =h, g}

Lety : (£,¥) = (U, R) be a mapping, z € ¥(U', R)), then y/;' ozoy € W((¥, V), (equivalently, W;](Z(Wq, (£,)) € (%, V) for any
£, €®Y). .
For each z,1,¢c,v € P((¥, Y), the next characteristics hold:
(DIfz<z;andt<t}, then zMtCz Nt
2)zntCz, zNtCtand zMNz=z,
B)@znHne=zn@Enec),
4) (znt)o(c Mv) = (zoc) M (tov).

V, £, € (£, V), 1 €¢ define the mapping 7 : (¥,V) —» (¥,V), by

VALZZCEY I
i(£g)(X)={Y i supEy) <,

Y, if otherwise,

where sup(£,)=\/ £e(x), V e € 0. The map 7 satisfy the properties (z,) and (z,), that is, 7 € ¥((¥, v)). Furthermore, 7 fulfills the next
xe¥
properties:

Lemma 1. Let 1,1y,1, €¢:

(1) Ifl] < 1y, then iz cC f],

(2) ioi =1 for each 1 € ¢,

(3) zC 0 holds for all z € Y((¥,V)).

Lemma 2. Let z ) : (¥,Y) — (¥, V) be a mapping defined by

_ £o" lf ha c £a”
Z(¢,) (M) = { ¥, if otherwise.

Then, z; € Y((¥,V)) and Z(, 9%(t,) = Z(4,)-

Theorem 1. Let (¥, TV”"“’) be a svnst-space, for every e€ v, £, € ‘I’Gré,\\d/) we define the map (7)), : Y — g&?’), (TS’,‘)e 1Y > g&?"_) and
(T9)e 1 ¥ = ¢¥Y as follows

Tt =\/ { N T ED) |y (), T =4, } ,

jeJ

THE) =\ { \/ THED) |Ujes (), V) =4, } ,

JjeJ
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T =\ {V TO(()) | Ujes (£,); MVY) =£g} ,

jes

where \/ and )\ are taken over all families {(£,) ;i tjEJ }with £, =11 ies(£,); 1 V). Then (Tsl;” w)v is the coarsest stratified svnst on ¥
which is finer than 7" And (T,)**), is called the stratification of a svnst 7,)*” on ¥.

2. Stratified single-valued neutrosophic soft quasi-uniform spaces

Definition 5. Let £V, KH, K? : ¥ — g‘y((%) and é € v. Then (K?, £H, K®) is called svnsq-uniformity on ¥, if it satisfies these properties:

(K) There exists z € W((¥, v)) such that £(z) =1, ]Cf:(z) =0and £2(z) =0.
(Ky) If z,1 € W((¥, V) and z C 1, then K%(2) < K2(1), K (2) > KX (1) and
K2(z) 2 K(0).
(K3) For z,t € W((% V), K2(zM1) > K2(2) A K21, KL (zt) < K¥(z) v KL (1) and
K2(zn1) < K2(z) v K1),
() For z € (&), VIK(z)) | 210z, = 2} 2 K2(2), ANKY(2)) | 2102, =2} <
Kl(z) and A{K2(z)) | zj0z) = 2} < K2(2).
The pair (¥, ") is called a svvsq-uniform space.

A svnsq-uniformity ' is said to be stratified if it provides that

(Kg) Ko@) =1, K@) =0 and K2(i) =0 for any 1 € ¢.

So, the pair (¥, IC';"“’) is called a stratified svnsq-uniform space.
Let (X)), and (X)), be stratified svnsq-uniformities on ¥. We say that (K}/); is finer than (K}/“), [(Ky*”), is coarser than
(]C\v,”w)l] denoted by (IC:‘“")Z C (ICs”w)l if
(K2)a(2) (K21 (2), (KE)a(z) 2 (K (2), (KP)a(2) 2 (KY)(2),
for any e € v,z € ¥((¥, Y)).

Assume that (¥, IC';” “Yand (U, QUR’M) are synsq-uniform spaces. Then, v, ¥, V) > (U, R) is named a svns-uniformly continuous iff

0 Dy | 1 iy, —1
o S KUy otow ), Gl (02 KA oroy ),

-1
G0 (02 KLy otoy ),
for every t e P((Y,R)), e € V.

Sometimes in this paper we will use X’#® instead of (KV, KH, K®).

Theorem 2. Assume that (¥, KC\/"”) is svnsq-uniform space on ¥. Define

(K2)o(2)=\/{KL0) | 1MIC z} foranye €V, 1€ ¢, zE€ V(% V),
(Kh)o(2)= \[KE@) | tNiT 2} foranye €V, 1€¢, z € B, V),
(K2 (2)= \IK2() [tNIC z} foranye €V, 1€¢, z € W V).

Then (K'¥*), is the coarsest stratified svnsq-uniformity which is finer than K

VUD
st VR

Proof. (K;) There exists z € W((¥,Y)) such that K'(z) = 1, K4(z) = 0, K2(z) = 0. Since, z =210, (K%),(2) =1, (K%),(z) =0,
(K2),(z) =0.

(K,) Obvious.

(K3) Assume that there exists z;,z, € Y((¥, V)) such that

(K2 (21 Mzp) £ (KL (21) AKY),(22),
(KM o(z) Mz) £ (M) (2)) V (KH),(27),
(K2)o(z) M 29) £ (K2)o(2)) V (K2)(29)

DU®
st

From the concept of (K, "), there are t,,t, € ¥((¥,V)), 11,1, €¢ with z; 3¢, N4} and z, I, N such that

(K2)o(z1 M zp) £ KUt AKU(E,),
(KE) (21 Mzp) £ K (1)) VK (D), .
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(K2)o(z1 M z) £ K1)V KL(t).
On another side, (z; Mz,) 3 (¢; M1,) N (] N5). By Lemma 1(3), we obtain (] M#;) =1 or i, then

(K2)o(z1 M zp) = KUty Nity) 2 KU(t) AKU(L),

(KM)o(z) Mzy) KKt Ny) S KCE(t) V KE (1),

(K2) (21 Mzy) KLt N1y) SKL(1) VKL ().

It is a contradiction for equation (1). Hence (X3) holds.
(K4) Let z € W((¥.V)), be a given such that

(K2e(2) £ \J{KEe(z1) | 2T 2102, ),
K2 E N\ LK (z)) | 2T 2102, ),
(K22 E N KD (21) | 2D 2102, ).

From the concept of [(K?),(2), (IC’S‘I)e(z), (K%),(2)] there exist t € ¥((¥,)), 1 € ¢ with z J¢ M7 such that

K@) £ {(Ky)e(21) | 2T zj02, ),

KU E KL (2) | 2D zj024 ),

KI(1) £ {(K5)e(21) | 2T 2024 ).
Since K is svnsq-uniformity on ¥,

\/ (K2e) [T eoc) > K2,

J\ 1Kk ) |1 T eoct <),

(K2 |t Teoc) <K2().

There exist ¢ € ¥((¥, Y)) with coc C ¢ such that

K2(e) £\ (z1) | 22 2102, ),
ki) 2 N\ (z) 2T 210z}, 2)
K2(e) 2 K2, (z1) | 2D 2,02,
On another side,
(cMDo(c M E (coc)MTCtMIL z,

thatis, cMi=z, with z=z,0z,

VAKS)o(z0) |23 21021 2 (K2)o(21) 2 K2,
N\ (z) | 23 21021} S () (2) S K o),
J\KD)(z) | 23 21021} S (KD, (2)) K2 (C).
In this case, it is a contradiction with the hypothesis as we can see ,fi),m Equations (2). Hence (K4) holds.
(Kg) By Lemma 1(3), we have z C 0 holds for every z € WY((¥,V)). Since ¥3” “ satisfies the conditions K; and K,, we obtain

ICZ(O)ﬁ:dI, K4 (0) =0 and K2(0)=0. So, 0m7=1 for every : € ¢, then (K},), () =1, (lCé’r)e(i) =0, (K5).() = 0. Hence, (IC’S’;"")V is
stratified.

Fort=tn0andte Y((¥,V)). Then, (IC‘;,)e(I) > ICg(t), (]Cft)e(t) < ICif(t) and (IC?;)e(t) < ]CZ"(t). Hence, (]C;’:’w)v is finer than IC'\’,‘W.
VUD

Finally, let G** be stratified svnsq-uniformity finer than K*.
Presume that there exists z € ¥(¥, Y)) s.t.,

CU2) £ (K2)o(2), C1(2) £ (KX, (2), C2(2) £ (K2 (2).
From the concept of [K?)),(2), ]Cft)e(z), K$).(2)]), there exist 1 € ‘P((i,\vd)), 1 € ¢ with z J¢ M7 such that

CU(2) £ KU1, G(2) £ KM(0). CO2) £ K2). ©)

Since G\ be stratified svnsq-uniformity,
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CU(2) > GUe M) > GV A GU(0) = G() > K1),
GM(2) SGUrMD) < G () AGUD) < G (1) < KM(1),
G(2) G211 < GX(1) AGP () < G < K2().

In this case, the hypothe51s is contradicted, as we see in Equations (3). Therefore, (K
which is finer than KC,/ e 0

M), is the coarsest stratified svnsq-uniformity

Theorem 3. Let (¥, K/”) and (U",G’) be two svnsq-uniform spaces. If the mapping w, (¥ K} = (U, Gr) is a svns-uniformly
continuous, then the mapping v, (% (K2 = (U, (G¥*")g) is a svns-uniformly continuous, where (K.“), and (G, are the
stratification of K\ and G respecﬂvely

Proof. We will prove that
K5y otow ) 2 (G o) (0):
xh), (w"lotow ) < (G4 o)D)
(K2), (w‘l 010y ) < (G i) (0):
for each t € ‘l‘((l/, R)). Assume that
K5 otow ) 2 (G )y (KW oroyr ) (G (1),
(K2), (w'lotow ) £ (G2) i) 0)-
From the concept of [(GY,) ) (), (g Dote)Ds (G5 e 1), there exist ¢ € ‘P((U‘ R)), 1 € ¢ with t J ¢ M7 such that
(K3 y totow ) 2. G (),
(K. (u/‘l oroy ) £ Gl (©). )
K9 (w'l otoy ) £ Gy, (©).
Since yr_ : (¥, £l -, g;;“") is a svns-uniformly continuous,
]CU(II/ 10501// ) > Q(P(e (c),
lcw“ ocoy ) < GY

,(©), IC"(I//_1 ocoy y< ¢t
(c).

@(e)
@(e)

From the concept of [(K?,), (llj_lotoq/ ), (), (q/_lotoy/ ), (K2), (y/‘lotoy/ )] we obtain
(K ew otoy ) 2 Ky ocow ) 2. G, (©),
(K. (w"l ooy ) <KLy ooy ) <Gl (),
(Ke (w—l otoy ) S Ky ocow, ) SGY, (<),

In this case, the hypothesis is contradicted as we can see from Equations (4). []

Theorem 4. Let (¥, 7;“’“”) be a stratified svnsts. Define,

K2 =\/ { NTHEDN Y 2 € BE My 2, ), E z} ,

jeJ

Khz) =\ { \/ THEDN | VY zEW(EY)), Miere,), C 2

JjeJ }
K2 =\ {\/ TEEN) |V 2 €WV, Mgy 2e,), E z} :
jeJ

where \/ and )\ are possessed over all collections {(£,); | M;e, Zet,, E z}. Then K\ is stratified svnsq-uniformity on ¥.

Proof. (K)) and (K,) straightforward.

(K3) Assume there exists z,7 € P((¥, Y)), such that £(z 1) b Ko(z) AKL(1), Kiznt £ Ko(z) v KL (1), and K2(znt) £ K2(z) v
K2(t). Then, by the concept of X\, there exist two finite collections {(,), | # 2 Miert(n,),} and {(£,); 123N, Z¢,, ) such that

6
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Kkznng [N\ T;’((f,,),)] A [ A\ T:((hp,-)] .
LieJ iel’

KrEnng [\/ T;‘((f,,),-)] v [\/ Te“«ha)i)] :
LjeJ iel’

keEnng |\/ T:’«fg),)] v [\/ T;’«ha),-)] :

LjeJ ier

On another side,

2Nt My 2e,),) A Ciertny,) ANjesier(ZND&,) nmy),-
Then by the definition of X},

Kiznn> [\ TE);N(hY) >\ THENNTL(h),)

jeJier jeJ. ier
> /\T:((;E,,)j)] A [/\ Te“((ha)i)] ,
LieJ ier’

kienn< \/ THE) NGRS\ THENUT ()
jediel’ jedjiel’

<1V TJ‘<(£6>,~>] v [\/ T;‘((ham] :

LieJ iel’

keEnns \/ TE), NG <\ TAENNTMR))

jedJ . ier JjeJier
< L\/ T (£,) ,-)] v [\/ T;“((fu,),-)] :
ieJ iel’

which is a contradiction for equations (5), and then (X53) holds.
(K,4) Since, z, 0z, =z . From the Lemma 2, then, (X4) holds.

Heliyon 10 (2024) e27926

)]

(K1) and (Kg) There exists z = zy =1, then KU(7) > Te”(\?’) =1, i@ <7 (¥)=0and K20 < Tf(\?’) = 0. Therefore, £(1) =1,

Kl (1) =0and K¥(9) = 0 for each 1 € ¢. Hence, K\ is stratified. []

3. Stratified single-valued neutrosophic soft topogenous order spaces

Definition 6. Maps H" : v — ¢®VXEY) pyu oy o cEVXE and H ;v — cEVXEY) are said to be svns-topogenous order on ¥ if it

fulfills the next properties: V e € Y and £, 1, € ¥, V),

(H) Hﬁ_,‘(\?, Y)= Hé‘(d), D)= Hg”(f/, ¥)= Hg’(<I>, D)=0, Hg(\?, Y)= H:(<I>, D=1,
(Hy) I HY(£,,7,) #0, HY (£,,7,) # 1 and H?(£,,7,) # 1, then £, C 7,.
(H3) If £, E (£,);, (Ry); T hy, then HY((£,)1.(hy))) S H(£,.hy),
HY ((£,)1.(hy)1) = HY (£, hy) and HO((£,)1.(Ry)1) = HO (£, 7).
Hy) @

HY((£,)1 U (£ s () U ()y) = HU(E) 1 (o)) A H(E s (),

HI((£,)1 U (£ ()1 U (Rg)y) < HE(ED L (1)) V HI (). (1)),

HO((£,)1 U (€. () U ()y) S HO(E) 1 () V HO(E0)n: (Ry)y)-
(ii)

HE(£,)1 1 (E ). () M) 2 HE(E,)y ()1 AHE((£,)y. (B),),

HE((£,)1 1 (E )z () Mg)y) < HU(E)y (1)) V HE(£,). (B),).

HO(£,)1 N (Ep ). (y)y N (p)) < HE(£,)1 () V HE(£,)y. (B),).

Therefore, (¥,7,") is termed to be a svns-topogenous order space. Also, H," is said to be

(1) Symmetrical iff HY(£,. h,) = HU(hS, £5), ML (£, h,) = M (RS, £5) and HO (hy, £,) = HO(hS, £5).

7
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(2) Perfect iff
HY(Ujes () Wier (h)) 2 [\ HU(E,); (hy);),
jeJ

HY Ujes (€)1 Wie s (he)); < \J HE(E,),0 (),
JjeJ

HEUje s (£,)) Wies (h)); < \/ HE((,),,(hy),).
jeJ

(3) Stratified iff H,"* satisfies the condition:
(Hg) For every 1€ ¢, HU(Y', V) =1, HY(¥', V) =0, H2(¥', V') =0.

Suppose that (HS“ w)l and (H:" w)2 be svns-topogenous order space on Y. In our opinion (He” (”)1 is finer than (Hs“ w)z
[(H)""), is coarser than (M), | indicated by (H,"”); 3 (H*"), if

(H))o(£5: 1) S (H)) (£50y),  (HE)(£5,0,) 2 (HE) (€5, 7).
(M) (£5,hy) 2 (HY) (£, h,), YV £5, B, € (E,Y),e €Y.
Suppose (¥, (H,"“);) and (U, (H,"“),) be two svns-topogenous order spaces.
Then a map w ¥, V) > (U, R) is called snv-soft topogenous continuous iff
-1 -1
(H;(C))Z(‘i‘a’ ha) < (H:)l (W(p (£o')’ l//(p (ha))s
(Hpy )2 ) 2 (D (v (£, ) (g,
(M2 (g ) 2 (HO, (0 (), w7 (),

@(e)

for any £,,h, €(U,R), e€ V.

Theorem 5. Let (¥, H,"”) be svns-topogenous order space. Define

(H2)(£5, 1) =
{(£5); (1) ;YT |JET }EN (£5.1)
N HAED ()
(Eihy) V') eA
(H")(£,, 1) =
{(E0);hg); T lETYEN (£5.h,)
\/ HY (£, (he)) ¢ »
((Ep)ishg)i V' ) €A
(H2) (5, 1) =

{(£0), (), VI €T YEN (£5.100)
\  HOE)(h))
((Ee)ihg); Vi €A

where A = {(£,),,(h);, ¥ |j€J} and N(£,,h,) = H{((£,);,(hy);,¥9) | j € J.J is finite)} | £, € Ujes((£,), 1 V) and h, 3
Ujes((hy); MV'Y),0 € ¢}. Then (M), is the coarsest stratified svns-topogenous order on ¥ which is finer than H,"*.

Proof. (H;), (H,), (H;) straightforward.
(H,) (i) Assume that there exist, (£,);,(%,)1,(£,)2, (R,), € (¥, V) such that

(H;)e((fo')l u (£o')2’ (ha)l u (ha)Z) 2 (Hsur)e((fo')l ’ (ha)l) A (H;);)e((fo-)b (ha)Z)’
(ML e((£,)1 U (£6)2, ()1 U (y)5) £ (HED (€)1, (o)) V () (£5)2, (g)2)s
(Hg)e((fA )l u (£o')2’ (ha)l u (ha)Z) f— (H?;)e((f:o')l’ (ha)l) \ (H?;)e((fo-)b (ha)z)v

8
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therefore, there exists r € ¢, such that

(Hgpe (£)1 U (€525 () U (Rg)p) <7
SH(E) 1 (o)) A(H)((£5)2, (y)),
(HE) ()1 U (£, (B U (g)y) 2 1= 1> (HE) (£,)1, () ) V (HE) o (£5)2, (Ry)2), ©)
(HDe (£)1 U ()2, (Rg) U (Rg)p) 21 =1
> (Hg)e((£:)1: () 1) V (H((£5)35 (Rg)r).
From the concept of (H'*”),, there are V, i € J and k € T, {((£,);,(1y);»V')} € N((£,)1,(hy);) and {((£,)y, By, V'k)} €

st

N((£,)2,(1,),), such that

(HE)o (£5)1 U (£5). (Rg); U (hy)y) > /> HU((£,); U (£ ) () U ()
> /> HY((£,); (e)) A H:(<£J>;, () > 7,

(H). ((£¢;>1 U (£g)p, () U (Ry)) < \{ HI((£,); U (£5)p (Bg); U (Bg)g)
< \{ HE(£,)i> () v Hf((fa);, () <1-r,

(HE), ((af,;)1 L (£,), (g1 U (g)) < \{ HU((£,); U (£, (e U (g)y)
< \{ HY((£,);, (Rg)) v Hg"«fg)’k, (h)) <1-r.

In this case, it is a contradiction with the hypothesis, as is clear from Equation No. (6). Hence, H,(i) holds.
(ii) In the same way as used to prove (i).
(Hg) Since ¥'=¥'MY,

(He (VW) 2 HYT, V) = 1 (M ¥) SHI. 1) =0,
H,(V', V) SHI(V,9)=0

Hence, (H}),(V',¥) =1, (H;‘I)L,(V’,V’) =0and (HY),(V',¥)=0,Y1€g.
On another side, since £, C£_MY and A, Jh, MY we obtain

o =70 a=""a
(Hy)e(E5.1e) 2 HY (£5,hg),  (HE)e(£5,hy) SHY (£5,1,),
(M) (£5: 1) SHO(£5,1,), ¥ £4, 1, € ¥, V).

vuw
e,
Finally, suppose that (H,"“)* be stratified svns-topogenous and finer than H,"* then, V £,,h, € ¥, Y),iE¢,eEV.

Hence, (H,/"”), is the stratified svns-topogenous order on Y which is finer than H

(HO* (£,,h) 2 H (£, Ry, (Y (£,,h,) < HE (£, Ry,
(HO)* (£5. 1) <HO(,

o Ry)-

Now we will prove that

(HY* (£,,h) = (H)o (£, 1), (HIY* (£,,h,) < (HY)o (£, hy),
(HOY* (£, hy) < (HO), (£, hy).
Suppose there exist £, 7, € (Sé\j/), e € Y such that

(O (£, 1) # (H) (£ ). (HIY* (£,.1,) £ () (£, 1),
(HOY* (£,. 1) % (HE) (£, 7).
then there is r € ¢ such that
(H* (£5, ) <1 < (H)o(£5, hy),
(HIY* (£, hg) 2 1= 1> (HY)o (£, 1), @)

(MO (£,,h,) 2 1= 1> (HD) (£, hy).
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vU®
st

From the concept of (};,")y, there exists A = {((£,);, (ha)j,\?’f)} € N'(£,,h,), for every j € J such that

(H:)*(£a’ hy) 2 (H:)* (I—Ije.l [(‘fa)j ny4y, Ujes [(ha)j vy ])
> N\ ((6); AV, (), M)
jel
e /\ [(H2* (£,),(Rg);)) ACHD* (Y5, ¥'7)]
jel
> N\ D)2
()i V' ) €A
(Hél)*(‘fo"ha) < (Hé‘)* (ujGJ[(£o')j M V’f]’ quJ[(ha)j n Vlj])
< \/(Hg‘)*((£,,), nvY, (h,); M¥Y)
JjeJ
<V [0 (&), (i) v 02" (70,90
i€l
s \/ HY((£5);,(h))) S 1=,
((Ep)inhy ) Vi ) €A
(MO (€ 1) S (O (Ujes [(6); VI, ey () Y1)
<\ HO*(£,); NV, (h,); N ¥)
jeJ
<V [0 () () ) v G2 (7, 99)
jeJ
<V HE S -
(Eihg)i V' ) €A
In this instance, the hypothesis is contradicted as is clear from Equations (7). Therefore, the coarsest stratified svns- topogenous order

on v is (H'”), which is finer than H,*“. [J

Theorem 6. Let (¥, ,"*) and (U, (H;)z” “Y*) be two svns-topogenous order spaces, if w, (Y, HMY = (U, (H;’z” “Y*) be a svns-topogenous

continuous, then w, o (¥, HI V) = (U, (H;e”w);) is a svns-topogenous continuous.

Proof. Assume that £,,h, € (U',R) with U;c;((£,); NRY) 3 £, and U;¢;((h,); NRY) C h,. Then U;c;y ' (£,); N VY Dy~ (£,)
9 @

and quJy/;l(ha)j) nyy c w;l(ha). For all collections N'(£,,7,) = {{B = {((£,);,(1,);- R} | £, C U;e;(£,); N RY) and h, 3

Ujes(y); MRY)} VY, |jeJ and 1 € ¢, we have

(H W) () w 7 ()
>

(v s g 071 )& {w ) ) lied |
H2 (w0, 1w (), )

> \Y4 (M) (), - (hg); )

((f,,)jl (hy), R )eB

> A \/ (Y ((£5); (), )

N (Ephg) oy R
(o)), e 2RI e
*
= (Y )£y )

M, (v v 1)

IA

(v s s () V71 )& {wi ) (o)1 }
e (v () v ()

10
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< A (M) (£5); . (), )

((fa)jl (hy); R )en

<V N (Hy )" (), (), )

- N ) @(e)
~ I/'
ol g ((£,,)j1 {hg); R I)eB
*
=M, )5 E52g)

O (w7 Ew (1) )
<

(w5 2y () VET )e{ws (s (o) VY LT |
1 (w2 (D) ()

< A (i ) ((£5); . (), )

~lj
(02, h); R e

<V A\ (H ) ()5, (e);)

N (&), he);, R )en
*
= (8 V) O

VUD
st

Theorem 7. (1) If H:” “ is symmetrical svns-topogenous order, then (H
(2) If H" is perfect svns-topogenous order, then

D) (T e(£6) = H £y, £5), (T (E,) = HY (£5,£,) and (T}9),(£,) =
HO(£,,£,) is svns-topology related by H,"”

(i) (Tj_l;‘zw)v = [(THv”m)gr]v-
(3) If T,*” is a svnst, then

@D M)y 1) = VAT (@®.) | £, E 8, T hy), (HY) (£,.0,) = N7 @)1
£, Cg. Chy,} and (H?)(£5.h,) = \(T,”(8.) | £, E 8 T h,} is perfect svns-topogenous order related by T

(i) (H), = [((HF) 1y is a perfect svns-topogenous order.
St s

)y is also symmetrical svns-topogenous order.

Proof. (1) We will prove that for each £, 7, € (¥,V), then

o

(H2) (£, 7)) = (HE ) (RS, £2), (H)y(£y ) = (HM) (RS, £2),
(H) £y, ) = (HD) (R, £5).

Suppose that
(H2)o(£yu ) £ (HE)(RE£5), (MY o€, ) F (HE) (RS, £2)
(H)o (g 1) E (H (R, £5).

From the concept of (H.*”),, there are A = {(£(,)j, (hy); Vil j € J} € N'(£,,h,) such that

st

GG L) <rs N\ HED ()
((£)1.(hg); V' ) €A

(Hyo(hg. £) 2 1 =12 Vo HAE) () ®
(Eo)i(hg) V') €A
G )2 1=rz  \[ I (o))

((Ep)irg) ¥ ) EA

On another side,
It -t
(D), (hS,£2) > ("), [nje,((h;)juv ’/>,n,e,((£;),uv ,)]

11
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> A o), [(h;),. LY (), uV"'i]
((Eedislhg); V' )EA

> N O (0. AGL, (VL)

((E)inhg). ¥ ) €A
= N O () (£),)
((Ep)irg) ¥ ) €A
> N M (RS, (£5);)
(i) V' )eA

= A\ HY ((£,)i 7)) 2 7.

((£x)ixhg) V' ) €A
Similarly, by using an analogous line of reasoning, we can show that (Hf,) (S, £5) < 1—r and (HY),(hS, £;) < r—1 are incompatible
with equations (8). Hence,
(HE) (52 ) S (HD) (RS, £2),  (HE) (£5.74) = (HE) (RS, £5)
(HO)o(Ega 1) 2 (H) (RS, £5). ©

Similarly, we can establish through a parallel argument that

(g ) = ()R £9), (HU) (£ g) < (HU)(BE, £9),
(HO) (£, 1) < (D) (5. 10

st

Based on (9) and (10), we have

() (£, hg) = () (MG, £5), (M} o(£5, ) = (), (R, £5),

(HDe(E 55 hy) = (H (MG, £7).

(2) (i) straightforward.
(ii) Since (T}';”)e(V’) =(HY) (V. ¥) =1, (7'}’;”)6(‘7’) = (H;’,)e(\?’,\?’) =0 and (T;Y!)B(V’) =(H2),(¥',¥") =0 for each : € ¢ we have

(TZZ‘”)V is stratified which is finer than T )y Thus, (T}Z )y 2T,

Conversely, suppose that £, € (¥, Y) such that

(T} DelEe) = (HL) (£5. £5) £ 1T ], (o),
(T Delts) = (HUDe(Eg s £) LT} 0) (£, .
(T,_ﬂl}‘t)e(fg) = (Hs;)e(i‘o-, £o') 2 [(T;;)St]e(fo')'

VU®D
st

From the concept of (H ), there exists a collection

A= {((£);s ) V) EN(E,u £, rEcand j €T

such that

[(T)e] (£,) <7 < N MY ((£); (£,)1)
(¢ istt¥ e
= N T (&),

()i Ep) V' ) €A

(T ()2 1-r> \ ()
()i ¥1 ) €A

=V ().
((Ex)irE) V1T ) €A
[(T}’;’)st]e(;fg)z 1 —-r> \/ H:I ((£o')is(£g)i)
((£)i-(£5);. 71 ) €A
=V G
((£)i:(£5);.711 ) €A

On another side,

12
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(T, &) =Tl (Wes (£); V) > NIT,, ((£,);nV'7)

JjeJ
> AT, ((£);) AT, (V)
jeJ
> N (T, ((£,);) = 7,
(€ nsEo ¥ Jea

(el (£,) = (T3], (L'/eJ«fa),- nv' >) <VITHeL, (), n¥)
jedJ
<VITD, ((£),) VITD,, (V)
JjeJ
< VT (&) <1-r,
()£ V' ) €A
[T, E) = 1T301, (0es (@), 1V ™)) < /151, (), n¥)
JjeJ
<VITD, () VT, (V)
JjeJ
< \/ (T ((£,);) <1-r.
(o)) ET)eA
This contradicts the hypothesis in equation (11). Thus, (7'73”’“’)V = [(T}”[”w)s,]v.
(3) (i) Straightforward. ’
(ii) Obvious. []

Definition 7. A mapping Z%,Z#,Z% : Y — g(?") is called single-valued neutrosophic soft filter (svns-filter) on ¥. If the following
criteria are met, Ve € v and £,,7, € (¥, V):

(Z) ZU@)=0,Z{(®)=1,Z2(®) =1 and ZU(V)=1,Z;(V)=0,Z2(V) =0,
(22) 20, Mhy) 2 ZUE) A Z0(hy), 20, Mhy) < Z((£,)V 2L (hy),
ZO(£, NMhy) < ZO(£,)V Z2(hy),
(Z3) If £, T h, then ZU(£,) < ZU(hy), ZU(£,) 2 ZE(Ry,)
and Z9(£,) > Z2(h,).

The svns- filter Z"# is called stratified iff the following condition is met.

(Zs) Forevery e € v, 1€¢ and £, € (%, V), ZU(£, NV) = ZUE) A1), ZE(E, NT) < ZEE,) V (1), and ZO(£, NV < Z2(E,) V().

The pair (¥, Z,/"”) is said to be stratified svns-filters space.
If Z*” and Z: M are svns-filters on ¥, then Z7%° is finer than Z:W  or (Z;*" is coarser than Z\") indicated by Z}*“ 3 Z:"" @
if ZU(£,) > ZX(£,), Zh(£,) < Z)M(£,)) and Z9(£,) < ZX(£,).

Theorem 8. A consider that (¥, Z\/") is svns-filters space. Define the mapping Z° : v — ¢®¥), Z¥ 1 v — c&Y) 70 = v ¢V g5 next:
V£ €M) eev

V [\ Z2EDp) Aty T bes (), nv'H E £6] =(2%)o(£,),

ljes

NV Z2ED )V Uiy (), N E fg] = (Z})eEs).
LieJ
NV Z2ED )V ey (), NV E £,,] =(Z9),(£,),

Ljes

where \/ and /\ are taken over all collections {((£5);,¥19)} for each j € J and J is finite) with £, I ;e ;((£,); M VY). Then (Z‘Zg;’w)V is
the coarsest stratified svns-filter on ¥ which is finer than Z\”. Also, (Z'¥*), is the stratification of a snvs-filter Z*” on ¥.

el

Proof. At initial, we will prove that (Z_,

)y is stratified snvs-filter:

13
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(Z)) For any 1 € ¢, there are collections {V} and {®} with ¥' = ¥' N V. We have

(2°)e(M2Z2MA1=1, (2%).(V)<Z'T)V0=0,

(2PN <Zy(V)v0=0,

(Z2°)e(®) 2 ZU@)A0=0, (Z")(®)<ZHD)VI=1,

EPu@® < ZY@Vvi=1.
Hence, (Z°),(V) =1, (2%),(V) = 0,(Z2),(¥) = 0 and (Z2),(@) =0, (Z%), (@) = 1, (Z9) (@) = 1.

(Z,) Let D(£,) = {{((£6)j,\7’f)} | Ujes (£5); M V) E £,} and D(h,) = {{((1y);, V')} | Uier((Ay); MY')E A, } forall je J and i €T
Then,

£ MR, 3 Ues (€)M N WUier () 1 T)
=Ujey Uier (£,); V) M1 ((Ry); M V"))
=Ujey Uier ((£,); N (1)) (VI V)
=Lejur((g.) NV,

where V" =V M¥', w, =1; M1 and (g.); = (£,); 1 (h,);, which implies

(2 &, ) > \ (Z22(£,); N (h))) Aw,

jeJ

> N@UEIN A N@UR)) A Gy A1)
Jj i

> [ ANEUE) A z,)] A [ N\ @) A a-)]
J i
> (2°)eE) A(Z2)e(hy),

(28, ) < \/ (Z21((£,); N (h))) v w;
jeJ

<\ @t )0V \ @BV @A)
J i

< [\/(Zé‘((sf,,)j) v l/-)] v [\/(Z;‘((ha)i) v li):|
J i
> (Z")o(£,)V (Z1),(hy),
(Z2).(&, M) < \/ (Z0"((£,); N (h))) vV wy

jeJ

< [\/(z;"((@,»] v [\/(Z‘;’((fla);)) V(A u-)]
J i

< [\/(Zf«@,.) v :,)] v [\/(2;”((@,)» v u-)]
J i

> (Z0)(£) V(29 (Ry).
Thus, the proof of (Z,) is complete.

(Z5) Straightforward.
(Z5) Suppose

D(£,) = {{((£,);, V) | £5, AU e, (£,); NV}, forall jE T,

(Z5)e(£, 1Y) 2 L/\(zz«ff,)jmvnmj] > [/\(z:((faj)mw,]

jeJ JjeJ
> L/\ ZU(E)) A zj] AW 2 (Z5)eE,) A W),
=

14
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(Z8),(£,m¥") < [\/(Z@((fg)pvv')vz,] < [\/(zg‘«fg)pvz)w,-]
J J

< [\/zawpw,] V(1) (25 (£ V ().
J

Similarly, by using an analogous line of reasoning, we can show that (Z%)),(£, N v < (Z5).(£5) V (1). Thus, the proof of (Zg) is
complete.

Secondly, for every £, € (¥,V), e € V, there exist collections {V} with £, = £A rmY. Then, (Z2)e(£,) 2 Z2(£,),s (Zi’t)e(;f(,) < Zf;(£,,))
and (Z29),(£,) < Z9(£,). Thus, (Z:¥), is finer than Z\**.
Finally, let (25 ,, Zi o 25y be stratified snvs-filter which is finer than (Z°, Z¥#, Z®), on ¥ and
D(£,) = ({((£,),,9) | £, ;e (£,), VDLV €T,
then we have,
(25 0eE0) 2 (28 Doy (£,), M) 2 N\ (28, ). ((£,); V)
jed
> N\ ((Z%,):((£,),)) A 1))
jeJ
> A Z2(E )y A1) 2 (22 (£,

(Ee): 'k )e{(£5); Y jeT }

Likewise, using related reasoning, we can determine that (2% ), (£,) < (Z2%).(£,) and (Z%,).(£5) < (Z2).(£,). Hence (Z¥*), is the
coarsest stratified snvs-filter finer than Z}/”. [

Theorem 9. Let O((¥, Y)) and Q((¥, Y)) be collections of all svns-filters and, svns-topogenous correspondingly. Define, V, £,,h, € (¥,Y),
ecy,

OUH, 2)(£,) = \/ {H;(hys £5) A Z3(£5)}

hL€EY)

OLH,2)E) = [\ (HE(h, £,)V ZE(E))
hne(’g\?j

OVH, D)(E) = [\ (MO (hy £,)V Z2(£,))
ha€EY)

where Hﬁ”w S Q((QT\J/)) and Z\U,”w € O((%,Y)). Then:

(D) OU“(H, 2) € O(EV)). -
(2) OV“(H,Z)C 2\ for all Z}” € O((¥,V)).
(3) O (M. H ) = (H'),.

) O (M. 2,) = [(O"] (H, D).

st

Proof. (Z;) Since Z%(®)=0, Zh@) = 1,Z¢(@®)=1and Zg(\?) =1, Z’;(\?) =0, Z‘e"(\?) =0, we obtain; Ve € v,
OUH. @)= \/ (Hi(g. D) AZLUD)},
g €FY)
O'H,. D@ = [\ (H!'(,. ®)VZL®)),
g €®Y)
M, 2@ = N (HO@. ®)VZI®)),
g€V
thus, O(H, Z2)(®) = 0,04 (H, Z2)(®) = 1,0°(H, Z)(®) = 1 and OU(H, 2)(¥) = 1, 0¥ (H, Z)(V) =0,0°(H, Z)(V) = 0.
(Zy) Let £,,h, € (¥,Y). Then we obtain

O (H, )¢, nh) =\ (Hg..£, Th,) A ZL(E, TR}
g €CEY)

15
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> \/ (0L, £,) NHY(®. 7)) AZUE) A Z8(h,))

g €FY)
> \/ AU AN ZUEDNI A\ (U, he) A Z2(Re)))
g €FY) g €FY)

> OUH, 2)(£,) A OLH, 2)(hy),
Ol (H.DENh) =\ {HA R £, M)V ZE(E,Nhy))
g€V
< N\ O £,V HE® BV (ZE(E,) V 2H(h,))
8o EY)
< N\ {0 £V ZEEN Y\ (@ R )V ZE(R,))
8o €V 8o €AY
< OMH, 2)(E,) V OLH, 2)(h,).

Likewise, using related reasoning, we can determine that

OY(MH, Z)(£, Mh,) SOYH, Z)(£,) Vv OF(H, 2)(hy,).
(Z3) If £, C hy,, then;

OUH, 2t =\ (Hg.£,) A ZUE))
g €FV)

< \/ {(H(8. 7o) A Z5(Ry)} = Of(H, 2)(Ry),

go€(Y)

OLH. D)=\ (HA @ £,)V ZHE)}
g €®V)
> N\ (@R h)V ZE(R,)) = 0. 2)R,).
g €CEY)

OH. 2)(E) = [\ (HI(g..£,)V Z2(£,))
g €CEY)
> N (Mg, h) v 2E(hy)} = OF(H, 2)(hy).
g €CEY)

(2) It is obvious from the definition.
(3) From (2), we obtain O\“(H,H, )C (H_;’:‘“’)E. Now we just need to prove that O“(},H, ) 3 (H;f‘”)v. Let @ # h, € (%,¥).
Then we obtain

Oy (H.He )h) = \/  (HU(ge o) AHY )o(hy))
£, €AY

=V {(Hg. 1) AU, )}

£ €AY
2 M, (5, ho) NH(£5,Ry) = H(£5, he) = (H ) (hy).
Similarly, we can establish through a parallel argument that
OL(H, H, Y(hy) > (sz)g(fla), OV (H, Hy )(hy) 2 (H )o(Ry)

(4) Theorems 5 and 8 provide a clear and simple explanation. []

4. Stratified single-valued neutrosophic soft quasi-proximity
Definition 8. A mapping Q,Q*,Q® : v — ¢®YX&Y) 5 said to be svnsq-proximity on ¥ if the following criteria are met, V e € v,
£4,hg e V)

(Q)) QU(¥.®) = QU(®, V) =0, QX(V,®) = QX(®, V) = 1, Q(V, D) = Q¥(®, V) =
1.
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() If QU(£,, k) #1, QY (£,,h,) #0 and Q%(£5,hy) #0, then £, C AS.

(Q3) If £, C h,, then Qu(£,.8.) < Q(he.8.), Qo (£5.8.) > Qo (Mg, 8.),
QZ"(;{U,gC) > Qz’(ha,gc) for any £, ha,gc e ®v).

(Q4) QU((£,)1 M (£,)2, () U (Ry)p) < QU((£,)1 M (g) 1) A QU((£5)2 L (Rg)2),
QU ((£,)1 M (£5), (Ng)y U (Mg)p) = QL (£,)1 M () ) V O ((£5), U (Mg)y),

QY ((£5)1 M (£5)2, (Rg)1 U (Ry)y) 2 Q7 ((£6)1 M (i) 1) V QY (£5)2 L (R )5).

Q) QUtrh) > N [QUE, 2,V O ),
g €®v)

Ot h)< V[ QU(t, 8 A QLE 1),
g €FV)

QUtah) S V[ Q0,8 AQUE y)|:
g € V)

VUD

The svnsq-proximity Q\

Q) QU V'™ =0, NV, ¥ =02V, V') =1,Vi€ec.

In this case, a pair (¥,Q,"”) is said to be stratified svnsq-proximity space.

is called stratified iff the following condition is met.

Heliyon 10 (2024) e27926

Let (@), and (Q" “’)2 be svnsq-proximity on v. We say (Q\“); is finer than (Q)"”),[(Q)""), is coarser than (Q}“)] if

(Q)y(£5,11g) 2 QD)1 (£55 1), (@2 (£ g) S (QE)1 (£ Frg)s (QY)a (£ ) < (QY) (£ Py

Definition 9. Let (¥,(Q*”),) and (U, (Q%‘w)z) be svnsq-proximity spaces. A mapping w, (¥, Q")) - (U, (Q;é‘w)z) is called svnsq-

proximity continuous iff
Q@ () y (g 0) 2 Qa8
@ (he)w g ) < Qoo 8,)
Q@ () y(g.0) < Qg oo 8,):

for any gc,ha € (1/‘, R), e€V.

Theorem 10. Let (¥,Q}") be svnsq-proximity space. For each e € v, define

(Qy)e(£5, ) =

{(£5);(1y);. ¥ |jET}ED(E, 1ip)}

Qu((£6)i> (e ¢

()i )i V' ) €{(£5):(Re) ;Y |jET }

(Qf)e(£5: ) =

{(#5)jg); V' |jETVEDE 1y}
QN ((£,);5 () ¢
(Ei )i V' ) €{(£5);:(Re); VT €T }
(Q5)e(£5.1y) =

{(#5)j:(e); VT |jETVEDE 1y}

Q7 ((£5)i,(he))) ¢ »

(Ei g V' ) €{(£5);.(e); VT jET }

where D(£,,h,) = {{(£,);(hy);, E7) | j € J.J is finite)} | £, T U, ((£,); MET) and hy €

is the coarsest stratified svnsq-proximity on ¥ which is finer than Qz" @

Proof. We will prove (Qs) only; Conditions (Q;) to (Q,) are similar to proving Theorem 5.

17
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(Qs) Presume there exists £, 7, € (¥,V), e € ¥ such that

@elloti)E N\ [@elEr )V (@8l 0.

g EC-Y)

@) 2\ [ @8 A Q(EE ]

goEEY)

CANCARE SRV (CAXCARINCAXCR S

g E-Y)

then there exists r € ¢, such that

@trh<rs N\ [@ttng)v @ 1),

g €CY)

@) > 1=rz \/ (@), A Qe )| (12)
2. €®Y)

@) > 1=r> \/ @2l 8) A QI 1)
g €(RY)

From the concept of (Q?:’“’)¥, there exists a collection A = {(£,);,(%,);, Vi|jeJ} €D(£,,h,))} such that

(Q)oEs ) = /\ V Q&) (r))

[(£0)i-(hy); V' | €A

> A \/ [(Qﬁ,)e«fg),-, (800 V (@) ) ()| [ 27

gC€(¥,~Vd) ((£0)is(hg) V' ) eA

(@), (£, h)=\/ N QE) ()

((Eilhg) V' ) eA

<V A @0 @) A @l (h)] [<1 -1,

g0 €O | (£ ()i B ) €A

Q). (£, h)=\/ A Q¥ ((£,); (Rg);)

((£5)i-(hg);. 7' ) €A

<V A @ @) A @) ()] <17

£, €EV) | (£)inhy) V1) €A

A contradiction for equation (12). []

Theorem 11. Let (¥£,Q,) and (U',(Q3)*) be two svnsq-proximity spaces. If v, (%, oWy > (U, (Q';é’“’)*) be a svnsq-proximity

continuous, then v, (¥ (QV")s) = (U, (Q3)%) is a svnsq-proximity continuous

Proof. Let £,,1, € (U, R) with £, C e, ((£,), N RY) and h, © My (hy); UR'™). Then ™! (£,) € Uy, w7 ((5,),) 1 ¥/ and
w7 (1) © ey () U V17 For each collection D(£,,hy) = ({((€,),: (), RY) | € .0 is finite)} | £, C Ujes (£, 1
R') and hy C M y((hy); U R'74),1€¢}, and put A= {(£,)(1y);, RY | j € J }, we have

@ (WS ()

S v

_ . _ Sl - — T
(w5 2y () 131 )& { w () ()T i |
v -1 -1
0 (v (), v ()

18
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> \V4 Q) (£5); . (hy); )
((£,,)j1 {hy); )R )eA

> A \/ Q) (), - (1))

D(£5.hy) ((f,,)j[ (g, )R )eA
= Q% )yEos 1)
@) (W' w ()

<

(w1 2 ) 0971 V{1t oV e |
-1 -1
0 (W w (),

< N @) )
((f(,) (), )R )e A

<V A (@) (£, (), )
D) p,) ((fa)j (h), R Yea
(,,(e))u(fw ha)
Q@) (w;‘(f,,w;l(h.,))
<

(v s (g 371 )& u () s () 3 lied |
02 (w '), W ()

< /\ (Qf;(e))*((sfg) (1))
(¢6 )y R e

<V A Q) (), (1))

DlEg),n,) ((f:(,)j {hy);, R )eA
—(Qw(e))s,(fg, o)

By Definition 5, we have v, : Q) = (U, (Q%‘w);) is a synsq-proximity continuous. []

Theorem 12. Let (¥, Q\”) be svnsq-proximity space. Then, for £, h,€®Y),eeV.

@ HY,HY H? : v — ¢FVXED defined by, (MY)e(y he) = [QUE, R, (Hb) (K, hy) = [QU(E, RO

[Q2(£,, hg)]¢ is symmetrical svn-topogenous order on ¥.
(@) (Hy'")y = [(Hy sty

Proof. (i) Straightforward.

Heliyon 10 (2024) e27926

and (H3),(£,.h,) =

(i) Since (P13 )o(V, V) = [(Q) (V. V1701 = 1, (M) )o (V. V) =[(Q4) (V. ¥'7)]* =0 and (HE ), (V'.¥) = [(Q5) (V. V') =0,

for every 1 € ¢, we obtain [(H”" “) 4]y is stratified which i 1s finer than (H"” “),- Hence, (H”’“” )y 2 (H”” NYotly-

Conversely, assume there exist £A s ha S (%, e € Y such that,
(Hy DeEgs 1) = (Q)e (£, BN £ LHG )51 le(E g5 g
(7‘1'4 DelEgsNg) = [(Q5)e (£, A Z[(H” )stle(E 6oy,
(Hw DelEgshy) = Q5 (g, H)I 2 L))o (£ Pre)-

By the concept of (Q}/'”)g, there exists a collection A = {(£,);,(R,);, V" | j € J} € D(£,,h%)} such that
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[(HY)aleEn )2\ [QUED (DI,
((e)ihe); Vi )eA

(MYl (Egs y) £ \/ [QX((£,):- (m)D]°, 13)
((£)i.(hg); V' ) €A

(Dl h) .\ 1QU(E (I
((Ep)irBg) V' ) EA

On another side, M = {(£,);,(h5);, V" | j € J } € N'(£,, h,) we have
(Hleltph)z [\ () (€ (D)
()0 ' ) eM

> A [QU((£,)i. (R)DTE,

(E)i () V' ) eM

(A1 Gy s\ () () ()

()i (hS). ¥ )eM

< Vo 194D )T
(CHRCANEIEIY

[(H ) (£5.he) < \/ H) (£6)i, (he)))
(CRCAREIY

< Vo QD (),
()i (), ETJeMm

which is a contradiction of equations (13). Therefore, (ng :")V = [(Hé” Nely- O

Theorem 13. Let H,"” be symmetrical svn-topogenous order on V. Then, for all £,,h, € ¥%,Y), e € V.

() Q3. Q1.9 ¥ = XY defined by, (Q3,),(£,.h,) = [HU(£,. KL,
(Q;’{)e(fa, h,) =[HY (£,,7%)]¢ and (QFe(£5:Ry) =HY (£, h; )¢ is svng-proximity on ¥.
(i) (QDH'?})V =[(Q5 sty
Proof. (i) Obvious.
(iD) Since (Q4, )o(V, V) =1 = (), (V. V') =1 =0=1, (@ )o(V.¥) = 1 = (), (V',¥'™)] = 1 = 1 =0 and (@5, ).(V'.¥) =1 -
(H®), (¥, 17 =1-1=0, for every : € ¢, we have [(Q;’_’;{”)S,]V is stratified which is finer than (QZ“")V. Hence, (Q;’_’;:’”)V 3 [(Q;’;‘“’)S,]V.

Conversely, suppose that there exist £A s ha € (¥,V), e € Y such that,

(QDHS,)e(JEw Ry =1—=(H.) (s, 1E) £ Q5 s )o(£5: Trg)
Qe ) =1~ (H%) (£mh‘)z [(Q4) 1y 1),
Q3 elEgrhg) = 1= (M (£5, 7)) £ 1(Q3) 5] e
By the concept of (H“‘“")E, there exists a collection {(£U)j, (ha)j,V" |je J} =Ae N, 7€) such that
[(@uleErh): N\ 1=HUED (B,
((Ea)ihg) 71 ) €A

(@)l ) 1=HAE) (B, a4
((E)ishg)i Vi) €A

[(Q%)y 1 (£5. 1) £ \Vi 1= HO((£,); (Be))).
((E)ishg)i Vi ) €A

On the other hand, P = {(£,);.(h¢),. V' | j € J } € D(£,,h,) we have

(@l Pa) > N @) (D (R
(€ (), 71 )P
) A L= H (i (o)),

(E)i () V' )P
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(@)leErh)<  \/ (@)D ()

(£, )eP

< V= HEAED (),

(£ (). ¥ ) P

[(QF)sileE5Rg) < \/ Q7)) (£6):: (B

(€ )rsnS; ¥ )eP

<V I=HEE) (),
((£6).(m5),.E" )eP

which is a contradiction of equations (14). Hence, (QUH’T:))V = [(QUHW)H]V. (Hg;w)V = [(Hg“”)s,]v. O

5. Conclusions

Theoretically, we have advanced a set of overarching concepts derived from the principles outlined in previous works [48,49].
These include the stratified single-valued neutrosophic soft quasi proximity, stratified single-valued neutrosophic soft topogenous
order, stratified single-valued neutrosophic soft filter, and stratified single-valued neutrosophic soft quasi uniformity, along with
an exploration of their respective characteristics. Additionally, we have studied the interconnectedness between these single-valued
neutrosophic soft topological constructs and their stratifications.

Regarding further research, we intend to evaluate the correlations between our findings and advancements in neural networks
[50-54], multidimensional systems and signal processing [55-57], as well as optimization algorithms [58] and global optimization
[59]. Finally, we present a practical application of these concepts in solving decision-making problems. This inventive expansion has
the potential to greatly expand existing theoretical frameworks for managing indeterminacy, while also opening up new paths for
application and research.

For forthcoming papers.

The theory can be extended in the next normal methods,

1-Basic concepts can be studied of neutrosophic metric topological spaces using the notion of single-valued neutrosophic soft
quasi-uniform present in this article;

2-Examine the connected, separation axioms and soft closure spaces in the context of neutrosophic soft quasi-uniform.
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