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This paper presents novel concepts including stratified single-valued neutrosophic soft topogenous 
(stratified svns-topogenous), stratified single-valued neutrosophic soft filter (stratified svns-filter), 
stratified single-valued neutrosophic soft quasi uniformity (stratified svnsq-uniformity) and 
stratified single-valued neutrosophic soft quasi proximity (stratified svnsq-proximity). Additionally, 
we present the idea of single-valued neutrosophic soft topogenous structures, formed by 
integrating svns-topogenous with svns-filter, and discuss their properties. Furthermore, we 
explore the connections between these single-valued neutrosophic soft topological structures 
and their corresponding stratifications.

1. Introduction and preliminaries

Various methodologies have been scrutinized for effectively handling uncertainties, encompassing fuzzy set theory [1], intuition-
istic fuzzy set theory [2], vague set theory, interval mathematics [3,4], and rough set theory [5]. However, these approaches have 
encountered significant challenges. Soft set theory, introduced by Molodtsov [6], has emerged as a promising alternative and has 
been successfully applied in diverse fields such as function smoothness [7], game theory [8], Riemann integration [9], and proba-
bility theory [10]. Notably, recent advancements in soft set theory and its applications have been particularly noteworthy in certain 
domains.

Fuzzy sets: Handle uncertainty by assigning degrees of membership, Intuitionistic fuzzy sets: Allow for more uncertainty with an 
extra degree of non-membership, Vague sets: Handle uncertainty by having a boundary region of membership, Interval mathematics: 
Deals with uncertainty by working with ranges of numbers, Rough sets: Handle uncertainty by approximating vague concepts, 
Stochastic programming: Models uncertainty through probability distributions, Robust optimization: Provides solutions that are valid 
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under all scenarios, Simulation: Mimics real-world processes to evaluate different strategies and Decision analysis: Uses decision trees 
to evaluate uncertain outcomes.

Maji et al. [11,12] provided an application for decision-making issues along with a few new definitions of soft sets. Dey and col-
leagues have examined the gray relational projection approach, generalized neutrosophic soft set and multiattribute decision-making 
in [13,14]. The findings reported in [11], started the study linking fuzzy and soft sets were enhanced by Aktas and Caǧman [15], Feng 
et al. [16], Chen et al. [17], Ali et al. [18] and Sun et al. [19]. Subsequent research on the fuzzy soft sets notion was conducted by 
Yang et al. [20], Kharal and Ahmed [21] and Ahmed and Khara [22]. Shabir and Naz [23] distinguished a variety of issues utilizing 
soft sets, subsuming separation axioms. Tanay and Kandemir [24] first developed concepts of fuzzy soft topology by utilizing Chang’s 
concept of fuzzy topology. They explored the fundamental concepts by adopting Chang [25]’s definitions, whereas Pazar Varol and 
Aygün [26] defined the fuzzy soft topology in Lowen’s sense. Aygünoǧlu et al. [27] defined Šostak’s fuzzy soft topology. Saber et al. 
[28] framed single-valued neutrosophic soft topological spaces (¥,  𝜐,  𝜇,  𝜔) (svnst-space). In the fuzzy paradigm, there exist three 
alternative ways to uniformity: Kotzé’s [29] uniform covering approach, Hutton’s [30] uniform operator approach and Lowen’s [31]
entourage approach.

Smarandache originally introduced the concept of a neutrosophic set [32], which subsequently led to research on both single-
valued neutrosophic sets (svns) and neutrosophic sets (ns) by Wang et al. [33] and Salama et al. [34,35]. Various applications have 
been explored in the works of several researchers [36–40]. Saber et al. conducted detailed studies on single-valued neutrosophic 
regularity space (svnr-space), single-valued neutrosophic ideals (svnis), stratification of svnt-space, single-valued neutrosophic soft sets 
(svns), and stratified modeling in soft fuzzy topological structures in extensive works [41–47].

It is widely acknowledged that theories such as fuzzy sets, intuitionistic fuzzy sets, and rough sets are viewed as extensions of 
neutrosophic set theory, serving as essential mathematical tools for managing uncertainty. The concepts of stratified single-valued 
neutrosophic soft topogenous, which build upon the ideas introduced by Varol et al. [26], Aygünoǧlu et al. [27] and Abbas et al. 
[48,49], constitute a significant contribution of this paper.

Building upon the insights gained from previous analyses, we introduce the concepts of “stratified svnsq-uniformity” (or “stratified 
svns-topogenous order” and “stratified svnsq-proximity”) derived from predefined “svnsq-uniformity” (or “svns-topogenous order” 
and “svnsq-proximity”). We investigate several properties associated with these newly formulated structures. Additionally, we explore 
the interrelations between these single-valued neutrosophic soft topological structures and their respective stratifications.

Throughout this study, (̃¥,⋎) denotes the collection of all svns sets on ¥, where ⋎ is the set of all parameters on ¥ and ¥ indicated 
to an initial universe.

The svns set £⋎ on ¥ is said to be 𝜄 − absolute snv-soft sets and indicated by ⋎̃𝜄, if £
𝑒
= 𝜄 for each 𝑒 ∈ ⋎, 𝜄 ∈ 𝜍, 𝜄(𝑥) = 𝜄 for every 𝑥 ∈ ¥

(where, [⋎̃𝜄]𝑐 = ⋎̃𝜄
𝑐
, 𝜍 = [0, 1]) and 𝜍0 = (0, 1].

Definition 1. [32]. Let ¥ ≠ 𝜙. A neutrosophic set (n-set) on  defined as

Θ= {⟨𝑦, 𝜈
Θ
(𝑦), 𝜇

Θ
(𝑦),𝜔

Θ
(𝑦) ∣ 𝑦 ∈ ¥, 𝜈

Θ
(𝑦), 𝜇

Θ
(𝑦),𝜔

Θ
(𝑦) ∈⌋−0,1+⌊},

representing the degree of membership where (𝜈
Θ
(𝑦)), the degree of indeterminacy (𝜇

Θ
(𝑦)), and degree of nonmembership (𝜔

Θ
(𝑦)); 

∀ 𝑦 ∈ 𝜍 to the set Θ.

Definition 2. [33]. Let ¥ ≠ 𝜙. Then svn-set Θ on ¥ is defined as

Θ= {⟨𝑦, 𝜈
Θ
(𝑦), 𝜇

Θ
(𝑦),𝜔

Θ
(𝑦) ∣ 𝑦 ∈ ¥, 𝜈

Θ
(𝑦), 𝜇

Θ
(𝑦),𝜔

Θ
(𝑦) ∈ 𝜍},

where 𝜈
Θ
, 𝜇

Θ
, 𝜔

Θ
∶ ¥ → 𝜍 and 0 ≤ 𝜈

Θ
(𝑦) + 𝜇

Θ
(𝑦) +𝜔

Θ
(𝑦) ≤ 3.

Definition 3. [28]. 𝑓
𝐴

is a svns-set on ¥ where, 𝑓 ∶ ⋎ → 𝜍¥; i.e., 𝑓𝑒 ≜ 𝑓 (𝑒) is a svn-set on ¥, for all 𝑒 ∈𝐴 and 𝑓 (𝑒) = ⟨0, 1, 1⟩, if 𝑒 ∉𝐴.
The svn-set 𝑓 (𝑒) is termed as an element of the svns-set 𝑓

𝐴
. Thus, a svns-set 𝑓⋎ on ¥ can be defined as:

(𝑓,⋎) =
{
(𝑒, 𝑓 (𝑒)) ∣ 𝑒 ∈ ⋎, 𝑓 (𝑒) ∈ 𝜍¥

}
=
{
𝑒, ⟨𝜈

𝑓
(𝑒), 𝜇

𝑓
(𝑒),𝜔

𝑓
(𝑒)⟩) ∣ 𝑒 ∈ ¥, 𝑓 (𝑒) ∈ 𝜍¥

}
,

where 𝜈
𝑓
∶ ⋎ → 𝜍 (𝜈

𝑓
is termed as a membership function), 𝜇𝑓 ∶ ⋎ → 𝜍 (𝜇

𝑓
is termed as indeterminacy function), and 𝜔

𝑓
∶ ⋎ → 𝜍

(𝜔
𝑓

is termed as a nonmembership function) of svns-set.

A svns-set 𝑓⋎ on ¥ is termed as a null svns-set (for short, Φ), if 𝜈
𝑓
(𝑒) = 0, 𝜇

𝑓
(𝑒) = 1 and 𝜔

𝑓
(𝑒) = 1, for any 𝑒 ∈ ⋎.

A svns-set 𝑓⋎ on ¥ is termed as an absolute svns-set (for short, ⋎̃), if 𝜈
𝑓
(𝑒) = 1, 𝜇

𝑓
(𝑒) = 0 and 𝜔

𝑓
(𝑒) = 0, for any 𝑒 ∈ ⋎.

Definition 4. [45] (¥,  𝜐,  𝜇,  𝜔) is a svnst, if  𝜐,  𝜇,  𝜔 ∶ ⋎ → 𝜍 (̃¥,⋎) it meets the next criteria: for every 𝑒 ∈ ⋎:

(1)  𝜐
𝑒 (Φ) =  𝜐

𝑒 (⋎̃) = 1 and  𝜇
𝑒 (Φ) =  𝜇

𝑒 (⋎̃) =  𝜔
𝑒 (Φ) =  𝜔

𝑒 (⋎̃) = 0,
(2)  𝜐

𝑒 (£𝜎 ⊓ ℏ𝛼) ≥  𝜐
𝑒 (£𝜎) ∧  𝜐

𝑒 (ℏ𝛼),  𝜇
𝑒 (£𝜎 ⊓ ℏ𝛼) ≤  𝜇

𝑒 (£𝜎) ∨  𝜇
𝑒 (ℏ𝛼),

 𝜔
𝑒 (£𝜎 ⊓ ℏ𝛼) ≤  𝜔

𝑒 (£𝜎) ∨  𝜔
𝑒 (ℏ𝛼), ∀ £𝜎, ℏ𝛼 ∈ (̃¥,⋎),
2

(3)  𝜐
𝑒 (
⨆

𝑗∈𝐽 [£𝐴 ]𝑗 ) ≥
⋀

𝑗∈𝐽 
𝜐
𝑒 ([£𝜎]𝑗 ),  𝜇

𝑒 (
⨆

𝑗∈𝐽 [£𝜎]𝑗 ) ≤
⋁

𝑗∈𝐽 
𝜇
𝑒 ([£𝜎]𝑗 ),
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 𝜔
𝑒 (
⨆

𝑗∈𝐽 [£𝜎]𝑗 ) ≤
⋁

𝑗∈𝐽 
𝜔
𝑒 ([£𝜎]𝑗 ), ∀ £𝜎 ∈ (̃¥,⋎).

The svnst ( 𝜈 ,  𝜇,  𝜔) is said to be stratified If it meets the next condition

(𝑠)  𝜐
𝑒 (⋎̃

𝜄) = 1 and  𝜇
𝑒 (⋎̃𝜄) =  𝜔

𝑒 (⋎̃𝜄) = 0 for each 𝑒 ∈ ⋎, 𝜄 ∈ 𝜍.

The quadrilateral (¥,  𝜈 ,  𝜇,  𝜔) is named stratified svnst-space. Representing the degree of openness ( 𝜐
𝑒 (£𝜎)), the degree of indeter-

minacy ( 𝜇
𝑒 (£𝜎)), and the degree of non-openness ( 𝜔

𝑒 (£𝜎)); of a svns set with respect to that parameter 𝑒 ∈ ⋎.
Sometimes, we will write  𝜐𝜇𝜔 for ( 𝜐,  𝜇,  𝜔).

Now we mind some concepts and nomenclature that will be applied in this paper.
Assume Ψ((̃¥,⋎)) denotes the collection of all mappings 𝑧 ∶ (̃¥,⋎)→ (̃¥,⋎) with the next properties, for each £𝜎 ∈ (̃¥,⋎)

(𝑧1) £𝜎 = 𝑧(𝑓𝜎),
(𝑧2) 𝑧(⊔𝑗∈𝐽 (£𝜎)𝑗 ) = ⊔𝑗∈𝐽 𝑧((£𝜎)𝑗 ).

For 𝑧, 𝑡 ∈Ψ((̃¥,⋎) we define that 𝑧◦𝑡 and 𝑧 ⊓ 𝑡 by

(𝑧◦𝑡)(£𝜎 ) = 𝑧(𝑡(£𝜎)),

and

(𝑧 ⊓ 𝑡)(£𝜎) = ⊓{𝑧(ℏ𝛼) ⊔ 𝑡(𝐠
𝐶
) ∣ £𝜎 = ℏ𝛼 ⊔ 𝐠

𝐶
}.

Let 𝜓
𝜑
∶ (̃¥,⋎) → ̃( ,) be a mapping, 𝑧 ∈ Ψ( ̃( ,)), then 𝜓−1

𝜑
◦𝑧◦𝜓

𝜑
∈ Ψ((̃¥,⋎)), (equivalently, 𝜓−1

𝜑
(𝑧(𝜓

𝜑
(£𝜎))) ∈ (̃¥,⋎) for any 

£𝜎 ∈ (̃¥,⋎).
For each 𝑧, 𝑡, 𝑐, 𝑣 ∈Ψ((̃¥,⋎), the next characteristics hold:

(1) If 𝑧 ≤ 𝑧1 and 𝑡 ≤ 𝑡1, then 𝑧 ⊓ 𝑡 ⊑ 𝑧1 ⊓ 𝑡1,
(2) 𝑧 ⊓ 𝑡 ⊑ 𝑧, 𝑧 ⊓ 𝑡 ⊑ 𝑡 and 𝑧 ⊓ 𝑧 = 𝑧,
(3) (𝑧 ⊓ 𝑡) ⊓ 𝑐 = 𝑧 ⊓ (𝑡 ⊓ 𝑐),
(4) (𝑧 ⊓ 𝑡)◦(𝑐 ⊓ 𝑣) = (𝑧◦𝑐) ⊓ (𝑡◦𝑣).

∀, £𝜎 ∈ (̃¥,⋎), 𝜄 ∈ 𝜍 define the mapping 𝜄 ∶ (̃¥,⋎)→ (̃¥,⋎), by

𝜄(£𝜎)(𝑥) =
{

⋎̃𝑠𝑢𝑝(£𝜎 ), if 𝑠𝑢𝑝(£𝜎) ≤ 𝜄,
⋎̃, if otherwise,

where 𝑠𝑢𝑝(£𝜎) =
⋁
𝑥∈¥

£
𝑒
(𝑥), ∀ 𝑒 ∈ 𝜎. The map 𝜄 satisfy the properties (𝑧1) and (𝑧2), that is, 𝜄 ∈Ψ((̃¥,⋎)). Furthermore, 𝜄 fulfills the next 

properties:

Lemma 1. Let 𝜄, 𝜄1, 𝜄2 ∈ 𝜍:

(1) If 𝜄1 ≤ 𝜄2, then 𝜄2 ⊑ 𝜄1,

(2) 𝜄◦𝜄 = 𝜄 for each 𝜄 ∈ 𝜍,

(3) 𝑧 ⊑ 0̂ holds for all 𝑧 ∈Ψ((̃¥,⋎)).

Lemma 2. Let 𝑧(£𝜎 ) ∶ (̃¥,⋎)→ (̃¥,⋎) be a mapping defined by

𝑧(£𝜎 )(ℏ𝛼) =
{

£𝜎, if ℏ𝛼 ⊑ £𝜎,
⋎̃, if otherwise.

Then, 𝑧£𝜎 ∈Ψ((̃¥,⋎)) and 𝑧(£𝜎)◦𝑧(£𝜎 ) = 𝑧(£𝜎 ).

Theorem 1. Let (¥,  𝜐𝜇𝜔
⋎

) be a svnst-space, for every 𝑒 ∈ ⋎, £𝜎 ∈ Ψ(¥̃,⋎) we define the map ( 𝜐
𝑠𝑡 )𝑒 ∶ ⋎ → 𝜍 (̃¥,⋎), ( 𝜇

𝑠𝑡 )𝑒 ∶ ⋎ → 𝜍 (̃¥,⋎) and 

( 𝜔
𝑠𝑡 )𝑒 ∶ ⋎ → 𝜍 (̃¥,⋎) as follows

( 𝜐
𝑠𝑡 )𝑒(£𝜎) =

⋁{⋀
𝑗∈𝐽

 𝜐
𝑒 ((£𝜎)𝑗 ) ∣ ⊔𝑗∈𝐽 ((£𝜎)𝑗 ⊓ ⋎̃𝜄𝑗 ) = £𝜎

}
,

( 𝜇) (£ ) =
⋀{⋁

 𝜇((£ ) ) ∣ ⊔ ((£ ) ⊓ ⋎̃𝜄𝑗 ) = £

}
,

3

𝑠𝑡 𝑒 𝜎
𝑗∈𝐽

𝑒 𝜎 𝑗 𝑗∈𝐽 𝜎 𝑗 𝜎
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( 𝜔
𝑠𝑡 )𝑒(£𝜎) =

⋀{⋁
𝑗∈𝐽

 𝜔
𝑒 ((£𝜎)𝑗 ) ∣ ⊔𝑗∈𝐽 ((£𝜎)𝑗 ⊓ ⋎̃𝜄𝑗 ) = £𝜎

}
,

where 
⋁

and 
⋀

are taken over all families {(£𝜎 )𝑗 ∶ 𝑗 ∈ 𝐽} with £𝜎 = ⊔𝑗∈𝐽 ((£𝜎)𝑗 ⊓ ⋎̃𝜄𝑗 ). Then ( 𝜐𝜇𝜔
𝑠𝑡 )⋎ is the coarsest stratified svnst on ¥

which is finer than  𝜐𝜇𝜔
⋎ . And ( 𝜐𝜇𝜔

𝑠𝑡 )⋎ is called the stratification of a svnst  𝜐𝜇𝜔
⋎ on ¥.

2. Stratified single-valued neutrosophic soft quasi-uniform spaces

Definition 5. Let 𝜐, 𝜇, 𝜔 ∶ ⋎ → 𝜍Ψ((̃¥,⋎)) and 𝑒 ∈ ⋎. Then (𝜐, 𝜇, 𝜔) is called svnsq-uniformity on ¥, if it satisfies these properties:

(1) There exists 𝑧 ∈Ψ((̃¥,⋎)) such that 𝜐
𝑒(𝑧) = 1, 𝜇

𝑒 (𝑧) = 0 and 𝜔
𝑒 (𝑧) = 0.

(2) If 𝑧, 𝑡 ∈Ψ((̃¥,⋎)) and 𝑧 ⊑ 𝑡, then 𝜐
𝑒(𝑧) ≤𝜐

𝑒(𝑡), 
𝜇
𝑒 (𝑧) ≥𝜇

𝑒 (𝑡) and
𝜔

𝑒 (𝑧) ≥𝜔
𝑒 (𝑡).

(3) For 𝑧, 𝑡 ∈Ψ((̃¥,⋎)), 𝜐
𝑒(𝑧 ⊓ 𝑡) ≥𝜐

𝑒(𝑧) ∧𝜐
𝑒(𝑡), 

𝜇
𝑒 (𝑧 ⊓ 𝑡) ≤𝜇

𝑒 (𝑧) ∨𝜇
𝑒 (𝑡) and

𝜔
𝑒 (𝑧 ⊓ 𝑡) ≤𝜔

𝑒 (𝑧) ∨𝜔
𝑒 (𝑡).

(4) For 𝑧 ∈Ψ((̃¥,⋎)), 
⋁
{𝜐

𝑒(𝑧1) ∣ 𝑧1◦𝑧1 = 𝑧} ≥𝜐
𝑒(𝑧), 

⋀
{𝜇

𝑒 (𝑧1) ∣ 𝑧1◦𝑧1 = 𝑧} ≤
𝜇

𝑒 (𝑧) and 
⋀
{𝜔

𝑒 (𝑧1) ∣ 𝑧1◦𝑧1 = 𝑧} ≤𝜔
𝑒 (𝑧).

The pair (¥, 𝜐𝜇𝜔
⋎ ) is called a svvsq-uniform space.

A svnsq-uniformity 𝜐𝜇𝜔
⋎ is said to be stratified if it provides that

(𝑆 ) 𝜐
𝑒(𝜄) = 1, 𝜇

𝑒 (𝜄) = 0 and 𝜔
𝑒 (𝜄) = 0 for any 𝜄 ∈ 𝜍.

So, the pair (¥, 𝜐𝜇𝜔
E

) is called a stratified svnsq-uniform space.

Let (𝜐𝜇𝜔
⋎ )1 and (𝜐𝜇𝜔

⋎ )2 be stratified svnsq-uniformities on ¥. We say that (𝜐𝜇𝜔
⋎ )1 is finer than (𝜐𝜇𝜔

⋎ )2 [(𝜐𝜇𝜔
⋎ )2 is coarser than 

(𝜐𝜇𝜔
⋎ )1] denoted by (𝜐𝜇𝜔

⋎ )2 ⊑ (𝜐𝜇𝜔
⋎ )1 if

(𝜐
𝑒)2(𝑧) ≤ (𝜐

𝑒)1(𝑧), (𝜇
𝑒 )2(𝑧) ≥ (𝜇

𝑒 )1(𝑧), (𝜔
𝑒 )2(𝑧) ≥ (𝜔

𝑒 )1(𝑧),

for any 𝑒 ∈ ⋎, 𝑧 ∈Ψ((̃¥,⋎)).
Assume that (¥, 𝜐𝜇𝜔

⋎ ) and ( , 𝜐𝜇𝜔


) are svnsq-uniform spaces. Then, 𝜓
𝜑
∶ (̃¥,⋎)→ ̃( ,) is named a svns-uniformly continuous iff

𝜐
𝜑(𝑒)(𝑡) ≤𝜐

𝑒(𝜓
−1
𝜑

◦𝑡◦𝜓
𝜑
), 𝜇

𝜑(𝑒)(𝑡) ≥𝜇
𝑒 (𝜓

−1
𝜑

◦𝑡◦𝜓
𝜑
),

𝜔
𝜑(𝑒)(𝑡) ≥𝜔

𝑒 (𝜓
−1
𝜑

◦𝑡◦𝜓
𝜑
),

for every 𝑡 ∈Ψ((̃Y,)), 𝑒 ∈ ⋎.
Sometimes in this paper we will use 𝜐𝜇𝜔 instead of (𝜐, 𝜇, 𝜔).

Theorem 2. Assume that (¥, 𝜐𝜇𝜔
⋎ ) is svnsq-uniform space on ¥. Define

(𝜐
𝑠𝑡)𝑒(𝑧) =

⋁
{𝜐

𝑒(𝑡) ∣ 𝑡 ⊓ 𝜄 ⊑ 𝑧}𝑓𝑜𝑟 𝑎𝑛𝑦 𝑒 ∈ ⋎, 𝜄 ∈ 𝜍, 𝑧 ∈Ψ((̃¥,⋎)),

(𝜇
𝑠𝑡)𝑒(𝑧) =

⋀
{𝜇

𝑒 (𝑡) ∣ 𝑡 ⊓ 𝜄 ⊑ 𝑧}𝑓𝑜𝑟 𝑎𝑛𝑦 𝑒 ∈ ⋎, 𝜄 ∈ 𝜍, 𝑧 ∈Ψ((̃¥,⋎)),

(𝜔
𝑠𝑡)𝑒(𝑧) =

⋀
{𝜔

𝑒 (𝑡) ∣ 𝑡 ⊓ 𝜄 ⊑ 𝑧}𝑓𝑜𝑟 𝑎𝑛𝑦 𝑒 ∈ ⋎, 𝜄 ∈ 𝜍, 𝑧 ∈Ψ((̃¥,⋎)).

Then (𝜐𝜇𝜔
𝑠𝑡 )⋎ is the coarsest stratified svnsq-uniformity which is finer than 𝜐𝜇𝜔

⋎ .

Proof. (1) There exists 𝑧 ∈ Ψ((̃¥,⋎)) such that 𝜐
𝑒(𝑧) = 1, 𝜇

𝑒 (𝑧) = 0, 𝜔
𝑒 (𝑧) = 0. Since, 𝑧 = 𝑧 ⊓ 0̂, (𝜐

𝑠𝑡)𝑒(𝑧) = 1, (𝜇
𝑠𝑡)𝑒(𝑧) = 0, 

(𝜔
𝑠𝑡)𝑒(𝑧) = 0.
(2) Obvious.

(3) Assume that there exists 𝑧1, 𝑧2 ∈ Ψ((̃¥,⋎)) such that

(𝜐
𝑠𝑡)𝑒(𝑧1 ⊓ 𝑧2) ≱ (𝜐

𝑠𝑡)𝑒(𝑧1) ∧ (𝜐
𝑠𝑡)𝑒(𝑧2),

(𝜇
𝑠𝑡)𝑒(𝑧1 ⊓ 𝑧2) ≰ (𝜇

𝑠𝑡)𝑒(𝑧1) ∨ (𝜇
𝑠𝑡)𝑒(𝑧2),

(𝜔
𝑠𝑡)𝑒(𝑧1 ⊓ 𝑧2) ≰ (𝜔

𝑠𝑡)𝑒(𝑧1) ∨ (𝜔
𝑠𝑡)𝑒(𝑧2).

From the concept of (𝜐𝜇𝜔
𝑠𝑡 )⋎ there are 𝑡1, 𝑡2 ∈ Ψ((̃¥,⋎)), 𝜄1, 𝜄2 ∈ 𝜍 with 𝑧1 ⊒ 𝑡1 ⊓ 𝜄1 and 𝑧2 ⊒ 𝑡2 ⊓ 𝜄2 such that

(𝜐
𝑠𝑡)𝑒(𝑧1 ⊓ 𝑧2) ≱𝜐

𝑒(𝑡1) ∧𝜐
𝑒(𝑡2),
4

(𝜇
𝑠𝑡)𝑒(𝑧1 ⊓ 𝑧2) ≰𝜇

𝑒 (𝑡1) ∨𝜇
𝑒 (𝑡2), (1)
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(𝜔
𝑠𝑡)𝑒(𝑧1 ⊓ 𝑧2) ≰𝜔

𝑒 (𝑡1) ∨𝜔
𝑒 (𝑡2).

On another side, (𝑧1 ⊓ 𝑧2) ⊒ (𝑡1 ⊓ 𝑡2) ⊓ (𝜄1 ⊓ 𝜄2). By Lemma 1(3), we obtain (𝜄1 ⊓ 𝜄2) = 𝜄1 or 𝜄2, then

(𝜐
𝑠𝑡)𝑒(𝑧1 ⊓ 𝑧2) ≥𝜐

𝑒(𝑡1 ⊓ 𝑡2) ≥𝜐
𝑒(𝑡1) ∧𝜐

𝑒(𝑡2),

(𝜇
𝑠𝑡)𝑒(𝑧1 ⊓ 𝑧2) ≤𝜇

𝑒 (𝑡1 ⊓ 𝑡2) ≤𝜇
𝑒 (𝑡1) ∨𝜇

𝑒 (𝑡2),

(𝜔
𝑠𝑡)𝑒(𝑧1 ⊓ 𝑧2) ≤𝜔

𝑒 (𝑡1 ⊓ 𝑡2) ≤𝜔
𝑒 (𝑡1) ∨𝜔

𝑒 (𝑡2).

It is a contradiction for equation (1). Hence (3) holds.

(4) Let 𝑧 ∈Ψ((̃¥,⋎)), be a given such that

(𝜐
𝑠𝑡)𝑒(𝑧) ≰

⋁
{(𝜐

𝑠𝑡)𝑒(𝑧1) ∣ 𝑧 ⊒ 𝑧1◦𝑧1},

(𝜇
𝑠𝑡)𝑒(𝑧) ≱

⋀
{(𝜇

𝑠𝑡)𝑒(𝑧1) ∣ 𝑧 ⊒ 𝑧1◦𝑧1},

(𝜔
𝑠𝑡)𝑒(𝑧) ≱

⋀
{(𝜔

𝑠𝑡)𝑒(𝑧1) ∣ 𝑧 ⊒ 𝑧1◦𝑧1}.

From the concept of [(𝜐
𝑠𝑡)𝑒(𝑧), (

𝜇
𝑠𝑡)𝑒(𝑧), (

𝜔
𝑠𝑡)𝑒(𝑧)] there exist 𝑡 ∈Ψ((̃¥,⋎)), 𝜄 ∈ 𝜍 with 𝑧 ⊒ 𝑡 ⊓ 𝜄 such that

𝜐
𝑒(𝑡) ≰ {(𝜐

𝑠𝑡)𝑒(𝑧1) ∣ 𝑧 ⊒ 𝑧1◦𝑧1},

𝜇
𝑒 (𝑡) ≱ {(𝜇

𝑠𝑡)𝑒(𝑧1) ∣ 𝑧 ⊒ 𝑧1◦𝑧1},

𝜔
𝑒 (𝑡) ≱ {(𝜔

𝑠𝑡)𝑒(𝑧1) ∣ 𝑧 ⊒ 𝑧1◦𝑧1}.

Since 𝜐𝜇𝜔
⋎ is svnsq-uniformity on ¥,⋁
{𝜐

𝑒(𝑐) ∣ 𝑡 ⊒ 𝑐◦𝑐} ≥𝜐
𝑒(𝑡),⋀

{𝜇
𝑒 (𝑐) ∣ 𝑡 ⊒ 𝑐◦𝑐} ≤𝜇

𝑒 (𝑡),⋀
{𝜔

𝑒 (𝑐) ∣ 𝑡 ⊒ 𝑐◦𝑐} ≤𝜔
𝑒 (𝑡).

There exist 𝑐 ∈Ψ((̃¥,⋎)) with 𝑐◦𝑐 ⊑ 𝑡 such that

𝜐
𝑒(𝑐) ≰

⋁
{(𝜐

𝑠𝑡)𝑒(𝑧1) ∣ 𝑧 ⊒ 𝑧1◦𝑧1},

𝜇
𝑒 (𝑐) ≱

⋀
{(𝜇

𝑠𝑡)𝑒(𝑧1) ∣ 𝑧 ⊒ 𝑧1◦𝑧1}, (2)

𝜔
𝑒 (𝑐) ≱

⋀
{(𝜔

𝑠𝑡)𝑒(𝑧1) ∣ 𝑧 ⊒ 𝑧1◦𝑧1.

On another side,

(𝑐 ⊓ 𝜄)◦(𝑐 ⊓ 𝜄) ⊑ (𝑐◦𝑐) ⊓ 𝜄 ⊑ 𝑡 ⊓ 𝜄 ⊑ 𝑧,

that is, 𝑐 ⊓ 𝜄 = 𝑧1 with 𝑧 = 𝑧1◦𝑧1,⋁
{(𝜐

𝑠𝑡)𝑒(𝑧1) ∣ 𝑧 ⊒ 𝑧1◦𝑧1 ≥ (𝜐
𝑠𝑡)𝑒(𝑧1) ≥𝜐

𝑒(𝑐),⋀
{(𝜇

𝑠𝑡)𝑒(𝑧1) ∣ 𝑧 ⊒ 𝑧1◦𝑧1} ≤ (𝜇
𝑠𝑡)𝑒(𝑧1) ≤𝜇

𝑒 (𝑐),⋀
{(𝜔

𝑠𝑡)𝑒(𝑧1) ∣ 𝑧 ⊒ 𝑧1◦𝑧1} ≤ (𝜔
𝑠𝑡)𝑒(𝑧1) ≤𝜔

𝑒 (𝑐).

In this case, it is a contradiction with the hypothesis as we can see from Equations (2). Hence (4) holds.

(𝑆 ) By Lemma 1(3), we have 𝑧 ⊑ 0̂ holds for every 𝑧 ∈ Ψ((̃¥,⋎)). Since ¥𝜐𝜇𝜔⋎ satisfies the conditions 1 and 2, we obtain 
𝜐

𝑒(0̂) = 1, 𝜇
𝑒 (0̂) = 0 and 𝜔

𝑒 (0̂) = 0. So, 0̂ ⊓ 𝜄 = 𝜄 for every 𝜄 ∈ 𝜍, then (𝜐
𝑠𝑡)𝑒(𝜄) = 1, (𝜇

𝑠𝑡)𝑒(𝜄) = 0, (𝜔
𝑠𝑡)𝑒(𝜄) = 0. Hence, (𝜐𝜇𝜔

𝑠𝑡 )⋎ is 
stratified.

For 𝑡 = 𝑡 ⊓ 0̂ and 𝑡 ∈Ψ((̃¥,⋎)). Then, (𝜐
𝑠𝑡)𝑒(𝑡) ≥𝜐

𝑒(𝑡), (
𝜇
𝑠𝑡)𝑒(𝑡) ≤𝜇

𝑒 (𝑡) and (𝜔
𝑠𝑡)𝑒(𝑡) ≤𝜔

𝑒 (𝑡). Hence, (𝜐𝜇𝜔
𝑠𝑡 )⋎ is finer than 𝜐𝜇𝜔

⋎ .
Finally, let 𝜐𝜇𝜔⋎ be stratified svnsq-uniformity finer than 𝜐𝜇𝜔

⋎ .

Presume that there exists 𝑧 ∈Ψ((̃¥,⋎)) s.t.,

𝜐𝑒(𝑧) ≱ (𝜐
𝑠𝑡)𝑒(𝑧), 𝜇𝑒 (𝑧) ≰ (𝜇

𝑠𝑡)𝑒(𝑧), 𝜔𝑒 (𝑧) ≰ (𝜔
𝑠𝑡)𝑒(𝑧).

From the concept of [𝜐
𝑠𝑡)𝑒(𝑧), 

𝜇
𝑠𝑡)𝑒(𝑧), 

𝜔
𝑠𝑡)𝑒(𝑧)]), there exist 𝑡 ∈Ψ((̃¥,⋎)), 𝜄 ∈ 𝜍 with 𝑧 ⊒ 𝑡 ⊓ 𝜄 such that

𝜐𝑒(𝑧) ≱𝜐
𝑒(𝑡), 𝜇𝑒 (𝑧) ≰𝜇

𝑒 (𝑡), 𝜔𝑒 (𝑧) ≰𝜔
𝑒 (𝑡). (3)
5

Since 𝜐𝜇𝜔⋎ be stratified svnsq-uniformity,
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𝜐𝑒(𝑧) ≥ 𝜐𝑒(𝑡 ⊓ 𝜄) ≥ 𝜐𝑒(𝑡) ∧ 𝜐𝑒(𝜄)) ≥ 𝜐𝑒(𝑡) ≥𝜐
𝑒(𝑡),

𝜇𝑒 (𝑧) ≤ 𝜐𝑒(𝑡 ⊓ 𝜄) ≤ 𝜇𝑒 (𝑡) ∧ 𝜐𝑒(𝜄)) ≤ 𝜇𝑒 (𝑡) ≤𝜇
𝑒 (𝑡),

𝜇𝑒 (𝑧) ≤ 𝜔𝑒 (𝑡 ⊓ 𝜄) ≤ 𝜔𝑒 (𝑡) ∧ 𝜔𝑒 (𝜄)) ≤ 𝜔𝑒 (𝑡) ≤𝜔
𝑒 (𝑡).

In this case, the hypothesis is contradicted, as we see in Equations (3). Therefore, (𝜐𝜇𝜔
𝑠𝑡 )⋎ is the coarsest stratified svnsq-uniformity

which is finer than 𝜐𝜇𝜔
⋎ . □

Theorem 3. Let (¥, 𝜐𝜇𝜔
⋎ ) and ( , 𝜐𝜇𝜔


) be two svnsq-uniform spaces. If the mapping 𝜓

𝜑
∶ (¥, 𝜐𝜇𝜔

⋎ ) → ( , 𝜐𝜇𝜔


) is a svns-uniformly 
continuous, then the mapping 𝜓

𝜑
∶ (¥, (𝜐𝜇𝜔

𝑠𝑡 )⋎) → ( , (𝜐𝜇𝜔𝑠𝑡 )) is a svns-uniformly continuous, where (𝜐𝜇𝜔
𝑠𝑡 )⋎ and (𝜐𝜇𝜔𝑠𝑡 )⋎ are the 

stratification of 𝜐𝜇𝜔
⋎ and 𝜐𝜇𝜔⋎ , respectively.

Proof. We will prove that

(𝜐
𝑠𝑡)𝑒(𝜓

−1
𝜑

◦𝑡◦𝜓
𝜑
) ≥ (𝜐𝑠𝑡)𝜑(𝑒)(𝑡),

(𝜇
𝑠𝑡)𝑒(𝜓

−1
𝜑

◦𝑡◦𝜓
𝜑
) ≤ (𝜇𝑠𝑡)𝜑(𝑒)(𝑡),

(𝜔
𝑠𝑡)𝑒(𝜓

−1
𝜑

◦𝑡◦𝜓
𝜑
) ≤ (𝜔𝑠𝑡)𝜑(𝑒)(𝑡),

for each 𝑡 ∈Ψ( ̃( ,)). Assume that

(𝜐
𝑠𝑡)𝑒(𝜓

−1
𝜑

◦𝑡◦𝜓
𝜑
) ≱ (𝜐𝑠𝑡)𝜑(𝑒)(𝑡), (𝜇

𝑠𝑡)𝑒(𝜓
−1
𝜑

◦𝑡◦𝜓
𝜑
) ≰ (𝜇𝑠𝑡)𝜑(𝑒)(𝑡),

(𝜔
𝑠𝑡)𝑒(𝜓

−1
𝜑

◦𝑡◦𝜓
𝜑
) ≰ (𝜔𝑠𝑡)𝜑(𝑒)(𝑡).

From the concept of [(𝜐𝑠𝑡)𝜑(𝑒)(𝑡), (
𝜇
𝑠𝑡)𝜑(𝑒)(𝑡), (

𝜔
𝑠𝑡)𝜑(𝑒))(𝑡)]), there exist 𝑐 ∈Ψ( ̃( ,)), 𝜄 ∈ 𝜍 with 𝑡 ⊒ 𝑐 ⊓ 𝜄 such that

(𝜐
𝑠𝑡)𝑒(𝜓

−1
𝜑

◦𝑡◦𝜓
𝜑
) ≱ 𝜐

𝜑(𝑒)(𝑐),

(𝜇
𝑠𝑡)𝑒(𝜓

−1
𝜑

◦𝑡◦𝜓
𝜑
) ≰ 𝜇

𝜑(𝑒)(𝑐), (4)

(𝜔
𝑠𝑡)𝑒(𝜓

−1
𝜑

◦𝑡◦𝜓
𝜑
) ≰ 𝜔

𝜑(𝑒)(𝑐).

Since 𝜓
𝜑
∶ (¥, 𝜐𝜇𝜔

⋎ ) → ( , 𝜐𝜇𝜔


) is a svns-uniformly continuous,

𝜐
𝑒(𝜓

−1
𝜑

◦𝑐◦𝜓
𝜑
) ≥ 𝜐

𝜑(𝑒)(𝑐), 𝜇
𝑒 (𝜓

−1
𝜑

◦𝑐◦𝜓
𝜑
) ≤ 𝜇

𝜑(𝑒)(𝑐),

𝜔
𝑒 (𝜓

−1
𝜑

◦𝑐◦𝜓
𝜑
) ≤ 𝜔

𝜑(𝑒)(𝑐).

From the concept of [(𝜐
𝑠𝑡)𝑒(𝜓

−1
𝜑

◦𝑡◦𝜓
𝜑
), (𝜇

𝑠𝑡)𝑒(𝜓
−1
𝜑

◦𝑡◦𝜓
𝜑
), (𝜔

𝑠𝑡)𝑒(𝜓
−1
𝜑

◦𝑡◦𝜓
𝜑
)] we obtain

(𝜐
𝑠𝑡)𝑒(𝜓

−1
𝜑

◦𝑡◦𝜓
𝜑
) ≥𝜐

𝑒(𝜓
−1
𝜑

◦𝑐◦𝜓
𝜑
) ≥ 𝜐

𝜑(𝑒)(𝑐),

(𝜇
𝑠𝑡)𝑒(𝜓

−1
𝜑

◦𝑡◦𝜓
𝜑
) ≤𝜇

𝑒 (𝜓
−1
𝜑

◦𝑐◦𝜓
𝜑
) ≤ 𝜇

𝜑(𝑒)(𝑐),

(𝜔
𝑠𝑡)𝑒(𝜓

−1
𝜑

◦𝑡◦𝜓
𝜑
) ≤𝜔

𝑒 (𝜓
−1
𝜑

◦𝑐◦𝜓
𝜑
) ≤ 𝜔

𝜑(𝑒)(𝑐).

In this case, the hypothesis is contradicted as we can see from Equations (4). □

Theorem 4. Let (¥,  𝜐𝜇𝜔
⋎

) be a stratified svnsts. Define,

𝜐
𝑒(𝑧) =

⋁{⋀
𝑗∈𝐽

 𝜐
𝑒 ((£𝜎)𝑗 ) ∣ ∀ 𝑧 ∈Ψ((̃¥,⋎)), ⊓𝑗∈𝐽 𝑧(£𝜎 )𝑗 ⊑ 𝑧

}
,

𝜇
𝑒 (𝑧) =

⋀{⋁
𝑗∈𝐽

 𝜇
𝑒 ((£𝜎)𝑗 ) ∣ ∀ 𝑧 ∈Ψ((̃¥,⋎)), ⊓𝑗∈𝐽 𝑧(£𝜎 )𝑗 ⊑ 𝑧

}
,

𝜔
𝑒 (𝑧) =

⋀{⋁
𝑗∈𝐽

 𝜔
𝑒 ((£𝜎)𝑗 ) ∣ ∀ 𝑧 ∈Ψ((̃¥,⋎)), ⊓𝑗∈𝐽 𝑧(£𝜎 )𝑗 ⊑ 𝑧

}
,

where 
⋁

and 
⋀

are possessed over all collections {(£𝜎)𝑗 ∣ ⊓𝑗∈𝐽 𝑧(£𝜎 )𝑗 ⊑ 𝑧}. Then 𝜐𝜇𝜔
⋎ is stratified svnsq-uniformity on ¥.

Proof. (1) and (2) straightforward.

(3) Assume there exists 𝑧, 𝑡 ∈Ψ((̃¥,⋎)), such that 𝜐
𝑒(𝑧 ⊓ 𝑡) ≱𝜐

𝑒(𝑧) ∧𝜐
𝑒(𝑡), 𝜇

𝑒 (𝑧 ⊓ 𝑡) ≰𝜐
𝑒(𝑧) ∨𝜇

𝑒 (𝑡), and 𝜔
𝑒 (𝑧 ⊓ 𝑡) ≰𝜔

𝑒 (𝑧) ∨
6

𝜔
𝑒 (𝑡). Then, by the concept of 𝜐𝜇𝜔

⋎ , there exist two finite collections {(ℏ𝛼)𝑖 ∣ 𝑡 ⊒ ⊓𝑖∈Γ𝑡(ℏ𝛼 )𝑖} and {(£𝜎)𝑗 ∣ 𝑧 ⊒ ⊓𝑗∈𝐽 𝑧(£𝜎 )𝑗 } such that
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𝜐
𝑒(𝑧 ⊓ 𝑡) ≱

[⋀
𝑗∈𝐽

 𝜐
𝑒 ((£𝜎)𝑗 )

]
∧

[⋀
𝑖∈Γ

 𝜐
𝑒 ((ℏ𝛼)𝑖)

]
,

𝜇
𝑒 (𝑧 ⊓ 𝑡) ≰

[⋁
𝑗∈𝐽

 𝜇
𝑒 ((£𝜎)𝑗 )

]
∨

[⋁
𝑖∈Γ

 𝜇
𝑒 ((ℏ𝛼)𝑖)

]
, (5)

𝜔
𝑒 (𝑧 ⊓ 𝑡) ≰

[⋁
𝑗∈𝐽

 𝜔
𝑒 ((£𝜎)𝑗 )

]
∨

[⋁
𝑖∈Γ

 𝜔
𝑒 ((ℏ𝛼)𝑖)

]
.

On another side,

𝑧 ⊓ 𝑡 ⊒ (⊓𝑗∈𝐽 𝑧(£𝜎 )𝑗 ) ∧ (⊓𝑖∈Γ𝑡(ℏ𝛼 )𝑖 ) ⊒ ⊓𝑗∈𝐽 ,𝑖∈Γ(𝑧 ⊓ 𝑡)(£𝜎 )𝑗⊓(ℏ𝛼 )𝑖 .

Then by the definition of 𝜐𝜇𝜔
⋎ ,

𝜐
𝑒(𝑧 ⊓ 𝑡) ≥

⋀
𝑗∈𝐽 ,𝑖∈Γ

 𝜐
𝑒 ((£𝜎)𝑗 ⊓ (ℏ𝛼)𝑖) ≥

⋀
𝑗∈𝐽 ,𝑖∈Γ

( 𝜐
𝑒 ((£𝜎)𝑗 ) ⊓  𝜐

𝑒 ((ℏ𝛼)𝑖))

≥

[⋀
𝑗∈𝐽

 𝜐
𝑒 ((£𝜎)𝑗 )

]
∧

[⋀
𝑖∈Γ

 𝜐
𝑒 ((ℏ𝛼)𝑖)

]
,

𝜇
𝑒 (𝑧 ⊓ 𝑡) ≤

⋁
𝑗∈𝐽 ,𝑖∈Γ

 𝜇
𝑒 ((£𝜎)𝑗 ⊓ (ℏ𝛼)𝑖) ≤

⋁
𝑗∈𝐽 ,𝑖∈Γ

( 𝜇
𝑒 ((£𝜎)𝑗 ) ⊔  𝜇

𝑒 ((ℏ𝛼)𝑖))

≤

[⋁
𝑗∈𝐽

 𝜇
𝑒 ((£𝜎)𝑗 )

]
∨

[⋁
𝑖∈Γ

 𝜇
𝑒 ((ℏ𝛼)𝑖)

]
,

𝜔
𝑒 (𝑧 ⊓ 𝑡) ≤

⋁
𝑗∈𝐽 ,𝑖∈Γ

 𝜔
𝑒 ((£𝜎)𝑗 ⊓ (ℏ𝛼)𝑖) ≤

⋁
𝑗∈𝐽 ,𝑖∈Γ

( 𝜔
𝑒 ((£𝜎)𝑗 ) ⊓  𝜔

𝑒 (ℏ𝛼)𝑖))

≤

[⋁
𝑗∈𝐽

 𝜔
𝑒 ((£𝜎)𝑗 )

]
∨

[⋁
𝑖∈Γ

 𝜔
𝑒 ((ℏ𝛼)𝑖)

]
,

which is a contradiction for equations (5), and then (3) holds.
(4) Since, 𝑧

£𝜎
◦𝑧

£𝜎
= 𝑧

£𝜎
. From the Lemma 2, then, (4) holds.

(1) and (𝑆 ) There exists 𝑧 = 𝑧⋎̃𝜄 = 𝜄, then 𝜐
𝑒(𝜄) ≥  𝜐

𝑒 (⋎̃
𝜄) = 1, 𝜇

𝑒 (𝜄) ≤  𝜇
𝑒 (⋎̃𝜄) = 0 and 𝜔

𝑒 (𝜄) ≤  𝜔
𝑒 (⋎̃𝜄) = 0. Therefore, 𝜐

𝑒(𝜄) = 1, 
𝜇

𝑒 (𝜄) = 0 and 𝜔
𝑒 (𝜄) = 0 for each 𝜄 ∈ 𝜍. Hence, 𝜐𝜇𝜔

⋎ is stratified. □

3. Stratified single-valued neutrosophic soft topogenous order spaces

Definition 6. Maps 𝜐 ∶ ⋎ → 𝜍 (̃¥,⋎)×(̃¥,⋎), 𝜇 ∶ ⋎ → 𝜍 (̃¥,⋎)×(̃¥,⋎) and 𝜔 ∶ ⋎ → 𝜍 (̃¥,⋎)×(̃¥,⋎) are said to be svns-topogenous order on ¥ if it 
fulfills the next properties: ∀ 𝑒 ∈ ⋎ and £𝜎, ℏ𝛼 ∈ (̃¥,⋎),

(1) 𝜇
𝑒 (⋎̃, ̃⋎) =𝜇

𝑒 (Φ, Φ) =𝜔
𝑒 (⋎̃, ̃⋎) =𝜔

𝑒 (Φ, Φ) = 0, 𝜐
𝑒 (⋎̃, ̃⋎) =𝜐

𝑒 (Φ, Φ) = 1,
(2) If 𝜐

𝑒 (£𝜎, ℏ𝛼) ≠ 0, 𝜇
𝑒 (£𝜎 , ℏ𝛼) ≠ 1 and 𝜔

𝑒 (£𝜎, ℏ𝛼) ≠ 1, then £𝜎 ⊑ ℏ𝛼 .
(3) If £𝜎 ⊑ (£𝜎)1, (ℏ𝛼)1 ⊑ ℏ𝛼 , then 𝜐

𝑒 ((£𝜎)1, (ℏ𝛼)1) ≤𝜐
𝑒 (£𝜎 , ℏ𝛼),

𝜇
𝑒 ((£𝜎)1, (ℏ𝛼)1) ≥𝜇

𝑒 (£𝜎, ℏ𝛼) and 𝜔
𝑒 ((£𝜎)1, (ℏ𝛼)1) ≥𝜔

𝑒 (£𝜎 , ℏ𝛼).
(4) (i)

𝜐
𝑒 ((£𝜎)1 ⊔ (£𝜎)2, (ℏ𝛼)1 ⊔ (ℏ𝛼)2) ≥𝜐

𝑒 ((£𝜎)1, (ℏ𝛼)1) ∧𝜐
𝑒 ((£𝜎)2, (ℏ𝛼)2),

𝜇
𝑒 ((£𝜎)1 ⊔ (£𝜎)2, (ℏ𝛼)1 ⊔ (ℏ𝛼)2) ≤𝜇

𝑒 ((£𝜎)1, (ℏ𝛼)1) ∨𝜇
𝑒 ((£𝜎)2, (ℏ𝛼)2),

𝜔
𝑒 ((£𝜎)1 ⊔ (£𝜎)2, (ℏ𝛼)1 ⊔ (ℏ𝛼)2) ≤𝜔

𝑒 ((£𝜎)1, (ℏ𝛼)1) ∨𝜔
𝑒 ((£𝜎)2, (ℏ𝛼)2).

(ii)

𝜐
𝑒 ((£𝜎)1 ⊓ (£𝜎)2, (ℏ𝛼)1 ⊓ ℏ𝛼)2) ≥𝜐

𝑒 ((£𝜎)1, (ℏ𝛼)1) ∧𝜐
𝑒 ((£𝜎)2, (ℏ𝛼)2),

𝜐
𝑒 ((£𝜎)1 ⊓ (£𝜎)2, (ℏ𝛼)1 ⊓ ℏ𝛼)2) ≤𝜐

𝑒 ((£𝜎)1, (ℏ𝛼)1) ∨𝜐
𝑒 ((£𝜎)2, (ℏ𝛼)2).

𝜔
𝑒 ((£𝜎)1 ⊓ (£𝜎)2, (ℏ𝜎)1 ⊓ (ℏ𝜎)2) ≤𝜔

𝑒 ((£𝜎)1, (ℏ𝛼)1) ∨𝜔
𝑒 ((£𝜎)2, (ℏ𝛼)2).

Therefore, (¥, 𝜐𝜇𝜔
⋎ ) is termed to be a svns-topogenous order space. Also, 𝜐𝜇𝜔

¥
is said to be
7

(1) Symmetrical iff 𝜐
𝑒 (£𝜎, ℏ𝛼) =𝜐

𝑒 (ℏ
𝑐
𝛼, £

𝑐
𝜎), 

𝜇
𝑒 (£𝜎, ℏ𝛼) =𝜇

𝑒 (ℏ𝑐𝛼, £
𝑐
𝜎) and 𝜔

𝑒 (ℏ𝛼, £𝜎) =𝜔
𝑒 (ℏ

𝑐
𝛼, £

𝑐
𝜎).



Heliyon 10 (2024) e27926F. Alsharari, Y. Saber, H. Alohali et al.

(2) Perfect iff

𝜐
𝑒 (⊔𝑗∈𝐽 (£𝜎)𝑗 , ⊔𝑗∈𝐽 (ℏ𝛼)𝑗 ) ≥

⋀
𝑗∈𝐽

𝜐
𝑒 ((£𝜎)𝑗 , (ℏ𝛼)𝑗 ),

𝜇
𝑒 (⊔𝑗∈𝐽 (£𝜎)𝑗 , ⊔𝑗∈𝐽 (ℏ𝛼))𝑗 ≤

⋁
𝑗∈𝐽

𝜇
𝑒 ((£𝜎)𝑗 , (ℏ𝛼)𝑗 ),

𝜔
𝑒 (⊔𝑗∈𝐽 (£𝜎)𝑗 , ⊔𝑗∈𝐽 (ℏ𝛼))𝑗 ≤

⋁
𝑗∈𝐽

𝜔
𝑒 ((£𝜎)𝑗 , (ℏ𝛼)𝑗 ).

(3) Stratified iff 𝜐𝜇𝜔
⋎ satisfies the condition:

(𝑆 ) For every 𝜄 ∈ 𝜍, 𝜐
𝑒 (⋎̃

𝜄, ̃⋎𝜄) = 1, 𝜇
𝑒 (⋎̃𝜄, ̃⋎𝜄) = 0, 𝜔

𝑒 (⋎̃
𝜄, ̃⋎𝜄) = 0.

Suppose that (𝜐𝜇𝜔
⋎ )1 and (𝜐𝜇𝜔

⋎ )2 be svns-topogenous order space on ⋎. In our opinion (𝜐𝜇𝜔
⋎ )1 is finer than (𝜐𝜇𝜔

⋎ )2[
(𝜐𝜇𝜔

⋎ )2 𝑖𝑠 𝑐𝑜𝑎𝑟𝑠𝑒𝑟 𝑡ℎ𝑎𝑛 (
𝜐𝜇𝜔
⋎ )1

]
indicated by (𝜐𝜇𝜔

⋎ )1 ⊒ (𝜐𝜇𝜔
⋎ )2 if

(𝜐
𝑒 )2(£𝜎, ℏ𝛼) ≤ (𝜐

𝑒 )1(£𝜎, ℏ𝛼), (𝜇
𝑒 )2(£𝜎 , ℏ𝛼) ≥ (𝜇

𝑒 )1(£𝜎 , ℏ𝛼),

(𝜔
𝑒 )2(£𝜎 , ℏ𝛼) ≥ (𝜔

𝑒 )1(£𝜎, ℏ𝛼), ∀ £𝜎, ℏ𝛼 ∈ (̃¥,⋎), 𝑒 ∈ ⋎.

Suppose (¥, (𝜐𝜇𝜔
⋎ )1) and ( , (𝜐𝜇𝜔


)2) be two svns-topogenous order spaces.

Then a map 𝜓
𝜑
∶ (̃¥,⋎)→ ̃( ,) is called snv-soft topogenous continuous iff

(𝜐
𝜑(𝑒))2(£𝜎, ℏ𝛼) ≤ (𝜐

𝑒 )1(𝜓
−1
𝜑

(£𝜎), 𝜓−1
𝜑

(ℏ𝛼)),

(𝜇
𝜑(𝑒))2(£𝜎, ℏ𝛼) ≥ (𝜇

𝑒 )1(𝜓
−1
𝜑

(£𝜎), 𝜓−1
𝜑

(ℏ𝛼)),

(𝜔
𝜑(𝑒))2(£𝜎, ℏ𝛼) ≥ (𝜔

𝑒 )1(𝜓
−1
𝜑

(£𝜎), 𝜓−1
𝜑

(ℏ𝛼)),

for any £𝜎 , ℏ𝛼 ∈ ̃( ,), 𝑒 ∈ ⋎.

Theorem 5. Let (¥, 𝜐𝜇𝜔
⋎ ) be svns-topogenous order space. Define

(𝜐
𝑠𝑡)𝑒(£𝜎, ℏ𝛼) =

⋁
{
(£𝜎 )𝑗 ,(ℏ𝛼 )𝑗 ,⋎̃

𝜄𝑗 ∣𝑗∈𝐽
}
∈ (£𝜎 ,ℏ𝛼 )⎧⎪⎨⎪⎩

⋀
(
(£𝜎 )𝑖 ,(ℏ𝛼 )𝑖 ,⋎̃𝜄𝑖

)
∈

𝜐
𝑒 ((£𝜎)𝑖, (ℏ𝛼)𝑖)

⎫⎪⎬⎪⎭ ,
(𝜇

𝑠𝑡)𝑒(£𝜎, ℏ𝛼) =
⋀

{
(£𝜎 )𝑗 ,(ℏ𝛼 )𝑗 ,⋎̃

𝜄𝑗 ∣𝑗∈𝐽
}
∈ (£𝜎 ,ℏ𝛼 )⎧⎪⎨⎪⎩

⋁
(
(£𝜎 )𝑖 ,(ℏ𝛼 )𝑖 ,⋎̃𝜄𝑖

)
∈

𝜇
𝑒 ((£𝜎)𝑖, (ℏ𝛼)𝑖)

⎫⎪⎬⎪⎭ ,
(𝜔

𝑠𝑡)𝑒(£𝜎 , ℏ𝛼) =
⋀

{
(£𝜎 )𝑗 ,(ℏ𝛼 )𝑗 ,⋎̃

𝜄𝑗 ∣𝑗∈𝐽
}
∈ (£𝜎 ,ℏ𝛼 )⎧⎪⎨⎪⎩

⋁
(
(£𝜎 )𝑖 ,(ℏ𝛼 )𝑖 ,⋎̃𝜄𝑖

)
∈

𝜔
𝑒 ((£𝜎)𝑖, (ℏ𝛼)𝑖)

⎫⎪⎬⎪⎭ ,
where  =

{
(£𝜎)𝑗 , (ℏ𝛼)𝑗 , ⋎̃𝜄𝑗 ∣ 𝑗 ∈ 𝐽

}
and  (£𝜎 , ℏ𝛼) = {{((£𝜎)𝑗 , (ℏ𝛼)𝑗 , ̃⋎𝜄𝑗 ) ∣ 𝑗 ∈ 𝐽, 𝐽 𝑖𝑠 𝑓𝑖𝑛𝑖𝑡𝑒)} ∣ £𝜎 ⊑ ⊔𝑗∈𝐽 ((£𝜎)𝑗 ⊓ ⋎̃𝜄𝑗 ) 𝑎𝑛𝑑 ℏ𝛼 ⊒

⊔𝑗∈𝐽 ((ℏ𝛼)𝑗 ⊓ ⋎̃𝜄𝑗 ), 𝜄 ∈ 𝜍}. Then (𝜐𝜇𝜔
𝑠𝑡 )⋎ is the coarsest stratified svns-topogenous order on ¥ which is finer than 𝜐𝜇𝜔

⋎ .

Proof. (1), (2), (3) straightforward.

(4) (i) Assume that there exist, (£𝜎 )1, (ℏ𝛼)1, (£𝜎)2, (ℏ𝛼)2 ∈ (̃¥,⋎) such that

(𝜐
𝑠𝑡)𝑒((£𝜎)1 ⊔ (£𝜎)2, (ℏ𝛼)1 ⊔ (ℏ𝛼)2) ≱ (𝜐

𝑠𝑡)𝑒((£𝜎)1, (ℏ𝛼)1) ∧ (𝜐
𝑠𝑡)𝑒((£𝜎)2, (ℏ𝛼)2),

(𝜇
𝑠𝑡)𝑒((£𝜎)1 ⊔ (£𝜎)2, (ℏ𝛼)1 ⊔ (ℏ𝛼)2) ≰ (𝜇

𝑠𝑡)𝑒((£𝜎)1, (ℏ𝛼)1) ∨ (𝜇
𝑠𝑡)𝑒((£𝜎)2, (ℏ𝛼)2),
8

(𝜔
𝑠𝑡)𝑒((£𝐴 )1 ⊔ (£𝜎)2, (ℏ𝛼)1 ⊔ (ℏ𝛼)2) ≰ (𝜔

𝑠𝑡)𝑒((£𝜎)1, (ℏ𝛼)1) ∨ (𝜔
𝑠𝑡)𝑒((£𝜎)2, (ℏ𝛼)2),
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therefore, there exists 𝑟 ∈ 𝜍0 such that

(𝜐
𝑠𝑡)𝑒 ((£𝜎)1 ⊔ (£𝜎)2, (ℏ𝛼)1 ⊔ (ℏ𝛼)2) < 𝑟

≤ (𝜐
𝑠𝑡)𝑒((£𝜎)1, (ℏ𝛼)1) ∧ (𝜐

𝑠𝑡)𝑒((£𝜎)2, (ℏ𝛼)2),

(𝜇
𝑠𝑡)𝑒((£𝜎)1 ⊔ (£𝜎)2, (ℏ𝛼)1 ⊔ (ℏ𝛼)2) ≥ 1 − 𝑟 > (𝜇

𝑠𝑡)𝑒((£𝜎)1, (ℏ𝛼)1) ∨ (𝜇
𝑠𝑡)𝑒((£𝜎)2, (ℏ𝛼)2), (6)

(𝜔
𝑠𝑡)𝑒 ((£𝜎)1 ⊔ (£𝜎)2, (ℏ𝛼)1 ⊔ (ℏ𝛼)2) ≥ 1 − 𝑟

> (𝜔
𝑠𝑡)𝑒((£𝜎)1, (ℏ𝛼)1) ∨ (𝜔

𝑠𝑡)𝑒((£𝜎)2, (ℏ𝛼)2).

From the concept of (𝜐𝜇𝜔
𝑠𝑡 )⋎, there are ∀, 𝑖 ∈ 𝐽 𝑎𝑛𝑑 𝑘 ∈ Γ, {((£𝜎)𝑖, (ℏ𝛼)𝑖, ̃⋎𝜄𝑖 )} ∈  ((£𝜎)1, (ℏ𝛼)1) and {((£𝜎)𝑘, (ℏ𝛼)𝑘, ̃⋎

𝜄
𝑘 )} ∈

 ((£𝜎)2, (ℏ𝛼)2), such that

(𝜐
𝑠𝑡)𝑒 ((£𝜎)1 ⊔ (£𝜎)2, (ℏ𝛼)1 ⊔ (ℏ𝛼)2) ≥

⋀
𝑖,𝑘

𝜐
𝑒 ((£𝜎)𝑖 ⊔ (£𝜎)𝑘, (ℏ𝛼)𝑖 ⊔ (ℏ𝛼)𝑘)

≥
⋀
𝑖,𝑘

𝜐
𝑒 ((£𝜎)𝑖, (ℏ𝛼)𝑖) ∧𝜐

𝑒 ((£𝜎)𝑘, (ℏ𝛼)𝑘) ≥ 𝑟,

(𝜇
𝑠𝑡)𝑒 ((£𝜎)1 ⊔ (£𝜎)2, (ℏ𝛼)1 ⊔ (ℏ𝛼)2) ≤

⋁
𝑖,𝑘

𝜐
𝑒 ((£𝜎)𝑖 ⊔ (£𝜎)𝑘, (ℏ𝛼)𝑖 ⊔ (ℏ𝛼)𝑘)

≤
⋁
𝑖,𝑘

𝜇
𝑒 ((£𝜎)𝑖, (ℏ𝛼)𝑖) ∨𝜇

𝑒 ((£𝜎)𝑘, (ℏ𝛼)𝑘) < 1 − 𝑟,

(𝜔
𝑠𝑡)𝑒 ((£𝜎)1 ⊔ (£𝜎)2, (ℏ𝛼)1 ⊔ (ℏ𝛼)2) ≤

⋁
𝑖,𝑘

𝜐
𝑒 ((£𝜎)𝑖 ⊔ (£𝜎)𝑘, (ℏ𝛼)𝑖 ⊔ (ℏ𝛼)𝑘)

≤
⋁
𝑖,𝑘

𝜔
𝑒 ((£𝜎)𝑖, (ℏ𝛼)𝑖) ∨𝜔

𝑒 ((£𝜎)𝑘, (ℏ𝛼)𝑘) < 1 − 𝑟.

In this case, it is a contradiction with the hypothesis, as is clear from Equation No. (6). Hence, 4(𝑖) holds.
(ii) In the same way as used to prove (i).
(𝑆 ) Since ⋎̃𝜄 = ⋎̃𝜄 ⊓ ⋎̃,

(𝜐
𝑠𝑡)𝑒(⋎̃

𝜄, ⋎̃𝜄) ≥𝜐
𝑒 (⋎̃, ⋎̃) = 1, (𝜇

𝑠𝑡)𝑒(⋎̃
𝜄, ⋎̃𝜄) ≤𝜇

𝑒 (⋎̃, ⋎̃) = 0,

(𝜔
𝑠𝑡)𝑒(⋎̃

𝜄, ⋎̃𝜄) ≤𝜔
𝑒 (⋎̃, ⋎̃) = 0

Hence, (𝜐
𝑠𝑡)𝑒(⋎̃

𝜄, ̃⋎𝜄) = 1, (𝜇
𝑠𝑡)𝑒(⋎̃

𝜄, ̃⋎𝜄) = 0 and (𝜔
𝑠𝑡)𝑒(⋎̃

𝜄, ̃⋎𝜄) = 0, ∀ 𝜄 ∈ 𝜍.
On another side, since £𝜎 ⊑ £𝜎 ⊓ ⋎̃ and ℏ𝛼 ⊒ ℏ𝛼 ⊓ ⋎̃ we obtain

(𝜐
𝑠𝑡)𝑒(£𝜎, ℏ𝛼) ≥𝜐

𝑒 (£𝜎, ℏ𝛼), (𝜇
𝑠𝑡)𝑒(£𝜎 , ℏ𝛼) ≤𝜇

𝑒 (£𝜎 , ℏ𝛼),

(𝜔
𝑠𝑡)𝑒(£𝜎 , ℏ𝛼) ≤𝜔

𝑒 (£𝜎, ℏ𝛼), ∀ £𝜎, ℏ𝛼 ∈ (̃¥,⋎).

Hence, (𝜐𝜇𝜔
𝑠𝑡 )⋎ is the stratified svns-topogenous order on ⋎ which is finer than 𝜐𝜇𝜔

⋎ .

Finally, suppose that (𝜐𝜇𝜔
⋎ )⋆ be stratified svns-topogenous and finer than 𝜐𝜇𝜔

⋎ then, ∀ £𝜎, ℏ𝛼 ∈ (̃¥,⋎), 𝜄 ∈ 𝜍, 𝑒 ∈ ⋎.

(𝜐
𝑒 )

⋆(£𝜎 , ℏ𝛼) ≥𝜐
𝑒 (£𝜎, ℏ𝛼), (𝜇

𝑒 )
⋆(£𝜎, ℏ𝛼) ≤𝜇

𝑒 (£𝜎 , ℏ𝛼),

(𝜔
𝑒 )

⋆(£𝜎 , ℏ𝛼) ≤𝜔
𝑒 (£𝜎 , ℏ𝛼).

Now we will prove that

(𝜐
𝑒 )

⋆(£𝜎 , ℏ𝛼) ≥ (𝜐
𝑠𝑡)𝑒(£𝜎 , ℏ𝛼), (𝜇

𝑒 )
⋆(£𝜎, ℏ𝛼) ≤ (𝜇

𝑠𝑡)𝑒(£𝜎, ℏ𝛼),

(𝜔
𝑒 )

⋆(£𝜎 , ℏ𝛼) ≤ (𝜔
𝑠𝑡)𝑒(£𝜎 , ℏ𝛼).

Suppose there exist £𝜎, ℏ𝛼 ∈ (̃¥,⋎), 𝑒 ∈ ⋎ such that

(𝜐
𝑒 )

⋆(£𝜎 , ℏ𝛼) ≱ (𝜐
𝑠𝑡)𝑒(£𝜎 , ℏ𝛼), (𝜇

𝑒 )
⋆(£𝜎, ℏ𝛼) ≰ (𝜇

𝑠𝑡)𝑒(£𝜎, ℏ𝛼),

(𝜔
𝑒 )

⋆(£𝜎 , ℏ𝛼) ≰ (𝜔
𝑠𝑡)𝑒(£𝜎 , ℏ𝛼),

then there is 𝑟 ∈ 𝜍 such that

(𝜐
𝑒 )

⋆(£𝜎 , ℏ𝛼) < 𝑟 ≤ (𝜐
𝑠𝑡)𝑒(£𝜎, ℏ𝛼),

(𝜇
𝑒 )

⋆(£𝜎, ℏ𝛼) ≥ 1 − 𝑟 > (𝜇
𝑠𝑡)𝑒(£𝜎, ℏ𝛼), (7)
9

(𝜔
𝑒 )

⋆(£𝜎 , ℏ𝛼) ≥ 1 − 𝑟 > (𝜔
𝑠𝑡)𝑒(£𝜎, ℏ𝛼).
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From the concept of (𝜐𝜇𝜔
𝑠𝑡 )⋎, there exists  = {((£𝜎)𝑗 , (ℏ𝛼)𝑗 , ̃⋎𝜄𝑗 )} ∈ (£𝜎, ℏ𝛼), for every 𝑗 ∈ 𝐽 such that

(𝜐
𝑒 )

⋆(£𝜎 , ℏ𝛼) ≥ (𝜐
𝑒 )

⋆
(
⊔𝑗∈𝐽 [(£𝜎)𝑗 ⊓ ⋎̃𝜄𝑗 ], ⊔𝑗∈𝐽 [(ℏ𝛼)𝑗 ⊓ ⋎̃𝜄𝑗 ]

)
≥
⋀
𝑗∈𝐽

(𝜐
𝑒 )

⋆
(
(£𝜎)𝑗 ⊓ ⋎̃𝜄𝑗 , (ℏ𝛼)𝑗 ⊓ ⋎̃𝜄𝑗

)
≥
⋀
𝑗∈𝐽

[
(𝜐

𝑒 )
⋆((£𝜎)𝑗 , (ℏ𝛼)𝑗 ) ∧ (𝜐

𝑒 )
⋆(⋎̃𝜄𝑗 , ⋎̃𝜄𝑗 )

]
≥

⋀
(
(£𝜎 )𝑖 ,(ℏ𝛼 )𝑖 ,⋎̃𝜄𝑖

)
∈

𝜐
𝑒 ((£𝜎)𝑖, (ℏ𝛼)𝑖) ≥ 𝑟,

(𝜇
𝑒 )⋆(£𝜎, ℏ𝛼) ≤ (𝜇

𝑒 )
⋆
(
⊔𝑗∈𝐽 [(£𝜎)𝑗 ⊓ ⋎̃𝜄𝑗 ], ⊔𝑗∈𝐽 [(ℏ𝛼)𝑗 ⊓ ⋎̃𝜄𝑗 ]

)
≤
⋁
𝑗∈𝐽

(𝜇
𝑒 )

⋆((£𝜎)𝑗 ⊓ ⋎̃𝜄𝑗 , (ℏ𝛼)𝑗 ⊓ ⋎̃𝜄𝑗 )

≤
⋁
𝑗∈𝐽

[
(𝜇

𝑒 )
⋆((£𝜎)𝑗 , (ℏ𝛼)𝑗 ) ∨ (𝜇

𝑒 )
⋆(⋎̃𝜄𝑗 , ⋎̃𝜄𝑗 )

]
≤

⋁
(
(£𝜎 )𝑖 ,(ℏ𝑣)𝑖 ,⋎̃𝜄𝑖

)
∈

𝜇
𝑒 ((£𝜎)𝑖, (ℏ𝛼)𝑖) ≤ 1 − 𝑟,

(𝜔
𝑒 )

⋆(£𝜎, ℏ𝛼) ≤ (𝜔
𝑒 )

⋆
(
⊔𝑗∈𝐽 [(£𝜎)𝑗 ⊓ ⋎̃𝜄𝑗 ], ⊔𝑗∈𝐽 [(ℏ𝛼)𝑗 ⊓ ⋎̃𝜄𝑗 ]

)
≤
⋁
𝑗∈𝐽

(𝜔
𝑒 )

⋆((£𝜎)𝑗 ⊓ ⋎̃𝜄𝑗 , (ℏ𝛼)𝑗 ⊓ ⋎̃𝜄𝑗 )

≤
⋁
𝑗∈𝐽

[
(𝜔

𝑒 )
⋆((£𝜎)𝑗 , (ℏ𝛼)𝑗 ) ∨ (𝜔

𝑒 )
⋆(⋎̃𝜄𝑗 , ⋎̃𝜄𝑗 )

]
≤

⋁
(
(£𝜎 )𝑖 ,(ℏ𝛼 )𝑖 ,⋎̃𝜄𝑖

)
∈

𝜔
𝑒 ((£𝜎)𝑖, (ℏ𝛼)𝑖) ≤ 1 − 𝑟.

In this instance, the hypothesis is contradicted as is clear from Equations (7). Therefore, the coarsest stratified svns- topogenous order

on ⋎ is (𝜐𝜇𝜔
𝑠𝑡 )⋎ which is finer than 𝜐𝜇𝜔

⋎ . □

Theorem 6. Let (¥, 𝜐𝜇𝜔
⋎ ) and ( , (𝜐𝜇𝜔


)⋆ ) be two svns-topogenous order spaces, if 𝜓

𝜑
∶ (⋎, 𝜐𝜇𝜔

⋎ ) → ( , (𝜐𝜇𝜔


)⋆ ) be a svns-topogenous 
continuous, then 𝜓

𝜑
∶ (¥, (𝜐𝜇𝜔

⋎ )𝑠𝑡) → ( , (𝜐𝜇𝜔


)⋆st) is a svns-topogenous continuous.

Proof. Assume that £𝜎, ℏ𝛼 ∈ ̃( ,) with ⊔𝑗∈𝐽 ((£𝜎)𝑗 ⊓ ̃𝜄𝑗 ) ⊒ £𝜎 and ⊔𝑗∈𝐽 ((ℏ𝛼)𝑗 ⊓ ̃𝜄𝑗 ) ⊑ ℏ𝛼 . Then ⊔𝑗∈𝐽𝜓
−1
𝜑

(£𝜎)𝑗 ⊓ ⋎̃𝜄𝑗 ⊒ 𝜓−1
𝜑

(£𝜎)
and ⊔𝑗∈𝐽𝜓

−1
𝜑

(ℏ𝛼)𝑗 ) ⊓ ⋎̃𝜄𝑗 ⊑ 𝜓−1
𝜑

(ℏ𝛼). For all collections  (£𝜎 , ℏ𝛼) = {{ = {((£𝜎)𝑗 , (ℏ𝛼)𝑗 , ̃𝜄𝑗 )} ∣ £𝜎 ⊑ ⊔𝑗∈𝐽 ((£𝜎)𝑗 ⊓ ̃𝜄𝑗 ) 𝑎𝑛𝑑 ℏ𝛼 ⊒

⊔𝑗∈𝐽 ((ℏ𝛼)𝑗 ⊓ ̃𝜄𝑗 )} ∀, ∣ 𝑗 ∈ 𝐽 and 𝜄 ∈ 𝜍, we have

(𝜐
𝑒 )𝑠𝑡 (𝜓

−1
𝜑

(£𝜎), 𝜓−1
𝜑

(ℏ𝛼))

≥
⋁

(
𝜓−1
𝜑

((£𝜎 )𝑗
𝑙
),𝜓−1

𝜑
((ℏ𝛼 )𝑗

𝑙
),⋎̃

𝜄𝑗
𝑙
)
∈
{
𝜓−1
𝜑

((£𝜎 )𝑗 ),𝜓−1
𝜑

((ℏ𝛼 )𝑗 ),⋎̃
𝜄𝑗 ∣𝑗∈𝐽

}
𝜐

𝑒

(
𝜓−1

𝜑
((£𝜎)𝑗

𝑙
), 𝜓−1

𝜑
((ℏ𝛼)𝑗

𝑙
)
)

≥
⋁

(
(£𝜎 )𝑗

𝑙
,(ℏ𝛼 )𝑗

𝑙
),̃

𝜄𝑗
𝑙
)
∈

(𝜐
𝜑(𝑒))

⋆((£𝜎)𝑗
𝑙
, (ℏ𝛼)𝑗

𝑙
)

≥
⋀

 (£𝜎 ,ℏ𝛼 )

⎛⎜⎜⎜⎝
⋁

(
(£𝜎 )𝑗

𝑙
,(ℏ𝛼 )𝑗

𝑙
),̃

𝜄𝑗
𝑙
)
∈

(𝜐
𝜑(𝑒))

⋆((£𝜎)𝑗
𝑙
, (ℏ𝛼)𝑗

𝑙
)
⎞⎟⎟⎟⎠

= (𝜐
𝜑(𝑒))

⋆

𝑠𝑡(£𝜎, ℏ𝛼)

(𝜇
𝑒 )𝑠𝑡

(
𝜓−1

𝜑
(£𝜎), 𝜓−1

𝜑
(ℏ𝛼)

)
≤

⋀
(
𝜓−1
𝜑

((£𝜎 )𝑗
𝑙
),𝜓−1

𝜑
((ℏ𝛼 )𝑗

𝑙
),⋎̃

𝜄𝑗
𝑙
)
∈
{
𝜓−1
𝜑

((£𝜎 )𝑗 ),𝜓−1
𝜑

((ℏ𝛼 )𝑗 ),⋎̃
𝜄𝑗 ∣𝑗∈𝐽

}
( )
10

𝜇
𝑒 𝜓−1

𝜑
((£𝜎)𝑗

𝑙
), 𝜓−1

𝜑
((ℏ𝛼)𝑗

𝑙
)
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≤
⋀

(
(£𝜎 )𝑗

𝑙
,(ℏ𝛼 )𝑗

𝑙
),̃

𝜄𝑗
𝑙
)
∈

(𝜇
𝜑(𝑒))

⋆((£𝜎)𝑗
𝑙
, (ℏ𝛼)𝑗

𝑙
)

≤
⋁

 (£𝜎},ℏ𝛼 )

⎛⎜⎜⎜⎝
⋀

(
(£𝜎 )𝑗

𝑙
,(ℏ𝛼 )𝑗

𝑙
,̃

𝜄𝑗
𝑙
)
∈

(𝜇
𝜑(𝑒))

⋆((£𝜎)𝑗
𝑙
, (ℏ𝛼)𝑗

𝑙
)
⎞⎟⎟⎟⎠

= (𝜇
𝜑(𝑒))

⋆

𝑠𝑡(£𝜎, ℏ𝛼)

(𝜔
𝑒 )𝑠𝑡

(
𝜓−1

𝜑
(£𝜎), 𝜓−1

𝜑
(ℏ𝛼)

)
≤

⋀
(
𝜓−1
𝜑

((£𝜎 )𝑗
𝑙
),𝜓−1

𝜑
((ℏ𝛼 )𝑗

𝑙
),Ẽ

𝜄𝑗
𝑙
)
∈
{
𝜓−1
𝜑

((£𝜎 )𝑗 ),𝜓−1
𝜑

((ℏ𝛼 )𝑗 ),⋎̃
𝜄𝑗 ∣𝑗∈𝐽

}
𝜔

𝑒

(
𝜓−1

𝜑
((£𝜎)𝑗

𝑙
), 𝜓−1

𝜑
((ℏ𝛼)𝑗

𝑙
)
)

≤
⋀

(
(£𝜎 )𝑗

𝑙
,(ℏ𝛼 )𝑗

𝑙
),̃

𝜄𝑗
𝑙
)
∈

(𝜔
𝜑(𝑒))

⋆((£𝜎)𝑗
𝑙
, (ℏ𝛼)𝑗

𝑙
)

≤
⋁

 (£𝜎 ,ℏ𝛼 )

⎛⎜⎜⎜⎝
⋀

(
(£𝜎 )𝑗

𝑙
,(ℏ𝛼 )𝑗

𝑙
,̃

𝜄𝑗
𝑙
)
∈

(𝜔
𝜑(𝑒))

⋆((£𝜎)𝑗
𝑙
, (ℏ𝛼)𝑗

𝑙
)
⎞⎟⎟⎟⎠

= (𝜔
𝜑(𝑒))

⋆

𝑠𝑡(£𝜎 , ℏ𝛼) □

Theorem 7. (1) If 𝜐𝜇𝜔
⋎ is symmetrical svns-topogenous order, then (𝜐𝜇𝜔

𝑠𝑡 )⋎ is also symmetrical svns-topogenous order.

(2) If 𝜐𝜇𝜔
⋎ is perfect svns-topogenous order, then

(i) ( 𝜐

)𝑒(£𝜎) =𝜐

𝑒 (£𝜎, £𝜎), (
𝜇

)𝑒(£𝜎) =𝜇

𝑒 (£𝜎 , £𝜎) and ( 𝜔

)𝑒(£𝜎) =

𝜔
𝑒 (£𝜎, £𝜎) is svns-topology related by 𝜐𝜇𝜔

⋎
(ii) ( 𝜐𝜇𝜔

𝑠𝑡
)⋎ = [( 𝜐𝜇𝜔


)𝑠𝑡]⋎ .

(3) If  𝜐𝜇𝜔
⋎ is a svnst, then

(i) (𝜐

)𝑒(£𝜎, ℏ𝛼) =

⋁
{ 𝜐

𝑒 (𝐠𝐶 ) ∣ £𝜎 ⊑ 𝐠
𝐶
⊑ ℏ𝛼}, (𝜇


)𝑒(£𝜎, ℏ𝛼) =

⋀
{ 𝜇

𝑒 (𝐠
𝐶
) ∣

£𝜎 ⊑ 𝐠
𝐶
⊑ ℏ𝛼} and (𝜔


)𝑒(£𝜎, ℏ𝛼) =

⋀
{ 𝜔

𝑒 (𝐠
𝐶
) ∣ £𝜎 ⊑ 𝐠

𝐶
⊑ ℏ𝛼} is perfect svns-topogenous order related by  𝜐𝜇𝜔

⋎ .

(ii) (𝜐𝜇𝜔
𝑠𝑡

)⋎ = [(𝜐𝜇𝜔


)
𝑠𝑡
]⋎ is a perfect svns-topogenous order.

Proof. (1) We will prove that for each £𝜎 , ℏ𝛼 ∈ (̃¥,⋎), then

(𝜐
𝑠𝑡)𝑒(£𝜎, ℏ𝛼) = (𝜐

𝑠𝑡)𝑒(ℏ
𝑐
𝛼,£

𝑐
𝜎), (𝜇

𝑠𝑡)𝑒(£𝜎 , ℏ𝛼) = (𝜇
𝑠𝑡)𝑒(ℏ

𝑐
𝛼,£

𝑐
𝜎),

(𝜔
𝑠𝑡)𝑒(£𝜎 , ℏ𝛼) = (𝜔

𝑠𝑡)𝑒(ℏ
𝑐
𝛼,£

𝑐
𝜎).

Suppose that

(𝜐
𝑠𝑡)𝑒(£𝜎, ℏ𝛼) ≰ (𝜐

𝑠𝑡)𝑒(ℏ
𝑐
𝛼,£

𝑐
𝜎), (𝜇

𝑠𝑡)𝑒(£𝜎 , ℏ𝛼) ≱ (𝜇
𝑠𝑡)𝑒(ℏ

𝑐
𝛼,£

𝑐
𝜎)

(𝜔
𝑠𝑡)𝑒(£𝜎 , ℏ𝛼) ≱ (𝜔

𝑠𝑡)𝑒(ℏ
𝑐
𝛼,£

𝑐
𝜎).

From the concept of (𝜐𝜇𝜔
𝑠𝑡 )⋎, there are  =

{
(£𝜎)𝑗 , (ℏ𝛼)𝑗 , ⋎̃

𝜄𝑗 ∣ 𝑗 ∈ 𝐽
}
∈ (£𝜎, ℏ𝛼) such that

(𝜐
𝑠𝑡)𝑒(ℏ

𝑐
𝛼,£

𝑐
𝜎) ≤ 𝑟 ≤

⋀
(
(£𝜎 )𝑖 ,(ℏ𝛼 )𝑖 ,⋎̃𝜄𝑖

)
∈

𝜐
𝑒 ((£𝜎)𝑖, (ℏ𝛼)𝑖)

(𝜇
𝑠𝑡)𝑒(ℏ

𝑐
𝛼,£

𝑐
𝜎) ≥ 1 − 𝑟 ≥

⋁
(
(£𝜎 )𝑖 ,(ℏ𝛼 )𝑖 ,⋎̃𝜄𝑖

)
∈

𝜇
𝑒 ((£𝜎)𝑖, (ℏ𝛼)𝑖) (8)

(𝜔
𝑠𝑡)𝑒(ℏ

𝑐
𝛼,£

𝑐
𝜎) ≥ 1 − 𝑟 ≥

⋁
(
(£𝜎 )𝑖 ,(ℏ𝛼 )𝑖 ,⋎̃𝜄𝑖

)
∈

𝜔
𝑒 ((£𝜎)𝑖, (ℏ𝛼)𝑖).

On another side, [ ( ) ( )]

11

(𝜐
𝑠𝑡)𝑒 (ℏ

𝑐
𝛼,£

𝑐
𝜎) ≥ (𝜐

𝑠𝑡)𝑒 ⊓𝑗∈𝐽 (ℏ𝑐𝛼)𝑗 ⊔ ⋎̃1−𝜄𝑗 , ⊓𝑗∈𝐽 (£𝑐𝜎)𝑗 ⊔ ⋎̃1−𝜄𝑗



Heliyon 10 (2024) e27926F. Alsharari, Y. Saber, H. Alohali et al.

≥
⋀

(
(£𝜎 )𝑖 ,(ℏ𝛼 )𝑖 ,⋎̃𝜄𝑖

)
∈

(𝜐
𝑠𝑡)𝑒

[
(ℏ𝑐𝛼)𝑖 ⊔ ⋎̃1−𝜄𝑖 , (£𝑐𝜎)𝑖 ⊔ ⋎̃1−𝜄𝑖

]
≥

⋀
(
(£𝜎 )𝑖 ,(ℏ𝛼 )𝑖 ,⋎̃𝜄𝑖

)
∈

(𝜐
𝑠𝑡)𝑒

(
(ℏ𝑐𝛼)𝑖, (£

𝑐
𝜎)𝑖
)
∧ (𝜐

𝑠𝑡)𝑒
(
⋎̃1−𝜄𝑖 , ⋎̃1−𝜄𝑖

)
=

⋀
(
(£𝜎 )𝑖 ,(ℏ𝛼 )𝑖 ,⋎̃𝜄𝑖

)
∈

(𝜐
𝑠𝑡)𝑒

(
(ℏ𝑐𝛼)𝑖, (£

𝑐
𝜎)𝑖
)

≥
⋀

(
(£𝛼 )𝑖 ,(ℏ𝛼 )𝑖 ,⋎̃𝜄𝑖

)
∈

𝜐
𝑒

(
(ℏ𝑐𝛼)𝑖, (£

𝑐
𝜎)𝑖
)

=
⋀

(
(£𝜎 )𝑖 ,(ℏ𝛼 )𝑖 ,⋎̃𝜄𝑖

)
∈

𝜐
𝑒

(
(£𝜎)𝑖, ℏ𝛼)𝑖

)
≥ 𝑟.

Similarly, by using an analogous line of reasoning, we can show that (𝜇
𝑠𝑡)𝑒(ℏ

𝑐
𝛼, £

𝑐
𝜎) ≤ 1 − 𝑟 and (𝜔

𝑠𝑡)𝑒(ℏ
𝑐
𝛼, £

𝑐
𝜎) ≤ 𝑟 −1 are incompatible 

with equations (8). Hence,

(𝜐
𝑠𝑡)𝑒(£𝜎, ℏ𝛼) ≤ (𝜐

𝑠𝑡)𝑒(ℏ
𝑐
𝛼,£

𝑐
𝜎), (𝜇

𝑠𝑡)𝑒(£𝜎 , ℏ𝛼) ≥ (𝜇
𝑠𝑡)𝑒(ℏ

𝑐
𝛼,£

𝑐
𝜎)

(𝜔
𝑠𝑡)𝑒(£𝜎 , ℏ𝐵

) ≥ (𝜔
𝑠𝑡)𝑒(ℏ

𝑐
𝛼,£

𝑐
𝜎). (9)

Similarly, we can establish through a parallel argument that

(𝜐
𝑠𝑡)𝑒(£𝜎, ℏ𝛼) ≥ (𝜐

𝑠𝑡)𝑒(ℏ
𝑐
𝛼,£

𝑐
𝜎), (𝜇

𝑠𝑡)𝑒(£𝜎 , ℏ𝛼) ≤ (𝜇
𝑠𝑡)𝑒(ℏ

𝑐
𝛼,£

𝑐
𝜎),

(𝜔
𝑠𝑡)𝑒(£𝜎 , ℏ𝛼) ≤ (𝜔

𝑠𝑡)𝑒(ℏ
𝑐
𝛼£

𝑐
𝜎). (10)

Based on (9) and (10), we have

(𝜐
𝑠𝑡)𝑒(£𝜎, ℏ𝛼) = (𝜐

𝑠𝑡)𝑒(ℏ
𝑐
𝛼,£

𝑐
𝜎), (𝜇

𝑠𝑡)𝑒(£𝜎 , ℏ𝛼) = (𝜇
𝑠𝑡)𝑒(ℏ

𝑐
𝛼,£

𝑐
𝜎),

(𝜔
𝑠𝑡)𝑒(£𝜎 , ℏ𝛼) = (𝜔

𝑠𝑡)𝑒(ℏ
𝑐
𝛼,£

𝑐
𝜎).

(2) (i) straightforward.
(ii) Since ( 𝜐

𝑠𝑡
)𝑒(⋎̃𝜄) = (𝜐

𝑠𝑡)𝑒(⋎̃
𝜄, ̃⋎𝜄) = 1, ( 𝜇

𝑠𝑡
)𝑒(⋎̃𝜄) = (𝜇

𝑠𝑡)𝑒(⋎̃
𝜄, ̃⋎𝜄) = 0 and ( 𝜔

𝑠𝑡
)𝑒(⋎̃𝜄) = (𝜔

𝑠𝑡)𝑒(⋎̃
𝜄, ̃⋎𝜄) = 0 for each 𝜄 ∈ 𝜍 we have 

( 𝜐𝜇𝜔
𝑠𝑡

)⋎ is stratified which is finer than ( 𝜐𝜇𝜔


)⋎. Thus, ( 𝜐𝜇𝜔
𝑠𝑡

)⋎ ⊒ [( 𝜐𝜇𝜔


)𝑠𝑡]⋎ .

Conversely, suppose that £𝜎 ∈ (̃¥,⋎) such that

( 𝜐
𝑠𝑡

)𝑒(£𝜎) = (𝜐
𝑠𝑡)𝑒(£𝜎 ,£𝜎) ≰ [( 𝜐

 )𝑠𝑡]𝑒 (£𝜎),

( 𝜇
𝑠𝑡

)𝑒(£𝜎) = (𝜇
𝑠𝑡)𝑒(£𝜎 ,£𝜎) ≱ [( 𝜇


)𝑠𝑡]𝑒 (£𝜎), (11)

( 𝜔
𝑠𝑡

)𝑒(£𝜎) = (𝜔
𝑠𝑡)𝑒(£𝜎,£𝜎) ≱ [( 𝜔

 )𝑠𝑡]𝑒 (£𝜎).

From the concept of (𝜐𝜇𝜔
𝑠𝑡 )⋎, there exists a collection

 = {((£𝜎)𝑗 , (£𝜎)𝑗 , ⋎̃𝜄𝑗 )} ∈ (£𝜎,£𝜎), 𝑟 ∈ 𝜍 𝑎𝑛𝑑 𝑗 ∈ 𝐽

such that

[( 𝜐

)𝑠𝑡]𝑒 (£𝜎) ≤ 𝑟 ≤

⋀
(
(£
𝐴
)𝑖 ,(£𝜎 )𝑖 ,⋎̃𝜄𝑖

)
∈

𝜐
𝑒

(
(£𝜎)𝑖, (£𝜎)𝑖

)
=

⋀
(
(£𝜎 )𝑖 ,(£𝜎 )𝑖 ,⋎̃𝜄𝑖

)
∈

( 𝜐

)𝑒
(
(£𝜎)𝑖

)
,

[( 𝜇

)𝑠𝑡]𝑒 (£𝜎) ≥ 1 − 𝑟 ≥

⋁
(
(£𝜎 )𝑖 ,(£𝜎 )𝑖 ,⋎̃𝜄𝑖

)
∈

𝜇
𝑒

(
(£𝜎)𝑖, (£𝜎)𝑖

)
=

⋁
(
(£𝜎 )𝑖 ,(£𝜎 )𝑖 ,⋎̃𝜄𝑖

)
∈

( 𝜇

)𝑒
(
(£𝜎)𝑖

)
,

[( 𝜔

)𝑠𝑡]𝑒 (£𝜎 ) ≥ 1 − 𝑟 ≥

⋁
(
(£𝜎 )𝑖 ,(£𝜎 )𝑖 ,⋎̃𝜄𝑖

)
∈

𝜔
𝑒

(
(£𝜎)𝑖, (£𝜎)𝑖

)
=

⋁
(
(£𝜎 )𝑖 ,(£𝜎 )𝑖 ,⋎̃𝜄𝑖

)
∈

( 𝜔
 )𝑒

(
(£𝜎)𝑖

)
.

12

On another side,
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[( 𝜐

)𝑒]𝑠𝑡 (£𝜎 ) = [( 𝜐

 )𝑠𝑡]𝑒
(
⊔𝑗∈𝐽 ((£𝜎)𝑗 ⊓ ⋎̃𝜄𝑗 )

)
≥
⋀
𝑗∈𝐽

[( 𝜐
 )𝑒]𝑠𝑡

(
(£𝜎)𝑗 ⊓ ⋎̃𝜄𝑗

)
≥
⋀
𝑗∈𝐽

[( 𝜐
 )𝑒]𝑠𝑡

(
(£𝜎)𝑗

)
∧ [( 𝜐

 )𝑠𝑡]𝑒
(
⋎̃𝜄𝑗

)
≥

⋀
(
(£
𝐴
)𝑖 ,(£𝜎 )𝑖 ,⋎̃𝜄𝑖

)
∈

( 𝜐

)𝑒
(
(£𝜎)𝑖

)
≥ 𝑟,

[( 𝜇

)𝑒]𝑠𝑡 (£𝑉 ) = [( 𝜇


)𝑠𝑡]𝑒

(
⊔𝑗∈𝐽 ((£𝜎)𝑗 ⊓ ⋎̃1−𝜄𝑗 )

)
≤
⋁
𝑗∈𝐽

[( 𝜇

)𝑒]𝑠𝑡

(
(£𝜎)𝑗 ⊓ ⋎̃𝜄𝑗

)
≤
⋁
𝑗∈𝐽

[( 𝜇

)𝑠𝑡]𝑒

(
(£𝜎)𝑗

)
∨ [( 𝜇


)𝑠𝑡]𝑒

(
⋎̃𝜄𝑗

)
≤

⋁
(
(£𝜎 )𝑖 ,(£𝜎 )𝑖 ,⋎̃𝜄𝑖

)
∈

( 𝜇

)𝑒
(
(£𝜎)𝑖

)
≤ 1 − 𝑟,

[( 𝜔

)𝑒]𝑠𝑡 (£𝜎) = [( 𝜇


)𝑠𝑡]𝑒

(
⊔𝑗∈𝐽 ((£𝜎)𝑗 ⊓ ⋎̃1−𝜄𝑗 )

)
≤
⋁
𝑗∈𝐽

[( 𝜔
 )𝑒]𝑠𝑡

(
(£𝜎)𝑗 ⊓ ⋎̃𝜄𝑗

)
≤
⋁
𝑗∈𝐽

[( 𝜔
 )𝑠𝑡]𝑒

(
(£𝜎)𝑗

)
∨ [( 𝜔

 )𝑠𝑡]𝑒
(
⋎̃𝜄𝑗

)
≤

⋁
(
(£𝜎 )𝑖 ,(£𝜎 )𝑖 ,Ẽ

𝜄𝑖
)
∈

( 𝜔
 )𝑒

(
(£𝜎)𝑖

)
≤ 1 − 𝑟.

This contradicts the hypothesis in equation (11). Thus, ( 𝜐𝜇𝜔
𝑠𝑡

)⋎ = [( 𝜐𝜇𝜔


)𝑠𝑡]⋎ .

(3) (i) Straightforward.
(ii) Obvious. □

Definition 7. A mapping 𝜐, 𝜇, 𝜔 ∶ ⋎ → 𝜍 (̃¥,⋎) is called single-valued neutrosophic soft filter (svns-filter) on ¥. If the following 
criteria are met, ∀ 𝑒 ∈ ⋎ and £𝜎, ℏ𝛼 ∈ (̃¥,⋎):

(1) 𝜐
𝑒(Φ) = 0, 𝜇

𝑒 (Φ) = 1, 𝜔
𝑒 (Φ) = 1 and 𝜐

𝑒(⋎̃) = 1, 𝜇
𝑒 (⋎̃) = 0, 𝜔

𝑒 (⋎̃) = 0,
(2) 𝜐

𝑒(£𝜎 ⊓ ℏ𝛼) ≥𝜐
𝑒(£𝜎) ∧𝜐

𝑒(ℏ𝛼), 𝜇
𝑒 (£𝜎 ⊓ ℏ𝛼) ≤𝜇

𝑒 (£𝜎) ∨𝜇
𝑒 (ℏ𝛼),

𝜔
𝑒 (£𝜎 ⊓ ℏ𝛼) ≤𝜔

𝑒 (£𝜎) ∨𝜔
𝑒 (ℏ𝛼),

(3) If £𝜎 ⊑ ℏ
𝐵

, then 𝜐
𝑒(£𝜎) ≤𝜐

𝑒(ℏ𝛼), 
𝜇
𝑒 (£𝜎) ≥𝜇

𝑒 (ℏ𝛼)
and 𝜔

𝑒 (£𝜎) ≥𝜔
𝑒 (ℏ𝛼).

The svns- filter 𝜐𝜇𝜔 is called stratified iff the following condition is met.

(𝑆 ) For every 𝑒 ∈ ⋎, 𝜄 ∈ 𝜍 and £𝜎 ∈ (̃¥,⋎), 𝜐
𝑒(£𝜎 ⊓ ⋎̃𝜄) ≥𝜐

𝑒(£𝜎) ∧ (𝜄), 𝜇
𝑒 (£𝜎 ⊓ ⋎̃𝜄) ≤𝜇

𝑒 (£𝜎) ∨ (𝜄), and 𝜔
𝑒 (£𝜎 ⊓ ⋎̃𝜄) ≤𝜔

𝑒 (£𝜎) ∨ (𝜄).

The pair (¥, 𝜐𝜇𝜔
⋎ ) is said to be stratified svns-filters space.

If 𝜐𝜇𝜔
⋎ and ⋆𝜐𝜇𝜔

⋎ are svns-filters on ¥, then 𝜋𝛼𝜎
⋎ is finer than ⋆𝜐𝜇𝜔

⋎ or (⋆𝜐𝜇𝜔
⋎ is coarser than 𝜐𝜇𝜔

⋎ ) indicated by 𝜐𝜇𝜔
⋎ ⊒⋆𝜐𝜇𝜔

⋎

if 𝜐
𝑒(£𝜎) ≥⋆𝜐

𝑒 (£𝜎), 
𝜇
𝑒 (£𝜎) ≤⋆𝜇

𝑒 (£𝜎)) and 𝜔
𝑒 (£𝜎) ≤⋆𝜔

𝑒 (£𝜎).

Theorem 8. A consider that (¥, 𝜐𝜇𝜔
⋎ ) is svns-filters space. Define the mapping 𝜐

𝑠𝑡 ∶ ⋎ → 𝜍 (̃¥,⋎), 𝜇
𝑠𝑡 ∶ ⋎ → 𝜍 (̃¥,⋎), 𝜔

𝑠𝑡 ∶ ⋎ → 𝜍 (̃¥,⋎) as next: 
∀ £𝜎 ∈ (̃¥,⋎), 𝑒 ∈ ⋎

⋁[⋀
𝑗∈𝐽

𝜐
𝑒((£𝜎)𝑗 ) ∧ 𝜄𝑗 ∣ ⊔𝑖∈𝐽 ((£𝜎)𝑗 ⊓ ⋎̃𝜄𝑗 ) ⊑ £𝜎

]
= (𝜐

𝑠𝑡)𝑒(£𝜎),

⋀[⋁
𝑗∈𝐽

𝜐
𝑒((£𝜎)𝑗 ) ∨ 𝜄𝑗 ∣ ⊔𝑖∈𝐽 ((£𝜎)𝑗 ⊓ ⋎̃𝜄𝑗 ) ⊑ £𝜎

]
= (𝜇

𝑠𝑡)𝑒(£𝜎),

⋀[⋁
𝑗∈𝐽

𝜔
𝑒 ((£𝜎)𝑗 ) ∨ 𝜄𝑗 ∣ ⊔𝑖∈𝐽 ((£𝜎)𝑗 ⊓ ⋎̃𝜄𝑗 ) ⊑ £𝜎

]
= (𝜔

𝑠𝑡)𝑒(£𝜎),

where 
⋁

and 
⋀

are taken over all collections {((£𝜎)𝑗 , ̃⋎𝜄𝑗 )} for each 𝑗 ∈ 𝐽 and 𝐽 𝑖𝑠 𝑓𝑖𝑛𝑖𝑡𝑒) with £𝜎 ⊒ ⊔𝑗∈𝐽 ((£𝜎)𝑗 ⊓ ⋎̃𝜄𝑗 ). Then (𝜐𝜇𝜔
𝑠𝑡 )⋎ is 

the coarsest stratified svns-filter on ¥ which is finer than 𝜐𝜇𝜔
⋎ . Also, (𝜐𝜇𝜔

𝑠𝑡 )⋎ is the stratification of a snvs-filter 𝜐𝜇𝜔
⋎ on ¥.
13

Proof. At initial, we will prove that (𝜐𝜇𝜔
𝑠𝑡 )⋎ is stratified snvs-filter:
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(1) For any 𝜄 ∈ 𝜍, there are collections {⋎̃} and {Φ} with ⋎̃𝜄 = ⋎̃𝜄 ⊓ ⋎̃. We have

(𝜐
𝑠𝑡)𝑒(⋎̃) ≥𝜐

𝑒(⋎̃) ∧ 1 = 1, (𝜇
𝑠𝑡)𝑒(⋎̃) ≤𝜇

𝑒 (⋎̃) ∨ 0 = 0,

(𝜔
⋎ )𝑠𝑡(⋎̃) ≤𝜔

⋎ (⋎̃) ∨ 0 = 0,

(𝜐
𝑠𝑡)𝑒(Φ̃) ≥𝜐

𝑒(Φ̃) ∧ 0 = 0, (𝜇
𝑠𝑡)𝑒(Φ̃) ≤𝜇

𝑒 (Φ̃) ∨ 1 = 1,

(𝜔
Φ)𝑠𝑡(Φ̃) ≤𝜔

⋎ (Φ) ∨ 1 = 1.

Hence, (𝜐
𝑠𝑡)𝑒(⋎̃) = 1, (𝜇

𝑠𝑡)𝑒(⋎̃) = 0, (𝜔
𝑠𝑡)𝑒(⋎̃) = 0 and (𝜐

𝑠𝑡)𝑒(Φ) = 0, (𝜇
𝑠𝑡)𝑒(Φ) = 1, (𝜔

𝑠𝑡)𝑒(Φ) = 1.

(2) Let (£𝜎) = {{((£𝜎)𝑗 , ̃⋎𝜄𝑗 )} ∣ ⊔𝑗∈𝐽 ((£𝜎)𝑗 ⊓ ⋎̃𝜄𝑗 ) ⊑ £𝜎} and (ℏ𝛼) = {{((ℏ𝛼)𝑖, ̃⋎𝜄𝑖 )} ∣ ⊔𝑖∈Γ((ℏ𝛼)𝑖 ⊓ ⋎̃𝜄𝑖 ) ⊑ ℏ𝛼} for all 𝑗 ∈ 𝐽 and 𝑖 ∈ Γ. 
Then,

£𝜎 ⊓ ℏ
𝐵
⊒ (⊔𝑗∈𝐽 ((£𝜎)𝑗 ⊓ ⋎̃𝜄𝑗 )) ⊓ (⊔𝑖∈Γ((ℏ𝛼)𝑖 ⊓ ⋎̃𝜄𝑖 ))

= ⊔𝑗∈𝐽 ⊔𝑖∈Γ (((£𝜎)𝑗 ⊓ ⋎̃𝜄𝑗 ) ⊓ ((ℏ𝛼)𝑖 ⊓ ⋎̃𝜄𝑖 ))

= ⊔𝑗∈𝐽 ⊔𝑖∈Γ (((£𝜎)𝑗 ⊓ (ℏ𝛼)𝑖) ⊓ (⋎̃𝜄𝑗 ⊓ ⋎̃𝜄𝑖 ))

= ⊔𝑙∈𝑗∪Γ((𝐠𝐶 )𝑙 ⊓ ⋎̃𝑤𝑙 ),

where ⋎̃𝑤𝑙 = ⋎̃𝜄𝑗 ⊓ ⋎̃𝜄𝑖 , 𝑤
𝑙
= 𝜄𝑗 ⊓ 𝜄

𝑖
and (𝐠

𝐶
)𝑙 = (£𝜎)𝑗 ⊓ (ℏ𝛼)𝑖, which implies

(𝜐
𝑠𝑡)𝑒(£𝜎 ⊓ ℏ𝛼) ≥

⋀
𝑗∈𝐽

(
𝜐
𝑒((£𝜎)𝑗 ⊓ (ℏ𝛼)𝑖)

)
∧𝑤

𝑙

≥
⋀
𝑗

(𝜐
𝑒((£𝜎)𝑗 )) ∧

⋀
𝑖

(𝜐
𝑒((ℏ𝛼)𝑖)) ∧ (𝜄𝑗 ∧ 𝜄𝑖)

≥

[⋀
𝑗

(𝜐
𝑒((£𝜎)𝑗 ) ∧ 𝜄𝑗 )

]
∧

[⋀
𝑖

(𝜐
𝑒((ℏ𝛼)𝑖) ∧ 𝜄𝑖)

]
≥ (𝜐

𝑠𝑡)𝑒(£𝜎) ∧ (𝜐
𝑠𝑡)𝑒(ℏ𝛼),

(𝜇
𝑠𝑡)𝑒(£𝜎 ⊓ ℏ𝛼) ≤

⋁
𝑗∈𝐽

(
𝜇
𝑒 ((£𝜎)𝑗 ⊓ (ℏ𝛼)𝑖)

)
∨𝑤𝑙

≤
⋁
𝑗

(𝜇
𝑒 ((£𝐴 )𝑗 )) ∨

⋁
𝑖

(𝜇
𝑒 ((ℏ𝛼)𝑖)) ∨ (𝜄𝑗 ∧ 𝜄𝑖)

≤

[⋁
𝑗

(𝜇
𝑒 ((£𝜎)𝑗 ) ∨ 𝜄𝑗 )

]
∨

[⋁
𝑖

(𝜇
𝑒 ((ℏ𝛼)𝑖) ∨ 𝜄𝑖)

]
≥ (𝜇

𝑠𝑡)𝑒(£𝜎) ∨ (𝜇
𝑠𝑡)𝑒(ℏ𝛼),

(𝜔
𝑠𝑡)𝑒(£𝜎 ⊓ ℏ𝛼) ≤

⋁
𝑗∈𝐽

(
𝑜𝑚
𝑒 ((£𝜎)𝑗 ⊓ (ℏ𝛼)𝑖)

)
∨𝑤𝑙

≤

[⋁
𝑗

(𝜔
𝑒 ((£𝜎)𝑗 ))

]
∨

[⋁
𝑖

(𝜔
𝑒 ((ℏ𝛼)𝑖)) ∨ (𝜄𝑗 ∧ 𝜄𝑖)

]

≤

[⋁
𝑗

(𝜔
𝑒 ((£𝜎)𝑗 ) ∨ 𝜄𝑗 )

]
∨

[⋁
𝑖

(𝜔
𝑒 ((ℏ𝛼)𝑖) ∨ 𝜄𝑖)

]
≥ (𝜔

𝑠𝑡)𝑒(£𝜎) ∨ (𝜔
𝑠𝑡)𝑒(ℏ𝛼).

Thus, the proof of (2) is complete.

(3) Straightforward.
(𝑆 ) Suppose

(£𝜎) = {{((£𝜎)𝑗 , ⋎̃𝜄𝑗 ) ∣ £𝜎 ⊒ ⊔𝑗∈𝐽 ((£𝜎)𝑗 ⊓ ⋎̃𝜄𝑗 )}, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑗 ∈ 𝐽,

(𝜐
𝑠𝑡)𝑒(£𝜎 ⊓ ⋎̃𝜄) ≥

[⋀
𝑗∈𝐽

(𝜐
𝑒((£𝜎 )𝑗 ) ∧ ⋎̃𝜄) ∧ 𝜄𝑗

]
≥

[⋀
𝑗∈𝐽

(𝜐
𝑒((£𝜎)𝑗 ) ∧ 𝜄) ∧ 𝜄𝑗

]

≥

[⋀
𝜐((£ ) ) ∧ 𝜄

]
∧ (𝜄) ≥ (𝜐 ) (£ ) ∧ (𝜄),
14

𝑗∈𝐽
𝑒 𝜎 𝑗 𝑗 𝑠𝑡 𝑒 𝜎
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(𝜇
𝑠𝑡)𝑒(£𝜎 ⊓ ⋎̃𝜄) ≤

[⋁
𝑗

(𝜇
𝑒 ((£𝜎)𝑗 ) ∨ ⋎̃𝜄) ∨ 𝜄𝑗

]
≤

[⋁
𝑗

(𝜇
𝑒 ((£𝜎)𝑗 ) ∨ 𝜄) ∨ 𝜄𝑗

]

≤

[⋁
𝑗

𝜇
𝑒 ((£𝜎)𝑗 ) ∨ 𝜄𝑗

]
∨ (𝜄) ≤ (𝜇

𝑠𝑡)𝑒(£𝜎) ∨ (𝜄).

Similarly, by using an analogous line of reasoning, we can show that (𝜔
𝑠𝑡)𝑒(£𝜎 ⊓ ⋎̃𝜄) ≤ (𝜔

𝑠𝑡)𝑒(£𝜎) ∨ (𝜄). Thus, the proof of (𝑆 ) is 
complete.

Secondly, for every £𝜎 ∈ (̃¥,⋎), 𝑒 ∈ ⋎, there exist collections {⋎̃} with £𝜎 = £
𝐴
⊓ ⋎̃. Then, (𝜐

𝑠𝑡)𝑒(£𝜎) ≥𝜐
𝑒(£𝜎), (

𝜇
𝑠𝑡)𝑒(£𝜎) ≤𝜇

𝑒 (£𝜎))
and (𝜔

𝑠𝑡)𝑒(£𝜎) ≤𝜔
𝑒 (£𝜎). Thus, (𝜐𝜇𝜔

𝑠𝑡 )⋎ is finer than 𝜐𝜇𝜔
⋎ .

Finally, let (𝜐
⋆𝑠𝑡, 

𝜇
⋆𝑠𝑡, 

𝜔
⋆𝑠𝑡)⋎ be stratified snvs-filter which is finer than (𝜐, 𝜇, 𝜔)⋎ on ¥ and

(£𝜎) = {{((£𝜎)𝑗 , ⋎̃𝜄𝑗 ) ∣ £𝜎 ⊒ ⊔𝑗∈𝐽 ((£𝜎)𝑗 ⊓ ⋎̃𝜄𝑗 )},∀𝑗 ∈ 𝐽,

then we have,

(𝜐
⋆𝑠𝑡)𝑒(£𝜎) ≥ (𝜐

⋆𝑠𝑡)𝑒(⊔𝑗∈𝐽 ((£𝜎)𝑗 ⊓ ⋎̃𝜄𝑗 )) ≥
⋀
𝑗∈𝐽

(𝜐
⋆𝑠𝑡)𝑒

(
(£𝜎)𝑗 ⊓ ⋎̃𝜄𝑗

)
≥
⋀
𝑗∈𝐽

(
(𝜐

⋆𝑠𝑡)𝑒((£𝜎)𝑗 ) ∧ 𝜄𝑗
)

≥
⋀

(
(£𝜎 )𝑘,⋎̃𝜄𝑘

)
∈
{
(£𝜎 )𝑗 ,⋎̃

𝜄𝑗 ∣𝑗∈𝐽
}𝜐

𝑒((£𝜎)𝑝 ∧ 𝜄𝑘) ≥ (𝜐
𝑠𝑡)𝑒(£𝜎).

Likewise, using related reasoning, we can determine that (𝜇
⋆𝑠𝑡)𝑒(£𝜎) ≤ (𝜇

𝑠𝑡)𝑒(£𝜎) and (𝜔
⋆𝑠𝑡)𝑒(£𝜎) ≤ (𝜔

𝑠𝑡)𝑒(£𝜎). Hence (𝜐𝜇𝜔
𝑠𝑡 )⋎ is the 

coarsest stratified snvs-filter finer than 𝜐𝜇𝜔
⋎ . □

Theorem 9. Let Θ((̃¥,⋎)) and Ω((̃¥,⋎)) be collections of all svns-filters and, svns-topogenous correspondingly. Define, ∀, £𝜎, ℏ𝛼 ∈ (̃¥,⋎), 
𝑒 ∈ ⋎,

𝜐
𝑒(,)(£𝜎) =

⋁
ℏ𝛼∈(̃¥,⋎)

{𝜐
𝑒 (ℏ𝛼,£𝜎) ∧𝜐

𝑒(£𝜎)}

𝜇
𝑒 (,)(£𝜎) =

⋀
ℏ𝛼∈(̃¥,⋎)

{𝜇
𝑒 (ℏ𝛼,£𝜎) ∨𝜇

𝑒 (£𝜎)}

𝜔
𝑒 (,)(£𝜎) =

⋀
ℏ𝛼∈(̃¥,⋎)

{𝜔
𝑒 (ℏ𝛼,£𝜎) ∨𝜔

𝑒 (£𝜎)}

where 𝜐𝜇𝜔
⋎ ∈Ω((̃¥,⋎)) and 𝜐𝜇𝜔

⋎ ∈Θ((̃¥,⋎)). Then:

(1) 𝜐𝜇𝜔
⋎ (, ) ∈Θ((̃¥,⋎)).

(2) 𝜐𝜇𝜔
⋎ (, ) ⊑𝜐𝜇𝜔

⋎ for all 𝜐𝜇𝜔
E

∈Θ((̃¥,⋎)).
(3) 𝜐𝜇𝜔

⋎ (, £𝜎 ) = (𝜐𝜇𝜔
£𝜎

)⋎.

(4) 𝜐𝜇𝜔
⋎ (𝑠𝑡, 𝑠𝑡) = [(𝜐𝜇𝜔

𝑠𝑡 ]
⋎
(, ).

Proof. (1) Since 𝜐
𝑒(Φ) = 0, 𝜇

𝑒 (Φ) = 1, 𝜔
𝑒 (Φ) = 1 and 𝜐

𝑒(⋎̃) = 1, 𝜇
𝑒 (⋎̃) = 0, 𝜔

𝑒 (⋎̃) = 0, we obtain; ∀ 𝑒 ∈ ⋎,

𝜐
𝑒(,)(Φ) =

⋁
𝐠
𝐶
∈(̃¥,⋎)

{𝜐
𝑒 (𝐠𝐶 ,Φ) ∧𝜐

𝑒(Φ)},

𝜇
𝑒 (,)(Φ) =

⋀
𝐠
𝐶
∈(̃¥,⋎)

{𝜇
𝑒 (𝐠𝐶 ,Φ) ∨𝜇

𝑒 (Φ)},

𝜔
𝑒 (,)(Φ) =

⋀
𝐠
𝐶
∈(̃¥,⋎)

{𝜔
𝑒 (𝐠𝐶 ,Φ) ∨𝜔

𝑒 (Φ)},

thus, 𝜐
𝑒(, )(Φ) = 0, 𝜇

𝑒 (, )(Φ) = 1, 𝜔
𝑒 (, )(Φ) = 1 and 𝜐

𝑒(, )(⋎̃) = 1, 𝜇
𝑒 (, )(⋎̃) = 0, 𝜔

𝑒 (, )(⋎̃) = 0.

(2) Let £𝜎, ℏ𝛼 ∈ (̃¥,⋎). Then we obtain

𝜐
𝑒 (,)(£𝜎 ⊓ ℏ𝛼) =

⋁
{𝜐

𝑒 (𝐠𝐶 ,£𝜎 ⊓ ℏ𝛼) ∧𝜐
𝑒(£𝜎 ⊓ ℏ𝛼)}
15

𝐠
𝐶
∈(̃¥,⋎)
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≥
⋁

𝐠
𝐶
∈(̃¥,⋎)

{(𝜐
𝑒 (𝐠𝐶 ,£𝜎) ∧𝜐

𝑒 (𝐠𝐶 , ℏ𝛼)) ∧ (𝜐
𝑒(£𝜎) ∧𝜐

𝑒(ℏ𝛼))}

≥
⋁

𝐠
𝐶
∈(̃¥,⋎)

{(𝜐
𝑒 (𝐠𝐶 ,£𝜎) ∧𝜐

𝑒(£𝜎))} ∧
⋁

𝐠
𝐶
∈(̃¥,⋎)

{(𝜐
𝑒 (𝐠𝐶 , ℏ𝛼) ∧𝜐

𝑒(ℏ𝛼))}

≥𝜐
𝑒(,)(£𝜎) ∧𝜐

𝑒(,)(ℏ𝛼),

𝜇
𝑒 (,)(£𝜎 ⊓ ℏ𝛼) =

⋀
𝐠
𝐶
∈(̃¥,⋎)

{𝜇
𝑒 (𝐠𝐶 ,£𝜎 ⊓ ℏ𝛼) ∨𝜇

𝑒 (£𝜎 ⊓ ℏ𝛼)}

≤
⋀

𝐠
𝐶
∈(̃¥,⋎)

{(𝜇
𝑒 (𝐠𝐶 ,£𝜎) ∨𝜇

𝑒 (𝐠𝐶 , ℏ𝛼)) ∨ (𝜇
𝑒 (£𝜎) ∨𝜇

𝑒 (ℏ𝛼))}

≤
⋀

𝐠
𝐶
∈(̃¥,⋎)

{(𝜇
𝑒 (𝐠𝐶 ,£𝜎) ∨𝜇

𝑒 (£𝜎))} ∨
⋀

𝐠
𝐶
∈(̃¥,⋎)

{(𝜇
𝑒 (𝐠𝐶 , ℏ𝛼

) ∨𝜇
𝑒 (ℏ𝛼))}

≤𝜇
𝑒 (,)(£𝜎) ∨𝜇

𝑒 (,)(ℏ𝛼).

Likewise, using related reasoning, we can determine that

𝜔
𝑒 (,)(£𝜎 ⊓ ℏ𝛼) ≤𝜔

𝑒 (,)(£𝜎) ∨𝜔
𝑒 (,)(ℏ𝛼).

(3) If £𝜎 ⊑ ℏ𝛼 , then;

𝜐
𝑒(,)(£𝜎) =

⋁
𝐠
𝐶
∈(̃¥,⋎)

{𝜐
𝑒 (𝐠𝐶 ,£𝜎) ∧𝜐

𝑒(£𝜎 )}

≤
⋁

𝐠
𝐶
∈(̃¥,⋎)

{𝜐
𝑒 (𝐠𝐶 , ℏ𝛼) ∧𝜐

𝑒(ℏ𝛼)} =𝜐
𝑒(,)(ℏ𝛼),

𝜇
𝑒 (,)(£𝜎) =

⋀
𝐠
𝐶
∈(̃¥,⋎)

{𝜇
𝑒 (𝐠𝐶 ,£𝜎) ∨𝜇

𝑒 (£𝜎)}

≥
⋀

𝐠
𝐶
∈(̃¥,⋎)

{𝜇
𝑒 (𝐠𝐶 , ℏ𝛼) ∨𝜇

𝑒 (ℏ𝛼)} =𝜇
𝑒 (,)(ℏ𝛼),

𝜔
𝑒 (,)(£𝜎) =

⋀
𝐠
𝐶
∈(̃¥,⋎)

{𝜔
𝑒 (𝐠𝐶 ,£𝜎) ∨𝜔

𝑒 (£𝜎)}

≥
⋀

𝐠
𝐶
∈(̃¥,⋎)

{𝜔
𝑒 (𝐠𝐶 , ℏ𝛼) ∨𝜇

𝑒 (ℏ𝛼)} =𝜇
𝑒 (,)(ℏ𝛼).

(2) It is obvious from the definition.
(3) From (2), we obtain 𝜐𝜇𝜔

⋎ (, £𝜎 ) ⊑ (𝜐𝜇𝜔
£𝜎

)E. Now we just need to prove that 𝜐𝜇𝜔
⋎ (, £𝜎 ) ⊒ (𝜐𝜇𝜔

£𝜎
)⋎. Let Φ ≠ ℏ𝛼 ∈ (̃¥,¥). 

Then we obtain

𝜐
⋎(,£𝜎 )(ℏ𝛼) =

⋁
𝐠
𝐶
∈(̃¥,⋎)

{𝜐
𝑒 (𝐠𝐶 , ℏ𝛼) ∧ (𝜐

£𝜎
)𝑒(ℏ𝛼)}

=
⋁

𝐠
𝐶
∈(̃¥,⋎)

{𝜐
𝑒 (𝐠𝐶 , ℏ𝛼) ∧𝜐

𝑒 (£𝜎 , ℏ𝛼)}

≥𝜐
𝑒 (£𝜎 , ℏ𝛼) ∧𝜐

𝑒 (£𝜎, ℏ𝛼) =𝜐
𝑒 (£𝜎, ℏ𝛼) = (𝜐

£𝜎
)𝑒(ℏ𝛼).

Similarly, we can establish through a parallel argument that

𝜇
⋎(,£𝜎 )(ℏ𝛼) ≥ (𝜇

£𝜎
)𝑒(ℏ𝛼), 𝜔

⋎ (,£𝜎 )(ℏ𝛼) ≥ (𝜔
£𝜎
)𝑒(ℏ𝛼)

(4) Theorems 5 and 8 provide a clear and simple explanation. □

4. Stratified single-valued neutrosophic soft quasi-proximity

Definition 8. A mapping 𝜐, 𝜇, 𝜔 ∶ ⋎ → 𝜍 (̃¥,⋎)×(̃¥,⋎) is said to be svnsq-proximity on ¥ if the following criteria are met, ∀ 𝑒 ∈ ⋎, 
£𝐴, ℏ𝐵 ∈ (̃¥,⋎):

(1) 𝜐
𝑒(⋎̃, Φ) =𝜐

𝑒(Φ, ̃⋎) = 0, 𝜇
𝑒 (⋎̃, Φ) =𝜇

𝑒 (Φ, ̃⋎) = 1, 𝜔
𝑒 (⋎̃, Φ) =𝜔

𝑒 (Φ, ̃⋎) =
16
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(2) If 𝜐
𝑒(£𝜎, ℏ𝛼) ≠ 1, 𝜇

𝑒 (£𝜎 , ℏ𝛼) ≠ 0 and 𝜔
𝑒 (£𝜎 , ℏ𝛼) ≠ 0, then £𝜎 ⊑ ℏ𝑐𝛼 .

(3) If £𝜎 ⊑ ℏ𝛼 , then 𝜐
𝑒(£𝜎, 𝐠𝐶 ) ≤𝜐

𝑒(ℏ𝛼, 𝐠𝐶 ), 
𝜇
𝑒 (£𝜎 , 𝐠𝐶 ) ≥𝜇

𝑒 (ℏ𝛼, 𝐠𝐶 ),
𝜔
𝑒 (£𝜎 , 𝐠𝐶 ) ≥𝜔

𝑒 (ℏ𝛼, 𝐠𝐶 ) for any £𝐴, ℏ𝛼, 𝐠𝐶 ∈ (̃¥,⋎).
(4) 𝜐

𝑒((£𝜎)1 ⊓ (£𝜎)2, (ℏ𝛼)1 ⊔ (ℏ𝛼)2) ≤𝜐
𝑒((£𝜎)1 ⊓ (ℏ𝛼)1) ∧𝜐

𝑒((£𝜎)2 ⊔ (ℏ𝛼)2),
𝜇
𝑒 ((£𝜎)1 ⊓ (£𝜎)2, (ℏ𝛼)1 ⊔ (ℏ𝛼)2) ≥𝜇

𝑒 ((£𝜎)1 ⊓ (ℏ𝛼)1) ∨𝜇
𝑒 ((£𝜎)2 ⊔ (ℏ𝛼)2),

𝜔
𝑒 ((£𝜎)1 ⊓ (£𝜎)2, (ℏ𝛼)1 ⊔ (ℏ𝛼)2) ≥𝜔

𝑒 ((£𝜎)1 ⊓ (ℏ𝛼)1) ∨𝜔
𝑒 ((£𝜎)2 ⊔ (ℏ𝛼)2).

(5) 𝜐
𝑒(£𝜎, ℏ𝛼) ≥

⋀
𝐠
𝐶
∈(̃¥,⋎)

[
𝜐
𝑒(£𝜎,𝐠𝐶 ) ∨𝜐

𝑒(𝐠
𝑐
𝐶
, ℏ𝛼)

]
,

𝜇
𝑒 (£𝜎 , ℏ𝛼) ≤

⋁
𝐠
𝐶
∈(̃¥,⋎)

[
𝜇
𝑒 (£𝜎,𝐠𝐶 ) ∧𝜇

𝑒 (𝐠𝑐𝐶 , ℏ𝛼)
]
,

𝜔
𝑒 (£𝐴, ℏ𝛼) ≤

⋁
𝐠
𝐶
∈(̃¥,⋎)

[
𝜔
𝑒 (£𝜎,𝐠𝐶 ) ∧𝜔

𝑒 (𝐠
𝑐
𝐶
, ℏ𝛼)

]
.

The svnsq-proximity 𝜐𝜇𝜔
⋎ is called stratified iff the following condition is met.

(𝑆 ) 𝜐
𝑒(⋎̃

𝜄, ̃⋎1−𝜄) = 0, 𝜇
𝑒 (⋎̃𝜄, ̃⋎1−𝜄) =𝜔

𝑒 (⋎̃
𝜄, ̃⋎1−𝜄) = 1, ∀ 𝜄 ∈ 𝜍.

In this case, a pair (¥, 𝜐𝜇𝜔
⋎ ) is said to be stratified svnsq-proximity space.

Let (𝜐𝜇𝜔
⋎ )1 and (𝜐𝜇𝜔

⋎ )2 be svnsq-proximity on ⋎. We say (𝜐𝜇𝜔
⋎ )1 is finer than (𝜐𝜇𝜔

⋎ )2[(𝜐𝜇𝜔
⋎ )2 is coarser than (𝜐𝜇𝜔

⋎ )1] if 
(𝜐

𝑒)2(£𝜎, ℏ𝛼) ≥ (𝜐
𝑒)1(£𝜎 , ℏ𝛼), (

𝜇
𝑒 )2(£𝜎, ℏ𝛼) ≤ (𝜇

𝑒 )1(£𝜎 , ℏ𝛼), (𝜔
𝑒 )2(£𝜎 , ℏ𝛼) ≤ (𝜔

𝑒 )1(£𝜎, ℏ𝛼).

Definition 9. Let (¥, (𝜐𝜇𝜔
⋎ )1) and ( , (𝜐𝜇𝜔


)2) be svnsq-proximity spaces. A mapping 𝜓

𝜑
∶ (¥, (𝜐𝜇𝜔

⋎ )1) → ( , (𝜐𝜇𝜔


)2) is called svnsq-

proximity continuous iff

(𝜐
𝑒)1(𝜓

−1
𝜑

(ℏ𝛼), 𝜓−1
𝜑

(g
𝐶
)) ≥ (𝜐

𝜑(𝑒))2(ℏ𝛼,g𝑐 ),

(𝜇
𝑒 )1(𝜓

−1
𝜑

(ℏ𝛼), 𝜓−1
𝜑

(g
𝐶
)) ≤ (𝜇

𝜑(𝑒))2(ℏ𝛼,g𝑐 )

(𝜔
𝑒 )1(𝜓

−1
𝜑

(ℏ𝛼), 𝜓−1
𝜑

(g
𝐶
)) ≤ (𝜔

𝜑(𝑒))2(ℏ𝛼,g𝑐 ),

for any 𝐠
𝐜
, ℏ𝛼 ∈ ̃( ,), 𝑒 ∈ ⋎.

Theorem 10. Let (¥, 𝜐𝜇𝜔
⋎ ) be svnsq-proximity space. For each 𝑒 ∈ ⋎, define

(𝜐
𝑠𝑡)𝑒(£𝜎, ℏ𝛼) =

⋀
{
(£𝜎 )𝑗 ,(ℏ𝛼 )𝑗 ,⋎̃

𝜄𝑗 ∣𝑗∈𝐽}∈(£𝜎 ,ℏ𝛼 )
}

⎧⎪⎨⎪⎩
⋁

(
(£𝜎 )𝑖 ,(ℏ𝛼 )𝑖 ,⋎̃𝜄𝑖

)
∈
{
(£𝜎 )𝑗 ,(ℏ𝛼 )𝑗 ,⋎̃

𝜄𝑗 ∣𝑗∈𝐽
}𝜐

𝑒((£𝜎)𝑖, (ℏ𝛼)𝑖)
⎫⎪⎬⎪⎭ ,

(𝜇
𝑠𝑡)𝑒(£𝜎, ℏ𝛼) =

⋁
{
(£𝜎 )𝑗 ,(ℏ𝛼 )𝑗 ,⋎̃

𝜄𝑗 ∣𝑗∈𝐽}∈(£𝜎 ,ℏ𝛼 )
}

⎧⎪⎨⎪⎩
⋀

(
(£𝜎 )𝑖 ,(ℏ𝛼 )𝑖 ,⋎̃𝜄𝑖

)
∈
{
(£𝜎 )𝑗 ,(ℏ𝛼 )𝑗 ,⋎̃

𝜄𝑗 ∣𝑗∈𝐽
}𝜇

𝑒 ((£𝜎)𝑖, (ℏ𝛼)𝑖)
⎫⎪⎬⎪⎭ ,

(𝜔
𝑠𝑡)𝑒(£𝜎, ℏ𝛼) =

⋁
{
(£𝜎 )𝑗 ,(ℏ𝛼 )𝑗 ,⋎̃

𝜄𝑗 ∣𝑗∈𝐽}∈(£𝜎 ,ℏ𝛼 )
}

⎧⎪⎨⎪⎩
⋀

(
(£𝜎 )𝑖 ,(ℏ𝛼 )𝑖 ,⋎̃𝜄𝑖

)
∈
{
(£𝜎 )𝑗 ,(ℏ𝛼 )𝑗 ,⋎̃

𝜄𝑗 ∣𝑗∈𝐽
}𝜔

𝑒 ((£𝜎)𝑖, (ℏ𝛼)𝑖)
⎫⎪⎬⎪⎭ ,

where (£𝜎, ℏ𝛼) = {{((£𝜎)𝑗 , (ℏ𝛼)𝑗 , Ẽ
𝜄𝑗 ) ∣ 𝑗 ∈ 𝐽, 𝐽 𝑖𝑠 𝑓𝑖𝑛𝑖𝑡𝑒)} ∣ £𝜎 ⊑ ⊔𝑗∈𝐽 ((£𝜎)𝑗 ⊓ Ẽ

𝜄𝑗 ) 𝑎𝑛𝑑 ℏ𝛼 ⊑ ⊓𝑗∈𝐽 ((ℏ𝛼)𝑗 ⊔ Ẽ
1−𝜄𝑗 ), 𝜄 ∈ 𝜍}. Then (𝜐𝜇𝜔

𝑠𝑡 )⋎
is the coarsest stratified svnsq-proximity on ¥ which is finer than 𝜐𝜇𝜔

⋎ .
17
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(5) Presume there exists £𝜎 , ℏ𝛼 ∈ (̃¥,⋎), 𝑒 ∈ ⋎ such that

(𝜐
𝑠𝑡)𝑒(£𝜎 , ℏ𝛼) ≱

⋀
𝐠
𝐶
∈(̃¥,⋎)

[
(𝜐

𝑠𝑡)𝑒(£𝜎 ,𝐠𝐶 ) ∨ (𝜐
𝑠𝑡)𝑒(𝐠

𝑐
𝐶
, ℏ𝛼)

]
,

(𝜇
𝑠𝑡)𝑒(£𝜎 , ℏ𝛼) ≰

⋁
𝐠
𝐶
∈(̃¥,⋎)

[
(𝜇

𝑠𝑡)𝑒(£𝜎 ,𝐠𝐶 ) ∧ (𝜇
𝑠𝑡)𝑒(𝐠

𝑐
𝐶
, ℏ𝛼)

]
,

(𝜔
𝑠𝑡)𝑒(£𝜎 , ℏ𝛼) ≰

⋁
𝐠
𝐶
∈(̃¥,⋎)

[
(𝜔

𝑠𝑡)𝑒(£𝜎 ,𝐠𝐶 ) ∧ (𝜔
𝑠𝑡)𝑒(𝐠

𝑐
𝐶
, ℏ𝛼)

]
,

then there exists 𝑟 ∈ 𝜍0 such that

(𝜐
𝑠𝑡)𝑒(£𝜎 , ℏ𝛼) < 𝑟 ≤

⋀
𝐠
𝐶
∈(̃¥,⋎)

[
(𝜐

𝑠𝑡)𝑒(£𝜎,𝐠𝐶 ) ∨ (𝜐
𝑠𝑡)𝑒(𝐠

𝑐
𝐶
, ℏ𝛼)

]
,

(𝜇
𝑠𝑡)𝑒(£𝜎 , ℏ𝛼) > 1 − 𝑟 ≥

⋁
𝐠
𝐶
∈(̃¥,⋎)

[
(𝜇

𝑠𝑡)𝑒(£𝜎,𝐠𝐶 ) ∧ (𝜇
𝑠𝑡)𝑒(𝐠

𝑐
𝐶
, ℏ𝛼)

]
, (12)

(𝜔
𝑠𝑡)𝑒(£𝜎 , ℏ𝐵

) > 1 − 𝑟 ≥
⋁

𝐠
𝐶
∈(̃¥,⋎)

[
(𝜔

𝑠𝑡)𝑒(£𝜎,𝐠𝐶 ) ∧ (𝜔
𝑠𝑡)𝑒(𝐠

𝑐
𝐶
, ℏ𝛼)

]
.

From the concept of (𝜐𝜇𝜔
𝑠𝑡 )¥, there exists a collection  = {(£𝜎)𝑗 , (ℏ𝛼)𝑗 , ̃⋎𝜄𝑗 ∣ 𝑗 ∈ 𝐽} ∈(£𝜎, ℏ𝛼)} such that

(𝜐
𝑠𝑡)𝑒(£𝜎, ℏ𝛼) =

⋀⎡⎢⎢⎣
⋁

[
(£𝜎 )𝑖 ,(ℏ𝛼 )𝑖 ,⋎̃𝜄𝑖

]
∈

𝜐
𝑒((£𝜎)𝑖, (ℏ𝛼)𝑖)

⎤⎥⎥⎦
≥

⋀
𝐠
𝐶
∈(̃¥,⋎)

⎡⎢⎢⎣
⋁

(
(£𝜎 )𝑖 ,(ℏ𝛼 )𝑖 ,⋎̃𝜄𝑖

)
∈

[
(𝜐

𝑠𝑡)𝑒((£𝜎)𝑖, (𝐠𝐶 )𝑖) ∨ (𝜐
𝑠𝑡)𝑒((𝐠

𝑐
𝐶
)𝑖, (ℏ𝛼)𝑖)

]⎤⎥⎥⎦ ≥ 𝑟,

(𝜇
𝑠𝑡)𝑒(£𝜎, ℏ𝛼) =

⋁⎡⎢⎢⎣
⋀

(
(£𝛼 )𝑖 ,(ℏ𝛼 )𝑖 ,⋎̃𝜄𝑖

)
∈

𝜇
𝑒 ((£𝜎)𝑖, (ℏ𝛼)𝑖)

⎤⎥⎥⎦
≤

⋁
𝐠
𝐶
∈(̃¥,⋎)

⎡⎢⎢⎣
⋀

(
(£𝜎 )𝑖 ,(ℏ𝛼 )𝑖 ,Ẽ

𝜄𝑖
)
∈

[
(𝜇

𝑠𝑡)𝑒((£𝜎)𝑖, (𝐠𝐶 )𝑖) ∧ (𝜇
𝑠𝑡)𝑒((𝐠

𝑐
𝐶
)𝑖, (ℏ𝛼)𝑖)

]⎤⎥⎥⎦ ≤ 1 − 𝑟,

(𝜔
𝑠𝑡)𝑒(£𝜎, ℏ𝛼) =

⋁⎡⎢⎢⎣
⋀

(
(£𝜎 )𝑖 ,(ℏ𝛼 )𝑖 ,⋎̃𝜄𝑖

)
∈

𝜔
𝑒 ((£𝜎)𝑖, (ℏ𝛼)𝑖)

⎤⎥⎥⎦
≤

⋁
𝐠
𝐶
∈(̃¥,⋎)

⎡⎢⎢⎣
⋀

(
(£𝜎 )𝑖 ,(ℏ𝛼 )𝑖 ,⋎̃𝜄𝑖

)
∈

[
(𝜔

𝑠𝑡)𝑒((£𝜎)𝑖, (𝐠𝐶 )𝑖) ∧ (𝜔
𝑠𝑡)𝑒((𝐠

𝑐
𝐶
)𝑖, (ℏ𝛼)𝑖)

]⎤⎥⎥⎦ ≤ 1 − 𝑟.

A contradiction for equation (12). □

Theorem 11. Let (¥, 𝜐𝜇𝜔
⋎ ) and ( , (𝜐𝜇𝜔


)⋆) be two svnsq-proximity spaces. If 𝜓

𝜑
∶ (¥, 𝜐𝜇𝜔

⋎ ) → ̃( , (𝜐𝜇𝜔


)⋆) be a svnsq-proximity 

continuous, then 𝜓
𝜑
∶ (¥, (𝜐𝜇𝜔

⋎ )𝑠𝑡) → ̃( , (𝜐𝜇𝜔


)⋆𝑠𝑡) is a svnsq-proximity continuous

Proof. Let £𝜎, ℏ𝛼 ∈ ̃( ,) with £𝜎 ⊑ ⊔𝑗∈𝐽 ((£𝜎)𝑗 ⊓ ̃𝜄𝑗 ) 𝑎𝑛𝑑 ℏ𝛼 ⊑ ⊓𝑗∈𝐽 ((ℏ𝛼)𝑗 ⊔ ̃1−𝜄𝑗 ). Then 𝜓−1
𝜑

(£𝜎) ⊑ ⊔𝑗∈𝐽𝜓
−1
𝜑

((£𝜎)𝑗 ) ⊓ ⋎̃𝜄𝑗 and 

𝜓−1
𝜑

(ℏ𝛼) ⊑ ⊓𝑗∈𝐽𝜓
−1
𝜑

((ℏ𝛼)𝑗 ) ⊔ ⋎̃1−𝜄𝑗 . For each collection (£𝜎, ℏ𝛼) = {{((£𝜎)𝑗 , (ℏ𝛼)𝑗 , ̃𝜄𝑗 ) ∣ 𝑗 ∈ 𝐽, 𝐽 𝑖𝑠 𝑓𝑖𝑛𝑖𝑡𝑒)} ∣ £𝜎 ⊑ ⊔𝑗∈𝐽 ((£𝜎)𝑗 ⊓

̃𝜄𝑗 ) 𝑎𝑛𝑑 ℏ𝛼 ⊑ ⊓𝑗∈𝐽 ((ℏ𝛼)𝑗 ⊔ ̃1−𝜄𝑗 ), 𝜄 ∈ 𝜍}, and put  = {(£𝜎)𝑗 , (ℏ𝛼)𝑗 , ̃𝜄𝑗 ∣ 𝑗 ∈ 𝐽}, we have

(𝜐
𝑒)𝑠𝑡

(
𝜓−1

𝜑
(£𝜎), 𝜓−1

𝜑
(ℏ𝛼)

)
≥

⋁
(
𝜓−1
𝜑

((£𝜎 )𝑗
𝑙
),𝜓−1

𝜑
((ℏ𝛼 )𝑗

𝑙
),⋎̃

𝜄𝑗
𝑙
)
∈
{
𝜓−1
𝜑

((£𝜎 )𝑗 ),𝜓−1
𝜑

((ℏ𝛼 )𝑗 ),⋎̃
𝜄𝑗 ∣𝑗∈𝐽

}
( )
18

𝜐
𝑒 𝜓−1

𝜑
((£𝜎)𝑗

𝑙
), 𝜓−1

𝜑
((ℏ𝛼)𝑗

𝑙
)
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≥
⋁

(
(£𝜎 )𝑗

𝑙
,(ℏ𝛼 )𝑗

𝑙
),̃

𝜄𝑗
𝑙
)
∈

(𝜐
𝜑(𝑒))

⋆((£𝜎)𝑗
𝑙
, (ℏ𝛼)𝑗

𝑙
)

≥
⋀

(£𝜎 ,ℏ𝛼 )

⎛⎜⎜⎜⎝
⋁

(
(£𝜎 )𝑗

𝑙
,(ℏ𝛼 )𝑗

𝑙
),̃

𝜄𝑗
𝑙
)
∈

(𝜐
𝜑(𝑒))

⋆((£𝜎)𝑗
𝑙
, (ℏ𝛼)𝑗

𝑙
)
⎞⎟⎟⎟⎠

= (𝜐
𝜑(𝑒))

⋆

𝑠𝑡(£𝜎, ℏ𝛼)

(𝜇
𝑒 )𝑠𝑡

(
𝜓−1

𝜑
(£𝜎), 𝜓−1

𝜑
(ℏ𝛼)

)
≤

⋀
(
𝜓−1
𝜑

((£𝜎 )𝑗
𝑙
),𝜓−1

𝜑
((ℏ𝛼 )𝑗

𝑙
),⋎̃

𝜄𝑗
𝑙
)
∈
{
𝜓−1
𝜑

((£𝜎 )𝑗 ),𝜓−1
𝜑

((ℏ𝛼 )𝑗 ),⋎̃
𝜄𝑗 ∣𝑗∈𝐽

}
𝜇
𝑒

(
𝜓−1

𝜑
((£𝜎)𝑗

𝑙
), 𝜓−1

𝜑
((ℏ𝛼)𝑗

𝑙
)
)

≤
⋀

(
(£𝜎 )𝑗

𝑙
,(ℏ𝛼 )𝑗

𝑙
),̃

𝜄𝑗
𝑙
)
∈

(𝜇
𝜑(𝑒))

⋆((£𝜎)𝑗
𝑙
, (ℏ𝛼)𝑗

𝑙
)

≤
⋁

(£𝜎},ℏ𝛼 )

⎛⎜⎜⎜⎝
⋀

(
(£𝜎 )𝑗

𝑙
,(ℏ𝛼 )𝑗

𝑙
,̃

𝜄𝑗
𝑙
)
∈

(𝜇
𝜑(𝑒))

⋆((£𝜎)𝑗
𝑙
, (ℏ𝛼)𝑗

𝑙
)
⎞⎟⎟⎟⎠

= (𝜇
𝜑(𝑒))

⋆

𝑠𝑡(£𝜎, ℏ𝛼)

(𝜔
𝑒 )𝑠𝑡

(
𝜓−1

𝜑
(£𝜎), 𝜓−1

𝜑
(ℏ𝛼)

)
≤

⋀
(
𝜓−1
𝜑

((£𝜎 )𝑗
𝑙
),𝜓−1

𝜑
((ℏ𝛼 )𝑗

𝑙
),⋎̃

𝜄𝑗
𝑙
)
∈
{
𝜓−1
𝜑

((£𝜎 )𝑗 ),𝜓−1
𝜑

((ℏ𝛼 )𝑗 ),⋎̃
𝜄𝑗 ∣𝑗∈𝐽

}
𝜔
𝑒

(
𝜓−1

𝜑
((£𝜎)𝑗

𝑙
), 𝜓−1

𝜑
((ℏ𝛼)𝑗

𝑙
)
)

≤
⋀

(
(£𝜎 )𝑗

𝑙
,(ℏ𝛼 )𝑗

𝑙
),̃

𝜄𝑗
𝑙
)
∈

(𝜔
𝜑(𝑒))

⋆((£𝜎)𝑗
𝑙
, (ℏ𝛼)𝑗

𝑙
)

≤
⋁

(£𝜎},ℏ𝛼 )

⎛⎜⎜⎜⎝
⋀

(
(£𝜎 )𝑗

𝑙
,(ℏ𝛼 )𝑗

𝑙
,̃

𝜄𝑗
𝑙
)
∈

(𝜔
𝜑(𝑒))

⋆((£𝜎)𝑗
𝑙
, (ℏ𝛼)𝑗

𝑙
)
⎞⎟⎟⎟⎠

= (𝜔
𝜑(𝑒))

⋆

𝑠𝑡(£𝜎, ℏ𝛼)

By Definition 5, we have 𝜓
𝜑
∶ (¥, (𝜐𝜇𝜔

⋎ )𝑠𝑡) → ̃( , (𝜐𝜇𝜔


)⋆𝑠𝑡) is a svnsq-proximity continuous. □

Theorem 12. Let (¥, 𝜐𝜇𝜔
⋎ ) be svnsq-proximity space. Then, for £𝜎, ℏ𝐵

∈ (̃¥,⋎), 𝑒 ∈ ⋎.

(i) 𝜐

, 𝜇


, 𝜔


∶ ⋎ → 𝜍 (̃¥,⋎)×(̃¥,⋎) defined by, (𝜐


)𝑒(£𝜎, ℏ𝛼) = [𝜐

𝑒(£𝜎 , ℏ
𝑐
𝛼)]

𝑐 , (𝜇

)𝑒(£𝜎, ℏ𝛼) = [𝜇

𝑒 (£𝜎 , ℏ
𝑐
𝛼)]

𝑐 and (𝜔

)𝑒(£𝜎 , ℏ𝛼) =

[𝜔
𝑒 (£𝜎, ℏ

𝑐
𝛼)]

𝑐 is symmetrical svn-topogenous order on ¥.

(ii) (𝜐𝜇𝜔
𝑠𝑡

)⋎ = [(𝜐𝜇𝜔


)st]⋎.

Proof. (i) Straightforward.
(ii) Since (𝜐

𝑠𝑡
)𝑒(⋎̃𝜄, ̃⋎𝜄) = [(𝜐

𝑠𝑡)𝑒(⋎̃
𝜄, ̃⋎1−𝜄)]𝑐 = 1, (𝜇

𝑠𝑡
)𝑒(⋎̃𝜄, ̃⋎𝜄) = [(𝜇

𝑠𝑡)𝑒(⋎̃
𝜄, ̃⋎1−𝜄)]𝑐 = 0 and (𝜔

𝑠𝑡
)𝑒(⋎̃𝜄, ̃⋎𝜄) = [(𝜔

𝑠𝑡)𝑒(⋎̃
𝜄, ̃⋎1−𝜄)]𝑐 = 0, 

for every 𝜄 ∈ 𝜍, we obtain [(𝜐𝜇𝜔


)𝑠𝑡]⋎ is stratified which is finer than (𝜐𝜇𝜔


)⋎. Hence, (𝜐𝜇𝜔
𝑠𝑡

)⋎ ⊒ [(𝜐𝜇𝜔


)𝑠𝑡]⋎.

Conversely, assume there exist £
𝐴
, ℏ

𝛼
∈ (̃¥,⋎), 𝑒 ∈ ⋎ such that,

(𝜐
𝑠𝑡

)𝑒(£𝜎, ℏ𝛼) = [(𝜐
𝑠𝑡)𝑒(£𝜎, ℏ

𝑐
𝛼)]

𝑐 ≰ [(𝜐
)𝑠𝑡]𝑒(£𝜎 , ℏ𝛼),

(𝜇
𝑠𝑡

)𝑒(£𝜎, ℏ𝛼) = [(𝜇
𝑠𝑡)𝑒(£𝜎, ℏ

𝑐
𝛼)]

𝑐 ≱ [(𝜇

)𝑠𝑡]𝑒(£𝜎 , ℏ𝛼),

(𝜔
𝑠𝑡

)𝑒(£𝜎, ℏ𝛼) = [(𝜔
𝑠𝑡)𝑒(£𝜎, ℏ

𝑐
𝛼)]

𝑐 ≱ [(𝜔
)𝑠𝑡]𝑒(£𝜎, ℏ𝛼).
19

By the concept of (𝜐𝜇𝜔
𝑠𝑡 )E, there exists a collection  = {(£𝜎)𝑗 , (ℏ𝛼)𝑗 , ̃⋎𝜄𝑗 ∣ 𝑗 ∈ 𝐽} ∈(£𝜎, ℏ𝑐𝛼)} such that
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[(𝜐
)𝑠𝑡]𝑒(£𝜎 , ℏ𝛼) ≱

⋀
(
(£𝜎 )𝑖 ,(ℏ𝛼 )𝑖 ,⋎̃𝜄𝑖

)
∈

[𝜐
𝑒((£𝜎)𝑖, (ℏ𝛼)𝑖)]

𝑐 ,

[(𝜇

)𝑠𝑡]𝑒(£𝜎 , ℏ𝛼) ≰

⋁
(
(£𝜎 )𝑖 ,(ℏ𝛼 )𝑖 ,⋎̃𝜄𝑖

)
∈

[𝜇
𝑒 ((£𝜎)𝑖, (ℏ𝛼)𝑖)]

𝑐 , (13)

[(𝜔
)𝑠𝑡]𝑒(£𝜎, ℏ𝛼) ≰

⋁
(
(£𝜎 )𝑖 ,(ℏ𝛼 )𝑖 ,⋎̃𝜄𝑖

)
∈

[𝜔
𝑒 ((£𝜎)𝑖, (ℏ𝛼)𝑖)]

𝑐 .

On another side, M =
{
(£𝜎)𝑗 , (ℏ𝑐𝛼)𝑗 , ⋎̃

𝜄𝑗 ∣ 𝑗 ∈ 𝐽
}
∈ (£𝜎 , ℏ𝛼) we have

[(𝜐

)𝑠𝑡]𝑒(£𝜎, ℏ𝛼) ≥

⋀
(
(£𝜎 )𝑖 ,(ℏ𝑐𝛼 )𝑖 ,⋎̃𝜄𝑖

)
∈

(𝜐

)
𝑒
((£𝜎)𝑖, (ℏ𝑐𝛼)𝑖)

≥
⋀

(
(£𝜎 )𝑖 ,(ℏ𝑐𝛼 )𝑖 ,⋎̃𝜄𝑖

)
∈

[𝜐
𝑒((£𝜎)𝑖, (ℏ𝛼)𝑖)]

𝑐 ,

[(𝜇

)𝑠𝑡]𝑒 (£𝜎, ℏ𝛼) ≤

⋁
(
(£𝜎 )𝑖 ,(ℏ𝑐𝛼 )𝑖 ,⋎̃𝜄𝑖

)
∈

(𝜇

)
𝑒
((£𝜎)𝑖, (ℏ𝑐𝛼)𝑖)

≤
⋁

(
(£𝜎 )𝑖 ,(ℏ𝑐𝛼 )𝑖 ,⋎̃𝜄𝑖

)
∈

[𝜇
𝑒 ((£𝜎)𝑖, (ℏ𝛼)𝑖)]

𝑐 ,

[(𝜔

)𝑠𝑡]𝑒 (£𝜎 , ℏ𝛼) ≤

⋁
(
(£
𝐴
)𝑖 ,(ℏ𝑐𝛼 )𝑖 ,⋎̃𝜄𝑖

)
∈

(𝜔
)𝑒 ((£𝜎)𝑖, (ℏ

𝑐
𝛼)𝑖)

≤
⋁

(
(£𝜎 )𝑖 ,(ℏ𝑐𝛼 )𝑖 ,Ẽ

𝜄𝑖
)
∈

[𝜔
𝑒 ((£𝜎)𝑖, (ℏ𝛼)𝑖)]

𝑐 ,

which is a contradiction of equations (13). Therefore, (𝜐𝜇𝜔
𝑠𝑡

)⋎ = [(𝜐𝜇𝜔


)𝑠𝑡]⋎. □

Theorem 13. Let 𝜐𝜇𝜔
⋎ be symmetrical svn-topogenous order on ⋎. Then, for all £𝜎 , ℏ𝛼 ∈ (̃¥,⋎), 𝑒 ∈ ⋎.

(i) 𝜐

, 𝜇


, 𝜔


∶ ⋎ → 𝜍 (̃¥,⋎)×(̃¥,⋎) defined by, (𝜐


)𝑒(£𝜎, ℏ𝛼) = [𝜐

𝑒 (£𝜎, ℏ
𝑐
𝛼)]

𝑐 ,

(𝜇

)𝑒(£𝜎, ℏ𝛼) = [𝜇

𝑒 (£𝜎, ℏ𝑐𝛼)]
𝑐 and (𝜔


)𝑒(£𝜎 , ℏ𝛼) = [𝜔

𝑒 (£𝜎, ℏ
𝑐
𝐵
)]𝑐 is svnq-proximity on ¥.

(ii) (𝜐𝜇𝜔
𝑠𝑡

)⋎ = [(𝜐𝜇𝜔


)𝑠𝑡]⋎.

Proof. (i) Obvious.
(ii) Since (𝜐

𝑠𝑡
)𝑒(⋎̃𝜄, ̃⋎𝜄) = 1 − (𝜐

𝑠𝑡)𝑒(⋎̃
𝜄, ̃⋎1−𝜄) = 1 −0 = 1, (𝜇

𝑠𝑡
)𝑒(⋎̃𝜄, ̃⋎𝜄) = 1 − (𝜇

𝑠𝑡)𝑒(⋎̃
𝜄, ̃⋎1−𝜄)] = 1 − 1 = 0 and (𝜔

𝑠𝑡
)𝑒(⋎̃𝜄, ̃⋎𝜄) = 1 −

(𝜔
𝑠𝑡)𝑒(⋎̃

𝜄, ̃⋎1−𝜄) = 1 −1 = 0, for every 𝜄 ∈ 𝜍, we have [(𝜐𝜇𝜔


)𝑠𝑡]⋎ is stratified which is finer than (𝜐𝜇𝜔


)⋎. Hence, (𝜐𝜇𝜔
𝑠𝑡

)⋎ ⊒ [(𝜐𝜇𝜔


)𝑠𝑡]⋎.

Conversely, suppose that there exist £
𝐴
, ℏ

𝛼
∈ (̃¥,⋎), 𝑒 ∈ ⋎ such that,

(𝜐
𝑠𝑡

)𝑒(£𝜎 , ℏ𝛼) = 1 − (𝜐
𝑠𝑡)𝑒(£𝜎, ℏ

𝑐
𝛼) ≰ [(𝜐


)𝑠𝑡]𝑒(£𝜎 , ℏ𝛼),

(𝜇
𝑠𝑡

)𝑒(£𝜎 , ℏ𝛼) = 1 − (𝜇
𝑠𝑡)𝑒(£𝜎, ℏ

𝑐
𝛼) ≱ [(𝜇


)𝑠𝑡]𝑒(£𝜎 , ℏ𝛼),

(𝜔
𝑠𝑡

)𝑒(£𝜎 , ℏ𝛼) = 1 − (𝜔
𝑠𝑡)𝑒(£𝜎, ℏ

𝑐
𝛼) ≱ [(𝜔

 )𝑠𝑡]𝑒(£𝜎, ℏ𝛼).

By the concept of (𝜐𝜇𝜔
𝑠𝑡 )E, there exists a collection 

{
(£𝜎)𝑗 , (ℏ𝛼)𝑗 , ⋎̃𝜄𝑗 ∣ 𝑗 ∈ 𝐽

}
= ∈ (£𝜎 , ℏ𝑐𝛼) such that

[(𝜐
 )𝑠𝑡]𝑒(£𝜎, ℏ𝛼) ≱

⋀
(
(£𝜎 )𝑖 ,(ℏ𝛼 )𝑖 ,⋎̃𝜄𝑖

)
∈

1 −𝜐
𝑒 ((£𝜎)𝑖, (ℏ𝛼)𝑖),

[(𝜇

)𝑠𝑡]𝑒(£𝜎, ℏ𝛼) ≰

⋁
(
(£𝜎 )𝑖 ,(ℏ𝛼 )𝑖 ,⋎̃𝜄𝑖

)
∈

1 −𝜇
𝑒 ((£𝜎)𝑖, (ℏ𝛼)𝑖), (14)

[(𝜔
 )𝑠𝑡]𝑒(£𝜎, ℏ𝛼) ≰

⋁
(
(£𝜎 )𝑖 ,(ℏ𝛼 )𝑖 ,⋎̃𝜄𝑖

)
∈

1 −𝜔
𝑒 ((£𝜎)𝑖, (ℏ𝛼)𝑖).

On the other hand, P =
{
(£𝜎)𝑗 , (ℏ𝑐𝛼)𝑗 , ⋎̃

𝜄𝑗 ∣ 𝑗 ∈ 𝐽
}
∈(£𝜎 , ℏ𝛼) we have

[(𝜐

)𝑠𝑡]𝑒(£𝜎, ℏ𝛼) ≥

⋀
(
(£𝜎 )𝑖 ,(ℏ𝑐𝛼 )𝑖 ,⋎̃𝜄𝑖

)
∈

(𝜐
 )

𝑒
((£𝜎)𝑖, (ℏ𝑐𝛼)𝑖)

≥
⋀

1 −𝜐((£𝜎)𝑖, (ℏ𝛼)𝑖),
20

(
(£𝜎 )𝑖 ,(ℏ𝑐𝛼 )𝑖 ,⋎̃𝜄𝑖

)
∈

𝑒
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[(𝜇

)𝑠𝑡]𝑒(£𝜎, ℏ𝛼) ≤

⋁
(
(£𝜎 )𝑖 ,(ℏ𝑐𝛼 )𝑖 ,⋎̃𝜄𝑖

)
∈

(𝜇

)
𝑒
((£𝜎)𝑖, (ℏ𝑐𝛼)𝑖)

≤
⋁

(
(£𝜎 )𝑖 ,(ℏ𝑐𝛼 )𝑖 ,⋎̃𝜄𝑖

)
∈

1 −𝜇
𝑒 ((£𝜎)𝑖, (ℏ𝛼)𝑖),

[(𝜔

)𝑠𝑡]𝑒(£𝜎, ℏ𝛼) ≤

⋁
(
(£
𝐴
)𝑖 ,(ℏ𝑐𝛼 )𝑖 ,⋎̃𝜄𝑖

)
∈

(𝜔
 )

𝑒
((£𝜎)𝑖, (ℏ𝑐𝛼)𝑖)

≤
⋁

(
(£𝜎 )𝑖 ,(ℏ𝑐𝛼 )𝑖 ,Ẽ

𝜄𝑖
)
∈

1 −𝜔
𝑒 ((£𝜎)𝑖, (ℏ𝛼)𝑖),

which is a contradiction of equations (14). Hence, (𝜐𝜇𝜔
𝑠𝑡

)⋎ = [(𝜐𝜇𝜔


)𝑠𝑡]⋎. (𝜐𝜇𝜔
𝑠𝑡

)⋎ = [(𝜐𝜇𝜔


)𝑠𝑡]⋎. □

5. Conclusions

Theoretically, we have advanced a set of overarching concepts derived from the principles outlined in previous works [48,49]. 
These include the stratified single-valued neutrosophic soft quasi proximity, stratified single-valued neutrosophic soft topogenous 
order, stratified single-valued neutrosophic soft filter, and stratified single-valued neutrosophic soft quasi uniformity, along with 
an exploration of their respective characteristics. Additionally, we have studied the interconnectedness between these single-valued 
neutrosophic soft topological constructs and their stratifications.

Regarding further research, we intend to evaluate the correlations between our findings and advancements in neural networks 
[50–54], multidimensional systems and signal processing [55–57], as well as optimization algorithms [58] and global optimization 
[59]. Finally, we present a practical application of these concepts in solving decision-making problems. This inventive expansion has 
the potential to greatly expand existing theoretical frameworks for managing indeterminacy, while also opening up new paths for 
application and research.

For forthcoming papers.
The theory can be extended in the next normal methods,
1-Basic concepts can be studied of neutrosophic metric topological spaces using the notion of single-valued neutrosophic soft 

quasi-uniform present in this article;
2-Examine the connected, separation axioms and soft closure spaces in the context of neutrosophic soft quasi-uniform.
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