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Abstract 

This paper is dedicated to studying for the first time the building of a topological space based on the intervals 

defined over 4-refined neutrosophic real numbers and 5-refined neutrosophic real numbers, where we define a 

special partial order relation on these rings, and we use it to study the structure of the corresponding intervals 

generated from this relation. Also, we characterize the formula of open sets through these two topological spaces 

with some illustrated examples. 
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1. Introduction 

Many neutrosophic structures were built over the idea of splitting the indeterminacy element to many different 

sub-indeterminacies. Many authors used this idea to study the generalized structures related to this splitting 

operation such that algebraic rings, matrices, spaces, and modules [4-8]. In the literature, we find many different 

refined neutrosophic structures. For example refined neutrosophic structures [11, 19] n-refined neutrosophic 

structures, and n-cyclic refined neutrosophic structures [20-22]. Neutrosophic topological spaces were studied by 

many authors [1-3], especially open sets, closed sets, and compact sets [9-10, 15, 17]. The concept of n-refined 

neutrosophic rings was presented in [13]. These rings are considered as an extension of refined neutrosophic rings. 

Recently AL-Husban et al. Discuss the new structure such neutrosophic set and its application [23-38]. 

In this work, we focus on the partial order relations over 4-refined neutrosophic real numbers and 5-refined 

neutrosophic real numbers, where we define a special partial order relation on these rings, and we use it to study 

the structure of the corresponding intervals generated from this relation. Also, we characterize the formula of open 

sets through these two topological spaces with some illustrated examples. 

2. Main discussion 

 

Definition 2.1 

Let 𝜇 = {𝑥 + 𝑦𝐼1 + 𝑧𝐼2 + 𝑡𝐼3 + 𝑞𝐼4  ; 𝑥, 𝑦, 𝑧, 𝑡, 𝑞 ∈ ℝ} and 

 𝐼1. 𝐼2 = 𝐼2. 𝐼1 = 𝐼1. 𝐼3 = 𝐼3. 𝐼1 = 𝐼1. 𝐼4 = 𝐼4. 𝐼1 = 𝐼1,  𝐼2. 𝐼3 = 𝐼3. 𝐼2 =  𝐼2, 

𝐼4 = 𝐼4. 𝐼2 = 𝐼2, 𝐼3. 𝐼4 = 𝐼4. 𝐼3 = 𝐼3, 𝐼1
2 = 𝐼1, 𝐼2

2 = 𝐼2, 𝐼3
2 = 𝐼3, 𝐼4

2 = 𝐼4. 

𝜇 is called the real 4-refined neutrosophic ring. 

Remark 1 

For 𝑥 = 𝑥0 + 𝑥1𝐼1 + 𝑥2𝐼2 + 𝑥3𝐼3 + 𝑥4𝐼4 ∈ 𝜇, we denote it by 𝑥 = 𝑥0 +∑ 𝑥𝑖𝐼𝑖
4
𝑖=1 . 
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Theorem 2.1 

𝜇 is partially ordered set. 

Proof: 

We define the relation (≤) as follows: 

𝑢 = 𝑢0 + ∑ 𝑢𝑖𝐼𝑖
4
𝑖=1 ≤ 𝑣 = 𝑣0 + ∑ 𝑣𝑖𝐼𝑖

4
𝑖=1 , if and only if: 

{
 
 

 
 

𝑢0 ≤ 𝑣0
∑ 𝑢𝑖 ≤ ∑ 𝑣𝑖

4
𝑖=0

4
𝑖=0

∑ 𝑢𝑖 ≤𝑖≠1 ∑ 𝑣𝑖𝑖≠1

∑ 𝑢𝑖 ≤𝑖≠1,2 ∑ 𝑣𝑖𝑖≠1,2

∑ 𝑢𝑖 ≤𝑖≠1,2,3 ∑ 𝑣𝑖𝑖≠1,2,3

. 

We will show that (≤) is a partial order relation: 

Let 𝑢 = 𝑢0 + ∑ 𝑢𝑖𝐼𝑖
4
𝑖=1 , 𝑣 = 𝑣0 + ∑ 𝑣𝑖𝐼𝑖

4
𝑖=1 , 𝑤 = 𝑤0 + ∑ 𝑤𝑖𝐼𝑖

4
𝑖=1 , 𝑢 ≤ 𝑢 that is because: 

{
 
 

 
 

𝑢0 ≤ 𝑢0
∑ 𝑢𝑖 ≤ ∑ 𝑢𝑖

4
𝑖=0

4
𝑖=0

𝑢0 + 𝑢2 + 𝑢3 + 𝑢4 ≤ 𝑢0 + 𝑢2 + 𝑢3 + 𝑢4
𝑢0 + 𝑢3 + 𝑢4 ≤ 𝑢0 + 𝑢3 + 𝑢4

𝑢0 + 𝑢4 ≤ 𝑢0 + 𝑢4

  

If 𝑢 ≤ 𝑣 and 𝑣 ≤ 𝑢, then: 

{
 
 
 

 
 
 

𝑢0 ≤ 𝑣0 , 𝑣0 ≤ 𝑢0

∑𝑢𝑖 ≤∑𝑣𝑖  ,∑𝑣𝑖 ≤∑𝑢𝑖

4

𝑖=0

4

𝑖=0

4

𝑖=0

4

𝑖=0

𝑢0 + 𝑢2 + 𝑢3 + 𝑢4 ≤ 𝑣0 + 𝑣2 + 𝑣3 + 𝑣4
𝑣0 + 𝑣2 + 𝑣3 + 𝑣4 ≤ 𝑢0 + 𝑢2 + 𝑢3 + 𝑢4

𝑢0 + 𝑢3 + 𝑢4 ≤ 𝑣0 + 𝑣3 + 𝑣4,   𝑣0 + 𝑣3 + 𝑣4 ≤ 𝑢0 + 𝑢3 + 𝑢4
𝑢0 + 𝑢4 ≤ 𝑣0 + 𝑣4  , 𝑣0 + 𝑣4 ≤ 𝑢0 + 𝑢4

 

Hence:  

{
 
 

 
 

𝑢0 = 𝑣0
𝑢0 + 𝑢4 = 𝑣0 + 𝑣4

𝑢0 + 𝑢3 + 𝑢4 = 𝑣0 + 𝑣3 + 𝑣4
𝑢0 + 𝑢2 + 𝑢3 + 𝑢4 = 𝑣0 + 𝑣2 + 𝑣3 + 𝑣4

𝑢0 + 𝑢1 + 𝑢2 + 𝑢3 + 𝑢4 = 𝑣0 + 𝑣1 + 𝑣2 + 𝑣3 + 𝑣4

⟹ {

𝑢0 = 𝑣0, 𝑢1 = 𝑣1
𝑢2 = 𝑣2, 𝑢3 = 𝑣3

𝑢4 = 𝑣4
⟹ 𝑢 = 𝑣. 

If 𝑢 ≤ 𝑣, and 𝑣 ≤ 𝑤, then: 

{
 
 

 
 𝑢0 ≤ 𝑣0,∑𝑢𝑖 ≤∑𝑣𝑖  

4

𝑖=0

4

𝑖=0

 

𝑢0 + 𝑢2 + 𝑢3 + 𝑢4 ≤ 𝑣0 + 𝑣2 + 𝑣3 + 𝑣4
𝑢0 + 𝑢3 + 𝑢4 ≤ 𝑣0 + 𝑣3 + 𝑣4

𝑢0 + 𝑢4 ≤ 𝑣0 + 𝑣4

 

And 

{
 
 

 
 

𝑣0 ≤ 𝑤0
∑ 𝑣𝑖 ≤ ∑ 𝑤𝑖

4
𝑖=0

4
𝑖=0

𝑣0 + 𝑣2 + 𝑣3 + 𝑣4 ≤ 𝑤0 + 𝑤2 + 𝑤3 +𝑤4
𝑣0 + 𝑣3 + 𝑣4 ≤ 𝑤0 + 𝑤3 + 𝑤4

𝑣0 + 𝑣4 ≤ 𝑤0 + 𝑤4 

  

Thus: 

{
 
 

 
 

𝑢0 ≤ 𝑤0
∑ 𝑢𝑖 ≤ ∑ 𝑤𝑖

4
𝑖=0

4
𝑖=0

𝑢0 + 𝑢4 ≤ 𝑤0 + 𝑤4
𝑢0 + 𝑢3 + 𝑢4 ≤ 𝑤0 + 𝑤3 +𝑤4

𝑢0 + 𝑢2 + 𝑢3 + 𝑢4 ≤ 𝑤0 + 𝑤2 + 𝑤3 +𝑤4

 

So that 𝑢 ≤ 𝑤. 

https://doi.org/10.54216/IJNS.250326


 

International Journal of Neutrosophic Science (IJNS)                                         Vol. 25, No. 03, PP. 296-306, 2025     

298 
DOI: https://doi.org/10.54216/IJNS.250326  
Received: March 15, 2024 Revised: June 08, 2024 Accepted: October 25, 2024 

 

Definition 2.2 

Let 𝑢, 𝑣 be two 4-refined neutrosophic real numbers with 𝑢 ≤ 𝑣, then we define: 

]𝑢, 𝑣[ =  {𝑥 ∈ 𝜇  ; 𝑢 < 𝑥 < 𝑣}, 

[𝑢, 𝑣[ =  {𝑥 ∈ 𝜇  ; 𝑢 ≤ 𝑥 < 𝑣}, 

]𝑢, 𝑣] =  {𝑥 ∈ 𝜇  ; 𝑢 < 𝑥 ≤ 𝑣}, 

[𝑢, 𝑣] =  {𝑥 ∈ 𝜇  ; 𝑢 ≤ 𝑥 ≤ 𝑣}. 

We say that ]𝑢, 𝑣[ is an open 4-refined neutrosophic interval, and [𝑢, 𝑣] is a closed one. 

Theorem 2.2 

Let ]𝑢, 𝑣[, ]𝑤, 𝑡[ be two 4-refined neutrosophic open intervals, then: 

]𝑢, 𝑣[ ∩  ]𝑤, 𝑡[ is an open interval of ∅. 

Proof: 

If 𝑢 = 𝑢0 + ∑ 𝑢𝑖𝐼𝑖
4
𝑖=1 , 𝑣 = 𝑣0 + ∑ 𝑣𝑖𝐼𝑖

4
𝑖=1 , 𝑤 = 𝑤0 + ∑ 𝑤𝑖𝐼𝑖

4
𝑖=1 , 𝑡 = 𝑡0 + ∑ 𝑡𝑖𝐼𝑖

4
𝑖=1 , and  𝑢 < 𝑣 , 𝑤 < 𝑡 

with]𝑢, 𝑣[ ∩  ]𝑤, 𝑡[ ≠ ∅, 

then there exists 𝑚 = 𝑚0 + ∑ 𝑚𝑖𝐼𝑖
4
𝑖=1  such that: 

 𝑚 ∈ ]𝑢, 𝑣[,𝑚 ∈  ]𝑤, 𝑡[. 

Define: 

 𝑞 = 𝑞0 + ∑ 𝑞𝑖𝐼𝑖
4
𝑖=1 , 𝑝 = 𝑝0 + ∑ 𝑝𝑖𝐼𝑖

4
𝑖=1 , with: 

𝑞0 = max(𝑢0, 𝑤0), 𝑞4 = max(𝑢0 + 𝑢4, 𝑤0 + 𝑤4) − max(𝑢0, 𝑤0) , 𝑞3 =
max(𝑢0 + 𝑢3 + 𝑢4, 𝑤0 + 𝑤3 + 𝑤4) − max(𝑢0 + 𝑢4, 𝑤0 + 𝑤4), 𝑞2 = max(𝑢0 + 𝑢2 + 𝑢3 + 𝑢4, 𝑤0 + 𝑤2 + 𝑤3 +
𝑤4) − max(𝑢0 + 𝑢3 + 𝑢4, 𝑤0 + 𝑤3 +𝑤4),𝑞1 = max(∑ 𝑢𝑖 , ∑ 𝑤𝑖

4
𝑖=0

4
𝑖=0 ) − max(𝑢0 + 𝑢2 + 𝑢3 + 𝑢4, 𝑤0 + 𝑤2 +

𝑤3 +𝑤4) 

𝑝0 = min(𝑣0, 𝑡0), 𝑝4 = min(𝑣0 + 𝑣4, 𝑡0 + 𝑡4) − min(𝑣0, 𝑡0) , 𝑝3 = min(𝑣0 + 𝑣3 + 𝑣4, 𝑡0 + 𝑡3 + 𝑡4) − min(𝑣0 +
𝑣4, 𝑡0 + 𝑡4), 𝑝2 = min (𝑣0 + 𝑣2 + 𝑣3 + 𝑣4, 𝑡0 + 𝑡2 + 𝑡3 + 𝑡4) − min(𝑣0 + 𝑣3 + 𝑣4, 𝑡0 + 𝑡3 + 𝑡4),𝑝1 =
min(∑ 𝑣𝑖 , ∑ 𝑤𝑖

4
𝑖=0

4
𝑖=0 ) − min (𝑣0 + 𝑣2 + 𝑣3 + 𝑣4, 𝑡0 + 𝑡2 + 𝑡3 + 𝑡4), we have: 

𝑚 > 𝑞 that is because: 

{
 
 
 

 
 
 

𝑚0 > 𝑢0 , 𝑚0 > 𝑤0 ⟹𝑚0 > 𝑞0

∑𝑚𝑖 >∑𝑢𝑖 ,∑𝑚𝑖 >∑𝑤𝑖

4

𝑖=0

4

𝑖=0

4

𝑖=0

4

𝑖=0

⟹∑𝑚𝑖 >∑𝑞𝑖

4

𝑖=0

4

𝑖=0

𝑚0 +𝑚4 > 𝑢0 + 𝑢4  , 𝑚0 +𝑚4 > 𝑤0 + 𝑤4 ⟹𝑚0 +𝑚4 > 𝑞0 + 𝑞4
𝑚0 +𝑚3 +𝑚4 > 𝑢0 + 𝑢3 + 𝑢4,   𝑚0 +𝑚3 +𝑚4 > 𝑤0 + 𝑤3 +𝑤4,

𝑚0 +𝑚3 +𝑚4 > 𝑞0 + 𝑞3 + 𝑞4, 𝑚0 +𝑚2 +𝑚3 +𝑚4 > 𝑢0 + 𝑢2 + 𝑢3 + 𝑢4
𝑚0 +𝑚2 +𝑚3 +𝑚4 > 𝑤0 + 𝑤2 + 𝑤3 + 𝑤4, 𝑚0 +𝑚2 +𝑚3 +𝑚4 > 𝑞0 + 𝑞2 + 𝑞3 + 𝑞4

 

𝑚 < 𝑝 that is because: 

{
 
 
 

 
 
 

𝑚0 < 𝑣0 , 𝑚0 < 𝑡0 ⟹𝑚0 < 𝑝0

∑𝑚𝑖 <∑𝑣𝑖  ,∑𝑚𝑖 <∑𝑡𝑖

4

𝑖=0

4

𝑖=0

4

𝑖=0

4

𝑖=0

⟹∑𝑚𝑖 <∑𝑝𝑖

4

𝑖=0

4

𝑖=0

𝑚0 +𝑚4 < 𝑣0 + 𝑣4  , 𝑚0 +𝑚4 < 𝑡0 + 𝑡4, 𝑚0 +𝑚4 < 𝑝0 + 𝑝4
𝑚0 +𝑚3 +𝑚4 < 𝑣0 + 𝑣3 + 𝑣4,   𝑚0 +𝑚3 +𝑚4 < 𝑡0 + 𝑡3 + 𝑡4,

𝑚0 +𝑚3 +𝑚4 < 𝑝0 + 𝑝3 + 𝑝4, 𝑚0 +𝑚2 +𝑚3 +𝑚4 < 𝑣0 + 𝑣2 + 𝑣3 + 𝑣4
𝑚0 +𝑚2 +𝑚3 +𝑚4 < 𝑡0 + 𝑡2 + 𝑡3 + 𝑡4, 𝑚0 +𝑚2 +𝑚3 +𝑚4 < 𝑝0 + 𝑝2 + 𝑝3 + 𝑝4

 

Thus: ]𝑢, 𝑣[ ∩  ]𝑤, 𝑡[ ⊆ ]𝑞, 𝑝[ 

Now, let 𝑚 = 𝑚0 + ∑ 𝑚𝑖𝐼𝑖
4
𝑖=1 ∈ ]𝑞, 𝑝[, then: 

https://doi.org/10.54216/IJNS.250326
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𝑚 > 𝑞 ⟹ 

{
 
 

 
 

𝑚0 > 𝑢0 , 𝑚0 > 𝑤0
∑ 𝑚𝑖 > ∑ 𝑢𝑖  , ∑ 𝑚𝑖 > ∑ 𝑤𝑖

4
𝑖=0

4
𝑖=0

4
𝑖=0

4
𝑖=0

𝑚0 +𝑚4 > 𝑢0 + 𝑢4  , 𝑚0 +𝑚4 > 𝑤0 + 𝑤4
𝑚0 +𝑚3 +𝑚4 > 𝑢0 + 𝑢3 + 𝑢4,   𝑚0 +𝑚3 +𝑚4 > 𝑤0 + 𝑤3 + 𝑤4

𝑚0 +𝑚2 +𝑚3 +𝑚4 > 𝑢0 + 𝑢2 + 𝑢3 + 𝑢4
𝑚0 +𝑚2 +𝑚3 +𝑚4 > 𝑤0 + 𝑤2 + 𝑤3 + 𝑤4

⟹𝑚 > 𝑢 and 𝑚 > 𝑤. 

𝑚 < 𝑝 ⟹ 

{
 
 

 
 

𝑚0 < 𝑣0 , 𝑚0 < 𝑡0,

∑ 𝑚𝑖 < ∑ 𝑣𝑖  , ∑ 𝑚𝑖 < ∑ 𝑡𝑖 ,
4
𝑖=0

4
𝑖=0

4
𝑖=0

4
𝑖=0

𝑚0 +𝑚4 < 𝑣0 + 𝑣4  ,𝑚0 +𝑚4 < 𝑡0 + 𝑡4,
𝑚0 +𝑚3 +𝑚4 < 𝑣0 + 𝑣3 + 𝑣4,   𝑚0 +𝑚3 +𝑚4 < 𝑡0 + 𝑡3 + 𝑡4,

𝑚0 +𝑚2 +𝑚3 +𝑚4 < 𝑣0 + 𝑣2 + 𝑣3 + 𝑣4,
𝑚0 +𝑚2 +𝑚3 +𝑚4 < 𝑡0 + 𝑡2 + 𝑡3 + 𝑡4,

⟹ 𝑚 < 𝑡 and 𝑚 < 𝑣. 

Hence ]𝑞, 𝑝[ ⊆ ]𝑢, 𝑣[ ∩  ]𝑤, 𝑡[ and ]𝑢, 𝑣[ ∩ ]𝑤, 𝑡[ = ]𝑞, 𝑝[. 

Remark 2 

[𝑢, 𝑣] ∩ [𝑤, 𝑡] = [𝑞, 𝑝], i.e. the intersection of two 4-refined neutrosophic real closed intervals is a closed interval 

or ∅. 

Definition 2.3 

We define 𝜏 = {𝜇, ∅, 𝑠𝑖} ;  𝑠𝑖 = ⋃ ]𝑢𝑖 , 𝑣𝑖[𝑖∈𝐼 , with 𝑢𝑖, 𝑣𝑖 ∈ 𝜇. 

Theorem 2.3 

(𝜇, 𝜏) is a topological space. 

Proof: 

𝜇 ∈ 𝜏, ∅ ∈ 𝜏. 

Let 𝑠𝑖 , 𝑠𝑗 ∈ 𝜏, then: 

 𝑠𝑖 = ⋃ ]𝑢𝑖, 𝑣𝑖[𝑖∈𝐼 , 𝑠𝑗 = ⋃ ]𝑢𝑗, 𝑣𝑗[𝑗∈𝐼 , then: 

𝑠𝑖 ∩ 𝑠𝑗 =⋃]𝑝𝑘 , 𝑞𝑘[ ∈ 𝜏

𝑘∈𝐾

. 

Let {(𝑠𝑖)𝑗} be a family of 𝜏, then: 

⋃ (𝑠𝑖)𝑗 =𝑗∈𝐽 ⋃ (⋃ ]𝑢𝑖 , 𝑣𝑖[𝑖∈𝐼 ) ∈ 𝜏𝑗∈𝐽 , thus 𝜏 is a topology and (𝜇, 𝜏) is a topological space. 

Example 2.1 

Consider: 𝑢1 = 2 + 𝐼1 + 𝐼2 + 𝐼3 + 𝐼4 , 𝑣1 = 3 + 2𝐼1 + 𝐼2 + 3𝐼3 + 2𝐼4, 𝑢2 = 1 + 2𝐼1 + 𝐼2 + 𝐼3 + 2𝐼4, 𝑣1 = 2 +
3𝐼1 + 3𝐼2 + 𝐼3 + 3𝐼4, we have: 𝑢1 < 𝑣1, 𝑢2 < 𝑣2, ]𝑢1, 𝑣1[ ∈ 𝜏, ]𝑢2, 𝑣2[ ∈ 𝜏, ]𝑢1, 𝑣1[ ∪ ]𝑢2, 𝑣2[ ∈ 𝜏, ]𝑢1, 𝑣1[ ∩
]𝑢2, 𝑣2[ = ]𝑞, 𝑝[ ;  

  𝑞 = 2 + 2𝐼1 + 𝐼2 + 𝐼3 + 𝐼4 , 𝑝 = 2 + 2𝐼1 + 3𝐼2 + 𝐼3 + 3𝐼4. 

Remark 3 

Open sets of 𝜇 are the union of open intervals. 

The complements of open sets are closed sets. 

Definition 2.4 

Let 𝜇 = {𝑥 + 𝑦𝐼1 + 𝑧𝐼2 + 𝑡𝐼3 + 𝑞𝐼4 + 𝑠𝐼5  ; 𝑥, 𝑦, 𝑧, 𝑡, 𝑞, 𝑠 ∈ ℝ} and 

 𝐼1. 𝐼2 = 𝐼2. 𝐼1 = 𝐼1. 𝐼3 = 𝐼3. 𝐼1 = 𝐼1. 𝐼4 = 𝐼4. 𝐼1 = 𝐼5. 𝐼1 = 𝐼1,  𝐼2. 𝐼3 = 𝐼3. 𝐼2 =  𝐼2, 

𝐼4 = 𝐼4. 𝐼2 = 𝐼5. 𝐼2 = 𝐼2, 𝐼3. 𝐼4 = 𝐼4. 𝐼3 = 𝐼5. 𝐼3 = 𝐼3, 𝐼1
2 = 𝐼1, 𝐼2

2 = 𝐼2, 𝐼3
2 = 𝐼3, 𝐼4

2 = 𝐼4, 𝐼5
2 = 𝐼5. 

𝐼5𝐼4 = 𝐼4𝐼5 = 𝐼4. 

𝜇 is called the real 5-refined neutrosophic ring. 
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Remark 4 

For 𝑥 = 𝑥0 + 𝑥1𝐼1 + 𝑥2𝐼2 + 𝑥3𝐼3 + 𝑥4𝐼4 + 𝑥5𝐼5 ∈ 𝜇, we denote it by 𝑥 = 𝑥0 +∑ 𝑥𝑖𝐼𝑖
5
𝑖=1 . 

Theorem 2.4 

𝜇 is partially ordered set. 

Proof: 

We define the relation (≤) as follows: 

𝑢 = 𝑢0 + ∑ 𝑢𝑖𝐼𝑖
5
𝑖=1 ≤ 𝑣 = 𝑣0 + ∑ 𝑣𝑖𝐼𝑖

5
𝑖=1 , if and only if: 

{
  
 

  
 

𝑢0 ≤ 𝑣0
∑ 𝑢𝑖 ≤ ∑ 𝑣𝑖

5
𝑖=0

5
𝑖=0

∑ 𝑢𝑖 ≤𝑖≠1 ∑ 𝑣𝑖𝑖≠1

∑ 𝑢𝑖 ≤𝑖≠1,2 ∑ 𝑣𝑖𝑖≠1,2

∑ 𝑢𝑖 ≤𝑖≠1,2,3 ∑ 𝑣𝑖𝑖≠1,2,3

∑ 𝑢𝑖 ≤𝑖≠1,2,3,4 ∑ 𝑣𝑖𝑖≠1,2,3,4

. 

We will show that (≤) is a partial order relation: 

Let 𝑢 = 𝑢0 + ∑ 𝑢𝑖𝐼𝑖
5
𝑖=1 , 𝑣 = 𝑣0 + ∑ 𝑣𝑖𝐼𝑖

5
𝑖=1 , 𝑤 = 𝑤0 + ∑ 𝑤𝑖𝐼𝑖

5
𝑖=1 , 𝑢 ≤ 𝑢 that is because: 

{
 
 

 
 

𝑢0 ≤ 𝑢0
∑ 𝑢𝑖 ≤ ∑ 𝑢𝑖

5
𝑖=0

5
𝑖=0

𝑢0 + 𝑢2 + 𝑢3 + 𝑢4 + 𝑢5 ≤ 𝑢0 + 𝑢2 + 𝑢3 + 𝑢4 + 𝑢5
𝑢0 + 𝑢3 + 𝑢4 + 𝑢5 ≤ 𝑢0 + 𝑢3 + 𝑢4 + 𝑢5

𝑢0 + 𝑢4 + 𝑢5 ≤ 𝑢0 + 𝑢4 + 𝑢5
𝑢0 + 𝑢5 ≤ 𝑢0 + 𝑢5

  

If 𝑢 ≤ 𝑣 and 𝑣 ≤ 𝑢, then: 

{
 
 
 
 

 
 
 
 

𝑢0 ≤ 𝑣0 , 𝑣0 ≤ 𝑢0

∑𝑢𝑖 ≤∑𝑣𝑖  ,∑𝑣𝑖 ≤∑𝑢𝑖

5

𝑖=0

5

𝑖=0

5

𝑖=0

5

𝑖=0

𝑢0 + 𝑢2 + 𝑢3 + 𝑢4 + 𝑢5 ≤ 𝑣0 + 𝑣2 + 𝑣3 + 𝑣4 + 𝑣5
𝑣0 + 𝑣2 + 𝑣3 + 𝑣4 + 𝑣5 ≤ 𝑢0 + 𝑢2 + 𝑢3 + 𝑢4 + 𝑢5

𝑢0 + 𝑢3 + 𝑢4 + 𝑢5 ≤ 𝑣0 + 𝑣3 + 𝑣4 + 𝑣5,   𝑣0 + 𝑣3 + 𝑣4 + 𝑣5 ≤ 𝑢0 + 𝑢3 + 𝑢4 + 𝑢5
𝑢0 + 𝑢4 + 𝑢5 ≤ 𝑣0 + 𝑣4 + 𝑣5  , 𝑣0 + 𝑣4 + 𝑣5 ≤ 𝑢0 + 𝑢4 + 𝑢5

𝑢0 + 𝑢5 ≤ 𝑣0 + 𝑣5, 𝑣0 + 𝑣5 ≤ 𝑢0 + 𝑢5

 

Hence:  

{
 
 

 
 

𝑢0 = 𝑣0
𝑢0 + 𝑢4 + 𝑢5 = 𝑣0 + 𝑣4 + 𝑣5

𝑢0 + 𝑢3 + 𝑢4 + 𝑢5 = 𝑣0 + 𝑣3 + 𝑣4 + 𝑣5
𝑢0 + 𝑢2 + 𝑢3 + 𝑢4 + 𝑢5 = 𝑣0 + 𝑣2 + 𝑣3 + 𝑣4 + 𝑣5

𝑢0 + 𝑢1 + 𝑢2 + 𝑢3 + 𝑢4 + 𝑢5 = 𝑣0 + 𝑣1 + 𝑣2 + 𝑣3 + 𝑣4 + 𝑣5
𝑢0 + 𝑢5 = 𝑣0 + 𝑣5

⟹ {

𝑢0 = 𝑣0, 𝑢1 = 𝑣1
𝑢2 = 𝑣2, 𝑢3 = 𝑣3

𝑢4 = 𝑣4
𝑢5 = 𝑣5

⟹ 𝑢 = 𝑣. 

If 𝑢 ≤ 𝑣, and 𝑣 ≤ 𝑤, then: 

{
  
 

  
 𝑢0 ≤ 𝑣0,∑𝑢𝑖 ≤∑𝑣𝑖  

5

𝑖=0

5

𝑖=0

 

𝑢0 + 𝑢2 + 𝑢3 + 𝑢4 + 𝑢5 ≤ 𝑣0 + 𝑣2 + 𝑣3 + 𝑣4 + 𝑣5
𝑢0 + 𝑢3 + 𝑢4 + 𝑢5 ≤ 𝑣0 + 𝑣3 + 𝑣4 + 𝑣5

𝑢0 + 𝑢4 + 𝑢5 ≤ 𝑣0 + 𝑣4 + 𝑣5
𝑢0 + 𝑢5 ≤ 𝑣0 + 𝑣5
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And 

{
 
 

 
 

𝑣0 ≤ 𝑤0
∑ 𝑣𝑖 ≤ ∑ 𝑤𝑖

5
𝑖=0

5
𝑖=0

𝑣0 + 𝑣2 + 𝑣3 + 𝑣4 + 𝑣5 ≤ 𝑤0 + 𝑤2 + 𝑤3 +𝑤4 + 𝑤5
𝑣0 + 𝑣3 + 𝑣4 + 𝑣5 ≤ 𝑤0 + 𝑤3 + 𝑤4 + 𝑤5

𝑣0 + 𝑣4 + 𝑣5 ≤ 𝑤0 + 𝑤4  + 𝑤5
𝑣0 + 𝑣5 ≤ 𝑤0 + 𝑤5

  

Thus: 

{
 
 

 
 

𝑢0 ≤ 𝑤0
∑ 𝑢𝑖 ≤ ∑ 𝑤𝑖

5
𝑖=0

5
𝑖=0

𝑢0 + 𝑢4 + 𝑢5 ≤ 𝑤0 + 𝑤4 + 𝑤5
𝑢0 + 𝑢3 + 𝑢4 + 𝑢5 ≤ 𝑤0 +𝑤3 + 𝑤4 + 𝑤5

𝑢0 + 𝑢2 + 𝑢3 + 𝑢4 + 𝑢5 ≤ 𝑤0 + 𝑤2 +𝑤3 + 𝑤4 +𝑤5
𝑢0 + 𝑢5 ≤ 𝑤0 + 𝑤5

 

So that 𝑢 ≤ 𝑤. 

Definition 2.5 

Let 𝑢, 𝑣 be two 5-refined neutrosophic real numbers with 𝑢 ≤ 𝑣, then we define: 

]𝑢, 𝑣[ =  {𝑥 ∈ 𝜇  ; 𝑢 < 𝑥 < 𝑣}, 

[𝑢, 𝑣[ =  {𝑥 ∈ 𝜇  ; 𝑢 ≤ 𝑥 < 𝑣}, 

]𝑢, 𝑣] =  {𝑥 ∈ 𝜇  ; 𝑢 < 𝑥 ≤ 𝑣}, 

[𝑢, 𝑣] =  {𝑥 ∈ 𝜇  ; 𝑢 ≤ 𝑥 ≤ 𝑣}. 

We say that ]𝑢, 𝑣[ is an open 5-refined neutrosophic interval, and [𝑢, 𝑣] is a closed one. 

Theorem 2.5 

Let ]𝑢, 𝑣[, ]𝑤, 𝑡[ be two 5-refined neutrosophic open intervals, then: 

]𝑢, 𝑣[ ∩  ]𝑤, 𝑡[ is an open interval of ∅. 

Proof: 

If 𝑢 = 𝑢0 + ∑ 𝑢𝑖𝐼𝑖
5
𝑖=1 , 𝑣 = 𝑣0 + ∑ 𝑣𝑖𝐼𝑖

5
𝑖=1 , 𝑤 = 𝑤0 + ∑ 𝑤𝑖𝐼𝑖

5
𝑖=1 , 𝑡 = 𝑡0 + ∑ 𝑡𝑖𝐼𝑖

5
𝑖=1 , and  𝑢 < 𝑣 , 𝑤 < 𝑡 

with]𝑢, 𝑣[ ∩  ]𝑤, 𝑡[ ≠ ∅, 

then there exists 𝑚 = 𝑚0 + ∑ 𝑚𝑖𝐼𝑖
5
𝑖=1  such that: 𝑚 ∈ ]𝑢, 𝑣[,𝑚 ∈  ]𝑤, 𝑡[. 

Define: 

 𝑞 = 𝑞0 + ∑ 𝑞𝑖𝐼𝑖
5
𝑖=1 , 𝑝 = 𝑝0 + ∑ 𝑝𝑖𝐼𝑖

5
𝑖=1 , with: 

𝑞0 = max(𝑢0, 𝑤0), 𝑞4 = max(𝑢0 + 𝑢4 + 𝑢5, 𝑤0 +𝑤4 + 𝑤5) − max(𝑢0 + 𝑢5, 𝑤0 + 𝑤5) , 𝑞3 =
max(𝑢0 + 𝑢3 + 𝑢4 + 𝑢5, 𝑤0 + 𝑤3 +𝑤4 + 𝑤5) − max(𝑢0 + 𝑢4 + 𝑢5, 𝑤0 + 𝑤4 + 𝑤5), 𝑞2 = max(𝑢0 + 𝑢2 +
𝑢3 + 𝑢4 + 𝑢5, 𝑤0 + 𝑤2 + 𝑤3 + 𝑤4 +𝑤5) − max(𝑢0 + 𝑢3 + 𝑢4 + 𝑢5, 𝑤0 +𝑤3 + 𝑤4 +𝑤5),𝑞1 =

max(∑ 𝑢𝑖 , ∑ 𝑤𝑖
5
𝑖=0

5
𝑖=0 ) − max(𝑢0 + 𝑢2 + 𝑢3 + 𝑢4 + 𝑢5, 𝑤0 +𝑤2 + 𝑤3 + 𝑤4 + 𝑤5), 𝑞5 = max(𝑢0 + 𝑢5, 𝑤0 +

𝑤5) − max(𝑢0, 𝑤0), 

𝑝0 = min(𝑣0, 𝑡0), 𝑝4 = min(𝑣0 + 𝑣4 + 𝑣5, 𝑡0 + 𝑡4 + 𝑡5) − min(𝑣0, 𝑡0) , 𝑝3 =
min(𝑣0 + 𝑣3 + 𝑣4 + 𝑣5, 𝑡0 + 𝑡3 + 𝑡4 + 𝑡5) − min(𝑣0 + 𝑣4 + 𝑣5, 𝑡0 + 𝑡4 + 𝑡5), 𝑝2 = min (𝑣0 + 𝑣2 + 𝑣3 + 𝑣4 +

𝑣5, 𝑡0 + 𝑡2 + 𝑡3 + 𝑡4 + 𝑡5) − min(𝑣0 + 𝑣3 + 𝑣4 + 𝑣5, 𝑡0 + 𝑡3 + 𝑡4 + 𝑡5),𝑝1 = min(∑ 𝑣𝑖 , ∑ 𝑤𝑖
5
𝑖=0

5
𝑖=0 ) −

min (𝑣0 + 𝑣2 + 𝑣3 + 𝑣4 + 𝑣5, 𝑡0 + 𝑡2 + 𝑡3 + 𝑡4 + 𝑡5), 𝑝5 = min(𝑣0 + 𝑣5, 𝑡0 + 𝑡5) − min(𝑣0, 𝑡0),, we have: 

𝑚 > 𝑞 that is because: 
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{
 
 
 
 

 
 
 
 

𝑚0 > 𝑢0 , 𝑚0 > 𝑤0 ⟹𝑚0 > 𝑞0

∑𝑚𝑖 >∑𝑢𝑖 ,∑𝑚𝑖 >∑𝑤𝑖

5

𝑖=0

5

𝑖=0

5

𝑖=0

5

𝑖=0

⟹∑𝑚𝑖 >∑𝑞𝑖

5

𝑖=0

5

𝑖=0

𝑚0 +𝑚4 +𝑚5 > 𝑢0 + 𝑢4 + 𝑢5  , 𝑚0 +𝑚4 +𝑚5 > 𝑤0 + 𝑤4 + 𝑤5 ⟹𝑚0 +𝑚4 +𝑚5 > 𝑞0 + 𝑞4 + 𝑞5
𝑚0 +𝑚3 +𝑚4 +𝑚5 > 𝑢0 + 𝑢3 + 𝑢4 + 𝑢5,   𝑚0 +𝑚3 +𝑚4 +𝑚5 > 𝑤0 + 𝑤3 + 𝑤4 + 𝑤5,
𝑚0 +𝑚3 +𝑚4 +𝑚5 > 𝑞0 + 𝑞3 + 𝑞4, 𝑚0 +𝑚2 +𝑚3 +𝑚4 +𝑚5 > 𝑢0 + 𝑢2 + 𝑢3 + 𝑢4 + 𝑢5

𝑚0 +𝑚2 +𝑚3 +𝑚4 +𝑚5 > 𝑤0 + 𝑤2 + 𝑤3 + 𝑤4 + 𝑤5, 𝑚0 +𝑚2 +𝑚3 +𝑚4 +𝑚5 > 𝑞0 + 𝑞2 + 𝑞3 + 𝑞4 + 𝑞5
𝑚0 +𝑚5 > 𝑢0 + 𝑢5  , 𝑚0 +𝑚5 > 𝑤0 + 𝑤5 ⟹𝑚0 +𝑚5 > 𝑞0 + 𝑞5

 

𝑚 < 𝑝 that is because: 

{
 
 
 
 

 
 
 
 

𝑚0 < 𝑣0 , 𝑚0 < 𝑡0 ⟹𝑚0 < 𝑝0

∑𝑚𝑖 <∑𝑣𝑖  ,∑𝑚𝑖 <∑𝑡𝑖

5

𝑖=0

5

𝑖=0

5

𝑖=0

5

𝑖=0

⟹∑𝑚𝑖 <∑𝑝𝑖

5

𝑖=0

5

𝑖=0

𝑚0 +𝑚4 +𝑚5 < 𝑣0 + 𝑣4 + 𝑣5  , 𝑚0 +𝑚4 +𝑚5 < 𝑡0 + 𝑡4 + 𝑡5, 𝑚0 +𝑚4 +𝑚5 < 𝑝0 + 𝑝4 + 𝑝5
𝑚0 +𝑚3 +𝑚4 +𝑚5 < 𝑣0 + 𝑣3 + 𝑣4 + 𝑣5,   𝑚0 +𝑚3 +𝑚4 +𝑚5 < 𝑡0 + 𝑡3 + 𝑡4 + 𝑡5,

𝑚0 +𝑚3 +𝑚4 +𝑚5 < 𝑝0 + 𝑝3 + 𝑝4 + 𝑝5, 𝑚0 +𝑚2 +𝑚3 +𝑚4 +𝑚5 < 𝑣0 + 𝑣2 + 𝑣3 + 𝑣4 + 𝑣5
𝑚0 +𝑚2 +𝑚3 +𝑚4 +𝑚5 < 𝑡0 + 𝑡2 + 𝑡3 + 𝑡4 + 𝑡5, 𝑚0 +𝑚2 +𝑚3 +𝑚4 +𝑚5 < 𝑝0 + 𝑝2 + 𝑝3 + 𝑝4 + 𝑝5

𝑚0 +𝑚5 < 𝑣0 + 𝑣5  , 𝑚0 +𝑚5 < 𝑡0 + 𝑡5, 𝑚0 +𝑚5 < 𝑝0 + 𝑝5

 

Thus: ]𝑢, 𝑣[ ∩  ]𝑤, 𝑡[ ⊆ ]𝑞, 𝑝[ 

Now, let 𝑚 = 𝑚0 + ∑ 𝑚𝑖𝐼𝑖
5
𝑖=1 ∈ ]𝑞, 𝑝[, then: 

𝑚 > 𝑞 ⟹ 

{
 
 

 
 

𝑚0 > 𝑢0 , 𝑚0 > 𝑤0
∑ 𝑚𝑖 > ∑ 𝑢𝑖  , ∑ 𝑚𝑖 > ∑ 𝑤𝑖

5
𝑖=0

5
𝑖=0

5
𝑖=0

5
𝑖=0

𝑚0 +𝑚4 +𝑚5 > 𝑢0 + 𝑢4  + 𝑢5 , 𝑚0 +𝑚4 +𝑚5 > 𝑤0 +𝑤4 + 𝑤5
𝑚0 +𝑚3 +𝑚4 > 𝑢0 + 𝑢3 + 𝑢4 + 𝑢5,   𝑚0 +𝑚3 +𝑚4 > 𝑤0 + 𝑤3 +𝑤4 + 𝑤5

𝑚0 +𝑚2 +𝑚3 +𝑚4 +𝑚5 > 𝑢0 + 𝑢2 + 𝑢3 + 𝑢4
𝑚0 +𝑚2 +𝑚3 +𝑚4 +𝑚5 > 𝑤0 + 𝑤2 + 𝑤3 + 𝑤4 + 𝑤5

⟹𝑚 > 𝑢 and 𝑚 >

𝑤. 

𝑚 < 𝑝 ⟹ 

{
 
 

 
 

𝑚0 < 𝑣0 , 𝑚0 < 𝑡0,

∑ 𝑚𝑖 < ∑ 𝑣𝑖  , ∑ 𝑚𝑖 < ∑ 𝑡𝑖 ,
5
𝑖=0

5
𝑖=0

5
𝑖=0

5
𝑖=0

𝑚0 +𝑚4 +𝑚5 < 𝑣0 + 𝑣4 + 𝑣5  , 𝑚0 +𝑚4 +𝑚5 < 𝑡0 + 𝑡4 + 𝑡5,
𝑚0 +𝑚3 +𝑚4 +𝑚5 < 𝑣0 + 𝑣3 + 𝑣4 + 𝑣5,   𝑚0 +𝑚3 +𝑚4 +𝑚5 < 𝑡0 + 𝑡3 + 𝑡4 + 𝑡5,

𝑚0 +𝑚2 +𝑚3 +𝑚4 +𝑚5 < 𝑣0 + 𝑣2 + 𝑣3 + 𝑣4 + 𝑣5,
𝑚0 +𝑚2 +𝑚3 +𝑚4 +𝑚5 < 𝑡0 + 𝑡2 + 𝑡3 + 𝑡4 + 𝑡5,

⟹ 𝑚 <

𝑡 and 𝑚 < 𝑣. 

Hence ]𝑞, 𝑝[ ⊆ ]𝑢, 𝑣[ ∩  ]𝑤, 𝑡[ and ]𝑢, 𝑣[ ∩ ]𝑤, 𝑡[ = ]𝑞, 𝑝[. 

Remark 5 

[𝑢, 𝑣] ∩ [𝑤, 𝑡] = [𝑞, 𝑝], i.e. the intersection of two 5-refined neutrosophic real closed intervals is a closed interval 

or ∅. 

Definition 2.6 

We define 𝜏 = {𝜇, ∅, 𝑠𝑖} ;  𝑠𝑖 = ⋃ ]𝑢𝑖 , 𝑣𝑖[𝑖∈𝐼 , with 𝑢𝑖, 𝑣𝑖 ∈ 𝜇. 

Theorem 2.6 

(𝜇, 𝜏) is a topological space. 

Proof: 

𝜇 ∈ 𝜏, ∅ ∈ 𝜏. 

Let 𝑠𝑖 , 𝑠𝑗 ∈ 𝜏, then: 

 𝑠𝑖 = ⋃ ]𝑢𝑖, 𝑣𝑖[𝑖∈𝐼 , 𝑠𝑗 = ⋃ ]𝑢𝑗, 𝑣𝑗[𝑗∈𝐼 , then: 
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𝑠𝑖 ∩ 𝑠𝑗 =⋃]𝑝𝑘 , 𝑞𝑘[ ∈ 𝜏

𝑘∈𝐾

. 

Let {(𝑠𝑖)𝑗} be a family of 𝜏, then: 

⋃ (𝑠𝑖)𝑗 =𝑗∈𝐽 ⋃ (⋃ ]𝑢𝑖 , 𝑣𝑖[𝑖∈𝐼 ) ∈ 𝜏𝑗∈𝐽 , thus 𝜏 is a topology and (𝜇, 𝜏) is a topological space. 

Remark 6 

Open sets of 𝜇 are the union of open intervals with respect to the partial order relation. 

The complements of open sets are closed sets. 

Example 2.2 

Consider 𝑢 = 2 + 𝐼1 + 𝐼2 + 𝐼3 + 𝐼4 + 𝐼5, 𝑣 = 2 + 2𝐼1 + 𝐼2 + 2𝐼3 + 𝐼4 + 2𝐼5, 

Let 𝑥 = 𝑥0 + 𝑥1𝐼1 + 𝑥2𝐼2 + 𝑥3𝐼3 + 𝑥4𝐼4 + 𝑥5𝐼5 ∈ [𝑢, 𝑣], then: 

{
 
 

 
 

𝑥0 = 2
3 ≤ 𝑥0 + 𝑥5 ≤ 4

4 ≤ 𝑥0 + 𝑥4 + 𝑥5 ≤ 5
5 ≤ 𝑥0 + 𝑥3 + 𝑥4 + 𝑥5 ≤ 7

6 ≤ 𝑥0 + 𝑥2 + 𝑥3 + 𝑥4 + 𝑥5 ≤ 8
7 ≤ 𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 + 𝑥4 + 𝑥5 ≤ 10

 

Thus 

{
 
 

 
 

𝑥0 = 2
1 ≤ 𝑥5 ≤ 2

2 ≤ 𝑥4 + 𝑥5 ≤ 3
3 ≤ 𝑥3 + 𝑥4 + 𝑥5 ≤ 5

4 ≤ 𝑥2 + 𝑥3 + 𝑥4 + 𝑥5 ≤ 6
5 ≤ 𝑥1 + 𝑥2 + 𝑥3 + 𝑥4 + 𝑥5 ≤ 8

 

 

Theorem 2.7 

Let (𝜇, 𝜏) be the topological space of 4-refined neutrosophic numbers intervals, and (∆, 𝛽) be the topological space 

of 5-refined neutrosophic numbers intervals, then: 

(𝜇 × ∆, (𝜏, 𝛽)) = {(∅, ∅), (𝜇, ∆), (𝑠𝑖 , 𝑡𝑖); 𝑠𝑖 ∈ 𝜏, 𝑡𝑖 ∈ 𝛽}, is a topological space. 

Proof: 

(𝜇, ∆) ∈ (𝜏, 𝛽), (∅, ∅) ∈ (𝜏, 𝛽). 

Let (𝑠𝑖 , 𝑡𝑖), (𝑠𝑗 , 𝑡𝑗) ∈ (𝜏, 𝛽), then: 

 𝑠𝑖 = ⋃ ]𝑢𝑖, 𝑣𝑖[𝑖∈𝐼 , 𝑠𝑗 = ⋃ ]𝑢𝑗, 𝑣𝑗[𝑗∈𝐼 , 𝑡𝑖 = ⋃ ]𝑚𝑖 , 𝑛𝑖[𝑖∈𝐼 , 𝑡𝑗 = ⋃ ]𝑚𝑗 , 𝑛𝑗[𝑗∈𝐼  then: 

(𝑠𝑖 , 𝑡𝑖) ∩ (𝑠𝑗 , 𝑡𝑗) = (⋃]𝑝𝑘 , 𝑞𝑘[

𝑘∈𝐾

,⋃]ℎ𝑘 , 𝑓𝑘[

𝑘∈𝐾

) ∈ (𝜏, 𝛽). 

Let {(𝑠𝑖 , 𝑡𝑖)𝑗} be a family of (𝜏, 𝛽), then: 

⋃ (𝑠𝑖 , 𝑡𝑖)𝑗 =𝑗∈𝐽 ⋃ (⋃ ]𝑢𝑖 , 𝑣𝑖[𝑖∈𝐼 , ⋃ ]𝑚𝑖 , 𝑛𝑖[𝑖∈𝐼 ) ∈ (𝜏, 𝛽)𝑗∈𝐽 , thus (𝜏, 𝛽) is a topology and (𝜇 × ∆, (𝜏, 𝛽)) is a 

topological space. 

Theorem 2.8 

Let (𝜇, 𝜏) be the topological space of 4-refined neutrosophic numbers intervals, then: 

(𝜇 × 𝜇, (𝜏, 𝜏)) = {(∅, ∅), (𝜇, 𝜇), (𝑠𝑖 , 𝑡𝑖); 𝑠𝑖 ∈ 𝜏, 𝑡𝑖 ∈ 𝜏}, is a topological space. 

Proof: 

(𝜇, 𝜇) ∈ (𝜏, 𝜏), (∅, ∅) ∈ (𝜏, 𝜏). 
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Let (𝑠𝑖 , 𝑡𝑖), (𝑠𝑗 , 𝑡𝑗) ∈ (𝜏, 𝜏), then: 

 𝑠𝑖 = ⋃ ]𝑢𝑖, 𝑣𝑖[𝑖∈𝐼 , 𝑠𝑗 = ⋃ ]𝑢𝑗, 𝑣𝑗[𝑗∈𝐼 , 𝑡𝑖 = ⋃ ]𝑚𝑖 , 𝑛𝑖[𝑖∈𝐼 , 𝑡𝑗 = ⋃ ]𝑚𝑗 , 𝑛𝑗[𝑗∈𝐼  then: 

(𝑠𝑖 , 𝑡𝑖) ∩ (𝑠𝑗 , 𝑡𝑗) = (⋃]𝑝𝑘 , 𝑞𝑘[

𝑘∈𝐾

,⋃]ℎ𝑘 , 𝑓𝑘[

𝑘∈𝐾

) ∈ (𝜏, 𝜏). 

Let {(𝑠𝑖 , 𝑡𝑖)𝑗} be a family of (𝜏, 𝜏), then: 

⋃ (𝑠𝑖 , 𝑡𝑖)𝑗 =𝑗∈𝐽 ⋃ (⋃ ]𝑢𝑖 , 𝑣𝑖[𝑖∈𝐼 , ⋃ ]𝑚𝑖 , 𝑛𝑖[𝑖∈𝐼 ) ∈ (𝜏, 𝜏)𝑗∈𝐽 , thus (𝜏, 𝜏) is a topology and (𝜇 × 𝜇, (𝜏, 𝜏)) is a 

topological space. 

Theorem 2.9 

Let (𝜇, 𝜏) be the topological space of 5-refined neutrosophic numbers intervals, then: 

(𝜇 × 𝜇, (𝜏, 𝜏)) = {(∅, ∅), (𝜇, 𝜇), (𝑠𝑖 , 𝑡𝑖); 𝑠𝑖 ∈ 𝜏, 𝑡𝑖 ∈ 𝜏}, is a topological space. 

Proof: 

(𝜇, 𝜇) ∈ (𝜏, 𝜏), (∅, ∅) ∈ (𝜏, 𝜏). 

Let (𝑠𝑖 , 𝑡𝑖), (𝑠𝑗 , 𝑡𝑗) ∈ (𝜏, 𝜏), then: 

 𝑠𝑖 = ⋃ ]𝑢𝑖, 𝑣𝑖[𝑖∈𝐼 , 𝑠𝑗 = ⋃ ]𝑢𝑗, 𝑣𝑗[𝑗∈𝐼 , 𝑡𝑖 = ⋃ ]𝑚𝑖 , 𝑛𝑖[𝑖∈𝐼 , 𝑡𝑗 = ⋃ ]𝑚𝑗 , 𝑛𝑗[𝑗∈𝐼  then: 

(𝑠𝑖 , 𝑡𝑖) ∩ (𝑠𝑗 , 𝑡𝑗) = (⋃]𝑝𝑘 , 𝑞𝑘[

𝑘∈𝐾

,⋃]ℎ𝑘 , 𝑓𝑘[

𝑘∈𝐾

) ∈ (𝜏, 𝜏). 

Let {(𝑠𝑖 , 𝑡𝑖)𝑗} be a family of (𝜏, 𝜏), then: 

⋃ (𝑠𝑖 , 𝑡𝑖)𝑗 =𝑗∈𝐽 ⋃ (⋃ ]𝑢𝑖 , 𝑣𝑖[𝑖∈𝐼 , ⋃ ]𝑚𝑖 , 𝑛𝑖[𝑖∈𝐼 ) ∈ (𝜏, 𝜏)𝑗∈𝐽 , thus (𝜏, 𝜏) is a topology and (𝜇 × 𝜇, (𝜏, 𝜏)) is a 

topological space. 

3. Conclusion 

In this paper we studied for the first time the building of a topological space based on the intervals defined over 4-

refined neutrosophic real numbers and 5-refined neutrosophic real numbers, where we defined a special partial 

order relation on these rings, and we use it to study the structure of the corresponding intervals generated from this 

relation. Also, we characterized the formula of open sets through these two topological spaces with some illustrated 

examples. 
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