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Abstract

Graph theory is the study of networks comprising nodes (vertices) and their connections (edges). It is
instrumental in analyzing the structure, pathways, and properties of these networks.

This paper explores two significant problems in graph theory: the domination number and the chromatic
number. The domination number represents the smallest subset of vertices such that every vertex in the
graph is either included in this subset or adjacent to at least one vertex within it. The chromatic number,
on the other hand, refers to the minimum number of colors needed to color a graph such that no two
adjacent vertices share the same color.

Additionally, the paper introduces and examines uncertain graph models, including Fuzzy, Intuitionistic
Fuzzy, Neutrosophic, Turiyam Neutrosophic, and Plithogenic graphs. It further investigates their respective
domination and chromatic numbers, providing insights into these advanced graph concepts.

Keywords: Neutrosophic graph, Fuzzy graph, Domination number, Chromatic number, Plithogenic
Graph

1| Introduction

1.1 | Domination and Chromatic Numbers in Graphs

Graph theory focuses on studying networks composed of nodes (vertices) and their connections (edges). It plays
a crucial role in analyzing the structure, pathways, and properties of these networks [21].

One of the central problems in graph theory is the dominating set problem. This problem involves finding a
subset of vertices in a graph such that every vertex either belongs to this subset or is adjacent to a vertex in
the subset. The dominating set problem is known to be NP-complete [47, 46]. The domination number is the
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minimum number of vertices required to form such a set, and it has been widely studied across various research
domains, alongside other related graph parameters [42, 7, 110, 89, 19, 80, 9, 17, 64].

The secure domination number is another important graph parameter. It represents the minimum number of
vertices in a set such that replacing any vertex in the set with another vertex still ensures domination over the
graph [57, 16, 18, 12, 63, 76, 56, 23].

Another well-studied problem in graph theory is the chromatic number. This parameter is widely discussed in
the context of graph coloring problems [49]. The graph coloring problem[31, 60, 49] is one of the most famous
problems in graph theory and is also known to be NP-hard[38]. Additionally, graph coloring is recognized as a
special case of graph labeling [32, 33]. Like the domination number, the chromatic number has been the focus of
extensive research [118, 24, 77, 48].

1.2 | Uncertain Graphs Models

In this paper, we explore a range of uncertain graph models, including Fuzzy Graphs, Intuitionistic Fuzzy
Graphs, Neutrosophic Graphs, Turiyam Neutrosophic Graphs, and Plithogenic Graphs. These models have
been specifically developed to handle uncertainty in practical applications. Collectively referred to as uncertain
graphs, an overview of these models is provided in the introduction.

Fuzzy Graphs assign a membership value between 0 and 1 to each vertex and edge, representing the degree of
uncertainty or imprecision associated with them [83, 59, 72, 4, 5]. These graphs are closely tied to fuzzy set theory
[62, 116, 115, 22] and have applications in areas such as social networks, decision-making, and transportation
systems, where relationships are often uncertain or ambiguous [83, 67]. Intuitionistic Fuzzy Graphs extend fuzzy
graphs by introducing additional parameters [79, 54, 73, 37].

Neutrosophic Graphs [3, 87, 102, 98, 44, 14, 2], based on neutrosophic set theory [6, 101, 104], introduce three
parameters—truth, indeterminacy, and falsity—thereby extending classical and fuzzy logic to better represent
uncertainty.

Turiyam Neutrosophic Graphs further build on the principles of neutrosophic and fuzzy graphs by introducing four
attributes—truth, indeterminacy, falsity, and a liberal state—to each vertex and edge [34, 36, 35, 27]. Plithogenic
Graphs, a more generalized graph model, have also emerged as an important area of study [109, 50, 27, 92, 30, 107].

Within these uncertain graph models, various uncertain domination numbers, such as the Fuzzy Domination
Number and Neutrosophic Domination Number, have been extensively researched [70, 113, 114, 112, 58, 20, 11,
66, 41, 90, 61]. Secure domination numbers under uncertainty [71, 86, 52, 51, 68] and Uncertain Chromatic
Numbers have also been widely investigated. While research on domination in Turiyam Neutrosophic and
Plithogenic Graphs is still in its early stages, it is a promising area for further exploration.

1.3 | Our Contribution in This Paper

In this work, we define and investigate domination numbers, secure domination numbers, and chromatic numbers
within the frameworks of Fuzzy Graphs, Intuitionistic Fuzzy Graphs, Neutrosophic Graphs, Turiyam Neutrosophic
Graphs, and Plithogenic Graphs. We examine their properties, interrelationships, and potential applications.

2 | Preliminaries and definitions

In this section, we provide a brief overview of the definitions and notations used throughout this paper. Due to
space constraints, not all details of each definition are included. Readers are encouraged to refer to the cited
references as needed.

2.1 | Basic Graph Concepts

Here are a few basic graph concepts listed below. For more foundational graph concepts and notations, please
refer to [21, 43, 111].
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Definition 1 (Graph). [21] A graph G is a mathematical structure consisting of a set of vertices V(G) and a set
of edges F(G) that connect pairs of vertices, representing relationships or connections between them. Formally,
a graph is defined as G = (V, E), where Vis the vertex set and F is the edge set.

Definition 2 (Degree). [21] Let G = (V, E) be a graph. The degree of a vertex v € V, denoted deg(v), is the
number of edges incident to v. Formally, for undirected graphs:
deg(v) =|{e€ E|v € e}

In the case of directed graphs, the in-degree deg™ (v) is the number of edges directed into v, and the out-degree
deg™ (v) is the number of edges directed out of v.

Definition 3 (Subgraph). [21] A subgraph of G is a graph formed by selecting a subset of vertices and edges
from G.

Definition 4 (Empty Graph and Null graph). (cf.[91, 45]) An empty graph is a graph that contains a set of
vertices V but has no edges. Formally, an empty graph G = (V, F) is defined as a graph where F = (J, meaning
the edge set is empty. This graph has no connections between its vertices. A null graph is a graph with no
vertices and no edges. Formally, a null graph is a graph G = (V, E) where both the vertex set V' = () and the
edge set E = (). It is the simplest possible graph structure, containing no elements.

2.2 | Fuzzy, Intuitionistic Fuzzy Graphs, Neutrosophic Graphs, and Turiyam Neutro-
sophic Graphs

In this subsection, we examine Fuzzy Graphs, Intuitionistic Fuzzy Graphs, Neutrosophic Graphs, and Turiyam
Neutrosophic Graphs. Fuzzy graphs are frequently discussed in comparison with crisp graphs, which represent
the classical form of graphs[83, 55]. Note that Turiyam Neutrosophic Set is actually a particular case of the
Quadruple Neutrosophic Set, by replacing ”Contradiction” with "Liberal” (cf.[94]).

Definition 5. (cf.[83, 55]) A crisp graph is an ordered pair G = (V, E), where:
e Vis a finite, non-empty set of vertices.
e F CV xVis a set of edges, where each edge is an unordered pair of distinct vertices.
Formally, for any edge (u,v) € E, the following holds:
(u,v) EE <= u+#v and uw,veV
This implies that there are no loops (i.e., no edges of the form (v,v)) and edges represent binary relationships

between distinct vertices.

Taking the above into consideration, we define Fuzzy, Intuitionistic Fuzzy, Neutrosophic, and Turiyam Neutro-
sophic Graphs as follows. Please note that the definitions have been consolidated for simplicity.

Definition 6 (Unified Graphs Framework: Fuzzy, Intuitionistic Fuzzy, Neutrosophic, and Turiyam Neutrosophic
Graphs). (cf.[26]) Let G = (V, E) be a classical graph with a set of vertices V and a set of edges E. Depending
on the type of graph, each vertex v € V and edge e € E is assigned membership values to represent various
degrees of truth, indeterminacy, and falsity.

(1) Fuzzy Graph [13, 40, 106, 81]:

e Each vertex v € V is assigned a membership degree o(v) € [0, 1], representing the degree of
participation of v in the fuzzy graph.

e Each edge e = (u,v) € E is assigned a membership degree p(u,v) € [0, 1], representing the strength
of the connection between u and v.

(2) Intuitionistic Fuzzy Graph (IFG) [117, 1]:

e Each vertex v € Vis assigned two values: p4(v) € [0,1] (degree of membership) and v4(v) € [0, 1]
(degree of non-membership), such that 4 (v) + vy (v) < 1.



Review of Domination number and Chromatic number in Turiyam Neutrosophic and Plithogenic Graphs 41

e Each edge e = (u,v) € E is assigned two values: pg(u,v) € [0,1] (degree of membership) and
vg(u,v) € [0,1] (degree of non-membership), such that pugz(u,v) + vg(u,v) < 1.

(3) Neutrosophic Graph [102, 98, 44]:

e Each vertex v € Vis assigned a triple o(v) = (op(v), 0;(v), 0 p(v)), where:

op(v) € [0,1] is the truth-membership degree,
1(v)
F(

v)
7(v) +0o(v) +op(v) < 3.

[0, 1] is the indeterminacy-membership degree,

€
€ [0,1] is the falsity-membership degree,

o
o
o
e Each edge e = (u,v) € F is assigned a triple u(e) = (up(e), ui(e), pp(e)), representing the truth,
indeterminacy, and falsity degrees for the connection between u and v.
(4) Turiyam Neutrosophic Graph [34, 26, 35]:
e Each vertex v € Vis assigned a quadruple o(v) = (¢£(v), iv(v), fv(v),lv(v)), where:
— t(v) € [0,1] is the truth value,
— sv(v) € [0,1] is the indeterminacy value,
— fu(v) €10,1] is the falsity value,
— lv(v) € [0,1] is the liberal state value,
— t(v) +w(v) + fo(v) + lv(v) < 4.
e Each edge e = (u,v) € E is similarly assigned a quadruple representing the same parameters for

the connection between v and wv.

Recently, Plithogenic Graphs have been proposed as a generalization of Fuzzy Graphs and Turiyam Neutrosophic
Graphs, as well as a graphical representation of Plithogenic Sets [96]. Plithogenic Graphs have been developed
and are currently being actively studied [109, 50, 26, 92, 107] The definition is provided below.

Definition 7. [109] Let G = (V, E) be a crisp graph where V'is the set of vertices and E C V x V'is the set of
edges. A Plithogenic Graph PG is defined as:

PG = (PM,PN)
where:
(1) Plithogenic Vertex Set PM = (M,l, Ml,adf,aCf):
e M C Vis the set of vertices.
e [ is an attribute associated with the vertices.
e M1 is the range of possible attribute values.
e adf : M x Ml — [0,1]® is the Degree of Appurtenance Function (DAF) for vertices.
e aCf: Ml x Ml — [0,1]" is the Degree of Contradiction Function (DCF) for vertices.
(2) Plithogenic Edge Set PN = (N, m, Nm,bdf,bC f):
e N C F is the set of edges.
e m is an attribute associated with the edges.
e Nm is the range of possible attribute values.

e bdf: N x Nm — [0,1]° is the Degree of Appurtenance Function (DAF) for edges.
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e bCf: Nm x Nm — [0,1] is the Degree of Contradiction Function (DCF) for edges.
The Plithogenic Graph PG must satisfy the following conditions:
(1) Edge Appurtenance Constraint: For all (z,a), (y,b) € M x MI:
bdf((zy), (a,b)) < min{adf(z,a),adf(y,b)}

where zy € N is an edge between vertices z and y, and (a,b) € Nm x Nm are the corresponding
attribute values.

(2) Contradiction Function Constraint: For all (a,b), (¢,d) € Nm x Nm:
bCf((a,b), (¢,d)) < min{aC f(a,c),aCf(b,d)}

(3) Reflexivity and Symmetry of Contradiction Functions:

aCf(a,a) =0, Va € Ml
aCf(a,b) = aCf(b,a), Ya,b e Ml
bCf(a,a) =0, Ya € Nm
bCf(a,b) =bCf(b,a), Ya,b e Nm

2.3 | Domination Number

The Domination Number is the minimum number of vertices in a set such that every vertex is either in the set
or adjacent to one. This graph parameter has also been studied in Fuzzy Graphs, Intuitionistic Fuzzy Graphs,
and Neutrosophic Graphs.

Definition 8. [57, 16, 18] Let G = (V, E) be an undirected graph, where V'is the set of vertices, and E is the
set of edges.

A subset D C Vis called a dominating set if for every vertex v € V \ D, there exists a vertex v € D such that
(u,v) € E.

The domination number v(G) is defined as the minimum cardinality of a dominating set:

¥(G) =min{|D| | D is a dominating set in G} .

Example 9. Consider the following simple graph G = (V, E):
o Vertex set: V = {vy,vq, 05,0y, V5 }.
e Edge set: B = {(vy,vy), (vg,03), (v3,v4), (vg,05) }-
We aim to find the Domination Number (G) of this graph.
A dominating set D C V'is a set such that every vertex not in D is adjacent to at least one vertex in D.
Let’s consider possible dominating sets:
o D={uvy,u4}:
— vy dominates v; and v;.
— v, dominates v; and vs.
— All vertices are either in D or adjacent to a vertex in D.
o D= {vg}:
— v5 dominates v, and v,.
— v, is not adjacent to v3, so v; is not dominated.
— vy is not adjacent to vg, so v5 is not dominated.

— Therefore, D = {v3} is not a dominating set.
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o D= {v,,v5}:
— vy dominates v; and v;.
— vy dominates v,.
— v, is adjacent to vy, so it is dominated.
— All vertices are either in D or adjacent to a vertex in D.
From the above, we can see that the minimum cardinality of a dominating set is 2.
Therefore, the Domination Number v(G) = 2.
The Fuzzy Domination Number, Intuitionistic Fuzzy Domination Number, and Neutrosophic Domination Number
can be extended from the definitions of the fuzzy graph, intuitionistic fuzzy graph, and neutrosophic graph,
respectively, as described below.
Definition 10. [53, 103, 78] Given a fuzzy graph G = (o, ), where:
e 0:V —[0,1] is the membership function of vertices.
o 1 :VxV —[0,1] is the membership function of edges, such that for all u,v € V, u(u,v) < min(o(u), o(v)).
A dominating set D C Vin G is a subset of vertices such that for every v € V| there exists u € D such that:
(1) p(u,v) is a strong arc (i.e., pu(u,v) = o(v)).
(2) p(u,v) > 0, meaning that vertex v is either directly dominated by or adjacent to some vertex in D.
A minimum dominating set is a dominating set that contains the smallest number of vertices.

The Fuzzy Domination Number ;(G) of the fuzzy graph G is defined as the sum of the membership values o (u)
of all vertices v in the minimum dominating set D:

where D is the minimum dominating set.

Definition 11. [53, 74] Given an intuitionistic fuzzy graph G = (V, E), where:
o V ={vy,vq,...,v,} is the set of vertices.
e y : V —[0,1] is the membership function that represents the degree of membership for each vertex v,.

e v, : V — [0, 1] is the non-membership function for each vertex v;, with the condition 0 < 4 (v;)+7; (v;) <
1.

® p1p : V. xV — [0,1] is the membership function for edges between vertices v; and v;, such that
,UQ(UivUj) < min(py (%):lﬁ(”j))-
® 7, : V xV —[0,1] is the non-membership function for edges, where v (v;,v;) < max(vy; (v;),71(v;))-

A dominating set D C Vin G is defined such that for every v € V' \ D, there exists u € D such that v dominates
v. That is, there exists a strong arc from u to v with respect to the membership and non-membership values of
the vertices and edges.

The Intuitionistic Fuzzy Domination Number -; f(G) is defined as the minimum cardinality of a dominating set
D, i.e., the smallest number of vertices in D, where no proper subset of D is also a dominating set.

Definition 12. [93, 105] Let G = (A, B) be a single-valued neutrosophic graph (SVN-graph), where:
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o A= (Ty,I4,F,) represents the set of vertices V, with functions T, : V. — [0,1], I, : V — [0,1],
and F, : V — [0, 1] defining the degree of truth membership, indeterminacy membership, and falsity
membership of each vertex v € V.

e B = (Tg, Ig, Fp) represents the set of edges E C V x V, with functions Tz, I, F : E — [0, 1] assigning
the respective memberships for each edge between vertices v; and v,.

A vertex x € Vis said to dominate another vertex y € Vin G if:
(1) Tp(z,y) = min(Ts(x), T4 (y)),
(2) Ip(x,y) = min(l,(x), [4(y)),
(3) Fp(z,y) = min(Fy(z), Fa(y)).

A subset D C Vis called a dominating set if for every vertex v € V' \ D, there exists a vertex u € D such that u
dominates v.

The Neutrosophic Domination Number ~5(G) of the neutrosophic graph G is defined as the minimum cardinality
of a dominating set D. That is, the smallest number of vertices required to form a dominating set.

Proposition 13. The Neutrosophic Domination Number generalizes the Fuzzy Domination Number.
Proof: In a Neutrosophic Graph, each vertex has degrees t(v), i(v), and f(v). By setting i(v) and f(v) to zero
or constants, the Neutrosophic Graph simplifies to a Fuzzy Graph with membership function o(v) = ¢(v).

Thus, the Neutrosophic Domination Number v,/(G) reduces to the Fuzzy Domination Number v ,(G).

Therefore, the Neutrosophic Domination Number generalizes the Fuzzy Domination Number. O
Corollary 14. The Neutrosophic Domination Number generalizes the Intuitionistic Fuzzy Domination Number.
Proof: This is evident. O
Proposition 15. The Fuzzy Domination Number generalizes the traditional Domination Number.

Proof: When the membership functions o(v) and p(u,v) in a Fuzzy Graph take only values 0 or 1, the Fuzzy

Graph becomes a crisp graph.

Under these conditions, the Fuzzy Domination Number Vf(G) coincides with the traditional Domination Number
Y(G).

Therefore, the Fuzzy Domination Number generalizes the traditional Domination Number. O
Corollary 16. The Intuitionistic Fuzzy Domination Number generalizes the traditional Domination Number.

Proof: This is evident. ]

Corollary 17. The Neutrosophic Domination Number generalizes the traditional Domination Number.

Proof: This is evident. O
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2.4 | Secure Domniation Number

The Secure Domination Number is the minimum number of vertices in a set where replacing any vertex maintains
domination over the graph. This graph parameter has also been studied in Fuzzy Graphs, Intuitionistic Fuzzy
Graphs, and Neutrosophic Graphs.

Definition 18. [57, 16, 18] Let G = (V, E) be an undirected graph, where V'is the set of vertices, and F is the
set of edges.

A subset S C Vs called a secure dominating set if for every vertex u € V \ S, there exists a vertex v € S such
that:

(1) (u,v) € E,
(2) Replacing v with « in S results in a dominating set, i.e., (S \ {v}) U {u} is still a dominating set.
The secure domination number v,(G) is defined as the minimum cardinality of a secure dominating set:

v,(G) = min {|S] | S is a secure dominating set in G} .

Theorem 19. For any graph G, the Secure Domination Number v,(G) is greater than or equal to the Domination
Number v(G):

75(G) 2 7(G).
Proof: A secure dominating set is a dominating set with the additional property that replacing any vertex v in
the set with one of its neighbors u (where (u,v) € E) results in a dominating set.

This additional constraint means that every secure dominating set is also a dominating set, but not every
dominating set is a secure dominating set.

Therefore, the minimum cardinality of a secure dominating set is at least that of a dominating set:

75(G) Z(G).

Example 20. Consider the following graph G = (V, E):
o Vertex Set: V = {vq, vy, V3,04, V5 }.

b Edg6 Set: E = {(U171)2), (1)2,’03), (U3,’U4)7 <’U43U5)7 (U5,1}1)}.

This graph forms a cycle with 5 vertices.
Finding the Secure Domination Number 7,(G) A secure dominating set S C V satisfies:

(1) S is a dominating set.
(2) For every u € V \ S, there exists v € S such that:
o (u,v) € E.

e Replacing v with u in S results in a dominating set.
Possible Secure Dominating Sets

o S ={vy, 04}
— Domination:
* vy dominates v; and vs.
* v, dominates v; and vs.

— Verification:
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* For v; € V \ S, neighbor in S is v,.
- Replacing v, with v;: S” = {v;,v,} is a dominating set.
* For v3 € V'\'S, neighbor in S is v,.
- Replacing v, with vg: §” = {vg,v,} is a dominating set.
* For vy € V'\'S, neighbor in S is v,.
- Replacing v, with vy: S” = {v,, v5} is a dominating set.
— Conclusion: S is a secure dominating set.
o S ={v,vs,v5}:
— Domination:
x Fach vertex in S dominates itself and its neighbors.
— Verification:
* For vy € V' \ S, neighbor in S is v; or vs.
- Replacing v; with vy: S" = {v,, v3,v5} is a dominating set.
* For v, € V' \'S, neighbor in S is v5 or vy.
- Replacing vy with v,: S" = {v;,v,,v5} is a dominating set.
— Conclusion: S is a secure dominating set.

The smallest secure dominating set has cardinality 2 (e.g., S = {vy,v,}). Therefore, the Secure Domination
Number is:

7s(G) = 2.

For comparison, the Domination Number v(G) is also 2, as D = {vy,v5} is a minimal dominating set.

Definition 21. [53] et G = (V, E) be a fuzzy graph, where:
e 0:V — [0,1] represents the membership function of the vertices,
e 11:V xV —[0,1] represents the membership function of the edges.

A subset S C Vis called a secure dominating set if for each vertex u € V' \ S, there exists a vertex v € S such
that:

(1) w is adjacent to v (i.e., u(u,v) > 0),
(2) Replacing v with « in S results in a dominating set, i.e., (S \ {v}) U {u} is still a dominating set.

The Fuzzy Secure Domination Number v,(G) is defined as the minimum fuzzy cardinality of a secure dominating
set in G, where the fuzzy cardinality of a set S is given by:

7s(G) = min {Z o(v) | S is a secure dominating Set} .

veS

Proposition 22. In any fuzzy graph G, the Fuzzy Secure Domination Number ~v,(G) is greater than or equal to
the Fuzzy Domination Number v,(G):

Ys(G) = 74(G).

Proof: In a fuzzy graph G = (o, u):
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e The Fuzzy Domination Number Vf(G) is defined as the minimum fuzzy cardinality over all fuzzy
dominating sets D:

74#(G) = min {Z o(v) | D is a fuzzy dominating set in G} .
veD

e The Fuzzy Secure Domination Number v,(G) is defined as the minimum fuzzy cardinality over all fuzzy
secure dominating sets S:

veS

v,(G) = min {Z o(v) | S is a fuzzy secure dominating set in G} .

By definition, every fuzzy secure dominating set is also a fuzzy dominating set, but with an additional constraint
that for each vertex u € V' \ S, there exists a vertex v € S such that:

(1) p(u,v) >0 (i.e., u is adjacent to v).
(2) Replacing v with « in S results in a dominating set (S \ {v}) U {u}.

This additional requirement makes the set of fuzzy secure dominating sets a subset of the fuzzy dominating sets.
Therefore, the minimal fuzzy cardinality over fuzzy secure dominating sets is greater than or equal to that over
fuzzy dominating sets:

Ys(G) = 74(G).

Definition 23. [53] Let G = (V, E) be an intuitionistic fuzzy graph, where:
e 1, :V —[0,1] and v; : V — [0, 1] represent the membership and non-membership degrees of the vertices,

o 1y : VXV —=[0,1] and v, : V x V — [0, 1] represent the membership and non-membership degrees of
the edges.

A subset S C Vis called an intuitionistic fuzzy secure dominating set if for each vertex u € V' \ S, there exists a
vertex v € S such that:

(1) w is adjacent to v (i.e., py(u,v) > 0),
(2) Replacing v with w in S results in a dominating set, i.e., (S \ {v}) U {u} is still a dominating set.
The Intuitionistic Fuzzy Secure Domination Number ;,(G) is defined as:

7;s(G) = min {Z pq(v) | S'is an intuitionistic fuzzy secure dominating Set} .

veS

Definition 24. [93, 105] Let G = (A, B) be a single-valued neutrosophic graph (SVNG), where:
e A= (T,,1,,F,) represents the truth, indeterminacy, and falsity membership degrees of the vertices,
e B = (Tg, Iy, Fp) represents the truth, indeterminacy, and falsity membership degrees of the edges.

A subset S C Vis called a neutrosophic secure dominating set if for each vertex u € V' \ S, there exists a vertex
v € S such that:

(1) w is adjacent to v (i.e., Tg(u,v) > 0),
(2) Replacing v with « in S results in a dominating set, i.e., (S \ {v}) U {u} is still a dominating set.
The Neutrosophic Secure Domination Number ~,,,(G) is defined as the minimum neutrosophic cardinality of a

neutrosophic secure dominating set in G:

Yona(G) = min {Z T,(v) | Sis a neutrosophic secure dominating set} .

veS



48 T.Fujita and F.Smarandache | Neutrosophic Opt. Int. Syst. 5 (2025)

Proposition 25. In any neutrosophic graph G, the Neutrosophic Secure Domination Number ~, ,(G) is greater
than or equal to the Neutrosophic Domination Number vyx(G):

Proof: In a neutrosophic graph G = (A4, B):
e The Neutrosophic Domination Number ~vy(G) is defined as the minimum sum of truth-membership

degrees over all neutrosophic dominating sets D:

Yn(G) = min {Z T,4(v) | D is a neutrosophic dominating set in G} .
veD

e The Neutrosophic Secure Domination Number v, ,(G) is defined as the minimum sum of truth-membership
degrees over all neutrosophic secure dominating sets .S:

Vs (G) = min {Z T4 (v) | S is a neutrosophic secure dominating set in G} .

veS

A neutrosophic secure dominating set is a neutrosophic dominating set with the additional property that for
each vertex u € V' \ 5, there exists a vertex v € S such that:

(1) Tg(u,v) > 0 (i-e., u is adjacent to v with a positive truth-membership degree).
(2) Replacing v with w in S results in a neutrosophic dominating set (S \ {v}) U {u}.

Since every neutrosophic secure dominating set is also a neutrosophic dominating set with an extra condition,
the set of neutrosophic secure dominating sets is a subset of the neutrosophic dominating sets. Therefore, we
have:

(]

Proposition 26. The Neutrosophic Secure Domination Number generalizes the Fuzzy Secure Domination
Number.

Proof: In a Neutrosophic Graph, each vertex has degrees ¢(v), i(v), and f(v). By setting i(v) and f(v) to zero
or constants, the Neutrosophic Graph becomes a Fuzzy Graph with the membership function o(v) = t(v).

Thus, the Neutrosophic Secure Domination Number v, (G) reduces to the Fuzzy Secure Domination Number
Therefore, the Neutrosophic Secure Domination Number generalizes the Fuzzy Secure Domination Number. [

Corollary 27. The Neutrosophic Secure Domination Number generalizes the Intuitionistic Fuzzy Secure
Domination Number.

Proof: This is evident. O
Proposition 28. The Fuzzy Secure Domination Number generalizes the traditional Secure Domination Number.

Proof: When the membership functions o(v) and p(u,v) in a Fuzzy Graph take only the values 0 or 1, the Fuzzy
Graph becomes a crisp graph.

Under these conditions, the Fuzzy Secure Domination Number v,(G) coincides with the traditional Secure
Domination Number ~,(G).

Therefore, the Fuzzy Secure Domination Number generalizes the traditional Secure Domination Number. [
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Corollary 29. The Intuitionistic Fuzzy Secure Domination Number generalizes the traditional Secure Domination
Number.

Proof: This is evident. O

Corollary 30. The Neutrosophic Secure Domination Number generalizes the traditional Secure Domination
Number.

Proof: This is evident. 0

2.5 | Chromatic Number

The Chromatic Number of a graph is the minimum number of colors required to color its vertices such that no
adjacent vertices share the same color [118, 24, 77, 48]. This graph parameter has also been studied in Fuzzy
Graphs and Neutrosophic Graphs.

Definition 31 (Chromatic Number). [118, 24] Let G = (V, E) be a simple undirected graph, where V'is the set
of vertices and F is the set of edges. A proper vertex coloring of G is a mapping ¢ : V — {1,2, ..., k}, where
k is the number of colors, such that for every edge (u,v) € E, the vertices u and v have different colors, i.e.,

c(u) # ¢(v).

The chromatic number of a graph G, denoted x(G), is the minimum number of colors k required to obtain a
proper vertex coloring of G. Formally, it is defined as:

X(G) = min {k | there exists a proper vertex coloring with k colors}.

Example 32 (Chromatic Number). Consider the cycle graph C, with four vertices V' = {vy,vy,v5,v,} and
edges
E = {(v1,v5), (v3,v3), (vs,04), (v4,v1)}
A proper vertex-coloring must ensure adjacent vertices receive different colors. For C,, we can use two colors,
say “red” and “blue,” assigned as:
c(vy) =red, c¢(vy) =blue, c(vs)=red, ¢(v,) = blue.

No two adjacent vertices share the same color. Hence, the chromatic number x(C,) is 2.

Definition 33 (Fuzzy Chromatic Number). [55, 85, 84] Let G = (V, E) be a fuzzy graph, where V'is a finite set
of vertices and E is a fuzzy edge set with a membership function p: V' x V' — [0,1]. An a-cut of G, denoted as
G, = (V,E,), is a crisp graph where:

E, ={(u,v) e V xV | p(u,v) > a}.
The crisp chromatic number of the a-cut graph G, is denoted by x,(G).
The fuzzy chromatic number of the fuzzy graph G is defined as the fuzzy set X(G) = {(k, vy (k)) | k € N}, where:

vy (k) = supfa € [0,1] | xo (G) = k.

That is, the fuzzy chromatic number represents the highest a-level at which the chromatic number of the a-cut
graph is k.

Example 34 (Fuzzy Chromatic Number). Let G = (V, E) be a fuzzy graph with vertex set V = {v, vy, v3, 0, }.
Suppose the fuzzy edge set E is defined by the membership function p: V x V — [0,1], given (assuming
pulu, u) = 0):
vy, vp) = 0.8, pu(vy,v3) = 0.5, plvg,vy) =04,  p(vy,vp) =02,
all other pairs having p = 0. For each « € [0, 1], the a-cut G, = (V, E,) is the crisp graph with
E, ={(u,v) e VxV|puluwv)>a}.

e If « > 0.8, then E, = {(vy,v5)}, and x,(G) = 2 (it is a single edge).
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e If0.5 < a<0.38, then E,

(

= {(v1, v,
e If 0.4 < a < 0.5, then E, = {(vy,v5), (vy,v3), (v3,v,4)}. Its chromatic number is still 2.
= {(vy, v,

(

), (g, v5)}. Tts chromatic number is 2.

If02<a<04,then E,
chromatic number is 2.

), (Vg,v3), (v, v4), (vy,vq)}. The resulting crisp graph is Cy, whose

For a < 0.2, all pairs become edges, leading to a complete graph on 4 vertices K, so x,(G) = 4.

Hence, the fuzzy chromatic number X(G) is typically described as a fuzzy set over the possible color counts,
capturing the supremum a-values where each color count remains valid. For instance, color-count 2 is valid at
all a > 0.4. Meanwhile, color-count 4 only occurs at o < 0.2.

Proposition 35. The Fuzzy Chromatic Number generalizes the traditional Chromatic Number.

Proof: When the fuzzy membership function p(e) takes only values 0 or 1, the fuzzy graph becomes a crisp
graph. Under these conditions, the Fuzzy Chromatic Number X(G) coincides with the traditional Chromatic
Number x(G).

Therefore, the Fuzzy Chromatic Number generalizes the traditional Chromatic Number. O

Definition 36 (Single-Valued Neutrosophic Graph). [15] A Single- Valued Neutrosophic Graph (SVNG) G =
(V,E) consists of a set of vertices V and a set of edges E C V x V. Each vertex v € V is associated
with a membership triplet (ty/(v),i1/(v), fi(v)), where ty(v), iy(v), fi(v) € [0, 1] represent the degrees of truth-
membership, indeterminacy-membership, and falsity-membership, respectively, with the condition that:

0 < ty(v) +iy(v) + flv) <3.
Similarly, each edge e = (u,v) € E is associated with a membership triplet
(tg(e),ip(e), fule))
, with tp(e),ig(e), fp(e) € [0,1] and:
0<tgle) +ig(e) + fule) < 3.
Definition 37 (Single-Valued Neutrosophic Vertex Coloring). [82, 10, 88] Let G = (V, E) be an SVNG. A

collection T' = {~;, 79, ..., 5 } of Single-Valued Neutrosophic Fuzzy Sets is called a k-Single- Valued Neutrosophic
Vertex Coloring (k-SVNVC) of G if the following conditions hold:

(1) For every vertex v € V, there exists a unique v; € I' such that:
75 (v) = (t(v),iv(v), fi{v)).
That is, the collection I" partitions the vertex set Vinto k disjoint color classes.
(2) For every pair of distinct colors j,h € {1,2,..., k}, the intersection of v, and v, is empty:

’7j07h2®~

(3) For each edge e = (u,v) € E and for each color j € {1,2,..., k}, the following conditions hold:
min{;(ty(w)), v;(ty(v))} = 0,
min{y; (iy(w)), v;(iy(v))} = 0,
max{7;(fi(u)),;(fu(v))} = 1.

This ensures that adjacent vertices u and v do not share the same color class in terms of their neutrosophic
memberships.

Definition 38 (Neutrosophic Chromatic Number). [69, 108] The Neutrosophic Chromatic Number x,(G) of an
SVNG G is the smallest integer k for which there exists a k-Single-Valued Neutrosophic Vertex Coloring of G.
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Example 39 (Neutrosophic Chromatic Number). Let H = (V, E) be an SVNG (Single-Valued Neutrosophic
Graph) with three vertices V' = {uy, uy, u;}. Suppose the edge set E and membership triplets (tg(e), ig(e), fr(e))
are:

e Edge (uy,u,) with (t5 =0.7, iy = 0.0, fr =0.3),
e Edge (uq,uq) with (t5 = 0.5, iy =0.2, frp =0.3),
e Edge (uy,us) with (t5 =0.2, iz =0.5, fp =0.3).

We assume each vertex u; has a membership triple (ty{u;), iy{(u;), fi(u;)). To color the vertices, we define a
set of Single-Valued Neutrosophic color classes that partition V. If we discover that two colors suffice (e.g. red
and blue) while respecting the neutrosophic adjacency constraints, then the Neutrosophic Chromatic Number
X, (H) is 2. If such a coloring is not feasible with fewer than 3 colors under the chosen adjacency conditions,
X, (H) might be 3. In this example, it is straightforward to separate {u;} in red and {u,, us} in blue, satisfying
the adjacency constraints. Thus x,(H) = 2.

Proposition 40. The Neutrosophic Chromatic Number generalizes the Fuzzy Chromatic Number.

Proof: In a Neutrosophic Graph, each edge has degrees t(e), i(e), and f(e). By setting i(e) and f(e) to zero or
constants, the Neutrosophic Graph becomes a fuzzy graph with membership function p(e) = t(e).

Thus, the Neutrosophic Chromatic Number x, (G) reduces to the Fuzzy Chromatic Number %(G). O

3 | Result in this paper

In this section, we present the results of this paper, focusing specifically on the definitions and mathematical
properties of the Domination Set and Secure Domination Set in Turiyam Neutrosophic and Plithogenic Graphs.
We provide formal definitions and briefly analyze their mathematical characteristics.

3.1 | Domination set in Turiyam Neutrosophic and Plithogenic Graphs
We consider about Domination set in Turiyam Neutrosophic Graphs and Plithogenic Graphs. The definition is

provided below.
Definition 41. Let G = (V, E) be a Turiyam Neutrosophic Graph, where:

Each vertex v € Vis assigned a quadruple o(v) = (¢(v), iv(v), fo(v), lv(v)), with t(v),iv(v), fv(v),lv(v) € [0, 1]
and t(v) +iv(v) + fo(v) + lv(v) < 4.

Each edge e = (u,v) € F is assigned a quadruple u(e) = (t(e),iv(e), fv(e),lv(e)), with similar conditions.
A vertex u € Vis said to dominate another vertex v € Vif:

t(e) = min(t(u),t(v)),

iv(e) = min(iv(u),iv(v)),
fo(e) = min(fo(u), fo(v),
lw(e) = min(lv(u), lv(v)).

A subset D C Vis called a Turiyam Neutrosophic Dominating Set if for every vertex v € V \ D, there exists a
vertex u € D such that u dominates v.

The Turiyam Neutrosophic Domination Number ~,(G) is defined as the minimum sum of the truth-membership

degrees t(v) of the vertices in a Turiyam Neutrosophic dominating set D:

7:(G) = min {Z t(v) | D is a Turiyam Neutrosophic dominating set in G } .
veD
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Example 42 (Turiyam Neutrosophic Domination Number). Consider a Turiyam Neutrosophic Graph G = (V, E)
with vertex set
V= {U17 Vg, US}
and edge set
E = {(v1,vy), (vg,3), (vy,v3)}-
Suppose each vertex v; has the following quadruple of membership degrees
U(Uz‘) = (t<vi>7 iv(vi)v fU(’UZ-), l’U(’Ui)>7

where t(v;) + iv(v;) + fo(v;) + lw(v;) < 4. Let us define:

o(vy) = (0.8, 0.1, 0.05, 0.05), o(vy) = (0.5,0.3, 0.1, 0.1),

o(vs) = (0.6, 0.2, 0.1, 0.1).
All edges are considered fully present, i.e. u(e) = (1,0,0,0) for each edge e.
Dominance Criterion: A vertex u dominates vertex v if

t(e) = min{t(u), t(v)}, iv(e) = min{iv(u), iv(v)}, fo(e) = min{fo(u), fo(v)}, w(e) = min{lv(u), lv(v)}.

Typically, we treat an edge (u,v) as ‘dominating’ if the quadruple is non-zero, or if min{¢(u), t(v)} plus the other
components exceed a threshold. In this simpler example, assume each edge is automatically dominating once
(u,v) is recognized as adjacent.

Finding a Dominating Set: We seek a subset D C {vy, vy, v5} such that every vertex outside D is dominated by
a vertex in D. The set {v; } alone can dominate v, and v; (since edges exist from v, to both). Indeed, {v,} is a
Turiyam Neutrosophic dominating set. Hence,

D ={v,}, and Zt(v) =t(vy) =0.8.
veD

No smaller sum can be found with fewer vertices, so the Turiyam Neutrosophic Domination Number is

7% (G) =0.8.

We have used only the truth-membership degrees t(v) to measure the total cost of the dominating set. In
more complex settings, an alternative aggregator may consider partial (non)membership or thresholds for
the quadruples (¢,iv, fv,lv). Regardless, Example 42 shows how a single vertex, chosen with the highest
truth-membership degree, can minimize the sum > ¢(v).

Definition 43. Let PG = (PM, PN) be a Plithogenic Graph, where:

PM = (M,l,Ml,adf,aCf) is the Plithogenic vertex set, and PN = (N, m, Nm,bdf,bCf) is the Plithogenic
edge set.

A subset D C M is called a Plithogenic Dominating Set if for every vertex v € M \ D, there exists a vertex
u € D such that the Degree of Appurtenance Function satisfies:

bd f((u, v), (l(u),l(v))) > 0,

where 6 is a predetermined threshold indicating sufficient dominance.

The Plithogenic Domination Number 'yp(PG) is defined as the minimum cardinality of a Plithogenic dominating
set D:

Y, (PG) = min {|D| | D is a Plithogenic dominating set in PG} .

Example 44 (Plithogenic Domination Number). Consider a Plithogenic Graph PG = (PM, PN) with:
PM = (M,l,Ml, adf, aCf),

where M = {mq,my, mg, m,} is the set of vertices, and I : M — {Trait,, Trait,} an attribute function assigning
each vertex one trait or label. The Degree of Appurtenance Function adf might map each pair (m;,m;) plus
trait pairs to values in [0, 1]*. The Degree of Contradiction Function aC f might measure how trait values conflict
or complement each other.
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Additionally, suppose PN = (N, m, Nm,bdf, bCf) describes edges or possible adjacency relations. Here, bd f
indicates how strongly one vertex dominates another in terms of attribute-based membership, while bC f measures
contradiction among edges or attribute pairs.

Ilustration of membership: Let 6 € (0,1) be a threshold. A vertex u is said to dominate vertex v if:

bd f((u,v), (l(u),l(v))) > 6.
For instance, define:
bd f((mq, my), (Trait,, Trait,)) = 0.85, bd f((ms, m,), (Trait,, Trait,)) = 0.4,

and so on, for each pair.
Constructing a Plithogenic Dominating Set: We want a subset D C M such that for every v € M \ D, there is
u € D with bdf((u,v), (I(u),l(v))) > 6. Suppose 6 = 0.5.

o Assume bdf((mq,my),...) =0.85 > 0.5, so m; dominates m,.
e Suppose my does not dominate mg because bd f((my, ms),...) = 0.3 < 0.5.
e Suppose m; also dominates my; with measure 0.6.
e Suppose m, is only dominated by m, with measure 0.7.
In that scenario, a dominating set might be D = {m;,my}. We check:
(1) mg ¢ D, 3m, € D :bdf((my,m3),...) =0.6 > 0.5,
(2) my ¢ D, Imy € D : bdf((mg,my),...) =0.7>0.5.
Hence {m,m,} is a Plithogenic Dominating Set. Possibly we cannot do better with just {m,} or {m,}. Thus
7 (PG) =2
if no single vertex can dominate all others at 6-level.

The Plithogenic Domination Number is the minimum cardinality of such a dominating set. Example 44 shows
how we pick vertices that collectively dominate every other vertex, under the aggregator threshold 6. Adjusting 6
or the membership/contradiction functions may alter which sets are valid dominators or how large they must be.

Theorem 45. In any Turiyam Neutrosophic Graph G = (V| E), the Turiyam Neutrosophic Domination Number
v:(G) is less than or equal to the total truth-membership degrees of all vertices:

7(G) <Y to).

veV

Proof: By definition, ~,(G) is the minimum sum of truth-membership degrees in a Turiyam Neutrosophic
dominating set D. Since D C V, and t(v) € [0, 1] for all v € V, the sum over D is less than or equal to the sum

over V:
%(G) =D tv) <3 t(v).
veD veV
This holds because D C V; and all ¢(v) are non-negative. O

Theorem 46. Let G = (V,E) be a Turiyam Neutrosophic Graph with |V| = n, where each vertex v € V has a
truth-membership degree t(v) € [0,1], and each edge e = (u,v) € E has a truth-membership degree t(e) € [0,1].

The Turiyam Neutrosophic Domination Number v,(G), which represents the minimum sum of truth-membership
degrees over a Turiyam Neutrosophic dominating set, satisfies the following inequality:

rYt(G> S n,

where n = |V is the total number of vertices in the graph.
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Proof: Let G = (V, E) be a Turiyam Neutrosophic Graph, where each vertex v € Vis assigned a quadruple
o(v) = (t(v),iv(v), fv(v),lw(v)), and the truth-membership degree t(v) € [0, 1].

A Turiyam Neutrosophic dominating set D C V'is defined such that for every vertex v € V' \ D, there exists a
vertex u € D such that v dominates v in the sense that ¢(e) > 0 for the edge e = (u,v).

The Turiyam Neutrosophic Domination Number ~,(G) is defined as the minimum sum of truth-membership
degrees t(v) over all vertices in a Turiyam Neutrosophic dominating set D:

7 (G) = min {Z t(v) | D is a Turiyam Neutrosophic dominating set} .
veD

Now, we show that v,(G) < n, where n = |V] is the total number of vertices.
Since t(v) € [0,1] for every vertex v € V, the maximum value of ¢(v) for any individual vertex is 1.

If every vertex in V'is included in a Turiyam Neutrosophic dominating set D, the sum of truth-membership

degrees is:
dtw) <) 1=n.

veV veV
Thus, the sum of the truth-membership degrees over all vertices in V' is bounded by n.

Since the Turiyam Neutrosophic Domination Number v, (G) is the minimum sum over any Turiyam Neutrosophic
dominating set, it follows that:

7(G) < Zt(v) <n.

veV

Therefore, the maximum possible value of the Turiyam Neutrosophic Domination Number ~,(G) is n, and we
conclude that:
7(G) < n.
(]

Theorem 47. Let G = (V, E) be a null graph, where both the vertex set V =0 and the edge set E = (. In this
case, the Turiyam Neutrosophic Domination Number ~y,(G) is defined to be 0.

Proof: A null graph is defined as a graph with no vertices and no edges, i.e., V=0 and F = ().

The Turiyam Neutrosophic Domination Number 7,(G) represents the minimum sum of truth-membership degrees
over a Turiyam Neutrosophic dominating set. Formally, a Turiyam Neutrosophic dominating set D C V'is a subset
of vertices such that every vertex not in D is adjacent to at least one vertex in D, where the truth-membership
degree t(v) € [0, 1] of each vertex v € D is considered in the sum.

Since V' = ) in a null graph, there are no vertices to consider for inclusion in any dominating set. Therefore, the
only possible Turiyam Neutrosophic dominating set in a null graph is the empty set, D = (.

Given that there are no vertices, the sum of truth-membership degrees in the Turiyam Neutrosophic dominating
set is:

D tw)=> t(v) =0.

veD veld

Thus, the Turiyam Neutrosophic Domination Number ~,(G) for a null graph is 0, as no vertices exist and the
domination set is trivially empty.

Therefore, we conclude that:
7.(G) = 0.
O

Theorem 48. The Turiyam Neutrosophic Domination Number generalizes both the Neutrosophic Domination
Number and the Fuzzy Domination Number.
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Proof: The Turiyam Neutrosophic Graph extends the Neutrosophic Graph by adding the liberal state value I(v).
By setting I(v) to a constant or ignoring it, the Turiyam Neutrosophic Graph reduces to a Neutrosophic Graph.

Similarly, by setting the indeterminacy-membership degree i(v) and the falsity-membership degree f(v) to zero
or constants, the Neutrosophic Graph reduces to a Fuzzy Graph.

Therefore, the Turiyam Neutrosophic Domination Number ~,(G) generalizes both the Neutrosophic Domination
Number 7y(G) and the Fuzzy Domination Number v(G). O

Theorem 49. Let PG = (PM,PN) be a null graph in the context of a Plithogenic Graph, where both the vertex
set M = 0 and the edge set N = (. In this case, the Plithogenic Domination Number Y, (PG) is defined to be 0.

Proof: A null graph is a graph that contains no vertices and no edges, i.e., M = () and N = (). In the framework
of Plithogenic Graphs, this means that there are no vertices in the Plithogenic vertex set PM, and no edges in
the Plithogenic edge set PN.

The Plithogenic Domination Number 7, (PG) is defined as the minimum cardinality of a Plithogenic dominating
set. A Plithogenic dominating set D C M must satisfy the condition that for every vertex v € M \ D, there
exists a vertex u € D such that the Degree of Appurtenance Function (DAF) satisfies:

bd f((u,v), (I(u),l(v))) = 0,
where 6 is a predetermined threshold.

In a null graph, since M = (), there are no vertices that need to be dominated. As a result, there are no vertices
to include in any Plithogenic dominating set. The only possible dominating set is the empty set D = ().

Since the Plithogenic Domination Number +,(PG) is the minimum cardinality of such a dominating set, and
the empty set has a cardinality of 0, we conclude that:

Y (PG) = 0.

Thus, for a null graph, the Plithogenic Domination Number fyp(PG) is 0, as there are no vertices or edges to
consider. ]

Theorem 50. The Plithogenic Domination Number generalizes the Turiyam Neutrosophic Domination Number
when s =4 and t = 1.

Proof: In a Plithogenic Graph PG, each vertex and edge is characterized by s attributes and a threshold ¢. When
s =4 and t = 1, the attributes correspond to the truth-membership degree ¢(v), indeterminacy-membership
degree i(v), falsity-membership degree f(v), and liberal state value I(v) in Turiyam Neutrosophic Graphs.

The Plithogenic Domination Number v, (PG) is defined based on the Degree of Appurtenance Function (DAF)
and the Degree of Contradiction Function (DCF). With s = 4 and ¢t = 1, these functions incorporate the four
components of Turiyam Neutrosophic logic.

Therefore, the Plithogenic Domination Number «,(PG) reduces to the Turiyam Neutrosophic Domination

Number v,(G) when s =4 and ¢t = 1. O

Theorem 51. The Plithogenic Domination Number generalizes the Neutrosophic Domination Number when
s=3andt=1.

Proof: When s = 3 and ¢t = 1, the attributes in the Plithogenic Graph correspond to the truth-membership
degree t(v), indeterminacy-membership degree i(v), and falsity-membership degree f(v) of a Neutrosophic Graph.

The Plithogenic Domination Number 7, (PG) aligns with the Neutrosophic Domination Number «y(G) under
these parameters.

Therefore, the Plithogenic Domination Number generalizes the Neutrosophic Domination Number when s = 3
and t = 1. O
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Theorem 52. The Plithogenic Domination Number generalizes the Fuzzy Domination Number when s =1 and
t=1.

Proof: For s =1 and t = 1, the Plithogenic Graph simplifies to a Fuzzy Graph with a single attribute representing
the vertex membership function o(v).

Under these conditions, the Plithogenic Domination Number 'yp(PG) becomes equivalent to the Fuzzy Domination
Number v,(G).

Therefore, the Plithogenic Domination Number generalizes the Fuzzy Domination Number when s = 1 and
t=1. O

3.2 | Secure Domination set in Turiyam Neutrosophic and Plithogenic Graphs

We consider about Domination set in Secure Domination set in Turiyam Neutrosophic and Plithogenic Graphs.
The definition is provided below.

Definition 53 (Turiyam Neutrosophic Secure Dominating Set). In a Turiyam Neutrosophic Graph G = (V, E),
a subset S C Vis called a Turiyam Neutrosophic Secure Dominating Set if for every vertex u € V' \ 5, there
exists a vertex v € S such that:

t(e) >0 for edge e = (u,v),
and replacing v with u in .S results in a Turiyam Neutrosophic dominating set, i.e.,

(S\ {v})U{u} is still a Turiyam Neutrosophic dominating set.

The Turiyam Neutrosophic Secure Domination Number «,,(G) is defined as the minimum sum of the truth-
membership degrees ¢(v) in a Turiyam Neutrosophic secure dominating set S:

7,s(G) = min {Zt(v) | S is a Turiyam Neutrosophic secure dominating set in G} .

veS

Example 54 (Turiyam Neutrosophic Secure Domination Number). Consider a Turiyam Neutrosophic Graph
G = (V, E) with four vertices:

V= {’Ul, Vg, U3, U4}7
and edges F such that every pair of vertices is connected by an edge (v;,v,). We assign each vertex v; a quadruple
o(v;) = (t(vy), w(vy), fo(v;), l(v;)),

where t(v;) + iv(v;) + fo(v;) + lw(v;) < 4. Let us define:

o(vy) = (0.8, 0.1, 0.05, 0.05),

o(vy) = (0.6, 0.2, 0.1, 0.1),

o(vg) = (0.5, 0.3, 0.1, 0.1),

o(vy) = (0.4, 0.3, 0.2, 0.1).
For simplicity, assume each edge (v;,v;) has t(e) = 0.9 and (iv, fv,lv) = (small positive). In effect, every vertex
can dominate every other vertex, at least in terms of the truth-membership degree.
Constructing a Turiyam Neutrosophic Secure Dominating Set. A dominating set S C V must ensure that each

vertex outside S is dominated by some v € S. Because all edges are strong enough, any vertex in S can dominate
all others.

However, secure dominance requires that if w € V' \ S is dominated by v € S, we can replace v with v and still
have a dominating set.

e Suppose we choose S = {v;}. Then indeed v; dominates vy, v4,v,. But is it secure? If we try to replace
vy, with, say, v,, the new set is {v,}. Vertex v, is also able to dominate vy and v,. This works for
any single vertex since the graph is quite complete. So {v;} is indeed a Turiyam Neutrosophic Secure
Dominating Set, and so is {vy}, or {vs}, etc.
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e Minimizing Zve s t(v) suggests picking the vertex with the smallest truth-membership might not be
best if we want the sum. Actually we want the minimal sum, so we pick the vertex with the lowest
truth-membership or we pick a single vertex with the lowest ¢(-). Suppose

t(v;) =038, t(vy) =06, t(vg)=0.5, t(vy) =0.4.
Then the minimal sum is achieved by picking {v,}. That yields > t(v) = 0.4.
Hence the Turiyam Neutrosophic Secure Domination Number is
Y1s(G) = 0.4.
This example demonstrates both the correctness and typical usage: a single vertex with minimal t-value that

can still (securely) dominate the entire graph is indeed the best choice.

Definition 55 (Plithogenic Secure Dominating Set). In a Plithogenic Graph PG = (PM,PN), a subset S C M
is called a Plithogenic Secure Dominating Set if for every vertex u € M \ S, there exists a vertex v € S such that:

bd f((u,v), (I(u),l(v))) = 0,
and replacing v with « in .S results in a Plithogenic dominating set, i.e.,
(S\ {v})U{u} isstill a Plithogenic dominating set.
The Plithogenic Secure Domination Number v, (PG) is defined as the minimum cardinality of a Plithogenic
secure dominating set S:

Yps(PG) = min {|S| | S is a Plithogenic secure dominating set in PG} .

Example 56 (Plithogenic Secure Domination Number). Consider a Plithogenic Graph PG = (PM, PN) with:
PM = (M,l,Ml,adf,aCf), and PN = (N,m,Nm,bdf,bCf).

Let M = {uy,uy,u3,u,}. Suppose the aggregator threshold is 6 = 0.5. We interpret bd f((u;,u;), (I(v;),(u;)))
as the measure of how strongly u; dominates u;.
Membership and Contradiction Data. Let us assume the following partial data:

bd f((uq, uy), (Traity, Traity)) = 0.7,  bd f((uy,us3), (Trait,, Trait;)) = 0.4, bdf((us,u,), (Trait,, Trait,)) = 0.9, ...

We treat edges or adjacency as valid whenever bd f > 6. Contradiction function bC'f is present but might not be
used directly here except to handle multi-attribute conflicts.
Dominating Set. A set S C M is dominating if for every w € M \ S, there is some v € S with

b f (v, w), (L), 1(u))) > 6.
e Suppose u; dominates u, because 0.7 > 0.5.
e Suppose u; does not dominate u4 since 0.4 < 0.5.
e Suppose u, dominates u, with measure 0.9.

Hence no single vertex can dominate all. For instance, {u,} fails to dominate u;. But consider S = {u;,us}.
Then

(i) ug ¢ S = bdf((uq,uy),...) =07>05 V
(ii) uy ¢ S = maybe ug or u; dominates it?

If, e.g., ug has measure bd f((us,uy),...) = 0.6 > 0.5, then {uy,us} is indeed a dominating set.
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Security Condition. We also need that if a vertex u outside S is dominated by some v € S, replacing v with w in
S still yields a dominating set.

e E.g. if u, is dominated by u,, we can form (S \ {uy}) U{uy} = {uy,us}. We must check that {u,,us}
continues to dominate the entire set {u;,u,}. If that holds, the condition is satisfied.
o Similarly for u,.

If we confirm these replacements work for each dominated vertex, {u,,us} is a Plithogenic Secure Dominating
Set. Then

Yps(PG) < 2.
Potentially {us, us} might also be secure, or a single vertex might not be feasible given the adjacency thresholds.

The minimal cardinality could be 2.

Hence in a consistent aggregator scenario, we have v, (PG) = 2. This matches how we define secure dominations
in a multi-attribute environment.

The example underscores that (1) the aggregator threshold 6 strongly influences which sets are dominating, and
(2) the ‘secure’ condition requires we can swap dominator/dominated pairs. All these steps demonstrate the
correctness of the Plithogenic secure domination definition and how it is used in practice.

Theorem 57. In any Plithogenic Graph PG, the Plithogenic Secure Domination Number v, (PG) is greater
than or equal to the Plithogenic Domination Number v,(PG):

Vps (PG) = 7, (PG).

Proof: In a Plithogenic Graph PG = (PM,PN):
e The Plithogenic Domination Number ~,(PG) is defined as the minimum cardinality of a Plithogenic
dominating set D:
7, (PG) = min {|D| | D is a Plithogenic dominating set in PG} .
e The Plithogenic Secure Domination Number 7, (PG) is defined as the minimum cardinality of a
Plithogenic secure dominating set .S:
Yps(PG) = min {|S| | S is a Plithogenic secure dominating set in PG} .

A Plithogenic secure dominating set is a Plithogenic dominating set with an additional property that for every
vertex u € M \ S, there exists a vertex v € S such that:

(1) The Degree of Appurtenance Function satisfies:
bd f((u,v), (l(w), l(v))) = 0,

where 6 is a predetermined threshold.
(2) Replacing v with w in S results in a Plithogenic dominating set:

(S\ {v})U{u} isa Plithogenic dominating set.

Since every Plithogenic secure dominating set is also a Plithogenic dominating set with extra conditions, the set
of Plithogenic secure dominating sets is a subset of the Plithogenic dominating sets. Therefore, the minimal
cardinality over Plithogenic secure dominating sets is greater than or equal to that over Plithogenic dominating
sets:
Ype(PG) = 7, (PG).
O

Theorem 58. In any Turiyam Neutrosophic Graph G, the Turiyam Neutrosophic Secure Domination Number
Y (G) is greater than or equal to the Turiyam Neutrosophic Domination Number v,(G):

Vs (G) = % (G).
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Proof: In a Turiyam Neutrosophic Graph G = (V, E):

e The Turiyam Neutrosophic Domination Number ~,(G) is defined as the minimum sum of truth-
membership degrees over all Turiyam Neutrosophic dominating sets D:

v (G) = min {Z t(v) | D is a Turiyam Neutrosophic dominating set in G} .
veD

e The Turiyam Neutrosophic Secure Domination Number ~y,,(G) is defined as the minimum sum of
truth-membership degrees over all Turiyam Neutrosophic secure dominating sets S:

s (G) = min {Z t(v) | S is a Turiyam Neutrosophic secure dominating set in G} .
veS

A Turiyam Neutrosophic secure dominating set is a Turiyam Neutrosophic dominating set with the additional
property that for every vertex u € V' \ S, there exists a vertex v € S such that:
(1) The truth-membership degree of the edge e = (u, v) satisfies t(e) > 0.
(2) Replacing v with « in S results in a Turiyam Neutrosophic dominating set:
(S\{v})U{u} isa Turiyam Neutrosophic dominating set.
Since every Turiyam Neutrosophic secure dominating set is also a Turiyam Neutrosophic dominating set with

extra conditions, the minimal sum of truth-membership degrees over Turiyam Neutrosophic secure dominating
sets is greater than or equal to that over Turiyam Neutrosophic dominating sets:

Vs (G) Z %(G).
O

Theorem 59. For any Turiyam Neutrosophic Graph G = (V, E), the Turiyam Neutrosophic Secure Domination
Number ~,,(G) is greater than or equal to the Turiyam Neutrosophic Domination Number v,(G):

Y1s(G) = 7 (G).

Proof: Every Turiyam Neutrosophic secure dominating set is also a Turiyam Neutrosophic dominating set, but
with an additional constraint. Therefore, the minimal sum of truth-membership degrees for secure dominating
sets is at least as large as that for dominating sets:

Vs (G) = min {Z t(v) | Sis a Turiyam Neutrosophic secure dominating set} > 7(G).
veS

O
Theorem 60. Let G = (V,E) be a Turiyam Neutrosophic Graph with |V | =n, where each vertex v € V has a
truth-membership degree t(v) € [0,1], and each edge e = (u,v) € E has a truth-membership degree t(e) € [0,1].

The Turiyam Neutrosophic Secure Domination Number v,,(G), which represents the minimum sum of truth-
membership degrees over a Turiyam Neutrosophic secure dominating set, satisfies the following inequality:

Vts (G) S n,

where n = |V is the total number of vertices in the graph.

Proof: Let G = (V, E) be a Turiyam Neutrosophic Graph, where each vertex v € Vis assigned a quadruple
o(v) = (t(v),iv(v), fo(v), lv(v))
, and the truth-membership degree ¢(v) € [0, 1].

A Turiyam Neutrosophic secure dominating set S C Vis defined such that for every vertex u € V' \ S, there
exists a vertex v € S such that:
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(1) t(e) > 0 for the edge e = (u,v),

(2) Replacing v with w in S results in a Turiyam Neutrosophic dominating set, i.e., (S \ {v}) U {u} is still a
Turiyam Neutrosophic dominating set.

The Turiyam Neutrosophic Secure Domination Number ~,,(G) is defined as the minimum sum of the truth-
membership degrees t(v) in a Turiyam Neutrosophic secure dominating set:

Vs (G) = min {Z t(v) | Sis a Turiyam Neutrosophic secure dominating set in G} .

veS

Now, we show that v,,(G) < n, where n = |V] is the total number of vertices in the graph.
Since t(v) € [0, 1] for every vertex v € V, the maximum possible value of ¢t(v) is 1.

If every vertex in V'is included in a Turiyam Neutrosophic secure dominating set S, the sum of truth-membership

degrees is:
dotw) <> 1=n.

veV veV
Thus, the sum of truth-membership degrees over all vertices in V' is bounded by n.

Since the Turiyam Neutrosophic Secure Domination Number ~,,(G) is the minimum sum of truth-membership
degrees over a Turiyam Neutrosophic secure dominating set, it follows that:

Vs (G) < Zt(v) < n.

veV

Therefore, the maximum possible value of the Turiyam Neutrosophic Secure Domination Number v,,(G) is
n. U

Theorem 61. In a null graph G = (V, E), where both the vertex set V- =) and the edge set E = (), the Turiyam
Neutrosophic Secure Domination Number v,,(G) is defined to be 0.

Proof: A null graph contains no vertices and no edges, i.e., V =) and E = (). In the context of a Turiyam Neu-
trosophic Graph, where each vertex is assigned a truth-membership degree t(v) € [0,1], a Turiyam Neutrosophic
Secure Dominating Set S C V'is required to satisfy that for every vertex u € V' \ S, there exists a vertex v € §
such that t(e) > 0 for the edge e = (u,v), and replacing v with u results in a Turiyam Neutrosophic dominating
set.

Since V = (), there are no vertices to dominate, and thus the only possible dominating set is the empty set S = 0.

As the Turiyam Neutrosophic Secure Domination Number +,,(G) is defined as the minimum sum of the
truth-membership degrees over all vertices in a secure dominating set, we have:

Vs <G> = 0.

Thus, for a null graph, the Turiyam Neutrosophic Secure Domination Number is 0. O

Theorem 62. In a null graph PG = (PM, PN), where both the vertex set M = () and the edge set N =0, the
Plithogenic Secure Domination Number v, (PG) is defined to be 0.

Proof: A null graph in the context of a Plithogenic Graph means that both the vertex set M = () and the edge

set N = (). In a Plithogenic Graph, a Plithogenic Secure Dominating Set S C M must satisfy that for every

vertex u € M \ S, there exists a vertex v € S such that the Degree of Appurtenance Function (DAF) satisfies:
bd f((u,v), (l(u),l(v))) = 0,

and replacing v with u results in a Plithogenic dominating set.

Since M = (), there are no vertices to dominate, and hence the only possible dominating set is the empty set

S =0.



Review of Domination number and Chromatic number in Turiyam Neutrosophic and Plithogenic Graphs 61

As the Plithogenic Secure Domination Number v, (PG) is defined as the minimum cardinality of a Plithogenic
secure dominating set, we have:
Yps (PG) = 0.

Thus, for a null graph, the Plithogenic Secure Domination Number is 0. O

Theorem 63. The Turiyam Neutrosophic Secure Domination Number generalizes both the Neutrosophic Secure
Domination Number and the Fuzzy Secure Domination Number.

Proof: The Turiyam Neutrosophic Graph extends the Neutrosophic Graph by incorporating the liberal state
value [(v). By setting I(v) to a constant or ignoring it, the Turiyam Neutrosophic Graph reduces to a Neutrosophic
Graph.

Similarly, by setting the indeterminacy-membership degree i(v) and the falsity-membership degree f(v) to zero
or constants, the Neutrosophic Graph simplifies to a Fuzzy Graph.

Therefore, the Turiyam Neutrosophic Secure Domination Number v,,(G) generalizes both the Neutrosophic
Secure Domination Number +,,;(G) and the Fuzzy Secure Domination Number v, (G). O

Theorem 64. The Plithogenic Secure Domination Number generalizes the Turiyam Neutrosophic Secure
Domination Number when s =4 and t = 1.

Proof: In a Plithogenic Graph PG, each vertex and edge are characterized by s attributes and a threshold
t. When s = 4 and ¢t = 1, these attributes correspond to the truth-membership degree ¢(v), indeterminacy-
membership degree i(v), falsity-membership degree f(v), and liberal state value [(v) in a Turiyam Neutrosophic
Graph.

The Plithogenic Secure Domination Number v, (PG) is defined based on the Degree of Appurtenance Function
(DAF) and the Degree of Contradiction Function (DCF). With these parameters, the definitions and conditions
of the Plithogenic Secure Domination Number align with those of the Turiyam Neutrosophic Secure Domination
Number v,,(G).

Therefore, the Plithogenic Secure Domination Number generalizes the Turiyam Neutrosophic Secure Domination

Number when s =4 and t = 1. O

Theorem 65. The Plithogenic Secure Domination Number generalizes the Neutrosophic Secure Domination
Number when s =3 and t = 1.

Proof: When s = 3 and t = 1, the attributes in the Plithogenic Graph correspond to the truth-membership
degree t(v), indeterminacy-membership degree i(v), and falsity-membership degree f(v) of a Neutrosophic Graph.

Under these parameters, the Plithogenic Secure Domination Number 'ypS(PG) reduces to the Neutrosophic
Secure Domination Number ~,,(G), as the definitions and conditions coincide.

Therefore, the Plithogenic Secure Domination Number generalizes the Neutrosophic Secure Domination Number
when s =3 and t = 1. O

Theorem 66. The Plithogenic Secure Domination Number generalizes the Fuzzy Secure Domination Number
when s =1 and t = 1.

Proof: For s =1 and t = 1, the Plithogenic Graph simplifies to a Fuzzy Graph with a single attribute representing
the membership function o(v).

In this case, the Plithogenic Secure Domination Number ’yps(PG) becomes equivalent to the Fuzzy Secure
Domination Number v,,(G).

Therefore, the Plithogenic Secure Domination Number generalizes the Fuzzy Secure Domination Number when
s=1landt=1. O
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3.3 | Turiyam Neutrosophic and Plithogenic Chromatic Number

In this section, we consider the Turiyam Neutrosophic Chromatic Number and the Plithogenic Chromatic
Number. These concepts extend the classical chromatic number by incorporating the specific conditions and
properties of Turiyam Neutrosophic graphs and Plithogenic graphs. We provide the definitions below.

Definition 67 (Turiyam Neutrosophic Vertex Coloring). Let G = (V, E) be a Turiyam Neutrosophic Graph. A
k-Turiyam Neutrosophic Vertex Coloring is a mapping ¢ : V — {1,2, ..., k} that assigns one of k colors to each
vertex such that the following conditions are satisfied for every edge e = (u,v) € E:

(1) If the truth-membership degree t(e) is significant (i.e., t(e) > «, where a € (0,1] is a predefined
threshold), then w and v must be assigned different colors:
tle) > a = c(u) # c(v).
(2) If the falsity-membership degree fv(e) is significant (i.e., fv(e) > 8, with 8 € (0, 1]), then v and v may

be assigned the same color:

fu(e) > B8 = c(u) = c(v).

(3) If the indeterminacy-membership degree iv(e) is significant (i.e., iv(e) > 7, with v € (0,1]), then the
coloring of u and v is indeterminate; they may be assigned the same or different colors.

(4) If the liberal state value lv(e) is significant (i.e., lv(e) > 0, with § € (0,1]), then v and v can be assigned

any colors without restrictions.

Definition 68 (Turiyam Neutrosophic Chromatic Number). The Turiyam Neutrosophic Chromatic Number of
a Turiyam Neutrosophic Graph G, denoted x,(G), is the smallest integer k such that there exists a k-Turiyam
Neutrosophic Vertex Coloring of G.

Theorem 69. The Turiyam Neutrosophic Chromatic Number generalizes both the Neutrosophic Chromatic
Number and the Fuzzy Chromatic Number.

Proof: The Turiyam Neutrosophic Graph extends the Neutrosophic Graph by adding a liberal state value I(e).
By setting l(e) to a constant or ignoring it, the Turiyam Neutrosophic Graph reduces to a Neutrosophic Graph.

Further, by setting the indeterminacy-membership degree i(e) and falsity-membership degree f(e) to zero or
constants, the Neutrosophic Graph simplifies to a fuzzy graph. Therefore, the Turiyam Neutrosophic Chromatic
Number x;(G) generalizes both x,(G) and ¥(G). O

Definition 70 (Plithogenic Vertex Coloring). Let PG = (PM, PN) be a Plithogenic Graph. A k-Plithogenic
Vertex Coloring is a mapping ¢ : M — {1,2, ..., k} that assigns one of k colors to each vertex such that for every
edge e = (u,v) € N, the following condition holds:

aCf(l(u),l(v)) 2 0 = c(u) # c(v),
where:
e /(u) and [(v) are the attribute values of vertices u and v, respectively.
e aCf(l(u),l(v)) is the degree of contradiction between the attributes of u and v.

e 0 €0,1] is a predetermined threshold indicating the level of contradiction that requires adjacent vertices
to be colored differently.

In other words, if the contradiction between the attributes of two adjacent vertices exceeds the threshold 6, then

those vertices must be assigned different colors.

Definition 71 (Plithogenic Chromatic Number). The Plithogenic Chromatic Number of a Plithogenic Graph
PG, denoted x,(PG), is the smallest integer k such that there exists a k-Plithogenic Vertex Coloring of PG.
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Theorem 72. In a null graph G = (V, E), where both the vertex set V = () and the edge set E = (), the Turiyam
Neutrosophic Chromatic Number x,(G) is defined to be 0.

Proof: A null graph contains no vertices and no edges, i.e., V = 0 and E = ). In the context of a Turiyam
Neutrosophic Graph, a k-Turiyam Neutrosophic Vertex Coloring is defined by assigning one of k colors to each
vertex such that for every edge e = (u,v) € E, the truth-membership degree ¢(e) governs whether « and v should
have different colors. Since V' = (), there are no vertices to color, and thus no need for any colors.

By convention, the chromatic number of a graph with no vertices is defined as 0. Hence, the Turiyam Neutrosophic
Chromatic Number for a null graph is 0. O

Theorem 73. In a null graph PG = (PM, PN), where both the vertex set M = () and the edge set N = (, the
Plithogenic Chromatic Number x,(PG) is defined to be 0.

Proof: A null graph in the context of a Plithogenic Graph means that both the vertex set M = () and the edge
set N = (). In a Plithogenic Graph, a k-Plithogenic Vertex Coloring assigns colors to the vertices in such a
way that if the contradiction between the attributes of two adjacent vertices exceeds a given threshold 6, those
vertices must be colored differently.

Since M = (), there are no vertices to color, and thus no need for any colors. Therefore, the Plithogenic Chromatic
Number, which represents the minimum number of colors needed for a valid coloring, is 0.

Thus, for a null graph, the Plithogenic Chromatic Number is 0. O

Theorem 74. The Plithogenic Chromatic Number generalizes the Turiyam Neutrosophic Chromatic Number
when s =4 and t = 1.

Proof: In a Plithogenic Graph PG, each edge is characterized by s attributes and a threshold t. When s =4
and ¢t = 1, the attributes correspond to the truth-membership degree t(e), indeterminacy-membership degree
i(e), falsity-membership degree f(e), and liberal state value I(e) in Turiyam Neutrosophic Graphs.

The Plithogenic Vertex Coloring condition is:
aCF(Uu),U(v) > 0 = c(u) # c(v),

where aC'f is the attribute contradiction function, I(u) and I(v) are the attribute values of vertices v and v, and
0 is a predefined threshold.

When s =4 and ¢ = 1, this condition becomes identical to the Turiyam Neutrosophic Vertex Coloring condition,
which accounts for the four components of the Turiyam Neutrosophic logic. Thus, the Plithogenic Chromatic
Number x,,(PG) reduces to the Turiyam Neutrosophic Chromatic Number x,(G). O

Theorem 75. The Plithogenic Chromatic Number generalizes the Neutrosophic Chromatic Number when s = 3
andt=1.

Proof: For s =3 and t = 1, the Plithogenic Graph’s attributes correspond to the truth-membership degree ¢(e),
indeterminacy-membership degree i(e), and falsity-membership degree f(e) of a Neutrosophic Graph.

The Plithogenic coloring condition simplifies to:
aCf(l(u),l(v)) >0 = c(u) £ c(v).

With s = 3, this condition matches the Neutrosophic Vertex Coloring criteria. Therefore, the Plithogenic
Chromatic Number x,,(PG) becomes equivalent to the Neutrosophic Chromatic Number x,,(G). O

Theorem 76. The Plithogenic Chromatic Number generalizes the Fuzzy Chromatic Number when s =1 and
t=1.
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Proof: When s = 1 and t = 1, the Plithogenic Graph reduces to a fuzzy graph with a single attribute representing
the edge membership function p(e).

The Plithogenic coloring condition reduces to:
aCf(l(u),l(v)) 20 = c(u) # c(v),

which aligns with the Fuzzy Vertex Coloring condition based on a-cuts. Thus, the Plithogenic Chromatic
Number x,,(PG) reduces to the Fuzzy Chromatic Number X(G). O

4| Future tasks

In the future, we will explore the domination number and chromatic number in Regular Turiyam Neutrosophic
Graphs. Although still in the conceptual stage, the description of the Regular Turiyam Neutrosophic Graph is
as follows.

Definition 77 (Regular Turiyam Neutrosophic Graph). A Regular Turiyam Neutrosophic Graph G = (V, E)
is a Turiyam Neutrosophic graph where for every vertex u € V, the sum of the truth-membership degrees,
indeterminacy-membership degrees, falsity-membership degrees, and liberal-state degrees between u and all
other distinct vertices v € V' \ {u} is constant. Formally, the graph satisfies the following conditions:

Z t(u,v) = Constant,

u#v

Z iv(u,v) = Constant,

u#v

Z fo(u,v) = Constant,

uFv

Z lv(u,v) = Constant,

u#v
where t(u,v), iv(u,v), fo(u,v), and lv(u,v) represent the truth-membership, indeterminacy, falsity, and liberal-
state degrees, respectively, between the vertices u and v.

In other words, a Regular Turiyam Neutrosophic Graph has constant aggregate membership values across all
vertices for these four degrees, making it regular in the Turiyam Neutrosophic sense.

Furthermore, other well-known concepts such as rough graphs [29], soft graphs [65, 25], Neutrosophic Offset
(Offgraph)[95, 99, 100], Treesoft sets(Treesoft Graph)[8, 75, 39], and superhypergraphs [97, 28, 98] are also
recognized in the field. We aim to advance research on properties like the domination number and chromatic
number within these frameworks.

Funding

This research received no external funding.

Acknowledgments

We humbly extend our heartfelt gratitude to everyone who has provided invaluable support, enabling the
successful completion of this paper. We also express our sincere appreciation to all readers who have taken the
time to engage with this work. Furthermore, we extend our deepest respect and gratitude to the authors of the
references cited in this paper. Thank you for your significant contributions.

Data Availability

This paper does not involve any data analysis.



Review of Domination number and Chromatic number in Turiyam Neutrosophic and Plithogenic Graphs 65

Ethical Approval

This article does not involve any research with human participants or animals.

Conflicts of Interest

The authors declare that there are no conflicts of interest regarding the publication of this paper.

Disclaimer

This study primarily focuses on theoretical aspects, and its application to practical scenarios has not yet been
validated. Future research may involve empirical testing and refinement of the proposed methods. The authors
have made every effort to ensure that all references cited in this paper are accurate and appropriately attributed.
However, unintentional errors or omissions may occur. The authors bear no legal responsibility for inaccuracies
in external sources, and readers are encouraged to verify the information provided in the references independently.
Furthermore, the interpretations and opinions expressed in this paper are solely those of the authors and do not
necessarily reflect the views of any affiliated institutions.

References

[1] Muhammad Akram and Noura Omair Alshehri. Intuitionistic fuzzy cycles and intuitionistic fuzzy trees. The Scientific World
Journal, 2014(1):305836, 2014.
[2] Muhammad Akram, Hafsa M Malik, Sundas Shahzadi, and Florentin Smarandache. Neutrosophic soft rough graphs with
application. Azioms, 7(1):14, 2018.
[3] Muhammad Akram and Gulfam Shahzadi. Operations on single-valued neutrosophic graphs. Infinite Study, 2017.
[4] Talal Al-Hawary. Complete fuzzy graphs. International Journal of Mathematical Combinatorics, 4:26, 2011.
[6] TALAL Al-Hawary and Mohammed Hashim. Semi-fuzzy graphs. Bol. Da Socie. Paran. de Matem.
[6] Shawkat Alkhazaleh. Neutrosophic vague set theory. Critical Review, 10:29-39, 2015.
[7] Noga Alon, Jézsef Balogh, Béla Bollobds, and Tamés Szabé. Game domination number. Discrete mathematics, 256(1-2):23-33,
2002.
[8] Ali Alqazzaz and Karam M Sallam. Evaluation of sustainable waste valorization using treesoft set with neutrosophic sets.
Neutrosophic Sets and Systems, 65(1):9, 2024.
[9] Jafar Amjadi, Sakineh Nazari-Moghaddam, Seyed Mahmoud Sheikholeslami, and Lutz Volkmann. An upper bound on the
double roman domination number. Journal of Combinatorial Optimization, 36:81-89, 2018.
[10] V Aparna, N Mohanapriya, and Said Broumi. Single valued neutrosophic r-dynamic vertex coloring of graphs. Neutrosophic
Sets and Systems, 48:306—317, 2022.
[11] Subramanian Arumugam, Kiran R. Bhutani, and L. Sathikala. On (r, s)-fuzzy domination in fuzzy graphs. New Math. Nat.
Comput., 12:1-10, 2016.
[12] Michael Jr. Patula Baldado and Enrico L. Enriquez. Super secure domination in graphs. 2017.
[13] Anushree Bhattacharya and Madhumangal Pal. A fuzzy graph theory approach to the facility location problem: A case study
in the indian banking system. Mathematics, 11(13):2992, 2023.
[14] Said Broumi, Mohamed Talea, Assia Bakali, and Florentin Smarandache. Interval valued neutrosophic graphs. Critical Review,
X11, 2016:5-33, 2016.
[15] Said Broumi, Mohamed Talea, Assia Bakali, and Florentin Smarandache. Single valued neutrosophic graphs. Journal of New
theory, (10):86-101, 2016.
[16] Alewyn P. Burger, Michael A. Henning, and Jan H. van Vuuren. Vertex covers and secure domination in graphs. Quaestiones
Mathematicae, 31:163 — 171, 2008.
[17] Timothy C. Burness and Scott Harper. Finite groups, 2-generation and the uniform domination number. Israel Journal of
Mathematics, 239:271 — 367, 2018.
[18] Elmer Castillano, Rose Ann L. Ugbinada, and Sergio R. Canoy. Secure domination in the joins of graphs. Applied mathematical
sciences, 8:5203-5211, 2014.
[19] E COCKAYNIF. A linear algorithm for the domination number of a tree. 1975.
[20] Kuppusamy Markandan Dharmalingam and Mamta Rani. Total equitable domination in fuzzy graphs. 2015.
[21] Reinhard Diestel. Graph theory. Springer (print edition); Reinhard Diestel (eBooks), 2024.
[22] Didier Dubois and Henri Prade. Fundamentals of fuzzy sets, volume 7. Springer Science & Business Media, 2012.
[23] Enrico L. Enriquez and Edward Manseras Kiunisala. Inverse secure domination in graphs. 2016.
[24] Uriel Feige and Joe Kilian. Zero knowledge and the chromatic number. Journal of Computer and System Sciences, 57(2):187-199,
1998.
[25] Takaaki Fujita. Note for hypersoft filter and fuzzy hypersoft filter. Multicriteria Algorithms With Applications, 5:32-51, 2024.
[26] Takaaki Fujita. Survey of intersection graphs, fuzzy graphs and neutrosophic graphs. Advancing Uncertain Combinatorics
through Graphization, Hyperization, and Uncertainization: Fuzzy, Neutrosophic, Soft, Rough, and Beyond, page 114, 2024.



66 T.Fujita and F.Smarandache | Neutrosophic Opt. Int. Syst. 5 (2025)

[27] Takaaki Fujita and Florentin Smarandache. A review of the hierarchy of plithogenic, neutrosophic, and fuzzy graphs: Survey
and applications. Advancing Uncertain Combinatorics through Graphization, Hyperization, and Uncertainization: Fuzzy,
Neutrosophic, Soft, Rough, and Beyond, page 9.

[28] Takaaki Fujita and Florentin Smarandache. A concise study of some superhypergraph classes. Neutrosophic Sets and Systems,
77:548-593, 2024.

[29] Takaaki Fujita and Florentin Smarandache. A short note for hypersoft rough graphs. HyperSoft Set Methods in Engineering,
3:1-25, 2024.

[30] Takaaki Fujita and Florentin Smarandache. Study for general plithogenic soft expert graphs. Plithogenic Logic and Computation,
2:107-121, 2024.

[31] Philippe Galinier and Jin-Kao Hao. Hybrid evolutionary algorithms for graph coloring. Journal of combinatorial optimization,
3:379-397, 1999.

[32] Joseph A Gallian. Graph labeling. The electronic journal of combinatorics, pages DS6-Dec, 2012.

[33] Joseph A Gallian. A dynamic survey of graph labeling. Electronic Journal of combinatorics, 6(25):4-623, 2022.

[34] GA Ganati, VNS Rao Repalle, MA Ashebo, and M Amini. Turiyam graphs and its applications. Information Sciences Letters,
12(6):2423-2434, 2023.

[35] Gamachu Adugna Ganati, VN Srinivasa Rao Repalle, and Mamo Abebe Ashebo. Social network analysis by turiyam graphs.
BMC Research Notes, 16(1):170, 2023.

[36] Gamachu Adugna Ganati, VN Srinivasa Rao Repalle, and Mamo Abebe Ashebo. Relations in the context of turiyam sets.
BMC Research Notes, 16(1):49, 2023.

[37] A. Nagoor Gani and S. Shajitha Begum. Perfect intuitionistic fuzzy graphs. Bulletin of Pure € Applied Sciences- Mathematics
and Statistics, pages 145—-152, 2011.

[38] Michael R Garey, David S Johnson, and Larry Stockmeyer. Some simplified np-complete problems. In Proceedings of the sizth
annual ACM symposium on Theory of computing, pages 4763, 1974.

[39] Mona Gharib, Fatima Rajab, and Mona Mohamed. Harnessing tree soft set and soft computing techniques’ capabilities in
bioinformatics: Analysis, improvements, and applications. Neutrosophic sets and systems, 61:579-597, 2023.

[40] Puspendu Giri, Somnath Paul, and Bijoy Krishna Debnath. A fuzzy graph theory and matrix approach (fuzzy gtma) to select
the best renewable energy alternative in india. Applied Energy, 358:122582, 2024.

[41] P. Gladyis and C. V. R. Harinarayanan. Accurate independent domination in fuzzy graphs. International Journal of
Mathematical Archive, 6, 2015.

[42] Daniel Gongalves, Alexandre Pinlou, Michaél Rao, and Stéphan Thomassé. The domination number of grids. SIAM Journal
on Discrete Mathematics, 25(3):1443-1453, 2011.

[43] Jonathan L Gross, Jay Yellen, and Mark Anderson. Graph theory and its applications. Chapman and Hall/CRC, 2018.

[44] Muhammad Gulistan, Naveed Yaqoob, Zunaira Rashid, Florentin Smarandache, and Hafiz Abdul Wahab. A study on
neutrosophic cubic graphs with real life applications in industries. Symmetry, 10(6):203, 2018.

[45] Frank Harary and Ronald C Read. Is the null-graph a pointless concept? In Graphs and Combinatorics: Proceedings of the
Capital Conference on Graph Theory and Combinatorics at the George Washington University June 18—22, 1973, pages 37—44.
Springer, 2006.

[46] Juris Hartmanis. Computers and intractability: a guide to the theory of np-completeness (michael r. garey and david s.
johnson). Siam Review, 24(1):90, 1982.

[47] Stephen T Hedetniemi and Renu C Laskar. Bibliography on domination in graphs and some basic definitions of domination
parameters. In Annals of discrete mathematics, volume 48, pages 257-277. Elsevier, 1991.

[48] Robert W Irving and David F Manlove. The b-chromatic number of a graph. Discrete Applied Mathematics, 91(1-3):127-141,
1999.

[49] Tommy R Jensen and Bjarne Toft. Graph coloring problems. John Wiley & Sons, 2011.

[50] WB Vasantha Kandasamy, K Ilanthenral, and Florentin Smarandache. Plithogenic Graphs. Infinite Study, 2020.

[51] Asefeh Karbasioun and Reza Ameri. Total and secure domination for corona product of two fuzzy soft graphs. Fuzzy Information
and Engineering, 13:127 — 138, 2021.

[62] M. G. Karunambigai, S. Sivasankar, and K. Palanivel. Secure edge domination and vertex edge domination in intuitionistic
fuzzy graphs. 2018.

[63] MG Karunambigai, S Sivasankar, and K Palanivel. Secure domination in fuzzy graphs and intuitionistic fuzzy graphs. Annals
of fuzzy mathematics and informatics, 14(4):419-43, 2017.

[54] Murugan Kaviyarasu, Mohammed Alqahtani, Murugesan Rajeshwari, and Gopikumar Sudalaimuthu. Complex t-intuitionistic
fuzzy graph with applications of rubber industrial water wastes. Mathematics, 12(13):1950, 2024.

[55] Anjaly Kishore and MS Sunitha. Chromatic number of fuzzy graphs. Annals of fuzzy mathematics and informatics, 7(4):543-551,
2014.

[56] Edward Manseras Kiunisala and Enrico L. Enriquez. On clique secure domination in graphs. 2016.

[57] William Klostermeyer and Christina M. Mynhardt. Secure domination and secure total domination in graphs. Discuss. Math.
Graph Theory, 28:267-282, 2008.

[58] N. Vinoth Kumar and G. Geetha Ramani. Some domination parameters of the intuitionistic fuzzy graph and its properties.
2011.

[59] A Kuppan and J Ravi Sankar. Decomposition of fuzzy zero divisor graph. In Journal of Physics: Conference Series, volume
1770, page 012060. IOP Publishing, 2021.

[60] Frank Thomson Leighton. A graph coloring algorithm for large scheduling problems. Journal of research of the national bureau
of standards, 84(6):489, 1979.

[61] A. Lekha and K. S. Parvathy. Fuzzy domination in fuzzy graphs. J. Intell. Fuzzy Syst., 44:3071-3077, 2022.



Review of Domination number and Chromatic number in Turiyam Neutrosophic and Plithogenic Graphs 67

[62]
[63]
[64]
(65]
[66]

[67]
[68]

[69]

[70]

[71]
[72]
(73]
[74]

(73]

[76]

[77]
(78]

[79]
(80]
(81]
(82]
(83]
(84]
(85]
(86]

(87]
(88]

(89]
[90]
[91]
[92]

(93]
[94]

[95]
[96]

[97]
98]

Hongxing Li and Vincent C Yen. Fuzzy sets and fuzzy decision-making. CRC press, 1995.

Zepeng Li, Zehui Shao, and Jin Xu. On secure domination in trees. Quaestiones Mathematicae, 40:1 — 12, 2017.

Chanjuan Liu. A note on domination number in maximal outerplanar graphs. Discret. Appl. Math., 293:90-94, 2021.
Pradip Kumar Maji, Ranjit Biswas, and A Ranjan Roy. Soft set theory. Computers & mathematics with applications,
45(4-5):555-562, 2003.

V. Mohanaselvi and Selvaraju Sivamani. Strong (weak) domination and independent strong (weak) domination in bipolar
fuzzy graphs. International Journal of Research in Engineering and Applied Sciences, 5:72—77, 2015.

John N Mordeson and Premchand S Nair. Fuzzy graphs and fuzzy hypergraphs, volume 46. Physica, 2012.

T. C. Mujeeburahman and R. Jahir Hussain. 2-secure domination in bipolar hesitancy fuzzy graph. Asian Research Journal of
Mathematics, 2023.

J Muthuerulappan and S Chelliah. A study of the neutrosophic dominating path-coloring number and multivalued star
chromatic number in neutrosophic graphs. Machine Intelligence Research, 18(1):585-606, 2024.

C. Natarajan and S. K. Ayyaswamy. On strong(weak) domination in fuzzy graphs. World Academy of Science, Engineering
and Technology, International Journal of Mathematical, Computational, Physical, Electrical and Computer Engineering,
4:1035-1037, 2010.

P. G. Nayana and Radha Rajamani Iyer. On secure domination number of generalized mycielskian of some graphs. J. Intell.
Fuzzy Syst., 44:4831-4841, 2022.

TM Nishad, Talal Ali Al-Hawary, and B Mohamed Harif. General fuzzy graphs. Ratio Mathematica, 47, 2023.

R Parvathi and MG Karunambigai. Intuitionistic fuzzy graphs. In Computational Intelligence, Theory and Applications:
International Conference 9th Fuzzy Days in Dortmund, Germany, Sept. 18-20, 2006 Proceedings, pages 139-150. Springer,
2006.

R Parvathi and G Thamizhendhi. Domination in intuitionistic fuzzy graphs. Notes on Intuitionistic Fuzzy Sets, 16(2):39-49,
2010.

Edwin Collazos Paucar, Jeri G Ramén Ruffner de Vega, Efrén S Michue Salguedo, Agustina C Torres-Rodriguez, and
Patricio A Santiago-Saturnino. Analysis using treesoft set of the strategic development plan for extreme poverty municipalities.
Neutrosophic Sets and Systems, 69(1):3, 2024.

P. Roushini Leely Pushpam and Chitra Suseendran. Secure restrained domination in graphs. Mathematics in Computer
Science, 9:239-247, 2015.

Andrei Mikhailovich Raigorodskii. On the chromatic number of a space. Uspekhi Matematicheskikh Nauk, 55(2):147-148, 2000.
T Rao, Muneera Abdul, Jonnalagadda Venkateswara Rao, MN Srinivas, D Kumar, et al. Trends on dominations of fuzzy
graphs and anti fuzzy graphs. In AIP Conference Proceedings, volume 2375. AIP Publishing, 2021.

Hossein Rashmanlou, Sovan Samanta, Madhumangal Pal, and Rajab Ali Borzooei. Intuitionistic fuzzy graphs with categorical
properties. Fuzzy information and Engineering, 7(3):317-334, 2015.

Dieter Rautenbach. Bounds on the strong domination number. Discrete Mathematics, 215(1-3):201-212, 2000.

David W Roberts. Analysis of forest succession with fuzzy graph theory. Ecological Modelling, 45(4):261-274, 1989.

A Rohini, M Venkatachalam, Said Broumi, and Florentin Smarandache. Single valued neutrosophic coloring. Collected Papers.
Volume XII: On various scientific topics, page 425, 2022.

Azriel Rosenfeld. Fuzzy graphs. In Fuzzy sets and their applications to cognitive and decision processes, pages 77-95. Elsevier,
1975.

Isnaini Rosyida, Ch Rini Indrati, Diari Indriati, et al. Fuzzy chromatic number of union of fuzzy graphs: an algorithm,
properties and its application. Fuzzy Sets and Systems, 384:115-131, 2020.

Isnaini Rosyida, Ch Rini Indrati, Kiki A Sugeng, et al. A new approach for determining fuzzy chromatic number of fuzzy
graph. Journal of Intelligent & Fuzzy Systems, 28(5):2331-2341, 2015.

Sivasankar S and Said Broumi. Secure edge domination in neutrosophic graphs. Journal of Neutrosophic and Fuzzy Systems,
2022.

Ridvan Sahin. An approach to neutrosophic graph theory with applications. Soft Computing, 23(2):569-581, 2019.

Broumi Said et al. Single valued neutrosophic dynamic vertex coloring of some cartesian product and join of svng’s. International
Journal of Neutrosophic Science (IJNS), 18(1), 2022.

Elif Saygi. On the domination number and the total domination number of fibonacci cubes. Ars Mathematica Contemporanea,
16(1), 2019.

S. Senthilraj. A study on double, triple and n - tuple domination of fuzzy graphs. International Journal of Computer
Applications, 107:1-7, 2014.

AT Shahida and MS Sunitha. On the metric dimension of join of a graph with empty graph (op). Electronic Notes in Discrete
Mathematics, 63:435—445, 2017.

Prem Kumar Singh et al. Dark data analysis using intuitionistic plithogenic graphs. International Journal of Neutrosophic
Sciences, 16(2):80-100, 2021.

S Sivasankar and Said Broumi. Secure dominance in neutrosophic graphs. Neutrosophic Sets and Systems, 56:70-81, 2023.
Florentin Smarandache. Ambiguous set (as) is a particular case of the quadripartitioned neutrosophic set (qns). nidus idearum,
page 16.

Florentin Smarandache. Degrees of membership> 1 and< 0 of the elements with respect to a neutrosophic offset. Neutrosophic
Sets and Systems, 12:3—-8, 2016.

Florentin Smarandache. Plithogeny, plithogenic set, logic, probability, and statistics. arXiv preprint arXiv:1808.03948, 2018.
Florentin Smarandache. n-superhypergraph and plithogenic n-superhypergraph. Nidus Idearum, 7:107-113, 2019.

Florentin Smarandache. Ezxtension of HyperGraph to n-SuperHyperGraph and to Plithogenic n-SuperHyperGraph, and
Eaxtension of HyperAlgebra to n-ary (Classical-/Neutro-/Anti-) HyperAlgebra. Infinite Study, 2020.



68 T.Fujita and F.Smarandache | Neutrosophic Opt. Int. Syst. 5 (2025)
[99] Florentin Smarandache. Interval-valued neutrosophic oversets, neutrosophic undersets, and neutrosophic offsets. Collected
Papers. Volume IX: On Neutrosophic Theory and Its Applications in Algebra, page 117, 2022.

[100] Florentin Smarandache. Operators on single-valued neutrosophic oversets, neutrosophic undersets, and neutrosophic offsets.
Collected Papers, 9:112, 2022.

[101] Florentin Smarandache. Short introduction to standard and nonstandard neutrosophic set and logic. Neutrosophic Sets and
Systems, 77:395-404, 2025.

[102] Florentin Smarandache and Said Broumi. Neutrosophic graph theory and algorithms. IGI Global, 2019.

[103] A Somasundaram and S Somasundaram. Domination in fuzzy graphs—i. Pattern recognition letters, 19(9):787-791, 1998.

[104] Metawee Songsaeng and Aiyared Iampan. Neutrosophic set theory applied to UP-algebras. Infinite Study, 2019.

[105] TP Sreelakshmi and K Uma Samundesvari. Total domination in uniform single valued neutrosophic graph. Neutrosophic Sets
and Systems, 70:305-313, 2024.

[106] A Sudha and P Sundararajan. Robust fuzzy graph. Ratio Mathematica, 46, 2023.

[107] S Sudha, Nivetha Martin, and Florentin Smarandache. Applications of Extended Plithogenic Sets in Plithogenic Sociogram.
Infinite Study, 2023.

[108] S Sudha, B Shoba, A Rajkumar, and Broumi Said. Bipolar triangular neutrosophic chromatic numbers with the application of
traffic light system. International Journal of Neutrosophic Science, 22(2):54-68, 2023.

[109] Fazeelat Sultana, Muhammad Gulistan, Mumtaz Ali, Naveed Yaqoob, Muhammad Khan, Tabasam Rashid, and Tauseef
Ahmed. A study of plithogenic graphs: applications in spreading coronavirus disease (covid-19) globally. Journal of ambient
intelligence and humanized computing, 14(10):13139-13159, 2023.

[110] Duygu Vargor and Pinar Dundar. The medium domination number of a graph. International Journal of pure and applied
mathematics, 70(3):297-306, 2011.

[111] Douglas Brent West et al. Introduction to graph theory, volume 2. Prentice hall Upper Saddle River, 2001.

[112] Hayder J. Yousif and A. A. Omran. Inverse 2-anti fuzzy domination in anti fuzzy graphs. Journal of Physics: Conference
Sertes, 1818, 2021.

[113] Hayder J. Yousif and Ahmed A. Omran. The split anti fuzzy domination in anti fuzzy graphs. Journal of Physics: Conference
Sertes, 1591, 2020.

[114] Hayder J. Yousif and Ahmed A. Omran. Closed fuzzy dominating set in fuzzy graphs. Journal of Physics: Conference Series,
1879, 2021.

[115] Lotfi A Zadeh. Fuzzy sets. Information and control, 8(3):338-353, 1965.

[116] Lotfi A Zadeh. Fuzzy logic, neural networks, and soft computing. In Fuzzy sets, fuzzy logic, and fuzzy systems: selected papers
by Lotfi A Zadeh, pages 775-782. World Scientific, 1996.

[117] Hua Zhao, Zeshui Xu, Shousheng Liu, and Zhong Wang. Intuitionistic fuzzy mst clustering algorithms. Computers & Industrial
Engineering, 62(4):1130-1140, 2012.

[118] Xuding Zhu. Circular chromatic number: a survey. Discrete mathematics, 229(1-3):371-410, 2001.

Disclaimer/Publisher’s Note

The perspectives, opinions, and data shared in all publications are the sole responsibility of the individual
authors and contributors and do not necessarily reflect the views of Sciences Force or the editorial team. Sciences
Force and the editorial team disclaim any liability for potential harm to individuals or property resulting from
the ideas, methods, instructions, or products referenced in the content.



	Introduction
	Domination and Chromatic Numbers in Graphs
	Uncertain Graphs Models
	Our Contribution in This Paper

	Preliminaries and definitions
	Basic Graph Concepts
	Fuzzy, Intuitionistic Fuzzy Graphs, Neutrosophic Graphs, and Turiyam Neutrosophic Graphs
	Domination Number
	Secure Domniation Number
	Chromatic Number

	Result in this paper
	Domination set in Turiyam Neutrosophic and Plithogenic Graphs
	Secure Domination set in Turiyam Neutrosophic and Plithogenic Graphs
	Turiyam Neutrosophic and Plithogenic Chromatic Number

	Future tasks

