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Abstract. Graph theory offers a powerful language for modeling pairwise relationships via vertices
and edges [1]. Hypergraphs extend this framework by allowing hyperedges to join arbitrary subsets
of vertices [2], and SuperHyperGraphs generalize further through iterative powerset constructions
that capture multi-level hierarchical connectivity [3]. To address uncertainty and imprecision, a
variety of set-based frameworks—fuzzy sets [4], soft sets [5], intuitionistic-fuzzy sets [6], rough sets
[7], neutrosophic sets [8], and plithogenic sets [9]—have been developed, In directed contexts, these
ideas yield directed graphs [10], directed hypergraphs_[11], directed”SuperHyperGraphs [12], and
soft directed graphs [13].

While Soft SuperHyperGraphs and Directed SuperHyperGraphs each capture important aspects
of uncertainty and directionality in hierarchical networks;.their integration remains largely unex-
plored. In this paper, we introduce the Directed Soft SupérHyperGraph, a unified framework that
combines directionality, recursive hyperstructure,- and soft-set parameterization. We present for-
mal definitions and core operations, demonstrate the model through real-world examples, and offer
a qualitative comparison with existing approaches. Our framework is especially well suited to rep-
resenting complex, multi-layered directed systems—such as urban infrastructure, transportation
networks, and information-flow architectures—where deep hierarchies and uncertain relationships
must be managed simultaneously.
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1. Introduction

1.1. From Graphs to SuperHyperGraphs

Simple graphs depict pairwise relationships by representing items as nodes and their
connections as edges [14]. To describe interactions among multiple entities at once, hy-
pergraphs permit each hyperedge to join any nonempty subset of vertices, thus capturing
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higher-order associations [15, 16]. Building upon this, a SuperHyperGraph is formed by
iteratively taking the powerset of the vertex set to create successive layers of links, em-
bedding nested hierarchies within the network [17, 18].

1.2. Capturing Uncertainty in Networks

Real-world networks frequently include incomplete, imprecise, or even contradictory
information. To model such ambiguity, a range of set-based frameworks—fuzzy sets [4],
intuitionistic fuzzy sets [6], hyperfuzzy sets [19, 20, 21], hesitant fuzzy sets [22, 23], picture
fuzzy sets[24], neutrosophic sets [25, 26], soft sets [27, 5], hypersoft sets[28, 29, 30, 31], and
plithogenic sets [32, 33, 34]—have been adapted for graph modeling. These adaptations
give rise to structures such as fuzzy graphs [35], intuitionistic fuzzy graphs [36], neutro-
sophic graphs [25], plithogenic graphs [37], and soft graphs [38], each integrating graded
membership, indeterminacy, and conflict measures to better reflect real-world uncertainty.
Moreover, fuzzy graphs, soft graphs, and neutrosophic graphs have been generalized to
hypergraphs and SuperHyperGraphs, with notable recent developments [39, 40].

1.3. Introducing Directionality

Many real-world systems exhibit directional or asymmetric ties. In a directed graph
(digraph), each edge carries an orientation to indicate the direction of flow—be it infor-
mation, resources, or influence—between nodes [41, 42]. This concept extends to directed
hypergraphs, where hyperarcs distinguish between tail and head subsets, and further to di-
rected superhypergraphs, which layer these directed connections across multiple hierarchical
strata [43, 44, 45, 46, 12].

1.4. Contributions of This Paper

From the foregoing discussion, research on Soft SuperHyperGraphs and Directed Su-
perHyperGraphs is critically important, as it enables intuitive modeling of hierarchical
real-world concepts. However, the integrated fusion of Soft SuperHyperGraphs and Di-
rected SuperHyperGraphs has received little attention to date. To bridge this gap, in this
paper we introduce the Directed Soft SuperHyperGraph, a novel framework that unifies di-
rected relationships, hierarchical superhyperstructures, and soft-set parameterization. We
demonstrate its effectiveness in modeling complex, multi-layered directed networks—such
as urban transit systems, logistics networks, and information pipelines—where deep struc-
tural hierarchies and uncertainty must be managed concurrently.

1.5. Structure of This Paper

The remainder of this paper is organized as follows. In Section 2, we review the existing
definitions of HyperGraphs, SuperHyperGraphs, the n-th iterated powerset, Soft Directed
Hypergraphs, and related concepts. Section 3 presents the definition of the Directed Soft
SuperHyperGraph and examines its fundamental properties. Section 4 provides a brief
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discussion on the effectiveness of the Directed Soft SuperHyperGraph introduced in this

paper. Finally, Section 5 concludes the paper and outlines directions for future research.

2. Preliminaries

Throughout this paper, we work with finite, simple graphs unless stated otherwise.
This section reviews the key definitions and notation that will be used in later sections;
for more in-depth discussions, please refer to the cited sources.

2.1. SuperHyperGraphs

Classical graphs model binary relations between vertices, but many applications re-
quire connecting larger subsets at once. A hypergraph achieves this by replacing edges
with hyperedges, each of which may join any nonempty collection of vertices [2, 47]. To
capture multi-level or recursive structures, one can iterate the subset construction: a Su-
perHyperGraph applies the powerset operation successively, creating “supervertices” and
“superedges” at higher abstraction layers [3, 48, 49, 50].

Definition 1 (Base Set). [51] Let S be a base set, the foundational domain from which
all subsequent constructions are drawn:

S = {z:z is an element of the universe of discourse}.

Definition 2 (Powerset). [52] The powerset of a set S, denoted POWS(S), is the collec-
tion of all subsets of S, including @ and S itself:

POWS(S)={A4:ACS}.
Definition 3 (Hypergraph). [2, 47] A hypergraph H = (V| E) consists of
e a finite vertexr set 'V,

e a family E of nonempty subsets of V', each called a hyperedge.

Definition 4 (n-th Iterated Powerset). [53, 54, 55] Define the iterated powerset of a set
X by

POWS;(X) =POWS(X), POWSg1(X) = POWS(POWSk(X)), k> 1.
The corresponding nonempty iterated powerset is
POWS(X) =POWS(X) \ {@}, POWS; (X)= POWS(POWSZ(X)) \ {2}.

Example 1 (Organizational Hierarchy via Iterated Powersets). Let the base set of em-
ployees be
X = {Keisuke, Bob, Sakura}.
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e POWS;(X) =POWS(X) is the set of all possible teams:
{2,{A},{B},{C}, {4, B},{A,C},{B,C}, {4, B,C}}.
e POWS,(X) = POWS(POWS; (X)) is the set of all committees of teams, for ezample
{{{4,B},{B.C}}, {{AL{C}}, ..}
e POWS;3(X) = POWS(POWS2(X)) is the set of all councils of committees, such as

{{{{A. B} {B.C}}, {{A}.{C}}} . )

In practice:
(i) A team is any subset of employees (level-1 grouping).
(i) A committee is a collection of teams (level-2 grouping).
(i1i) A council is a set of committees (level-3 grouping).
Thus iterated powersets naturally model successive layers of organizational structure.

Definition 5 (n-SuperHyperGraph). [56, 57, 58] Let Vi be a finite base set and define
POWSK(Vy) by iterating the powerset k times. An n-SuperHyperGraph is a pair

SuHG™ = (V, E),

where
V. C POWS"(Vy), E C POWS"(Vp).

Members of V' are called n-supervertices and members of E are n-superedges.

Example 2 (Software Architecture as a 2-SuperHyperGraph). Consider a software system
whose lowest-level components are

S = {Auth, DataAccess, UI}.
At the first level, these components form modules:
M, = {Auth}, My = {Datadccess}, Ms= {UI},

so that POWSI(S) D) V1 = {Ml,MQ,Mg}.
At the second level, modules combine into subsystems:

Suby = {My, Ms}, Subp = {My, M3}, Subay={M;i, Ma, M3},

s0 that POWS?(S) D V = {Sub4, Subg, Subay}.
We choose the set of 2-superedges to capture key integration points:

E = {61 = {SubA,SubAn }, €9 — {SubB, SubAH }},

where:



T. Fujita, F.Smarandache / Eur. J. Pure Appl. Math, 1-29 5
e e1 models the integration between the Auth/Data subsystem and the full system.

e ey models the integration between the Data/UI subsystem and the full system.
Hence
SuHG® = (V, E)

is a 2-SuperHyperGraph representing the two—tier module-subsystem structure of the soft-
ware architecture.

2.2. Soft SuperHypergraph

Soft graphs capture families of subgraphs indexed by a parameter set, where each
parameter selects a subgraph on a fixed vertex and edge base [59, 38, 60]. Equivalently,
a soft graph realizes the concept of a soft set—a parameterized collection of subsets that
models uncertainty or preference without requiring numeric membership or probability
assignments [5, 27]. A soft hypergraph extends this notion by associating each parameter
with a subset of vertices and the induced hyperedges within a hypergraph [61]. Finally,
a soft n-superhypergraph applies these parameterized substructures to each layer of an n-
SuperHyperGraph, yielding a hierarchically organized, uncertainty-aware model (cf.[12]).

Definition 6 (Soft Hypergraph). [61, 62] Let H = (V,E) be a hypergraph with E C
POWS(V), and let C' be a nonempty set of parameters. A soft hypergraph over H with

parameters C' is a quadruple
(H, C, A, B),

where
A:C — POWS(V), B:C — POWS(E),

and for each c € C,
B(c) C {e€ E|eC A(c)}.

The pair (A(c), B(c)) is called the soft subhypergraph of H at parameter c.

Example 3 (University Curriculum as a Soft Hypergraph). Consider the hypergraph H =
(V, E) where

V = {Calculus, Linear Algebra, Data Structures, Operating Systems, Networks},
E= {emath = {Calculus, Linear Algebra}, ecs = {Data Structures, Operating Systems, Networks},
Let C = {Math, CS, Inter} be the set of program-type parameters, and define
A(Math) = { Calculus, Linear Algebra}, B(Math) = {emath},
A(CS) = {Data Structures, Operating Systems, Networks}, B(CS) = {ecs},

A(lInter) = { Linear Algebra, Data Structures}, B(Inter) = {ecomp}-

Then (H, C, A, B) s a soft hypergraph in which each parameter ¢ € C induces the sub-
hypergraph (A(c), B(c)) corresponding to the courses and curriculum bundles for that pro-
gram type.

€comp =
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Definition 7 (Soft n-Superhypergraph). [12] Let SuHG™ = (V, E) be an n-SuperHyperGraph,
and let C be a nonempty parameter set. A soft n-superhypergraph is a quintuple

(V7 E7 07 Aa B)a

where

A:C — POWS(V), B:C — POWS(E),
such that for every c € C,

A(c)CV, B(c)C{ecE|eC Ac)}.
Thus (A(c)7 B(c)) is a sub-superhypergraph of SUHG™ at parameter c.

Example 4 (Personalized Curriculum Planning as a Soft 2-Superhypergraph). Imagine
a university offering a modular curriculum. The ground set of all courses is

S = {Calculus, Programming, Statistics, Logic}.
At the first level, courses are grouped into subject areas (first-level supervertices):
V1= {MMath = { Calculus, Statistics}, Mcs = { Programming, Logic}} C POWSl(S).
At the second level, these areas form broader tracks (second-level supervertices):
Vo = {T1 = {Myam}, To = {Mcs}, Tau={Mpamn, Mcs}} € POWS*(S).
We define the set of second-level “superedges” to indicate available program pathways:
E = {e1 = {Myamn Taip, e2={Mcs Tai}t},

so that e1 and es represent progression from a subject area into the comprehensive track.
Next, let the parameter set C capture two different student profiles:

C = {Math-Focused, CS-Focused}.
Define soft selection maps
A:C — POWS(Vy), B:C — POWS(E),

by
A(Math-Focused) = {T1, Tan}, B(Math-Focused) = {e1},
A(CS-Focused) = {Ta, Tan}, B(CS-Focused) = {ea2}.
e Under the Math-Focused profile, a student selects the mathematics area first (11)
and then the joint track (Tay), following edge e;.

e Under the CS-Focused profile, the programming—logic area (T3) leads into the joint
track, via edge es.
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Thus the quintuple
(‘/27 E’ C’ A’ B)

is a soft 2-superhypergraph modeling how different student goals select distinct sub-paths
through the curriculum hierarchy.

Example 5 (Curriculum Program Selection as a Soft 3-Superhypergraph). Consider the
ground set of courses

S = {Calculus, Programming, Statistics, Logic}.
First-level “modules” are
Myatn = {Calculus, Statistics}, Mcg = {Programming, Logic}, POWS!(S) D {Mptath, Mcs}-
Second-level “tracks” are
Ty = {Myasn}, To={Mcs}, Tan={Myawm, Mcs}, POWS*(S) 2 {T1, To, Tan}-
Third-level “programs” (supervertices) are
P, ={T1}, Py={Ty}, Pay={T1, T}, V ={P, P, Pxy} CPOWS3S).
Define the set of program hyperedges
E ={e1 ={P, Pau}, e2={P, Pau}} C POWS(V).

Let the parameter set be
C = {Math-Track, CS-Track},

and define the soft-selection maps

A:C —POWS(V), B:C — POWS(E)

A(Math-Track) = {P1, Pan}, B(Math-Track) = {e;},
A(CS—Tl“aCk) = {PQ, PAH}, B(CS-Track) = {62}.

Then
(V, E, C, A, B)

is a soft 3-superhypergraph modeling how students select and transition through programs
i a three-tier curriculum.
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2.3. Soft Directed Hypergraphs

A soft directed graph generalizes directed graphs by using parameters to select vertex
subsets and their corresponding directed edge subsets [63, 64, 65]. A soft directed hyper-
graph generalizes both directed hypergraphs and soft sets by selecting substructures via
parameters (cf.[66, 67]).

Definition 8 (Soft Directed Hypergraph). (cf.[66, 67]) Let SODHG* = (T, Z) be a simple
directed hypergraph, where I' is the vertex set and = C POWS(I') x POWS(I') is the set
of hyperarcs (each an ordered pair of nonempty tail and head). Let C' be a nonempty
parameter set. A soft directed hypergraph is the quadruple

(SoDHG*, C, A, B),

where
A:C — POWS(D), B:C — POWS(Z),

and for every c € C,

A(e) CT, B(e)C{(T,H)€=:T C A(c), H C A(c)}.

Each pair (A(c), B (c)) 1s called the soft induced subhypergraph of SODHG* at parameter
c.

Example 6 (Sensor Selection in a Directed Hypergraph). Consider a directed hypergraph
SoDHG* = ({s1, s2, s3},Z) where

E={({s1}, {s2:53}), ({52}, {s3})}-
Let parameters C' = { Day, Night}. Define

A(Day) = {s1,82},  B(Day) = {({s1}, {s2})},

A(Night) = {s2,s3}, B(Night) = {({s2},{s3})}.
Then (A(c), B(c)) for each ¢ € C' is a directed subhypergraph on the active sensors, illus-
trating how soft parameters select relevant hyperarcs.
2.4. Directed SuperHyperGraph

Directed SuperHyperGraphs are graph classes that extend SuperHyperGraphs, re-
spectively, in a manner analogous to Directed Graphs(cf.[68, 3]) . Below, we present their
formal definitions and illustrative examples.

Definition 9 (Directed n-SuperHyperGraph). (cf.[68, 3]) Let S be a nonempty base set
and let n > 0 be an integer. Define iterated powersets by

POWS’(S) =S, POWS*(S) = POWS(POWS*(S)) (k> 0).
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A directed n-SuperHyperGraph is a pair
DSuHG™ = (V, E),

where
VvV C POWS"(S), E C POWS"(S) x POWS"(S),

and each directed n-superedge e € E is an ordered pair
e = (Tail(e), Head(e)), Tail(e), Head(e) C POWS"(S),

typically both nonempty. Such an e carries “flow” from the entire set Tail(e) of n-
supervertices into Head(e).

Example 7 (Corporate Reporting as a Directed 2-SuperHyperGraph). Consider a small
company with three employees:

S = {Keisuke, Bob, Sakura}.
They form two teams:
T4 = {Keisuke, Bob}, Tp = {Bob, Sakura},
so that POWS!(S) D {Ta, Tg}. At the next level, these teams report to departments:
Dy ={Ta}, D2=A{Tg}, Dan=A{Ta, T},
s0 that POWS?(S) D V = {Dy, Do, Da}. We define the directed 2-superhyperedges
E={e1 = ({D1}, {Dan}), e2= ({D2}, {Dan})}-
Here:
e ¢1 models Team T4 reporting up into the combined department Day.

e eo models Team T reporting up into Day.

Hence
DSuHG® = (V, E)

is a directed 2-SuperHyperGraph that captures the two-tier reporting structure in this
organization.

Example 8 (Corporate Hierarchy as a Directed 3-SuperHyperGraph). Consider a multi-
national company with four employees:

S = {Keisuke, Bob, Sakura, Dave}.
They form two project teams:

T, = {Keisuke, Bob}, T, = {Sakura, Dave},
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so that POWS(S) D {T1, T»}. At the next level, these teams belong to departments:
Dy ={N}, Dy={Tr},
so that POWS?(S) D {D1, Da}. At the third level, departments are grouped into divisions:
Divi = {D1}, Diva = {Ds}, Divan = {D1, D5},
50 that POWS3(S) D V = {Divy, Dive, Divay}. We then define the directed 3-superhyperedges
E= {61 = ({Divl}, {DivAn}), eg = ({Divz}, {DiVAH})}.
Here:

e ¢, models Division 1 reporting into the overall corporate division.

e ey models Division 2 reporting into the overall corporate division.

Thus,
DSuHG®) = (V, E)

is a directed 3-SuperHyperGraph capturing the four-tier hierarchy—employees, teams, de-

partments, and divisions—of the organization.

3. Main Results

In this section, we present the main contributions of this paper, focusing on the struc-
ture and properties of Soft Directed n-SuperHyperGraphs.
3.1. Soft Directed n-SuperHyperGraphs

We now introduce Soft Directed n-SuperHyperGraphs, which unite the ideas of directed
n-SuperHyperGraphs and soft n-SuperHyperGraphs under a single framework.

Definition 10 (Soft Directed n-SuperHyperGraph). Let S be a finite base set and n > 0.
Define iterated powersets by

POWS’(S) =S, POWSF*!(S) = POWS(POWSF(S)).
A directed n-SuperHyperGraph is a pair DSuHG™ = (V, E) with
V C POWS™(S), E CPOWS"(S)x POWS"(S5),

where each e € E is an ordered pair (Tail(e), Head(e)).
Let C be a nonempty parameter set. A soft directed n-SuperHyperGraph is the quadru-
ple
(DSuHG™, C, A, B),
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where
A:C — POWS(V), B:C — POWS(E),

and for each c € C,
A(c) CV, B(c) C{ee€ E: Tail(e) C A(c), Head(e) C A(c)}.

Each induced pair (A(c),B(c)) is called the soft directed sub-n-superhypergraph at pa-
rameter c.

Example 9 (Emergency Response Network as a Soft Directed 2-SuperHyperGraph). Con-
sider a country-wide emergency response system. The base set of ground units is

S = {Teamy, Teamp, Teamc}.
They form regional clusters (first-level supervertices):
Vi = {Ry = {Teamy, Teamp}, Ry = {Teamp, Teamc}}
C POWS'(9).
At the second level, these regions coordinate under a national command:
Vo= {N ={R;,R:}} C POWS*(S).

We define directed 2-superedges to model information flow:

E={e1 = ({Ri}, {N}), ea=({Ra}, {N})}.
Next, let the parameter set capture the system’s operational mode:
C = {Routine, Emergency}.
Define soft selection maps

A:C — POWS(V,), B:C — POWS(E),

A(Routine) = {R1}, B(Routine) = {e1},
A(Emergency) = {R1, Ra, N}, B(Emergency) = {e1,ea}.
Here:

e Under Routine mode, only region Ry reports upward, so we restrict to {R1} and
edge e.

e Under Emergency mode, all regions and the national command are active, so we
include R1, Ro, N and both edges ey, es.
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Thus the quadruple
(DSuHG?, C, A, B)

is a soft directed 2-SuperHyperGraph, illustrating how parameter settings select which
supervertices and superedges are active in different operational scenarios.

Example 10 (Shift-Based Communication in a Global Corporation as a Soft Directed
3-SuperHyperGraph). Consider a multinational company whose employees form teams,
departments, and divisions. We model information flow through three hierarchical levels
of “supervertices” and allow soft selection by work shift.

Base set of employees:

S = {Keisuke, Bob, Sakura}.

Level 1 supervertices (teams):

Ty = {Keisuke, Bob}, T3 = {Bob, Sakura},
SO POWSl(S) 2 V1 = {Tl,TQ}.
Level 2 supervertices (departments):

Dy ={T1}, Ds= {1z},

s0o POWS?(S) D Va = {Dy, Do}
Level 3 supervertices (divisions):

Ur={D1}, Us={D2}, Us={D1, D2},

SO

POWS?(S) D Vs = {Uy, Uy, Us}.
Directed 3-superedges (communication channels):

Ez = {e1 = ({Ur}, {Us}), e2 = ({U2}, {Us})}.

Here ey represents Division 1 reporting to the Corporate Division Us, and es likewise for
Division 2.

Soft selection by work shift: Let the parameter set be
C = {Morning, Evening}.

Define
A:C — POWS(V3), B:C — POWS(E3),

by
A(Morning) = {U1, Us, Us}, B(Morning) = {e1, e2},

A(FEvening) = {Us, Us}, B(Evening) = {ea}.
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e Morning shift: All divisions (Uy,Us) and corporate (Us) are active; both channels
e1, ez operate.

e Evening shift: Only Division 2 (Us) reports to corporate (Us), so only e is active.

Hence
(DSuHG®), C, A, B)

s a soft directed 3-SuperHyperGraph capturing how shift schedules select which hierar-
chical communication channels are used in different operational contexts.

Example 11 (Logistics Network as a Soft Directed 4-SuperHyperGraph). We model a
four-level logistics hierarchy—from individual vehicles up to global command—under dif-
ferent operational modes.

Level 0 (vehicles):
So = {Trucky, Truckp, Trucke}.

Level 1 (regional hubs):

Hy = {Trucky, Truckp}, Hy = {Truckp, Truckc},
SO POWSl(So) 2 V1 = {Hl,HQ}.
Level 2 (national centers):

Ny ={H1}, Ny={Ha},
SO POWS2(S()) :_) V2 = {Nl,NQ}.
Level 3 (continental divisions):
Cy={N1}, Cy={Na}, C5={N1,Na},
SO POWSB(SO) 2 Vg, = {Cl, 02,03}.
Level 4 (global command):
G1={C1,Cs}, G2={Cs},

SO POWS4(S()) :_) V4 = {Gl,GQ}.
Directed 4-superedges (reporting channels):

Ey={e1 = ({G1}, {Ga}), e2=({G2}, {G1})}.

Here e; models reports from the union of divisions to the consolidated command Gs, and
eo allows feedback.
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Operational modes (parameters):

C = {Standard, NightShift, Weekend}.
Define soft selections

A:C —s POWS(V), B:C —s POWS(Ey),

by
A(Standard) = {G1, G2}, B(Standard) = {e1, ea2},
A(NightShift) = {G1}, B(NightShift) = {e1},
A(Weekend) = {Ga2}, B(Weekend) = {ea}.

e Standard: Both global nodes active; both reporting and feedback channels open.

o NightShift: Only the primary command node G1 operates, sending data upward via
e1.

o Weekend: Only the consolidated command node Go remains active, issuing feedback
via €.
Therefore, the quadruple
(DSuHGW, C, A, B)

is a soft directed 4-SuperHyperGraph that captures how different operational modes select
which global reporting channels are in use.

Theorem 1 (Generalization of Directed and Soft n-SuperHyperGraphs). The notion of
soft directed n-SuperHyperGraph simultaneously extends:

(a) Every directed n-SuperHyperGraph DSuHG™ = (V, E) by taking a singleton param-
eter set C' = {x} with A(x) =V and B(x) = E.

(b) Every soft n-SuperHyperGraph (V, E C A, B) by viewing each undirected superedge
e € E as a degenerate directed edge (e,e) € E', and setting E' = {(e,e) : e € E}.

Proof. (a) Recovering directed n-SuHG. Given DSuHG™ = (V, E), set C' = {x},
A(x) =V, and B(x) = E. Then by definition each soft directed sub-n-superhypergraph
at x is (V| F), so we exactly recover the original directed structure.

(b) Recovering soft n-SuHG. Let (V, E,C A, B) be a soft n-SuperHyperGraph. Define
a directed n-SuperHyperGraph DSuHG'™ with vertex set V and directed edge set

E' ={(e,e):e€ E},

i.e. each undirected superedge is treated as a looped directed edge. Retain the same
parameter set C' and mappings A, B. Then for each ¢ € C,

B(c) C {e€F:eC A(c)} < {(e;e):ee€ B(c)} C {(e,e) € F':eC Alc)},
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so (A(c), B(c)) coincides with the soft directed substructure at ¢. Hence the soft directed
n-SuperHyperGraph reduces to the original soft n-SuperHyperGraph when all edges are
looped.

Theorem 2. Let
(A*, C, R, S)

be a soft directed hypergraph on a simple directed hypergraph A* = (I', Z), with
R:C —POWS(I'), S:C —POWS(E).
Define n =1 and form the directed 1-SuperHyperGraph DSuHG) = (V,E) by
V={{v}:vel} CPOWS (), E={({T(e)},{H(e)}):e=(T(e),H(e)) €=},

where each original hyperarc e becomes a directed 1-superedge between the singleton sets
of its tail and head. Then the maps

A:C — POWS(V), A(c) = {{v}:ve R(c)},
B:C — POWS(E), B(c) = {({T(e)},{H(e)}):e€ S(c)}

turn (DSuHG(l), C, A, B) into a soft directed 1-SuperHyperGraph that is isomorphic to
the original soft directed hypergraph (A*, C,R, S).

Proof. We verify each requirement in turn.

1. Construction of DSuHG(). Since POWS!(I') = POWS(I'), the set of all singleton
subsets {{v} : v € '} is a valid choice for V. Each hyperarc e = (T'(e), H(e)) € Z becomes
a directed 1-superedge ({T'(e)},{H(e)}) in E C POWS! (") x POWS!(T"). By simplicity of
A*, no two hyperarcs share both the same tail and head, so no parallel superedges occur.

2. Definition of soft selections. For each parameter ¢ € C, set
A(c) ={{v}:v € R(c)} CV,
B(c) ={({T(e)},{H(e)}) : e € S(c)} C E.

Because S(c) C = and R(c) C I, these indeed select subsets of V and E.

3. Validity of the induced substructure. By the soft directed hypergraph definition,
every hyperarc e € S(c) has T'(e) C R(c) and H(e) C R(c). Therefore

{T(e)} € {{v}:v e R(e)} = Alc), {H(e)} € A(0),

so each directed 1-superedge ({T'(e)},{H(e)}) lies in {(7,h) € E : 7, h C A(c)}. Thus
(A(c), B(c)) is a valid soft directed 1-SuperHyperGraph substructure.

4. Isomorphism with the original. Define

Dy T — V, By() = {u},
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Pp: 2 — E, @p((T,H))=({T},{H}).

Together, (®y,Pg) is a bijection of directed hypergraphs that carries the soft selection
(R(c), S(c)) precisely to (A(c), B(c)). In particular

Py (R(c)) = A(e), @g(S(c)) = B(c),

for all ¢ € C. Hence the two soft structures are isomorphic, completing the proof.

Theorem 3 (Isomorphism Invariance). Let DSuHG™ = (V, E) and DSuHG'™ = (V'  E')
be two directed n-SuperHyperGraphs. Suppose ¢ : V. — V' is a bijection such that for every
directed superedge e = (T, H) € F,

((T), p(H)) € E,
where o(T') = {p(v) : v € T}. Given a soft structure (C, A, B) on the first graph, define
A'(c) = ¢(A(c), B'(c) ={(p(T),0(H)): (T, H) € B(c)}.

Then
(DSuHG™, C, A, B) = (DSuHG'™,C, A", B)

as soft directed n-SuperHyperGraphs.

Proof. We break the proof into three parts:
1. Extend ¢ to supervertices. Since V.C POWS"(S), define

©on : POWS™(S) — POWS™(S"), @n(X)={p):ve X}.

By bijectivity of ¢, ¢, is also a bijection on n-supervertices.

2. Preserve directed edges. Take any directed superedge e = (T,H) € E. By
hypothesis, (¢(T),p(H)) € E'. Thus ¢, carries the entire relation E onto E'.

3. Map soft selections. For each parameter ¢ € C"
A'(c) = pn(A(e)) and  B'(c) = {(¢n(T), on(H)) : (T, H) € B(c)}.
Because ¢, is bijective and respects inclusion,
T CA(c) <= ¢n(T) C cpn(A(c)) = A’(c),

and similarly for heads. Hence (A(c), B(c)) is carried exactly to (A'(c), B'(c)), verifying
the isomorphism of soft structures.

Theorem 4 (Recovery of Directed n-SuperHyperGraphs). If C' = {x} and we define
A(x) =V, B(x)=FE,

then the soft directed n-SuperHyperGraph (DSuHG("), C A, B) reduces to the underlying
directed n-SuperHyperGraph DSuHG™ .
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Proof. With exactly one parameter, the only soft sub-n-superhypergraph is (A(x), B(x)) =
(V, E). There is no restriction or filtering: all supervertices and superedges are included.
Therefore the soft structure coincides with the original directed graph.

Theorem 5 (Recovery of Soft n-SuperHyperGraphs). Let (V, E.C A, B) be a soft (undi-
rected) n-SuperHyperGraph. Construct a directed looped version DSuHG' (™ = (V,E") by

E' ={(e,e) : e € E}.
Then (DSuHG’("), C A, B) as a soft directed n-SuperHyperGraph recovers (V, EC A, B).

Proof. Each undirected superedge e € E becomes a directed hyperedge (e,e) that
loops from e back to e. For each c € C:

B(c)C{eeE:eC A(c)}

is equivalent to
B(c) C {(e,e) € E': Tail(e,e) = e C A(c)},

since Tail(e,e) = Head(e,e) = e. Hence the soft substructure (A(c), B(c)) is unchanged,
demonstrating exact recovery of the original soft n-SuperHyperGraph.

Theorem 6 (Monotonicity under Parameter Inclusion). If ¢1,co € C satisfy
A(c1) C A(e2) and B(c1) € B(ea),

then for every directed superedge (T,H) € B(c1), we have (T,H) € B(c2), and every
supervertex in A(c1) belongs to A(ca). In other words, the soft sub-n-superhypergraph at
c1 18 contained in that at cs.

Proof. By hypothesis: 1. Every v € A(c;) also lies in A(cz). 2. Every (T, H) € B(c1)
satisfies T, H C A(c1) C A(ca), so (T, H) is a valid element of B(cg).

Therefore the inclusion of soft selections is preserved, and the theorem follows imme-
diately.

Theorem 7 (Intersection Closure). Let
(DSuHG™, C, A, B)
be a soft directed n-SuperHyperGraph. For any two parameters ci,co € C, define
An = A(e) O A(), Bn = B(e1) 0 B(ea).
Then the pair (An, Bp) satisfies
Bn C {e€ E:Tail(e) C Ay, Head(e) C A},

S0 (AA, B/\) is itself a valid soft induced sub—n-superhypergraph.
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Proof. By definition of a soft directed n-SuperHyperGraph, for each ¢ = 1,2,
B(ci) C{e€ E: Tail(e) C A(¢;), Head(e) C A(e;)}-
Hence any e € By = B(c1) N B(cg) satisfies
Tail(e) C A(c;) and Tail(e) C A(cz),

so Tail(e) € A(c1) N A(c2) = An. An identical argument applies to Head(e). Therefore e
lies in {e € E : Tail(e) C Ax,Head(e) C An}, establishing the claimed inclusion.

Theorem 8 (Union Closure). With the same notation, define
Ay = A(e1) U A(c2), By = B(c1) U B(ca).
Then every e € By satisfies
Tail(e) C Ay, Head(e) C Ay,
S0 (Av, BV) also defines a soft induced sub—n-superhypergraph.

Proof. Take any hyperedge e € By. By definition, e belongs either to B(ci) or to
B(ca).

-If e € B(c1), then Tail(e) C A(c1) € A(c1)UA(c2) = Ay, and similarly Head(e) C Ay.

- If e € B(cp), the same argument shows Tail(e) C Ay and Head(e) C Ay.

In either case, e lies in the set of directed n-superedges whose tail and head both lie
inside A,,. Consequently,

B, C{ee€ E:Tail(e) C Ay, Head(e) C Ay},

as required.

Theorem 9 (Lattice Structure of Soft Selections). The collection of pairs {(A(c), B(c)) :
c € C}, ordered by

(A17B1) j (AQaBQ) — Al Q A2 and31 Q BQ,
forms a bounded lattice under the meet (N,N) and join (U,U) operations defined above.

Proof. We must show that any two elements (A(c1), B(c1)) and (A(c2), B(c2)) have a
greatest lower bound (meet) and a least upper bound (join) with respect to <.

Meet. By Theorem 7,

(A(Cl) N A(Cg), B(Cl) N B(Cg))

is a valid soft substructure, and clearly it is the largest pair below both (A(c;), B(c1)) and
(A(c2), B(c2))-
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Join. By Theorem 8,
(A(cl) U A(e2), B(e1) U B(cz))

is valid, and it is the smallest pair above both initial elements.

Bounds. The minimum element is (&, &), since no edges or vertices lie outside the empty
set. The maximum element is (V, E), the full directed n-superhypergraph. Hence the
family forms a bounded lattice.

Definition 11 (Acyclic Directed n-SuperHyperGraph). A directed n-SuperHyperGraph
DSuHG™ = (V, E) is acyclic if there exists no finite sequence of distinct hyperedges

e1 = (T1, Hy), e2 = (Ty, Ha), ..., e = (Tk, H) € E
and vertices vy, v1,...,U = vy € V such that for each i =1,...,k:
vi_1 €T; and v; € H;.

Theorem 10 (Acyclicity Preservation). Let (DSuHG(”),C, A, B) be a soft directed n-

SuperHyperGraph whose underlying DSUuHG™ is acyclic. Then for any parameter ¢ € C,
the induced soft sub-n-superhypergraph (A(c), B(c)) is also acyclic.

Proof. Assume, for contradiction, that some soft sub-n-superhypergraph (A(c), B(c))
contains a directed cycle. Then there exist distinct edges

el,...,ex € B(c)
and vertices v, v1,...,v = v9 € A(c) with
vi—1 € Tail(e;), wv; € Head(e;), t=1,... k.

Since B(c) C E and A(c) C V, the same sequence of edges and vertices witnesses a cycle
in the full graph DSuHG™. This contradicts its acyclicity. Hence no such cycle can occur
in any soft substructure.

Definition 12 (Reachability). In a directed n-SuperHyperGraph (V, E), a vertex u € V
is reachable from v € V if there exists a finite sequence of hyperedges

e = (Tl,Hl), €9 = (TQ,HQ), ey €y = (Tm,Hm)
and vertices v = vg, V1, - . . , Uy = U Such that for each i:
Vi—1 € Ti; Vi € Hi.

Theorem 11 (Reachability Restriction). Under the same hypothesis, if u is reachable
from v in the soft sub-n-superhypergraph (A(c),B(c)), then u is also reachable from v in
the original directed n-SuperHyperGraph.
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Proof. Suppose in (A(c), B(c)) there is a path

’U:’er—l>’l)16—2>'~e—m>vm:u,
with each e; € B(c) and v;—; € Tail(e;), v; € Head(e;). Since B(c) C E, every e; also
belongs to the full edge set E. Moreover, all v; € A(¢) C V. Thus the same sequence of
edges and vertices forms a valid reachability path in the underlying DSuHG™. Therefore
reachability in any soft induced subgraph implies reachability in the original graph.

4. Discussion

In this section, we examine Soft Directed n-SuperHyperGraphs in relation to estab-
lished models. Table 1 compares Soft Directed Graphs, Soft Directed HyperGraphs, and
Soft Directed n-SuperHyperGraphs, while Table 2 contrasts Soft n-SuperHyperGraphs
with Soft Directed n-SuperHyperGraphs.

Concept Base Structure Selection Maps

Soft Directed Directed graph (V, E) where E C Each parameter chooses a subset of

Graph VxV vertices in V and a subset of directed
edges in F.

Soft Directed Hy- Directed hypergraph (F, E) where FEach parameter chooses a subset of

perGraph ECPI) xP(T) nodes in I' and a subset of hyperarcs
in Z.

Soft Directed Directed n-SuperHyperGraph Each parameter chooses a subset of

n-SuperHyperGraph (V, E) with V - P™(S), mn-supervertices in V and a subset of

E CP™(S) x P™(S) directed n-superedges in E.

Table 1: Overview of soft-parameterized directed network models

Concept Base Structure Selection Maps
Soft n-SuperHyperGraph (V, E) with  Each parameter chooses a subset of
n-SuperHyperGraph V C P"(S), E C P"(S) n-supervertices in V' and a subset of
n-superedges in F.
Soft Directed Directed n-SuperHyperGraph Each parameter chooses a subset of
n-SuperHyperGraph (V, E) with V C P™(S), directed n-supervertices in V and a
E CP™(S) x P™(S) subset of directed n-superedges in F.

Table 2: Overview of Soft n-SuperHyperGraphs versus Soft Directed n-SuperHyperGraphs

From these comparisons, it is clear that Soft Directed n-SuperHyperGraphs excel at
modeling highly hierarchical, complex, and inherently directional phenomena. Future
work involving computational experiments and algorithm development for Soft Directed
n-SuperHyperGraphs will yield both qualitative insights and detailed quantitative evalu-
ations, paving the way for practical applications.
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5. Conclusion and Future Tasks

In this paper, we explored the mathematical properties and real-world applications of
Soft Directed n-SuperHyperGraphs. These structures provide a flexible and expressive
framework for modeling hierarchical, directional, and parameterized relationships under
uncertainty.

As directions for future work, we aim to investigate further generalizations and exten-
sions by incorporating advanced uncertainty-based structures such as HyperSoft Sets[31],
Soft Expert Sets [69], Hypersoft Expert Set[70, 71, 72], SuperHyperSoft Sets[73, 74|, and
Soft Rough Sets [75]. These developments have the potential to enhance modeling capa-
bilities in complex and imprecise domains. Furthermore, several more refined notions of
directed graphs have been proposed in the literature, such as bidirected graphs [76, 77],
bunch graphs [78], pangene graphs[79], and multidirected graphs [80]. As part of future
work, we intend to explore potential extensions of our framework using these advanced
graph structures. Furthermore, we also hope that future research will explore applications
of Soft Directed n-SuperHyperGraphs in areas such as decision-making, network theory,
and graph neural networks.

Acknowledgments

The authors extend their sincere thanks to all who offered valuable insights, feedback,
and encouragement. We appreciate our readers’ interest and the foundational contribu-
tions of the scholars whose work underpins this study. We also acknowledge the institutions
and individuals who provided the necessary infrastructure and support. Finally, we are
grateful to everyone who helped make this research possible.

Data Availability

This work is purely theoretical and does not involve original datasets. We invite future
empirical research to validate and expand upon the ideas presented here.

Ethical Approval

No ethical review was required, as this study did not involve human participants or
animal subjects.

Conflicts of Interest

The authors declare that they have no competing interests related to this publication.



T. Fujita, F.Smarandache / Eur. J. Pure Appl. Math, 1-29 22

Funding

This research received no financial support from any external organization or funding
body.

Research Integrity

We confirm that this manuscript reports original work by the authors, has not been
published elsewhere, and is not under consideration by another journal.

Disclaimer on Computational Tools

All proofs and analyses were performed manually. We did not employ any computer
algebra systems, automated theorem provers, or proof assistants (e.g., Mathematica, Sage-
Math, Coq).

Code Availability

No software or source code was produced for this theoretical investigation.

Clinical Trial

This study did not include any clinical trials.

Consent to Participate

Not applicable.

Disclaimer on Scope and Accuracy

The concepts and models introduced here have yet to undergo empirical testing. Future
work may explore their practical applications and rigorously assess their validity. While we
have strived for accuracy and proper citation, inadvertent errors may remain; readers are
encouraged to consult original sources and contact us with any questions. The conclusions
are drawn within the specific theoretical framework and assumptions described, and may
not generalize beyond those boundaries. All viewpoints expressed are those of the authors
alone.

Consent to Publish

All authors have given their consent for submission of this manuscript to the journal.



REFERENCES 23

1]

[11]

[12]

References

Reinhard Diestel. Graph theory. Springer (print edition); Reinhard Diestel (eBooks),
2024.

Claude Berge. Hypergraphs: combinatorics of finite sets, volume 45. Elsevier, 1984.

Florentin Smarandache. Fatension of HyperGraph to n-SuperHyperGraph and to
Plithogenic n-SuperHyperGraph, and Eztension of HyperAlgebra to n-ary (Classical-
/Neutro-/Anti-) HyperAlgebra. Infinite Study, 2020.

Lotfi A Zadeh. Fuzzy sets. Information and control, 8(3):338-353, 1965.

Dmitriy Molodtsov. Soft set theory-first results. Computers & mathematics with
applications, 37(4-5):19-31, 1999.

Krassimir T Atanassov and Krassimir T Atanassov. Intuitionistic fuzzy sets. Springer,
1999.

Zdzistaw Pawlak. Rough sets. International journal of computer & information
sctences, 11:341-356, 1982.

Florentin Smarandache. A unifying field in logics: Neutrosophic logic. In Philosophy,
pages 1-141. American Research Press, 1999.

Florentin Smarandache. Plithogeny, plithogenic set, logic, probability, and statistics.
arXiw preprint arXiw:1808.03948, 2018.

Frank Gurski, Dominique Komander, Carolin Rehs, and Sebastian Wiederrecht. Di-
rected width parameters on semicomplete digraphs. In Combinatorial Optimization
and Applications: 15th International Conference, COCOA 2021, Tianjin, China, De-
cember 17-19, 2021, Proceedings 15, pages 615-628. Springer, 2021.

Daniele Pretolani. Finding hypernetworks in directed hypergraphs. European Journal
of Operational Research, 230(2):226-230, 2013.

Takaaki Fujita. Review of some superhypergraph classes: Directed, bidirected, soft,
and rough. Advancing Uncertain Combinatorics through Graphization, Hyperization,
and Uncertainization: Fuzzy, Neutrosophic, Soft, Rough, and Beyond (Second Vol-
ume), 2024.

Jinta Jose, Bobin George, and Rajesh K Thumbakara. Soft directed graphs, their
vertex degrees, associated matrices and some product operations. New Mathematics
and Natural Computation, 19(03):651-686, 2023.

Jonathan L Gross, Jay Yellen, and Mark Anderson. Graph theory and its applications.
Chapman and Hall/CRC, 2018.



REFERENCES 24

[15]

[16]

Yifan Feng, Haoxuan You, Zizhao Zhang, Rongrong Ji, and Yue Gao. Hypergraph
neural networks. In Proceedings of the AAAI conference on artificial intelligence,
volume 33, pages 3558-3565, 2019.

Yue Gao, Yifan Feng, Shuyi Ji, and Rongrong Ji. Hgnn+: General hypergraph
neural networks. IEEE Transactions on Pattern Analysis and Machine Intelligence,
45(3):3181-3199, 2022.

Takaaki Fujita and Florentin Smarandache. Fundamental computational problems
and algorithms for superhypergraphs. HyperSoft Set Methods in Engineering, 3:32—
61, 2025.

N. B. Nalawade, M. S. Bapat, S. G. Jakkewad, G. A. Dhanorkar, and D. J. Bhosale.
Structural properties of zero-divisor hypergraph and superhypergraph over Z,: Girth
and helly property. Panamerican Mathematical Journal, 35(4S):485, 2025.

Takaaki Fujita. The hyperfuzzy vikor and hyperfuzzy dematel methods for multi-
criteria decision-making. Spectrum of Decision Making and Applications, 3(1):292—
315, 2026.

Florentin Smarandache. Hyperuncertain, superuncertain, and superhyperuncertain
sets/logics/probabilities/statistics. Infinite Study, 2017.

Yong Lin Liu, Hee Sik Kim, and J. Neggers. Hyperfuzzy subsets and subgroupoids.
J. Intell. Fuzzy Syst., 33:1553-1562, 2017.

Zeshui Xu. Hesitant fuzzy sets theory, volume 314. Springer, 2014.

Viceng Torra and Yasuo Narukawa. On hesitant fuzzy sets and decision. In 2009
IEEE international conference on fuzzy systems, pages 1378-1382. IEEE, 2009.

Bui Cong Cuong and Vladik Kreinovich. Picture fuzzy sets-a new concept for com-
putational intelligence problems. In 2018 third world congress on information and
communication technologies (WICT 2013), pages 1-6. IEEE, 2013.

Said Broumi, Mohamed Talea, Assia Bakali, and Florentin Smarandache. Single
valued neutrosophic graphs. Journal of New theory, (10):86-101, 2016.

Said Broumi, Mohamed Talea, Assia Bakali, and Florentin Smarandache. Interval
valued neutrosophic graphs. Critical Review, XII, 2016:5-33, 2016.

Pradip Kumar Maji, Ranjit Biswas, and A Ranjan Roy. Soft set theory. Computers
& mathematics with applications, 45(4-5):555-562, 2003.

Takaaki Fujita and Florentin Smarandache. An introduction to advanced soft set
variants: Superhypersoft sets, indetermsuperhypersoft sets, indetermtreesoft sets, bi-
hypersoft sets, graphicsoft sets, and beyond. Neutrosophic Sets and Systems, 82:817—
843, 2025.



REFERENCES 25

[29]

[30]

[31]

[32]

[33]

[34]

Manal Elzain Mohamed Abdalla, Anns Uzair, Ailman Ishtiaq, Muhammad Tahir,
and Muhammad Kamran. Algebraic structures and practical implications of interval-
valued fermatean neutrosophic super hypersoft sets in healthcare. Spectrum of Oper-
ational Research, 2(1):199-218, 2025.

Takaaki Fujita and Florentin Smarandache. A concise introduction to hyperfuzzy,
hyperneutrosophic, hyperplithogenic, hypersoft, and hyperrough sets with practical
examples. Neutrosophic Sets and Systems, 80:609-631, 2025.

Florentin Smarandache. Extension of soft set to hypersoft set, and then to plithogenic
hypersoft set. Neutrosophic sets and systems, 22(1):168-170, 2018.

Florentin Smarandache. Plithogenic set, an extension of crisp, fuzzy, intuitionistic
fuzzy, and neutrosophic sets-revisited. Infinite study, 2018.

Muhammad Azeem, Humera Rashid, Muhammad Kamran Jamil, Selma Giitmen, and
Erfan Babaee Tirkolaee. Plithogenic fuzzy graph: A study of fundamental properties
and potential applications. Journal of Dynamics and Games, pages 0-0, 2024.

Fazeelat Sultana, Muhammad Gulistan, Mumtaz Ali, Naveed Yaqoob, Muhammad
Khan, Tabasam Rashid, and Tauseef Ahmed. A study of plithogenic graphs: ap-
plications in spreading coronavirus disease (covid-19) globally. Journal of ambient
intelligence and humanized computing, 14(10):13139-13159, 2023.

Azriel Rosenfeld. Fuzzy graphs. In Fuzzy sets and their applications to cognitive and
decision processes, pages 77-95. Elsevier, 1975.

Hossein Rashmanlou, Sovan Samanta, Madhumangal Pal, and Rajab Ali Borzooei.
Intuitionistic fuzzy graphs with categorical properties. Fuzzy information and Engi-
neering, 7(3):317-334, 2015.

Takaaki Fujita. A short note on the basic graph construction algorithm for plithogenic
graphs. Advancing Uncertain Combinatorics through Graphization, Hyperization, and
Uncertainization: Fuzzy, Neutrosophic, Soft, Rough, and Beyond, page 274, 2025.

R. Jahir Hussain and M. S. Afya Farhana. Fuzzy chromatic number of fuzzy soft
cycle and complete fuzzy soft graphs. AIP Conference Proceedings, 2023.

Muhammad Akram, A Nagoor Gani, and A Borumand Saeid. Vague hypergraphs.
Journal of Intelligent € Fuzzy Systems, 26(2):647-653, 2014.

Muhammad Akram and Anam Lugman. Hypergraphs for interval-valued structures.
In Fuzzy Hypergraphs and Related Extensions, pages 125-154. Springer, 2020.

Takaaki Fujita. Review of rough turiyam neutrosophic directed graphs and rough
pentapartitioned neutrosophic directed graphs. Neutrosophic Optimization and In-
telligent Systems, 5:48—-79, 2025.



REFERENCES 26

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

Meike Hatzel. Dualities in graphs and digraphs. Universitatsverlag der Technischen
Universitat Berlin, 2023.

Muhammad Akram and Anam Lugman. A new decision-making method based on
bipolar neutrosophic directed hypergraphs. Journal of Applied Mathematics and
Computing, 57:547 — 575, 2017.

Sathyanarayanan Gopalakrishnan, Supriya Sridharan, Soumya Ranjan Nayak, Jan-
menjoy Nayak, and Swaminathan Venkataraman. Central hubs prediction for bio
networks by directed hypergraph-ga with validation to covid-19 ppi. Pattern Recog-
nition Letters, 153:246-253, 2022.

Waheed Ahmad Khan, Waqar Arif, Quoc Hung NGUYEN, Thanh Trung Le, and Hai
Van Pham. Picture fuzzy directed hypergraphs with applications towards decision-
making and managing hazardous chemicals. IEEFE Access, 2024.

Zitong Ma, Wenbo Zhao, and Zhe Yang. Directed hypergraph representation learning
for link prediction. In International conference on artificial intelligence and statistics,
pages 3268-3276. PMLR, 2024.

Alain Bretto. Hypergraph theory. An introduction. Mathematical Engineering. Cham:
Springer, 1, 2013.

Takaaki Fujita. Review of probabilistic hypergraph and probabilistic superhyper-
graph. Spectrum of Operational Research, 3(1):319-338, 2026.

Takaaki Fujita. Extensions of multidirected graphs: Fuzzy, neutrosophic, plithogenic,
rough, soft, hypergraph, and superhypergraph variants. International Journal of
Topology, 2(3):11, 2025.

Mohammad Hamidi, Florentin Smarandache, and Mohadeseh Taghinezhad. Decision
Making Based on Valued Fuzzy Superhypergraphs. Infinite Study, 2023.

Takaaki Fujita. Hypergraph containers and their generalization to super-hyper-graph
containers. Abhath Journal of Basic and Applied Sciences, 4(1):94-107, 2025.

Yasar Nacaroglu, Nihat Akgunes, Sedat Pak, and I Naci Cangul. Some graph param-
eters of power set graphs. Advances € Applications in Discrete Mathematics, 26(2),
2021.

Takaaki Fujita. Superhypermagma, lie superhypergroup, quotient superhypergroups,
and reduced superhypergroups. International Journal of Topology, 2(3):10, 2025.

Takaaki Fujita and Arkan A Ghaib. Toward a unified theory of brain hypergraphs
and symptom hypernetworks in medicine and neuroscience. Advances in Research,
26(3):522-565, 2025.



REFERENCES 27

[55]

[56]

[57]

[58]

[59]

[60]

[65]

[66]

[67]

Florentin Smarandache. SuperHyperFunction, SuperHyperStructure, Neutrosophic
SuperHyperFunction and Neutrosophic SuperHyperStructure: Current understanding
and future directions. Infinite Study, 2023.

Mohammad Hamidi, Florentin Smarandache, and Elham Davneshvar. Spectrum of
superhypergraphs via flows. Journal of Mathematics, 2022(1):9158912, 2022.

Florentin Smarandache. Introduction to the n-SuperHyperGraph-the most general
form of graph today. Infinite Study, 2022.

Takaaki Fujita and Florentin Smarandache. A concise study of some superhypergraph
classes. Neutrosophic Sets and Systems, 77:548-593, 2024.

Satham Hussain, Jahir Hussain, Isnaini Rosyida, and Said Broumi. Quadripartitioned
neutrosophic soft graphs. In Handbook of Research on Advances and Applications of
Fuzzy Sets and Logic, pages 771-795. IGI Global, 2022.

Jyoti D Thenge, B Surendranath Reddy, and Rupali S Jain. Contribution to soft
graph and soft tree. New Mathematics and Natural Computation, 15(01):129-143,
2019.

Abbas Amini, Narjes Firouzkouhi, Ahmad Gholami, Anju R Gupta, Chun Cheng,
and Bijan Davvaz. Soft hypergraph for modeling global interactions via social media
networks. Fxpert Systems with Applications, 203:117466, 2022.

BOBIN GEORGE, K THUMBAKARA RAJESH, and JOSE JINTA. A study on soft
hypergraphs and their and & or operations. Journal of the Calcutta Mathematical
Society, 19(1):29-44, 2023.

Bobin George, Jinta Jose, and Rajesh K Thumbakara. Modular product of soft
directed graphs. TWMS Journal of Applied and Engineering Mathematics, 2024.

Jinta Jose, Bobin George, Rajesh K Thumbakara, and Sijo P George. Understanding
normal and restricted normal products in soft directed graphs. Journal of the Nigerian
Society of Physical Sciences, pages 2156-2156, 2024.

Jinta Jose, Bobin George, and Rajesh K Thumbakara. Advancements in soft directed
graph theory: new ideas and properties. New Mathematics and Natural Computation,
pages 1-17, 2024.

Bobin George, Jinta Jose, Rajesh K Thumbakara, et al. Introducing soft directed hy-
pergraphs: a fusion of soft set theory and directed hypergraphs. Utilitas Mathematica,
121, 2024.

Bobin George, Jinta Jose, and Rajesh K. Thumbakara. Soft directed hypergraphs
and their AND & OR operations. Mathematical Forum, 30, 2022.



REFERENCES 28

[68]

[69]

[70]

[72]

[73]

Florentin Smarandache. n-superhypergraph and plithogenic n-superhypergraph.
Nidus Idearum, 7:107-113, 2019.

Ashraf Al-Quran and Nasruddin Hassan. Neutrosophic vague soft expert set theory.
J. Intell. Fuzzy Syst., 30:3691-3702, 2016.

Muhammad Thsan, Muhammad Haris Saeed, and Atige Ur Rahman. An intuition-
istic fuzzy hypersoft expert set-based robust decision-support framework for human
resource management integrated with modified topsis and correlation coefficient. Neu-
ral Computing and Applications, pages 1-25, 2023.

Muhammad Thsan, Muhammad Haris Saeed, Agaeb Mahal Alanzi, and Hamiden
Abd El-Wahed Khalifa. An algorithmic multiple attribute decision-making method
for heart problem analysis under neutrosophic hypersoft expert set with fuzzy param-
eterized degree-based setting. PeerJ Computer Science, 9, 2023.

Muhammad Thsan, Muhammad Haris Saeed, Atige Ur Rahman, Hamiden A. Wa-
hed Khalifa, and Salwa El-Morsy. An intelligent fuzzy parameterized multi-criteria
decision-support system based on intuitionistic fuzzy hypersoft expert set for auto-
mobile evaluation. Advances in Mechanical Engineering, 14, 2022.

Mona Mohamed, Ahmed M AbdelMouty, Khalid Mohamed, and Florentin Smaran-
dache. Superhypersoft-driven evaluation of smart transportation in centroidous-

moosra: Real-world insights for the uav era. Neutrosophic Sets and Systems, 78:149—
163, 2025.

Takaaki Fujita. Advancing Uncertain Combinatorics through Graphization, Hyper-
ization, and Uncertainization: Fuzzy, Neutrosophic, Soft, Rough, and Beyond. Biblio
Publishing, 2025.

Kholood Mohammad Alsager. Decision-making framework based on multineutro-
sophic soft rough sets. Mathematical Problems in Engineering, 2022(1):2868970, 2022.

Er Ling Wei, Wen Liang Tang, and Dong Ye. Nowhere-zero 15-flow in 3-edge-
connected bidirected graphs. Acta Mathematica Sinica, English Series, 30(4):649-660,
2014.

Rui Xu and Cun-Quan Zhang. On flows in bidirected graphs. Discrete mathematics,
299(1-3):335-343, 2005.

Sovan Samanta, Vivek Kumar Dubey, and Kousik Das. Coopetition bunch graphs:
competition and cooperation on covidl19 research. Information Sciences, 589:1-33,
2022.

Heng Li, Maximillian Marin, and Maha R Farhat. Exploring gene content with
pangene graphs. Bioinformatics, 40(7):btaed56, 2024.



REFERENCES 29

[80] Sebastian Pardo-Guerra, Vivek Kurien George, and Gabriel A Silva. On the
graph isomorphism completeness of directed and multidirected graphs. Mathematics,
13(2):228, 2025.


https://www.researchgate.net/publication/394496734

