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SPECIAL SMARANDACH CURVES ACCORDING TO THE
QUASI FRAME IN 4-DIMENSIONAL EUCLIDEAN SPACE E*
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Communicated by Robert M. Hardt

ABSTRACT. The first purpose of this paper is to investigate the quasi frame,
the quasi equations and show the relations between the Frenet and the quasi
curvatures in E4. The second purpose is to study Smarandach curves in E4.
We obtain the Frenet and the quasi invariants for Smarandach curves in E*
and by obtaining the Frenet’s curvatures we deduce the quasi’s curvatures.

1. INTRODUCTION

If we have a differentiable curve in an open interval, we can construct a set of
mutually orthonormal vectors, these vectors are known as a moving frame or a
Frenet frame. The amount by which a curve deviates from being a straight line
is called curvature of the curve. Elements of a curve (vectors and curvatures) are
called the Frenet apparatus [3]. In recent years, researches deal with the theory
of degenerate submanifolds and differential geometry topics have been extended
to other spaces such as Minkowski [9] and Galilean [8] spaces.

Smarandach curves are regular curves whose position vectors are composed
of Frenet frame vectors on another regular curve. Special Smarandach curves,
according to the Frenet frame, are studied in three-dimensional Euclidean space
[1].

The parallel transport frame of Bishop [2] is an alternative to the Frenet frame
which is well defined on a smooth curve even at points where the second derivative
vanishes. The concept of parallel transport frame based on the observation of the
tangent vector which is unchanged and the other derivatives are considered in
a plane perpendicular to the tangent vector and their derivatives take the same
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direction of tangent vector. The parallel transport frame in 4-dimensional space
was studied in [4]. Also, Smarandach curves in 4-dimensional space, from a
suitable Frenet frame of a regular curve in 4-dimensional space were studied in
[6].

The quasi frame is another alternative to the Frenet frame but, it is easier in
computations, has the same accuracy, and can be considered as a generalization
of parallel transport frame. The concept of a quasi frame is based on a fixed
projection vector and a Euclidean angle between the principal normal and quasi-
normal vector field [5]. When the second derivative vanishes the frame rotates by
a Euclidean angle and the quasi-normal is given as the unit vector perpendicular
to the tangent and the projection vectors.

This paper is organized as follows: In section 2, we define some basic defini-
tions of Euclidean 4-space E* and the quasi frame in 3-space E®. In section 3, we
investigate the quasi frame and the quasi equation in Euclidean 4-space E* and
show the relation between the quasi and the parallel transport frames. Further-
more, the relations between the Frenet and the quasi curvatures. In section 4, we
study special Smarandach curves in Euclidean 4-space. We obtain the Frenet and
the quasi invariants for Smarandach curves in E4 and by obtaining the Frenet’s
curvatures we deduce the quasi’s curvatures.

2. PRELIMINARIES

Let a(s) =a: I CR — E* be any space curve in Euclidean 4-space. Let
Z = (x1,22,23,24), ¥ = (Y1,Y2,Ys3,v4) and Z = (21, 22, 23, 24) be three vectors in
E*, with the standard inner product as < Z,§ >= x1y1 + Toy2 + T3Y3 + Taya.
The norm of vector of E* is given by || Z ||= 1/¢(, Z). The curve « is said to be
parameterized by arc length s if g(a/,a’) = 1. The vector product of Z, 7, Z'is
given by the determinant as follows

€1 €2 €3 €4
Tr1 X2 T3 X4
Y1 Y2 Y3 Ya
Z1 V) z3 z4

8
X
<y
X
8y
I

where e1 Xeg Xeg = ey, €3 XegzXeq = €1, eg3XegXep =ey and e4 X eg X eg = e3.
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The Frenet equations {T(s), N(s),B1(s), Ba(s)} of a unit speed curve «(s) is
given by

T 0 K1 0 0 T
N, o —K1 0 K2 0 N
Bll a 0 —K2 0 K3 B1 ’
B/2 0 0 —K3 0 B2

where T, N, By and Bs are called the tangent, normal, first and second binormals
vector fields, respectively. The functions k1, k2 and k3 are called the first, second
and third curvatures, respectively.

Let o = «(t) be any curve in E* then, the Frenet apparatus can be obtained
by the following

O/

e |’
| o |2 - <o 0" >«
e [Par=<aa >l
B, =9B; xT x N,
T x N x o

Bo=p———""%
X N X «
2 n T N TR
e [P "= <o > |
| o [ ’
| TxNxa" |||
Ko =
2 ||H o ||2 o' — <o > o ||7
fow — < aiv,Bz >
3 =

T x N xa” [ o |
where n = +1 such that the the Frenet matrix {T, N, By, Bo} has determinant
+1.

The quasi frame is an alternative to the Frenet frame, and involves a fixed unit
vector k. For a curve a(t) in E3, the quasi-frame consists of three orthogonal
vectors called the unit tangent T, the quasi-normal N, and the quasi-binormal
B, with a Euclidean angle § between the principal normal and quasi-normal. The
quasi frame {T, Ny, By} is defined by

o T x k

- e —— d B,=TxN
T 0 [Txk) ¢ 2= 27 e

where k is the projection vector. The quasi frame becomes singular in all cases
where T and k are parallel and in these cases we change the projection i.e. near a



470 H. K. ELSAYIED, A. M. TAWFIQ, AND A. ELSHARKAWY

point where T = (0,0, 1) we could choose k = (0,1,0) or (1,0,0) but not (0,0, 1).
The quasi equations {T,N,, B,} of a unit speed curve « is given by

T 0 K, K, T
; =| —K; 0 K; N |,
B; -Ky, —K3 0 B
where the quasi curvatures are: K1 = k1 cosf, Ko = —k1 sinf and K3 = df + ko.

3. QUASI FRAME AND QUASI EQUATIONS IN E*

In this section, we investigate the quasi frame as an adapted frame along a
space curve in E%. Let o = a(s) be a space curve, the quasi frame in E* consists
of four orthonormal vectors {T, N, B1,, Ba,}, where T is the unit tangent vector,
N, is the quasi-normal vector field, By, and By, are the first and second quasi-
binormals, respectively. The frame is given by

o T xky xky _¢ T x Ny x a”
Tl T [ Txkixke || T P Tx Ny xa” |
and quZCBQqXTXNq,

where k; and ks are the projection vectors and ( is +1, where the determinant of
matrix is equal to 1. For simplicity, we choose k1 = (0,0,0,1) and ko = (0,0, 1,0)
in our calculations. It is also singular whenever T lies in the plane spanned by
k; and k. In those cases we may change our projection vectors.

The transformation matrix should be chosen to keep the tangent vector T
unchanged. Then, we consider three possible planes of rotations for the Frenet
vectors {T,N,B;1,By}. The first rotation is in the space spanned by B; and By
with an angle ¢. The second rotation in the space plane spanned by N and Bs
with an angle . The third rotation in the space plane spanned by N and B;
with an angle 1. The transformation matrix M is of the form

1 0 0 0 1 0 0 0 1 0 0 0
M— 0 1 0 0 0 cosd 0 —sind 0 cosyp sinyp O

0 0 cosp sing 0 0 1 0 0 —sinyy cosyp O

0 0 —sing cosp 0 sinfd 0 cosb 0 0 0 1

S0,
1 0 0 0
M= 0 cosO cosip cosf sin —sinf
0  cosy sinf sing — cosp siny  cos¢p cosyp + sinb sing siny  cosO sing
0  cosp costp sinf + sing sinyy  —cosy sing + cosep sinh siny  cosf cosop
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Theorem 3.1. Let a : I — E* be a unit speed space curve then, the quasi
equations are given by

T 0 K Ky K T
No| | =K1 0 Ki K; N,
B, Ky —-K, 0 Kg By, |’
B, ~Ky —-K; —-Kg 0 By,

where

Ky = K1 cosb cosy,

Ky = k1 (cosyp sinf sing — cosd sini)),

K3 = k1 (cos¢ cosyp sinf + sing sini),

Ky = sing (ks sinyy — 0') + cosg (l‘ig costp sind + cos (ka + z//)),

K5 = —k3 costp sinf sing + cos®6 cos¢ (k3 siny — ') + cosp sin?6 sini (k3 —
siniy 0")

— cosf sing siny (ko + ') — cos®y (cosqb sin20 0' + cosf sing (ko + w’)),
K¢ = k3 cos cos + cos®0 cos®p ¢ + cos®p sinf) (—ky + sind ¢’ — ')

+ sin2¢(¢' — sind (k2 + w’)).

PROOF. Since N, = [cos cosy)] N + [cosf siny] By + [—sind] Bs. Hence,
N, = [—r1 cosl cos)p] T+[—cosy) sind 0’ —cost sinip (ka+¢')] N+[sind (k3 —
siny 0') + cosf costh (ke + ') By + [cosd (siny k3 — )] Ba.

Since By = [cosy sinf sing—cos¢ siny] N+[cosd cosip+sind sing siny] B1+
[cosf sing] By. Hence,
B'lq = [k1 (—cosyp sinf sing + cosd sinyy)] T + [cosqS costh(ky — sinf ¢’ +
')+ sinqﬁ(@’cos&cosw + siny [¢' — sind (K + ])} N + [cos@ sing (—k3 +

siny 0') — cosd siny (ko — sinb ¢ + ') + costh sing( — ¢’ + sinb (ka2 + 1’ ))]Bl +
[sinf sing (k3 siny — 0") + cos¢ (k3 cosw + cos ¢')] Ba.

Since Byg = [cos¢ cosy) sinf+sing sin] N+[—cos sing+cosg sinb sini] By
+[cosh cosp| Ba. Hence,
B'Qq = [—kK1 (cosd costp sinf + sing siny)] T+ [cosqﬁ siny (d)’ —sinf (ko +1/1’)) +
cosy (cos@

cosd 0"+ sing(ra—sinb (;5’—1—77[1'))} N+ [cos& cosp (—kz+siny 0')+sing sini (ks —
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sinf @' + ') + cosg cosip ( — ¢ + sinf(ke + @//)) B, + [—k3 cosy sing +
cosp sinf (k3 siny — 0") — cosf sing ¢'] Ba. —

Therefore,
T 0 Ky Ky K3 T T
N, | | -Ki 0 K4 Ks Ny
B’lq | -Ky, K, 0 K By, |’
B/Zq —-K3 —Ks —Ks 0 | | By

d

Corollary 3.1. If we put 6 = 0 = ¢, we get K1 = Kkicosyp, Ko = —ky1siny,
Ky = ko + 19 and K3 = 0 = K5 = Kg which are the same results of the quasi
frame in E3.

Corollary 3.2. If we put (ko = ¢' sinf — ', k3 = O & cosh+ 0 coth) = 0),

sinap?
we get the same results of parallel transport frame in E*.
Corollary 3.3. The quasi curvatures {K;|i = 1,2,3,4,5,6} are given by
Kl = g(Ta Nq) = _g(]v:p T)>K2 = g(T»qu) = _g(Bllqv T)3K3 = g(Ta BQq) =
_g(B/Qq’ T)7K4 = g(]vjpqu) = _g(Bllquq)va) = g(]vjp ng) =
_g(B/2q7 Nq) and K¢ = g(Bl1q7B2q) = _g(B/2q7 qu)‘

4. SMARANDACH CURVES WITH RESPECT TO QUASI FRAME IN E*

Definition 4.1. Let a = a(s) be a unit speed curve in E* and { T, Nya, Biga,
Bsyo} be it’s moving quasi frame. The TN, Smarandach curves are defined by

1
B(sp) = %(Ta + Nya)-

In this section, we define some types of Smarandach curves in E4. We show
that if a curve @ = «(s) be a unit speed curve with constant principal cur-
vatures {K;o|t = 1,2,3,4,5,6} and a curve ((sg) be a type of Smarandach
curves in E* defined by quasi frame vectors of a = «(s). Then, the quasi
frame of 8 can be formed by the quasi frame of « and principal curvatures of
B, {Kiglt =1,2,3,4,5,6}, can be obtained by the principal curvatures of a.

Theorem 4.1. Let a = a(s) be a unit speed curve with constant principal curva-
tures {K;o|i = 1,2,3,4,5,6} and B(sg) be TN, Smarandach curves in E* defined
by quasi frame vectors of « = a(s). Then, the quasi frame of B can be formed
from quasi frame of o and the principal curvatures of 5, {K;gli = 1,2,3,4,5,6},
can be obtained from the principal curvatures of a.
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PROOF. We investigate the quasi frame of TN, Smarandach curves according to
a(s). Since f(sg) = %(TQ + Ny ), by differentiating 8(s) with respect to s, we
get

d85 1
Fds V2
so, Tz can be written as
K1, Ty + KlaNqa + (Ko + Kia)Biga + (K3q + Ks50)Baga
V2EK?, 4 (Koo + Kia)? + (Ksa + Ksa)?

(_KlaTa + KlaNqa + (K2a + K4a)B1qa + (K3a + KE)OL)BQ(]OL)'

Tg =

)

where

d
Sﬁ = \/2K Kga +K4a) (K3Oz +K5o¢)2~

By diﬁ’erentiatmg Tg Wlth respect to s, we get
dTg

T/ﬂ = ? = )\OTa + )\qua + )\Zqua + )\3B2qaa
where
o _ V2K 4+ Kza (Kaat+Kaa)+Ksa (Kzat+Ksa))
- 2K7, +(K2a+K1a)?+H(Ksa+Ksa)? ’
Ay = _f(K1a+K4a(K2a+K4a)+Koo¢(K3a+Koa))
N 2K 70+ (K20 +Kia)? +H(Ksa+Ksa)? d
Ny = —V2(K1a (K2a=Kaa)+Koa (Kza+Ksa))
2K2 +(K2a+Kia)?+(Kza+Ks5a)?
A3 = —V2(K1a (Ksa—Ksa)—Kea (K2a+Kia))

2K? +(K2a+Ksa)?+(Ksa+Ksa)?
The first curvature of 5 according to Frenet frame is

Kig = A2+ A2+ A3 + A2,

The principal normal of the curve § is give by

N - — A Ta+A1Nga+A2Bi1ga+A3B2ga
a5 VAZHATEAZHAZ '
The third derivative of 3 is
B = V2 [—(MEK1a+ A2 K20 +A3K34)To + (Ao Ko

V2EK2 4+ (Kza+Kia)? +(Ksa+Ksa)?
—A2K4a — A3K50)Nga + (MoKoa + M Ksa — A3K6a)Biga + (MoKzq +A1 K50 +

)\QKGOL)BQQOL]'
And now,
Tf; X Ng X ﬂ/" = C()T + Cqua + CQqua + C3B2qa7
where
Co = V2 [~ (K3ad0 +K50M1 +Koad2)((K2a

V2R3N (2K, H(K2a+ K4a) 2+ (K3a+Ks540)2)
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+Kia)A1 —KiaA2) +(K2a 0 +KiaA1 —K6aA3)(K3a +Ksa)A1 — Ki1aA3) +H(Kiado —
Kiada —Ks5a23)(— (K30 +Ksa) X2 + (K2a +Kaa)A3)],

_ V2 _
¢r= \/A%+A%+A§+>\§(QK%D(+(K2{1+K4{1)2+(K301+K501)2)[ (K3aho +K5a)\1+K6a)\2)((K2a

+Kia) Mo + KiaX2) +(K2aro + Kaadi —KeaA3)(Ksa +Ksa) o + KiaA3) +(Ki1aA1 +
Kaada +K3023)((Ksa + Ksa)A2 — (K2a + Kaa)A3)],

_ V2 _
c2 = x/A%H%H%H%<2K'f'a+<K2a+K4a>2+<K3a+K5a>2>[ Kia(Kaado+ Ksah + Koadz) (ho
A1)+ (KiaA1 +K2a A2 +K3023) (K30 +K50)A1 — K1aA3) +(K1aXo — Kaa A2 —Ksa\3)
((K3a +K350)X0 + KiaAs)],

_ V2 _ _
Cs = x/A%H%H%H%<2K%a+<K2a+K4a>2+<K3Q+K5a>2>[ Kia(K2ado +Kaaht —Keaks)
(Ao +A1) + (KiaM +K2ad2 + K3aA3) (K2a +K4a)M — KiaA2) +(Kiado — Kaad2 —
Ks5023)((K2a +Kaa)do + KiaA2)].
The second binormal of the curve 3 is given by
COTa + Cqua + C2B1qa + C(3]32qoz

VC2+C2+C2+C?

The first binormal of the curve § is given by

Bogs =

Bigs = Bagg X T x Ngg = 90T + 11 Nga + 712B1ga + 13B2qa;,

where

— 1 _
0 = T O O N T AR T e R (R Rz (2 e
+C3K1aA2 +(Ksa +K5a) (Codi —C1A2) —CaKiaA3 + C1(Kaa +Kaa)As),

1
L= — Ko +Ks5q) (Co
¥ VCZ+CI+CI+CI\/ATHNT+A3 23/ 2K +(K2a+K4a)2+(K3a+K5a)2 [( « o) (

Ao —CoAz) —Cj (K4a>\0 +Kia(Xo +)\2)) +C2K1aA3 +Co(Kia +K4a))\3],

_ 1 _
V2 = TR AT T AR e TR T et e Qo+ ) +
(K3a + K35a)(C1Ao — CoA1) + (Co + C1)K1a N3],

__ 1 _
YV = eI T A T TR (e P | O (o A
+ (K2a + K4a)(C1Ao — Cor1) + (Co + C1)KiaAz2].
For simplicity, we assume
X = 2K, + (Koo + K40)? + (K30 + K50)2, Y = /A2 + A} + A3 + A2 and
Z=/C}+C}+C2+C2

The quasi frame for the curve 8 has the form

N, = [—7&’ S‘Zme’* +cosbg (7)‘0 CYOSW +70 sinyg)] Ta—|—[—7c1 SZmeﬁ +cosbg (7’\1 C}C,’Sw"
+ 7 sinpp)] Nya + [~ 2522 + costy (22572 + 7, singg)] Bga

+ [_% + cosp (% + 73 sing)] Baga,
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Bigs =
[ﬁ (ZCOS¢B(Y’YOCOS¢,@ — )\osinwﬁ)

+ singg (C()YCOSQB + Zsinfg(Aocosyg + Y’yosinwﬁ)))} T,

+ ﬁ (Zcosgbg(Y%cosz/)ﬁ — A\1sinyg) + singg (C’choseg + ZsinbBg(Acosg +
Y siﬁ/’ﬁ)))] Nya

+ ﬁ (Zcosd)g (Yyacosthg — Aasinig)

+ s;inqbg (CQYCOSHB + Zsinfg(Aacosyg + Y’}QSiTL’(/Jg)))] Biga

+ |55 (Zcosdp(Y yscostpg — Agsing)

+ s-imbﬂ (Cchosﬁﬁ + Zsinfg(Ascosyg + ngsim/Jﬁ)) )} Boga,

Boys = {ﬁ (C’OYcosﬁﬂCOS(bB
+ Zcosppsinfz(Nocoshs + Yypsinig)

+ Zsingg(—Y yocosyg + )\osmwﬁ))} T,

4 ﬁ (CchosﬁgcosqﬁB + Zcospgsinfz(Aicosps + Yy sinig)
Zsingg(—Y y1cosipg + Alsmw,@’))- Nya

ﬁ (CQYcosﬂﬁcosqﬁB + Zcospgsinbg(Aacospg + Yyasiniyg)
Zsingp(—Y yacosps + )\QSinwﬁ)) Biga

ﬁ (Cchosﬁgcosgbg + Zcospgsinlp(Ascospg + Yyssinyg)
Zsingg(—Y yscospg + Agsml/}g)) Bago-

+ o+ +

The fourth derivative of the curve f is
8% = & (| Kia(~Kiado + Kiads + Ksas) = Kaa(Ksado + Koo + Koaz) -

K2a(K2a)\O+K4a)\1_K6a)\3):| To+ {—Km(Kla)\l—&-KQa)\z-l-Kga)\?,) —K50(K3a A0

+EK50M1 + Koad2) — Kia (Koo + Kiah — Kﬁa)\3)}Nqa + [ — Koo (K1aM +
K2a)\2 + KBa)\S) + Kloc)\OKéla - K4a(K4a>\2 + KSa)\3) - K6a(K3a>\O + KSQ)\l +
Koa2)| Biga + | = Ksa(KiaAs + Kzado + Ksads) + KiadoKsa = Koa(Kaaho +

Kzas) +Koa(K2aho +KaAt = Koads)| Baga )-
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. 0. — K3s - _ Ve T } _
Note that: 65 = [ \/md%,wg =— [Fagg + Iﬂ?gﬁ\/m dsg and ¢p =
— VA3 05

dsg.
cosfa B
The second curvature of the curve § according to Frenet frame is given by

_ 7 _ \/C3+Ci+C34C3 . .. .
Kog = 3 = Y ——2"2 WA;-A; For simplicity, put raog = p.
The third curvature of the curve 3 according to Frenet frame is given by
ras = b | Co(Kia(~Kiado + Kiads + Ksahs) = Ksa(Ksado + Ksai +
Kear2) — Koo (Kaa Ao+ Kia —Kaa)\s)> +C1 (_Kla(Kla)\l + Koo Ao+ K3a)3) —

Ka(Ksado+Kaadi+KoaA2) = Kia(Kzado+Kiah—KoaAs) ) +Ca(~Kaa(Kiahs
+Koq Ao+ K3023) + Kia Ao Kia — Kaa (Kaaro + K5aA3) — Koo (K3a Ao + Ksa A1 +
Kﬁa/\2)) + 03( — K30(KiaA1 + Koo Ao + K30 A3) + Ko AoKsa — Ksa(Kiada +

K5a/\3) + K@a(Kga)\o + K4o¢)‘1 - Kﬁa)\g))} . For Simplicity, put R3p =1T).
The first curvature of the curve 8 according to the quasi frame is given by

K45 = Ycosfs cosipg.
The second curvature of the curve 8 according to the quasi frame is given by
Kogp =Y (—cospp sing + singg sinfz cosig).
The third curvature of the curve 8 according to the quasi frame is given by
Ksup =Y (singg sinyg + cospg sinfz cosyg).
The fourth curvature of the curve 8 according to the quasi frame is given by
Kyqp = singg(n sing — %) + cosog (77 cosyg sinfg + cosOz(p + @ZJ'B))
The fifth curvature of the curve S according to the quasi frame is given by
Ksqs = =1 cosog sinbg singg + cos*0p cospp(n sinhs — 0) +
cospg sin*0s sing(n — sinyg 03) — cosbg sindg sin®yg(u + V) —
cos®yg (cosqbﬁ sin*0p 0 + cosbg sings(n + Wg))
The sixth curvature of the curve § according to the quasi frame is given by
Keqp = 1 cosbg cosibp + sin*0p cos®¢g ¢l + cos® g sinfp(—p + sinbg ¢fs —
Us) + sinds (o — sinba(u+ 1)),
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Corollary 4.1. In the above proof, if we put the principal curvatures {K;, =
0]i = 4,5,6}, we get the same results of TN, Smarandach curves that computed
in [6] according to parallel transport frame.

Remark 4.1. In the next two theorems, we will use the same assumptions of
theorem (4.1). So, the results would look like (4.1)’s results but different in val-
ues. In other words, the changes will be found in {Tz,{\;|i =0,1,2,3},{C;|i =
0, 1, 2,3}, {’}/1‘2 = 0, 1, 2, 3}} while, {NB’ Blg, ng, Nqﬁ,Blﬁ, BZﬁ, {Hl|7, = 1, 2, 3}
AKipli = 1,2,3,4,5,6}} would look like (4.1)’s results but different in values
because of their dependency on {{\;|i = 0,1,2,3},{C;|i = 0,1,2,3},{vli =
0,1,2,3}}.

Definition 4.2. Let a = a(s) be a unit speed curve in E* and { Ty, Nyo, Biga,
Bsyo} be it’s moving quasi frame. The TBiy, Smarandach curves are defined by

B(ss) = %u’a + Biga).

Theorem 4.2. Let a = «a(s) be a unit speed curve with constant principal curva-
tures {K;ali = 1,2,3,4,5,6} and B(sg) be TB1, Smarandach curves in E* defined
by quasi frame vectors of « = a(s). Then, the quasi frame of B can be formed
by quasi frame of o and principal curvatures of B, {K;pli =1,2,3,4,5,6}, can be
obtained by the principal curvatures of «.

PROOF. The tangent vector of the curve g can be written as

_ 7K2aTa + (Kla - K4a)Nqa + KQaqua + (K3a + Kﬁa)BQqa
V2E3, + (Kia — Kia)? + (K3 + Kea)?

{Aili =0,1,2,3} are calculated as follows

Ts

)

Ny = —V2lK1a (Kio = Kia)+ K50+ Ksa (Ksat+Koa))
0 2KZ2 +(Kia—Kia)?+(Kza+Kesa)? :
Ay — —V2[K10 K2+ K20 Kia+Kso (Ksa+Kea)]
! 2K2, +(Kia—Kia) 2+ (Ksa T Koa)?
Mo — —V2[K3, —Kia(Kia—Kia)+Kea (Kza+Ksa)]
2 2K3 4+ (Kia—Kia)?+(Kza+Kea)? .
A3 = —V2[K2a K3a —Ksa (Kia—Kia) —K2a Keal

2K2 +(Kia—Kaa)?+(Kza+Kesa)?

{C;li = 0,1,2,3} are calculated as follows

— V2 —(K- -
o= \/A%M%H%H%(2K§a+(K1Q—K4a)2+(K3Q+KGQ)z)[ (K3aA0 + Ksa A1 +Kga)2)

(K2a M + (— Ko+ Kaa)A2) — (Kia Ao — Kaa A2 — K5a A3) (Ksq + Kea) A2 —K2aA3)
+(K2a Ao + Ksa A — Koo A3) (K30 + Kea) A + (—Kia + Kia)A3)].
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— —V2 — Koo (K K K
Ch \/A3+A§+>\§+A§(2K§a+(1{m7K4Q)2+(KBQ+KGQ)2)[ 20 (K300 + K51 +Kga

A2) (Ao + A2) + (Kia A +Kaoare +K30A3) (K30 + Kga)Ae — KoqAz) +(Kaaro +
Ko A1 — K6aA3) (K30 + Kea) Ao + KaaA3)].
V2

€2 = VR INANIT NS (2K 2+ (K1~ Kan) 2+ (Kan+ Koo )?) [=(Hsado + Ksahs + Koade)
(K10 — KaaXo + Koo A1) + (K1aAo — Kaa A2 — K50 A3) (K3 + Kga) Ao +K2aA3)
+(KiaM1 + Kaode + K30A3) (K30 + Kea) M + (—K1a + Kaa)A3))-

— —2 —(K. K - K,
Cs \/A3+A§+A§+A§(2K§a+(f<m7K4a)2+(K3a+K6a)2)[ (K2ado + Kiat 6oA3)

(K1iado — K1ao + Koo A1) + Koo (Kia Ao — Kiade — K50 A3) (Ao + A2) +(Kia A +
Koq Ao + K30 A3) (Koo A1 + (—Ki1a + Kaa)A2)].
{7i]i =0,1,2,3} are calculated as follows

1
Yo = 2 2 2 2 2 2210202 2 B B) [(K?)Oé + Kﬁa)
V/C2HCEHC3+CE\/ NN+ AZ A/ 2K 2, + (K 1o —Kaa)? + (K30 + Koa)?)

(Cod1 — CiAg) — C3(Kaa A + (— Ko + Kaa)A2) + C1 K203 + Co2(— K16 + Kaa)A3)
1

T T OO+ Ca NN TN+ M /2K + (Kim— Kaa)? + (Kt Kon)?) [~CsKaa(dot
X2) + (K30 4+ Kga)(C2Ao — CoAz) + (Co + C2) Ko A3
1

12 JCR T O 031 Ca At N T AL 0B\ /2KE, (Ko —Kao)? 1 (Koot Ko)?) [C1(Kza
+K6a)No—Co(K3a+Kea) M —C3(EK1a o= KaaAo+Koa A1) +C1 Koo A3 +Co(Kia—
K4Q)A3]

V3 = L —Co(K1a o—
2 (1
3 \/CngCerCngcg\/AS+A’;’+)\§+A§\/2K§Q+(K1Q7K4Q)2+(K3Q+K60)2)[ (K1ado

Koo + Koo M) + C1Koq (Ao + A2) — Co(Kaaht — KiaAa + KuaA2)]. O

Definition 4.3. Let a = a(s) be a unit speed curve in E* and { T, Nya, Biga,
Bsyo} be it’s moving quasi frame. The TBy, Smarandach curves are defined by

1
Blsp) = E(Ta + Baga)-

Theorem 4.3. Let a = «a(s) be a unit speed curve with constant principal curva-
tures {K;ali = 1,2,3,4,5,6} and B(sg) be TBa, Smarandach curves in E* defined
by quasi frame vectors of « = a(s). Then, the quasi frame of B can be formed
by quasi frame of o and principal curvatures of B, {K;pli =1,2,3,4,5,6}, can be
obtained by the principal curvatures of o.

PRrROOF. The tangent vector of the curve 5 can be written as
T, - —K3,To + (K1a — K50)Nyo + (K2 — K6a)B1ga + Kganga'
V2EK2, + (Ko — K50)2 + (K2 — Koo )2
{\i]i =0,1,2,3} are calculated as follows
Ao = Kio(Kia —Ksa) +Koo(K2a — Ksa) + K??(x]

-2 [
2K2 +(Kia—Ks5a)?+(K2a—Ksa)?
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AL = 2K§(y+(Kla7K;;/)§2+(K2a7K6a)2 [KlaKSQ + K4Ol(K2(¥ - KGQ) + K3aK5a]'
)\2 = 2K32(¥+(K1Q7K;(;/)§2+(K2a7K60()2 [KgaKga — K4Q(K1a - K5a) + K3aK6a].
Ag = —V2 (K3, — Ksa(K1a — Ksa) — Kea(K2a — Kea))-

2K2, +(K1a—Ksa)2+(Koa—Kea)?

{C;li =0,1,2,3} are calculated as follows

— V2 K. K K,
Co T TN TN QR (Kan— Ko ) +(Kan—Kom)?) (K300 + Ksa A1 + KgaXa)

(—KoaM +Ksah +(Ki1a—Ksa)A2) + (Ko Ao+ Kiad —Keads) (Kza A +H(—Kia+
KE)&))\B) - (K1a>\0 - K4o¢>\2 - KS(X)\3)(K304)\2 + (_K2a + KGa))\S)]

_ -2 (.
Ci = \/,\g+>\§+>\§+)\§(2K§a+(K1a7K5a)2+(KzafKea)2)[ (K300 + KoM + KgaA2)

(K200 — Koo + K30 A2) + K3a (Koa Ao + K4a A1 — KgaAz) (Ao + A3) +(KiaAi +
Koo Ao + K30 A3) (K30 A2 + (—Ka2q + Kea)A3)].
_ V2 -
Ce = \/A3+X;‘+A§+A§(2K§a+(K1a—K5a)2+(Kza—K6a)2)[ (Kzao + Ksadr + Koado)
(K1aMo — K5a Ao + K30 A1) + K3 (K10 Ao — Kaa A2 — K50 A3) (Ao + A3) +(Kia A1 +
Koo + K3aA3) (K301 + (\—me + K50)A3)].
_ —2 _ _
Cs = \/)\g+/\%+)‘§+)‘§(2K§a+(Kla7K5a)2+(K2a7K6a)2)[ (K2a)\0 + Kaads Kﬁa)\g)
(K1iaho—EKsaro+Kza A1)+ (Kia Ao —Kiare — K50A3) (Kaa o — Kga Ao +EK3aA2)+
(KiaA1 + Kaoa Ao + K30 A3) (Koo M — Keah + (—Kia + Ksa)A2)].

{v:li =0,1,2,3} are calculated as follows

_ 1 CsA1 +Kga)
= 1+ 1
o \/)\§+/\f+>\§+>\§\/2K§a+(K1a—Ksa)2+(K2a—K6a)2\/C§+C12+C§+Cs2[ ° oe

+ K 020 — K5aA2) +Co (K30 M1 — K1a A3+ K50 A3) —C1 (K30 A2 — Koo A3+ KgaAs3)].
1

T N AT A2 02\ /2K 2t (Kro—Koa) 1 (Koo Koa)2\/C21 021 O34 O [=Cs(K2ao —
Kgaro + K3aA2) + CoK3q (Ao + Az) — Co (K30 2 — Koo A3 + KeaAz)].

T2 = PEBVEBVEBY 2 L > (21212 [703(K104>\0 -
VAN HAZHAZV/2K 2 + (K1 —K5a) 2+ (K2a —Koa)?/CE+C2+C3+C3

Ksoho + Ksa A1) + C1 K30 (Ao + A3) — Co(K30M1 — K1aA3 + K5aA3)].
_ 1 _
13 ATt 0BT AE\/2KE 1 (K1 Koa)? (Koa—Kou)2\/CZ1 C21 C21 2 (K20 — Kea)
(Cixo — CoA1) — Co(Kiaro — Ksado + Kzad1) +C1 K30 2 + Co(K1a — Ksa) A2
O

Example 4.1. Theorem (4.1), provides an equal number of Chen curves as
those of the quasi curves. We call the rectifying curves as Chen curves. The
examples of Chen curves in 4-dimensional Euclidean space E* through dilation of
unit speed curves on the unit sphere are presented in [7] .For example consider
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the unit speed curve o : I — E* defined by

2 . 2 1 . 1
= (cosy[ = s, siny/ =s,cos4/ =, siny[ = $)
3 3 3 3

The quasi frame vector fields of a(s) are given by

BB
\/;COS\/;S)
i
cosy| 38, =siny/ 25,0,0),
1 2 1 2 2 1
B ()L ]2 1 2 2 /1
g (\/;Sln\/;s,\/;COS\/;S,\/;SZTL\/;S,
PranLy
5C05\[ 38
1 . 1
Bogo = (0,0,COS\/;S, sm\/gs).

The quasi curvatures of a(s) are given by

2 1 2
Ko = g;KZOL = 0= Ksa, K30 = 53K4a = 7% = Kea-

Thus, the corresponding Chen curve of §(sg) is given by
= 1(—\/582'71\/58 \/7 \/7 \/7 sm\/7
V2 3 3
351/ 3,1/ €084/ 3)-

A straightforward calculation gets the following
{\ili =0,1,2,3} are given by

_5V2 6v/2 2
Ao = ——— Ay =—— A3 =0.
0 T A= 7 2 ,A3=10

{C;li =0,1,2,3} are given by

16 /2 —6 —4
00_121\/;’01 121\[ G2 = 117 Cs =0.
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{vli =0,1,2,3} are given by

3 /2 3 3v10 3
= —— — = — 25 = - = =
Yo 1]_\/?’ At 11\[ y V2 11 ° 3 11\/5

The quasi frame vector fields of 3(sg) are given by

Ty = 2 (Zeony/ 2oty Zaimy 20, Zoim 20—\ [Zeony 2, ~Leony 1,
f%sm\/;s)
N e B L2 [ B B
lcos 29)
o e o
2+5f \ﬁs 11\[ \f
uf \[ _10+f\ﬁ8”\[
gl
o Eom o3

The quasi curvatures of 3(sg) are given by

Ky =\/11, K2:1101\/\£a Kyp = Ksqp = 0, K4‘15_%

4(5+2
Koqp = (55\ﬁ)'

5. CONCLUSION

In this paper, we investigated the quasi frame, the quasi equations and showed
the relations between the Frenet and the quasi curvatures in E*. Furthermore,
We obtained the Frenet and the quasi invariants for Smarandach curves in E* and
by obtaining the Frenet’s curvatures we calculated the quasi’s curvatures.
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