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Abstract: As many readers may know, graph theory is a fundamental branch of mathematics that explores
networks made up of nodes and edges, focusing on their paths, structures, and properties [196]. A planar graph
is one that can be drawn on a plane without any edges intersecting, ensuring planarity. Outerplanar graphs, a
subset of planar graphs, have all their vertices located on the boundary of the outer face in their planar embedding.
In recent years, outerplanar graphs have been formally defined within the context of fuzzy graphs. To capture
uncertain parameters and concepts, various graphs such as fuzzy, neutrosophic, Turiyam, and plithogenic graphs
have been studied. In this paper, we investigate planar graphs, outerplanar graphs, apex graphs, and others within
the frameworks of neutrosophic graphs, Turiyam Neutrosophic graphs, fuzzy graphs, and plithogenic graphs.

Keywords: Neutrosophic graph, Turiyam Neutrosophic graph, Fuzzy graph, Planar graph, Outerplanar
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1. Introduction
1.1 Graph Theory

As readers may be aware, graph theory, a fundamental branch of mathematics, explores networks com-
posed of nodes and edges, focusing on their paths, structures, and properties [196]. Using graphs allows for
a clear representation of connections between real-world concepts. This is one reason why graph theory has
been extensively studied across a wide range of applications [[61}|114}|182}233]1271,/436,|528]]. For instance,

in the field of Al, research on graph neural networks, which employs graph theory concepts, is highly active
[219,/475}|5501/552}/563]).

1.2 Graph Class

One of the powerful tools in graph theory is the classification of graphs into distinct graph classes based
on shared properties or structural features. Numerous graph classes have been introduced, each designed to
capture specific behaviors or characteristics of a graph. These classes serve as a foundation for developing
efficient algorithms, simplifying problem-solving, and gaining deeper insights into computational complexity
(cf.[631/116,[126L415]).

Examples of well-known graph classes include Tree Graphs [503], Path Graphs 555, Complete Graphs
[154], Trapezoid graph[168]] Circle Graphs [[121]], Unit Disk Graphs [164], Circular-arc graph[251]] Edge-Transitive
Graphs [387,388]], Ultrahomogeneous Graphs [351]], Visibility Graphs [350]], Interval graphs [243], Caylay
graphs [331]], Comparability graph[549]], Proper Interval graphs [[148]], Dense graphs[372]], Universal graph[[159],
Outerplanar Graphs [296]), Petersen Graphs [291]], and Total Graphs [522]. The study of such graph classes allows
researchers to identify common properties, develop more specialized and efficient algorithms, and apply these
insights to practical problems. In line with these observations, a growing area of research focuses on analyzing
how closely a given graph or algorithm matches desired graph classes or structures. (cf.[[1961238/4231473(/527]).

1.3 Planar graph and Outerplanar graph

In the field of graph theory, various graph classes with diverse properties are continuously studied and
introduced. This paper primarily focuses on planar graphs and outerplanar graphs. A planar graph is defined as a
graph that can be drawn on a plane without any edges crossing, thereby maintaining planarity [[177,305,4 181455}
478]. A notable example of a planar graph is the Butterfly graph (cf.[539]]). An outerplanar graph, on the other
hand, is a planar graph in which all vertices are positioned on the boundary of the outer face in its embedding
[77,296,409]. Additionally, another well-known graph closely related to planar graphs is the Apex Graph. Due
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to the edge-crossing restrictions of planar graphs, they are not only visually intuitive but are also often used in
various papers for simplification purposes.

Research on parameter values of outerplanar graphs is ongoing. For instance, outerplanar graphs have a
degeneracy of at most 2[365]] F_]Additionally, outerplanar graphs have a boxicityE]of at most 2 [476].

Other related graph classes include Halin graphs [|113|], upward planar graphs(16}(74}/316|], convex planar
graphs[|187]], 1-planar graph[292}|515]], and k-Planar Graphs[|84]] which are also known in the context of planar
graphs.

One of the key motivations for studying these specific graph classes is the development of efficient
algorithms tailored to restricted graph types. For instance, similar to outerplanar graphs, Halin graphs exhibit
low treewidth, which makes many algorithmic problems easier to solve compared to unrestricted planar graphs
[516]. Numerous other studies have also examined planar graphs and their related graph classes, contributing
significantly to this area of research[46/132|/166,342/451].

1.4 Fuzzy Graphs and Neutrosophic Graphs

To address the uncertainties present in the world, various types of graphs like fuzzy, neutrosophic,
Turiyam, and plithogenic graphs have been studied.

A fuzzy graph assigns a membership degree between 0 and 1 to each edge and vertex, representing the
level of uncertainty. Simply put, a fuzzy graph is a graphical representation of a fuzzy set (cf. [206}[360L|558,
559]). In real-world applications, fuzzy graphs are used in areas such as social networks, decision-making, and
transportation systems to model relationships or connections that are not precise or are uncertain [[401}/459]). This
wide range of applicability has led to significant research interest in fuzzy graphs.

Recently, neutrosophic graphs [28}/33,(130}/238,276,[297}/319,/463./493,1497|] and neutrosophic hyper-
graphs [|27,[37,{186}373]] have also gained attention within the framework of neutrosophic set theory [48}/501].
”Neutrosophic” extends classical and fuzzy logic by introducing degrees of truth, indeterminacy, and falsity,
offering a more comprehensive way to handle uncertainty.

Following this, the Turiyam Neutrosophic graph was introduced as a further extension of neutrosophic
and fuzzy graphs. A Turiyam Neutrosophic graph stands out by assigning four attributes to each vertex and
edge: truth, indeterminacy, falsity, and a liberal state, thus broadening the framework of neutrosophic and fuzzy
graphs [244246|. Additionally, plithogenic graphs have emerged as a more generalized form and are currently
a subject of active study [[321},/489}/506}/511].

Focusing on graph types that handle these uncertainties, particularly those related to planar graphs, we
have examples such as fuzzy planar graphs [201/442[|472], fuzzy outerplanar graphs [309], intuitionistic fuzzy
planar graphs [49]], and neutrosophic planar graphs [37,/146,375]).

1.5 Our Contribution

Building on the observations above, the study of planar graphs, outerplanar graphs, fuzzy graphs, and
neutrosophic graphs is of great importance; however, these topics have not yet been fully explored. In this paper,
we focus on neutrosophic outerplanar graphs and related graph classes. Our goal is to stimulate further research
and development in the study of various graph classes.

The following diagram illustrates a portion of the overview of this paper. While this diagram focuses
on planar graphs and apex graphs, a similar analysis will be conducted for outerplanar graphs and other related

types.

2. Preliminaries and definitions

In this section, we present a brief overview of the definitions and notations used throughout this paper.
We will specifically cover fundamental concepts related to graphs, including planar graphs, outerplanar graphs,
apex graphs, fuzzy graphs, intuitionistic fuzzy graphs, Turiyam Neutrosophic graphs, neutrosophic graphs, and
plithogenic graphs.

Additionally, please note that this paper may also incorporate concepts from set theory alongside graph
theory. For a more comprehensive understanding of set theory, you may refer to the relevant surveys or notes
[285)311}356].

2.1 Basic Graph Concepts
Here are a few basic graph concepts listed below. For more foundational graph concepts and notations,
please refer to [[142}[194}[195][195][196][2711/2831[543}[547].

! Treewidth measures how closely a graph resembles a tree, representing the smallest “width” of a tree decomposition [[107H110|115/}453]
454457].
“The boxicity of a graph is the minimum number of dimensions needed to represent it as an intersection graph of axis-aligned boxes [94139).
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Definition 1 (Graph). [196] A graph G is a mathematical structure consisting of a set of vertices V(G) and a set
of edges E(G) that connect pairs of vertices, representing relationships or connections between them. Formally,
a graph is defined as G = (V, E), where V is the vertex set and E is the edge set.

Definition 2 (Subgraph). [196] A subgraph of G is a graph formed by selecting a subset of vertices and edges
from G.

Example 3 (Example of a Subgraph). Consider a graph G = (V, E) with the vertex set V = {1, 2, 3,4, 5} and
the edge set
E={{1,2},{1,3},{2,4},{3,4},. {4, 5}}.

This graph G can be visualized as having 5 vertices connected by 5 edges.
Now, let us define a subgraph G’ by selecting the subset of vertices V/ = {1, 2, 4} and the subset of edges
E’ = {{1,2},{2,4}}. Thus, the subgraph G’ = (V’, E’) has:

* The vertex set V/ = {1, 2,4},
 The edge set E’ = {{1,2},{2,4}}.

In this example, G’ is a valid subgraph of G because both V/ C V and E’ C E, and the edges in E’ only
connect vertices within V”.

Definition 4 (Degree). [196] Let G = (V, E) be a graph. The degree of a vertex v € V, denoted deg(v), is the
number of edges incident to v. Formally, for undirected graphs:

deg(v) =|{e € E | v € e}|.

In the case of directed graphs, the in-degree deg™ (v) is the number of edges directed into v, and the out-degree
deg*(v) is the number of edges directed out of v.

Definition 5. (cf.[279,531]) A graph G = (V, E) is said to be a connected graph if for any two distinct vertices
u,v € V, there exists a path in G that connects u and v. In other words, every pair of vertices in the graph is
reachable from each other, meaning there is a sequence of edges that allows traversal between any two vertices.

Mathematically, for all u,v € V, there exists a sequence of vertices vi = u,va,...,vg = v such that
(vi,viy1) € Eforalll <i < k.
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Definition 6 (Path). (cf.[560]) A path in a graph G = (V, E) is a sequence of distinct vertices vi,va, ..., Vg
such that {v;,vj41} € E fori =1,2,...,k — 1. A path is represented as:

P=(v1,v2,...,vk),
where no vertex is repeated. The length of a path is the number of edges it contains, i.e., k — 1.

Definition 7 (Tree). (cf.[560]) A tree is a connected, acyclic graph. In other words, a tree is a graph where there
is exactly one path between any two vertices, and no cycles exist.

Example 8. Consider a graph with4 vertices V = {V4,Vp,Vc,Vp}and3edges E = {(Va,VB), (VB,Vc), Ve, Vp)}-
This graph is connected, has no cycles, and there is exactly one path between any pair of vertices. Hence, this
graph is a tree.

Definition 9. (cf.[367,/399,/440]) A Forest is an undirected graph that is acyclic, meaning it contains no cycles.
It consists of one or more disjoint trees, where each tree is a connected subgraph with no cycles.
Formally, a graph F = (V, E) is a forest if:

* V is the set of vertices.
* E C V xVisthe set of edges.

 Each connected component of F is a tree, i.e., there is no path in any component that returns to the starting
vertex, which implies no cycles exist in F.

In simpler terms, a forest is a collection of trees, and if a forest consists of only one connected component,
it is itself a tree.

Example 10. Consider a graph with 6 vertices
V ={Va,Ve,Vc.Vp,VE,VF}
and 4 edges
E ={(Va,VB),(VB,Vc), (Vp.VE), (VE,VF)}

. The graph consists of two disjointcomponents: one component with vertices {Vy4, Vg, V¢ } and edges (Vy4,
V), (VB, V¢ ), and another component with vertices {Vp, Vg, Vr } and edges (Vp, VE), (VE, VF). Each
component is a tree, and thus, the entire graph is a forest.

Definition 11 (Complete Graph). (cf.[83204]) A complete graph is a graph G = (V, E) in which every pair of
distinct vertices is connected by a unique edge. Formally, a graph G = (V, E) is complete if for every pair of
vertices u, v € V with u # v, there exists an edge {u,v} € E.

The complete graph on n vertices is denoted by Kj,, and it has the following properties:

* The number of vertices is |V| = n.
. -1
+ The number of edges is |E| = (3) = %
* Each vertex has degree deg(v) =n—1forallv e V.

Example 12 (Examples of Complete Graphs). The concept of a complete graph is best understood through
specific examples:

The complete graph K7 consists of a single vertex with no edges.

The complete graph Ko has two vertices, v1 and vo, and a single edge connecting them, {v1,va}.

The complete graph K3 consists of three vertices, v, vo, and v3, withedges {v1, va}, {va,v3},and {v1, v3}.
This forms a triangle.

The complete graph K4 has four vertices, with every possible pair of vertices connected by an edge. The
edges are {v1,va}, {vi,v3}, {vi,va}, {va,v3}, {vo,va}, and {v3,v4}. This graph forms a tetrahedron
when represented in three dimensions.

The complete graph K5 includes five vertices, with each pair of vertices connected by a unique edge. The
total number of edges is (g) = 10, making it a highly connected structure.
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@ edges, and each vertex has

In general, for a complete graph K, with n vertices, there are () =
a degree of n — 1.

Definition 13 (Bipartite Graph). (cf.[69,[207]) A bipartite graph is a graph G = (V, E) whose vertex set V can
be partitioned into two disjoint subsets V1 and V2 such that:

e V=ViUVoand Vi NVy =0.

» Every edge in E connects a vertex from V7 to a vertex from Va. In other words, there are no edges
connecting two vertices within the same subset V7 or Va.

Formally, G = (V, E) is bipartite if there exists a partition (V1, V2) such that for every edge e = {u, v} €
E,eitheru e Vi andv € Vooru € Vo and v € V7.
A graph G is bipartite if and only if it contains no odd-length cycles.

Definition 14 (Complete Bipartite Graph). (cf.[215,286l361])) A complete bipartite graph is a graph G = (V, E)
whose vertex set V can be partitioned into two disjoint subsets V; and Va such that:

e V=ViUVeand Vi NVy = 0.
 There is an edge between every vertex in Vi and every vertex in Va.
* There are no edges between vertices within the same subset V1 or Va.

The complete bipartite graph with |V1| = m and V2| = n is denoted by K, ,. It has the following
properties:

* The number of vertices is |V| = m + n.
* The number of edges is |E| = m X n.
» Each vertex in V1 has degree n, and each vertex in Vo has degree m.

Example 15 (Examples of Bipartite Graphs). To illustrate the concept of bipartite graphs, we provide the fol-
lowing examples:

+ The simplest example is the graph K7 1, which consists of two vertices v1 and vo with a single edge
connecting them. Here, V1 = {v1} and V2 = {v2}, making K11 a bipartite graph.

» The complete bipartite graph K2 3 consists of two sets of vertices, V1 = {u1,u2} and Vo = {v1,va,v3}.
Each vertex in Vj is connected to every vertex in Vo. Thus, the edge set E consists of all possible edges
between V1 and Vo, specifically: {u1,v1}, {u1,va}, {u1,vs}, {uz,v1}, {u2,ve}, {uz,v3}. There are no
edges within Vq or Vo, making K2 3 a bipartite graph.

Definition 16. (cf.[117,203}]2181287,/544]) Two graphs G = (V,E) and H = (V’, E’) are said to be homomor-
phic if there exists a mapping ¢ : V — V’ such that for every edge (u,v) € E, the image (¢(u), ¢(v)) is an
edge in E’. In other words, there is a structure-preserving mapping from G to H that maintains the adjacency
relationships between vertices.

2.2 Classic class about planar graph and outerplanar graph
We introduce some representative classical graph classes. These graph classes have also been studied in
the contexts of fuzzy, neutrosophic, and plithogenic settings.

2.2.1 Planar graph
Planar graphs, co-planar graphs, and k-planar graphs have been extensively studied, with numerous ap-
plications in networks and other fields. The definitions are provided below.

Definition 17. (cf.[210,314]) An Edge Crossing occurs when two edges in a graph’s drawing intersect at a point
other than a common endpoint. In a planar representation of the graph, edge crossings indicate that the graph is
drawn in such a way that edges overlap or cross each other, violating planarity.

Formally, consider a graph G = (V, E) embedded in the plane:

* An edge crossing happens if two edges e1 = (u,v) and ea = (x, y) intersect at a point p, where p is not
one of the vertices u, v, x, or y.

If a graph can be drawn without any edge crossings, it is known as a planar graph.
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Definition 18. (cf.[178}/456,524]) A graph G = (V, E) is called a planar graph if it can be drawn on a plane in
such a way that no two edges intersect except at their endpoints. In other words, there exists a way to represent
the graph on a two-dimensional plane such that the edges only meet at shared vertices, without any of the edges
crossing each other.

Example 19 (Example of a Planar Graph). One of the simplest examples of a planar graph is the complete graph
K4 minus one edge.
Consider the graph G = (V, E) with the vertex set V = {1, 2, 3,4} and the edge set

E ={{1,2},{1,3},{1,4},{2,3},{3,4}}.

This graph G consists of 4 vertices and 5 edges connecting them.

The graph can be drawn on a plane in such a way that none of its edges intersect except at their endpoints.
A common drawing of this graph resembles a triangle with an additional vertex inside connected to all three
vertices of the triangle.

Since there exists a way to draw this graph on a two-dimensional plane without any edges crossing each
other, it serves as an example of a planar graph.

Definition 20. (cf.[202,/458]) A graph G = (V,E) is called a non-planar graph if it cannot be drawn on a
plane without edge intersections, except at their endpoints. In other words, there is no way to represent G on a
two-dimensional plane such that all edges meet only at shared vertices without any edges crossing each other.

Equivalently, a graph G is non-planar if every possible drawing of G in the plane results in at least one
pair of edges intersecting at a point other than their endpoints.

Example 21 (Example of a Non-Planar Graph). A classic example of a non-planar graph is the complete graph
Ks.
Consider the graph G = (V, E) with the vertex set

V={1,2,3,4,5}
and the edge set containing all possible edges between these 5 vertices:
E={{1,2},{1.3}, {1, 4}, {1,5}.{2, 3}, {2, 4}, {2, 5}. {3, 4}, {3.5}. {4, 5}}.

In total, this graph has 5 vertices and 10 edges, with each pair of vertices connected by a unique edge.

No matter how we attempt to draw K5 on a plane, there will always be at least one pair of edges that
intersect at a point other than their endpoints. Therefore, it is impossible to draw K5 in a way that avoids edge
crossings.

Hence, K5 is an example of a non-planar graph.

Among the many graphs related to Planar Graphs, one well-known example is the co-planar graph. The
definition is provided below.

Definition 22. (cf.[163,232,345])) A graph G = (V, E) is called a co-planar graph if its complement graph G,
defined as the graph having the same set of vertices V but with edges between vertices that are not connected in
G, is a planar graph. In other words, G is co-planar if G can be drawn on a plane such that no two edges intersect
except at their endpoints.

Example 23 (Example of a Co-Planar Graph). Consider the graph G = (V, E)) with vertex set
V={1,2,3,4}

and edge set
E ={{1,2},{1,3},{2,3},{2.4}, {3, 4}}.

The complement graph G is constructed by taking the same set of vertices V but adding edges between
every pair of vertices that are not connected in G. Therefore, the edge set of G becomes:

E(G) = {{1.4}}.

The complement graph G has only one edge and can be drawn on a plane without any edge intersections.
As aresult, G is a planar graph.
Hence, G is an example of a co-planar graph.
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We provide the definition of a k-planar graph [[55/|594/100], which generalizes the concept of a planar
graph. Notably, related graph classes such as 1-planar graphs [292|515] and 2-planar graphs [88}[227] are well-
known.

Definition 24. (cf.[55|59}/100]) A graph G = (V, E) is called a k-planar graph if there exists a drawing of G in
the plane such that each edge e € E is crossed by at most k other edges.
Formally, let D be a drawing of G on a plane where:

« V is the set of vertices in G.

* E is the set of edges, where each edge e = (u,v) for u,v € V is represented as a continuous curve
connecting u and v.

The graph G is said to be k-planar if, for every edge e € E, the number of intersection points with other
edges in the drawing D does not exceed k. That is, for every e = (u, v) € E, there exists a drawing D such that

cross(e) < k,

where cross(e) denotes the number of times edge e intersects with other edges in D.
In other words, a k-planar graph is a graph that can be drawn in the plane such that no edge is crossed by
more than k other edges. For instance:

o If k = 0, the graph is a planar graph, meaning no edges cross.
» If k =1, the graph is a 1-planar graph, meaning each edge can be crossed at most once.

The planar graph is a manageable and uncomplicated graph with no intersecting edges, making it suitable
for various applications. Some examples of applications are provided below.

* urban street patterns: Urban street patterns refer to the layout and organization of streets in a city, including
grid, radial, and irregular designs[82}/380,[390]. This has also been studied in the context of planar graphs
[1361337381].

* neural network: A neural network is a computational model inspired by the human brain, used for pat-
tern recognition and data analysis[[5,277]. In the field of graphs, graph neural networks are frequently
studied[219}/475}/5501/552}/563]. This has also been studied in the context of planar graphs [3}/197,/428|).

+ Computer vision: Computer vision is a field of artificial intelligence that enables computers to interpret
and understand visual information from images or videos [220}228|537|]. This has also been studied in
the context of planar graphs [412}|562].

* VLSI: VLSI (Very Large Scale Integration) is the process of creating integrated circuits by combining
thousands of transistors into a single chip [384,[481,/548|). In the VLSI field, VLSI floorplanning is of-
ten studied. VLSI floorplanning determines the size, shape, and placement of modules in a chip. It is
frequently researched from a graph perspective since it helps estimate the chip area, interconnects, and
delay[152,223]/534]]. This has also been studied in the context of planar graphs [38}[160}/343}/529}/530].

* Graph drawing: Graph drawing is a field that creates visual representations of graphs, helping to ana-
lyze relationships in data, networks, and applications such as social network analysis, linguistics, and
bioinformatics[157,|317,/520]. Many papers have also been published on the graph drawing of planar
graphs[295,419].

2.2.2 Outerplanar graph

The outerplanar graph, like the planar graph, has been the subject of extensive research. Some related
graph parameters include outerthickness[|104]], Outercoarseness[/104]], outerplanarity[99}|141}|312], and outer-2-
planarity[293|/561]. Additionally, similar to planar graphs, numerous studies have focused on the applications of
outerplanar graphs in networks and other fields. The definitions of outerplanar graphs, as well as their generalized
concepts of outer-k-planar graphs and k-outerplanar graphs, are provided below.

Definition 25. (cf.[273,409]) An outer-planar graph G = (V, E) is an undirected graph that can be embedded
in the plane such that all vertices lie on the outer face of the embedding, meaning no vertex is entirely enclosed
by edges. In other words, it is possible to draw the graph on a plane without any edge crossings, with all vertices
positioned on the unbounded (outer) face of the graph.

372



1. Edge Crossing Condition: The graph G must be drawn in such a way that no two edges intersect except
at their endpoints.

2. Outer Face Requirement: All vertices of G must lie on the boundary of a single, unbounded face of the
graph.

Definition 26. (cf.[224]) An outer-k-planar graph is a graph that can be drawn in the plane such that all vertices
lie on the boundary of the exterior region, and each edge is crossed at most k times by other edges.
Formally, let G = (V, E) be a graph, and consider a drawing D of G in the plane such that:

« All vertices v € V are positioned on the boundary of the outer (unbounded) face of D.
» Each edge e € E is represented as a curve connecting its endpoints.

The graph G is called outer-k-planar if there exists a drawing D such that any edge e € E is crossed by
at most k other edges. That is, for every edge e € E,

cross(e) < k,

where cross(e) denotes the number of times edge e intersects with other edges in the drawing D.

Definition 27. (cf.[58,97,[143,]318]]) A graph G = (V,E) is called a k-outerplanar graph if it has a planar
embedding such that the vertices belong to at most k& concentric layers with respect to the outer face of the graph.

Formally, a graph G is said to be k-outerplanar if there exists a planar embedding D of G in which the
vertices can be partitioned into k layers as follows:

1. The first layer consists of all vertices that lie on the outer face (unbounded face) of the embedding D,
making this subgraph an outerplanar graph.

2. Fori > 1, the i-th layer is defined recursively by removing all vertices that belong to layers 1 through
i — 1. The remaining vertices that lie on the unbounded face of the resulting subgraph form the i-th layer.

3. The process stops when all vertices are assigned to one of the & layers.
If such a layering exists for the graph G, then G is k-outerplanar.
The following theorem holds.
Theorem 28. (cf./13||126]) Every outerplanar graph is a planar graph.

The related graph classes within the planar graph category are listed below. The numerous research
studies on these related classes highlight the importance of studying planar graphs.

Notation 29. In this paper, we define the term “Related graph class” as a graph class that either extends or
restricts a corresponding graph class in some way.

Theorem 30. The following are examples of related graph classes, including but not limited to:

Halin graphs [113)
Fan-planar graphs [326]

Fan-crossing free graphs[123]
1C-planar graphs[125]

Upward planar graphs [16||74)/316]
Convex planar graphs [187]
1-planar graphs [292||515)]
2-planar graphs [88,(227]

maximal 2-planar graphs[290]

3-planar graphs [87]

Interval Planar Graphs [315)]
k-Planar Graphs [84]
Outer-1-planar graphs [75|9811362)]
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Outer-k-planar graphs [141

Quasi-planar graphs
k-Quasi-planar Graphs
Apex graphs El
Pseudo-outerplanar graphs(526]
biconnected outerplanar graphs[140369]
Strongly-connected outerplanar graphs[230]
Biconnected planar graphs[103]
Gap-planar graphs

Non-separating planar graphs[181)]
NIC-planar graphs|78]
Apex-Outerplanar Graphs[[199]

Universal outerplanar graphs[370]
Outer-projective-planar graphs||63]]

Planar Ramsey graphs[[76]

Cubic outerplanar graphs[269]
Outerplanar partial cubes graphs[461)
Directed Planar graphs[I18|
Planar partial cubes graphs([I183|[439]
Planar median graphs([479)]

Planar straight-line graph/[190]
Directed outerplanar graphs[138]
Maximum Planar Subgraph([134]
Weighted planar graph[93|[94]

RAC Graph
Planarly-connected graphs [[7]
2-connected planar graphs[389]
Bipartite IC-planar graphs[37]
Bipartite NIC-planar graphs[57]
Bipartite RAC Graphs[57]

Cubic planar graph[403)

Regular planar graphs||89
Partitioning planar graphs[149]
locally planar graphs[282]]

Bipartite Planar Graphs[226]

Signed planar graphs[411]

Random cubic planar graphs[43]
Random planar graphs[259,383|[427]
Random outerplanar graphs[[106)[322]

Proof. Refer to each reference as needed. O

3The term apex” is sometimes used in contexts beyond planar graphs to indicate how close a graph is to a desired graph structure ||
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2.2.3 Apex graph

An apex graph becomes planar by removing one vertex; it is non-planar but can achieve planarity this
way. It has been extensively studied alongside planar graphs [[158}395,(396,/422]]. It is closely related to the
operation of vertex deletion (cf.[248[[310]])in graphs. The definition is provided below.

Definition 31. (cf.[158}/395/396,422]]) An apex graph is a graph G = (V, E) that can be made planar by the
removal of a single vertex v € V. The removed vertex is called an apex of the graph G.

Formally, a graph G is an apex graph if there exists a vertex v € V such that the subgraph G’ = G[V\{v}],
obtained by removing v and all edges incident to v, is a planar graph.

The properties of an apex graph include:

« If the graph G itself is planar, then every vertex can be considered an apex.

+ Apex graphs may have more than one vertex that can serve as an apex, and if multiple such vertices exist,
each can be independently removed to obtain a planar graph.

* The null graph (i.e., a graph with no vertices or edges) is trivially considered an apex graph.

The k-apex graph, a generalization of the aforementioned apex graph, has also been extensively studied.
The definition is provided below.

Definition 32. (cf.[161}214l263])) A k-apex graph is a graph G = (V, E) that can be made planar by the removal
of at most k vertices from V. In other words, there exists a subset § C V with |S| < k such that the subgraph
G’ = G[V '\ §], obtained by removing all vertices in S along with their incident edges, is a planar graph.

The properties of a k-apex graph include:

o If k =0, the k-apex graph itself is already a planar graph.

* When k = 1, the k-apex graph corresponds to the definition of an apex graph, where the removal of a
single vertex makes the graph planar.

A k-apex graph may have multiple different subsets of vertices S that can be removed to achieve planarity.

2.2.4 Apex outerplanar graph
An apex outerplanar graph becomes planar by removing one vertex. It has been extensively studied
alongside outerplanar graphs [2001209]. The definition is provided below.

Definition 33. [200,209]. An apex outerplanar graph is a graph G = (V, E) that can be made outerplanar by
the removal of a single vertex v € V. The removed vertex v is called an apex of the outerplanar graph G.
Formally, G is an apex outerplanar graph if there exists a vertex v € V such that the subgraph G’ =
G|V \ {v}], obtained by removing v and all edges incident to v, is an outerplanar graph.
The properties of an apex outerplanar graph include:

« If the graph G itself is outerplanar, then every vertex in V can be considered an apex.

+ An apex outerplanar graph may have more than one vertex that can serve as an apex, and if multiple such
vertices exist, each can be independently removed to obtain an outerplanar graph.

* The null graph (i.e., a graph with no vertices or edges) is trivially considered an apex outerplanar graph.

Definition 34. A graph G = (V, E) is called a k-apex outerplanar graph if it can be made outerplanar by the
removal of at most k vertices from V.

Formally, G is a k-apex outerplanar graph if there exists a subset S C V with |S| < k such that the
induced subgraph G’ = G[V \ S], obtained by removing all vertices in S along with their incident edges, is an
outerplanar graph.

The properties of a k-apex outerplanar graph include:

» If k = 0, the k-apex outerplanar graph itself is already outerplanar.

* When k = 1, the graph is termed an apex outerplanar graph, meaning there exists a single vertex v whose
removal results in an outerplanar graph.

* For general k, multiple subsets S of vertices may exist, such that their removal results in an outerplanar
graph, indicating that the graph G has more flexibility in achieving outerplanarity compared to a standard
outerplanar graph.

The relationships between planar graphs, outerplanar graphs, apex graphs, and apex outerplanar graphs
are illustrated in the following diagram.
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Planar graph }———»{ 1-Planar-graph }—» k-Planar-graph

Consideration Consideration Consideration
of Quterplanar of 1-crossing of k-crossing
A
‘ Outerplanar graph Outer-1-planar-graph }—P{ Outer-k-planar-graph |
Consideration Consideration Consideration
of Layered of 1-crossing of k-crossing

| I-Outerplanar graph }——>| |-Outer-1-planar graph H I-Outer-k-planar graph |

Fig. 2. Graph Hierarchy for Planar graph

Planar graph 1-apex-graph k-apex-graph

_ Transform by removing Transform by removing
Consideration one vertex to make ita k vertexs to make it a
of Outerplanar planar graph planar graph

v
1-apex-outerplanar- k-apex-outerplanar-
Outerplanar graph graph —— graph

Transform by removing

one vertex tomake it a Transform by removing

outerplanar graph k vertexs tomake ita
outerplanar graph

Fig. 3. Graph Hierarchy for Apex graph

2.2.5 Quasi-planar graph

A quasi-planar graph is a graph that can be drawn in the plane such that no three edges intersect each
other pairwise|’} Quasi-planar graphs have been extensively studied alongside planar graphs [|8,/12}/60,{122}|188)
1891|344]). The definition is provided below.

Definition 35. [8/12]] A graph G = (V, E) is called a quasi-planar graph if it can be drawn in the plane such
that no three edges are pairwise crossing. In other words, there is no set of three edges in G that intersect each
other at distinct points in their interiors.

The properties of a quasi-planar graph include:

+ Every planar graph is inherently quasi-planar because planar graphs have no edge crossings.

* Quasi-planar graphs have been conjectured to have at most O (n) edges for n vertices.

4In this context, “pairwise” means that no two edges within any group of three edges intersect each other. Therefore, a quasi-planar graph
is one where any set of three edges has no two edges that intersect each other at the same time.
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An example of a graph that extends the concept of a quasi-planar graph is the k-quasi-planar graph
[5612311/509]. The definition is provided below.

Definition 36. [56,231] A graph G = (V,E) is called a k-quasi-planar graph if it can be drawn in the plane
such that no k edges are pairwise crossing. In other words, there does not exist a subset of k edges in G that all
intersect each other at distinct points in their interiors.

The properties of a k-quasi-planar graph include:

» For k = 2, a k-quasi-planar graph is simply a planar graph because no two edges cross each other.
* Forany fixed k > 2, a k-quasi-planar graph on n vertices has been conjectured to have at most O (n) edges.

* k-quasi-planar graphs generalize the concept of quasi-planar graphs as they permit more pairwise crossings
while maintaining an upper bound on the crossing behavior.

2.2.6 outer quasi planar graph
We define the outer k-quasi-planar graph as a related graph class to the ones mentioned above. An outer
quasi-planar graph is a graph that combines the concepts of an outerplanar graph and a quasi-planar graph.

Definition 37. An outer-k-quasi-planar graph is a graph that can be drawn in the plane such that all vertices lie
on the boundary of the exterior region, and no set of k edges are pairwise crossing.
Formally, let G = (V, E) be a graph, and consider a drawing D of G in the plane such that:

* All vertices v € V are positioned on the boundary of the outer (unbounded) face of D.
» Each edge e € E is represented as a curve connecting its endpoints.

The graph G is called outer-k-quasi-planar if there exists a drawing D such that any set of k edges does
not intersect each other at distinct points in their interiors.

2.2.7 quasi apex graph

We define the quasi apex graph as related graph classes to the ones mentioned above.

Definition 38. A k-quasi apex graph is a graph G = (V, E) that can be made planar by the removal of at most
k vertices.
Formally, G is a k-quasi apex graph if there exists a subset S € V with |S| < k such that the induced
subgraph G’ = G[V'\ §], obtained by removing all vertices in S along with their incident edges, is a planar graph.
The properties of a k-quasi apex graph include:

» If k = 0, the k-quasi apex graph itself is already planar.

* When k = 1, the graph corresponds to an apex graph where the removal of a single vertex makes the graph
planar.

+ The k-quasi apex graph generalizes the concept of apex graphs by allowing up to k vertices to be removed
to achieve planarity.

2.2.8 quasi apex outerplanar graph
We define the quasi apex outerplanar graph as related graph classes to the ones mentioned above.

Definition 39. A k-quasi apex outerplanar graph is a graph G = (V, E) that can be made outerplanar by the
removal of at most k vertices.

Formally, G is a k-quasi apex outerplanar graph if there exists a subset S C V with |S| < k such that the
induced subgraph G’ = G[V \ S], obtained by removing all vertices in S along with their incident edges, is an
outerplanar graph.

The properties of a k-quasi apex outerplanar graph include:

» If k = 0, the k-quasi apex outerplanar graph itself is already outerplanar.

* When k = 1, the graph is termed an apex outerplanar graph, meaning there exists a single vertex v whose
removal results in an outerplanar graph.

 For general k, multiple subsets S of vertices may exist such that their removal results in an outerplanar
graph, indicating that the graph G has more flexibility in achieving outerplanarity compared to a standard
outerplanar graph.

The relationship diagram between quasi-planar graphs is shown below.
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Fig. 4. Graph Hierarchy for Quasi-Planar graph

2.2.9 Gap-planar graph and Fan-planar graph
Graphs related to planar graphs include gap-planar graphs [[79,/477]] and fan-planar graphs [86L[101,326
360]. Several research papers have been published on these topics. Their definitions are provided below.

Definition 40. [79] A graph G = (V,E) is called a k-gap-planar graph if it admits a drawing in the plane
such that each crossing is assigned to one of the two involved edges, and each edge is assigned at most k of its
crossings. In other words, in the drawing of G, each edge can be crossed by at most k other edges, where each
crossing is uniquely associated with one of the edges involved in the crossing.

The properties of a k-gap-planar graph include:

* When k = 0, a k-gap-planar graph is simply a planar graph with no crossings.

* k-gap-planar graphs provide a way to measure how far a graph is from being planar, by limiting the number
of crossings assigned to each edge.

Definition 41. (cf.[86L/101,326.[366]) A graph G = (V, E) is called a fan-planar graph if it admits a drawing
in the plane such that every edge is crossed only by a set of pairwise adjacent edges (forming what is known as
a ’fan”). This means that any edge ¢ in G can only be crossed by edges that share a common vertex with each
other, forming a fan-like pattern.

The properties of a fan-planar graph include:

+ The fan-planar condition restricts how edges can intersect, allowing a more structured way of crossing,
unlike general non-planar graphs.

« If a graph is fan-planar, it means there exists a drawing where the crossings exhibit a ”fan-like” behavior.

And Graphs related to outerplanar graphs include outer-fan-planar graph. Several research papers have
been published on these topics [85,/102}/123}|124]]. Their definitions are provided below.

Definition 42. (cf.[85//102,[123)|124]) A graph G = (V, E) is called an outer-fan-planar graph if it has a planar
embedding in which all vertices lie on the boundary of the unbounded (outer) face, and every edge is crossed
only by pairwise adjacent edges, known as fans.

More formally:

* G can be drawn in the plane such that all vertices are positioned on a single circle C, which represents the
outer face.

* The embedding must be such that no two edges cross more than once, and if an edge e is crossed by other
edges, all those crossing edges must share a common vertex incident to e.

An important property of outer-fan-planar graphs is that they are biconnected, meaning they remain
connected after the removal of any single vertex. This is necessary for a graph to be maximal outer-fan-planar.
For example:
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+ Ifthe graph G contains a cut-vertex ¢ (a vertex whose removal disconnects the graph), then it is possible to
add an additional edge between two neighbors of ¢ without violating outer-fan-planarity, thus indicating
that G was not maximal outer-fan-planar.

* A biconnected graph G is outer-fan-planar if and only if it admits a straight-line outer-fan-planar drawing
where the vertices are restricted to lie on a circle C, preserving their cyclic order in this embedding.

It has been proven that any outer-fan-planar graph with n vertices has at most 5n — 10 edges.

2.2.10 Inner planar graph
Recently, the concept of an Inner Planar Graph has been defined. The definition is provided below[426].

Definition 43. [426] A graph G = (V, E) is called a k-inner planar graph if it has a planar embedding with at
most k vertices that do not lie on the boundary of the outer face. These vertices are referred to as inner vertices.
More formally:

* G is a planar graph that can be drawn on the plane such that when embedded, at most k vertices do not lie
on the boundary of the outer (unbounded) face of the graph.

* The remaining vertices must lie on the boundary of the outer face.
Special cases of k-inner planar graphs include:

* When k = 0, the graph is called an outerplanar graph, meaning all vertices lie on the boundary of the
outer face.

* For k > 0, the graph allows up to k vertices to be positioned inside the outer face, while still maintaining
a planar embedding.

2.2.11 Almost Planar Graph

The concept of an Apex Graph focuses on vertices, whereas graphs centered on edges include the Almost
Planar Graph[201},274,289]] and Almost Outerplanar Graph[213}538]]. These graphs are also referred to as Nearly
Planar Graphs[216,268|] and Nearly Outerplanar Graphs, respectively. This graph class is closely related to the
graph operation known as edge deletion (cf.[67},/485/556}/557]]). The definitions are introduced below.

Definition 44. [201,)2741289] A graph G is called an almost planar graph if there exists an edge e € E(G) such
that the graph G — e (i.e., the graph obtained by removing the edge e from G) is planar.

Definition 45. (cf.[169,|170]) A graph G = (V,E) is called a k-almost planar graph if there exists a subset
F C E(G) with |F| < k such that the graph G — F (i.e., the graph obtained by removing all edges in F from G)
is planar.

In other words, a k-almost planar graph can be made planar by removing at most k edges.

Definition 46. [213}/538] A graph G is called an almost outerplanar graph if there exists an edge ¢ € E(G)
such that the graph G — e (i.e., the graph obtained by removing the edge e from G) is outerplanar.

Definition 47. A graph G = (V, E) is called a k-almost outerplanar graph if there exists a subset F C E(G)
with |F| < k such that the graph G —F (i.e., the graph obtained by removing all edges in F from G) is outerplanar.
In other words, a k-almost outerplanar graph can be made outerplanar by removing at most k edges.

Almost planar graphs and almost outerplanar graphs are related to the concept of skewness-k drawings in
the field of graph drawing [[1561{193]]. A graph is said to have skewness k if it can be drawn with k edge deletions
needed to make it planar(/193]].

In addition to the graph concepts described in the subsection, related notions such as (k, [)-grid-free
drawings[429] and k-fan-crossing-free drawings[/153] are also well-known. This indicates that research on planar
graphs is considered highly valuable.
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2.3 Fuzzy planar graph and Fuzzy outerplanar graph

In recent years, inspired by planar and outerplanar graphs, the concepts of fuzzy planar graphs and fuzzy
outerplanar graphs have been introduced. To begin, the definitions of fuzzy graphs and fuzzy planar graphs are
provided below. A fuzzy graph is an extension of graph theory that incorporates the principles of fuzzy sets
[51L{1350|165L1179,125513711|523}|5531/558[559]]. Extensive research has been conducted on both fuzzy graphs
[961/1751260,4004452114591505]] and fuzzy planar graphs [20,256}/441,442,/472].

Definition 48. [459]] A fuzzy graph = (V, o, p) is defined as follows:
* V is a set of vertices.

* 0 :V — [0,1] is a function that assigns a membership degree to each vertex v € V, indicating the degree
of membership of v in the fuzzy graph.

o u:VxV —[0,1] is a fuzzy relation that represents the strength of the connection between each pair of
vertices (u,v) € V XV, such that u(u,v) < min{o(u),o(v)}.

In this definition, the following properties hold:
* The fuzzy function u is symmetric, meaning u(u,v) = u(v,u) forall u,v € V.
 Additionally, u(v,v) = 0 for all v € V, meaning that there is no self-loop in the fuzzy graph.

The fuzzy graph y allows for the representation of uncertainty in the presence or strength of connec-
tions between vertices, making it a valuable tool for modeling complex systems with ambiguous or imprecise
relationships.

Theorem 49. /235] The following are examples of related graph classes, including but not limited to:

Bipolar Fuzzy Graphs [|17]
Fuzzy Planar Graphs [[470]
Complex Hesitant Fuzzy Graph [6]

Constant hesitancy fuzzy graphs[434)

Bipolar hesitancy fuzzy graph/299,/430]

Hesitancy fuzzy magic labeling graph[450)]

Dual hesitant fuzzy graphs/80]
Regular Hesitancy Fuzzy Soft Graphs[352)]

Hesitant fuzzy hypergraphs/265)]

Irregular Bipolar Fuzzy Graphs [469]

Regular Bipolar Fuzzy Graphs [24)]

Picture Fuzzy Tolerance Graphs [|172)]

Complex Hesitant Fuzzy Graphs [|6]

Strong Intuitionistic Fuzzy Graphs [23]
Product Fuzzy Graphs [41]

Partially Total Fuzzy Graphs [11]
Fuzzy Influence Graphs [382)]

Picture Fuzzy Directed Hypergraphs [333|]
Radio Fuzzy Graphs [|374)]

Line Regular Fuzzy Semigraphs [64]
Fuzzy Incidence Graphs [|198)]
Balanced Picture Fuzzy Graphs [53]
Oscillating Polar Fuzzy Graphs [|52]
Cayley Fuzzy Graphs [519]

Rough Fuzzy Digraphs [14)]
T-Spherical Fuzzy Graphs [275)
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Mixed Fuzzy Graphs

Einstein Fuzzy Graphs [308]
Edge-Regular Fuzzy Graphs
Robust Fuzzy Graphs [503]

Anti-Product Fuzzy Graphs [39]

Valued Fuzzy Superhypergraphs
Inverse Fuzzy Graphs [|120

Inverse Eccentric Fuzzy Graphs /385
Cubic Pythagorean Fuzzy Graphs
Complete Fuzzy Graphs

Mixed Picture Fuzzy Graphs
Extended Total Fuzzy Graphs

Pseudo Regular Fuzzy Graphs

Best Fuzzy Graphs

Intuitionistic Felicitous Fuzzy Graphs
Middle Fuzzy Graphs

Bipolar Fuzzy P-Competition Graphs
Fuzzy Intersection Graphs

Fuzzy Semigraphs

Intuitionistic Fuzzy Soft Expert Graphs
m-Polar Fuzzy Graphs

Balanced Interval-Valued Fuzzy Graphs
Double Layered Fuzzy graph[338]

Triple Layered Fuzzy Graph/460]

Fuzzy Outerplanar Graphs

Inverse fuzzy multigraphs[[119]

Bipolar inverse fuzzy graphs[332)]

Fuzzy zero divisor graphs[348)

General Fuzzy graphs,
T-Spherical Fuzzy Graphs

Spherical Fuzzy Labelling Graphs[143]]
spherical fuzzy digraphs(379]

T-spherical fuzzy Hamacher graphs[68]
Regular spherical fuzzy graph[393)

Spherical Fuzzy Cycle graph[353]]

Spherical Fuzzy Tree graph[353]]

Pseudo regular spherical fuzzy graphs[284]
Cubic Pythagorean fuzzy graphs
Complex Pythagorean Dombi fuzzy graphs [26]]
Interval-valued Pythagorean fuzzy graphs[29]
Interval-valued complex Pythagorean fuzzy graph[499]
Pythagorean Dombi fuzzy graphs[22)
Pythagorean fuzzy soft graphs[482)]
Pythagorean neutrosophic fuzzy graphs[13]
Complex pythagorean fuzzy planar graphs(20]
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Complex Pythagorean fuzzy threshold graphs/|18]

Pythagorean Dombi fuzzy soft graphs[34]

Pythagorean fuzzy incidence graphs(36)/484]
Picture Dombi Fuzzy Graph [394)
Picture fuzzy line graphs/151)

Picture fuzzy planar graphs[92)]

Picture fuzzy tolerance graphs||172)]

Picture fuzzy ¢-tolerance competition graphs/||173)]
Interval-Valued Picture Fuzzy Graph [|445)]
Picture Fuzzy Incidence Graph [413|]

Picture fuzzy threshold graphs|172]

Picture Fuzzy Soft Graph [|147)]

Cayley Picture Fuzzy Graph [|334]

m-Polar Picture Fuzzy Graphs[335]
Interval-Valued Picture (S, T)-Fuzzy Graph [66]
q-Rung Picture Fuzzy Graph [25|]

Mixed Picture Fuzzy Graph [|407)]

Picture Fuzzy Directed Hypergraphs[333]

Picture fuzzy cubic graphs/336|]
Picture Fuzzy Digraph [|379]
Balanced Picture Fuzzy Graph [54]

Pythagorean neutrosophic Dombi fuzzy graphs [|144)]

Considering these fuzzy graph classes enables the identification of shared properties, which can lead to

Proof. Refer to each reference as needed.

the development of efficient algorithms, deeper analysis, and practical applications across various fields.

[m]

Definition 50. (cf.[20,[256,44111442,|472]) A fuzzy graph ¢ = (V, o, u, E) is termed a fuzzy planar graph if it
consists of:

+ A set of vertices V, where each vertex v € V is associated with a membership degree through a fuzzy set

o:V—][0,1].

A fuzzy relation u : VXV — [0, 1] representing the strength of the connection between pairs of vertices,
where p(u,v) < min{o(u), o (v)} holds for all u,v € V.

Additionally,

» The edge set E is represented by a fuzzy set on the Cartesian product of V, i.e., E C V XV, with each edge
(u,v) € E having a membership value u(u, v) indicating the degree to which (u, v) belongs to E.

* The fuzzy graph ¢ is said to be planar if it can be drawn on a plane without any intersecting edges, adhering
to the fuzziness in the representation. Specifically, if two fuzzy edges (a, b) and (c, d) intersect, there
exists an intersection point p, and the intersection strength is defined as

_ I(a,b) +1(c,d)

1, 5 ,
where (a.b)
__ Hla,
la.b) = A o)

382



The fuzzy planarity value f measures how planar the graph is and is given by

1
I=irsm
For a completely planar fuzzy graph, f = 1.
Proposition 51. A fuzzy planar graph is a fuzzy graph.
Proof. Obviously holds. O

Theorem 52. The following are examples of related graph classes for fuzzy planar graphs, including but not
limited to:

o Interval-valued fuzzy planar graphs[442)

* m-polar fuzzy planar graphs[257,258]

» Complex pythagorean fuzzy planar graphs[2 1|

» Complex q[1Rung Orthopair Fuzzy Planar Graphs[298)
o Picture fuzzy planar graphs[92)]

o Inverse Fuzzy Mixed Planar Graphs[398)

* Bipolar Fuzzy Planar Graphs/30]

Proof. Refer to each reference as needed. O

2.3.1 Fuzzy outerplanar graph
The definitions of fuzzy outerplanar graphs are provided below [309]. These graphs incorporate the
concepts of fuzzy graphs into the structure of outerplanar graphs.

Definition 53. [309] A fuzzy graph ¢ = (V, o, u) qualifies as a fuzzy outerplanar graph if:

+ It can be embedded in a plane such that every vertex v € V lies on the boundary of the exterior region of
the embedding.

More specifically:

+ Similar to the fuzzy planar graph, o : V — [0, 1] is a fuzzy set indicating the degree of membership of
each vertex, and u : V XV — [0, 1] indicates the strength of the connection between vertices.

* For a fuzzy graph to be outerplanar, there must be no fuzzy edge intersection while ensuring all vertices
are positioned on the outer face.

If i(y) represents the number of vertices not on the boundary of the outer face, then a fuzzy outerplanar
graph satisfies i(¢) = 0. In contrast, if i(¥) # 0, the graph is considered a fuzzy non-outerplanar graph.

These definitions extend the classical notions of planarity and outerplanarity into the fuzzy domain,
allowing for the representation and analysis of uncertainty in graph structures.

Proposition 54. A fuzzy outerplanar graph is a fuzzy graph.
Proof. Obviously holds. O

Proposition 55. A fuzzy outerplanar graphy = (V, o, i) can be transformed into a classical outerplanar graph
G = (V,E) by considering only those edges (u,v) € E where the membership degree u(u, v) is strictly positive.

Proof. The transformation process is as follows:

1. Vertex Set: Retain the original set of vertices V from .

2. Edge Set: Construct an edge set E for the outerplanar graph G = (V, E) such that (u,v) € E if and only
if u(u,v) > 0 in the fuzzy graph .

Since ¥ is a fuzzy outerplanar graph, it satisfies the condition that all vertices lie on the boundary of the

exterior region, and there are no fuzzy edge intersections in the embedding. This means that the resulting graph
G = (V, E) will be outerplanar, as it maintains the same embedding properties:
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* No edge crossings occur in G, as all vertices and edges inherited from ¢ satisty the outerplanarity condition.

* All vertices remain on the boundary of the outer face, as required by the definition of an outerplanar graph.

Thus, by disregarding the fuzziness (i.e., ignoring the exact membership values o (v) and u(u, v)), the
fuzzy outerplanar graph ¢ is transformed into a classical outerplanar graph G.

This completes the transformation, proving that every fuzzy outerplanar graph i can be reduced to a
corresponding outerplanar graph G. O

2.3.2 Fuzzy apex graph

In general graph classes, a type of graph known as an apex graph is well-known. Similar to planar graphs,
apex graphs have been the subject of extensive research [|158}395H397}/422]]. Incorporating the concept of fuzzy
relations, the definition of a fuzzy apex graph is provided below.

Definition 56. (cf.[158,395-397,1422].) A fuzzy apex graph y = (V, o, p) is a fuzzy graph that can be made a
fuzzy planar graph by the removal of a single vertex v € V. The removed vertex is called an apex of the fuzzy
graph .
Formally, ¢ is a fuzzy apex graph if there exists a vertex v € V such that the subgraph ¢’ = (V \
{v}, o/, "), where o’ and p’ are the restrictions of o~ and u on the remaining vertices, is a fuzzy planar graph.
The fuzzy apex graph retains the following properties:

* 0 :V — [0, 1] assigns a membership degree to each vertex in V.

e u: VXV — [0, 1] represents the strength of the connection between pairs of vertices in V, with p(u, v) <
min{o (u),o(v)}.

« If the fuzzy apex graph ¢ itself is fuzzy planar, then every vertex in V can be considered an apex.

Similar to classical apex graphs, a fuzzy apex graph may have multiple apex vertices. Additionally, if ¢
is the null fuzzy graph (i.e., V = 0), it is trivially a fuzzy apex graph.

Proposition 57. A fuzzy apex graph can be transformed into a fuzzy planar graph.
Proof. Obviously holds. O

Definition 58. A fuzzy k-apex graph = (V, o, p) is a fuzzy graph that can be transformed into a fuzzy planar
graph by removing at most k vertices from V.

If k = 0, the fuzzy k-apex graph itselfis already a fuzzy planar graph. When k = 1, the graph corresponds
to a fuzzy apex graph as defined earlier.

Proposition 59. A fuzzy k-apex graph can be transformed into a fuzzy planar graph.

Proof. Obviously holds. O
Proposition 60. A fuzzy k-apex graph can be transformed into a fuzzy apex graph.

Proof. Obviously holds. O

2.3.3 Fuzzy apex outerplanar graph

The concept of a fuzzy apex outerplanar graph and a k-apex outerplanar graph is extended to the following
graph by incorporating the idea of fuzzy graphs.

Definition 61. A fizzy apex outerplanar graph = (V, o, i) is a fuzzy graph that can be transformed into a
fuzzy outerplanar graph by the removal of a single vertex v € V. The removed vertex is called an apex of the
fuzzy graph .

Formally, ¥ is a fuzzy apex outerplanar graph if there exists a vertex v € V such that the induced subgraph
v = (V\ {v},o’,u’), where o’ and p’ are the restrictions of the membership function ¢ and the adjacency
function y on the remaining vertices, is a fuzzy outerplanar graph.

The fuzzy apex outerplanar graph retains the following properties:

* 0 :V — [0,1] assigns a membership degree to each vertex in V.

e u:VxV — [0,1] represents the strength of the connection between pairs of vertices in V, satisfying
u(u,v) < min{o (u), o (v)}.

384



+ If the fuzzy apex outerplanar graph ¢ itself is a fuzzy outerplanar graph, then every vertex in V can be
considered an apex.

Proposition 62. A fuzzy apex outerplanar graph can be transformed into a fuzzy outerplanar graph.

Proof. Obviously holds. O

Definition 63. A fuzzy k-apex outerplanar graph = (V,o, u) is a fuzzy graph that can be made a fuzzy
outerplanar graph by the removal of at most k vertices from V.

Formally, ¢ is a fuzzy k-apex outerplanar graph if there exists a subset S C V with |S| < k such that the
induced fuzzy subgraph ¢’ = (V' \ S,0”, u’), where o’ and y’ are the restrictions of o and u on the remaining
vertices, is a fuzzy outerplanar graph.

The properties of a fuzzy k-apex outerplanar graph include:

* 0 :V — [0, 1] assigns a membership degree to each vertex in V.

e u: VXV — [0,1] represents the strength of the connection between pairs of vertices in V, with u(u, v) <
min{o(u), o (v)}.

o If k = 0, the fuzzy k-apex outerplanar graph itself is already a fuzzy outerplanar graph.

* When k = 1, the fuzzy k-apex outerplanar graph corresponds to a fuzzy apex outerplanar graph, where the
removal of a single vertex makes the graph fuzzy outerplanar.

For general k, multiple subsets S of vertices may exist such that their removal results in a fuzzy outerplanar
graph, indicating that the graph ¢ has more flexibility in achieving outerplanarity compared to a standard
fuzzy outerplanar graph.

This generalization allows for incorporating fuzzy uncertainty into the structure of k-apex outerplanar
graphs, providing a broader framework for analyzing graphs that have fuzzy relations and can become outerplanar
by removing up to k vertices.

Theorem 64. A fuzzy k-apex outerplanar graph can be transformed into a fuzzy outerplanar graph.
Proof. Obviously holds. O
Theorem 65. A fuzzy k-apex outerplanar graph can be transformed into a fuzzy apex outerplanar graph.

Proof. Obviously holds. O

2.3.4 Fuzzy Quasi-Planar graph
The Fuzzy Quasi-Planar graph is an extension of the Quasi-Planar graph to a fuzzy graph. The definition
of the Fuzzy Quasi-Planar graph is provided below.

Definition 66. A fizzy quasi-planar graph w = (V, o, ) is a fuzzy graph that can be drawn in the plane such
that no three edges are pairwise crossing.
Formally, let = (V, o, u) be a fuzzy graph where:

* 0 :V — [0,1] assigns a membership degree to each vertex v € V.

e u: VXV — [0,1] assigns a membership degree to each edge (u,v) representing the strength of the
connection between vertices u and v, satisfying u(u,v) < min{o(u),o(v)}.

The fuzzy graph y is called fuizzy quasi-planar if it can be drawn in such a way that any three fuzzy edges
do not all intersect each other at distinct points in their interiors.

Definition 67. A fuzzy graphy = (V, o, u) is called a fiizzy k-quasi-planar graph if it can be drawn in the plane
such that no k fuzzy edges are pairwise crossing. In other words, there does not exist a subset of k fuzzy edges
in ¢ that all intersect each other at distinct points in their interiors.

Formally, let y = (V, o, u) be a fuzzy graph where:

* 0 :V — [0, 1] assigns a membership degree to each vertex v € V.

e u:VxV — [0,1] represents the strength of the connection between pairs of vertices u, v € V, such that
u(u,v) < min{o(u),o(v)}.
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The fuzzy graph y is called a fuzzy k-quasi-planar graph if there exists a drawing D in which any set of
k fuzzy edges do not all intersect each other at distinct points in their interiors.

Theorem 68. A fuzzy k-quasi-planar graph can be transformed into a fuzzy quasi-planar graph.

Proof. Obviously holds. O

2.3.5 Fuzzy Quasi-outerplanar graph
The Fuzzy Quasi-outerplanar graph is an extension of the Quasi-outerplanar graph to a fuzzy graph. The
definition of the Fuzzy Quasi-outerplanar graph is provided below.

Definition 69. A fuzzy quasi-outerplanar graph v = (V, o0, 1) is a fuzzy graph that can be drawn in the plane
such that all vertices lie on the boundary of the exterior region, and no three edges are pairwise crossing.
Formally, let y = (V, o, u) be a fuzzy graph where:

* 0 :V — [0, 1] assigns a membership degree to each vertex v € V.

e u:VxV — [0,1] assigns a membership degree to each edge (u,v) representing the strength of the
connection between vertices u and v, satisfying u(u,v) < min{o(u),o(v)}.

The fuzzy graph y is called fuzzy quasi-outerplanar if there exists a drawing D such that all vertices
v € V are positioned on the boundary of the outer (unbounded) face of D, and any three fuzzy edges do not all
intersect each other at distinct points in their interiors.

Definition 70. A fuzzy graph ¢ = (V, 0, u) is called a fuzzy outer-k-quasi-planar graph if it can be drawn in
the plane such that all vertices lie on the boundary of the exterior region, and no set of k fuzzy edges are pairwise
crossing.

Formally, let = (V, o, u) be a fuzzy graph where:

* 0 :V — [0, 1] assigns a membership degree to each vertex v € V.

o u:VxV — [0,1] represents the strength of the connection between pairs of vertices u, v € V, such that
u(u,v) < min{o(u), o (v)}.

The fuzzy graph y is called fuzzy outer-k-quasi-planar if there exists a drawing D such that all vertices
v € V are positioned on the boundary of the outer (unbounded) face of D, and any set of k fuzzy edges do not
all intersect each other at distinct points in their interiors.

Theorem 71. A fuzzy outer-k-quasi-planar graph can be transformed into a fuzzy outer-quasi-planar graph.

Proof. Obviously holds. O

2.3.6 Fuzzy quasi apex graph
The Fuzzy quasi apex graph is an extension of the quasi apex graph to a fuzzy graph. The definition of
the Fuzzy Quasi-outerplanar graph is provided below.

Definition 72. A fuzzy k-quasi apex graph ¢ = (V, o, ) is a fuzzy graph that can be made a fuzzy quasi planar
graph by removing at most k vertices.

Formally, let ¢ = (V, o, u) be a fuzzy graph. The graph y is called a fuzzy k-quasi apex graph if there
exists a subset S C V with |S| < k such that the induced fuzzy subgraph v’ = (V \ S,c”’, u"), where o’ and u’
are the restrictions of o and u to the remaining vertices, is a fuzzy planar graph.

The properties of a fuzzy k-quasi apex graph include:

o If k =0, the fuzzy k-quasi apex graph itself is already a fuzzy quasi planar graph.

* When k = 1, the fuzzy graph corresponds to a fuzzy apex graph where the removal of a single vertex
makes the graph fuzzy quasi planar.

Theorem 73. A fuzzy k-quasi apex graph can be transformed into a fuzzy quasi-planar graph.
Proof. Obviously holds. O
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2.3.7 Fuzzy quasi apex outerplanar graph
The Fuzzy quasi apex outerplanar graph is an extension of the quasi apex outerplanar graph to a fuzzy
graph. The definition of the Fuzzy apex outerplanar graph is provided below.

Definition 74. A fuzzy k-quasi apex outerplanar graph = (V, o, ) is a fuzzy graph that can be made a fuzzy
quasi outerplanar graph by removing at most k vertices.

Formally, let y = (V, o, 1) be a fuzzy graph. The graph v is called a fuzzy k-quasi apex outerplanar
graph if there exists a subset S C V with |S| < k such that the induced fuzzy subgraph ¢’ = (V \ S,0”, '),
where o’ and u’ are the restrictions of o~ and y to the remaining vertices, is a fuzzy quasi outerplanar graph.

The properties of a fuzzy k-quasi apex outerplanar graph include:

» If k = 0, the fuzzy k-quasi apex outerplanar graph itself is already a fuzzy quasi outerplanar graph.

* When k = 1, the fuzzy graph corresponds to a fuzzy quasi apex outerplanar graph where the removal of a
single vertex makes the graph fuzzy quasi outerplanar.

Theorem 75. A fuzzy k-quasi apex outerplanar graph can be transformed into a fuzzy outer-quasi-planar graph.

Proof. Obviously holds. O

2.3.8 Fuzzy almost planar graph
The definitions of an almost planar graph and an almost outerplanar graph are extended to the context of
fuzzy graphs as follows.

Definition 76. A fuzzy graphy = (V, o, p) is called a fiizzy almost planar graph if there exists an edge e € E ()
such that the fuzzy graph ¢ — e (i.e., the fuzzy graph obtained by removing the edge e from y) is a fuzzy planar
graph.

Definition 77. A fuzzy graph y = (V, o, ) is called a fuzzy almost outerplanar graph if there exists an edge
e € E(y) such that the fuzzy graph ¥ — e (i.e., the fuzzy graph obtained by removing the edge e from ) is a
fuzzy outerplanar graph.

Theorem 78. An fuzzy almost planar graph can be transformed into a almost planar graph.
Proof. Obviously holds. O
Theorem 79. An fuzzy almost outerplanar graph can be transformed into a almost outerplanar graph.

Proof. Obviously holds. O

2.4 Intuitionistic fuzzy planar graphs

Intuitionistic fuzzy graphs are an extended version of fuzzy graphs and have been the subject of extensive
study for over 15 years [247},328l|432,/447]. Intuitionistic fuzzy planar graphs [49] are, in turn, an extension of
fuzzy planar graphs. The concept of intuitionistic fuzzy sets [[70-72}/176L211}358L|517]], which is well-known
in set theory, is closely related to intuitionistic fuzzy graphs. The definitions of intuitionistic fuzzy graphs and
intuitionistic fuzzy planar graphs are provided below.

Definition 80 (Intuitionistic Fuzzy Graph (IFG)). [432]] Let G = (V, E) be a classical graph where V denotes the
set of vertices and E denotes the set of edges. An Intuitionistic Fuzzy Graph (IFG) on G, denoted Gy = (A, B),
is defined as follows:

1. (pa,va) is an Intuitionistic Fuzzy Set (IFS) on the vertex set V. For each vertex x € V, the degree of
membership 4 (x) € [0, 1] and the degree of non-membership v 4(x) € [0, 1] satisfy:

HA(X) +va(x) <1

The value 1 — 4 (x) — v 5 (x) represents the hesitancy or uncertainty regarding the membership of x in the
set.
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2. (up,vp) is an Intuitionistic Fuzzy Relation (IFR) on the edge set E. For each edge (x, y) € E, the degree
of membership upg(x,y) € [0, 1] and the degree of non-membership vg(x, y) € [0, 1] satisfy:

up(x,y) +vp(x,y) <1
Additionally, the following constraints must hold for all x,y € V:
uB(x,y) < pa(x) A pa(y)
vp(x,y) <va(x) Vva(y)
In this definition:
* pa(x) and v 4 (x) represent the degree of membership and non-membership of the vertex x, respectively.

* up(x,y)andvg(x,y) represent the degree of membership and non-membership of the edge (x, y), respec-
tively.

e Ifva(x) =0and vp(x,y) =0 forall x € V and (x, y) € E, then the Intuitionistic Fuzzy Graph reduces to
a Fuzzy Graph.

Theorem 81. /235] The following are examples of related graph classes, including but not limited to:

Strong Intuitionistic Fuzzy Graphs [23]

Perfect intuitionistic fuzzy graphs 247

Intuitionistic fuzzy competition graphs[467]

Intuitionistic fuzzy threshold graphs[554]
Balanced Intuitionistic Fuzzy Graphs[324)]
Bipolar Intuitionistic Fuzzy Competition Graphs/|185|]

Intuitionistic Felicitous Fuzzy Graphs [95|]
Intuitionistic Fuzzy Soft Expert Graphs [533]
Intuitionistic fuzzy tolerance graphs[468]

Intuitionistic fuzzy planar graphs[50]

Edge regular intuitionistic fuzzy graph/325]

Edge Irregular Intuitionistic Fuzzy Graphs|410]

m-Neighbourly Irregular Instuitionistic Fuzzy Graphs/|376|]

R-edge regular intuitionistic fuzzy graphs/[43]

Perfectly Edge-Regular Intuitionistic Fuzzy Graphs/2)]

Edge Regular Intuitionistic Fuzzy M-Polargraphs[252]

Intuitionistic fuzzy labeling graphs[[464)]

Regular Interval-Valued Intuitionistic Fuzzy Graphs/ 1|

Anti intuitionistic fuzzy graph/307]

Interval-valued intuitionistic fuzzy graphs/346|]

Intuitionistic fuzzy directed hypergraphs[408]

Complex intuitionistic fuzzy graphs[62)]

Complex t-Intuitionistic Fuzzy Graph/329]

Intuitionistic fuzzy incidence graphs|414)]

Intuitionistic fuzzy k-partite hypergraphs/|405||406)]

Irregular Intuitionistic Fuzzy Graphs/391]
intuitionistic L-fuzzy graph[502|514]
Bipolar intuitionistic anti fuzzy graphs/184]

Intuitionistic anti-fuzzy graphs[404)]

intuitionistic product fuzzy graphs/518J]

intuitionistic k-partitioned fuzzy graph[435]

intutionistic fuzzy multigraphs/|73]

Proof. Refer to each reference as needed. O
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2.4.1 Intuitionistic fuzzy planar graph

The Intuitionistic fuzzy planar graph is an extension of the fuzzy planar graph. These graphs have been
studied in a similar manner to fuzzy planar graphs. The definition of the Intuitionistic fuzzy planar graph is
provided below[49}/466].

Definition 82. [49] Let G be an intuitionistic fuzzy multigraph[103}444,/483]], and let Py, P2, ..., P; be the
points of intersection between the edges for a given geometrical representation. The graph G is said to be an
intuitionistic fuzzy planar graph with an intuitionistic fuzzy planarity value f = (fps, fnv), where

1 1
1+(Mp, +Mp,+---+Mp_ ) 1+ (Np, +Np,+---+Np_) )’

f=UmIn) =

Here, Mp, and Np, represent the membership and non-membership degrees at each point of intersection P;,
respectively.

The intuitionistic fuzzy planarity value f = (fps, fiv) is bounded such that 0 < fjy < 1and0 < fy < 1.
If there are no points of intersection for a certain geometrical representation of the intuitionistic fuzzy planar
graph, then its intuitionistic fuzzy planarity value is (1, 1).

Proposition 83. An intuitionistic fuzzy planar graph is an intuitionistic fuzzy graph.
Proof. Obviously holds. O
Theorem 84. An intuitionistic fuzzy planar graph can be transformed into a fuzzy planar graph.

Proof. Obviously holds. O

2.4.2 Intuitionistic fuzzy outerplanar graph
We define the intuitionistic fuzzy outerplanar graph, which is an extension of the fuzzy outerplanar graph.

Definition 85. An intuitionistic fuzzy outerplanar graph & = (V, u, v) is an intuitionistic fuzzy graph where:

* It can be embedded in a plane such that every vertex v € V lies on the boundary of the exterior region of
the embedding.

* Similar to intuitionistic fuzzy graphs, 4 : V — [0,1] and v : V — [0, 1] represent the membership and
non-membership degrees of each vertex, respectively.

* For an intuitionistic fuzzy graph to be outerplanar, there must be no edge intersection while ensuring all
vertices are positioned on the outer face.

If i (¥ ) represents the number of vertices not lying on the boundary of the outer face, then an intuitionistic
fuzzy outerplanar graph satisfies (/) = 0. In contrast, if i(y) # 0, the graph is considered a non-outerplanar
intuitionistic fuzzy graph.

These definitions extend the classical notions of outerplanarity to the intuitionistic fuzzy domain, allow-
ing for the representation and analysis of uncertainty in graph structures.

Theorem 86. An intuitionistic fuzzy outerplanar graph can be transformed into a fuzzy outerplanar graph.
Proof. Obviously holds. O
Theorem 87. An intuitionistic fuzzy outerplanar graph is an intuitionistic fuzzy planar graph.

Proof. Obviously holds. O
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2.4.3 Intuitionistic fuzzy apex graph
We define the intuitionistic fuzzy apex graph, which is an extension of the fuzzy apex graph.

Definition 88. An intuitionistic fuzzy apex graph v = (V,u,v) is an intuitionistic fuzzy graph that can be
transformed into an intuitionistic fuzzy planar graph by removing a single vertex v € V. The removed vertex is
called an apex of the intuitionistic fuzzy graph .

Formally, ¢ is an intuitionistic fuzzy apex graph if there exists a vertex v € V such that the subgraph
v = (V\{v},i,v"), where u’ and v’ are the restrictions of the membership and non-membership functions u
and v on the remaining vertices, is an intuitionistic fuzzy planar graph.

The intuitionistic fuzzy apex graph retains the following properties:

e u:V — [0, 1] assigns a membership degree to each vertex in V.
* v:V — [0, 1] assigns a non-membership degree to each vertex in V.

« If the intuitionistic fuzzy apex graph y itself is an intuitionistic fuzzy planar graph, then every vertex in V
can be considered an apex.

Similar to classical apex graphs, an intuitionistic fuzzy apex graph may have multiple apex vertices.
Additionally, if ¢ is a null intuitionistic fuzzy graph (i.e., V = 0), it is trivially an intuitionistic fuzzy apex graph.

Theorem 89. An intuitionistic fuzzy apex graph can be transformed into a fuzzy apex graph.
Proof. Obviously holds. O
Theorem 90. An intuitionistic fuzzy apex graph can be transformed into an intuitionistic fuzzy planar graph.

Proof. Obviously holds. O

2.4.4 Intuitionistic Fuzzy Quasi-Planar Graph
The definition of an Intuitionistic Fuzzy Quasi-Planar Graph is provided below. This graph is an exten-
sion of the Fuzzy Quasi-Planar Graph.

Definition 91. An Intuitionistic Fuzzy Quasi-Planar Graph Y = (V, ia, v A, 1B, v B) s an intuitionistic fuzzy
graph that can be drawn in the plane such that no three intuitionistic fuzzy edges are pairwise crossing.

Formally, y;F is called an Intuitionistic Fuzzy Quasi-Planar Graph if there exists a drawing D in which
any set of three intuitionistic fuzzy edges do not all intersect each other at distinct points in their interiors.

Definition 92. An Intuitionistic Fuzzy k-Quasi-Planar Graph ¢y = (V,pua,v A, up,vp) is an intuitionistic
fuzzy graph that can be drawn in the plane such that no k intuitionistic fuzzy edges are pairwise crossing.
Formally, let y;r = (V, ua,va, up,vp) be an intuitionistic fuzzy graph where:

e ua 2V — [0,1] assigns a membership degree to each vertex v € V,and v4 : V — [0, 1] assigns a
non-membership degree such that g (v) +va(v) < 1.

e up : VxV — [0,1] assigns a membership degree to each edge (u,v),and vg : VXV — [0, 1] assigns a
non-membership degree such that ug(u,v) + vp(u,v) < 1 and ug(u,v) < min{u(u), ua(v)}.

The intuitionistic fuzzy graph Y is called Intuitionistic Fuzzy k-Quasi-Planar if there exists a drawing
D in which any set of & intuitionistic fuzzy edges do not all intersect each other at distinct points in their interiors.

Theorem 93. An Intuitionistic Fuzzy k-Quasi-Planar Graph can be transformed into a Intuitionistic Fuzzy
Quasi-Planar graph.

Proof. Obviously holds. O

Theorem 94. An Intuitionistic Fuzzy k-Quasi-Planar Graph can be transformed into a Fuzzy k-Quasi-Planar
graph.

Proof. Obviously holds. O
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2.4.5 Intuitionistic Fuzzy Quasi-Outerplanar Graph
The definition of an Intuitionistic Fuzzy Quasi-Outerplanar Graph is provided below. This graph is an
extension of the Fuzzy Quasi-Outerplanar Graph.

Definition 95. An Intuitionistic Fuzzy Quasi-Outerplanar Graph Yy = (V, ua,va, UB,Vvp) is an intuitionistic
fuzzy graph that can be drawn in the plane such that all vertices lie on the boundary of the exterior region, and
no three intuitionistic fuzzy edges are pairwise crossing.

Formally, ¢ F is called an Intuitionistic Fuzzy Quasi-Outerplanar Graph if there exists a drawing D
such that all vertices v € V are positioned on the boundary of the outer (unbounded) face of D, and any set of
three intuitionistic fuzzy edges do not all intersect each other at distinct points in their interiors.

Definition 96. An Intuitionistic Fuzzy Outer-k-Quasi-Planar Graph yip = (V, A, v A, 4B, vp) is an intuition-
istic fuzzy graph that can be drawn in the plane such that all vertices lie on the boundary of the exterior region,
and no set of k intuitionistic fuzzy edges are pairwise crossing.

Formally, let Y7 = (V, ua, v A, uB, vE) be an intuitionistic fuzzy graph where:

* UA,VA, UB,and vpg are as defined above.

The intuitionistic fuzzy graph ¥ F is called Intuitionistic Fuzzy Outer-k-Quasi-Planar if there exists a
drawing D such that all vertices v € V are positioned on the boundary of the outer (unbounded) face of D, and
any set of k intuitionistic fuzzy edges do not all intersect each other at distinct points in their interiors.

Theorem 97. An Intuitionistic Fuzzy Outer-k-Quasi-Planar Graph can be transformed into a Fuzzy Outer-k-
Quasi-Planar graph.

Proof. Obviously holds. O

Theorem 98. An Intuitionistic Fuzzy Quasi-Outerplanar Graph can be transformed into a Fuzzy Quasi-Outerplanar
Graph.

Proof. Obviously holds. O

2.4.6 Intuitionistic Fuzzy Quasi Apex Graph
The definition of an Intuitionistic Fuzzy Quasi Apex Graph is provided below. This graph is an extension
of the Fuzzy Quasi Apex Graph.

Definition 99. An Intuitionistic Fuzzy k-Quasi Apex Graphwir = (V, ua,va, 4B,V g) is an intuitionistic fuzzy
graph that can be transformed into an intuitionistic fuzzy quasi planar graph by removing at most k vertices.
Formally, ¥ is called an Intuitionistic Fuzzy k-Quasi Apex Graph if there exists a subset § C V with
S| <k such that the induced intuitionistic fuzzy sgb.graph zp}F = (V\ tS, pg., vg, ;.1;9, v’B), Wher.e “:4’ v;‘, #;9, vg,
are the restrictions of u 4, v 4, up, vp on the remaining vertices, is an intuitionistic fuzzy Quasi planar graph.

Theorem 100. An Intuitionistic Fuzzy k-Quasi Apex Graph can be transformed into a Fuzzy k-Quasi Apex
Graph.

Proof. Obviously holds. O

2.4.7 Intuitionistic Fuzzy Quasi Apex Outerplanar Graph
The definition of an Intuitionistic Fuzzy Quasi Apex Outerplanar Graph is provided below. This graph
is an extension of the Fuzzy Quasi Apex Outerplanar Graph.

Definition 101. An [ntuitionistic Fuzzy k-Quasi Apex Outerplanar Graph yjr = (V, A,V A, B, VEB) 1S an
intuitionistic fuzzy graph that can be transformed into an intuitionistic fuzzy quasi outerplanar graph by removing
at most k vertices.

Formally, ¢ F is called an Intuitionistic Fuzzy k-Quasi Apex Outerplanar Graph if there exists a subset
§ € V with [S] < k such that the induced intuitionistic fuzzy subgraph ¢/} . = (V\ S, iy, V'), w5, vp), Where
,u;‘, v, ,u;g, v}g are the restrictions of 4, v 4, up,vp on the remaining vertices, is an intuitionistic fuzzy Quasi

outerplanar graph.

Theorem 102. An Intuitionistic Fuzzy k-Quasi Apex Outerplanar Graph can be transformed into a Fuzzy k-
Quasi Apex Outerplanar Graph.

Proof. Obviously holds. O
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2.4.8 Intuitionistic fuzzy almost planar graph
The definitions of an Intuitionistic fuzzy almost planar graph and an almost outerplanar graph are ex-
tended to the context of Intuitionistic fuzzy graphs as follows.

Definition 103. An Intuitionistic fuzzy graph yir = (V, (ua,va), (up,vp)) is called an Intuitionistic fuzzy
almost planar graph if there exists an edge e € E (yF) such that the Intuitionistic fuzzy graph ¥ ;r — e (i.e., the
Intuitionistic fuzzy graph obtained by removing the edge e from ;r) is an Intuitionistic fuzzy planar graph.

Definition 104. An Intuitionistic fuzzy graph yir = (V, (ua,va), (up,vp)) is called an Intuitionistic fuzzy
almost outerplanar graph if there exists an edge e € E (¢ F) such that the Intuitionistic fuzzy graph Y —e (i.e.,
the Intuitionistic fuzzy graph obtained by removing the edge e from y;r) is an Intuitionistic fuzzy outerplanar
graph.

Theorem 105. An intuitionistic fuzzy almost planar graph can be transformed into a fuzzy almost planar graph.

Proof. Obviously holds. O

Theorem 106. An intuitionistic fuzzy almost outerplanar graph can be transformed into a fuzzy almost outer-
planar graph.

Proof. Obviously holds. O

2.5 Neutrosophic graph and planar graph

First, the definition of a neutrosophic graph is provided. Similar to fuzzy graphs, neutrosophic graphs
have been the focus of extensive research [28]/33/130112374[238}/276,297,[3191/463}/493,497]. Additionally, the
concept of neutrosophic sets[|128}1212}/378L/540]] in set theory is closely related to neutrosophic graphs. The
definition is given below[237,1497]].

Definition 107. [237,/497|] A neutrosophic graph NTG = (V,E,o = (01,0%2,03), 1 = (U1, g2, u3)) is defined
as a graph where o : V — [0,1], g; : E — [0, 1], and for every v;v; € E, the following condition holds:
uivi) <o) Ao(vj).

1. o is called the neutrosophic vertex set.
. u is called the neutrosophic edge set.

. |V] is called the order of NTG, and it is denoted by O (NTG).

2
3
4. Y, ey o(v) is called the neutrosophic order of NTG, and it is denoted by On(NTG).
5. |E| is called the size of NTG, and it is denoted by S(NTG).

6

. YecE L(e) is called the neutrosophic size of NTG, and it is denoted by Sn(NTG).

Theorem 108. /235] The following are examples of related Neutrosophic graph classes, including but not
limited to:

Bipolar Neutrosophic Graphs [31]
Interval-Valued Neutrosophic Graphs [486]
Single-Valued Neutrosophic Graphs [35}|131)]
Interval Complex Neutrosophic Graphs [129|300]

Neutrosophic Hypergraphs [250]

Neutrosophic Vague Line Graphs [|300]

Neutrosophic Vague Graphs [301)]
Single-Valued Neutrosophic Signed Graphs [386)]
Neutrosophic Soft Rough Graphs [28)
Neutrosophic Incidence Graphs [32]

Fermatean Neutrosophic Dombi Fuzzy Graphs [474)]

Interval valued pentapartitioned neutrosophic graphs [129]

Single valued pentapartitioned neutrosophic graphs/174]
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* pentapartitioned neutrosophic graphs[443]
* t-Neutrosophic Fuzzy graph/327]

» Complex t-Neutrosophic Graph/330]

* Regular neutrosophic graphs[297]

* Q-neutrosophic soft graphs/532)]

* Balanced Neutrosophic Graphs[490]

* Neutrosophic minimum spanning tree graph/363]

Proof. Refer to each reference as needed. O

2.5.1 Neutrosophic planar graph

A neutrosophic planar graph is an extension of fuzzy planar graphs and intuitionistic fuzzy planar graphs
[371[146L[375].

Definition 109. [320] Let G = ( A, B) be a neutrosophic multigraph, where B contains edges (ab, Tp (ab), Ig (ab),
Fp(ab)) and (cd, Tg (cd), Ip (cd), Fp (cd)) that intersect at a point P. The intersecting value at point P is defined as

(S7)ab + (ST)ca (SDab + (SDca (SF)ab + (SF)ca
2 ’ 2 ’ 2 ’

Sp=(ST)p,(SDp,(SF)pP) =

As the number of intersection points in a neutrosophic multigraph increases, its planarity decreases. Thus, for a
neutrosophic multigraph, Sp is inversely proportional to the planarity.

Definition 110. [37146,375] A neutrosophic multigraph G with intersection points P1, Po, ..., P; between the
edges in a certain geometrical representation is called a neutrosophic planar graph if the neutrosophic planarity
value f = (fr, f1. fr) satisfies:  fr = fi = fr = 1.

The neutrosophic planarity value is computed as:

1 1
L+ {(Sr)p, + (Sp)p, + ..+ (Sp)p } L+ {(Spp, +(Spp, + ...+ (Spp.}

f=Urf1.0F)=

1+ {(SF)p, + (SF)p, +. .+ (SFip } ]

where S, S, and SF represent the truth, indeterminacy, and falsity values of the intersections at each point P;.
For the graph to be considered neutrosophically planar, we must have:

(ST)p, +(ST)pPy+.. . +(ST)P, =0, (SpPp,+(SDpP,+...+(SPDp, =0, (SF)p,+(SF)p,+...+(SF)p, =0.

Thus, the neutrosophic planarity value must be ( fr, f7, fr) = (1,1, 1), indicating no geometrical intersections
and perfect planarity in all neutrosophic dimensions.

Theorem 111. Let Gy = (V,E, o = (or,07,0F), 0 = (U, Uy, F)) be a neutrosophic planar graph, where:

« 0 :V — [0,1]3 assigns a triple (o (v), 07 (v), 0F (v)) representing the truth, indeterminacy, and falsity
membership degrees to each vertexv € V.

o u: E — [0,1]3 assigns a triple (ug(e), uy(e), up(e)) representing the truth, indeterminacy, and falsity
membership degrees to each edge e € E.

By setting the indeterminacy oy(v) = 0 and the falsity o (v) = 0 for all vertices v € V, and similarly setting
ur(e) =0and up(e) =0 for all edges e € E, the graph G  can be transformed into a fuzzy planar graph G .
Specifically:

» The membership degree of the fuzzy graph G is o-(v) = o (v) for each vertex v.
o The fuzzy relation u(u,v) = ur(u,v) for each edge (u, v).

Proof. 1. Vertex Transformation: For each vertex v € V, the representation is o(v) = (o7 (v), o7 (v), o (v))
By setting o7(v) = 0 and o (v) = 0, we obtain o (v) = (or(v),0,0). Therefore, in the fuzzy graph rep-
resentation, o (v) = or(v), which corresponds to the membership degree of the vertex v.
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2. Edge Transformation: Foreach edge e € E, the neutrosophic representationis y(e) = (ur(e), uy(e), ur(e)).

By setting pj(e) = 0 and ur(e) = 0, we obtain u(e) = (ur(e),0,0). Thus, the membership degree of
the edge u(u,v) = ur(u,v) corresponds to the fuzzy relation in the resulting fuzzy graph.

3. Planarity: Since Gy is a planar graph and setting o7 (v), o (v), py(e), and pup (e) to zero does not alter
the graph’s structure or the absence of intersecting edges, the resulting graph G retains the planarity

properties.
Hence, the neutrosophic planar graph G is transformed into a fuzzy planar graph G by setting the
indeterminacy and falsity values to zero. O

Theorem 112. Let Gy = (V,E,o = (o1,071,0F), 1t = (ur, 11, ur)) be a neutrosophic planar graph. By
setting the indeterminacy degree o1(v) = 0 for all vertices v € V and uj(e) = 0 for all edges e € E, the graph
G N can be transformed into an intuitionistic fuzzy planar graph Gg. Specifically:

» The membership degree pua(v) = o (v) for each vertex v.
* The non-membership degree v 4(v) = o (v) for each vertex v.

Similarly, for each edge e, the membership and non-membership degrees are uyr(e) = ur(e) and vir(e) =
ur(e), respectively. The resulting graph Gy satisfies the properties of an intuitionistic fuzzy planar graph.

Proof. 1. Vertex Transformation: For each vertex v € V, the representation is o(v) = (o7 (v), o7 (v), oF (v)).
By setting o7 (v) = 0, we obtain o-(v) = (o7 (v), 0, o (v)). Defining ua (v) = or(v) andv4 (v) = op(v),
we ensure uq(v) +va(v) =or(v) +or(v) < 1.

2. Edge Transformation: Foreach edge e € E, the neutrosophic representation is y(e) = (ur(e), uy(e), ur(e)).

By setting uy(e) = 0, we obtain u(e) = (ur(e),0, up(e)). Defining usr(e) = ur(e) and vip(e) =
uF(e), we have uyp(e) +vyp(e) < 1.

3. Planarity: Since Gy is a planar graph, there exists an embedding in the plane such that no edges intersect
except at vertices. Thus, the resulting graph G is also planar, with fuzzy representation characteristics

maintained.
Therefore, by setting the indeterminacy values o7(v) = 0 and uy(e) = 0, the neutrosophic planar graph
G n transforms into an intuitionistic fuzzy planar graph G;Fr. O

If there are no points of intersection for a given geometrical representation of the neutrosophic planar
graph, its neutrosophic planarity value is (1, 1, 1). In such a case, the underlying crisp graph of this neutrosophic
graph corresponds to a classical planar graph. As f and f7 decrease and fF increases, the number of intersection
points between edges increases or decreases, respectively, and the degree of planarity decreases or increases
accordingly.

2.5.2 Neutrosophic outerplanar graph

We introduce a new definition for the Neutrosophic outerplanar graph. The Neutrosophic outerplanar
graph extends the concepts of Fuzzy outerplanar Graph and Intuitionistic Fuzzy outerplanar graph as described
below.

Definition 113 (Neutrosophic Outerplanar Graph). A neutrosophic outerplanar graph

G =(A,B,0 = (or,01,0F), b = (LT, 11, LF))
is a neutrosophic multigraph such that:

« 0 : A — [0,1]3 assigns a triple (o7 (v), o7 (v), o (v)) representing the truth, indeterminacy, and falsity
membership degrees to each vertex v € A.

e 4 : B — [0,1]3 assigns a triple (ur (e), uy(e), ur (e)) representing the truth, indeterminacy, and falsity
membership degrees to each edge e € B.

The graph G is called neutrosophic outerplanar if it can be embedded in the plane such that all vertices lie on the
boundary of the exterior region, satisfying the following conditions:

1. No two edges intersect except at their endpoints.

2. All vertices are positioned on the outer face of the graph embedding.
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If there are intersection points P1, P2, ..., P, in the embedding, the neutrosophic outerplanarity value f =
(fr. f1, fF) is defined as

1 1 1

I\ TS, e 1o 352, Gnp T+ 52, 6mm |

where Sp, = ((ST)p;, (S1)p;, (SF)p;) denotes the intersecting values at point P;. If no intersections exist,
f=@11.

Next, we will provide the definitions of a maximal neutrosophic outerplanar graph and a minimally
neutrosophic non-outerplanar graph.

Definition 114. If an edge cannot be added to a neutrosophic outerplanar graph ¢ without sacrificing its out-
erplanarity property, then the graph is called a maximal neutrosophic outerplanar graph. The graphs shown in
Figures are examples of maximal neutrosophic outerplanar graphs.

Definition 115. A neutrosophic planar graph i is considered minimally neutrosophic non-outerplanar ifi(y) #
0 with at most one vertex v € V such that o7(v) > 0 or o (v) > 0 in the interior region.

Theorem 116. A neutrosophic outerplanar graph can be transformed into a fuzzy outerplanar graph by setting
the indeterminacy and falsity degrees oj(v) and o (v) for all vertices, and pj(e) and pp(e) for all edges, to
zero.

Proof. LetG = (A,B,0 = (or,07,0F), u = (U, Uy, 1LF)) be a neutrosophic outerplanar graph, where:
« 0 : A — [0,1]3 assigns a triple (o7 (v), 07 (v), o (v)) to each vertex v € A.
« 1 : B — [0,1]3 assigns a triple (ur(e), uy(e), ur (e)) to each edge e € B.
Define a new fuzzy outerplanar graph ¢ = (V, 0, u’) where:
* V = A (the set of vertices remains the same),
e o’ : V> [0,1] is defined by o’ (v) = o (v),
ey : VXV —[0,1] is defined by ' (u, v) = ur(e) where e is the edge between u and v.

By setting o7(v) = 0 and o (v) = 0 for all v € V, the original triple (o7 (v), o7 (v), oF(v)) reduces to
a single membership value o7 (v).

Similarly, for each edge e, setting pj(e) = 0 and uf(e) = 0 reduces (u7(e), ur(e), ur(e)) to the single
value ur(e).

This transformation results in:

' (u,v) < min{o”’ (u), o’ ()},

satisfying the conditions of a fuzzy outerplanar graph.

Additionally, since all vertices lie on the boundary of the exterior region in the neutrosophic embedding,
the transformed graph  maintains the outerplanar property. Therefore, the resulting graph ¢ = (V, o/, u’) isa
valid fuzzy outerplanar graph. O

2.5.3 Neutrosophic apex graph
The definition of a neutrosophic apex graph is provided below. This graph extends the concepts of fuzzy
apex graphs and intuitionistic fuzzy apex graphs, as detailed in the following sections.

Definition 117. A neutrosophic apex graphy = (V,E,o = (or,07,0F), i = (U1, i1, 1LF)) 1S a neutrosophic
graph that can be transformed into a neutrosophic planar graph by removing a single vertex v € V. The removed
vertex is called an apex of the neutrosophic graph .

Formally, ¢ is a neutrosophic apex graph if there exists a vertex v € V such that the subgraph ¢’ =
(V\{vLE' o’,u"), where E’ is the set of edges remaining after the removal of v, and ¢’ and pu’ are the
restrictions of the membership functions o and y on the remaining vertices and edges, is a neutrosophic planar
graph.

The neutrosophic apex graph retains the following properties:

« 0 :V — [0,1]3 assigns a triple (o7p (v), o7 (v), o (v)) representing the truth, indeterminacy, and falsity
membership degrees to each vertex v € V.
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« 4 : E — [0,1]3 assigns a triple (ur(e), uy(e), ur (e)) representing the truth, indeterminacy, and falsity
membership degrees to each edge e € E.

+ If the neutrosophic apex graph ¢ itself is neutrosophic planar, then every vertex in V can be considered an
apex.

Similar to classical apex graphs, a neutrosophic apex graph may have multiple apex vertices. Addition-
ally, if'y is the null neutrosophic graph (i.e., V = 0), it is trivially a neutrosophic apex graph.

Definition 118. A neutrosophic k-apex graph G = (A,B,o0 = (or,07,0F), 1t = (ur, U1, UF)) is a neutro-
sophic graph that can be transformed into a neutrosophic planar graph by removing at most k vertices from

If k = 0, the neutrosophic k-apex graph itself is already a neutrosophic planar graph. When k = 1, the
graph corresponds to a neutrosophic apex graph as defined earlier.

2.5.4 Neutrosophic Apex Outerplanar Graph

The definition of a neutrosophic Apex Outerplanar Graph is provided below. This graph extends the
concepts of fuzzy Apex Outerplanar Graph and intuitionistic fuzzy Apex Outerplanar Graph, as detailed in the
following sections.

Definition 119. A Neutrosophic Apex Outerplanar Graph yy = (V,Ta, 14, Fa,TB, I, Fp) is a neutrosophic
graph that can be transformed into a neutrosophic outerplanar graph by removing a single vertex v € V.
Formally, ¥ is called a Neutrosophic Apex Outerplanar Graph if there exists a vertex v € V such that
the indu_ced neutrosophic subgraph ¢y, = (V'\ {V}’.T:A’ 11’4, FA, T;?_’ 15, Fp), wher.e T, 1:4, FA, Ty, Iy, Fp are
the restrictions of T4, 14, Fa, TB, Ip, Fp to the remaining vertices, is a neutrosophic outerplanar graph.
2.5.5 Neutrosophic Quasi-Planar Graph
The definition of a Neutrosophic Quasi-Planar Graph is provided below. This graph extends the concepts
of fuzzy Quasi-Planar Graph and intuitionistic fuzzy Quasi-Planar Graph, as detailed in the following sections.

Definition 120. A Neutrosophic Quasi-Planar Graphyn = (V,Ta,Ia, Fa,Tp, I, Fp) is a neutrosophic graph
that can be drawn in the plane such that no three neutrosophic edges are pairwise crossing.

Formally, ¢ is called a Neutrosophic Quasi-Planar Graph if there exists a drawing D in which any set
of three neutrosophic edges do not all intersect each other at distinct points in their interiors.

Definition 121. A Neutrosophic Outer-k-Quasi-Planar Graph y = (V,Ta,Ia, Fa,Tg, Ip, Fp) is a neutro-
sophic graph that can be drawn in the plane such that all vertices lie on the boundary of the exterior region, and
no set of k neutrosophic edges are pairwise crossing.

Formally, the neutrosophic graph y is called a Neutrosophic Outer-k-Quasi-Planar Graph if there
exists a drawing D such that all vertices v € V are positioned on the boundary of the outer (unbounded) face of
D, and any set of k neutrosophic edges do not all intersect each other at distinct points in their interiors.

2.5.6 Neutrosophic Quasi-Outerplanar Graph

The definition of a Neutrosophic Quasi-Outerplanar Graph is provided below. This graph extends the
concepts of fuzzy Quasi-Outerplanar Graph and intuitionistic fuzzy Quasi-Outerplanar Graph, as detailed in the
following sections.

Definition 122. A Neutrosophic Quasi-Outerplanar Graph yn = (V,Ta, I, Fa,Tp, I, Fp) is a neutrosophic
graph that can be drawn in the plane such that all vertices liec on the boundary of the exterior region, and no three
neutrosophic edges are pairwise crossing.

Formally, ¢ is called a Neutrosophic Quasi-Outerplanar Graph if there exists a drawing D such that
all vertices v € V are positioned on the boundary of the outer (unbounded) face of D, and any set of three
neutrosophic edges do not all intersect each other at distinct points in their interiors.

Definition 123. A Neutrosophic k-Quasi-Planar Graph yy = (V,Ta, 14, Fa,TB, I, Fp) is a neutrosophic
graph that can be drawn in the plane such that no k neutrosophic edges are pairwise crossing.
Formally, let y = (V,Ta, I, Fa, T, g, Fg) be a neutrosophic graph where:

e Typ:V —1[0,1],14:V — [0,1],and F4 : V — [0, 1] represent the truth-membership, indeterminacy-
membership, and falsity-membership degrees of each vertex, respectively, satisfying 0 < T4 (v) +14(v) +
Fa(v) < 1.

*Tp: VXV — [0,1],Ip : VXV — [0,1],and Fp : VXV — [0, 1] represent the truth-membership,
indeterminacy-membership, and falsity-membership degrees for each edge (u,v), satisfying Tg(u,v) +
Ig(u,v) + Fg(u,v) < 1and Tg(u,v) < min{T4(u),To(v)}.

396



2.5.7 Neutrosophic Quasi Apex Graph
The definition of a Neutrosophic Quasi Apex Graphis provided below. This graph extends the concepts
of fuzzy Quasi Apex Graph and intuitionistic fuzzy Quasi Apex Graph, as detailed in the following sections.

Definition 124. A Neutrosophic k-Quasi Apex Graphyn = (V,Ta, 1a, Fo,Tp, B, Fp) is a neutrosophic graph
that can be transformed into a neutrosophic planar graph by removing at most k vertices.

Formally, ¥ is called a Neutrosophic k-Quasi Apex Graph if there exists a subset S € V with |S| < k
such that thq iqduced neutrosophic subgraph w;v = (V\S., T’ s 1:4, FA Té, I;;, Fl,a)’ whe.re TA, IA, FA, Tl’;, I;g, Fé
are the restrictions of T4, [ 4, Fa,Tp, I, Fp to the remaining vertices, is a neutrosophic quasi-planar graph.

2.5.8 Neutrosophic Quasi Apex Outerplanar Graph

The definition of a Neutrosophic Quasi Apex Outerplanar Graph is provided below. This graph extends
the concepts of fuzzy Quasi Apex Outerplanar Graph and intuitionistic fuzzy Quasi Apex Outerplanar Graph, as
detailed in the following sections.

Definition 125. A Neutrosophic k-Quasi Apex Outerplanar Graph yny = (V,Ta,Ia, Fa,Tg, I, Fp) is a neu-
trosophic graph that can be transformed into a neutrosophic outerplanar graph by removing at most k vertices.

Formally, ¥ is called a Neutrosophic k-Quasi Apex Outerplanar Graph if there exists a subset S C
V with |S| < k such that the induced neutrosophic subgraph w;\, = (V\S, T’,IA,FA,T&,I%,F&), where
T;‘, IA, F;‘, Té, I;;, Fl’g are the restrictions of T4, 14, Fa, TB, Ig, Fp to the remaining vertices, is a neutrosophic
quasi outerplanar graph.

2.5.9 Neutrosophic almost planar graph
The definitions of a neutrosophic almost planar graph and an neutrosophic almost outerplanar graph are
extended to the context of neutrosophic fuzzy graphs as follows.

Definition 126. A neutrosophic graph NTG = (V,E,o = (01,02,03), 1t = (U1, u2, 13)) is called a neutro-
sophic almost planar graph if there exists an edge e € E(NTG) such that the neutrosophic graph NTG —e (i.e.,
the neutrosophic graph obtained by removing the edge e from N7'G) is a neutrosophic planar graph.

Definition 127. A neutrosophic graph NTG = (V,E,o = (01,02,03),u = (u1, u2, u3)) is called a neutro-
sophic almost outerplanar graph if there exists an edge e € E(NTG) such that the neutrosophic graph NTG — e
(i.e., the neutrosophic graph obtained by removing the edge e from NTG) is a neutrosophic outerplanar graph.

Theorem 128. An neutrosophic almost planar graph can be transformed into an intuitionistic fuzzy almost
planar graph.

Proof. Obviously holds. O

Theorem 129. An neutrosophic almost outerplanar graph can be transformed into an intuitionistic fuzzy almost
outerplanar graph.

Proof. Obviously holds. O

2.6 Turiyam Neutrosophic Graph

Research on Turiyam Neutrosophic Graphs, which incorporate parameters into Neutrosophic Graphs, is
currently being conducted [244-246]. These graphs are a graphical representation of the Turiyam Neutrosophic
Set [246,/487]. Similar concepts include four-valued logic [90L|150]]. The definition is provided below.

Definition 130 (Turiyam Neutrosophic Graph). [244}246] Let G = (V, E) be a classical graph with a finite set
of vertices V. = {v; : i = 1,2,...,n} and edges E = {(v;,v;) : i,j = 1,2,...,n}. A Turiyam Neutrosophic
Graph of G, denoted GT = (VT ET), is defined as follows:

1. Turiyam Neutrosophic Vertex Set: For each vertex v; € V, the Turiyam Neutrosophic graph assigns the

following mappings:
1(vi),iv(vi), fv(vi), Iv(vi) : V — [0,1],

where:

* t(v;) is the truth value (tv) of the vertex v;,
* iv(v;) is the indeterminacy value (iv) of v;,
* fv(v;) is the falsity value (fv) of v;,
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* Iv(v;) is the Turiyam Neutrosophic state (or liberal value) (Iv) of v;,

for all v; € V, such that the following condition holds for each vertex:

0<t(vi)+iv(vy) + fv(vy) +lv(v;y) < 4.

2. Turiyam Neutrosophic Edge Set: For each edge (v;,v;) € E, the Turiyam Neutrosophic graph assigns the
following mappings:

t(vi,vj),iv(vi,vj), fv(vi,vj), v(vi,vj) : E — [0,1],
where:
* t(v;,v}) is the truth value of the edge (v;,v;),
* iv(v;,vj) is the indeterminacy value of (v;, V),
s fv(vi,v;) is the falsity value of (v;,v;),
* Iv(v;,vj) is the Turiyam Neutrosophic state (or liberal value) of (vi,v;),

for all (v;,v;) € E, such that the following condition holds for each edge:

0<t(vi,vj)+iv(vi,vj)+ fv(vi,vj) +lv(vi,vj) < 4.

In this case, V7 represents the Turiyam Neutrosophic vertex set of the graph GT, and ET represents the
Turiyam Neutrosophic edge set of G7 .

2.6.1 Turiyam Neutrosophic Planar Graph
The Turiyam Neutrosophic planar Graph is an extension of the planar Graph, incorporating the concepts
of Turiyam Neutrosophic Graphs. The definition is provided below.

Definition 131 (Turiyam NeutrosophicPlanar Graph) A Turiyam Neutrosophic planar graph Gr=(V, E, o,
v, 0, oy ) is a Turiyam Neutrosophicgraph where:

cor:V - [0,1],01y : V> [0,1], 0 : V — [0,1],and oy : V — [0, 1] represent the truth,
indeterminacy, falsity, and liberal membership degrees of each vertex, respectively.

cur : E - [0,1], gy : E — [0,1], ur : E — [0,1],and pupy : E — [0, 1] represent the truth,
indeterminacy, falsity, and liberal membership degrees of each edge, respectively.

The graph G is said to be a Turiyam Neutrosophic planar graph if it can be drawn in the plane such that no two
edges intersect except at their endpoints.
The Turiyam Neutrosophic planarity value fr = (fr, f1v, fF. fLv) of the graph G is defined as

1 1 1 1
L+ 25, Sp)p 1+ 25 (Siv)p 1+ X5 (Sp)p 1+ 22 (Sey)p, |
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where Sp, = ((S7)p;» (S1v)p,;» (SF)p;, (SLv)p;) denotes the intersecting values at point P;. If there are no
intersection points, fr = (1,1,1,1). This value reflects the degree of planarity in the Turiyam Neutrosophic
context, with higher values indicating greater planarity.

2.6.2 Turiyam Neutrosophic Outerplanar Graph
The Turiyam Neutrosophic Outerplanar Graph is an extension of the Outerplanar Graph, incorporating
the concepts of Turiyam Neutrosophic Graphs. The definition is provided below.

Definition 132 (Turiyam Neutrosophic Outerplanar Graph). A Turiyam Neutrosophic outerplanar graph G =
(V,E,or,01v,0F,0Ly) is a Turiyam Neutrosophic graph that can be embedded in the plane such that all
vertices lie on the boundary of the exterior region, satisfying the following conditions:

cor:V - [0,1],01y : V> [0,1],0F : V — [0,1],and oy : V — [0, 1] represent the truth,
indeterminacy, falsity, and liberal membership degrees of each vertex, respectively.

cur : E - [0,1], gy : E — [0,1], ur : E — [0,1], and pupy : E — [0, 1] represent the truth,
indeterminacy, falsity, and liberal membership degrees of each edge, respectively.
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* No two edges intersect except at their endpoints, and all vertices are positioned on the outer face of the
graph embedding.

If there are intersection points P, P2, ..., Pz, the Turiyam Neutrosophic outerplanarity value fr =
(fr, fiv, f¥» fLy) of the graph is defined as

1 1 1 1
L+ 25, Sp)p 1+ 25 (Siv)p 1+ 35 (Sp)p 1+ 25 (Sey)p, |
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where Sp, = ((ST)p;» (S1v)pP;» (SF)P;» (SLV) p;) denotes the intersecting values at point P;. If no intersections
exist, fr = (1,1,1,1).

2.6.3 Turiyam Neutrosophic Apex Planar Graph
The Turiyam Neutrosophic Apex planar Graph is an extension of the Apex planar Graph, incorporating
the concepts of Turiyam Neutrosophic Graphs. The definition is provided below.

Definition 133 (Turiyam Neutrosophic Apex Planar Graph). A Turiyam Neutrosophic Apex Planar Graph

v = (V,ta,iva, fva.lva.tg,ive, fvp,lvp)

is a Turiyam Neutrosophic graph that can be transformed into a Turiyam Neutrosophic planar graph by removing
a single vertex v € V. The removed vertex is called an apex of the Turiyam Neutrosophic graph 7.

Formally, yr is called a Turiyam Neutrosophic Apex Planar Graph if there exists a vertex v € V such
that the induced Turiyam Neutrosophic subgraph 7. = (V \ {v}, ¢}, iv/, fv/, IVt iV, fvp, IV}p), where
PV fV IV U, iV, [V, IV are the restrictions of 14,iv 4, fva, v, 1B, ivp, fvp,Ivp to the remaining
vertices and edges, 1s a Turiyam Neutrosophic planar graph.

The Turiyam Neutrosophic apex graph retains the following properties:

e tpa V> [0,1],iva : V — [0,1], fvg : V — [0,1], and lv4 : V — [0, 1] assign the truth,
indeterminacy, falsity, and liberal membership degrees to each vertex v € V, respectively.

etg : E — [0,1],ivg : E — [0,1], fvp : E — [0,1], and Ivg : E — [0,1] assign the truth,
indeterminacy, falsity, and liberal membership degrees to each edge e € E, respectively.

* If the Turiyam Neutrosophic apex graph - itself is a Turiyam Neutrosophic planar graph, then every
vertex in V can be considered an apex.

Similar to classical apex graphs, a Turiyam Neutrosophic apex graph may have multiple apex vertices.
Additionally, if ¢7 is the null Turiyam Neutrosophic graph (i.e., V = 0), it is trivially a Turiyam Neutrosophic
apex graph.

2.6.4 Turiyam Neutrosophic Apex Outerplanar Graph
The Turiyam Neutrosophic Apex Outerplanar Graph is an extension of the Apex Outerplanar Graph,
incorporating the concepts of Turiyam Neutrosophic Graphs. The definition is provided below.

Definition 134. A Turiyam Neutrosophic Apex Outerplanar Graph

Ut = (V 1A, ivaA, fyva,lva.tp,ive, fvp,lvp)

is a Turiyam Neutrosophic graph that can be transformed into a Turiyam Neutrosophic outerplanar graph by
removing a single vertex v € V.

Formally, yr is called a Turiyam Neutrosophic Apex Outerplanar Graph if there exists a vertex v € V
such that the induced Turiyam Neutrosophic subgraph ¢, = (V \ {v},#,,iv/,, fv/,, V'), 1,1V, [V, V),
where #/,, iv’A,fv;‘, W'yt iV, [V, IV are the restrictions of t4,iv 4, fva,Iva,tg.ive, fvp,[vp to the re-
maining vertices, 1s a Turiyam Neutrosophic outerplanar graph.
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2.6.5 Turiyam Neutrosophic Quasi-Planar Graph
The Turiyam Neutrosophic Quasi planar Graph is an extension of the Quasi planar Graph, incorporating
the concepts of Turiyam Neutrosophic Graphs. The definition is provided below.

Definition 135. A Turiyam Neutrosophic Quasi-Planar Graph

Ut = (V,ta,iva, fva.lva,tp,ivg, fve,lvp)

is a Turiyam Neutrosophic graph that can be drawn in the plane such that no three Turiyam Neutrosophic edges
are pairwise crossing.

Formally, y7 is called a Turiyam Neutrosophic Quasi-Planar Graph if there exists a drawing D in which
any set of three Turiyam Neutrosophic edges do not all intersect each other at distinct points in their interiors.

Definition 136. A Turiyam Neutrosophic k-Quasi-Planar Graph

yr = (Vv TAS VA, fVA’lVA’tB’iVB’ fVBalVB)

is a Turiyam Neutrosophic graph that can be drawn in the plane such that no £ Turiyam Neutrosophic edges are
pairwise crossing.
Formally, let
yr = (V.ta.iva, fva.lva,ig,ive, fve.lvp)

be a Turiyam Neutrosophic graph where:

s tpa V> [0,1],ivg : V > [0,1], fvg : V — [0,1], and Iv4 : V — [0, 1] represent the truth,
indeterminacy, falsity, and liberal values for each vertex, respectively, satisfying 0 < t4(v) +iva(v) +
fva(v) +lvya(v) < 1.

e tg: VXV = [0,1],ivg : VXV = [0,1], fvg : VXV — [0,1],and lvg : VXV — [0, 1] represent
the truth, indeterminacy, falsity, and liberal values for each edge (u, v), satisfying tg(u,v) + ivp(u,v) +
fveu,v)+lvg(u,v) < landtg(u,v) < min{rg(u),14(v)}.

The Turiyam Neutrosophic graph yr is called a Turiyam Neutrosophic k-Quasi-Planar Graph if there
exists a drawing D in which any set of & Turiyam Neutrosophic edges do not all intersect each other at distinct
points in their interiors.

2.6.6 Turiyam Neutrosophic Quasi-Outerplanar Graph
The Turiyam Neutrosophic Quasi Outerplanar Graph is an extension of the Quasi Outerplanar Graph,
incorporating the concepts of Turiyam Neutrosophic Graphs. The definition is provided below.

Definition 137. A Turiyam Neutrosophic Quasi-Outerplanar Graphyr = (V,tA,iva, fva,lva.tp,ivp, fvp,lvp)
is a Turiyam Neutrosophic graph that can be drawn in the plane such that all vertices lie on the boundary of the
exterior region, and no three Turiyam Neutrosophic edges are pairwise crossing.

Formally, yr is called a Turiyam Neutrosophic Quasi-Outerplanar Graph if there exists a drawing D
such that all vertices v € V are positioned on the boundary of the outer (unbounded) face of D, and any set of
three Turiyam Neutrosophic edges do not all intersect each other at distinct points in their interiors.

Definition 138. A Turiyam Neutrosophic Outer-k-Quasi-Planar Graph

Ut = (V, 1A, ivA, fyva,lva,tg,ive, fvp,lvp)

is a Turiyam Neutrosophic graph that can be drawn in the plane such that all vertices lie on the boundary of the
exterior region, and no set of k Turiyam Neutrosophic edges are pairwise crossing.

Formally, the Turiyam Neutrosophic graph 7 is called a Turiyam Neutrosophic Outer-k-Quasi-Planar
Graph if there exists a drawing D such that all vertices v € V are positioned on the boundary of the outer
(unbounded) face of D, and any set of k& Turiyam Neutrosophic edges do not all intersect each other at distinct
points in their interiors.
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2.6.7 Turiyam Neutrosophic Quasi Apex Graph
The Turiyam Neutrosophic Quasi Apex Graph is an extension of the Quasi Apex Graph, incorporating
the concepts of Turiyam Neutrosophic Graphs. The definition is provided below.

Definition 139. A Turiyam Neutrosophic k-Quasi Apex Graph

Ut = (V,ta,iva, fva.lva,tp,ivg, fve,lvp)

is a Turiyam Neutrosophic graph that can be transformed into a Turiyam Neutrosophic planar graph by removing
at most k vertices.

Formally, ¢ is called a Turiyam Neutrosophic k-Quasi Apex Graph if there exists a subset S C V with
S| < k such that the induced Turiyam Neutrosophic subgraph 7. = (V\S, £/, iv’y, fv/,, IV), 15, v, fvp, V),
whgrg t;‘, iv;_‘,fv;v lv;‘, 1}3, iv%,fng, lvéare the_ restrictions of t4,iv 4, fva,Iva,tB,ivp, fve,lvp to the re-
maining vertices, 1s a Turiyam Neutrosophic quasi planar graph.

2.6.8 Turiyam Neutrosophic Quasi Apex Outerplanar Graph
The Turiyam Neutrosophic Quasi Apex Outerplanar Graph is an extension of the Quasi Apex Outerplanar
Graph, incorporating the concepts of Turiyam Neutrosophic Graphs. The definition is provided below.

Definition 140. A Turiyam Neutrosophic k-Quasi Apex Outerplanar Graph

yr = (V! TA, VA, fVA7 IVA’ B,ivB, fVB, IVB)

is a Turiyam Neutrosophic graph that can be transformed into a Turiyam Neutrosophic Quasi outerplanar graph
by removing at most k vertices.

Formally, 7 is called a Turiyam Neutrosophic k-Quasi Apex Outerplanar Graph if there exists a subset
S € V with |S| < k such that the induced Turiyam Neutrosophic subgraph

’ 7 .-/ ’ 7’ ’ .7 7’ ’
Up = VS, ivy, fV, V), th. ivp, fvg, Ivp)
, where
’ ./ ~ ! ’ ’ ./ ! ’
tA,th,va,lvA,tB,sz,va,lvB
are the restrictions of
1A, IVA fVA, VA, tB,ivE, fVB. VB

to the remaining vertices, is a Turiyam Neutrosophic quasi outerplanar graph.

2.6.9 Turiyam Neutrosophic almost planar graph
The definitions of a Turiyam Neutrosophic almost planar graph and an Turiyam Neutrosophic almost
outerplanar graph are extended to the context of Turiyam Neutrosophic graphs as follows.

Definition 141. A Turiyam Neutrosophic graph Gt = (V,E,or,01v,0F,0Ly) is called a Turiyam Neutro-
sophic almost planar graph if there exists an edge e € E(G7) such that the Turiyam Neutrosophic graph G — e
(i.e., the Turiyam Neutrosophic graph obtained by removing the edge e from G7) is a Turiyam Neutrosophic
planar graph.

Definition 142. A Turiyam Neutrosophic graph Gt = (V,E,or,01v,0F,0Ly) is called a Turiyam Neutro-
sophic almost outerplanar graph if there exists an edge e € E(Gr) such that the Turiyam Neutrosophic graph
G — e (i.e., the Turiyam Neutrosophic graph obtained by removing the edge e from Gr) is a Turiyam Neutro-
sophic outerplanar graph.

Theorem 143. An Turiyam Neutrosophic almost planar graph can be transformed into an neutrosophic almost
planar graph.

Proof. Obviously holds. O

Theorem 144. An Turiyam Neutrosophic almost outerplanar graph can be transformed into an neutrosophic
almost outerplanar graph.

Proof. Obviously holds. O
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2.7 Plithogenic Graphs and Planar graphs

Recently, Plithogenic Graphs have been proposed as a generalization of Fuzzy Graphs and Turiyam
Neutrosophic Graphs, as well as a graphical representation of Plithogenic Sets [4}264,449.1488.1491,/496,/500].
Plithogenic Graphs have been developed and are currently being actively studied [239/241/242(321]489506,511]]
The definition is provided below.

Definition 145. [511]] Let G = (V, E) be a crisp graph where V is the set of vertices and E C V X V is the set of
edges. A Plithogenic Graph PG is defined as:

PG = (PM, PN)
where:
1. Plithogenic Vertex Set PM = (M, 1, M1, adf,aCf):

* M C V is the set of vertices.

* [ is an attribute associated with the vertices.

« M is the range of possible attribute values.

e adf : M x M1 — [0,1]" is the Degree of Appurtenance Function (DAF) for vertices.
« aCf : MIx Ml — [0,1]! is the Degree of Contradiction Function (DCF) for vertices.

2. Plithogenic Edge Set PN = (N,m, Nm, bdf,bCf):

* N C E is the set of edges.

* m is an attribute associated with the edges.

* Nm is the range of possible attribute values.

e bdf : Nx Nm — [0,1]" is the Degree of Appurtenance Function (DAF) for edges.

e bCf: Nmx Nm — [0, 1] is the Degree of Contradiction Function (DCF) for edges.

The Plithogenic Graph PG must satisfy the following conditions:
1. Edge Appurtenance Constraint: For all (x, a), (y,b) € M x MI:
bdf ((xy), (a,b)) < minfadf (x,a),adf (y,b)}

where xy € N is an edge between vertices x and y, and (a, b) € Nm X Nm are the corresponding attribute
values.

2. Contradiction Function Constraint: For all (a, b), (c,d) € Nm X Nm:

bCf ((a,b),(c,d)) < min{aCf(a,c),aCf(b,d)}

3. Reflexivity and Symmetry of Contradiction Functions:

aCf(a,a) =0, Ya € M1
aCf(a,b) =aCf(b,a), Ya,b € Ml
bCf(a,a) =0, Ya € Nm
bCf(a,b) =bCf(b,a), VYa,b € Nm

Example 146. [235]
* When s =t =1, PG is called a Plithogenic Fuzzy Graph.
* When s = 2,¢ =1, PG is called a Plithogenic Intuitionistic Fuzzy Graph.
* When s = 3,7 = 1, PG is called a Plithogenic Neutrosophic Graph.
* When s =4, =1, PG is called a Plithogenic Turiyam Neutrosophic Graph.
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2.7.1 Plithogenic Planar Graph

The Plithogenic Planar Graph is an extension of the Quasi Planar Graph, incorporating the concepts of
Plithogenic Graphs. The definition is provided below.

Definition 147 (Plithogenic Planar Graph). A Plithogenic Planar Graph PG = (PM, PN) is a plithogenic graph
that can be embedded in the plane without any edge intersections, except at their endpoints.
Formally, let PG = (PM, PN) be defined as:

* PM = (M,I,Ml,adf,aC f) represents the plithogenic vertex set.
* PN = (N,m,Nm,bdf,bC f) represents the plithogenic edge set.

For any intersection point P of two plithogenic edges e1 and ea, the degree of intersection at P, denoted
by
_ (bdf(e1) +bdf(e2) aCf(e1,e2) +aCf(e2,e1)

S , ,
P 2 2

must satisfy:
Sp =(0,0) for all points of intersection.

Thus, a Plithogenic Planar Graph PG is defined such that the total number of intersections remains zero.

Theorem 148. A Plithogenic Planar Graph PG can transform into a Neutrosophic Planar Graph when s =
3,t =1, and into a Fuzzy Planar Graph when s = 1,t = 1.

Proof. We prove the theorem in two parts, corresponding to the transformations into a Neutrosophic Planar
Graph and a Fuzzy Planar Graph.
A Plithogenic Planar Graph PG = (PM, PN) is defined as:

e PM = (M,l,Ml,adf,aC f), where M is the vertex set, adf is the degree of appurtenance function, and
aC f is the degree of contradiction function.

* PN = (N,m,Nm,bdf,bCf), where N is the edge set, bdf is the degree of appurtenance function for
edges, and bC f is the degree of contradiction function for edges.

When s = 3 and r = 1, the Plithogenic Planar Graph transforms into a Neutrosophic Planar Graph
NTG = (V,E,o = (071,02,03), u = (u1, 42, u3)), where:

* 01, 09,03 correspond to the truth, indeterminacy, and falsity membership values derived from adf and
aCf.

o 1, 2, ug correspond to the truth, indeterminacy, and falsity membership values derived from bdf and
bCf.

The Neutrosophic Planar Graph retains the property that it can be embedded in the plane without any
intersecting edges, as Sp = (0, 0) for all intersection points in PG. Thus, the transformation preserves planarity
in the neutrosophic context.

When s = 1 and ¢ = 1, the Plithogenic Planar Graph reduces to a Fuzzy Planar Graph ¢ = (V, o, u, E),
where:

* 0 :V — [0, 1] represents the membership degree of each vertex.
e u: E — [0,1] represents the membership degree of each edge.

The appurtenance and contradiction functions adf, bdf, aC f, and bC f collapse into single member-
ship functions o and . The fuzzy graph satisfies the condition that it can be embedded in the plane without
intersecting edges. Specifically, for any intersection point P, the intersection strength /p satisfies:

Ip =0 for all points of intersection.
This ensures that the fuzzy planarity value f = 1, confirming the graph’s planarity.
The Plithogenic Planar Graph generalizes both Neutrosophic and Fuzzy Planar Graphs. By adjusting

the parameters s and #, the representation transitions into the respective forms, while maintaining the structural
property of planarity in all contexts. O
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2.7.2 Plithogenic Outerplanar Graph
The Plithogenic Outerplanar Graph is an extension of the Outerplanar Graph, incorporating the concepts
of Plithogenic Graphs. The definition is provided below.

Definition 149 (Plithogenic Outerplanar Graph). A Plithogenic Outerplanar Graph PG = (PM,PN) is a
plithogenic graph that can be embedded in the plane such that all vertices lie on the boundary of the exterior
region, and there are no intersecting edges except at their endpoints.

Formally, let PG = (PM, PN) be defined as:

» The vertex set PM = (M, 1, M1, adf,aC f) has every vertex m € M located on the outer boundary.

* The edge set PN = (N, m, Nm, bdf, bC f) ensures that any intersection Sp between edges satisfies Sp =
(0, 0), indicating no intersections.

Therefore, all vertices are on the outer face, making PG an outerplanar graph in the plithogenic context.

Theorem 150. A Plithogenic Outerplanar Graph can transform into a Neutrosophic Outerplanar Graph when
s =3,t =1, and into a Fuzzy Outerplanar Graph when s = 1,t = 1.

Proof. A Plithogenic Outerplanar Graph PG = (PM, PN) is defined as:

* PM = (M,l,Ml,adf,aCf), where M is the vertex set, adf is the degree of appurtenance function, and
aC f is the degree of contradiction function.

* PN = (N,m,Nm, bdf,bCf), where N is the edge set, bdf is the degree of appurtenance function for
edges, and bC f is the degree of contradiction function for edges.

By setting s = 3 and ¢ = 1, the Plithogenic Outerplanar Graph becomes a Neutrosophic Outerplanar
Graph:
NTG = (V,E,0 = (01,02,03), u = (11, 42, 43)),

where:

* 01, 09, 03 correspond to the membership, indeterminacy, and contradiction values derived from adf and
aCf.

o U1, 12, ug correspond to the membership, indeterminacy, and contradiction values derived from bdf and
bCf.

The Neutrosophic Outerplanar Graph inherits the condition that all vertices lie on the boundary of the
outer face, and no edges intersect except at their endpoints. Thus, the transformation preserves the outerplanarity

property.
When s = 1 and ¢ = 1, the Plithogenic Outerplanar Graph reduces to a Fuzzy Outerplanar Graph:

¥=(V,o,p),
where:
* 0 :V — [0, 1] represents the membership degree of each vertex.
e u: E — [0, 1] represents the membership degree of each edge.

The appurtenance and contradiction functions adf, bdf, aC f, and bC f collapse into a single member-
ship function for vertices and edges. The condition of outerplanarity remains satisfied because the structural
constraints of Plithogenic Outerplanar Graphs ensure that:

i(y) =0,

indicating that all vertices are on the boundary of the outer face, with no intersecting edges.

The Plithogenic Outerplanar Graph generalizes both Neutrosophic and Fuzzy Outerplanar Graphs. By
adjusting the parameters s and #, the graph’s representation transitions into the corresponding forms while pre-
serving the structural property of outerplanarity. O
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2.7.3 Plithogenic Apex Graph
The Plithogenic Apex Graph is an extension of the Apex Graph, incorporating the concepts of Plithogenic
Graphs. The definition is provided below.

Definition 151 (Plithogenic Apex Planar Graph). A Plithogenic Apex Planar Graph PG = (PM,PN) is a
plithogenic graph that can be made a Plithogenic Planar Graph by removing a single vertex v € M.

Formally, PG is called a Plithogenic Apex Planar Graph if there exists a vertex v € M such that the
induced subgraph PG’ = (PM’, PN’), where:

e PM' = (M \ {v},', Ml ,adf’,aCf")
« PN’ = (N',m’,Nm’,bdf’,bCf")
is a Plithogenic Planar Graph. The functions adf’,aC f’, bdf’,bC f’ are the restrictions of
adf,aCf,bdf,bCf
to the remaining vertices and edges, ensuring no edge crossings in the induced subgraph.

2.7.4 Plithogenic Apex Outerplanar Graph
The Plithogenic Apex Outerplanar Graph is an extension of the Apex Outerplanar Graph, incorporating
the concepts of Plithogenic Graphs. The definition is provided below.

Definition 152 (Plithogenic Apex Outerplanar Graph). A Plithogenic Apex Outerplanar Graph PG = (PM, PN)
is a plithogenic graph that can be made a Plithogenic Outerplanar Graph by removing a single vertex v € M.

Formally, PG is called a Plithogenic Apex Outerplanar Graph if there exists a vertex v € M such that
the induced subgraph PG’ = (PM’, PN’), where:

« PM’ = (M\ (v}, MU, adf’,aCf’)
« PN’ = (N',m’,Nm', bdf',bCf")
is a Plithogenic Outerplanar Graph. The functions adf’,aCf’, bdf’, bC f’ are the restrictions of
adf,aC f,bdf,bCf

to the remaining vertices and edges, ensuring the subgraph has all vertices lying on the boundary of the exterior
region with no edge intersections.

Theorem 153. A Plithogenic Apex Planar Graph PG with s = 4,t = 1 can transform into a Turiyam Neutro-
sophic Apex Planar Graph, and a Plithogenic Apex Outerplanar Graph PG with s = 4,t = 1 can transform into
a Turiyam Neutrosophic Apex Outerplanar Graph.

Proof. We prove both cases separately.
Case 1: Transformation to a Turiyam Neutrosophic Apex Planar Graph A Plithogenic Apex Planar Graph
PG = (PM, PN) is defined as:

* PM = (M,I,Ml,adf,aCf), representing the plithogenic vertex set.

* PN = (N,m,Nm, bdf,bCf), representing the plithogenic edge set.

When s = 4 and t = 1, the Plithogenic Apex Planar Graph transforms into a Turiyam Neutrosophic Apex
Planar Graph Y1 = (V,tA,ivA, fva,lva.tB,ive, fvB,Ivp), where:

* Theattributes /, adf, aC f of vertices in PM are mapped to the Turiyam Neutrosophic truth, indeterminacy,
falsity, and liberal membership degrees 7 4,1v 4, fv 4, [V 4, respectively.

* The attributes m, bdf, bC f of edges in PN are mapped to the Turiyam Neutrosophic truth, indeterminacy,
falsity, and liberal membership degrees 7, ivp, fvp, [vp, respectively.

By definition, a Plithogenic Apex Planar Graph becomes a Plithogenic Planar Graph when a single vertex
v € M is removed. This property carries over to the Turiyam Neutrosophic domain, where removing a single
vertex v € V results in a Turiyam Neutrosophic Planar Graph wém Therefore, the transformation preserves the
apex property.

405



Case 2: Transformation to a Turiyam Neutrosophic Apex Outerplanar Graph Similarly, a Plithogenic
Apex Outerplanar Graph PG = (PM, PN) satisfies the condition that removing a single vertex v € M results in
a Plithogenic Outerplanar Graph PG’. When s = 4 and ¢ = 1, the Plithogenic Apex Outerplanar Graph trans-
forms into a Turiyam Neutrosophic Apex Outerplanar Graph ¢y = (V,t4,iva, fva,lva,tg,ivp, fvg,lvg) by
mapping the plithogenic membership functions adf, aC f, bdf, bC f to the Turiyam Neutrosophic dimensions.

The outerplanar property is preserved under this transformation because removing a single vertex v € V
results in a Turiyam Neutrosophic Outerplanar Graph 7., where all remaining vertices lie on the boundary of
the exterior face, and no edge intersections occur.

Both transformations rely on the mapping of plithogenic attributes to Turiyam Neutrosophic dimensions.
The structural properties (planarity and outerplanarity) and the apex property are preserved during these trans-
formations, completing the proof. O

3. Result of this paper
3.1 Some property of Turiyam Neutrosophic Planar Graph

We will examine the properties of a Turiyam Neutrosophic Planar Graph. Similar characteristics can
also be observed in other graphs such as fuzzy planar graphs, Neutrosophic planar graphs, and Plithogenic Planar
Graphs.

Theorem 154. If a Turivam Neutrosophic graph G is homomorphic to the complete graph K4, then G is a
Turiyam Neutrosophic planar graph.

Proof. LetGr = (V,E,or,07v,0F,0Ly) be a Turiyam Neutrosophic graph, where:

cor:V - [0,1],01y : V> [0,1],0F : V — [0,1],and oy : V — [0, 1] represent the truth,
indeterminacy, falsity, and liberal membership degrees for each vertex v € V.

cur : E - [0,1], gy : E — [0,1], ur : E — [0,1], and pupy : E — [0, 1] represent the truth,
indeterminacy, falsity, and liberal membership degrees for each edge e € E.

Assume G is homomorphic to the complete graph K. This means there exists a mapping ¢ : V(Gr) —
V(K4) such that if (u,v) € E(GT), then (¢(u), #(v)) € E(Ka).

Since K4 is planar, this homomorphism implies that G inherits a planar structure. Thus, G can be
embedded in the plane in a manner where no two edges intersect except at their endpoints.

Therefore, G is a Turiyam Neutrosophic planar graph by definition. Additionally, the Turiyam Neu-
trosophic planarity value fr = (1,1, 1, 1), indicating the highest degree of planarity. O

Theorem 155. If a Turiyam Neutrosophic graph Gt is homomorphic to a tree graph, then Gt is a Turiyam
Neutrosophic planar graph.

Proof. The proof is analogous to the method used in the previous proof. O

Theorem 156. If a Turiyam Neutrosophic graph G is homomorphic to a cycle graph, grid graph, or wheel
graph, then Gt is a Turiyam Neutrosophic planar graph.

Proof. LetGr = (V,E,or,071v,0F,0py) be a Turiyam Neutrosophic graph, where:
» V is the set of vertices, and E is the set of edges.

* o, 01V, OF, and oy represent the truth, indeterminacy, falsity, and liberal membership degrees for
vertices and edges.

We consider three cases:

1. Cycle Graph: A cycle graph is planar since it can be drawn as a simple closed loop without intersecting
edges[[4311|521}536]. If G is homomorphic to a cycle graph, then a mapping exists that preserves the
structure, making G planar.

2. Grid Graph: A grid graph forms a rectangular lattice and is also planar. The homomorphism from Gr to
the grid graph implies G inherits the planar characteristics, ensuring no edge intersections[278}2941306,
424].

3. Wheel Graph: A wheel graph consists of a central vertex connected to all vertices of an outer cycle[354,
504]. This graph can be drawn without any intersecting edges. Therefore, a homomorphism from G to
a wheel graph means G is also planar.
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Inall cases, Gt can be embedded in the plane without intersecting edges, confirming that G is a Turiyam
Neutrosophic planar graph. O

Theorem 157. Let Gt be a Turivam Neutrosophic graph. If Gt is homomorphic to any of the following graph
classes:

* Halin graphs (also called skirted trees or roofless polyhedra),

Butterfly graphs (also known as bowtie or hourglass graphs),

Herschel graph,

Polyhedral graph,

Golomb graph,

Tutte graph,

Bull graph,

Goldner—Harary graph,

Nested triangles graph,

Frucht graph,

Friendship graphs,

26-fullerene graph,

Antiprism graph,

Archimedean graph,

Wiener—Araya graph,

Araya—Wiener graph,

Goddard—Henning graph,

Heawood Four-Color graph,

Kittell graph,

Poussin graph,

Cactus graph,

Fritsch graph,

Soifer graph,

Ladder graphs,

then G is a Turiyam Neutrosophic planar graph.

Proof. The proof follows by leveraging the planar properties of the listed graph classes.
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Planarity of Listed Graph Classes:

Halin graphs are known to be planar as they are constructed by adding a cycle to the leaves of a rooted
tree [1131[167,270].

Butterfly graphs (or bowtie/hourglass graphs) are planar due to their simple structure of two triangles
sharing a common vertex [302},303].

The Herschel graph, being a planar graph, has been studied in various applications [508]].

Polyhedral graphs represent the skeletons of convex polyhedra, which are planar by definition [81}/340].

Golomb graphs are planar due to their simple combinatorial construction [500].

Tutte graphs, as described in graph theory literature, are planar [542].

Bull graphs, representing a triangle with two disjoint pendant edges, are planar [[162,359]).

Goldner—Harary graphs are maximal planar graphs and thus planar by construction [262].

Nested triangles graphs have a planar embedding due to their layered triangular structure [229].

Frucht graphs are planar as they are minimal vertex-transitive graphs [438]].

Friendship graphs (or windmill graphs) are planar since they consist of triangles sharing a common vertex
[47/533].

The 26-fullerene graph is planar by definition as a fullerene graph [272].

Antiprism graphs are planar due to their combinatorial structure [288,/513]].

Archimedean graphs are planar since they represent tilings of the Euclidean plane [225].

Wiener—Araya graphs and Araya—Wiener graphs are planar as they extend planar cubic graphs [368}480].

Goddard—Henning graphs maintain planarity as part of their structural properties [261]].

The Heawood Four-Color graph is planar due to its association with the Four-Color Theorem [253|).

Kittell graphs and Poussin graphs are planar due to their simple construction [339,/546]].

Cactus graphs, composed of edge-disjoint cycles, are planar [91}1433].

Fritsch and Soifer graphs are planar examples studied in the context of coloring problems [253].

Ladder graphs, as simple planar grid graphs, are also planar [357,402].

Since G is homomorphic to these graph classes, it inherits their planarity. Hence, G is a Turiyam
Neutrosophic planar graph. For more detailed references and properties of each graph class, see the cited works.
O

Theorem 158. If a Turiyam Neutrosophic graph G is homomorphic to a complete graph Ks, then Gt is a
Non-Turiyam Neutrosophic planar graph.

Proof. We will prove this by contradiction. Assume, to the contrary, that a Turiyam Neutrosophic graph G is
homomorphic to the complete graph K5, but G is a Turiyam Neutrosophic planar graph.

By definition, a Turiyam Neutrosophic planar graph can be embedded in the plane such that no two edges
intersect except at their endpoints. However, the complete graph K5 is known to be non-planar, as it is impossible
to draw K5 in the plane without intersecting edges.

If G is homomorphic to K5, there exists a mapping ¢ : V(G1) — V(K5) such that for every edge
(u,v) € E(GT), the edge (¢(u), ¢(v)) € E(K5). This implies that the structure of G must follow that of K.

Since K5 is non-planar, the graph G, being homomorphic to K5, must also be non-planar. This contra-
dicts our assumption that G is a Turiyam Neutrosophic planar graph.

Therefore, our assumption is false, and we conclude that G is a Non-Turiyam Neutrosophic planar
graph. O

Theorem 159. If a Turiyam Neutrosophic graph G is homomorphic to the complete bipartite graph K3 3, then
G is a Non-Turiyam Neutrosophic planar graph.
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Proof. We will prove this by contradiction. Assume, to the contrary, that a Turiyam Neutrosophic graph G is
homomorphic to the complete bipartite graph K3 3, but G is a Turiyam Neutrosophic planar graph.

By definition, a Turiyam Neutrosophic planar graph can be embedded in the plane such that no two edges
intersect except at their endpoints. However, it is well-known from Kuratowski’s Theorem that the complete
bipartite graph K3 3 is non-planar, meaning it is impossible to draw K3 3 in the plane without intersecting edges.

If Gt is homomorphic to K3 3, there exists a mapping ¢ : V(Gr) — V(K3,3) such that for every edge
(u,v) € E(GT), the edge (¢(u), ¢(v)) € E(K3,3). This implies that G inherits the structural relationships of
K3 3 and must follow its non-planar nature.

Since K3 3 is non-planar, the graph G, being homomorphic to K3 3, must also be non-planar. This
contradicts our assumption that Gt is a Turiyam Neutrosophic planar graph.

Therefore, our assumption is false, and we conclude that G is a Non-Turiyam Neutrosophic planar
graph. O

3.2 Some property of Neutrosophic outerplanar graph
We will examine some properties of the Neutrosophic outerplanar graph. It should be noted that the same
properties hold when Neutrosophic is replaced with Fuzzy or Plithogenic. The following theorem holds.

Theorem 160. A neutrosophic outerplanar graph G = (A,B,o = (or,07,0F), 1t = (U1, 11, LF)) is a neu-
trosophic planar graph.

Proof. By definition, a neutrosophic outerplanar graph G = (A, B,0 = (or,071,0F), 1t = (UT, 11, LF)) 18
embedded in the plane such that all vertices liec on the boundary of the exterior region, and no two edges intersect
except at their endpoints.

We verify that G satisfies the conditions of a neutrosophic planar graph:

1. Verification of Intersection Properties: By definition, the neutrosophic outerplanar graph does not have
edge crossings within the interior of the graph. Thus, the graph satisfies the conditions for planarity.

2. Calculation of Neutrosophic Planarity Value: For a neutrosophic planar graph, we consider the intersec-
tion points P, P2, ..., P; between edges, and the neutrosophic planarity value f = (fr, f7, fr) is given

by

1
e {(ST)p, + (ST)Py + ...+ (ST)P.}
1
L+{(SDp, +(SDp, +...+SDp.}

f

1
L+{(SF)p, + (SF)p, +...+ (SF)p.} |

Since a neutrosophic outerplanar graph has no intersections except at endpoints, (S7)p, =0, (S;)p;, =0,
and (Sf)p; = 0 for all P;. Therefore,

1 1

1
M=o teo 1v0) Y

This value f = (1,1, 1) confirms that the graph is completely planar.

Since the neutrosophic outerplanar graph satisfies the conditions of a neutrosophic planar graph, we
conclude that every neutrosophic outerplanar graph is indeed a neutrosophic planar graph. O

Theorem 161. A neutrosophic graph G is a neutrosophic outerplanar graph if and only if it contains no neu-
trosophic subgraph homomorphic to K4 or K3 3.

Proof. First, note that K4 and K2 3 are not neutrosophic outerplanar graphs, as their structure does not allow
all vertices to lie on the boundary of an exterior face without crossings, even when considering neutrosophic
parameters.
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(Necessity) Suppose G is a neutrosophic graph that is outerplanar. Then, by definition, G can be embed-
ded in a plane such that all vertices lie on the boundary of a single unbounded face without intersecting edges.
If G contained a subgraph homomorphic to K4 or K2 3, such subgraphs would inherently require intersecting
edges in any planar embedding, contradicting the outerplanar property. Therefore, G contains no neutrosophic
subgraph homomorphic to K4 or K2 3.

(Sufficiency) Conversely, assume G is a neutrosophic graph containing no subgraph homomorphic to K4
or K2 3. By Kuratowski’s Theorem, since G does not have a K4 or K2 3 subgraph, G must be planar. Assume
for contradiction that G is not a neutrosophic outerplanar graph.

Let G be embedded such that it is a cyclic block not satisfying the outerplanar property. Suppose the
embedding is such that the exterior region contains the maximum number of vertices. Let C be the boundary
cycle of this exterior region. Since G is not outerplanar, there exists at least one vertex d lying in the interior of
C.

If there exists a vertex d in the interior connected by three mutually disjoint paths to three distinct vertices
on C, then G contains a subgraph homomorphic to K4. Alternatively, if d has two disjoint paths connecting it
to two disjoint vertices a@ and e on C, and the edge ae is not on C, then G contains a subgraph homomorphic to
K>,3. Both cases lead to contradictions since we assumed G contained no such subgraphs.

Thus, G is a neutrosophic outerplanar graph, completing the proof. O

Theorem 162. Ify is a connected neutrosophic outerplanar graph, then it has a neutrosophic dual graph *
such that there exists a vertex v for which y* — v contains no neutrosophic cycle.

Proof. Lety = (V,E,o = (or,071,0F), 0 = (ur, 1, uF)) be a connected neutrosophic outerplanar graph
with no intersections of edges E’ C E within the graph. We can divide the neutrosophic graph ¢ into a finite
number of regions. Each of these regions corresponds to a neutrosophic face F1, Fa, F3, ..., Fj.

For each face F;, its membership value is determined by

Hr(x,) Hr(x,y) HF(x,y)
or(x) Aor(y) or(x) Aoy(y)” oF(x) Aor(y)

Fj = min { | All edges bounding the region} .

When dividing the neutrosophic graph into such regions with neutrosophic face values, we construct the
neutrosophic dual graph y* = (V*, o, u*) as follows:

* Each face of ¢ corresponds to a vertex in ¢ *.
» Each edge of ¢ corresponds to an edge in ¢*.

Since ¢ is an outerplanar graph, the outer face forms a neutrosophic cycle. Therefore, the neutrosophic
dual graph ¢* exists for .

Now, consider the removal of a vertex v from ¢*. This corresponds to removing a face of the original
graph . The remaining graph y* — v represents the connections among the other faces of ¢ but without forming
any cycles since the outer face is removed.

Thus, y* — v contains no neutrosophic cycle, completing the proof. O

Theorem 163. A neutrosophic outerplanar graph  always has a vertex-deleted neutrosophic outerplanar sub-
graph that is also a vertex-deleted neutrosophic subgraph of .

Proof. Let y be a neutrosophic outerplanar graph, and let H be a subgraph obtained by deleting a vertex from
¥. Since ¢ is outerplanar, all vertices lie on the outer face in the neutrosophic embedding of the graph. Thus,
removing any vertex v € V(y) from ¢ does not affect the outerplanarity property of the graph. Therefore, the
resulting subgraph ¢ — v is still a neutrosophic outerplanar graph.

Furthermore, because H = y — v retains all other vertices and edges apart from the deleted vertex, H
is a valid vertex-deleted neutrosophic subgraph of . Thus, every neutrosophic outerplanar graph has a vertex-
deleted subgraph that maintains its outerplanarity property and is also a valid subgraph of the original graph y,
as required. O

Definition 164. A Neutrosophic Forest is a collection of one or more disjoint neutrosophic trees. Formally, a
neutrosophic forest F is defined as a pair F = (V, E), where:

« V is a finite set of vertices.
*« E C VxVisasetof edges.

Each vertex v € V and each edge e € E is associated with neutrosophic membership values:
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* The vertex membership function o-(v) = (o7 (v), o7(v), oF (v)) assigns to each vertex v:

— or(v) € [0, 1]: Truth membership degree.
— o7(v) € [0, 1]: Indeterminacy membership degree.
— or(v) € [0, 1]: Falsity membership degree.

* The edge membership function p(e) = (ur(e), py(e), up(e)) assigns to each edge e = (u,v) € E:

— ur(e) € [0, 1]: Truth membership degree.
— uy(e) € [0,1]: Indeterminacy membership degree.
— ur(e) € [0,1]: Falsity membership degree.

A neutrosophic forest satisfies the following properties:
1. Each connected component is a neutrosophic tree with no cycles.
2. The forest consists of disjoint neutrosophic trees.
3. For any vertex v, or(v) + o7 (v) + o (v) < 1, and for any edge e, ur(e) + uy(e) + up(e) < 1.
Theorem 165. A Neutrosophic Forest is a Neutrosophic graph.
Proof. Obviously holds. O
Theorem 166. A neutrosophic forest is a neutrosophic outerplanar graph.
Proof. Let F = (V,E,o = (o1,07,0F), 1t = (u1, 11, 1F)) be a neutrosophic forest, where:
* V is the set of vertices.
 E is the set of edges.

e o(v) = (o7 (v),07(v),cr(v)) represents the truth, indeterminacy, and falsity membership degrees for
each vertex v € V.

o u(e) = (ur(e),us(e), up(e)) represents the truth, indeterminacy, and falsity membership degrees for
ecachedge e € E.

By definition, a neutrosophic forest is a collection of one or more disjoint neutrosophic trees, where each
tree is acyclic and connected. This means that the overall structure of F' contains no cycles.
To prove that F is a neutrosophic outerplanar graph, we need to show that:

1. F can be embedded in the plane such that all vertices lie on the boundary of the exterior region.
2. No two edges intersect except at their endpoints.

Since F consists of disjoint trees, each tree can be embedded in the plane without any cycles. All vertices
of each tree can be arranged along a straight line or a circle, ensuring that every vertex lies on the boundary of
the exterior face. Thus, no edge crossings occur, and all vertices lie on the outer face.

Therefore, F satisfies the conditions for being a neutrosophic outerplanar graph. Hence, every neutro-
sophic forest is a neutrosophic outerplanar graph. O

Corollary 167. A neutrosophic tree is a neutrosophic outerplanar graph.
Proof. Obviously holds. O

Theorem 168. Let  be a connected neutrosophic outerplanar graph such that fy # 1, and let W be a subset
of its vertices such that W C V. The neutrosophic outerplanar subgraph of y obtained by deleting the vertices
inWisy' = — W. Its neutrosophic dual graph is denoted as "' .
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Proof. Consider a connected neutrosophic outerplanar graph ¢ = (V, E, o, 1) and a subset of vertices W C V.
Let y — W be the subgraph obtained by deleting the vertices in W, which we denote as ¢’. By construction, y’
is a vertex-deleted neutrosophic outerplanar subgraph of .

Since i is a neutrosophic outerplanar graph, the removal of vertices in W does not introduce any inter-
sections or additional complexity that would violate the outerplanar property. Hence, i’ retains the neutrosophic
outerplanarity.

Next, we divide the neutrosophic graph ¢’ into a finite number of regions, where each region corresponds
to a neutrosophic face. The membership value for each face F; is determined by

ur(x,y) pr(x,y) ur(x,y)
or(x) Aor(y) or(x) Aop(y) oF(x) Aop(y)

Fj = min { | all edges bounding the region} .

Since each neutrosophic outerplanar graph with a planarity value fy, # 1 has a corresponding neutro-
sophic dual graph, there exists a dual graph ¢”’ for the vertex-deleted subgraph ¢’. In this dual graph ¢/, each
face of the original graph ' corresponds to a vertex, and each edge in y’ corresponds to an edge in y"’.

Therefore, the neutrosophic dual graph ¢’ exists for the vertex-deleted neutrosophic outerplanar sub-
graph ¢’ = — W. This completes the proof. O

4. Conclusion and Future Works
This section presents the conclusion and outlines future works.

4.1 Conclusion in this paper

In this paper, we investigated outerplanar graphs and aim to clarify the relationships between planar
graphs, fuzzy graphs, and neutrosophic graphs.

Given the extensive and continuously expanding body of literature on fuzzy mathematics, it is inevitable
that similar concepts may emerge independently across different journals and periods. Nevertheless, we believe
that efforts to unify these concepts are essential and will greatly contribute to advancing the field. We aim to
conduct further investigations in this direction in the future(cf.[235]).

4.2 Future works: planar hypergraphs

In the future, we will explore planar hypergraphs. A hypergraph is a generalization of a graph in which
edges, known as hyperedges, can connect any number of vertices, not just two. The formal definition of a
hypergraph is given below[[127].

Definition 169. [[127] A hypergraph is a pair H = (V(H), E(H)), consisting of a nonempty set V(H) of vertices
and a set E(H) of subsets of V(H), referred to as the hyperedges of H. In this context, we consider only finite
hypergraphs.

This hypergraph structure is valuable for modeling complex relationships in various fields, such as com-
puter science and biology [221}[266,267,/437]. Research on databases[[44,2171304}(541]] using hypergraphs and
Hypergraph neural networks [[133}|155}[205}]222}249,313||364]] are also actively being conducted. A planar hy-
pergraph can be seen as the hypergraph counterpart of a planar graph, and its definition is provided below. It is
important to note that a planar graph is a special case of a planar hypergraph where all edges consist of exactly
two vertices.

Definition 170. (cf.[180L[208}(347,/545])) Let H = (V, E) be a hypergraph, where V is a set of vertices and E is
a set of hyperedges (subsets of V).

The bipartite representation of H, denoted by B(H), is a bipartite graph with a vertex set VUE. In B(H),
avertex v € V is adjacent to a vertex e € E if and only if v € e in the original hypergraph H.

A hypergraph H is called a planar hypergraph if its bipartite representation B(H) is a planar graph. In
other words, H is a planar hypergraph if B(H) can be drawn on a plane without any edge crossings.

Theorem 171. A planar hypergraph H = (V, E) can be transformed into a planar graph by representing it as
its bipartite graph B(H).

Proof. The bipartite representation B(H) of a planar hypergraph H is planar by definition. B(H) is constructed
by treating V and E as two disjoint vertex sets and connecting a vertex v € V to an edge vertex ¢ € E if and only
if v € e. Since H is planar, B(H) can be drawn on a plane without edge crossings, satisfying the planar graph
property. ]
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Definition 172 (Outerplanar Hypergraph). Let H = (V, E) be a hypergraph, where V is a set of vertices and E
is a set of hyperedges (subsets of V). The bipartite representation of H, denoted by B(H), is a bipartite graph
with vertex set V U E. In B(H), a vertex v € V is adjacent to a vertex e € E if and only if v € e in the original
hypergraph H.

A hypergraph H is called an outerplanar hypergraph if its bipartite representation B(H) is an outerplanar
graph. In other words, H is an outerplanar hypergraph if B(H) can be embedded in the plane such that all vertices
lie on the boundary of the exterior face, and no two edges intersect except at their endpoints.

Theorem 173. An outerplanar hypergraph H = (V, E) can be transformed into an outerplanar graph by rep-
resenting it as its bipartite graph B(H).

Proof. By definition, an outerplanar hypergraph H has a bipartite representation B(H) that is outerplanar. B(H)
can be embedded in the plane such that all vertices lie on the boundary of the outer face, and no two edges
intersect except at their endpoints. Hence, B(H) is an outerplanar graph. O

Definition 174 (Apex Hypergraph). A hypergraph H = (V, E) is called an apex hypergraph if it can be made
planar by removing a single vertex v € V from H. Formally, H is an apex hypergraph if there exists a vertex
v € V such that the bipartite representation B(H \ {v}), where H \ {v} denotes the hypergraph obtained by
removing v and all hyperedges containing v, is a planar graph.

The properties of an apex hypergraph include:

« If the hypergraph H itself is planar, then any vertex can be considered an apex.

Theorem 175. An apex hypergraph H = (V, E) can be transformed into a planar hypergraph by removing a
single vertex v € V.

Proof. By definition, an apex hypergraph H is a hypergraph for which there exists a vertex v € V such that
the bipartite representation B(H \ {v}) is planar. Removing the vertex v and all hyperedges containing v elim-
inates all crossings introduced by v. The resulting hypergraph H \ {v} is planar by the property of its bipartite
representation. Hence, H \ {v} is a planar hypergraph. O

Theorem 176. An apex hypergraph H = (V, E) can be transformed into an apex graph by representing it as its
bipartite graph B(H).

Proof. An apex hypergraph H is a hypergraph for which there exists a vertex v € V such that the hypergraph H \
{v}, obtained by removing v and all hyperedges incident to v, is a planar hypergraph. The bipartite representation
B(H) of H is a graph with vertex sets V U E, where a vertex v € V is adjacent to e € E if v € e. Removing v
from B(H) reduces the bipartite graph to a representation of H \ {v}, which is a planar graph. Thus, B(H) can
be transformed into an apex graph by removing the vertex v. O

Definition 177 (Apex Outerplanar Hypergraph). A hypergraph H = (V, E) is called an apex outerplanar hy-

pergraph if it can be made outerplanar by removing a single vertex v € V from H. Formally, H is an apex

outerplanar hypergraph if there exists a vertex v € V such that the bipartite representation B(H \ {v}), where

H\ {v} denotes the hypergraph obtained by removing v and all hyperedges containing v, is an outerplanar graph.
The properties of an apex outerplanar hypergraph include:

« If the hypergraph H itself is outerplanar, then any vertex can be considered an apex.

Theorem 178. An apex outerplanar hypergraph H = (V, E) can be transformed into an outerplanar hypergraph
by removing a single vertex v € V.

Proof. By definition, an apex outerplanar hypergraph H is a hypergraph for which there exists a vertex v € V
such that the bipartite representation B(H\{v}) is outerplanar. Removing v and its associated hyperedges reduces
B(H) to an outerplanar graph. The resulting hypergraph H \ {v} retains the outerplanar property in its bipartite
representation, making it an outerplanar hypergraph. O

Theorem 179. An apex outerplanar hypergraph H = (V, E) can be transformed into an apex outerplanar graph
by representing it as its bipartite graph B(H).
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Proof. By definition, an apex outerplanar hypergraph H is a hypergraph for which there exists a vertex v € V
such that the hypergraph H \ {v}, obtained by removing v and all hyperedges incident to v, is an outerplanar
hypergraph. The bipartite representation B(H) of H is a graph with vertex sets V U E, where a vertex v € V is
adjacent to e € E if v € e. Removing v from B(H) reduces the bipartite graph to a representation of H \ {v},
which is an outerplanar graph. Thus, B(H) can be transformed into an apex outerplanar graph by removing the
vertex v. a

[ anticipate that future research will increasingly apply concepts such as planar hypergraphs, outerpla-
nar hypergraphs, apex hypergraphs, and apex outerplanar hypergraphs to structures like fuzzy hypergraphs and
neutrosophic hypergraphs. Furthermore, we plan to investigate planar hypergraph neural networks, which are
hypergraph neural networks constructed based on planar hypergraphs. In addition, we intend to explore super-
hypergraph neural networks by applying the concept of superhypergraphs to neural networks.

4.3 Future works: planar and outerplanar superhypergraph

We will also explore planar, outerplanar, apex, and apex outerplanar superhypergraphs. Superhyper-
graphs [236,240} 254,280} 1281},/492}H495//498]] are well-established graph classes that bridge the concepts of
graphs and hypergraphs. Future studies aim to investigate the mathematical structures and practical applications
of planar, outerplanar, apex, and apex outerplanar superhypergraphs in greater depth.

Definition 180 (Extended Bipartite Representation of a SuperHypergraph). The Extended Bipartite Represen-
tation of a superhypergraph SHG, denoted B(SHG), is a bipartite graph (U, F) where:

» U =V U E, treating hyperedges as vertices.
* Anedge (u, e) € F exists if:
—ueVandu € ein SHG.
— u € E and there is a higher-order relationship between hyperedge u and hyperedge e.

Definition 181 (Planar SuperHypergraph). A Planar SuperHypergraph SHG 1is a superhypergraph whose ex-
tended bipartite representation B(SHG) is a planar graph.

Definition 182 (Outerplanar SuperHypergraph). An Outerplanar SuperHypergraph SHG is a superhypergraph
whose extended bipartite representation B(SHG) is an outerplanar graph.

Theorem 183. Planar superhypergraphs and outerplanar superhypergraphs generalize planar hypergraphs
and outerplanar hypergraphs, respectively.

Proof. We will demonstrate that:

1. Every Planar Hypergraph is a Planar SuperHypergraph.

A hypergraph is a special case of a superhypergraph where hyperedges are solely subsets of V, without
any higher-order connections. For a planar hypergraph H = (V, E), its bipartite representation B(H) is
planar.

Viewing H as a superhypergraph SHG without superedges, the extended bipartite representation B(SHG)
is identical to B(H). Therefore, SHG is a planar superhypergraph.
2. Planar SuperHypergraphs Generalize Planar Hypergraphs.

Superhypergraphs introduce additional structures, such as superedges connecting hyperedges or subsets
thereof, which are not present in standard hypergraphs. Planar superhypergraphs include all planar hyper-
graphs and extend them with these complex relationships, while maintaining planarity in their extended
bipartite representations. Thus, planar superhypergraphs generalize planar hypergraphs.

3. Every Outerplanar Hypergraph is an Outerplanar SuperHypergraph.

Similarly, for an outerplanar hypergraph H = (V, E), its bipartite representation B(H) is outerplanar. By
considering H as a superhypergraph SHG without superedges, B(SHG) = B(H), which is outerplanar.
Hence, SHG 1is an outerplanar superhypergraph.

4. Outerplanar SuperHypergraphs Generalize Outerplanar Hypergraphs.

Outerplanar superhypergraphs encompass all outerplanar hypergraphs and allow for more complex hyper-
edge structures while preserving outerplanarity in their extended bipartite representations. Therefore, they
generalize outerplanar hypergraphs.
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4.4 Future works: Semi-Directed Planar graph

In the future, I plan to define concepts such as Planar Graphs and Outerplanar Graphs within the context
of Semi-Directed Graphs, as well as within frameworks like Fuzzy Semi-Directed Graphs, Neutrosophic Semi-
Directed Graphs, Turiyam Neutrosophic Semi-Directed Graphs, and Plithogenic Semi-Directed Graphs.

The definition of a Semi-Directed Graph is provided as follows [|[111}[112}]171}{471].

Definition 184. Let V be a nonempty set of elements, called vertices or nodes. Let E1 € V X V be a set of
unordered pairs of vertices, referred to as undirected edges, and let Eo € V X V be a set of ordered pairs of
vertices, referred to as directed edges. A Semi-Directed Graph G = (V, E1, E2) is a graph where the edge set
E = E;1 U E9, consisting of both undirected edges from E1 and directed edges from E.

* Undirected edges: An edge (u,v) € E1 implies that there is an undirected connection between vertices u
and v, meaning (u,v) = (v, u).

* Directed edges: An edge (a,b) € E2 implies a directed connection from vertex a to vertex b, where
(a,b) # (b,a).

Although still in the conceptual stage, I have outlined the definition of a Semi-Directed Planar Graph
below. By incorporating additional conditions for fuzzy, Neutrosophic, or Plithogenic elements, it is possible to
extend this definition to fuzzy, Neutrosophic, or Plithogenic Semi-Directed Planar Graphs.

Definition 185. Let G = (V, E1, E2) be a Semi-Directed Graph where V is a nonempty set of vertices, E1 C
V x V is the set of undirected edges, and E2 C V X V is the set of directed edges. The graph G is called a
Semi-Directed Planar Graph if there exists a drawing of G on a plane such that:

1. Planarity condition: The graph G can be embedded in the plane such that no two edges (whether undirected
from E; or directed from E2) intersect except at their endpoints.

2. Semi-Directed edges: Both undirected edges (u,v) € E; and directed edges (a, b) € E2 must be drawn
in such a way that their connections respect the planarity condition. Specifically:

* For undirected edges (u, v), the edge is drawn as a straight or curved line between u and v without
crossing other edges.

* For directed edges (a, b), an arrow from a to b is drawn in a planar manner, ensuring no crossings
with other edges.

The Semi-Directed Planar Graph satisfies the conditions of planarity for both directed and undirected
edges simultaneously in a planar representation.
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