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Abstract

Concepts such as Fuzzy Sets, Neutrosophic Sets, and Plithogenic Sets have been widely investigated for tackling
uncertainty, with numerous applications explored across various domains. As extensions of the Plithogenic
Set, the HyperPlithogenic Set and the SuperHyperPlithogenic Set are also recognized. A Symbolic Plithogenic
Set (SPS) is a structured set defined by symbolic components P; and coefficients a;, enabling flexible algebraic
operations under a specified prevalence order. In this paper, we examine concepts including the Symbolic
HyperPlithogenic Set and the Symbolic n-SuperhyperPlithogenic Set.
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1 Preliminaries and Definitions

This section provides an introduction to the foundational concepts and definitions required for the discussions
in this paper.

1.1 Plithogenic Set

A Plithogenic Set is a mathematical framework designed to incorporate multi-valued degrees of appurtenance
and contradiction, making it highly suitable for addressing complex decision-making processes. Extensive
studies have been conducted on Plithogenic Sets, as evidenced by various works [[1,{10,2224,|33,36]]. Ad-
ditionally, related concepts such as the Plithogenic Graph have been widely recognized and explored [8}/15].
Furthermore, the Plithogenic Set is known for its ability to generalize several other mathematical frameworks,
including Fuzzy Sets [40,41]], Intuitionistic Fuzzy Sets [4,/5], Vague Sets [7,/16], Neutrosophic Sets [26,27],
and Hesitant Fuzzy Sets [37,38]]. The formal definition is provided below.

Definition 1.1 (Base Set). A base set S is the foundational set from which complex structures such as powersets
and hyperstructures are derived. It is formally defined as:

S = {x | x is an element within a specified domain}.

All elements in constructs like P (S) or $,,(S) originate from the elements of S.

Definition 1.2 (Powerset). [11,)21] The powerset of a set S, denoted P (S), is the collection of all possible
subsets of S, including both the empty set and S itself. Formally, it is expressed as:

P(S)={A| ACS}
Definition 1.3 (n-th Powerset). (cf. [[11L|13},25/32])

The n-th powerset of a set H, denoted P,,(H), is defined iteratively, starting with the standard powerset. The
recursive construction is given by:

Pi(H) = P(H), Pu.1(H)=P(Py,(H)), fornx1.
Similarly, the n-th non-empty powerset, denoted P}, (H), is defined recursively as:
Pi(H) = P*(H), P, (H)=P(P,(H)).

Here, P*(H) represents the powerset of H with the empty set removed.
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Definition 1.4 (Plithogenic Set). [28l]29] Let S be a universal set, and P C S. A Plithogenic Set PS is defined
as:

PS = (P,v, Pv, pdf, pCF)

where:

* v is an attribute.

* Pv is the range of possible values for the attribute v.

e pdf : Px Pv — [0, 1]° is the Degree of Appurtenance Function (DAF)E]
e pCF : Pv X Pv — [0, 1]! is the Degree of Contradiction Function (DCF).

These functions satisfy the following axioms for all a, b € Pv:

1. Reflexivity of Contradiction Function:
pCF(a,a) =0

2. Symmetry of Contradiction Function:
pCF(a,b) = pCF(b,a)

Definition 1.5 (HyperPlithogenic Set). [9,/12}[14] Let X be a non-empty set, and let A be a set of attributes.
For each attribute v € A, let Pv be the set of possible values of v. A HyperPlithogenic Set HPS over X is
defined as:

HPS = (P, {vi}i_ |, {Pvi}i_. {pdf }i_,, pCF)

i=1»

where:

e P C X is a subset of the universe.
* For each attribute v;, Pv; is the set of possible values.

* For each attribute v;, pdf; : P x Pv; — P([0,1]%) is the Hyper Degree of Appurtenance Function
(HDAF), assigning to each element x € P and attribute value a; € Pv; a set of membership degrees.

« pCF : (UL, Pvi) x (U, Pv;) — [0, 1]" is the Degree of Contradiction Function (DCF).

Definition 1.6 (n-SuperHyperPlithogenic Set). [941214] Let X be anon-empty set, andletV = {v|,v,,...,v,}
be a set of attributes, each associated with a set of possible values P,,. An n-SuperHyperPlithogenic Set
(SHPS,) is defined recursively as:

SHPS,, = (P, V,{P Y1y, Apdf " Yoy, pCF™),

where:

e Py C X,andfork > 2, y
Pr =P (Pr-1),

represents the k-th nested family of non-empty subsets of P;.

* For each attribute v; € V, P, is the set of possible values of the attribute v;.

!t is important to note that the definition of the Degree of Appurtenance Function varies across different papers. Some studies define
this concept using the power set, while others simplify it by avoiding the use of the power set [34]. The author has consistently defined the
Classical Plithogenic Set without employing the power set.
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* For each k-th level subset Py, pzlf,(n) : Py X Py, — P([0,1]°) is the Hyper Degree of Appurtenance

Function (HDAF), assigning to each element x € P, and attribute value a; € P,, a subset of [0, 1]°.
e pCF™ : UL, Py, x UL, Py, — [0, 1]" is the Degree of Contradiction Function (DCF), satisfying:
1. Reflexivity: pCF" (a,a) =0 foralla € Uiz, Py
2. Symmetry: pCF" (a,b) = pCF™ (b, a) forall a,b € J, P,,.

* s and ¢ are positive integers representing the dimensions of the membership degrees and contradiction
degrees, respectively.

1.2 Symbolic Plithogenic Set

A Symbolic Plithogenic Set (SPS) is a structured set defined by symbolic components P; and coefficients a;,
enabling flexible algebraic operations under a prevalence order [2,30}3 1.

Definition 1.7 (Symbolic Plithogenic Set). [2l[30,31] Let U be a universe of discourse, and let Py, P5, ..., Py,
be symbolic variables called Symbolic Plithogenic Components. A Symbolic Plithogenic Set (SPS) is defined

as:
n
x:Za[P[, a; €Sy,

i=0

SPS={x€U

where:

* Sisa given set, typically R (real numbers), C (complex numbers), or a subset thereof.
* a; are called coefficients, and Py = 1 represents the identity component.

e Py, P,,..., P, are abstract symbols or variables that may represent attributes, parameters, or properties,
forming the base of the set SPS.

Definition 1.8 (Operations on Symbolic Plithogenic Set). [2l{3031]] The set SPS is equipped with the following
operations:

1. Addition: For x,y € SPS where x = }.7" ya;P; and y = 3./ b; P;,

xX+y= Z(ai + bi)Pi.
i=0

2. Scalar Multiplication: For ¢ € S and x € SPS, where x = >, a; P;,
n
c-x= Z(c -a;)P;.
i=0

3. Multiplication: Using the Absorbance Law and Prevalence Order, for x,y € SPS,
n n
xoy= "3 (ai-by)-max(P;, P)),
i=0 j=0

where max(P;, P;) denotes the dominant component based on the predefined prevalence order Py < P, <
el < Pn

4. Power: Forx € SPSand m € N,

m times

Definition 1.9 (Symbolic Plithogenic Algebraic Structures). [2,/30,31]] An algebraic structure defined on SPS
with the operations + and - is called a Symbolic Plithogenic Algebraic Structure. Specifically:
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* (SPS, +) forms a commutative group, where 0 = 37", 0 - P; is the identity element.
e (SPS, +, -) forms a commutative ring with unity 1 = Py.

* Multiplication respects the Absorbance Law: the stronger component absorbs the weaker, based on the
prevalence order.

Example 1.10 (Symbolic Plithogenic Numbers). A Symbolic Plithogenic Number (SPN) is a specific element
of SPS and is written as:
x=ao+a1Pi+aPr+---+a,P,,

where P < P, < --- < P, under the prevalence order. For example:
x=3+5P - 2P, +7P3,
where the multiplication follows the absorbance law:
Py-P,=P;, Py -P3=Ps.

Definition 1.11 (Generalization). The symbolic components P; can be extended to infinite dimensions, denoted
as Py, Py, ..., P, leading to infinite-dimensional Symbolic Plithogenic Algebraic Structures.

It is worth noting that related concepts, such as the Symbolic k-Plithogenic Ring (where k is a natural number),
are also well-known [6}19,/35,39]]. For instance, Symbolic 2-Plithogenic Ring [20], Symbolic 3-Plithogenic
Ring [3}18]], Symbolic 4-Plithogenic Ring [17}/18]], and Symbolic 5-Plithogenic Ring [[17]] have been explored
in various studies.

2 Results of This Paper

In this paper, we propose new definitions for various types of sets and briefly examine their relationships with
existing concepts.

2.1 Symbolic HyperPlithogenic Set

The Symbolic Plithogenic Set is extended using the HyperPlithogenic Set and n-SuperhyperPlithogenic Set.
Definitions and related theorems are presented below.

Definition 2.1 (Symbolic HyperPlithogenic Set). Let

n
SPS = {x = Z a;P; :a; € S, P; symbolic components}
i=0

be a Symbolic Plithogenic Set as in Definition. Let A = {v,v,,..., Vv, } be a finite set of attributes, and for
each v; € A, let Pv; be the set of possible values of v ;.

A Symbolic HyperPlithogenic Set (SHPS) is a structure

SHPS = (SPS, A, { Py Y Apdf YL pCF),

where:

* SPS is the Symbolic Plithogenic Set described above.

* Each attribute v; has a set of possible values Pv ;.

* For each v, p?i}‘j :SPSx Pv; — 75([0, 11%) is a Hyper Degree of Appurtenance Function (HDAF),
assigning a ser of membership degrees in [0, 1]* for each pair (x, a;), where x € SPS and a; € Pv;.
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* pCF : (UL, Pvj) x (UL, Pv;) — [0,1]" is the Degree of Contradiction Function (DCF), satisfying:

m

pCF(a,a)=0, pCF(a,b)=pCF(b,a), foralla,bEUij.

J=1
e s and ¢ are positive integers representing the dimensions of membership degrees and contradiction
degrees, respectively.

Theorem 2.2. A Symbolic HyperPlithogenic Set (SHPS) reduces to a Symbolic Plithogenic Set (SPS) if the
hyperoperation pdf ; assigns singleton sets of membership degrees for each (x, a]-).

Proof. In a Symbolic HyperPlithogenic Set, each ];Zz’? j(x,a;) is a non-empty subset of [0, 1]*. If we impose
the restriction that each subset is a singleton {d} C [0, 1]°, then 1;;6‘ ; effectively becomes a single-valued
function pdf; : SPSx Pv; — [0, 1]°, thus collapsing the hyperplithogenic structure to the classical plithogenic
one (no set-valued membership). Hence, the SHPS merges into an SPS. Conversely, given an SPS, one can
trivially interpret each membership degree as a singleton set {d}. Therefore, SHPS strictly generalizes SPS. O

Definition 2.3 (Symbolic n-SuperHyperPlithogenic Set). Let SHPS be a Symbolic HyperPlithogenic Set as in
Definition For an integer n > 1, a Symbolic n-SuperHyperPlithogenic Set (SHPS,,) is a structure

SHPS,, = (SPS,,, A, {13?1?;")}?:1, pCFM),

where:

» SPS,, is the n-th symbolic plithogenic extension of SPS, i.e. applying the symbolic expansion to an n-th
level power-construction.

* Ap ={vi,v2,..., v} remains the set of attributes, each with possible values Pv ;.
. ;;;l?;n) : SPS, x Pv; — P;:([0, 1]%) is an (n-level) Hyper Degree of Appurtenance Function, mapping
each (x, a;) to an n-th nested subset of [0, 1]°, possibly excluding the empty set.

e pCF™ is the Degree of Contradiction Function for the SPS,, environment, similar to the classical or
single-level case but respecting n-th power expansions.

Theorem 2.4. By setting n = 1, a Symbolic n-SuperHyperPlithogenic Set collapses to a Symbolic Hyper-
Plithogenic Set.

Proof. When n = 1, the mapping

— (1

pdfi" SPS; x Pv; — PI([0,11°)
is effectively a single-level hyper-mapping. That is, no further nesting occurs beyond #*([0, 1]%). Hence,
the structure coincides with Definition namely a Symbolic HyperPlithogenic Set. Thus, restricting n = 1

recovers the single-level hyperplithogenic scenario, proving that the n-super notion strictly generalizes the
single-level notion. O

2.2 Symbolic HyperPlithogenic Algebraic Structure

We now incorporate classical algebraic operations (+, -) on the Symbolic HyperPlithogenic Set, respecting the
hyperplithogenic membership.

Definition 2.5 (Symbolic HyperPlithogenic Algebraic Structure (SHPAS)). A Symbolic HyperPlithogenic
Algebraic Structure (SHPAS) is a tuple

(SHPS, - A, Apdf ), pCF),

where:
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1. SHPS is a Symbolic HyperPlithogenic Set [|14]:

SPS (symbolic expansions), A = {vi,...,vu}, pdf;:SPSxPv; — P([0,1]*).

2. The operations + and - are defined over the base set SPS, typically:

x+y=2;(a; +b)P;,

x= Za,-P,-, y= Zbipi =
i 7 x-y=2,;(ajbj) -max(P;, P;) (absorbance law).

3. The membership I;Zl? ; is used to define hyper-membership degrees for each (x,a;), and pCF encodes

contradictions among attribute values.

4. Algebraic axioms (e.g. associativity, commutativity, distribution) can be postulated, depending on the
intended structure (e.g. ring, module, semiring).

Theorem 2.6. (Symbolic HyperPlithogenic Algebraic Structure generalizes Symbolic Plithogenic Algebraic
Structure) -

If each hyper-membership pdf ; is restricted to singleton subsets in [0, 1]°, the Symbolic HyperPlithogenic
Algebraic Structure reduces to a Symbolic Plithogenic Algebraic Structure.

Proof. When each 1321? j(x,aj) € [0,1]° is exactly {d}, a single membership vector, we retrieve an ordinary

pdf;. Hence the hyper-based membership collapses to standard membership, and the resulting algebraic
structure is precisely that of a Symbolic Plithogenic Algebraic Structure as in Definition. O

Definition 2.7 (Symbolic n-SuperHyperPlithogenic Algebraic Structure). Letn > 1. A Symbolic n-SuperHyperPlithogenic
Algebraic Structure is a tuple

(SHPSn, - pdr, pCF<">),
satisfying:
1. SHPS,, is a Symbolic n-SuperHyperPlithogenic Set, i.e. an n-th-level hyper-membership extension of the
SPS with symbolic expansions and hyperplithogenic membership. Symbolically,

SPS,, = P, (SPS) or an analogous iterative symbolic extension.

2. The operations + and - are defined over the extended domain SPS,, with a suitable generalization of the
symbolic addition, multiplication, and absorbance among symbolic components at the n-th level.

3. Each ;;ZI?;") : SPS, x Pv; — P:([0,1]%) is an n-layer Hyper Degree of Appurtenance Function,
providing an n-times nested set of membership degrees in [0, 1]°.

4. pCF™ is the Degree of Contradiction Function for the attribute values, extended (if needed) to handle
the n-th super-level logic of plithogenic contradiction.

Theorem 2.8. When n = 1, a Symbolic n-SuperHyperPlithogenic Algebraic Structure reduces to a Symbolic
HyperPlithogenic Algebraic Structure (Definition[2.5)).

Proof. By setting n = 1, the P;-type expansions are replaced by single-level expansions, and
— (1
pdft s SPSy x Pv; — 21 ([0,1]%)

becomes exactly a single-level hyperplithogenic membership. The domain SPS; coincides with the Symbolic
HyperPlithogenic Set domain, and the algebraic operations remain in single-level symbolic form. Hence, all
multi-layer nesting disappears, and we recover the Symbolic HyperPlithogenic Algebraic Structure. O
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