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Abstract

This paper investigates unit disk graphs within the frameworks of fuzzy and neutrosophic graphs, expanding
upon the traditional study of intersection graphs. Unit disk graphs are well-known for their applications
in wireless networks, where vertices represent equal-sized disks, and edges denote overlapping disks. Fuzzy
and neutrosophic graphs, which incorporate uncertainty through degrees of membership, are explored in
the context of unit disk graphs. We provide a detailed analysis of these intersections, aiming to advance
research in fuzzy and neutrosophic graph theory.
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1| Introduction

1.1 | Graph Theory and real-world elements

Graph theory is a fundamental branch of mathematics that explores networks consisting of nodes (vertices) and
connections (edges). It is vital for analyzing the paths, structures, and properties of these networks [30]. A
key strength of graph theory is its ability to visually and conceptually model relationships between real-world
elements, making it an indispensable tool across numerous disciplines [49, 86, 37, §].

1.2 | Intersection graph and Unit disk graph

One well-known example of these studies is the intersection graph. An intersection graph represents sets
where vertices correspond to the sets, and edges exist between vertices if the corresponding sets intersect
[75, 45, 94]. Examples of intersection graphs include interval graphs[40], proper interval graphs[52], weighted
interval graphs[15], unit disk graphs[27], quasi-unit disk graphs[25, 54], Weak Unit Disk Graphs[5, 4], circular
arc graphs[44, 109, 51], proper circular arc graphs[110, 105, 91], and polygon-circle graphs[67].
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In this paper, we focus on the study of unit disk graphs [27]. A unit disk graph is a type of graph where the
vertices represent equal-sized disks in the plane, and edges exist between disks that overlap. One of the most
well-known applications of unit disk graphs is in wireless networks, particularly in ad hoc wireless communication
networks [68]. These graphs are also widely used in various wireless networking applications [25, 56, 76].
Furthermore, many computational problems, such as the maximum independent set problem, the graph coloring
problem, and the minimum dominating set problem, can be efficiently solved using unit disk graphs [71, 72, 62].

1.3 | Fuzzy Graphs and Neutrosophic Graphs

To better represent uncertainties in real-world scenarios, various types of graphs such as fuzzy, neutrosophic,
Turiyam, and plithogenic graphs have been introduced. These graphs incorporate a relationship function that
expresses the degree of uncertainty associated with each vertex and edge. This approach has led to extensive
research into both the theoretical properties of these graphs and their practical applications.

A fuzzy graph assigns a membership value between 0 and 1 to each vertex and edge, representing the degree
of uncertainty or imprecision. Essentially, a fuzzy graph is a graphical representation of a fuzzy set [115, 114].
Fuzzy graphs have been widely applied in various domains such as social networks, decision-making, and
transportation systems, where relationships are not precisely defined or involve uncertainty [90, 77]. Due to
their wide applicability, fuzzy graphs have attracted significant attention in research.

More recently, neutrosophic graphs [103, 101, 50, 20, 2] have emerged within the framework of neutrosophic
set theory [6, 104]. Neutrosophic logic extends classical and fuzzy logic by incorporating three distinct degrees:
truth, indeterminacy, and falsity, making it a more flexible tool for handling uncertainty.

Building upon these concepts, the Turiyam Neutrosophic graph was introduced as an extension of neutrosophic
and fuzzy graphs. In a Turiyam Neutrosophic graph, each vertex and edge is assigned four attributes: truth,
indeterminacy, falsity, and a liberal state, further expanding the framework established by neutrosophic and
fuzzy graphs [41]. In addition, plithogenic graphs have emerged as a more generalized form, and are currently a
subject of active research [99, 99].

Despite significant advancements in the study of fuzzy and neutrosophic graphs, as well as their intersection
variants (such as fuzzy intersection graphs[93, 74, 89, 28] and neutrosophic intersection graphs[18]), there has
been relatively little exploration of unit disk graphs in the context of fuzzy, neutrosophic, and plithogenic graphs.

1.4 | Our Contribution

While the study of fuzzy and neutrosophic graphs, along with various other graph structures, is highly important,
these areas remain far from fully explored. In this paper, we focus on a comprehensive investigation of unit disk
graphs within the frameworks of fuzzy and neutrosophic graphs. We hope that our research will contribute to
the ongoing development of graph theory and open new pathways for further advancements in these areas.

2 | Preliminaries and definitions

In this section, we present a brief overview of the definitions and notations used throughout this paper. We will
specifically cover fundamental concepts related to graphs, including fuzzy graphs, intuitionistic fuzzy graphs,
Turiyam Neutrosophic graphs, neutrosophic graphs, and plithogenic graphs.

Additionally, please note that this paper may also incorporate concepts from set theory alongside graph theory.
For a more comprehensive understanding of set theory, you may refer to the relevant surveys or notes [60].

2.1 | Basic Concepts
2.1.1 | Basic Graph Concepts

Here are a few basic graph concepts listed below. For more foundational graph concepts and notations, please
refer to [30].
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Definition 1 (Graph). [30] A graph G is a mathematical structure consisting of a set of vertices V(G) and a set
of edges F(G) that connect pairs of vertices, representing relationships or connections between them. Formally,
a graph is defined as G = (V, E), where Vis the vertex set and F is the edge set.

Definition 2 (Degree). [30] Let G = (V, E) be a graph. The degree of a vertex v € V, denoted deg(v), is the
number of edges incident to v. Formally, for undirected graphs:
deg(v) =|{e€ E|v € e}

In the case of directed graphs, the in-degree deg™ (v) is the number of edges directed into v, and the out-degree
deg™ (v) is the number of edges directed out of v.

Definition 3 (Subgraph). [30] A subgraph of G is a graph formed by selecting a subset of vertices and edges
from G.

Definition 4 (Connected graph). A graph G = (V, E) is said to be a connected graph if for any two distinct
vertices u,v € V, there exists a path in G that connects u and v. In other words, every pair of vertices in the
graph is reachable from each other, meaning there is a sequence of edges that allows traversal between any two
vertices.

Mathematically, for all u,v € V, there exists a sequence of vertices v; = u, vy, ..., v, = v such that (v;,v;,,) € E
forall 1 <7< k.

Definition 5 (Induced subgraph). Let G = (V, E) be a graph, where V'is the set of vertices and E is the set of
edges. For a subset V' C V, the induced subgraph G[V'] is the graph whose vertex set is V' and whose edge set
consists of all edges from F that have both endpoints in V”. Formally, the induced subgraph G[V'] = (V’, E’) is
defined as follows:

E ={(u,v) e E|lueV veV'}
In other words, G[V”] is the subgraph of G that contains all vertices in V’ and all edges from G whose endpoints
are both in V’.

Example 6 (Induced Subgraph). Consider a graph G = (V, E) where the vertex set is

V= {Ulav2>037v4vv5}
and the edge set is

E = {(vy,v5), (v1,v3), (v2,v3), (v3,04), (Vg,5)}-

Let us select a subset of vertices V' = {v;,vy,v3}. The induced subgraph G[V’] consists of the vertices
V1,7V, 05 and all edges in G that connect these vertices. The edges in G that have both endpoints in V’ are

(v1,v2), (v1,v3), (Vg v3).
Thus, the induced subgraph G[V’] is the graph:
e Vertex set: V' = {vy,vy,v5}
e Edge set: £ = {(vq,v,), (v1,03), (vy,v3)}
In this case, the induced subgraph G[V'] forms a triangle with vertices v,, vy, v4 and the edges connecting each

pair of these vertices.

Definition 7 (Complete Graph). A complete graph is a graph G = (V| E) in which every pair of distinct vertices
is connected by a unique edge. Formally, a graph G = (V, E) is complete if for every pair of vertices u,v € V
with u # v, there exists an edge {u, v} € E.

The complete graph on n vertices is denoted by K,,, and it has the following properties:

e The number of vertices is |V] = n.

n(n—1)

e The number of edges is |E| = (}) = *%
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e Each vertex has degree deg(v) =n—1for all v e V.

Example 8 (Examples of Complete Graphs). The concept of a complete graph is best understood through
specific examples:

e The complete graph K, consists of a single vertex with no edges.
e The complete graph K, has two vertices, v; and v,, and a single edge connecting them, {v;, vy }.

e The complete graph K consists of three vertices, vy, v, and vy, with edges {v;, vy}, {vy,v5}, and {vy, v5}.
This forms a triangle.

e The complete graph K, has four vertices, with every possible pair of vertices connected by an edge.
The edges are {vy,v5}, {v1,v3}, {vy, 04}, {vg,v3}, {vg,v4}, and {vs, v, }. This graph forms a tetrahedron
when represented in three dimensions.

e The complete graph K includes five vertices, with each pair of vertices connected by a unique edge.
The total number of edges is () = 10, making it a highly connected structure.

In general, for a complete graph K, with n vertices, there are (%) = "("271) edges, and each vertex has a degree

of n—1.

Definition 9 (Bipartite Graph). A bipartite graph is a graph G = (V, E) whose vertex set V can be partitioned
into two disjoint subsets V; and V, such that:

e V=V,UV,and V; NV, =0.

e Every edge in E connects a vertex from V| to a vertex from V,. In other words, there are no edges
connecting two vertices within the same subset V; or V.

Formally, G = (V, E) is bipartite if there exists a partition (V},V,) such that for every edge e = {u,v} € E,
eitherue V, andve Vy,orueV,and v e V.

A graph G is bipartite if and only if it contains no odd-length cycles.
Definition 10 (Complete Bipartite Graph). (cf.[34]) A complete bipartite graph is a graph G = (V, E) whose
vertex set V can be partitioned into two disjoint subsets V; and V;, such that:
e V=V,UV,and V; NV, = 0.
e There is an edge between every vertex in V; and every vertex in V5.
e There are no edges between vertices within the same subset V; or Vj.
The complete bipartite graph with [V;| =m and |V;| = n is denoted by K, ,,. It has the following properties:
e The number of vertices is |V| = m + n.
e The number of edges is |E| = m x n.

e Each vertex in V] has degree n, and each vertex in V, has degree m.

2.1.2 | Forbidden Graph

In the study of graph classes in graph theory, Forbidden Graphs have been extensively researched [24, 70, 80].
In simple terms, Forbidden Graphs are used to identify which subgraph structures must not be contained in
the graphs belonging to a particular class. The concept helps in understanding and defining the structural
constraints of a graph class. The formal definition is provided below.

Definition 11 (Forbidden Graph). [24, 70, 80] A forbidden graph is a graph H such that a given class of graphs
€ does not contain any graph that has H as a subgraph. In other words, a graph G belongs to the class € if and
only if it does not contain any graph from a predetermined set of forbidden graphs as a subgraph.

The forbidden substructures may be of different types, including:
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Subgraph: A smaller graph obtained by removing vertices or edges from the original graph.

Induced Subgraph: A smaller graph obtained by choosing a subset of vertices and including all edges
with both endpoints in that subset [92, 66, 22].

e Homeomorphic Subgraph (Topological Minor): A smaller graph obtained by collapsing paths of
degree-two vertices into single edges.

Graph Minor: A smaller graph obtained by contracting edges or deleting edges and vertices[16, 57, 73].

In this paper, we use the concept of homomorphism in our discussion of the aforementioned forbidden graphs.
The definition is provided below.

Definition 12 (homomorphic). (cf.[17, 55, 31, 36, 112]) Two graphs G = (V, E) and H = (V’, E’) are said to
be homomorphic if there exists a mapping ¢ : V' — V' such that for every edge (u,v) € E, the image (¢(u), ¢(v))
is an edge in E’. In other words, there is a structure-preserving mapping from G to H that maintains the
adjacency relationships between vertices.

2.1.3 | Intersection graph

In this paper, we focus on unit disk graphs, which are known as intersection graphs. Intersection graphs
have been extensively studied[75, 45, 94]. Variants such as intersection digraphs[29, 116], random intersection
graphs[46, 117, 81] , and geometric intersection graphs[35, 48] have also been studied. The definition is provided
below([75, 45, 94].

Definition 13 (Intersection graph). [75, 45, 94] A intersection graph is a graph that represents the intersection
relationships between sets. Formally, let & = {51, 55,...,S,,} be a collection of sets. The intersection graph
G = (V, E) associated with § is a graph where:

e The vertex set V corresponds to the sets in 8, i.e., V = {vy,vq, ..., v, }, where each vertex v, represents
the set S; € §.

e There is an edge (v;, vj) € Eif and only if the corresponding sets S; and S; have a non-empty intersection,
ie, S, NS;#0.
The following is well-known regarding the relationship between intersection graphs and general graphs.

Theorem 14. FEvery graph can be represented as an intersection graph.

2.1.4 | Euclidean space and Euclidean distance

In unit disk graphs, the concepts of Euclidean space and Euclidean distance are commonly employed. In
geometric graph theory[82, 83], Euclidean space plays a central role. A Euclidean graph is a type of graph where
the vertices correspond to points in the plane, and each edge is assigned a length equal to the Euclidean distance
between its endpoints[64, 58]. The relevant definitions are provided below.

Definition 15 (n-dimensional Euclidean Space). (cf.[87]) The n-dimensional Euclidean space, denoted as R™, is
the set of all ordered n-tuples of real numbers. Formally, it is defined as:

R™ = {(zq,%q9,....,2x,) |z, ERforall i =1,2,...,n}.
Each element x = (21, s, ..., 2, ) € R™ is called a point (or vector) in n-dimensional Euclidean space, where

xy, %y, ..., T, are the coordinates of the point, and R denotes the set of real numbers.

Definition 16 (Euclidean Distance). Let p = (py,ps,...,p,) and q = (¢, 4y, ..., ¢,) be two points in the
n-dimensional Euclidean space R™. The Euclidean distance d(p,q) between p and q is defined as:

d(p, q) = \/<p1 - ql)2 + (p2 - q2)2 T+t (pn - qn>2
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or equivalently,
n

dp,a) =4/ Q_pi —a)*

Example 17. Consider two points in the 2-dimensional Euclidean space, R?. Let p = (1,3) and q = (4,7). The
Euclidean distance between these two points is calculated as follows:

dp,a) =1 —42+(3-72=+/(-3)2+(-4)2=V9+16 = V25 = 5.

Thus, the Euclidean distance between p and q is 5.

2.2 | Classic class about unit disk graph

We introduce several representative classical graph classes. The Unit Disk Graph is a well-known example of an
intersection graph, which has been extensively studied in graph theory and related fields[27, 11, 78, 61, 111, 13].
These graph classes have also been explored in fuzzy, neutrosophic, and plithogenic contexts.

Definition 18. A Unit Disk Graph (UDG) is a graph G = (V, E) where each vertex corresponds to a disk of
equal radius (typically 1) in the plane, and there is an edge between two vertices if and only if their corresponding
disks intersect. Formally, for each pair of vertices u,v € V| there exists an edge (u,v) € E if and only if the
Euclidean distance between the centers of the disks corresponding to v and v is at most 1.

Mathematically, if p,, and p,, are the centers of the disks corresponding to vertices u and v, respectively, then:
(u,v) € E < |p, —p,[ < 1.

Unit Disk Graphs are commonly used to model wireless networks and other spatial systems where connections
depend on proximity.

The following is an example of Unit Disk Graphs.

Example 19. Counsider three vertices V = {v;, vy, v5}, where each vertex corresponds to a disk of radius 1 in
the plane, centered at points p; = (0,0), p, = (1,0), and p3 = (2,0), respectively.

Check the distances between the centers.

e The distance between p; and p, is:

Iy —poll = V(1 =02+ (0—0) = 1.

e The distance between py and p4 is:

Ips —psl = V(2—1)2+(0—0)%> = 1.

e The distance between p; and p; is:

Iy —p3l = V(2—0)2 + (0—0)% = 2.

Define the edges based on the distances.
e Since ||p; — po|| = 1, there is an edge between v; and v, i.e., (v;,v5) € E.
e Since ||p, — ps]| = 1, there is an edge between vy and v, i.e., (vy,v5) € E.

e Since ||p; — p3| = 2, which is greater than 1, there is no edge between v, and vs, i.e., (v;,v3) ¢ E.
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We consider about Graph description. The resulting graph G = (V, E) has the vertex set V = {v;, vy, v5} and
the edge set E = {(v;,v,), (vg,v5)}. This forms a path graph where v; is connected to vy, and v, is connected
to vs, but v; and v are not connected.

Thus, the Unit Disk Graph for this example is:
G= ({Ula Vg, US}a {(Ula U2)a (1)2, 03)})'
The definition of a minimal non-unit disk graph is provided below [96, 11, 32]. This concept is related to the
study of forbidden graphs.
Definition 20. [11] A graph G = (V, E) is called a minimal non-unit disk graph (minimal-non-UDG) if:

e (G is not a unit disk graph, i.e., it cannot be represented as a graph where vertices correspond to points in
the plane such that two vertices are adjacent if and only if their corresponding points are at a Euclidean
distance of at most 1.

e For every proper induced subgraph G’ = (V' E’) of G, the subgraph G’ is a unit disk graph.

Minimal non-unit disk graphs have been studied in various contexts. For example, the following theorem is
well-known[11, 53, 59].

Theorem 21. [53, 59] The complete bipartite graphs K, ¢ and K, 3 are minimal non-unit disk graphs.

2.3 | Unit disk graph in Fuzzy Graphs

We focus on the concept of Unit Disk Graphs within the context of Fuzzy Graphs. To begin, the definition of a
fuzzy graph is provided below. A fuzzy graph extends traditional graph theory by incorporating the principles
of fuzzy sets [114, 23, 113]. Extensive research has been conducted on fuzzy graphs [39, 84, 90].

Definition 22. [90] A fuzzy graph ¥ = (V, o, 1) is defined as follows:

e Vis a set of vertices.

e 0:V —[0,1] is a function that assigns a membership degree to each vertex v € V] indicating the degree
of membership of v in the fuzzy graph.

e 1:V xV —[0,1] is a fuzzy relation that represents the strength of the connection between each pair of
vertices (u,v) € V x V, such that p(u,v) < min{o(u),o(v)}.

In this definition, the following properties hold:

e The fuzzy function p is symmetric, meaning p(u,v) = p(v,u) for all u,v € V.

e Additionally, u(v,v) =0 for all v € V, meaning that there is no self-loop in the fuzzy graph.
The fuzzy graph ¥ allows for the representation of uncertainty in the presence or strength of connections between
vertices, making it a valuable tool for modeling complex systems with ambiguous or imprecise relationships.

An example of a fuzzy graph is provided below.

Example 23. (cf.[21]) Consider a fuzzy graph G = (o, ) with four vertices V = {vy, vy, v5,v,}.
The membership degrees of the vertices are as follows:
o(v;) =01, o(vy) =03, o(vgy) =02, o(vy) =04

The fuzzy relation on the edges is defined by the values of p, where p(z,y) < o(z) A o(y) for all z,y € V. The
fuzzy membership degrees of the edges are as follows:

vy, v) = 0.1, p(vy,v5) = 0.1, p(vs,vy) = 0.1
w(vg,v) =01, p(vy,vy) =0.3
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In this example, the fuzzy graph G illustrates how vertices v;, vy, v5,v, are connected by edges with varying
membership degrees. The fuzzy relations ensure that the membership degree of an edge does not exceed the
minimum membership degree of the vertices it connects. This fuzzy graph captures uncertainty in both vertex
presence and edge connections.

Next, we define the fuzzy unit disk graph, which combines the concepts of a fuzzy graph and a unit disk graph,
as follows.
Definition 24. A fuzzy unit disk graph ) = (V, 0, u) is a graph where:

e Vis a set of vertices, each corresponding to a disk of equal radius (typically 1) centered in the plane.

e 0 : V — [0,1] is a membership function assigning a degree of membership to each vertex v € V,
representing the presence or relevance of the vertex.

e 1:V xV —10,1] is a fuzzy relation representing the strength of the connection between each pair of
vertices (u,v), defined by:

min{o(u),o(v)}, if |p, — .l <1,
ey [mintot.a @}, i, =]
0, if ”pu _va > ]-7

where p,, and p,, are the centers of the disks corresponding to vertices v and v, respectively, and |p,, — p, |
denotes the Euclidean distance between them.

In this definition:
e The fuzzy relation p(u,v) satisfies pu(u,v) < min{o(u),o(v)} for all u,v € V.
e The relation is symmetric: p(u,v) = p(v,u).

e There are no self-loops: u(u,u) =0 for all u € V.

2.4 | Unit disk graph in Intuitionistic fuzzy Graphs

Next, we consider Unit Disk Graphs in Intuitionistic Fuzzy Graphs. Intuitionistic fuzzy graphs are an extended
version of fuzzy graphs and have been the subject of extensive study for over 15 years [88, 85, 43]. Intuitionistic
fuzzy graphs are related to the concept of intuitionistic fuzzy sets [108, 33, 10, 9]. The definitions of intuitionistic
fuzzy graphs and intuitionistic fuzzy unit disk graphs are provided below.

Definition 25 (Intuitionistic Fuzzy Graph (IFG)). [85] Let G = (V, E) be a classical graph where V denotes the
set of vertices and E denotes the set of edges. An Intuitionistic Fuzzy Graph (IFG) on G, denoted G;p = (A, B),
is defined as follows:

(1) (pa,vy4) is an Intuitionistic Fuzzy Set (IFS) on the vertex set V. For each vertex x € V, the degree of
membership p 4 (z) € [0, 1] and the degree of non-membership v, (x) € [0, 1] satisfy:

pa(z) +vy(w) <1
The value 1 — pu4(2) — v, () represents the hesitancy or uncertainty regarding the membership of z in
the set.

(2) (up,vp) is an Intuitionistic Fuzzy Relation (IFR) on the edge set E. For each edge (z,y) € E, the
degree of membership pp(z,y) € [0,1] and the degree of non-membership vg(z,y) € [0,1] satisfy:

pp(@,y) +vplz,y) <1
Additionally, the following constraints must hold for all z,y € V-

pp(@,y) < pal@) Apaly)
vp(T,y) <vy(x) Vos(y)
In this definition:

e y(x) and vy (z) represent the degree of membership and non-membership of the vertex x, respectively.
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e up(x,y) and vg(x,y) represent the degree of membership and non-membership of the edge (z,y),
respectively.

o If v,(x) =0 and vg(z,y) =0 for all z € Vand (z,y) € E, then the Intuitionistic Fuzzy Graph reduces
to a Fuzzy Graph.

The following is an example of an Intuitionistic Fuzzy Graph.

Example 26 (Intuitionistic Fuzzy Graph). Consider the Intuitionistic Fuzzy Graph G = (V, E, s, v 4, ig, Vg),
where V = {vy, vy, v3,v,} and the edges E = {(vy,vy), (v, v4), (V9,03), (v3,04), (v,v,)}. The membership and
non-membership degrees for the vertices are given as:

pa(v) =01, wvy(vy) =04
pa(vy) =03, wvy(vy) =03
ra(vg) =02, vy(vg) =04
ra(vy) =04, wvy(vy) =0.6

For the edges, the membership and non-membership degrees are given as follows:
o up(vy,vy) =01, vg(vy,vy) =04
o pp(vy,vy) =0.1, vp(vy,v,) =0.6
o up(vy,v3) =0.1, vg(vy,vg) =04
o up(vs,vg) =01, vg(vg,v,) =0.6
o up(vy,vy) =03, vg(vy,v,) =06
This example illustrates how an Intuitionistic Fuzzy Graph can be structured, representing uncertainty in both

vertex and edge membership using membership and non-membership degrees.

We define the Intuitionistic Fuzzy Unit Disk Graph as follows. The Intuitionistic Fuzzy Unit Disk Graph is a
concept that combines the ideas of an Intuitionistic Fuzzy Graph and a Unit Disk Graph.

Definition 27. An Intuitionistic Fuzzy Unit Disk Graph Giryp = (V, E, s,V 4, i, V) is defined as follows:

(1) Vertices and Edges: Vis a set of vertices, each representing a disk of equal radius (typically 1) centered
in the plane. E CV x Vis the set of edges, where an edge (u,v) € E exists if |p, — p,| < 1, where p,,
and p, are the centers of the disks corresponding to vertices u and v, respectively.

(2) Vertex Membership Functions: u, : V — [0, 1] assigns a membership degree to each vertex v € V,
and v, : V — [0, 1] assigns a non-membership degree to each vertex, such that:

0 < pua(v) +va(v) < 1.
The hesitation degree (indeterminacy) for each vertex v is defined as:
7a(0) =1 a(v) — va(W).
(3) Edge Membership Functions: pp5: E — [0, 1] assigns a membership degree to each edge (u,v) € E,
and vg : E — [0, 1] assigns a non-membership degree to each edge, such that:
0 < pg(u,v) +vg(u,v) <1.
The hesitation degree for each edge (u,v) is:

mg(u,v) =1— ug(u,v) —vg(u,v).

(4) Constraints Between Vertices and Edges: For all u,v € Vwith (u,v) € E, the following constraints
hold:

pp(u,v) < min{p,(u), pa(v)}
vg(u,v) > max{v (u),v,4(v)}.
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2.5 | Unit disk graph in Neutrosophic Graphs

First, the definition of a neutrosophic graph is provided. As mentioned in the introduction, neutrosophic graphs
are an extension of fuzzy graphs and Intuitionistic Fuzzy Graphs. Similar to fuzzy graphs, neutrosophic graphs
have been the subject of extensive research [63, 3, 103, 101]. Neutrosophic graphs are related to the concept of
Neutrosophic sets [7, 69, 19]. The definition is provided below[103, 38, 98].

Definition 28. [103] A neutrosophic graph G = (V,E,0 = (04,07,05), t = (lp, o5, i) is a graph where:

e 0:V —[0,1]? assigns a triple (o(v),0;(v),0x(v)) representing the truth, indeterminacy, and falsity
membership degrees to each vertex v € V.

e u: E —[0,1]? assigns a triple (up(e), u;(e), pp(e)) representing the truth, indeterminacy, and falsity
membership degrees to each edge e € E.

e For every edge e = v;v; € E, the following condition holds:

pr(e) < min(op(v;), op(v;)).

(1) o is called the neutrosophic vertex set.

(2) p is called the neutrosophic edge set.

(3) The number of vertices |V is the order of G, denoted by O(G).

(4) The sum of the truth values over all vertices, > _ o7(v), is the neutrosophic order of G, denoted by

On(QG).
(5) The number of edges |E| is the size of G, denoted by S(G).
(6) The sum of the truth values over all edges, >___, uir(e), is the neutrosophic size of G, denoted by Sn(G).

The Examples of neutrosophic graph is following.

Example 29. (cf.[21]) Consider a neutrosophic graph NTG = (V,E,0 = (01,04,03), it = (i1, fig, ft3)) With
four vertices V' = {vy,vq, v3,v,}, as shown in the diagram.

The neutrosophic membership degrees of the vertices are as follows:

o(vy) =(0.5,0.1,04), o(vy) = (0.6,0.3,0.2),
o(v3) = (0.2,0.3,0.4), o(vy) = (0.4,0.2,0.5)

The neutrosophic membership degrees of the edges are as follows:

w(vgvy) = (0.2,0.3,0.4), pu(vyus) = (0.3,0.3,0.4),
u(vgvy) = (0.2,0.3,0.4), p(vgvy) = (0.1,0.2,0.5)
In this case, the neutrosophic graph NT'G has the following properties:
e Vertices vy, vy, V3, v, are connected by edges with varying neutrosophic membership degrees.
e The neutrosophic relations ensure that for every edge v;v; € E, p(v,v;) < o(v;) Ao(v;), where A denotes

the minimum operation.

We define the Neutrosophic Unit Disk Graph as follows. The Neutrosophic Unit Disk Graph is a concept that
combines the ideas of an Neutrosophic Graph and a Unit Disk Graph.

Definition 30. A Neutrosophic Unit Disk Graph G nypa = (V, E, 0, 1) is defined as follows:
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(1) Vertices and Edges: Vis a set of vertices, each corresponding to a disk of equal radius centered in the
plane. E C V x Vis the set of edges, where (u,v) € E if |p, —p,| < 1.

(2) Vertex Neutrosophic Membership Functions: o : V — [0,1]3, where for each vertex v € V:
o(v) = (or(v), 01(v), 0(v)),
representing the truth-membership, indeterminacy-membership, and falsity-membership, respectively,

such that:
0 < op(v) +07(v) +op(v) < 1.

(3) Edge Neutrosophic Membership Functions: u: E — [0,1]3, where for each edge e = (u,v) € E:

p(e) = (up(e), purle), ppe)),
such that:
0 < pple) + pre) + pple) < 1.

(4) Constraints Between Vertices and Edges: For all e = (u,v) € E:
pp(e) < minfop(u),op(v)},
pr(e) = max{o(u),or(v)},
pp(e) = max{op(u),op(v)}.

2.6 | Unit disk graph in Turiyam Neutrosophic Graph

Research on Turiyam Neutrosophic Graphs, which incorporate parameters into Neutrosophic Graphs, is currently
being conducted [41]. These graphs are a graphical representation of the Turiyam Neutrosophic Set [95, 42].
Similar concepts include four-valued logic [26, 14].

The definition is provided below. Note that Turiyam Neutrosophic Set is actually a particular case of the
Quadruple Neutrosophic Set, by replacing ”Contradiction” with "Liberal” (cf.[97]).

Definition 31 (Turiyam Neutrosophic Graph). [41, 42] Let G = (V, E) be a classical graph with a finite set of

vertices V = {v; : i =1,2,...,n} and edges £ = {(v;,v;) : 4,5 = 1,2,...,n}. A Turiyam Neutrosophic Graph of

G, denoted GT = (VT, ET), is defined as follows:

(1) Turiyam Neutrosophic Vertex Set: For each vertex v; € V, the Turiyam Neutrosophic graph assigns the
following mappings:
t(vi)v iv(vi)a fv(vi)7 ZU(”Ui) V= [07 1]7
where:
e t(v;) is the truth value (tv) of the vertex v,,
e ju(v;) is the indeterminacy value (iv) of v,,
e fu(v,;) is the falsity value (fv) of v,,
e [v(v;) is the Turiyam Neutrosophic state (or liberal value) (lv) of v;,
for all v; € V, such that the following condition holds for each vertex:

0 < t(v;) +iv(v;) + fo(v;) + lv(v;) < 4.

(2) Turiyam Neutrosophic Edge Set: For each edge (v;, vj) € F, the Turiyam Neutrosophic graph assigns the
following mappings:
t(vi,vj)»w(”iavj)afv(vmvj)al”(vivvj) B —[0,1],
where:

e t(v;,v;) is the truth value of the edge (v;,v;),

e iv(v;,v;) is the indeterminacy value of (v;,v;),
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e fu(v;,v;) is the falsity value of (v;,v,),
e lv(v;,v;) is the Turiyam Neutrosophic state (or liberal value) of (v;,v;),
for all (v;,v;) € E, such that the following condition holds for each edge:
0< t(vi,vj) + iv(vi,vj) + fv(vi,vj) + lv(vi,vj) < 4.
In this case, VT represents the Turiyam Neutrosophic vertex set of the graph GT, and ET represents the Turiyam
Neutrosophic edge set of GT.

We define the Turiyam Neutrosophic Unit Disk Graph as follows. The Turiyam Neutrosophic Unit Disk Graph
is a concept that combines the ideas of an Turiyam Neutrosophic Graph and a Unit Disk Graph.

Definition 32. A Turiyam Neutrosophic Unit Disk Graph Grypa = (V, E,ty, ivy, foy, oy, tg, ivg, fug, lug) is
defined as follows:

(1) Vertices and Edges: Vis a set of vertices corresponding to disks of equal radius in the plane. E C V' xV
is the set of edges, where (u,v) € Eif |p, —p,| < 1.

(2) Turiyam Neutrosophic Vertex Membership Functions: For each vertex v € V, the Turiyam
Neutrosophic membership functions are:

tV(”)) Z-'UV(’U)’ fUV(U)7 lUV(U) € [07 1]7
representing the truth value, indeterminacy value, falsity value, and liberal value, respectively, such that:

0 < ty(v) +ivy(v) + foy(v) + luy(v) < 1.

(3) Turiyam Neutrosophic Edge Membership Functions: For each edge e = (u,v) € E, the Turiyam
Neutrosophic membership functions are:

tE(e)v ivE(e)v fUE<6)7 Z’UE(E) € [Ov 1]7
such that:
0 <tgle)+ivg(e) + fuogle) +lvg(e) < 1.
2.7 | Unit disk graph in Plithogenic Graph

Recently, Plithogenic Graphs have been proposed as a generalization of Fuzzy Graphs and Turiyam Neutrosophic
Graphs, as well as a graphical representation of Plithogenic Sets [102, 1, 47, 106, 100]. Plithogenic Graphs have
been developed and are currently being actively studied [107] The definition is provided below.

Definition 33. [107] Let G = (V, E) be a crisp graph where V'is the set of vertices and E C V' x V'is the set of
edges. A Plithogenic Graph PG is defined as:

PG = (PM,PN)
where:
(1) Plithogenic Vertex Set PM = (M,l, Ml,adf,aCf):
e M C Vis the set of vertices.
e [ is an attribute associated with the vertices.
e M1 is the range of possible attribute values.
e adf: M x Ml — [0,1]° is the Degree of Appurtenance Function (DAF) for vertices.
e aCf: Ml x Ml — [0,1]" is the Degree of Contradiction Function (DCF) for vertices.
(2) Plithogenic Edge Set PN = (N, m, Nm,bdf,bC f):
e N C F is the set of edges.
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e m is an attribute associated with the edges.

e Nm is the range of possible attribute values.

e bdf: N x Nm — [0,1]° is the Degree of Appurtenance Function (DAF) for edges.

e bCf: Nm x Nm — [0,1]" is the Degree of Contradiction Function (DCF) for edges.

The Plithogenic Graph PG must satisfy the following conditions:

(1)

2)

3)

Edge Appurtenance Constraint: For all (z,a), (y,b) € M x MI:
bdf((zy), (a,b)) < min{adf(z,a),ad f(y,b)}

where zy € N is an edge between vertices x and y, and (a,b) € Nm x Nm are the corresponding
attribute values.

Contradiction Function Constraint: For all (a,b), (c,d) € Nm x Nm:
bC'f((a,b), (¢c,d)) < min{aCf(a,c),aCf(b,d)}

Reflexivity and Symmetry of Contradiction Functions:

aCf(a,a) =0, Ya € Ml
aCf(a,b) = aCf(b,a), Va,b e Ml
bCf(a,a) =0, Ya e Nm
bCf(a,b) =bCf(b,a), Ya,b e Nm

Example 34. (cf.[39]) The following examples are provided.

When s =t =1, PG is called a Plithogenic Fuzzy Graph.

When s =2,t =1, PG is called a Plithogenic Intuitionistic Fuzzy Graph.

When s = 3,t =1, PG is called a Plithogenic Neutrosophic Graph.

When s =4,t =1, PG is called a Plithogenic quadripartitioned Neutrosophic Graph.
When s =5,t =1, PG is called a Plithogenic pentapartitioned Neutrosophic Graph.
When s = 6,t =1, PG is called a Plithogenic hexapartitioned Neutrosophic Graph.
When s =7,t =1, PG is called a Plithogenic heptapartitioned Neutrosophic Graph.
When s = 8,t =1, PG is called a Plithogenic octapartitioned Neutrosophic Graph.
When s =9,t =1, PG is called a Plithogenic nonapartitioned Neutrosophic Graph.

We define the Plithogenic Unit Disk Graph as follows. The Plithogenic Unit Disk Graph is a concept that
combines the ideas of an Plithogenic Graph and a Unit Disk Graph.

Definition 35. A Plithogenic Unit Disk Graph PGype = (PM, PN) is defined as follows:

(1)

(2)

Vertices and Edges: Vis a set of vertices corresponding to disks of equal radius in the plane. £ C V xV
is the set of edges, where (u,v) € Eif |p, —p,| < 1.

Plithogenic Vertex Set PM = (M,l, Ml,adf,aC f):
e M C Vis the set of vertices.
e [ is an attribute associated with the vertices.

e MI is the set of possible values for attribute [.

adf : M x Ml — [0,1]® is the Degree of Appurtenance Function for vertices.
e aCf: Ml x Ml — [0,1] is the Degree of Contradiction Function for vertices.
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(3) Plithogenic Edge Set PN = (N, m, Nm,bdf,bCf):
e N C F is the set of edges.
e m is an attribute associated with the edges.
e Nm is the set of possible values for attribute m.
e bdf: N x Nm — [0,1]° is the Degree of Appurtenance Function for edges.
e bCf: Nm x Nm — [0,1]¢ is the Degree of Contradiction Function for edges.

Example 36. The following is an example of a Plithogenic unit disk Graph.
e When s =t =1, PG is called a Plithogenic Fuzzy unit disk Graph.
e When s =2,t =1, PG is called a Plithogenic Intuitionistic Fuzzy unit disk Graph.
e When s = 3,t =1, PG is called a Plithogenic Neutrosophic unit disk Graph.
e When s =4,t =1, PG is called a Plithogenic Turiyam Neutrosophic unit disk Graph.

3| Result in this paper

In this section, we present the results of this paper.

3.1 | Property of Plithogenic Unit Disk Graph

We consider about Plithogenic Unit Disk Graph. These properties also hold similarly for fuzzy graphs,
intuitionistic fuzzy graphs, neutrosophic graphs, and Turiyam Neutrosophic graphs.

Theorem 37. Plithogenic Unit Disk Graph can be transformed into a fuzzy, neutrosophic, or Turiyam
Neutrosophic Unit Disk Graph.

Proof: This result holds because Plithogenic graphs generalize fuzzy, neutrosophic, and Turiyam Neutrosophic
graphs, and their corresponding transformations can be made by adjusting the appurtenance, contradiction,
and other related parameters to align with the specific framework (fuzzy, neutrosophic, or Turiyam) being
considered. O

Theorem 38. A Plithogenic Unit Disk Graph can be transformed into a classical Unit Disk Graph.
Proof: Let PGype = (PM,PN) be a Plithogenic Unit Disk Graph, where PM is the vertex set and PN is the
edge set, each with associated plithogenic attributes.

To transform this into a classical Unit Disk Graph G = (V, E'), we perform the following steps:

(1) Remove the plithogenic attributes (degree of appurtenance and degree of contradiction) from both
vertices and edges.

(2) Retain the vertex set V. = M and edge set E = N, where M and N are the vertex and edge sets of
PGy pa, respectively.

(3) Verify that the resulting graph satisfies the condition for a classical Unit Disk Graph: there is an edge
between two vertices if and only if the Euclidean distance between their corresponding disk centers is at
most 1.

Since the original Plithogenic Unit Disk Graph satisfies this spatial condition, the transformed graph G = (V, E)
is a valid classical Unit Disk Graph. ]

Theorem 39. For any Plithogenic Unit Disk Graph PGy pa, the degrees of the vertices are identical to those in
its underlying classical Unit Disk Graph Gy pg-
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Proof: The degree of a vertex v in any graph is defined as the number of edges incident to it. In the case of a
Plithogenic Unit Disk Graph PGy pq, the vertices and edges are associated with additional attributes, such as
the degree of appurtenance and contradiction. However, these attributes only modify the characteristics of the
vertices and edges, not their existence or connectivity.

Let Gype = (V, E) be the underlying classical Unit Disk Graph of PGy p. The edge set E in both PGy pa
and Gy pg is identical, meaning that the connections between vertices remain the same. Therefore, for any
vertex v € V, the number of edges incident to v in PGy is the same as in Gy p, because the set of edges and
their adjacency relationships are preserved.

While the plithogenic attributes (such as degrees of appurtenance and contradiction) may modify the properties
of the edges and vertices, they do not alter the fundamental structure of the graph. In particular, the count of
edges incident to each vertex, which determines the vertex degree, remains unchanged between PGy, po and

GUDG‘

Thus, the degrees of the vertices in PGy p are identical to those in its underlying classical Unit Disk Graph
Gype- O

Theorem 40. For any threshold « € [0, 1], the subgraph G, of a Plithogenic Unit Disk Graph PGy pe induced
by vertices and edges with degrees of appurtenance greater than or equal to « is a subgraph of the underlying
classical Unit Disk Graph Gype-

Proof: Let V,, be the set of vertices in the Plithogenic Unit Disk Graph PGy, po whose degree of appurtenance
is greater than or equal to a. Specifically, we define:

V,={veV]adf(v,l,) > a},

where adf(v,l,) is the Degree of Appurtenance Function (DAF) for vertex v with respect to its attribute .
Similarly, let E,, be the set of edges where the degree of appurtenance is greater than or equal to a. Formally,
we define:

E,={e=(u,v) € E|bdf(e,m,) > a},

where bd f(e,m,) is the Degree of Appurtenance Function (DAF) for the edge e with respect to its attribute m,.

By construction, the set V, is a subset of V' (the vertex set of the original Unit Disk Graph Gy pe), and E,, is a
subset of E (the edge set of Gyype). Therefore, the subgraph G, = (V,,, E,) is a subgraph of the classical Unit
Disk Graph Gy pa, as both the vertices and edges in G, are filtered based on their degrees of appurtenance but
still belong to the original graph Gy;pq-

Thus, G, is a subgraph of G;p, as the appurtenance degrees act as a filtering mechanism to select specific
vertices and edges from G- This completes the proof. O

Theorem 41. A Plithogenic Unit Disk Graph PGy pq ts connected if and only if its underlying classical Unit
Disk Graph Gy pg is connected.

Proof: Assume that the Plithogenic Unit Disk Graph PGy p¢ is connected. By definition, PGy shares the
same vertices and edges as the underlying classical Unit Disk Graph Gy, pq, with the only difference being the
additional plithogenic attributes such as degrees of appurtenance and contradiction. Since PGy p is connected,
there exists a path between any pair of vertices in PG pq, and because the edges of G;p are present in
PGy pa, the same path must exist in Gy pg. Therefore, if PGy pe is connected, G;pe must also be connected.

Now assume that the classical Unit Disk Graph Gy pe is connected. In this case, there exists a path between
any pair of vertices in Gy pg. The Plithogenic Unit Disk Graph PGy pe inherits the same vertex and edge
sets from Gy;pa, and the plithogenic attributes do not alter the existence of edges but only add additional
information. As a result, the connectivity of Gy, implies that there is a path between any pair of vertices in
PGy pg, making PGy pe connected as well.

Thus, the Plithogenic Unit Disk Graph PGy pg is connected if and only if the classical Unit Disk Graph Gypea
is connected. .
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Theorem 42. If a graph is a Plithogenic unit disk graph, then it contains no subgraph homomorphic to K, g or
Ky 5.

Proof: Let PG = (V,E,PM,PN) be a Plithogenic unit disk graph. By definition, the vertices of PG correspond
to disks of equal radius in the plane, and two vertices are adjacent if and only if the distance between their
corresponding disk centers is at most 1.

Now, assume for the sake of contradiction that PG contains a subgraph homomorphic to K g or K, 3. Such a
configuration is impossible in a unit disk graph, as the spatial arrangement required for K  or K, 5 would violate
the unit distance condition between adjacent vertices. Therefore, PG cannot contain a subgraph homomorphic
to K g or K, 3. Refer to Theorem 21 for details. g

3.2 | Relation to Fuzzy Intersection Graph
One of the well-known graph classes of fuzzy graphs is the Fuzzy Intersection Graph. The following definition is

commonly recognized.

Definition 43 (Fuzzy Intersection Graph). A Fuzzy Intersection Graph is a graph G = (V, E, o, ) where:
e Vis the set of vertices.
o FF CV x Vis the set of edges.
e 0:V —[0,1] is a membership function that assigns a degree of membership to each vertex v € V.

o 11:V xV —[0,1] is a fuzzy relation representing the strength of the connection (degree of membership)
between each pair of vertices (u,v) € V x V.

The edge set E of the fuzzy intersection graph is defined based on the membership functions of the vertices and
the fuzzy relation. Specifically, for each pair (u,v) € V x V, the edge (u,v) exists in the fuzzy intersection graph
with the membership degree:

u(u,v) = min(o(u), o(v))
if the Euclidean distance between the corresponding points of u and v satisfies the condition for intersection,
and p(u,v) = 0 otherwise.

In this way, the fuzzy intersection graph generalizes the concept of an intersection graph by incorporating fuzzy
set theory, allowing for partial membership and gradual relationships between vertices and edges.

Theorem 44. Any undirected fuzzy graph G = (V,0, 1) can be represented as a fuzzy intersection graph.

Proof: Let G = (V,0,u) be an undirected fuzzy graph, where:
e Vis the set of vertices.
e 0:V —[0,1] is the membership function for vertices.

e 1:V xV —[0,1] is the fuzzy relation representing the strength of connections between vertices, subject
to p(u,v) < min(o(u),o(v)).
We need to show that G can be represented as a fuzzy intersection graph, where the edges between vertices are
determined by their membership degrees.

We consider about Set Representation. For each vertex v; € V, define a set S; that contains the edges (v;,v;)
where v; is adjacent to v;. The set S; represents the neighbors of v; based on the fuzzy membership degrees
assigned to each edge.

We consider about Fuzzy Relation Preservation. We construct a fuzzy intersection graph by defining the fuzzy
membership of the edges between any two vertices v; and v; as follows:

M(Uivvj) = min(a(vi),U@j))
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This definition is consistent with the properties of the fuzzy graph G, where the membership degree of an edge
cannot exceed the minimum membership degree of the vertices it connects.

We consider about Symmetry and No Self-Loops. Since the fuzzy graph G is undirected, the fuzzy relation p is

symmetric. That is, p(v;,v;) = p(v;,v;), which is preserved in the fuzzy intersection graph. Furthermore, the

absence of self-loops (i.e., u(v;,v;) = 0) is also preserved in the fuzzy intersection graph.

We consider about Intersection Property. The sets S; for each vertex define the neighbors based on the fuzzy
relation. Two sets .S; and S; intersect if and only if the corresponding vertices v; and v; share an edge in G.
Since the fuzzy membership degree is defined as u(v;,v;) = min(o(v;), 0(v;)), the edge exists if and only if there
is a non-zero intersection, which satisfies the conditions for a fuzzy intersection graph.

Thus, the fuzzy graph G can be represented as a fuzzy intersection graph, with edges determined by the intersection
of the sets S; and S, and fuzzy membership degrees assigned to the edges as p(v;,v;) = min(o(v;),o(v;)). O

Theorem 45. A Plithogenic Fuzzy Unit Disk Graph is a Fuzzy Intersection Graph.

Proof: Let PGype = (PM,PN) be a Plithogenic Fuzzy Unit Disk Graph, where:
e Vis the set of vertices corresponding to disks of equal radius in the plane.

e £ CV x Vis the set of edges, with an edge (u,v) € F if and only if the Euclidean distance between the
centers of the disks corresponding to u and v is less than or equal to 1.

e The vertices have a Degree of Appurtenance Function (adf) adf(v,l,), representing the membership
degree of each vertex v in its attribute class [,,, and the edges have a similar Degree of Appurtenance
Function for edges.

In PGype, the vertices have a Degree of Appurtenance Function (adf), adf(v,l,), which assigns a membership
degree to each vertex v. This is functionally equivalent to the membership function o(v) in the Fuzzy Intersection
Graph. Therefore, we can set:

o(v) = adf(v,1,).
Thus, the vertices in PGy po behave as vertices in a Fuzzy Intersection Graph in terms of their membership
degree.

In PGy pe, the edges also have a Degree of Appurtenance Function (bdf) bd f(e,m,), where e = (u, v), representing
the degree of membership of the edge in the graph. For a Fuzzy Intersection Graph, the membership of the edge
is determined by:

p(u, v) = min(o(u), o(v)) = min(ad f(u,1,),adf(v,1,)),
which is exactly how the membership degree of the edges in PG, po can be interpreted. Therefore, the edges of
PGyp follow the same rule as in the Fuzzy Intersection Graph. O

Corollary 46. A Fuzzy Unit Disk Graph is a Fuzzy Intersection Graph.

Proof: Obviously holds. O

3.3 | Plithogenic Intersection Graph and Unit disk graph
We propose the concept of a Plithogenic Intersection Graph, which extends the Fuzzy Intersection Graph within
the framework of Plithogenic Graph theory.
Definition 47 (Plithogenic Intersection Graph). A Plithogenic Intersection Graph PG = (V,E,PM,PN) is
defined as follows:

e Vis the set of vertices.

o F CV x Vis the set of edges.

e PM = (M,l,Ml,adf,aCf) is the Plithogenic vertex set, where:
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— M C Vis the set of vertices.
— [ is an attribute associated with the vertices.

— M1 is the range of possible values for attribute I.

adf : M x Ml — [0,1]° is the Degree of Appurtenance Function for vertices.

— aCf: Ml x Ml — [0,1]* is the Degree of Contradiction Function for vertices.
e PN = (N,m,Nm,bdf,bCf) is the Plithogenic edge set, where:

— N C FE is the set of edges.

— m is an attribute associated with the edges.

— Nm is the range of possible values for attribute m.

— bdf: N x Nm — [0,1]° is the Degree of Appurtenance Function for edges.

— bCf: Nm x Nm — [0,1]* is the Degree of Contradiction Function for edges.

The edge set E of the Plithogenic Intersection Graph is defined based on the degree of appurtenance of the
vertices and the plithogenic relation. Specifically, for each pair (u,v) € V x V, the edge (u,v) exists in the
Plithogenic Intersection Graph with the degree of appurtenance:

bd f(u,v) = min(adf(u,l,),adf(v,1,))
if the Euclidean distance between the corresponding points of u and v satisfies the condition for intersection,
and bd f(u,v) = 0 otherwise.
Example 48. (cf.[39]) The following is an example of a Plithogenic Intersection Graph.
e When s =t =1, PG is called a Plithogenic Fuzzy Intersection Graph.
e When s = 2,t =1, PG is called a Plithogenic Intuitionistic Fuzzy Intersection Graph.
e When s = 3,t =1, PG is called a Plithogenic Neutrosophic Intersection Graph.
e When s =4,t =1, PG is called a Plithogenic quadripartitioned Neutrosophic Intersection Graph.
e When s =5,t =1, PG is called a Plithogenic pentapartitioned Neutrosophic Intersection Graph.
e When s =6,t =1, PG is called a Plithogenic hexapartitioned Neutrosophic Intersection Graph.
e When s =7,t =1, PG is called a Plithogenic Heptapartitioned Neutrosophic Intersection Graph.
e When s =8,t =1, PG is called a Plithogenic octapartitioned Neutrosophic Intersection Graph.

e When s =9,t =1, PG is called a Plithogenic nonapartitioned Neutrosophic Intersection Graph.

Theorem 49. A Plithogenic Unit Disk Graph is a Plithogenic Intersection Graph.

Proof: Let PGypa = (PM,PN) be a Plithogenic Unit Disk Graph, where:
e Vis the set of vertices, each corresponding to a disk of equal radius in the plane.

o E CV xVis the set of edges, where (u,v) € E if the Euclidean distance between the centers of the disks
corresponding to u and v is less than or equal to 1.

e The vertices have a Degree of Appurtenance Function (adf) adf(v,l,), representing the membership
degree of each vertex v in its attribute class [,,.

e The edges have a Degree of Appurtenance Function (bdf) bd f(e,m,), representing the degree of member-
ship of each edge e in its attribute class m,.
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We consider about Definition of a Plithogenic Intersection Graph. A Plithogenic Intersection Graph is defined as
a graph where the vertices have degrees of appurtenance and contradiction, and the edge membership degree
is determined by the minimum appurtenance degree of the vertices it connects. Specifically, the degree of
appurtenance for the edge (u,v) is given by:

bdf(u,v) = min(adf(u,l,),adf(v,1,))
if the condition for intersection is satisfied.

We consider about Establishing the Plithogenic Unit Disk Graph as an Intersection Graph. In the case of a
Plithogenic Unit Disk Graph, the vertices represent disks in the plane, and edges exist if the Euclidean distance
between the centers of two disks is at most 1. The degree of appurtenance for each edge is defined based on the
degree of appurtenance of the vertices it connects, which aligns with the definition of a Plithogenic Intersection
Graph. Specifically, for an edge (u,v), we have:

bdf(ua U) = min(adf(ua lu>7 adf(v, lv))

This satisfies the requirement that the degree of appurtenance for the edge is determined by the vertices it
connects, as in a Plithogenic Intersection Graph.

We consider about Edge Formation and Intersection Condition. In the Plithogenic Unit Disk Graph, an edge
between two vertices exists if and only if the Euclidean distance between their corresponding disk centers is at
most 1. This corresponds to the intersection condition in the Plithogenic Intersection Graph, where edges are
formed based on the intersection of the vertex sets, represented by the disks in the unit disk graph. The edge
membership degree is then determined by the appurtenance degrees of the intersecting vertices.

Therefore, a Plithogenic Unit Disk Graph is indeed a Plithogenic Intersection Graph. O
Theorem 50. Any undirected Plithogenic graph can be represented as a Plithogenic intersection graph.

Proof: Let PG = (V,E,PM,PN) be an undirected Plithogenic graph, where:
e Vis the set of vertices.
e F CV x Vis the set of edges.
e PM = (M,l, Ml adf,aCf) is the Plithogenic vertex set.
e PN = (N,m,Nm,bdf,bCf) is the Plithogenic edge set.

We need to show that the Plithogenic graph PG can be represented as a Plithogenic intersection graph, where
the edges between vertices are determined by the degree of appurtenance.

We consider about Set Representation of Vertices. For each vertex v; € V, define a set S; containing the edges
(v;,v;), where v; is adjacent to v; according to the degree of appurtenance adf(v,, lvi). The set S; represents
the neighbors of v; based on the Plithogenic attributes assigned to the vertices and edges.

We consider about Defining Edge Membership in the Intersection Graph. For each pair of vertices v; and v;,

define the degree of membership for the edge (v;, vj) in the Plithogenic intersection graph by:
bd f(v;, Uj) = min(adf(v;, lvi)v adf(vjv lvj))7
where ad f(v;,l, ) and adf(v;, lvj) are the degrees of appurtenance of vertices v; and v, respectively. This

definition ensures that the edge membership degree is based on the minimum appurtenance of the two connected
vertices, similar to the construction of fuzzy intersection graphs.

We consider about Plithogenic Relation Preservation. The plithogenic nature of the graph is preserved by
considering the additional parameters of contradiction. The contradiction function bC'f ensures that any
contradictions between vertex or edge attributes are respected in the Plithogenic intersection graph, where:

bC'f(m;, m;) < min(aCf(l,, 1, ), aCf(L, 1, )).

This ensures that the degree of contradiction between edges remains consistent in the Plithogenic intersection
graph.
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We consider about Symmetry and No Self-Loops. Since the original Plithogenic graph PG is undirected, the
edge membership function bdf is symmetric, meaning bd f(v;,v;) = bd f(v;,v;). Furthermore, no self-loops are
allowed in the graph, so bd f(v;,v;) = 0.

We consider about Intersection Property. The sets S; for each vertex define the neighbors based on the Plithogenic
relation. Two sets .S; and S; intersect if and only if the corresponding vertices v; and v; share an edge in PG.
Since the degree of appurtenance of the edge is defined as:

bd f(v;, vj) = min(adf(v;, lvi), adf(vj, lvj)),

the edge exists if and only if there is a non-zero intersection, satisfying the conditions for a Plithogenic intersection
graph.

Thus, any undirected Plithogenic graph can be represented as a Plithogenic intersection graph, with edges
determined by the intersection of the sets S; and S;, and edge membership degrees assigned as bdf(v;,v;) =
min(adf(via lvi)v (ldf(Uj, lvj )) u

Theorem 51. A Plithogenic Fuzzy Intersection Graph is a Fuzzy Intersection Graph.

Proof: Let PG = (V,E,PM,PN) be a Plithogenic Fuzzy Intersection Graph, where:
e Vis the set of vertices.
e £ CV x Vis the set of edges.

e PM = (M,l,Ml,adf,aCf) is the Plithogenic vertex set, where adf(v,l,) is the Degree of Appurtenance
Function for each vertex v € V, assigning a membership degree to each vertex based on its attribute [,,.

e PN = (N,m,Nm,bdf,bCf) is the Plithogenic edge set, where bd f(u,v) is the Degree of Appurtenance
Function for each edge (u,v), representing the membership degree of the edge in the graph.

In PG, each vertex has a degree of appurtenance function ad f(v,[,), which assigns a membership degree to each
vertex v. This function is conceptually similar to the membership function o(v) in a Fuzzy Intersection Graph.
Therefore, we can map the membership function o(v) in the fuzzy graph as:

o(v) = adf(v,1,),
where o(v) represents the membership degree of vertex v in the fuzzy graph.

Next, for each edge (u,v) € E, the degree of appurtenance in PG is represented by bd f(u,v), which defines the
membership degree of the edge based on the vertices u and v. In a Fuzzy Intersection Graph, the membership
degree of an edge is defined as:

p(u,v) = min(o(u), o(v)) = min(adf(u,1,), adf(v,1,)).

This is exactly how the membership degree of the edges is interpreted in the Plithogenic Fuzzy Intersection
Graph. The edge (u,v) exists in both graphs based on the minimum degree of appurtenance of the vertices it
connects.

Additionally, in both the Plithogenic Fuzzy Intersection Graph and the Fuzzy Intersection Graph, the edges
are defined by the intersection condition, i.e., an edge exists between two vertices if and only if their degree of
membership (or appurtenance) satisfies the intersection condition.

Since the vertices and edges in PG behave identically to those in a Fuzzy Intersection Graph in terms of
membership degrees, and the rules for edge existence are the same, we conclude that a Plithogenic Fuzzy
Intersection Graph is a Fuzzy Intersection Graph. (]

4| Conclusion and Future works

In this section, we present the conclusion and outline potential future work based on the findings of this paper.
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4.1 | Conclusion in this paper

In conclusion, this paper provides a comprehensive exploration of unit disk graphs within the frameworks of
fuzzy and neutrosophic graphs. By extending unit disk graphs to these frameworks, our work offers new insights
and potential applications in modeling real-world networks where uncertainty and imprecision are inherent. We
believe that our research will contribute to the broader understanding of these graph structures and serve as a
foundation for future studies in both theoretical and applied graph theory.

4.2 | Future works

In this paper, we focused on unit disk graphs. Moving forward, we aim to extend other types of intersection
graphs within the frameworks of fuzzy and neutrosophic graphs.

Additionally, we plan to explore intersection hypergraphs and their extensions to fuzzy and neutrosophic settings.
Intersection hypergraphs, the hypergraph counterpart of intersection graphs, have been the subject of some
research, and we intend to build upon these studies [79, 65, 12].
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