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Abstract.
In this paper one studies in what conditions a
recurrent sequence becones stationary.
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| nt roducti on.

Define a sequence {a,} by a; = a and a,,; = f(a,),

where f is a real-valued function of real variable. For what

values of a and for what functions f will this sequence
be constant after a certain rank ?

In this note, the author answers for this question

referring to F. Lazebnik and Y. Pilipenko's E 3036 proposed
probl em

An interesting property of functions admtting fixed points is
obt ai ned.

Construction of a recurrent set.
Because {a,} is constant after a certain rank,

it results that {a,} converges. Hence (3) e e R: e =

=f (e), that is the equation f(x) - x = 0 admts rea
solutions. O f admts fixed points ((3) x € R: f(x) = x).

Let e;, ..., epbe all real solutions of this



equati on.

One constructs the recurrent set E, so:

(1) ey, ..., e,e E

(2) If beEk, then all real solutions of the equation
f(x) = b belong to E;

(3) No other elenents belong to E, except the elenents
obtained fromrules (1) or (2) applied a finite
nunmber of tines.

We prove that the set E, and the set A of val ues
of a for which {a,} becomes constant after a certain

rank, are indistinct.
mn E g All

(1) If a=¢, 1 <i <m then (v) ne N a, = ¢ =
= constant.

(2) If for a = b, the sequence a; = b, a, = f(b),
becones constant after a certain rank; let x, be a
real solution of the equation f(x) - b = 0, the new forned

sequence: a; = Xo, a; = f(xq9) = b, ég =f(b), ... is
indistinct after a certain rank with the first one, hence
it becones constant too, having the sane limt.

(3) Beginning froma certain rank, all these



sequences converge towards the same |imt e (that is:

t hey have the same value "e
are indistinct, equal to e.

froma certain rank), thus they

"A D FE

Let "a" be a value such that: {a,} becones constant
(after a certain rank) equal to e. O course
e «e;, ..., e, because e;, ..., e, are the only val ues

towards with these sequences can tend.
If a e {e, ..., e, then a € E

Let a ¢ {e;, ..., eg. Then (3) np e N a =
ny+1

=f(a ) = e, hence we obtain "a" applying the rules (1)

or (2) a finite nunber of tinmes. So, because e € {ey,
., e4 and the equation f(x) = e admts real solutions
we find anO anong the real solutions of this equation;

knowing a, we find a because the equation f(a ) =
0
no-1 no-1

an admts real solutions (because A € E), and our

met hod goes on until we find a; = a. Hence a € E

Remar k.
For f(x) = x2 - 2 we obtain the E 3036 Problem

[1]. Here, the set E becones equal to:



{+ 1, 0, #2} U {#(2+J(2+V(...V2).)), neN‘} U

{+V(2+V(2. . . +V(2443) .) ), neN}.

2
Hence, for all a € E the sequence a;, = a, a,,; = a, - 2

beconmes constant after a certain rank, and it converges

(of course) towards -1 or 2:
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