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1. Neutrosophy: Generalities




Neutrosophys anew branchof philosophythat studiesthe origin, nature,and scope
of neutralities,aswell astheir interactionswith di erentideationalspectra

The neutrosophicsvereintroducedby F. Smarandacha 1995

This theory considersevery notion or idea <A> together with its oppositeor negation
<Anti -A> andthe spectrumof 6 n e u t r d\eutA>i(ie siaiions or ideaslocatedbetween
the two extremessupportingneither<A> nor <Anti -A>).

The <Neut-A> and<Anti -A> ideastogetherarereferredto as<Non-A>.

Accordingto this theory, everyidea<A> tendsto be neutralizedand balancedy <Anti -A>
and<Non-A> ideas- asastateof equilibrium.

In aclassicalvay,<A>, <Neut-A>, <Anti-A> aredisjoint two by two.

But, sincein many casegshe bordersbetweennotionsare vague,impreciseijt is possiblethat
<A>, <Neut-A>, <Anti-A> (and<Non-A>, of coursehavecommonpartstwo by two aswell.

Neutrosophyis the baseof neutrosophiogic neutrosophiset neutrosophigrobabilityand
neutrosophstatistics



N eutrosop hid_og ICis ageneralframeworkfor uniycationof manyexisting logics

The mainideaof NL is to characterizeeachlogical statementin a 3D NeutrosophicSpace,
whereeachdimensionof the spacaepresentgespectivelythe truth (T), the falsehoodF), andthe
indeterminacy(l) of the statementunderconsiderationywhereT, |, F arestandardor non-standard
real subsetsf ] 01,1+ .

For softwareengineeringproposalghe classicalnit interval [ 0,1] canbeused

T, I, F are independentcomponentsJeaving room for incompleteinformation (when their
superiorsum< 1), paraconsistentaind contradictory information (whenthe superiorsum> 1), or
completeinformation (sumof components= 1).

As an example a statement can be between[0.4,0.6] true, 0.1 or between (0.150.25)
indeterminateandeither 0.4 or 0.6 false



Neutrosophic Probability is a generalizationof the classical probability and

Impreciseprobability in which the chancethat an eventA occursis t% true - wheret variesin the
subsetT, i% indeterminate- wherei variesin the subsetl, and f% false- wheref variesin the

subset-.
In classicaprobability nsupO 1, while in neutrosophigrobability nsupO 3+.

In impreciseprobability: the probability of an eventis a subsetT in [ 0,1], not a numberp in
[0,1], w h a kefbissupposedo bethe opposite subsetF (alsofrom the unit interval [ 0,1]) ; there
IS no indeterminatesubset in impreciseprobability.

Neutrosophic Statistics is the analysisof events describedby the neutrosophic
probability.
The function that models the neutrosophic probability of a random variable x is called
neutrosophidistribution:
NP(x) = (T(x),1(x),F(x))

whereT(x) representghe probability that valuex occursF(x) representghe probability that value
x doesnot occur,andl(x) representghe indeterminate/ unknownprobability of valuex.



NeutrosophicSet

Let U beauniverseof discourseandM asetincludedin U.

An elementx from U is noted with respectto the setM asx(T, I, F) andbelongsto M in the
following way.

A t%truein the set,

Ve

A 1%indeterminate(unknownif it is) in the set,and
A f%false,
wheret variesin T, i1 variesin |, f variesin F.

StaticallyT, I, F aresubsetshut dynamicallyT, I, F arefunctions/operatorsdependingon many
known or unknownparameters

Neutrosophicsetis a powerful generalformal frameworkwhich generalizeghe conceptof the
classicset,fuzzy set,interval valuedfuzzy set,intuitionistic fuzzy set,interval valuedintuitionistic
fuzzyset,paraconsistenset,dialetheistset,paradoxistset,tautologicalset



NeutrosophyWorld is expandingwith newresearchsubjects

1. Neutrosophidopologyincluding neutrosophianetric spacesandsmoothtopologicalspaces

2. Neutrosophic numbers and arithmetical operations, including ranking procedures for
neutrosophimumbers

3. Neutrosophiaough sets

4. Neutrosophicrelational structures,including neutrosophicrelational equationsneutrosophic
similarity relations,andneutrosophiarderings,

5. Neutrosophicgeometry
6. Neutrosophigprobability

7. Neutrosophiclogical operations,including n-norms, n-conorms neutrosophicimplicators
neutrosophiauantyers

8. Measuresf neutrosophication
9. Deneutrosophicatiotechniques
10. Neutrosophianeasuresndneutrosophidntegrals



11. Neutrosophianultivaluedmappings
12. Neutrosophiadi erentialcalculus
13. Neutrosophianathematicamorphology
14. Neutrosophicalgebraicstructures
15. Neutrosophianodels

16. Neutrosophiccognitivemaps

17. Neutrosophiamatrix

18. Neutrosophiagraph

19. Neutrosophidusionrules

20. Neutrosophicelationalmaps

21. Applications

neutrosophicrelational databasesneutrosophicimage processing,neutrosophiclinguistic
variables, neutrosophic decision making and preferencestructures, neutrosophic expert
systems, neutrosophic reliability theory, neutrosophicsoft computing techniquesin e
commercende-learning



2. Interval Neutrosophic Sets




Introduction
]

The neutrosophicset generalizeshe classicset, the fuzzy set, the interval valuedfuzzy
set, the intuitionistic fuzzy set,the interval valuedintuitionistic fuzzy set,the paraconsistent
set, the dialetheistset, the paradoxistset, the tautological set - from philosophicalpoint of
view

From scientyc or engineering point of view, the neutrosophicset and settheoretic
operatorsneedto bespecyed

Otherwise,it will bedi cult to applyin the realapplications

We deyne the settheoretic operatorson an instanceof neutrosophicset called Interval
NeutrosophicSet(INS).

Wecallit 0 i nt decausdl i®a subclasf neutrosophicset,that is we only consider
the subunitaryinterval of [ 0,1] .

An interval neutrosophicsetA is deynedon universeX, x = x(T,I,F) ¥ Awith T, | andF
beingthe subintervalof [ 0,1] .

The interval neutrosophic set can represent uncertain, imprecise, incomplete and
inconsistentinformationwhich existin real world.



The interval neutrosophicsetgeneralizeghe following sets
1. the classicaetl = 1, infT = supl = Oor 1, infF = sud = O or 1 andsuprl + sugd = 1.
2.thefuzzysetl = n,infT = supl N [0,1], infF = sug=~ [0,1] andsupl + sug = 1.
3. the intervalvalueduzzysetl = n, infT, supr, infF, sug=~ [ 0,1],
supl + infF = 1 andinfT + supF = 1.
4. the intuitionistiduzzyset! = 1, infT = supl ¥ [0,1], infF = sug= N [0,1] andsupl +sugF O 1.
5. the intervalvaluedntuitionistiduzzyseg!l = 1, infT, sugl, infF, sug- ¥ [0,1] andsuprl +sugF O 1.
6. the paraconsisteset! = 1, infT = supl N [0,1], infF = sug=~ [ 0,1] andsupl + sugd > 1.
7. the intervalvaluedaraconsistesgt! = 1, infT, suprl, infF, sug= ¥ [0,1] andinfT + infF > 1.
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Figure 1Relationship among intervaleutrosophicset and other sets
Note Y , such as & b, means that b is a generalization of a.



Neutrosophic Set
|

Deynition 1

Let X beaspaceof points(objects)with agenericelementin X denotedby X.

A neutrosophicsetA in X is characterizedy atruth-membershigunction T A, aindeterminacy
membershipfunction Ia and a falsity-membershipfunction Fa. Ta(x), 1a(x) and Fa(x) are real

standardor non-standardsubsetsof ] 0',1*[ .

That is

There is no restriction on the sum of Ta(x), 1a(X) and Fa(x), so 0" O supT a(x) + suga(x) +
supFa(x) O 3+.



Deynition 2

The complemenbf aneutrosophicsetA is denotedby dfandis deynedby

T'x(r) (1"} 5 Ta(x), (1.4)
Ii(x) (17} & 14(x), (1.5)
I‘-‘J‘III !l J } | 1’4‘1.|.fj‘ (1.6)

for all x in X.



Deynition 3 (Containment)

A neutrosophicsetA is containedn the other neutrosophicsetB, A P B, if andonly if

mf T4 (r) < mfTg(r) , supTa(r) < supTg(r). (1.7)
mf I (xr) > mfIg(x) , supla(x) = suplg(r). (1.8)
mf Fa(r) > mf Fg(xr) ., supF,(x) = sup Fg(x), (1.9)

for all x in X.



Deynition 4 (Union)

The union of two neutrosophicsets A and B is a neutrosophicset C, written asC= A" B,
whose truth-membership,indeterminacymembershipand falsity-membership functions are

relatedto thoseof A andB by

Icir) lAlx Iplr) I'alx) & 1glr), 10)
Io(r) Ta(zx) & Ip(x)s Ia(x) o Ig(x). 11)
Folr) Falr)& Fg(r) s Fa(x) ® Fg(r). (1.12

for all x in X.



Deynition 5 (Intersection)

The intersectionof two neutrosophicsetsA andB is a neutrosophicsetC, written asC= A z B,
whose truth-membership,indeterminacymembershipand falsity-membership functions are

relatedto thoseof A andB by

Io(x) T'alxr) © Tg(x), (1.13)
| ‘ [ r‘ 11'

A',":."' IALT) 2 1IglT),
(1.15)

Fol(x) Fa(x)® Fg(x),

for all x in X.



Deynition 6 (Di erence)

The di erenceof two neutrosophicsetsA andB is a neutrosophicset C, written asC= A\ B,
whose truth-membership,indeterminacymembershipand falsity-membership functions are

relatedto thoseof A andB by

Io(x Talr) & Talxr) ©Tg(x), (1.16)
Io(x lr‘I. I | A \T) A','j\ I), (1.17)
Folrx Fao(x) s Fa(xr) @ Fg(r), (1.18)

for all x in X.



Deynition 7 (CartesianProduct)

Let A bethe neutrosophicset deynedon universeE, and B be the neutrosophicset deyned on
universek,,.

If
"'(T_]\-I_.I;-F_]‘) € A and 1/(T';]“)‘F~;) e B.

thenthe cartesianproductof two neutrosophicsetsA andB is deynedby

(z(T},I4, F}),y(T3, I3, F3)) € Ax B (1.19)



Interval Neutrosophic Set
|

The interval neutrosophicset (INS) is an instanceof neutrosophicset which
canbeusedin real scientyc andengineeringapplications

Deynition 8 (Interval NeutrosophicSet)

Let X be a spaceof points (objects),with a genericelementin X denotedby x. An interval

neutrosophicset (INS) A in X is characterizedy truth-membershigunction T 4, indeterminacy
membershigunction |a and falsity-membershigunction Fa. For eachpoint x in X, T a(x), 1a(x),

Fa(x)P [0,1] .



An interval neutrosophicset(INS) in Rl isillustrated in the figure below
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Figure 2illustration of interval neutrosophicset inR!



When X is continuousanINS A canbewritten as

‘1 — J L), ]' A .] ‘.:‘:‘ r, ; .\ l -)‘ )

A= T*‘}"Lr. ), I(x;), F(x;))/xi, T; € X (1.21)

1

Considemparametersuchascapabilitytrustworthinessandprice of semantidMeb services
Theseparametersaarecommonlyusedto deyne quality of serviceof semantid/NVeb services

We will usethe evaluationof quality of serviceof semantidVeb servicesasrunning exampleto
illustrate everysettheoreticoperationon interval neutrosophicset

H. B. Wang, Y. Q. Zhang. and R. Sunderraman, Soft semantic web serviees agent, The Pro-

coedings of NAFIPS 2004, 2004, pp. 126 129



Examplel

Assumethat X = [ X;, X,, X4] . X; IS capability,X, is trustworthinessandx; is price. The valuesof

X;, X, and x5 arein [ 0,1] . They are obtainedfrom the questionnaireof somedomainexperts,
their option could be degreeof good, degreeof indeterminacyand degreeof poor. A is an
interval neutrosophicsetof X deynedby

A= {[0.2.0.4].]0.3.0.5].[0.3.0.5]) /1 + ([0.5.0.7].[0.0.2]. [0.2.0.3]) /x> +
{ Is | s | | 1 | ] 11/T9
([0.6,0.8].[0.2,0.3],[0.2,0.3]) /z3.

B is aninterval neutrosophicsetof X deynedby

B = ([0.5,0.7],[0.1,0.3], ;U,[.u,:;:‘; ‘T + ;{U,g,n.:;J. [0.2,0.4], [0.5,0.8]) /2o +
([0.4,0.6],[0,0.1],[0.3,0.4]) /3.



I
Deynition 9
An interval neutrosophicsetA is empty if and only if its
INfT A(X) = supl a(x) = 0,
infla(x) = supga(x) =1
andinfFa(x) = supr a(x) = 0,

for all x in X.



We now presentthe settheoreticoperatorson interval neutrosophicset
|

Deynition 10 (Containment)

An interval neutrosophicsetA is containedin the other interval neutrosophicsetB, A P B, if
andonly if

infTh(z) <infTgr(x) , supla(z) <suplpg(z), (1.22)
inflo(z) > inf Ig(z) , supla(zx) > suplg(x), (1.23)
inf Fq(z) > inf Fg(z) , supFa(z) = sup Fp(x), (1.24)

for all x in X.

Deynition 11

Two interval neutrosophicsetsA andB are equal, written a#\ = B, if and only if AP B and
BP A



Let 0 = (0,1,1) and 1 = (1,0,0).

Deynition 12 (Complement)
Let Cnv denotea neutrosophiccomplemenbpf A. Then Cy is afunction
Cn:NY N

andCy mustsatisfyat leastthe following three axiomaticrequirements

1. CN(O)=1andCN(@Q)=0
(boundary conditions)

2. Let A andB betwo interval neutrosophicsetsdeynedon X, if A(x) O
B(x), then CN(A(x)) O CN(B(x)),for all x in X
(monotonicity)

3. Let A be an interval neutrosophic set deyned on X, then
CN(CN(A(x)))= A(x), for all x in X
(involutivity )



Definition 13 (ComplementCy,)

The complement of an intervaleutrosophicsetA is denoted by fand is dénedby

1( | T ) 1"‘.l‘| I), (1.25)
inf [ 4(x) | —supla(x). (1.26)
sup [ 4(r) | —mf [ 4(x). (1.27)
la |T) I: T )" (1.28)

for all x in X.

Example 2

Let A be the intervaheutrosophicset dgned inExample 1 Then,

A= ::j[(_.l.:i_(_v.r;.l. [0.5,0.7],[0.2,0.4]) /z1 + ;[n.é.n,:;}. 0.8, i.n]. :u..-';.U.le;:,«'_rg + ([0.2,0.3],(0.7,0.8], (0.6, 0.8]) /x3.



e
Deynition 14 (N-norm)

Let In denotea neutrosophicintersectionof two interval neutrosophicsetsA andB. Then
In is afunction

IN:NXNY N
andIn mustsatisfyat leastthe following four axiomaticrequirements

1. In(A(X),1) = A(x), for all x in X.
(boundary conditions)

2. B(x) OC(x)impliesIn(A(x),B(x)) O In(A(X),C(x)) for all x in X.
(monotonicity)

3. IN(A(X),B(X)) = In(B(X),A(X)),for all x in X.
(commutativity)

4.  In(A(X),INn(B(X),C(x)))= In(IN(A(X),B(X)),C(x)) for all x in X.
(associativity)



Deynition 15 (Intersectionln,)

The intersectionof two interval neutrosophicsetsA andB is aninterval neutrosophicsetC,
written as C = A z B, whose truth-membership,indeterminacymembership,and false
membershi@rerelatedto thoseof A andB by

infTo(z) = min(inf T4 (z).inf Tr(z)). (1.29)
supTo(z) = min(supTa(z),supTp(x)), (1.30)
inf Io(z) = max(inf I4(z),inf Ig(x)). (1.31)
suplo(z) = max(suply(z),suplg(x)). (1.32)
inf Fo(z) = max(inf Fa(z).inf Fg(z)). (1.33)
sup Fo(z) = max(sup Fa(z),sup Fg(z)), (1.34)

for all x in X.



Example3
Let A andB be the intervaheutrosophicsets dgned inExample 1

Then,

([0.2,0.4],[0.3,0.5], [0.3,0.5]) /=1 +

AzB= ([0.2,0.3],[0.2,0.4], [0.5,0.8]) /z9 + ([0.4,0.6],[0.2,0.3],[0.3,0.4]) /x3.

Theoreml

A z Bisthelargestinterval neutrosophicsetcontainedn both A andB.



e
Deynition 16 (N-conorm)

Let Un denotea neutrosophiaunion of two interval neutrosophicsetsA andB. Then Un is a
function

Uv:NxNY N

andUn mustsatisfyat leastthe following four axiomaticrequirements

1. Un(A(2),0) = A(x), for all x in X. (boundary conditions)

2. B(z) < C(z) implies Un(A(z), B(x)) < Un(A(x),C(x)), for all x in X.

(monotonicity)

3. Un(A(z), B(z)) = Un(B(x),A(x)), for all x in X.

(commutativity)

4. Un(A(z),Un(B(2),C(x2))) = Un(Un(A(2), B(x)),C(x)), for all x in X.

(associativity)



Deynition 17 (Union Un,)

The union of two interval neutrosophicsets A and B is an interval neutrosophicset C,
written as C = A~ B, whose truth-membership,indeterminacymembership,and false
membershi@rerelatedto thoseof A andB by

inf To(x) = max(infTa(z).inf Tr(z)). (1.35)
supTeo(z) = max(supTa(z),supTg(x)), (1.36)
inf Io(x) = min(inf I 4(x),inf Ig(x)), (1.37)
suplc(x) = min(supla(x),supIp(x)), (1.38)
inf Fo(x) = min(inf Fa(z),inf Fp(x)), (1.39)
sup Fo(x) = min(sup Fa(x).sup Fg(x)). (1.40)

for all x in X.



Example4
Let A andB be the intervaheutrosophicsets dgned inExample 1

Then,

. ([0.5,0.7],[0.1,0.3],[0.1,0.3]) /2y +
A" B= 105,0.7],[0,0.2],(0.2,0.3]) /5 + ([0.6,0.8],[0,0.1],[0.2,0.3]) /5.

1/

The intuition behindthe union operatoris that if oneof elementsn A andB is true thenit
istruein A° B, only both areindeterminateandfalsein A andB thenit is indeterminateand
falsein A° B. The other operatorsshouldbeunderstoodsimilarly.

Theorem?2

A° Bisthe smallestinterval neutrosophicsetcontainingboth A andB.



Theorem3
Let P bethe powersetof all interval neutrosophicsetsdeynedin the universeX.

Then (FP:In,.Uy,) isadistributive lattice.

Deynition 18 (Interval neutrosophiaelation)

Let X and Y be two non-empty crisp sets An interval neutrosophicrelation R(X,Y) is a
subsetof product spaceX x Y, andis characterizedby the truth membershipfunction
Tr(X,)), the indeterminacymembershigunction Ir(x,}), and the falsity membershigunction
Fr(x,}), wherex N X andyN Y andTr(X,}), Ir(X,}), Fr(x,}) P [0,1] .



Deynition 19 (Interval NeutrosophicCompositionFunctions)

The membershigunctionsfor the compositionof interval neutrosophiaelationsR(X,Y)and
S(Y,Z2)aregiven by the interval neutrosophicsup-star compositionof R andS

Thos(z,2) = supmin(Tr(z,y),Ts(y,2)). (1.41)
yeY
Ipos(z,2) = supmin(Ig(x,y), Is(y, 2)). (1.42)
yeY
Fros(z,2) = inf max(Fgr(z,y), Fs(y, 2)). (1.43)
ye
If R is an interval neutrosophic set rather than an interval neutrosophic relation, then ¥ = X and

sup, .y min(T'r(z.y),Ts(y,2)) becomes sup, .y min(Tr(x),Ts(y,2)), which is only a function of the out-
put'\m'iah]o 2. It is similar for sup,.y min-(]n(.r. y),Is(y.2)) and infyey max(Fr(z,y), Fs(y,2)). Hence,
the notation of Th.s(z,2) can be simplified to T, s(2), so that in the case of R being just an interval
neutrosophic set,

Tros(2z) = supmin(Tr(z),Ts(z,2)), (1.44)
reX

Ipos(2) = supmin(Ig(z),Is(x. 2)), (1.45)
reX

Fros(z) = ill{’ln;L\’(;I‘.R(_.I‘).I‘iq(_.l‘.:_)]. (1.46)
TE.



Deynition 20 (Di erence)

The di erenceof two interval neutrosophicsetsA and B is an interval neutrosophicset C,
written as C = A \ B, whose truth-membership,indeterminacymembershipand falsity
membershigunctionsarerelatedto thoseof A andB by

inf To(x) = min(inf Ta(x),inf Fg(z)), (1.47)
supTe(z) = min(supTa(x).sup Fg(x)). (1.48)
infIc(z) = max(infla(z),1 —suplg(x)). (1.49)
suplo(z) = max(supla(z),1 —inflg(x)), (1.50)
inf Fo(z) = max(inf Fa(z).inf Te(x)). (1.51)
sup Fo(z) = max(sup Fa(z),supTg(zx)), (1.52)

for all x in X.
Example5

Let A andB be the intervaheutrosophicsets dgned inExample 1

Then,

([0.1,0.3],[0.7,0.9],[0.5,0.7]) /=1 +
A\ B= ([0.5,0.7],[0.6,0.8],[0.2,0.3]) /2 + ([0.3,0.4], (0.9, 1.0], [0.4,0.6]) /3.



Theorem4 CB—~ BCA

Deynition 21 (Addition)

The addition of two interval neutrosophicsets A and B is an interval neutrosophicset C,
written as C = A + B, whose truth-membership,indeterminacymembershipand falsity
membershigunctionsarerelatedto thoseof A andB by

infT(x) = min(inf T4(z) + inf Tx(x),1), (1.53)
supTc(z) = min(supla(z)+supTg(x). 1), (1.54)
inf Ic(z) = min(inf Ia(z) +inflp(x),1), (1.55)
suplo(x) = min(sup/l(x) +suplg(x),1), (1.56)
inf Fo(z) = min(inf F4(z) + inf Fg(z),1). (1.57)
sup Fo(x) = min(sup Fa(z) + sup Fp(x),1), (1.58)

for all x in X.
Example6

Let A andB be the intervaheutrosophicsets dgned inExample 1 Then,

((0.7,1.0],[0.4,0.8],[0.4,0.8]) /z1 +
([0.7,1.0], [0.2,0.6], [0.7,1.0]) /x5 + ([1.0,1.0], [0.2,0.4], [0.5,0.7]) /x5

L a5t

A+B=



Deynition 22 (Cartesianproduct)

The cartesianproduct of two interval neutrosophicsets A deyned on universeX,; and B
deynedon universeX, is aninterval neutrosophicsetC, written asC = A x B, whosetruth -
membership,indeterminacymembershipand falsity-membershipfunctions are related to
thoseof A andB by

infTo(x,y) = infTa(z)+infTe(y) —infT4(z) - inf Tg(y). (1.59)
supTo(xz,y) = supTa(x)+supTi(y) —supTa(x) - -supTgr(y). (1.60)
inf Io(xz,y) = infls(x)-suplg(y). (1.61)
suplo(x,y) = supla(x)-suplp(y), (1.62)
inf Fo(x,y) = inf Fa(z)-inf Fp(y). (1.63)
sup Fo(z.y) = supFa(x) - -sup Fg(y), (1.64)

for all x in X; andyin X,

Example7

Let A andB be the intervaheutrosophicsets dgned inExample 1 Then,

A B= ([0:6,0.82],[0.03,0.15],[0.03,0.15])/x1 +
([0.6,0.79], [0,0.08], [0.1,0.24]) /z5 + ([0.76,0.92], [0, 0.03], [0.03,0.12]) /x3.



Deynition 23 (Scalamultiplication)

The scalarmultiplication of interval neutrosophicset A is an interval neutrosophicset B,
written as B = a ¢ A, whose truth-membership,indeterminacymembershipand falsity-
membershigunctionsarerelatedto thoseof A by

inf Tp(x) = min(inf7T4(x)-a,l), (1.65)
supTp(x) = min(supTa(x)-a,l), (1.66)
inf Ig(x) = min(infl4(z)-a.l), (1.67)
sup/g(x) = min(supls(z)-a,l), (1.68)
inf Fg(z) = min(inf Fa(z)-a.l), (1.69)
sup Fp(x) = min(sup Fa(x)-a,l), (1.70)

forall xin X and a» R*.



Deynition 24 (Scalardivision)

The scalardivision of interval neutrosophicsetA is an interval neutrosophicset B, written

asB = a ¢A, whosetruth-membershipjndeterminacymembershipand falsity membership
functionsarerelatedto thoseof A by

inf Tp(z) = min(infTs(zx)/a,l), (1.71)
supTp(z) = min(supTa(zx)/a,l), (1.72)
inf Ig(x) = min(infI4(z)/a,1), (1.73)
suplg(z) = min(supls(z)/a,l), (1.74)
inf Fg(x) = min(inf Fa(x)/a,1), (1.75)
sup Fp(x) = min(sup Fa(x)/a,1), (1.76)

forall xin X and a» R*.



Now we will deynetwo operators truth -favorite (¥) andfalsefavorite ( ) to removethe
indeterminacy in the interval neutrosophicsets and transform it into interval valued
intuitionistic fuzzy sets or interval valued paraconsistentsets These two operators are
uniqueon interval neutrosophicsets

Deynition 25 (Truth -favorite)

The truth-favorite of interval neutrosophicsetA is aninterval neutrosophicsetB, written as
B = Y A, whosetruth-membershipand falsity-membershigunctionsare relatedto those of
A by

inf Tp(x) = min(infTa(z)+infla(x),1). (1.77)
supTp(xz) = min(supTs(x) +supls(x).1), (1.78)
inf Ip(x) = 0, (1.79)
sup Ig(xz) = 0, (1.80)
inf Fp(z) = inf Fa(z). (1.81)
sup Fg(xr) = supFa(x), (1.82)

for all x in X.



Deynition 26 (Falsefavorite)

The Falsefavorite of interval neutrosophicsetA is aninterval neutrosophicsetB, written as
B =n A, whosetruth-membershipandfalsity-membershidunctionsare relatedto thoseof A

by

infTp(x) = infTa(x). (1.83)
supTgr(x) = supTi(x), (1.84)
infIg(z) = 0, (1.85)
suplp(z) = 0, (1.86)
inf Fg(z) = min(inf Fa(z) + infla(x).1), (1.87)
sup Fg(x) = min(sup Fa(x) +supls(x),1), (1.88)

for all x in X.



Example8
Let A andB be the intervaheutrosophicsets dgned inExample 1 Then,

AA = ([0.5,0.9],[0,0],[0.3,0.5]) /z 1+ ([0.5,0.9],[0,0],[0.2,0.3])/xo +

iy

([0.8,1.0],[0,0],[0.2,0.3]) /z3.

The purposeof truth-favorite operatoris to evaluatethe maximum of degreeof truth-
membershif interval neutrosophicset

Example9

Let A andB be the intervaheutrosophicsets dgned inExample 1 Then,

VA = ([0.2,0.4], [0,0], [0.6,1.0]) /x1+ ([0.5,0.7],[0,0],[0.2,0.5]) /x5 +

((0.6,0.8],[0,0],[0.4,0.6]) /z3.

The purposeof falsefavorite operator is to evaluatethe maximum of degreeof false
membershipf interval neutrosophicset



- |
Theorem5

For every two intervalneutrosophicsetsA andB:

1. A(AUB)C AAUAB
2. AANAB C A(AN B)

3. VAuVB C V(AU B)
4. V(ANB) CVANVB



Propertiesof SettheoreticOperators
|

Property 1 (Commutativity) AUB=BUA, ANB=BNA, A+ B=B+A AxB=BxA
Property 2 (Associativity) AU(BUC) = (AU B)UC,

An(BNnC)=(AnB)NnC,

A+ (B+C)=(A+ B)+C,

Ax(BxC)=(Ax B)xC.

Property 3 (Distributivity) AU(BNC)=(AuB)N(AUC), AnN(BUC)=(ANnB)U(ANC).
Property 4 (Idempotency) AUA=A, ANA=A, AAA=AA VVA=VA

Property 5 AN® =&, AUX = X, where infTg =supTe =0, inflg =suple = inf Fg =supFg = 1
and inf Ty =supTy =1, infIxy =suply =inf Fxy =sup Fy = 0.

Property 6 A(A+ B)=AA+ AB, V(A+ B)=VA+VB.

Property 7T AUV = A, AnNX = A, where infTg =supTe =0, inf Iy = suplg = inf Fgp =supFg = 1
and inf Tx =supTx =1, inf Ix =suplx =inf Fx =sup Fx = 0.

Property 8 (Absorption) AU(ANB)=A, An(AuB)=A

U B.

|

Property 9 (DeMorgan’s Laws) AUB=ANB, ANB =.

Property 10 (Involution) A=A



Convexity of Interval Neutrosophic Set
|

We assumehat X is a realEuclideanspace=" for correctness

Deynition 27 (Convexity

An interval neutrosophicset Ais convexif andonly if

inf Ta(Az1 + (1 — AN)xo) > min(inf Ta(z1),inf Ta(x2)).

supTa(Azy 4+ (1 — AN)xo) = min(supTa(zy),supTa(z9)),
inf I4(Az; + (1 — A)xo) max(inf I 4(xq),inf I 4(x9)).

supfa(Azy + (1 — AN)x2) < max(supla(xy),supla(xa)),

inf Fa(Az1 + (1 — A)x9) max(inf Fa(x1),inf Fa(x2)),

sup Fa(Azy + (1 — AN)xg) < max(sup Fa(zq),sup Fq(x2)),

for all x, andx, in X and all} in [0,1].

(1.89)
(1.90)
(1.91)
(1.92)
(1.93)
(1.94)



Theorem 6

If A andB are convexsois their intersection

Deynition 28 (Strongly Convex)

An interval neutrosophicsetA is strongly convexif for anytwo distinct pointsx, andx,,
andanyl in the open interval (0,1),

inf Th(Azy + (1 — A)xo) > min(inf Ty (zq),inf Ty(x9)). (1.95)
supTa(Azy + (1 — A)xo) > min(supTa(zy),supT4(xa)), (1.96)
inf Ia(Az1 + (1 — AN)x2) < max(inf Ja(xy),infla(x2)), (1.97)
supla(Az1 + (1 — A)x2) < max(supla(xy),supla(xa)), (1.98)
inf Fa(Azy + (1 — A)xo) < max(inf Fy(zy),inf Fa(x9)), (1.99)
sup Fa(Azy + (1 — AN)xo) < max(sup Fa(zy).sup Fa(xs)), (1.100)

for all x, andx, in X andall 1 in [0,1].

Theorem7

If A andB arestrongly convex,sois their intersection



3. Interval Neutrosophic Logic




Introduction
]

We presenta novel interval neutrosophiclogic that generalizeshe interval valuedfuzzy
logic, the intuitionistic fuzzy logic and paraconsisteniogics which only considertruth-
degreeor falsity-degreeof aproposition

In the interval neutrosophidogic, we considemot only truth-degreeandfalsity-degreebut
alsoindeterminacydegreewhich canreliably capturemoreinformation underuncertainty

We introduce mathematicaldeynitions of an interval neutrosophicpropositional calculus
andaninterval neutrosophiqoredicatecalculus

We proposea general method to design an interval neutrosophiclogic system which
consists of neutrosophication neutrosophic inference, a neutrosophic rule base,
neutrosophiaype reductionanddeneutrosophication



A neutrosophic rule contains input neutrosophic linguistic variables and output
neutrosophidinguistic variables

A neutrosophiclinguistic variable has neutrosophiclinguistic values which deyned by
interval neutrosophicsetscharacterizedy three membershigunctions truth-membership,
falsity-membershimndindeterminacymembership

The interval neutrosophiclogic can be appliedto many potential real applicationswhere
information is imprecise,uncertain,incompleteand inconsistentsuch as Web intelligence,
medicalinformatics,bioinformaticsdecisionmaking,etc



Interval NeutrosophidPropositionalCalculus
|

We introducethe elementsof an interval neutrosophigpropositionalcalculusbasedon the
deynition of the interval neutrosophicsets by using the notations from the theory of
classicapropositionalcalculus

E. Mendelson, Infroduction to mathematical logic, Van Nostrand. Princeton, NJ, 1987, Third

edition

Syntaxof Interval NeutrosophicPropositionalCalculus
Deynition 29

An alphabetof the interval neutrosophigoropositionalcalculusconsistsof three classe®f
symbols

1. A set of interval neutrosophicpropositional variables,denotedby lower-caseletters,
sometimesndexed

2. Five connectives ,~, =, Y, Z which are called conjunction, disjunction, negation,
implication,andbiimplicationsymbolsrespectively

3. The parenthesegand).



The alphabetof the interval neutrosophigoropositionalcalculushascombinationsobtainedby
assemblingconnectiveandinterval neutrosophigropositionalvariablesin strings.

The purpose of the construction rules is to have the specycation of distinguished
combinationscalledformulas

Deynition 30

The setof formulas(well-formedformulas)of interval neutrosophicpropositionalcalculusis
deynedasfollows

1. Every interval neutrosophigoropositionalvariableis a formulg;
2.1f pisaformula,thensois (-p);
3.1f pandqgareformulas,thensoare
(@) (p~ a),
(b) (b~ a),
© (pY a),
(d) (pz Q).
4. No sequencef symbolsis aformulawhichis not requiredto beby 1, 2, and3.



To avoid having formulas cluttered with parentheseswe adopt the following precedence
hierarchy,with the highestprecedencat the top:

Hereis anexampleof the interval neutrosophigropositionalcalculusformula
=P P (LY P)Y P s
Deynition 31

The languageof interval neutrosophigpropositionalcalculusgiven by an alphabetconsistsof
the setof all formulasconstructedirom the symbolsof the alphabet



Semanticof Interval NeutrosophicPropositionalCalculus

The study of interval neutrosophicpropositional calculus comprises,among others, a
syntax, which hasthe distinction of well-formedformulas,anda semanticsthe purposeof
whichis the assignmenbf ameaningto well-formedformulas

To each interval neutrosophic proposition p, we associateit with an ordered triple
components

<t(p).i(p).f(PP,

wheret(p),i(p),f(p)P [0,1] .

t(p),i(p),f(p) arecalledtruth -degreejndeterminacydegreeandfalsity-degreeof p.

Let this assignmenbe providedby aninterpretationfunction or interpretation INL deyned
overasetof propositionsP in suchaway that

INL(p) = <t(p).I(p).f(P}> .



Hence the function INL : P Y N givesthe truth, indeterminacyand falsity degreesof all
propositionsin P.

We assumehat the interpretationfunction INL assigngo the logicaltruth T,andto F :

INL(T) = <1, 0,0>,
INL(F) = <0, 1, 1>.

An interpretationwhich makesa formulatrue is amodelof the formula
Leti, | bethe subintervalof [ 0,1] .
Then

| + | = [infi + Infl, sup + sud],

T I=[infiT sud,sugT infl],

max(, |) = [max(infi, infl), max@sug, sud)],

min(, 1) = [min(infi, infl), min((sugd, sud))] .



The semanticof four interval neutrosophigropositionalconnectivess givenin Tablebelow

NotethatpZ qif andonlyif pY gandqyY p.

Connectives Semantics

l’.\"" ‘1'| _{I,":_: -'l,"j.h,'"

INL(pAq) min(t(p), t(g)), max(i(p),i(q)), max( f(p), f(q)))
INL(pVgq) max(t(p),t(q)), min(i(p),i(q)), mm( f(p).
INL(p— g) [ (min(1, T #(p) + t(q)), max(0.i(q) — i(p)), max(0, f(q)

Table 1Semantics of Four Connectives in Interval Neutrosophic Propositional Logic
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Examplel0

INL(p) = <0.5,0.4,0.7>,
INL(q) = <1, 0.7,0.2>.

Then,
INL(- p) = < 0.7, 0.6, 0.5>,
INL(p~ =p) = <0.5,04, 0.7>,
INL(p~ @) = <1,0.7,0.2>,
INL(pY 0)=<1,1,0>.

A given well-formedinterval neutrosophigpropositionalformula will be calleda tautology
(valid)if INL(A) =<1, 1, 0>, for all interpretationfunctionsINL .

It will be calleda contradiction(inconsistent)if INL(A) = <0, 0, 1>, for all interpretation
functionsINL .



Deynition 32
Two formulasp andqaresaidto beequivalentdenotedp= g, if andonly if the

INL(p) = INL(0)

for everyinterpretationfunction INL .

Theorem8

Let F be the set of formulasand™ be the meetand™ the join, then <F;” ,” > is a
distributive lattice.

Theorem9

If pandpY qaretautologiesthen qis alsoatautology.

Proof Since p and p — ¢ are tautologies then for every INL, INL(p) =INL(p — q) 1,0,0), that 1s
iHp) l,i(p) fip) 0. i(p — q) min(l, 1 — t(p) + £(q)) l, i(p — q) max(0,i(qg f(p)) 0.
fip—q max(0, f(g) — f(p)) = 0. Hence.

t(q) = 1.1(q flq) = 0. So ¢ 15 a tautology



e
Proof Theory of Interval NeutrosophicPropositionalCalculus

We give the proof theory for interval neutrosophicpropositionallogic to complementhe
semanticgart.

Deynition 33

The interval neutrosophigoropositionallogic is deynedby the following axiomschema

r | r )
| » ] > | . 1\
' "‘l ! ., 1

(o a) o T Mffp— 1 and g
'S e : ’ 1

e )
- N
-

ey
-

The conceptof (formal) deductionof a formulafrom a setof formulas,that is, using the
standardnotation, 3 U p, is deyned as usual in this case,we say that p is a syntactical
consequencef the formulasin T.



Theorem10

For interval neutrosophigropositionallogic, we have

! | 4 - ¢
S ‘u'| ¥y
4 100 p rv»'.]nl'* | .A L

. if’-pforanype A and A q, thenl' - g.

Theoreml11l

In interval neutrosophigropositionallogic, we have



Theorem12

In interval neutrosophigropositionallogic, the following schemado not hold:

)

-1i

-T)

4
-

-
e



Examplell

To illustrate the useof the interval neutrosophicpropositionalconsequenceelation,| et 0 s
considerthe following example

pY (@ 1)
ry s
qY -s
a
FrompY (9" r),wegetpY qandpY r.
FrompY gandgY -swegetpY -s
FrompY randrY swegetpY s
Hencepis equivalentto p~ sandp -s

However,we cannotdetachsfrom p nor -sfrom p.

This is in part dueto interval neutrosophigoropositionallogic incorporating neither modus
ponensnor andelimination



Interval Neutrosophic Predicat€alculus
e

We extend our considerationto the full languageof yrst order interval neutrosophic
predicate logic. First we give the formalization of syntax of yrst order interval
neutrosophigredicatelogic asin classical/rst-order predicateogic.

Syntaxof Interval NeutrosophicPredicateCalculus
Deynition 34

An alphabetof the yrst order interval neutrosophicpredicatecalculusconsistsof seven
classe®f symbols

1. variablesdenotedby lower-casdetters, sometimesndexed

2. constantsdenotedby lower-casdetters;

3. functionsymbolsdenotedby lower-casdetters, sometimesndexed
4. predicatesymbolsdenotedoby lower-casdetters, sometimesndexed

5. five connectiveS ,” , -, Y , Z which are calledthe conjunction,disjunction,
negation,implication,andbiimplicationsymbolsrespectively

6. two quantiyers, the universal quantiyer ! (for all) and the existential
guantyerm (thereexists)

7.the parenthesegand).



To avoid having formulas cluttered with brackets,we adopt the following precedence
hierarchy,with the highestprecedencat the top:

-, 1 m

Y,z

Next we turn to the deynition of the yrst order interval neutrosophidanguagegiven by an
alphabet

Deynition 35
A term is deynedasfollows:

1. A variableis aterm.
2. A constantis aterm.

3.1f fisan-ary functionsymbolandt,, .., t, areterms,thenf(t,,...f) isaterm.
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Deynition 36
A (well-formed)formulais deynedinductively asfollows:

1. If pisan-ary predicatesymbolandt,, .., t, areterms,thenp(t, .., t,) is aformula
(calledanatomicformulaor, moresimply,anatom)

2. If FandG areformulasthensoare(=F),(F~ G),(F™ G),(FY G)and(FZ G).

3. If Fisaformulaandx isavariablethen( xF)and(mxF) areformulas

Deynition 37

The yrst order interval neutrosophidanguagegiven by an alphabetconsistsof the set of
all formulasconstructedirom the symbolsof the alphabet

Examplel2

ENARGE WA OUE)) RS VIR & ) IO\ &) are formulas.



I
Deynition 38
The scopeof | x (respmx) in} xF (resp mxF) is F.

A bound occurrenceof a variablein a formula is an occurrencemmediatelyfollowing a
guantiyer or an occurrencewithin the scopeof a quantiyer, which hasthe samevariable
immediatelyafter the quantiyer.

Any other occurrenceof avariableis free

Examplel3

In the formula! xp(x,y)~ q(x) the yrst two occurrencef x are bound,while the third
occurrencas free,sincethe scopeof ! x is p(x,y)andyis free



Semanticof Interval NeutrosophicPredicateCalculus

We study the semanticf interval neutrosophigoredicatecalculusthe purposeof whichis
the assignmenbf ameaningto well-formedformulas

In the interval neutrosophigropositionallogic, aninterpretationis anassignmenbf truth
values(orderedtriple component}o propositions

In the yrst order interval neutrosophigredicatelogic, sincethere arevariablesinvolved,we
haveto do morethan that.

To deyne aninterpretation for a well-formedformulain this logic, we haveto specifytwo
things, the domainand an assignmento constantsand predicatesymbolsoccurring in the
formula

The following is the formal deynition of an interpretation of a formulain the yrst order
interval neutrosophiqoredicateogic.
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Deynition 39

An interpretation function (or interpretation) of a formula F in the yrst order interval
neutrosophicpredicatelogic consistsof a nonempty domain D, and an assignmentof
0 v a | taeachodnstantandpredicatesymboloccurringin F asfollows:

1. To eachconstantwe assignanelementin D.

2. To eachn-ary function symbol,we assigna mappingfrom D" to D.
(Notethat D" = {(Xy, ... X,)| X;,N D, .., x,N D}).

3. Predicate symbols get their meaningthrough evaluationfunctions E which
assignto eachvariablex anelementE(x) N D.

To eachn-ary predicatesymbolp, thereis afunctionINP(p) : D"Y N. Sa

INP(p(x;y.....x2, INP(p)(E(xy),...,E(x,))



That is,

where
t(p(ai,...,an)).i(p(a,...,an)), f(plai,...,an)) € [0,1].

They are called truth-degree, indeterminacy degree and falsity-degree of p(a, ... a,)
respectively

We assumehat the interpretationfunction INP assigngo the logical truth
T :INP(T) =<1, 1, 0>,

andto
F : INP(F) = <0, 0, 1>.

The semanticsof four interval neutrosophicpredicateconnectivesand two quantiyers is
givenin Tablenext slide

For simpliycationof notation,we usep to denotep(a, ., &).

NotethatpZ qif andonlyif pY gandqyY p.



Connectives Semantics
INP(—p) (f(p),1 —i(p).t(p))
INP(pAq) (min(t(p).t(q)). max(i(p).i(q)). max(f(p). f(q)))
INP(pVq) (max(t(p).t(q)), min(i(p),i(q)), min( f(p). f(q)))
INP(p— q) | (min(1,1 — ¢(p) + t(q)), max(0,i(q) — i(p)). max(0, f(q) — f(p)))
IN P(VzF) (mint(F(E(x))),mini(F(E(x))),max f(F(E(x)))). E(x) € D
INP(dzF) (maxt(F(E(z))), maxi(F(E(z))),min f(F(E(z)))), E(z) € D

Table 2Semantics of Four Connectives and Two Qugats in Interval Neutrosophic
Predicate Logic.

Deynition 40

A formula F is consistent(satisyable if andonly if there exists an interpretation | such
that F is evaluatedo <1, 1, 0> in I. If aformulaF isT in aninterpretation|, we saythat |
isamodelof F andl satisyesF.

Deynition 41

A formulaF is inconsistent(unsatigable if andonly if there existsno interpretation that
satigyesF.
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Deynition 42

A formulaF is valid if andonly if everyinterpretationof F satis/esF.

Deynition 43

A formula F is a logical consequencef formulasF,, .., F, if and only if for every

interpretationl,if F,~ ... F,istruein |, F isalsotruein I.
Examplel5

(Vz)(p(z) — (3y)p(y)) is valid, (Vx)p(x) A (3y)—p(y) is consistent.
Theorem13

Thereis noinconsistentformulain the yrst order interval neutrosophigredicatelogic.



Proof Theory of Interval NeutrosophicPredicateCalculus

We give the proof theory for yrst order interval neutrosophic predicate logic to
complementhe semanticgart.

Deynition 44

The yrst order interval neutrosophicpredicatelogic is deyned by the following axiom
schema

(p— q(z)) — (p — Vzq(T))
vrp(r) — pla)
p(x) — dzp(x)

(p(x) — q) — (3xp(z) — q)



Theorem14

In the yrst orderinterval neutrosophigredicateogic, we have

1. p(x) - Vxp(x)
2. p(a) F dxzp(x)
3. Vxp(z) + p(y)

4. TU{p(z)} + q, then I' U {Jxp(z)} F ¢



Theorem15

In the yrst order interval neutrosophicpredicatelogic, the following schemesare valid,
wherer is aformulain which x doesnot appeaifree

. VxVyp(z,y) — YyVrp(z.y)

i j.;" j!‘)"”. .;.-. -.., ' St :!‘)’ :.;.-)" .;..‘ ;." y
r T T 2 » | T -y .

). " \!J;.,.l..‘"I > .J_l” ol :

6. drp(x,.xr) — dr3yplz,y)

4 »7 - | 3 r

[, VEPD\T) — IITP\T)

5. drVyplr,y) — Vy3drplr.y)

9. Vx(p(x) Ag(x)) — Vrp(zr) A Vrq(x)
10. 3x(p(z) v q(x)) — dzp(z) v dxq(x)
1. pAVxg(xz) > Vx(pAg(rT))

12. pvVxrq(x) — Vx(pvVvg(r))

13. pA dxrq(x) — 3x(p A gq(x))

14. pv dxq(z) — 3x(p Vv q(x))



Vz(p(x) — g(z)) — (Vxrp(x) — VYxgq(zx))
. Vz(p(z) — q(z)) — (3xp(x) — dxgq(x))
. dr(p(x) A g(x)) — Jzp(x) A dxq(x)

. Vrp(x) vVrq(x) — Vr(p(z) vV q(x))

~dr-p(x) — Yrp(r)

. Wzr-p(z) — dp(x)

—~drp(x) «— Vr—p(x)

dr—p(z) — Vrp(r)



An Application of Interval Neutrosophic Logic
|

We provide one practical application of the interval neutrosophic logic 6 Interval
Neutrosophid_ogic System(INLS).

INLS can handle rule uncertainty as sameas type-2 FLS, besides,it can handle rule
inconsistencywithout the dangerof trivialization.

Like the classicaFLS, INLS is alsocharacterizedy IF-THEN rules

INLS consists of neutrosophication neutrosophicinference,a neutrosophicrule base,
neutrosophiaype reductionanddeneutrosophication

Givenaninput vectorx = (X4, .. X)), wherex, .., X, canbecrisp inputs or neutrosophicsets,
the INLS will generatea crisp outputy.

The generalschemef INLS is shownin Figurenext slide
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For implicationpY ¢, we deynethe semanticsas:

wheret(p),i(p),(p),(a),i(a),f(q) P [0,1].



