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1. Neutrosophy: Generalities



Neutrosophyis a new branchof philosophythat studiesthe origin, nature,andscope

of neutralities,aswell astheir interactionswith di erent ideationalspectra.

The neutrosophicswereintroducedby F. Smarandachein 1995.

This theory considersevery notion or idea <A> together with its oppositeor negation

<Anti -A> and the spectrumof òneutralitiesó<Neut-A> (i.e. notions or ideaslocatedbetween

the two extremes,supportingneither<A> nor <Anti -A>).

The <Neut-A> and<Anti -A> ideastogetherarereferredto as<Non-A>.

Accordingto this theory,everyidea<A> tendsto beneutralizedandbalancedby <Anti -A>

and<Non-A> ideas- asastateof equilibrium.

In aclassicalway,<A>, <Neut-A>, <Anti -A> aredisjoint two by two.

But, sincein manycasesthe bordersbetweennotionsarevague,imprecise,it is possiblethat

<A>, <Neut-A>, <Anti -A> (and<Non-A>, of course)havecommonpartstwo by two aswell.

Neutrosophy is the baseof neutrosophiclogic, neutrosophicset, neutrosophicprobabilityand

neutrosophicstatistics.



NeutrosophicLogic is ageneralframeworkfor uniýcationof manyexisting logics.

The main idea of NL is to characterizeeachlogical statementin a 3D NeutrosophicSpace,

whereeachdimensionof the spacerepresentsrespectivelythe truth (T ), the falsehood(F), andthe

indeterminacy(I) of the statementunderconsideration,whereT, I, F arestandardor non-standard

realsubsetsof ] 0ī,1+[ .

For softwareengineeringproposalsthe classicalunit interval [ 0,1] canbeused.

T, I, F are independentcomponents,leaving room for incomplete information (when their

superiorsum< 1), paraconsistentandcontradictory information (whenthe superiorsum> 1), or

completeinformation(sumof components= 1).

As an example: a statement can be between [ 0.4,0.6] true, 0.1 or between (0.15,0.25)

indeterminate,andeither0.4 or 0.6 false.



Neutrosophic Probability is a generalization of the classical probability and

impreciseprobability in which the chancethat an eventA occursis t% true - wheret variesin the

subsetT , i% indeterminate- where i varies in the subsetI, and f% false- where f varies in the

subsetF.

In classicalprobability nsupÒ1, while in neutrosophicprobability nsupÒ3+.

In impreciseprobability: the probability of an event is a subsetT in [ 0,1], not a numberp in

[ 0,1], whatõsleft is supposedto bethe opposite,subsetF (alsofrom the unit interval [ 0,1]) ; there

is no indeterminatesubsetI in impreciseprobability.

NeutrosophicStatistics is the analysisof events describedby the neutrosophic

probability.

The function that models the neutrosophicprobability of a random variable x is called

neutrosophicdistribution:

NP(x) = (T(x),I(x),F(x)),

whereT(x) representsthe probability that valuex occurs,F(x) representsthe probability that value

x doesnot occur,andI(x) representsthe indeterminate/ unknownprobability of valuex.



NeutrosophicSet
Let U beauniverseof discourse,andM asetincludedin U.

An elementx from U is notedwith respectto the set M asx(T, I, F) andbelongsto M in the

following way:

Á t% true in the set,

Á i% indeterminate(unknownif it is) in the set,and

Á f% false,

wheret variesin T , i variesin I, f variesin F.

StaticallyT, I, F aresubsets,but dynamicallyT, I, F arefunctions/operatorsdependingon many

knownor unknownparameters.

Neutrosophicset is a powerfulgeneralformal frameworkwhich generalizesthe conceptof the

classicset,fuzzy set,interval valuedfuzzy set,intuitionistic fuzzy set,interval valuedintuitionistic

fuzzyset,paraconsistentset,dialetheistset,paradoxistset,tautologicalset.



NeutrosophyWorld is expandingwith newresearchsubjects:

1. Neutrosophictopologyincludingneutrosophicmetric spacesandsmoothtopologicalspaces

2. Neutrosophic numbers and arithmetical operations, including ranking procedures for

neutrosophicnumbers

3. Neutrosophicrough sets

4. Neutrosophicrelational structures,including neutrosophicrelationalequations,neutrosophic

similarity relations,andneutrosophicorderings,

5. Neutrosophicgeometry

6. Neutrosophicprobability

7. Neutrosophiclogical operations,including n-norms, n-conorms, neutrosophicimplicators,

neutrosophicquantiýers

8. Measuresof neutrosophication

9. Deneutrosophicationtechniques

10. Neutrosophicmeasuresandneutrosophicintegrals



11. Neutrosophicmultivaluedmappings

12. Neutrosophicdi erentialcalculus

13. Neutrosophicmathematicalmorphology

14. Neutrosophicalgebraicstructures

15. Neutrosophicmodels

16. Neutrosophiccognitivemaps

17. Neutrosophicmatrix

18. Neutrosophicgraph

19. Neutrosophicfusionrules

20. Neutrosophicrelationalmaps

21. Applications:

neutrosophicrelational databases,neutrosophicimage processing,neutrosophiclinguistic

variables,neutrosophicdecision making and preferencestructures, neutrosophicexpert

systems,neutrosophic reliability theory, neutrosophic soft computing techniquesin e-

commerceande-learning



2. Interval Neutrosophic Sets



Introduction

The neutrosophicset generalizesthe classicset, the fuzzy set, the interval valuedfuzzy

set,the intuitionistic fuzzy set,the interval valuedintuitionistic fuzzy set,the paraconsistent

set, the dialetheistset, the paradoxistset, the tautological set - from philosophicalpoint of

view.

From scientiýc or engineering point of view, the neutrosophicset and set-theoretic

operatorsneedto bespeciýed.

Otherwise,it will bedi cult to applyin the realapplications.

We deýne the set-theoretic operatorson an instanceof neutrosophicset calledInterval

NeutrosophicSet(INS).

We call it òintervalóbecauseit is a subclassof neutrosophicset, that is we only consider

the subunitaryinterval of [ 0,1] .

An interval neutrosophicsetA is deýnedon universeX, x = x(T,I,F)ᶰA with T, I andF

beingthe subintervalof [ 0,1] .

The interval neutrosophic set can represent uncertain, imprecise, incomplete and

inconsistentinformationwhichexist in realworld.



The interval neutrosophicsetgeneralizesthe following sets:

1. the classicalset, I = ,ɲ infT = supT = 0 or 1, infF = supF = 0 or 1 andsupT + supF = 1.

2. the fuzzyset, I = ,ɲ infT = supT [ɴ 0,1], infF = supF [ɴ 0,1] andsupT + supF = 1.

3. the intervalvaluedfuzzyset, I = ,ɲ infT , supT , infF, supF [ɴ 0,1],

supT + infF = 1 andinfT + supF = 1.

4. the intuitionisticfuzzyset, I = ,ɲ infT = supT [ɴ 0,1], infF = supF [ɴ 0,1] andsupT +supFÒ1.

5. the intervalvaluedintuitionisticfuzzyset, I = ,ɲ infT , supT , infF, supF [ɴ 0,1] andsupT +supFÒ1.

6. the paraconsistentset, I = ,ɲ infT = supT [ɴ 0,1], infF = supF [ɴ 0,1] andsupT + supF > 1.

7. the intervalvaluedparaconsistentset, I = ,ɲ infT , supT , infF, supF [ɴ 0,1] andinfT + infF > 1.



Figure 1: Relationship among interval neutrosophicset and other sets

Note: Ÿ, such as a Ÿ b, means that b is a generalization of  a. 



Deýnition 1

Let X beaspaceof points(objects),with agenericelementin X denotedby x.

A neutrosophicsetA in X is characterizedby a truth-membershipfunction TA, a indeterminacy-

membershipfunction IA and a falsity-membershipfunction FA. TA(x), IA(x) and FA(x) are real

standardor non-standardsubsetsof ] 0ī,1+[ .

That is

There is no restriction on the sum of TA(x), IA(x) and FA(x), so 0īÒsupTA(x) + supIA(x) +

supFA(x)Ò3+.

Neutrosophic Set



Deýnition 2

The complementof aneutrosophicsetA is denotedby Ӷὃandis deýnedby

for all x in X.



Deýnition 3 (Containment)

A neutrosophicsetA is containedin the other neutrosophicsetB,AṖB, if andonly if

for all x in X.



Deýnition 4 (Union)

The union of two neutrosophicsetsA and B is a neutrosophicset C, written as C = A ᷾B,

whose truth-membership,indeterminacy-membershipand falsity-membership functions are

relatedto thoseof A andB by

for all x in X.



Deýnition 5 (Intersection)

The intersectionof two neutrosophicsetsA andB is a neutrosophicsetC, written asC= AžB,

whose truth-membership,indeterminacy-membershipand falsity-membership functions are

relatedto thoseof A andB by

for all x in X.



Deýnition 6 (Di erence)

The di erenceof two neutrosophicsetsA andB is a neutrosophicset C, written asC = A \ B,

whose truth-membership,indeterminacy-membershipand falsity-membership functions are

relatedto thoseof A andB by

for all x in X.



Deýnition 7 (CartesianProduct)

Let A be the neutrosophicset deýnedon universeE1 andB be the neutrosophicset deýnedon

universeE2.

If

then the cartesianproductof two neutrosophicsetsA andB is deýnedby



Interval Neutrosophic Set

Deýnition 8 (Interval NeutrosophicSet)

Let X be a spaceof points (objects),with a genericelementin X denotedby x. An interval

neutrosophicset (INS) A in X is characterizedby truth-membershipfunction TA, indeterminacy

membershipfunction IA andfalsity-membershipfunction FA. For eachpoint x in X, TA(x), IA(x),

FA(x)Ṗ[ 0,1] .

The interval neutrosophicset (INS) is an instanceof neutrosophicset which

canbeusedin realscientiýc andengineeringapplications.



An interval neutrosophicset(INS) in R1 is illustrated in the figurebelow.

Figure 2: Illustration of  interval neutrosophicset in R1



When X is continuous,anINS A canbewritten as

When X is discrete,anINS A canbewritten as

Considerparameterssuchascapability,trustworthinessandpriceof semanticWeb services.

Theseparametersarecommonlyusedto deýnequality of serviceof semanticWeb services.

We will usethe evaluationof quality of serviceof semanticWeb servicesasrunning exampleto

illustrate everyset-theoreticoperationon interval neutrosophicset.



Example1

Assumethat X = [ x1, x2, x3] . x1 is capability,x2 is trustworthinessandx3 is price. The valuesof

x1, x2 and x3 are in [ 0,1] . They are obtainedfrom the questionnaireof somedomainexperts,

their option could be degreeof good, degreeof indeterminacyand degreeof poor. A is an

interval neutrosophicsetof X deýnedby

B is aninterval neutrosophicsetof X deýnedby



Deýnition 9

An interval neutrosophicset A is empty if  and only if  its

infTA(x) = supTA(x) = 0,

infIA(x) = supIA(x) = 1 

and infFA(x) = supTA(x) = 0, 

for all x in X.



We now presentthe set-theoreticoperatorson interval neutrosophicset.

Deýnition 10 (Containment)

An interval neutrosophicset A is containedin the other interval neutrosophicset B, AṖB, if

andonly if

for all x in X.

Deýnition 11

Two interval neutrosophicsets A and B are equal, written as A = B, if  and only if  AṖB and 

BṖA.



Deýnition 12 (Complement)

Let CN denoteaneutrosophiccomplementof A. Then CN is a function

CN : N Ÿ N

andCN mustsatisfyat leastthe following threeaxiomaticrequirements:

1. CN (0) = 1 andCN (1) = 0

(boundary conditions)

2. Let A andB betwo interval neutrosophicsetsdeýnedon X, if A(x) Ò

B(x), thenCN(A(x))ÓCN(B(x)),for all x in X

(monotonicity)

3. Let A be an interval neutrosophic set deýned on X, then

CN(CN(A(x)))= A(x), for all x in X

(involutivity )



Definition 13 (ComplementCN1)

The complement of  an interval neutrosophicset A is denoted by Ӷὃand is definedby

for all x in X.

Example 2 

Let A be the interval neutrosophicset deýned in Example 1. Then, 



Deýnition 14 (N-norm)

Let IN denotea neutrosophicintersectionof two interval neutrosophicsetsA and B. Then

IN is a function

IN : N × N Ÿ N

andIN mustsatisfyat leastthe following four axiomaticrequirements:

1. IN(A(x),1) = A(x), for all x in X.

(boundary conditions)

2. B(x)ÒC(x) impliesIN(A(x),B(x))ÒIN(A(x),C(x)), for all x in X.

(monotonicity)

3. IN(A(x),B(x))= IN(B(x),A(x)),for all x in X.

(commutativity)

4. IN(A(x),IN(B(x),C(x)))= IN(IN(A(x),B(x)),C(x)), for all x in X.

(associativity)



Deýnition 15 (IntersectionIN1)

The intersectionof two interval neutrosophicsetsA andB is an interval neutrosophicsetC,

written as C = A ž B, whose truth-membership,indeterminacy-membership,and false-

membershiparerelatedto thoseof A andB by

for all x in X.



Example3

Let A and B be the interval neutrosophicsets deýned in Example 1. 

Then, 

AžB = 

Theorem1

AžB is the largestinterval neutrosophicsetcontainedin both A andB.



Deýnition 16 (N-conorm)

Let UN denotea neutrosophicunion of two interval neutrosophicsetsA andB. Then UN is a

function

UN : N × N Ÿ N

andUN mustsatisfyat leastthe following four axiomaticrequirements:

(boundary conditions)

(monotonicity)

(commutativity)

(associativity)



Deýnition 17 (Union UN1)

The union of two interval neutrosophicsets A and B is an interval neutrosophicset C,

written as C = A ᷾ B, whose truth-membership,indeterminacy-membership,and false

membershiparerelatedto thoseof A andB by

for all x in X.



Example4

Let A and B be the interval neutrosophicsets deýned in Example 1. 

Then, 

A᷾B = 

The intuition behindthe union operatoris that if oneof elementsin A andB is true then it

is true in A᷾B, only both areindeterminateandfalsein A andB then it is indeterminateand

falsein A᷾B. The other operatorsshouldbeunderstoodsimilarly.

Theorem2

A᷾B is the smallestinterval neutrosophicsetcontainingboth A andB.



Theorem3

Let P bethe powersetof all interval neutrosophicsetsdeýnedin the universeX.

Then is adistributive lattice.

Deýnition 18 (Interval neutrosophicrelation)

Let X and Y be two non-empty crisp sets. An interval neutrosophicrelation R(X,Y) is a

subsetof product spaceX × Y, and is characterizedby the truth membershipfunction

TR(x,y), the indeterminacymembershipfunction IR(x,y), and the falsity membershipfunction

FR(x,y), wherex Xɴ andy Yɴ andTR(x,y), IR(x,y),FR(x,y)Ṗ[ 0,1] .



Deýnition 19 (Interval NeutrosophicCompositionFunctions)

The membershipfunctionsfor the compositionof interval neutrosophicrelationsR(X,Y) and

S(Y,Z)aregivenby the interval neutrosophicsup-star compositionof R andS



Deýnition 20 (Di erence)

The di erenceof two interval neutrosophicsetsA andB is an interval neutrosophicset C,

written as C = A \ B, whose truth-membership,indeterminacy-membershipand falsity

membershipfunctionsarerelatedto thoseof A andB by

for all x in X.

Example5

Let A and B be the interval neutrosophicsets deýned in Example 1. 

Then, 

A \ B = 



Theorem4

Deýnition 21 (Addition)

The addition of two interval neutrosophicsetsA and B is an interval neutrosophicset C,

written as C = A + B, whose truth-membership,indeterminacy-membershipand falsity

membershipfunctionsarerelatedto thoseof A andB by

for all x in X.

Example6

Let A and B be the interval neutrosophicsets deýned in Example 1. Then, 

A + B = 



Deýnition 22 (Cartesianproduct)

The cartesianproduct of two interval neutrosophicsets A deýned on universeX1 and B

deýnedon universeX2 is an interval neutrosophicsetC, written asC = A × B, whosetruth-

membership,indeterminacy-membershipand falsity-membershipfunctions are related to

thoseof A andB by

for all x in X1 andy in X2.

Example7

Let A and B be the interval neutrosophicsets deýned in Example 1. Then, 

A B = 



Deýnition 23 (Scalarmultiplication)

The scalarmultiplication of interval neutrosophicset A is an interval neutrosophicset B,

written as B = a ɇA, whose truth-membership,indeterminacy-membershipand falsity-

membershipfunctionsarerelatedto thoseof A by

for all x in X and a Rɴ+.



Deýnition 24 (Scalardivision)

The scalardivision of interval neutrosophicset A is an interval neutrosophicset B, written

asB = aɇA, whosetruth-membership,indeterminacy-membershipand falsity membership

functionsarerelatedto thoseof A by

for all x in X and a Rɴ+.



Now we will deýne two operators: truth-favorite (Ў) and false-favorite (​) to removethe

indeterminacy in the interval neutrosophic sets and transform it into interval valued

intuitionistic fuzzy sets or interval valued paraconsistentsets. These two operators are

uniqueon interval neutrosophicsets.

Deýnition 25 (Truth -favorite)

The truth-favoriteof interval neutrosophicsetA is an interval neutrosophicsetB, written as

B = ЎA, whosetruth-membershipand falsity-membershipfunctionsare relatedto thoseof

A by

for all x in X.



Deýnition 26 (False-favorite)

The False-favoriteof interval neutrosophicsetA is an interval neutrosophicsetB, written as

B = Aɳ, whosetruth-membershipandfalsity-membershipfunctionsarerelatedto thoseof A

by

for all x in X.



Example8

Let A and B be the interval neutrosophicsets deýned in Example 1. Then, 

The purposeof truth-favorite operator is to evaluatethe maximum of degreeof truth-

membershipof interval neutrosophicset.

Example9

Let A and B be the interval neutrosophicsets deýned in Example 1. Then, 

The purposeof false-favorite operator is to evaluatethe maximum of degreeof false-

membershipof interval neutrosophicset.



Theorem5

For every two interval neutrosophicsets A and B:



Propertiesof  Set-theoreticOperators



Convexity of  Interval Neutrosophic Set

We assumethat X is a real EuclideanspaceEn for correctness.

Deýnition 27 (Convexity)

An interval neutrosophicset A is convex if andonly if

for all x1 and x2 in X and all ʇin [0,1].



Theorem 6

If A andB are convex, sois their intersection.

Deýnition 28 (Strongly Convex) 

An interval neutrosophicset A is strongly convex if for anytwo distinct pointsx1 andx2, 

andanyʇin the open interval (0,1),

for all x1 andx2 in X andallʇin [0,1].

Theorem 7

If A andB are strongly convex, sois their intersection.



3. Interval Neutrosophic Logic



Introduction

We presenta novel interval neutrosophiclogic that generalizesthe interval valuedfuzzy

logic, the intuitionistic fuzzy logic and paraconsistentlogics which only considertruth-

degreeor falsity-degreeof aproposition.

In the interval neutrosophiclogic, we considernot only truth-degreeandfalsity-degreebut

alsoindeterminacy-degreewhichcanreliably capturemoreinformationunderuncertainty.

We introduce mathematicaldeýnitions of an interval neutrosophicpropositionalcalculus

andaninterval neutrosophicpredicatecalculus.

We proposea general method to design an interval neutrosophiclogic system which

consists of neutrosophication, neutrosophic inference, a neutrosophic rule base,

neutrosophictype reductionanddeneutrosophication.



A neutrosophic rule contains input neutrosophic linguistic variables and output

neutrosophiclinguistic variables.

A neutrosophiclinguistic variable has neutrosophiclinguistic values which deýned by

interval neutrosophicsetscharacterizedby threemembershipfunctions: truth-membership,

falsity-membershipandindeterminacy-membership.

The interval neutrosophiclogic can be appliedto many potential real applicationswhere

information is imprecise,uncertain,incompleteand inconsistentsuchas Web intelligence,

medicalinformatics,bioinformatics,decisionmaking,etc.



Interval Neutrosophic PropositionalCalculus

We introducethe elementsof an interval neutrosophicpropositionalcalculusbasedon the

deýnition of the interval neutrosophicsets by using the notations from the theory of

classicalpropositionalcalculus.

Syntaxof Interval NeutrosophicPropositionalCalculus

Deýnition 29

An alphabetof the interval neutrosophicpropositionalcalculusconsistsof threeclassesof

symbols:

1. A set of interval neutrosophicpropositional variables,denotedby lower-caseletters,

sometimesindexed;

2. Five connectives ,᷈ ,᷉ ¬, Ÿ, ź which are called conjunction,disjunction, negation,

implication,andbiimplicationsymbolsrespectively;

3. The parentheses( and).



The alphabetof the interval neutrosophicpropositionalcalculushascombinationsobtainedby

assemblingconnectivesandinterval neutrosophicpropositionalvariablesin strings.

The purpose of the construction rules is to have the speciýcation of distinguished

combinations,calledformulas.

Deýnition 30

The set of formulas(well-formedformulas)of interval neutrosophicpropositionalcalculusis

deýnedasfollows.

1. Every interval neutrosophicpropositionalvariableis a formula;

2. If p is a formula,thensois (¬p);

3. If p andq areformulas,thensoare

(a) (p q᷈),

(b) (p q᷉),

(c) (pŸ q),

(d) (pź q).

4. No sequenceof symbolsis a formulawhich is not requiredto beby 1, 2, and3.



To avoid having formulas cluttered with parentheses,we adopt the following precedence

hierarchy,with the highestprecedenceat the top:

¬, 

,᷈᷉ , 

Ÿ,ź.

Hereis anexampleof the interval neutrosophicpropositionalcalculusformula:

¬p1 p᷈2 (᷉p1Ÿ p3) Ÿ p2 ¬᷈p3

Deýnition 31

The languageof interval neutrosophicpropositionalcalculusgiven by an alphabetconsistsof

the setof all formulasconstructedfrom the symbolsof the alphabet.



Semanticsof Interval NeutrosophicPropositionalCalculus

The study of interval neutrosophicpropositional calculus comprises,among others, a

syntax,which hasthe distinction of well-formedformulas,anda semantics,the purposeof

which is the assignmentof ameaningto well-formedformulas.

To each interval neutrosophic proposition p, we associateit with an ordered triple

components

<t(p),i(p),f(p)>, 

wheret(p),i(p),f(p)Ṗ[ 0,1] .

t(p),i(p),f(p)arecalledtruth-degree,indeterminacy-degreeandfalsity-degreeof p.

Let this assignmentbeprovidedby an interpretation functionor interpretation INL deýned

overasetof propositionsP in suchaway that

INL( p) = <t(p),i(p),f(p)> .



Hence,the function INL : PŸ N givesthe truth, indeterminacyandfalsity degreesof all

propositionsin P.

We assumethat the interpretationfunctionINL assignsto the logical truth T, andto F :

INL( T) = <1, 0,0>, 

INL( F) = <0, 1, 1>.

An interpretationwhichmakesa formulatrue is amodelof the formula.

Let i, l bethe subintervalof [ 0,1] .

Then

i + l = [ infi + infl, supi + supl],

i īl = [ infi īsupl, supi īinfl],

max(i, l) = [max(infi, infl), max(supi, supl)],

min(i, l) = [min( infi, infl), min((supi, supl))] .



The semanticsof four interval neutrosophicpropositionalconnectivesis given in Tablebelow.

Note that pź q if andonly if pŸ q andqŸ p.

Table 1: Semantics of  Four Connectives in Interval Neutrosophic Propositional Logic.



Example10

INL( p) = <0.5,0.4,0.7>,

INL( q) = <1, 0.7,0.2>. 

Then,

INL(¬ p) = < 0.7, 0.6, 0.5>,

INL( p ¬᷈p) = <0.5, 0.4, 0.7>,

INL( p q᷉) = <1, 0.7, 0.2>,

INL( pŸ q) = <1, 1, 0>.

A given well-formedinterval neutrosophicpropositionalformula will becalleda tautology

(valid) if INL( A) = <1, 1, 0>, for all interpretationfunctionsINL .

It will becalleda contradiction(inconsistent)if INL( A) = <0, 0, 1>, for all interpretation

functionsINL .



Deýnition 32

Two formulaspandqaresaidto beequivalent,denotedp= q, if andonly if the

INL( p) = INL( q) 

for everyinterpretationfunctionINL .

Theorem8

Let F be the set of formulas and᷈be the meet and᷉the join, then <F; ,᷈ >᷉ is a

distributive lattice.

Theorem9

If pandpŸ qaretautologies,thenq is alsoa tautology.



Proof Theory of Interval NeutrosophicPropositionalCalculus

We give the proof theory for interval neutrosophicpropositionallogic to complementthe

semanticspart.

Deýnition 33

The interval neutrosophicpropositionallogic is deýnedby the following axiomschema.

The conceptof (formal) deductionof a formula from a set of formulas,that is, using the

standardnotation,ɜṲp, is deýned as usual; in this case,we say that p is a syntactical

consequenceof the formulasin T .



Theorem10

For interval neutrosophicpropositionallogic,wehave:

Theorem11

In interval neutrosophicpropositionallogic,wehave:



Theorem12

In interval neutrosophicpropositionallogic, the following schemado not hold:



Example11

To illustrate the useof the interval neutrosophicpropositionalconsequencerelation,letõs

considerthe following example.

p Ÿ (q ᷈ r)

r Ÿ s

q Ÿ ¬s

a

From pŸ (q r᷈), weget pŸ qandpŸ r.

From pŸ qandqŸ ¬s, weget pŸ ¬s.

From pŸ r andrŸ s, weget pŸ s.

Hence,p is equivalentto p s᷈andp ¬᷈s.

However,wecannotdetachsfrom pnor ¬sfrom p.

This is in part dueto interval neutrosophicpropositionallogic incorporatingneithermodus

ponensnor andelimination.



Interval Neutrosophic Predicate Calculus

We extend our considerationto the full languageof ýrst order interval neutrosophic

predicate logic. First we give the formalization of syntax of ýrst order interval

neutrosophicpredicatelogic asin classicalýrst-orderpredicatelogic.

Syntaxof Interval NeutrosophicPredicateCalculus

Deýnition 34

An alphabetof theýrst order interval neutrosophicpredicatecalculusconsistsof seven

classesof symbols:

1. variables,denotedby lower-caseletters,sometimesindexed;

2. constants,denotedby lower-caseletters;

3. functionsymbols,denotedby lower-caseletters,sometimesindexed;

4. predicatesymbols,denotedby lower-caseletters,sometimesindexed;

5. five connectives᷈ , ,᷉ ¬,Ÿ,ź which arecalledthe conjunction,disjunction,

negation,implication,andbiimplicationsymbolsrespectively;

6. two quantiýers, the universal quantiýer ᶪ (for all) and the existential

quantiýer (ɱthereexists);

7. the parentheses( and).



To avoid having formulas cluttered with brackets,we adopt the following precedence

hierarchy,with the highestprecedenceat the top:

¬, ,ᶅ ɱ

,᷈ ᷉

Ÿ, ź

Next weturn to the deýnition of theýrst order interval neutrosophiclanguagegivenby an

alphabet.

Deýnition 35

A term is deýnedasfollows:

1. A variableis a term.

2. A constantis a term.

3. If f is an-ary functionsymbolandt1, ..., tn areterms,then f(t1,...,fn) is a term.



Deýnition 36

A (well-formed)formulais deýnedinductivelyasfollows:

1. If p is a n-ary predicatesymboland t1, ..., tn are terms,then p(t1, ..., tn) is a formula

(calledanatomicformulaor, moresimply,anatom).

2. If F andG areformulas,thensoare(¬F), (F G᷈), (F G᷉), (FŸ G) and(Fź G).

3. If F is a formulaandx is avariable,then ( xᶅF) and( xɱF) areformulas.

Deýnition 37

Theýrst order interval neutrosophiclanguagegiven by an alphabetconsistsof the set of

all formulasconstructedfrom the symbolsof the alphabet.

Example12

are formulas. 



Deýnition 38

The scopeof xᶅ (resp. xɱ) in xᶅF (resp. xɱF) is F.

A bound occurrenceof a variable in a formula is an occurrenceimmediatelyfollowing a

quantiýer or an occurrencewithin the scopeof a quantiýer, which hasthe samevariable

immediatelyafter the quantiýer.

Any other occurrenceof avariableis free.

Example13

In the formula xᶅp(x,y) ᷉q(x), theýrst two occurrencesof x are bound,while the third

occurrenceis free,sincethe scopeof xᶅ is p(x,y)andy is free



Semanticsof Interval NeutrosophicPredicateCalculus

We study the semanticsof interval neutrosophicpredicatecalculus,the purposeof which is

the assignmentof ameaningto well-formedformulas.

In the interval neutrosophicpropositionallogic, an interpretation is anassignmentof truth

values(orderedtriple component)to propositions.

In theýrst order interval neutrosophicpredicatelogic,sincetherearevariablesinvolved,we

haveto domorethan that.

To deýne an interpretation for a well-formedformula in this logic, we haveto specifytwo

things, the domainandan assignmentto constantsandpredicatesymbolsoccurring in the

formula.

The following is the formal deýnition of an interpretation of a formula in theýrst order

interval neutrosophicpredicatelogic.



Deýnition 39

An interpretation function (or interpretation) of a formula F in the ýrst order interval

neutrosophicpredicatelogic consistsof a nonempty domain D, and an assignmentof

òvaluesóto eachconstantandpredicatesymboloccurringin F asfollows:

1. To eachconstant,weassignanelementin D.

2. To eachn-ary functionsymbol,weassignamappingfrom Dn to D.

(Note that Dn = {(x1, ..., xn)| x1 Dɴ, ..., xn Dɴ}) .

3. Predicatesymbols get their meaning through evaluation functions E which

assignto eachvariablex anelementE(x) Dɴ.

To eachn-ary predicatesymbolp, thereis a functionINP(p) : DnŸ N. So:



That is,

where

They are called truth-degree, indeterminacy degree and falsity-degree of p(a1, ..., an)

respectively.

We assumethat the interpretationfunctionINP assignsto the logical truth

T : INP(T) = <1, 1, 0>, 

andto

F : INP(F) = <0, 0, 1>. 

The semanticsof four interval neutrosophicpredicateconnectivesand two quantiýers is

given in Tablenext slide.

For simpliýcationof notation,weusep to denotep(a1, ..., ai).

Note that pź q if andonly if pŸ qandqŸ p.



Table 2: Semantics of  Four Connectives and Two Quantiýers in Interval Neutrosophic 

Predicate Logic. 

Deýnition 40

A formula F is consistent(satisýable) if and only if there exists an interpretation I such

that F is evaluatedto <1, 1, 0> in I. If a formulaF is T in an interpretation I, we saythat I

is amodelof F andI satisýesF.

Deýnition 41

A formula F is inconsistent(unsatisýable) if andonly if thereexistsno interpretation that

satisýesF.



Deýnition 42

A formulaF is valid if andonly if everyinterpretationof F satisýesF.

Deýnition 43

A formula F is a logical consequenceof formulas F1, ..., Fn if and only if for every

interpretation I, if F1 .᷈.. F᷈n is true in I, F is alsotrue in I.

Example15

Theorem13

There is no inconsistentformulain theýrst order interval neutrosophicpredicatelogic.



Proof Theory of Interval NeutrosophicPredicateCalculus

We give the proof theory for ýrst order interval neutrosophic predicate logic to

complementthe semanticspart.

Deýnition 44

The ýrst order interval neutrosophicpredicatelogic is deýned by the following axiom

schema.



Theorem14

In theýrst order interval neutrosophicpredicatelogic,wehave:



Theorem15

In the ýrst order interval neutrosophicpredicatelogic, the following schemesare valid,

wherer is a formulain whichx doesnot appearfree:





An Application of  Interval Neutrosophic Logic

We provide one practical application of the interval neutrosophic logic ð Interval

NeutrosophicLogic System(INLS).

INLS can handle rule uncertainty as sameas type-2 FLS, besides,it can handle rule

inconsistencywithout the dangerof trivialization.

Like the classicalFLS, INLS is alsocharacterizedby IF-THEN rules.

INLS consists of neutrosophication, neutrosophic inference,a neutrosophicrule base,

neutrosophictype reductionanddeneutrosophication.

Givenaninput vectorx = (x1, ..., xn), wherex1, ..., xn canbecrisp inputsor neutrosophicsets,

the INLS will generateacrispoutput y.

The generalschemeof INLS is shownin Figurenext slide.



Figure 3: General Scheme of  an INLS.



For implicationpŸ q, wedeýnethe semanticsas:

wheret(p),i(p),f(p),t(q),i(q),f(q) Ṗ[0,1].


