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ABSTRACT

In this speech, | will prescribe limitation on following
topics and mainly concentrate on myself works for
Smarandache multi-spaces by a combinatorial manner
in the past three years.
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e Combinatorial maps with contribution to constructing
general 2-dimensional Smarandache manifolds.
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1. What Is a Smarandache multi-space?

= Let’s beginn from a famous proverb
Six blind men were asked to determine
what an elephant looked like by feeling
different parts of the elephant's body.

@® the leg-toucher says it's like a pillar;
@® the tail-toucher claims it's like a rope;
@® the trunk-toucher compares it to a tree branch;
@® the ear-toucher says it is like a hand fan;
@ the belly-toucher asserts it's like a wall; Fig.1.1
fthe tusk-toucher insists it's like a solid pipe.

. ~ Al of you are right!
AWISQ man explains to them:  Why are you telling it differently is because
each‘-,, ne of you touched the different part of the elephant So, actually the
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A view of the sky by eyes of a man on the earth
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A picture viewed by Hubble telescope(1995)
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= Einstein's general relativity
all laws of physics take the same form in any reference system.

earth earth

) difference for physical effects of the inertial force

on in a field small enough.
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= EInstein’s gravitational equation
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The big bang and evolution of the universe

tiny fraction
ol a second




T (AR I SR A e e e e e '_;JL:,:._I:_:,L_];."—JIE,L_':JF“

— — Tl Bl ¥

CMBtimeline WMAP 2003

Fig.1.6
Peoples wined the Noble Prize for research on CMB:
A.‘Egnmas and R.Wilson , in physics in 1978
G'Z“Iz?meQ_g;g_and J.C.Mather, in physics in 2006
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: What IS the rlght theor for the umvere'z’? "

All matters are made of atoms and sub-atomic particles, held
together by four fundamental forces: gravity, electromagnetism,
strong nuclear force and weak force, partially explained by

Quantum Theory: electromagnetism, strong nuclear force and
weak force (reduces forces to the exchange of discrete packet of
quanta)

Relativity Theory: gravity (smooth deformation of the fabric
~ spacetime)

__;f‘_";;;Einstein’s unification of fields
~ find a unifying theory of fields to describe the four fundamental

forces, i.e., combine Quantum Theory and Relativity Theory.
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e A description for the universe ) by String theory

The universe started as a perfect 10 dimensional space with
nothing in it. However, this 10 dimensional space was unstable.
The original 10 dimensional spacetime finally cracked into two
pieces, a 4 and a 7 dimensional cosmos. The universe made the
7 of the 10 dimensions curled into a tiny ball, allowing the

N remaining 4 dimensional universe to inflate at enormous rates.
fggrows then at today’s universe.

‘\“" |

",

oh e fem = ‘L.__nL.“J..___.L____h:._L =

——-_-—..- Ir.-_-.:—.-:-_.-...-.-o[ e e |-....-- B [_-.-.—.-- ...—-.ll---_--;:-JL- o m——r d-L. o e r..-:_....:—_JL -.-Jl--u-.- - | -\.--—dL_---—-d-[‘-“-:-—-ﬂLmdL Jt _.:[

for iy e

- b it i e



[ 7
ACT (

IS a extreme theory of M-theory.

vpe | superrstring

Heterotic SO0ED)

T Heterolic EB*EB

Uncharted Waters



{Eg x Eg heterotic string}
{SO(32) heterotic string}
{S0(32) type I string}
J{Type TTAY|J{Type I1B}
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o What IS a rlght theory for an objectlve A’P
The foundation of science is the measure and metric. Different
characteristic A, describes the different aspect A;. A right theory

for A should be

i1 i1

= Definition of Smarandache multi-spaces
& A Smarandache multi-space is a union of n different spaces
(ﬁga Ipped with some different structures for an integer n=2.
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Let n» be an integer, 7y = ({0,1,2,---.n—1},4+)
an additive group (modn), P—=(0,1.2.---,n—1)
a permutation. For any integer 7,0 < ¢ < n — 1,

define

Ziy = P'(Zy)

such that P'(k)+; P (1) = P'(m) in Z;4q if k+1 =
m in 241, where 4, denotes the binary operation
4+, (P, PI(1)) — Pi(m). Then




m I\/Iathematlcal Combmatorlcs

® Smarandache multi-spaces is really a combinatorial theory

for mathematics, 1.e., combine the same or different fields into a

unifying one in logic.

® Combinatorial Conjecture for mathematics (Mao,2005)
Every mathematical science can be reconstructed from or made

by combinatorization.

This conjecture means that

Fr

- (LL) One can selects finite combinatorial rulers to reconstruct or
make generalization for classical mathematics.
¢ _  can combine different branches into a new theory and
this._ﬁ'ifc')"ces 'qded until it has been done for all mathematical
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2. Smaradache Geometries

= Geometrical multi-space

A multi-metric space is a union ¢;™ M; such that each M; Is a
space with metric d. for any integer i, 1=i=m.

= Mixed geometries

d

@ Axioms of Euclid geometry Fig.2.1

(Al) there is a straight line between any two points.

L (A2) a finite straight line can produce a infinite straight line
itinuously.

3) any point and a distance can describe a circle.
- AA R aIT rlght angles are equal to one another
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® Axioms of hyperbolic geometry

(Al)-(A4) and (L5) following:
there are infinitely many lines parallel to a given line passing
through an exterior point. |

® Axioms of Riemann geometry

(Al)-(A4) and (R5) following:
_ there is no parallel to a given line passing through an exterior
- point.
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® Question asked by Smarandache in 1969

Are there other geometries by denying axioms in Euclid
geometry not like the hyperbolic or Riemann geometry?

He also specified his question to the following questions:

~ Are there Paradoxist geometry, Non-Geometry, Counter-
>rojective Geometry, Anti-Geometry ?
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® Paradoxist geometry
A geometry with axioms (Al)-(A4) and one of the following:

(1) there are at least a straight line and a point exterior to it in this space for
which any line that passes through the point intersect the initial line.

(2) there are at least a straight line and a point exterior to it in this space for
which only one line passes through the point and does not intersect the initial
line.

(3) there are at least a straight line and a point exterior to it in this space for
which only a finite number of lines L,,L,,..., L,, k=2 pass through the point
and do not intersect the initial line.

(4) there are at least a straight line and a point exterior to it in this space for
fwrlglch an infinite number of lines pass through the point (but not all of them)
~ and do not intersect the initial line.

(5) there are at least a straight line and a point exterior to it in this space for

Whlchaqy line that passes through the point and does not intersect the initial
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® Non-geometry
A geometry by denial some axioms of (Al)-(Ab).

(A1) It is not always possible to draw a line from an arbitrary point to another
arbitrary point.

(A2°) It is not always possible to extend by continuity a finite line to an infinite
line.

(A3) It is not always possible to draw a circle from an arbitrary point and of
an arbitrary interval.

(A4) not all the right angles are congruent.

(AYS) if a line, cutting two other lines, forms the interior angles of the same side

#oﬁﬁ'strlctly less than two right angle, then not always the two lines extended

\\‘tgwar finite cut each other in the side where the angles are strictly less than
N ngle.
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® Counter-Projective geometry
A geometry with these counter-axioms (C1)-(C3) following.

(C1) there exist, either at least two lines, or no line, that contains
two given distinct points.

(C2) let py,p,,p5 be three non-collinear points, and q,,g, two dis-

tinct points. Suppose that {p, g,,ps} and {p,,d,,ps} are collinear
triples. Then the line containing p,, p, and the line containing
d;, 9, do not intersect.
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® Anti-geometry

A geometry by denial some axioms of the Hilbert's 21 axioms
of Euclidean geometry.

@ Definition of Smarandache geometries

An axiom Is said to be Smarandachely denied if it behaves in at
least two different ways within the same space, I.e., validated and

Invalided, or only invalided but in multiple distinct ways.
- A Smarandache geometry Is a geometry which has at least one

,r-"‘” | arandachely denied axiom(1969).
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e Smarandache manifolds

For any integer n, n=1, an n-manifold is a Hausdorff space M",
l.e., aspace that satisfies the T, separation axiom, such that for
any peM", there Is an open neighborhood U, peU; a subset of
M" and a homeomorphism ¢, : U,— R"or C", respectively.

A Smarandache manifold 1s an n-dimensional manifold that
support a Smarandache geometry.

\<Questlon

-_"_-ﬁ‘construct Smarandache n-maniflods for any integer n=2?
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® An example of Smarandache geometries

Choose three non-collinear points A,B and C in an Euclid plane,
points as all usual Euclidean point and lines any Euclidean line
that passes through one and only one of points A,B and C.

Fig.2.4 I /
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(a) (bl
- Then the axiom that through a point exterior to a given line there
f;ﬁnly one parallel passing through it is now replaced by two

\.\ﬁ@tements one parallel and no parallel.
The om that through any two distinct points there exist one
’ hrough them Is now replaced by; one line and no

-
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e Iseri’s model for Smarandache manifolds

An s-manifold is any collection of these equilateral triangular
disks T, 1=i=n satisfying conditions following:

(1) each edge e Is the identification of at most two edges e;, €; In
two distinct triangular disks T;,T;, 1L=1=n and i# j,

(||) each vertex v is the identification of one vertex in each of five,
/3 Ix-or seven distinct triangular disks, called elliptic, euclidean or

\\ erbollc point.
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® An elliptic point

Fig.2.5
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= |serr’s result on s-manifolds

There are Smarandache geometries, particularly, paradoxist
geometries, non-geometries, counter-projective geometries and
anti-geometries in s-manifolds.

See: Iseri’s Smarandache Manifolds, American Research
Press, 2002.

= A classification for closed s-manifolds (Mao,2005)

Let A, 1=i=7 denote closed s-manifolds with valency 5, 6,
; 7 5 and 6, 5and 7, 6 and 7, 5,6 and 7 respectively.
' o [Aj| =+ fori=2,3,4,6,7and |A;|=2,|As| 22.
| S Linfan Mao’s Automorphism groups of maps,surfaces
anc_l S arandache geometries, American Research Press, 2005.
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3. Constructing Smarandache 2-manifolds

e Maps and map geometries(Mao,2005)

Iseri’s model is Smarandache 2-manifolds. A generalization of

his idea induced a general approach for constructing Smarandache
2-manifolds, i.e., map geometries on 2-manifolds.

e What is a map?

2 A map IS a connected topological graph cellularly embedded
(;m,az -manifold (also called closed surface), which can be also
‘\"s- 1’;1 cell-decomposition of closed surfaces.
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® \What is a graph?
A graph is a pair (V,E), where E iIs a subset of V XV.

A graph can be represented by a diagram on the plane,-":i;ri’which
vertices are elements in V and two vertices u,v Is connected by an
edge e if and only If e=(u,v). As an example, the complete graph
K#is shown in Fig.2.7.

1 1 - . r 'r' r
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® The classification theorem for 2-dimensional manifolds

Each 2-manifold is homomorphic to the sphere P, or to a 2-
manifold P, by adding p handles on P, or to a 2-manifold N, by
adding g crosscaps on P, .

() ' (b)

mer Is said an orientable 2-manifold of genus p and the

te 4_ : n-=0r|entable 2-manifold of genus q.
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e A polygon representation of 2-manifolds with even sides "'?5,;;
Any 2-manifold is homeomorphic to one of the sta_ndarf_;x'?':' F

2=manifold following: R -

(Py) the sphere: aa;
(P,) the connected sum of n,n=1 tori:

—1;-1 —1;7—1 —1;—1.
aibyay by taghaay Thy T - s anbpa b

) the connected sum of n,n=1 projective planes:

(Ll aladda = = = iyl .
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® Definition of map geometries without boundary

For a combinatorial map M with each vertex valency=3,
associates a real number u(u), O<u(u)< 4z/u(u) to eac
vertex u, ueV(M). Call (M, ) a map geometry without
boundary, u(u) an angle factor of the vertex u and orientablle
or non-orientable if M is orientable or not.
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Fig.3.6

~ @ Definition of map geometries with boundary

" a map geometry (M,u) without boundary and faces f,,
e EF(M), 151 sp(M)-1, if S(M)f,f,... £} is connected,
\ ,u__)-'.k; (S(M)\{f,,f,,... .f, },.0) @ map geometry with
3 - ’fk'
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e Theorem (Mao, 2005)

()For a map M on a 2-manifold with order=3, vertex
valency=3 and a face f éF(M), there is an angle factor usuch
that (M,«) and (M,«)* is a Smarandache geometry by denial
the axiom (AS5) with these axioms (A5),(L5) and (R5).

(2)There are non-geometries in map geometries with or without
boundary.

(3)Unless axioms 1-3, I1-3, I11-2, V-1 and V-2 in the Hilbert's
axiom system for an Euclid geometry, an anti-geometry can be
gotten from map geometries with or without boundary by denial

~ ~other axioms in this axiom system.

~ (4)Unless the axiom (C3), a counter-projective geometry can be
got’t’éﬁﬁrom map geometries with or without boundary by denial
axioms (C1) and 1(C2).
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4. Constructing Smarandache n-manifolds

e Pseudo-manifold geometries (Mao, 2006)

The idea applied in map geometries can be generalized to n-
manifolds for Smarandache n-manifolds, which also enables us to
affirm that Smarandache geometries include nearly all existent

% ‘Idifferential geometries, such as Finsler geometry and Riemannian
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e Definition of differential n-manifolds

An differential n-manifold (M™, A) is an n-manifold M™, M"™ = U U;. endowed
with a C" differential structure 4 = {{U,, ¢, )|a € 1} on M™ for anztifnteger r with
following conditions hold.

(1) {U,;a0 € I} is an open covering of M™,;

(2) ForVa, 3 € I, atlases (U, ¢q ) and (Us, pg5) are equivalent, i.e., U, Uz =1
or U, NUz # 0 but the overlap maps

vas 9sUanu,) = ¢3(Us) and 9sp." 05(Uanu,) = ¢alla)

are
(3) A is maximal, i.e., if (U, ) is an atlas of M™ equivalent with one atlas in

A, then (U p) € A




Fig.4.1 /; @

Us %\? @

wa(UanUs)

IS smooth If it 1s endowed with a C=differential

" ‘f_.p



@ Construction of pseudo-manifolds

P, e SN
Let M™ be an n-manifold with an atlas A = {{(Up, pp)lp € M™}. For ¥p € M™ with
a local coardinates (xy, g, - - -, xy ). define a spatially directional mapping w @ p — R
action on g, by

w:p— gy(p) = wlpp(p)) = (wi,wa. - -, wn).
ten if a line L passes through w(p) with direction angles 0y, 04, - - 0, with ares

e1. €. -, ey in ™, then s direction becomes
after pussing through @u(p). where for any integer 1 < 1 < n, w; = ¥i(modir).

vy = 0 and
w, if 0 <w; < 2m,
T =
‘ 0, if 27 < w; < 47

A manifold M endowed with such a spatially directional mapping w - M™ — R"™ 15

called an n-dimensional psewdo-manifold. denoted by (M™, A%).




Definition 1.1 A spatially directional mappingw : M™ — R" s euclidean if for any |

point p € M™ with a local coordinates (xy, 29, -+, 2,), w(p) = (2mky, 27ky, - -, 27k,

with k; = U mod2) for 1 < i <n, otherwise., non-euclidean.

Definition 1.2 Let w @ M" — R" be a spalially directional mapping and p €
(M™, A¥), wip)(modit) = (wy.wo, - -, wy). Call a point p elliptic, euclidean or

hyperbolic in divection e, 1 <i<n ifo<w; <21, w; =21 or 2 < w; < 4.

Corollary 4.1 Let (M", A%) be a pseudo-manifold. Then gy = @y if and only if
every point i M™ 1s euclidean.
Theorem 1.2 Let (M, A%) be an n-dimensional pseudo-manifold and p € M".

If there are euclidean and non-euclidean points simultaneously or two elliptic or

hyperbolic points in a same direction in (U, p), then (M", A¥) is a Smarandache

n-manifold.




Basis of tangent space of a pseudo-mani

Theorem 4.3 For any pownt p € (M", A°) with a local alta (U,,¢,). ¢,(p) =

(w32l .2V, if there are just s euclidean directions along e, .e;, for a

[IE 121'

point , then the dimension of T,M™ is

dimT,M" = 2n—s

with a basis

_|_

{—\p\lcfijf':is}L_J{aE Ay [ 1<l <nand [ #1451 < j < s},




@ Basis of cotangent space of a pseudo-manifold at a

. oplp) =
(xyah, -, 2 ), if there are just s cuclidean directions along e;,.e;,.---.e;, for a

Theorem 4.4 For any point p € (M", A*) with a local alta (U,,p,)

point , then the dimension of T7M™ 1s

dimT; M" = 2n—s
with a basis

{da|, | 1< j<sHd 2l d2!|, | 1< T <nand 1 #i;,1 < j < s},

where
o)t

aIEj |P) — 52

J

9 | N
d$i|p(ﬁ|p) = 0; and dx'|,(

fore; e+ - 1<i<n.




Definition 4.3 A Minkowski norm on a vector space Vois a function F 'V — R |

such that

(1) Fis smooth on VA{0} and Flv) =0 forYv e V;
(2) F is l-homogenous, i.e., F( ) = AF(v) for VA > 0;
(3) forally € V\{0}, the symmetric bilinear form g, -V x V — R with
*Fly)
gylu,v) =) Dyl

iJ

is positive definite foru,v e V.
Denote by TM"™ = U T,M".
pe(M™ A
| Definition 1.4 A pseudo-manifold geometry is a pseudo-manifold (M", A*) en-

dowed with a Minkowski norm F on T M",




Definition4.5 A principal fiber bundle (PFB) consists of a pseudo-manifold (P, A7), =
a projection 7 (P, AY) — (M, ,43‘“”), a hase pseudo-manifold (M, Ag‘“")) and a Lie |
group G, denoted by (P, M.w™, G) such that (1), (2) and (3) following hold.

(1) There is a right freely action of G on (P, AY), i.e., for Vg € G, there is a
diffeomorphism Ry (P, AY) — (P, AY) with Ry(p”) = p¥g for ¥p € (P, AY) such
that p*(g192) = (Pq1)ga for Vp € (P, AY), Vgi,92 € G and p*e = p* for some

pe (P AY), e G if and only if e is the identity element of G.

(2) The map 7 (P, A%) — (M, A?“)) is onto with 7= (x(p)) = {pglg € G}.
Twy = wom, and reqular on spatial directions of p, i.e., of the spatial directions of p
are (Wi, wa, -+ +,wy), then wy and w(w;) are both elliptic, or euclidean, or hyperbolic
and |7 Hw(w))| is a constant number independent of p for any integeri, 1 <i < n.

(3) For¥r e (M, Ag(“")] there 1s an open set U with x € U and a diffeomor-
phism TT@ ()= YUy — U™ 5 G of the form Ty(p) = (7(p¥). su(p®)). where
Sy TN U™ — G has the property s, (p¥g) = s, (p¥)g for Vg € G.p e 71 U).




Definition 4.6 Let (P, M. w™, G) be a PFB with dimG = r. A subspace fomily H =
{Hylp € (P, AY). dimH, = dimT, M} of TP is called a connection if conditions |
(1) and (2) following hold.

(1) For¥p e (P, AY). there is a decomposition

LP=H,@V,

and the restriction m.|g, : Hy — Tr M is a linear isomorphism.
(2) H isinvariant under the right action of G, v.e., forpe (P, AY), Yge G
(Rg)p( Hp) = Hpg.

!

Theorem 4.6 (dimensional formula) Let (P, M,w™, G) be a PF'B with a connection
H. For%pe (P, AY). if the number of evclidean directions of p is Ap(p). then

L Aot Dy,
dimV, - (dimP — dim A ) (2dim P )\p(p)).

dim P




Theorem 4.7 There are inclusions among Smarandache geometries, Finsler ge-

ometry, Riemann geometry and Weyl geometry:
{Smarandache geometries} O {pseudo — manifold geometries}

O {Finsler geometry} O { Riemann geometry} O {Weyl geometry |

Theorem 4.8 There are inclusions among Smarandache geometries, pseudo-manifold

geometry and Kdahler geometry:

{Smarandache geometries} = {pseudo — manifold geometries}

O {Kahler geometry}.
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8, Geometry on Commatorla manifc
(Mao,2006-2007)

The combinatorial speculation in Smarandache multi-spaces
enables us to consider these geometrical objects consisted by
manifolds with different dimensions, i.e., combinatorial manifolds.
Certainly,each combinatorial manifold is a Smarandache manifold
itself. Similar to the construction of Riemannian geometry, by
Introducing metrics on combinatorial manifolds, we can construct
topological or differential structures on them and obtained an
entlrely new geometrical theory, which also convinces us those
mclusmns of geometries in Smarandache geometries established
in S_e_ppon 4 again.







Definition 5.1 For a quven integer sequence ny,na, -+ im,m = 1 with 0 < ny <

ny < v < g, a combinatorial manifold M is a Hausdorff space such that for
any pownt p € dﬁ}, there is a local chart (Up,¢p) of p, i.e., an open neighborhood
U, of p in M and a homoeomorphism wp o Uy — ﬁ(nl (p),ma(p). . ngpy(p)) with

{ma(p) map), - na(e) (P)} € {na.mg. -} and U {ma(p), ma(p), -+ ) (p)} =

{ny,ng, -y}, denoted by ﬁ(nlng R T M on the context and

A={(Upp)lp € M(ns, na, - )}

an atlas on ;ﬁ(nl?ng, <+ ). The mazvmum value of s(p) and the dimension s(p)
s(p) _

of (| B;* are called the dimension and the intersectional dimensional of M(n1,na,
i=1

s+ Ny ) at the point p, respectively.




= Topological structures

® D-Connectedness
Definition 5.2 For two pownts p,q i a finitely combinatorial manifold M(ny, na,
<+ M), of there is a sequence By, By, -+, By of d-dimensional open balls with two
conditions follounng hold.
(1) B; C H-(-nl,-ng, <oy for any integer 1,1 <1 < s and p € By, q € By;
(2) The dimensional number dim(B; (| Bit1) = d for Vi,1 <1< s—1.

Then pownts p, q are called d-dimensional connected in ;ﬁ(nl, Ny, Ny ) and the se-
| quence By, B, -+ -, Be a d-dimensional path connecting p and q, denoted by P%(p, q).
If each pair p, q of pownts in the finitely combinatorial manaifold M (g, mg, -, Ty

15 d-dimensional connected, then E[m,ng, oo M) 8 called d-pathwise connected

and say its connectinty> d.
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b e T R L e : Sl s e L S s S Rl R
e R T = r o — g rw e & - - 5 - ir § e = 5 .= - g
.___.l__-_.L_d-i..__nL_.h_r_L_..i-L.,__.i'.___.--L__..iL____lE__-L_J l._...-ln__.h.__.lr._.L__ P R | —

® Labeled graphs for finitely combinatorial manifolds

Choose a graph with vertex set being manifolds labeled by
sion and two manifold adjacent if there is a d-path in thi X
rial manifold. d=1in (a) and (b), d=2 in (c) and (d) for Fig.5.1.

4
i "Fq. 5 2 o




H(ny, ng, - -, ny)— all these finitely combinatorial manifolds with
connectivity> d.

G(ny, g, ny)— all connected graphs with vertex labels 0, n;.
Ny, Ny and induced subgraph by vertices
labelled 1 & 1s a union of complete; vertices
labelled 0 only adjacent to vertices labelled 1.

Theorem 5.1 Let1 <nqy < ng <+ < ngy,m = 1 be a qrven integer sequence. Then
every finitely combinatorial mamifold Me H(ny g, -+ +,nyy) defines a labelled con-
nected graph Glny,ng,++ np| € Gng,ng, -+ ). Conversely, every labelled con-
nected graph Glng,ng, -+ ny| € Glny,ng, -+ ny) defines a finitely combinatorial

mantfold Me H(n1,ng, -+~ ,nm) for any integer 1 <d < my.




® Homotopy classes "3
Definition 5.3 Two finitely combinatorial manafolds H(ﬂl kg, k) and U(nl ng,

- ) are said to be homotopic of there exist continuous maps

FoM(ky by, k) = M(ng.ng, -, np),

q: M(-nl,ng < Nm) — U(ﬂl feg oo k)
such that gf ~udentity: M(kl,ﬁ:g,---,k;) — ﬁ-(ﬂ:l,kg,---,ﬂ:g) and fg ~udentity.
i%(ﬂl,ﬂg, ) — E}(nlﬂﬂ ).

Theorem 5.2 Let ﬁ-(nl,ng,---,nm) and if(ﬂ:l,kg,---,k;) be finitely combinato-
rial manifolds wnth an equwalence @ G[ﬁ;(nh Mg, gy )| — G[Ef(ﬂll, kg, o Ky
If for My, My € V(G[M(ny,ng,---,ny)]), M; is homotopic to @ (M) with ho-
motopic mappings fy, © My — w(M;), gar, » w(M;) — M; such that fyy,|anm; =
fin, (M, M;) € E(GIM(ny,ng, . np)])

for 1<u,7 <m, then M(ny,ng, -+, ny) s homotopic to M(ky, ko, -+ Ky).




® Fundamental d-groups

Definition 5.4 Let ﬁ-(nl,ng, «++ ny) be a finitely combinatorial manifold. For
an integer d, 1 < d < ny and Vo € ﬁ’{nl na, My, & fundamental d-group at the
point x, denoted by ﬂd[:;i:f(ﬂal, ng, Ny ), o) 18 defined to be a group generated by
all homotopic classes of closed d-pathes based at .
Theorem 5.3 Let ’Tj{nl, ng, -+, ny,) be a d-connected finitely combinatorial mane-
fold with 1 < d < ny. Then

(1) for Ve e M(ny, ng, -, npm),

7 (M(ng,ng, - ong)2) = (@ =40 @ =(G),
MeV(Gd)
where G = Gd[iﬂnl, g,y )], ™M), 7(GY) denote the fundamental d-groups
of a manifold M and the graph G®, respectively and
(2) for Yo,y € Ej(nl M,y Ty ),

ﬂd[ﬁ;{nl,ng, e Mgy ), ) = ﬂdiiﬁ:ﬂl,ﬂg, o T ), Y )




® Euler-Poincare characteristic




= Differential structures
® Tangent vector spaces

Definition 5.5 Let (M (nl,ng, i) A) be a smoothly combinatorial manfold
and p € ] (-n.l,-n.g, < Ny A tangent vector v at p is o mapping v 2, — R with

conditions following hold,

1) Yg.he 2, YA eR, v(h+ M) =vlg) + Mo(h);
2) vg,he 2. vlgh) = vlg)hip) + gplulh).




Theorem 5.4 For any point p € .."n(ﬂ.|.n2___ <o M) with a local chart (Uy: [p,]). the

dimension of 1, M (N N9, =+ Ny ) 18 P
N s(p)
dimT, M (ny.ng. - ) = (p) + Y (1 = S(p))
i=1
with a basis matrix
- S
.ﬁ]-‘*ﬁ’)x”s{p}
L e ... _L_2 o N
s(p) Ox s(p) Ox1¥(p) dzrl(E(p)+1) e o b
e IS s . g i (i
s(p) Ox= s(p) ﬂrﬂgfjﬂi ﬂmmpﬂ'” Or<ha
1 i o i J - 0
s(p) da® P s(p) Or5(PIS(P)  GrSPIHE PRI+ 2" P (Ps(p)
where 2 = 29 for 1 < 4,7 <€ s(p),1 £ 1 < 5(p).




® Tensor fields

Definition 5.6 Let }E{nl,ng, oo nm ) be a smoothly combinatorial mamifold and
p e ;ﬁr{nl,ﬂg,- o T ). A tensor of type (r,s) at the point p on EE-I::'H]_,HQ, e Ty )
15 an (r + s)-multilinear function T,
i TEM X - X TPM x T,M % - x T,M — R,
%, . -" -

* &

where Tp;ﬁ- = Tpﬁj[:nl, g, -+ Ty ) and T;lﬁ = T;Ef-[nl, g, -+ Ty ).

Theorem 5.5 Let E‘E(nl,ng, o Tyy) be a smoothly combinatorial manifold and
pEe jj(nl, g, * Ty ). Then
Tr(p, M)=T,M@ - @T,M@T:M@--- @ T:M,

T -
T 2

where Tp:ﬁ- = Tpﬁﬁnl, Mg, =" Ty ) and T"‘:’E — T*E‘E{nl Mg, ***, My ), particularly,

dimT" (p, M) = (3(p) +Z : Diaad




® Exterior differential on k-forms

Theorem 5.6 Let M be a smoothly combinatorial manafold. Thﬁ;‘l thETt“:E-S (0 UTLGIE
exterior differentiation d : A(M) — A(M) such that for any integer k > 1, d(A%) C
AMY (M) with conditions following hold.

(1) d is linear, i.e., for Y, € A(M), A€ R,

d(p+ M) = dip A b+ Adi)
and for ¢ € ﬂ‘“(ﬁ) = .ﬂ"i.(if)
dlp N) = dp +(=1)% Ady.

(2) For f = “1“(1!) -:if s the differentiation of f.

(3)d*=d-d=0.

(4) d is a local operator, 1.e., if U € V C M are open sets and o € AYV), then
d(aly) = (dﬂ'ﬂﬂ-




e Connection on tensors

Definition 5.8 Let M be a smoothly combinatorial mamifold. A connection on
tensors of M isa mapping D: R’(ﬁ) X Tﬂi_‘—r Tﬁi} with Dyt = ﬁ(}(* r) such
that for VXY € ﬂ'ﬁ T.TE T:(if)}x cRand f € C“:"":’(:i:?)J

(1) ﬁj_’+f}'?’ — 5xT -I—fflyi’; and f}x(*r + A7) = f}xT—l— Aﬁgﬁr;

2) ﬁx('r Q7 = E’XT Rrt+o® Exﬂ';

(3) for any contraction C' on T;(ﬁ) J




Definition 5.9 A combinatorially Finsler geometry s a smoothly combinatorial

manifold M endowed with a Minkowski norm E on T.-"'.ff, denoted by (L" '*._ F B

Theorem 5.6 There are combinatorally Finsler geometries.

Theorem 5.7 A combinatorially Finsler geometry [H(n,hng,---._nm}: ;E') is a
Smarandache geometry,

Corollary 5.1 There are inclusions among Smarandache geometries, Finsler ge-

ometry, Riemannian geometry and Weyl geometry:.

{Smarandache geometries} O {combinatorially Finsler geometries}
D {Finsler geometry} and {combhnatorially Riemannian geometries}

D {Riemanntan geometry} O {Weyl geometry}.

O { Riemannian geometry} O {Weyl geometry}.




- - ~ st)
€ = {(Ua, [pa] )| € T}— for Ya € I, 5(p) + 3 (n; — 3(p)) is an constant ng_

i=1

N for Wp € Ua.
Mo = np e 1.

Definition 5,10 Let ﬁ be a smoothly combinatorial manifold with orientation € and
[ﬁ: [¢]) a positwely oriented chart with a constant ng. Suppose w € ﬂ“ﬁ{i’;?}, UcM
has compact support C cU. Then define

Lw=fw*(w|ﬁ}-

Now if €35 s an atlas of positively oriented charts with an integer set H;,
let P = {(ﬁ, Pas Ga )| € ?} be a partition of unity subordinate to €5;. For Vw €
J’t“{.ﬁ} n € M55, an integral of w on P is defined by

=

acl




Theorem 5.8 Let M be a smoothly combmatorial mamfold with an integer set Jﬁ‘f—,ﬁr

and D a boundary subset of M. Forne Hiifwe ﬁ”(if) has compact support,
then

@

uth the convention frmu.: 0 while 8D




= Applications to algebra

Definition 6.1 Let G = U (z; be a complete multi-algebra system with a binary

'E._

operation set O(G) = {x;,1 <i < n}. If for any integer 1,1 <1 < n, (Gy; ;) 1s
group and for ¥z,y.z € G and any two binary operations “X” and “o” , % 79 o,
 there s one operation, for example the operation ¥ satisfying the distribution law

to the operation “o” prowwded thewr operation results emst | 1.e.,
X(yoz)=(rxXy)ol(zrxz)

(yoz)Xx=(yxz)o(zxXuz)

then G 1s called a multi-group.




Definition .2 Let R = ﬁ R; be a complete multi-algebra system with double binary
i=1

L

operation set O(R) = {(+, %;),1 <1 <m}. If for any integersa, g, 1 #£3,1 <07 <
m, (Ri; +i, %;) is a ring and for Yz, y,z € R,

Ty =iy diz), oY) =Xy K z)

eXilydiz) = eutie gz, (U42) o=y Xty X
provided all their operation results exist, then R is called o multi-ring. If for any

integer 1 <i <m, (R4, %) 15 a filed, then R is called a multi-filed,



-~k
Definition 6.3 Let V. = |JV; be a complete multi-algebra system wath binary |
i=1

- . - k
operation set O(V) = {(+,4) | 1 €@ < m} and F = U F; o mults-filed with
i=1
double binary operation set O(F) = {(4;,%;) | 1 < i < k). If for any integers
1,7, 1<ij<kandVabceV kykeF,

(1) (Vis+i, ) 15 @ vector space on F; with vector additwe +; and scalar multi-

plication «;
(i1) (a+ib)+jc = ati(btjc);
i) (h ek 2= by )
provided all those operation results emst, then V s called a mulhi-vector space on

the multi-filed F with a binary operation set O(V), denoted by (V; F).
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= Applications to theoretical physms

Applications of Smarandache multi-spaces to the
universe by solving Einstein’s equation...,etc..

More materials can be found In

Linfan Mao: Aotomorphism Groups of Maps, Surfaces and
Smarandache geometries, American Research Press,2005.
Linfan Mao: Smarandache Multi-Space Theory, HEXIS, Phoenix,
AZ, 2006.

_Linfan Mao: Selected Papers on Mathematical Combinatorics,

~ World Academic Press,2006
Linfan Mao: Smarandache Geometries & Map Theory with

Appllcauons Chinese Branch Xiguan House, 2006.
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