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Two problems related to the
Smarandache function

Wenpeng Zhang! and Ling Lif ¥

1 Department of Mathematics, Northwest University, Xi’an, Shaanxi, P.R.China
1 Basic Department, Shaanxi Polytechnic Institute, Xianyang, Shaanxi, P.R.China

Abstract For any positive integer n, the famous pseudo Smarandache function Z(n)
1
is defined as the smallest positive integer m such that n |M That is, Z(n) =

. { m(m + 1)
minq m : n|?

, meN } The Smarandache reciprocal function S.(n) is defined as
Se(n) = max{m: y|nlforalll <y <m, and m+1{n!}. That is, Sc(n) is the largest
positive integer m such that y | n! for all integers 1 < y < m. The main purpose of this paper
is to study the solvability of some equations involving the pseudo Smarandache function Z(n)
and the Smarandache reciprocal function Sc(n), and propose some interesting conjectures.

Keywords The pseudo Smarandache function, the Smarandache reciprocal function, the d-

ual function, equation, positive integer solutions, conjecture.

§1. Introduction and results

For any positive integer n, the famous pseudo Smarandache function Z(n) is defined as

m(m +1
the smallest positive integer m such that n |g That is,

Z(n):min{m: n|w, neN}.

1
Its dual function Z*(n) is defined as Z*(n) = max{m: % | n, me N ;, where N

denotes the set of all positive integers. From the definition of Z(n) we can find that the first
few values of Z(n) are: Z(1)=1,2(2)=3,Z(3)=2,Z(4)=17,Z(5) =4, Z(6) =3, Z(7) =6,
Z(8) = 15, Z(9) = 8, Z(10) = 4, Z(11) = 10, Z(12) = 8, Z(13) = 12, Z(14) = 7, Z(15) = 5,
Z(16) =31, ------ . About the elementary properties of Z(n), many authors had studied it,
and obtained some interesting results, see references [1], [2], [3], [4], [5] and [6]. For example,
the first author [6] studied the solvability of the equations:

Z(n)=_8(n) and Z(n)+1=.5(n),

and obtained their all positive integer solutions, where S(n) is the Smarandache function.
On the other hand, in reference [7], A.Murthy introduced another function S.(n), which
called the Smarandache reciprocal function. It is defined as the largest positive integer m such
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that y | n! for all integers 1 < y < m. That is, S.(n) = max{m : y | n! foralll <y <

m, and m+ 1{n!}. For example, the first few values of S.(n) are:

Se(1) =1, 5.(2) =2, Se(3) =3, Se(4) =4, S(5) =6, S.(6) =6, S.(7) = 10,
Se(8) = 10, S.(9) =10, S.(10) = 10, S.(11) =12, S,(12) = 12, S.(13) = 16,
Se(14) = 16, S5(15) = 16, Se(16) = 16, S,(17) = 18, Se(18) =18, ------ .

A.Murthy [7], Ding Liping [8] and Ren Zhibin [9] also studied the elementary properties of
S¢(n), and obtained some interesting conclusions, one of them is that if S.(n) = x and n # 3,
then x + 1 is the smallest prime greater than n.

The main purpose of this paper is to study the solvability of some equations related to the
Smarandache function, and propose some interesting problems. That is, we have the following:

Unsolved problem 1. Whether there exist infinite positive integers n such that the

equation
Sc(n) + Z(n) = 2n. (1)
Unsolved problem 2. Find all positive integer solutions of the equation

Se(n) = Z*(n) +n. (2)

§2. Some results on these unsolved problems

In this section, we shall give some new progress on these unsolved problems. First for the
problem 1, it is clear that n = 1 satisfy the equation (1). n = 3 does not satisfy the equation (1).
If p > 5 and p® 4 2 are two odd primes, then n = p® satisfy the equation (1). In fact this time,
we have Z (p®) = p®—1, S. (p®) = p*+1. Therefore, S, (p*)+Z (p®) = p*+14+p>*—1=2-p°.
So n = p® satisfy the equation (1). For example, n =1, 5, 11, 17, 29 and 41 are six solutions of
the equation (1). We think that the equation (1) has infinite positive integer solutions. Even
more, we have the following;:

Conjecture 1. For any positive integer n, the equation
Se(n) + Z(n) =2n

holds if and only if n = 1, 3* and p?**!, where o > 2 be any integer such that 3% + 2 be a
prime, p > 5 be any prime, 3 > 0 be any integer such that p?#*! + 2 be a prime.

For the problem 2, it is clear that n = 3 does not satisfy the equation (2). If p > 5
be a prime, n = p?**! such that n + 2 be a prime, then S.(n) = n + 1, Z*(n) = 1, so
Se(n) = Z*(n) +n. Therefore, n = p?**! satisfy the equation (2). Besides these, whether there
exist any other positive integer n satisfying the equation (2) is an open problem. We believe
that the following conjecture is true.

Conjecture 2. For any positive integer n, the equation

Se(n) =Z*(n)+n
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In our conjectures, if prime p > 5, then p?? + 2 can be divided by 3. So if p* + 2 be a
prime, then a must be an odd number.

From our conjectures we also know that there exists close relationship between the solutions
of the equations (1), (2) and the twin primes. So we think that the above unsolved problems

are very interesting and important.
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On the additive k-power complements
Yanchun Guo

Department of Mathematics, Xianyang Normal University,
Xianyang, Shaanxi, P.R.China

Abstract For any positive integer n, let by (n) denotes the additive k-power complements
of n. That is, bx (n) denotes the smallest non-negative integer m such that n + m is a perfect
k-power. The main purpose of this paper is using the elementary method to study the mean
value properties of Q (n + b (n)), and give a sharper asymptotic formula for it, where Q (n)

denotes the number of all prime divisors of n.

Keywords Additive k-power complements, function of prime divisors, asymptotic formula.

81. Introduction and result

For any positive integer n > 2, let ay, (n) denotes the k-power complement sequence. That
is, ax (n) denotes the smallest integer such that nay (n) is a perfect k-power. In problem 29
of reference [1], Professor F. Smarandache asked us to study the properties of this sequence.
About this problem, many people had studied it, and obtained a series results. For example,
Yao Weili [2] studied the mean value properties of d (n - ai (n)), and proved that for any real

number x > 1, we have the asymptotic formula

Zd(nak (n)) == (AO In*z+ A In* o4 +Ak_1lnx+Ak> +0 (I%JFE) ,

n<z

where d(n) is the Dirichlet divisor function, Ay, A;, ---, Ay are computable constants, e
denotes any fixed positive number.

Similarly, we define the additive k-power complements as follows: for any positive inte-
ger n, by (n) denotes the smallest non-negative integer such that n+by (n) is a perfect k-power.
About the elementary properties of by (n), some scholars have studied it, and got some useful
results. For example, Xu Zhefeng [3] studied the mean value properties of b (n) and d (by, (n)),
and obtained two interesting asymptotic formulas. That is, for any real number x > 3, we have

the asymptotic formulas

Z b (n) = 4kki 23:2_% +0 <x2_%> ,

n<z

Zd(bk (n)) = (1—]1{)561115(}4- (27+1nk:—2+llf)x—kO(xl_ilnx),

n<x

where 7 is the Euler constant.
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In this paper, we use the elementary and analytic methods to study the mean value prop-
erties of Q (n + by (n)), and give a sharper asymptotic formula for it, where  (n) denotes the
number of all prime divisors of n, i.e., Q(n) = a1 + az + -+ + ap, if n=p'p3? - p&r be the

factorization of n into prime powers. That is, we shall prove the following:

Theorem. For any real number z > 2, we have the asymptotic formula

3" Q(n+ by (n)) :kxlnlnx+k(A—1nk)z+o(é),

n<z

1 1
where A = v+ Z <1n (1 - ) + 1) be a constant, Z denotes the summation over all

p p P p

primes, and -y be the Euler constant.

§2. Proof of the theorem

In this section, we shall complete the proof of our theorem. First we need a simple Lemma,
which we state as follows:

Lemma. For any real number x > 1, we have the asymptotic

7;ﬁQ(n) :xlnlnx—l—Am—&—O(%),

where A =~v+ 5" (ln (1 — %) + Til)v ~ be the Euler constant.
2

Proof. See reference [4].
Now we use above Lemma to complete the proof of our theorem. For any real number z > 2,
let M be a fixed positive integer such that
MF <o < (M+1)F.
Then from the definition of M we have the estimate

M =z% +0(1). (1)

For any prime p and positive integer «, note that Q (p®) = ap and

k
(x+1)F = ZC’;c AR

1=0
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Then from the definition of by (n) and (1) we have

Y Qntbe(n)= Y Yo Qb))+ Y Qntbi(n)

n<zx ISLKM =1 \th<n<(t+1)F MkE<n<z

3 ( 3 Q((t+1)k))+0( Q((M+1)’“))

ISESKM =1 \th<n< (t41)F
Z k(Cétk—l+C}%tk—2+...+1)9(t+1)+0(xk%lﬂ)
1<t<M —1

=k > +pMreE+1+0 (m%%)

1<t<M—1

> tkflﬂ(t)+o(x%+f), 2)

1<t<M

MELn(MA41)F

where we have used the estimate Q (n) < n°.
Let A(z) = >  Q(n), then by Able’s identity (see Theorem 4.2 of reference [5]) and the

n<x
above Lemma we can easily deduce that

St = MFA(M) - /M A(t) () dt +0 (1)

1<t<M
k—1 M
=M (MlnlnM—i—AM—i—O())
In M
M t
—/ (tlnlnt+At+O<))(k—l)tk_2dt+0(1)
9 Int
k k M* M k—1 k—1
=M"InlnM + AM” + O o) ((k=1)t"'Inlnt + (k — 1) At" ") d¢
n 2
:M’“lnlnM—i—AMk—k;l(MklnlnM+AMk)+O M
k In M
I IR M*
Note that
0<e—M < (M+1)F M =C M+ C2MF 2+t 1< ™ (4)
and
Ink+InlnM <Inlnz <Ink+nln(M+1)<lnk+InlnM+ 0O (a:*%). (5)
From (3), (4) and (5) we have
1 1 T
k-1 —
S Q(t)—Exlnln:c—F%(A—lnk)x—i—O(m). (6)

1<t<M
Combining (2) and (6) we may immediately deduce the asymptotic formula
Z Qn+b,(n) =kxrlnlnc+k(A—Ink)x+0O (li) .
nzx
n<e

This completes the proof of Theorem.
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The generalization of sequence of numbers
with alternate common differences

Xiong Zhang, Yilin Zhang and Jianjie Ding

Shaanxi Institute of education, Xi’an 710061, China

Abstract In this paper, as generalizations of the number sequences with alternate common
differences, two types of special sequence of numbers are discussed. One is the periodic
sequences of numbers with two common differences; and the other is the periodic sequence of
numbers with two common ratios. The formulus of the general term a, and the sum of the

first n term S,, are given respectively.
Keywords Sequence of numbers with alternate common differences, periodic number sequ-

ence with two common differences, periodic number sequence of numbers with two common

ratios, general term a,, the sum of the first n terms S,,.

§1. Introduction

In the paper[l], we have the definition like this: A sequence of numbers {a,} is called a
sequence of numbers with alternate common differences if the following conditions are satisfied:

(i) VE € N, agy, — agp—1 = du;

(ii) Yk € N, aop4+1 — Gop = d2 here d;i(dz) is called the first(the second)common difference
of {a,}.

We also give the formulas of the general term a,, and the sum of the first n terms S,,. In

this paper, we’ll discuss the generalization of sequence of numbers with alternate.

§2. Periodic number sequence two common differences

Definition 1.1. A sequence of numbers {a,} is called a periodic number sequence two
common differences if the following conditions are satisfied:

(i) VE=0,1,2,- - Qgty1, Qpt+2, Gkt+3, ", Akttt 18 a finite arithmetic progression with dy
as the common difference,where ¢ is a constant natural numbers;

(ii) Yk =0,1,2,--- O(k+1)t+1 = O(k+1)t T ds.

We call the finite arithmetic progression “agsi1,@ke+2, Qkits, - are the (k + 1)th
period of {a,} and “a(gi1y¢; @(kt1)e41” the (k+1)th interval of {ay}; di is named the common
difference inside the periods and ds is called the interval common difference, ¢ is called the

!
number sequence {a,} s period.
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In this section, {a,} denotes a periodic sequence of numbers with two common differences
dy and ds. It’s easy to get that{a,} has the following form:

ai,a; +di, a1 +2dy, -+ a1 4 (t — 1)diyar + (t — 1)dy + da, ay + tdy + d,
ay +(t+1)d1 +do,- - a1 + (2t—2>d1 + do;aq +(2t—2)d1 + 2dsy, a1 + (2t— l)dl + 2ds,
a1—|—2td1—|—2d2,-~- ,a1+(3t—3)d1+d2,~-- . (1)

Particularly, when ¢t = 2,{a,} becomes a sequence of numbers with alternate common
differences d; and ds; so the concept of a periodic number sequence with two common differences
is a generalization of the concept of a number sequence with alternate common differences.

Theorem 1.1. The formula of the general term of (1) is

an:al—l—(n—l— |:n;1:|)d1+ |:n;1:| dg.
Proof.
anp =a1+ (n—1)dy + (d2 — d1)k
=aj + kds + [(n— 1) — k]dl

-1 -1
=a1+[nt}d2+(n—1—["

t

a

n—1
Here, k£ means the number of intervals, it can be proved easily that k = [t] .

Theorem 1.2. {a,} is a periodic number sequence with two common differences d; and

dy, the sum of the first n terms of {a, }S,, is:

_ tt—1) ny2  [B([3] 1)
RE Y PRI EI
(2 (n— [2]¢ -1
(2] €= var+ [2] ann - [2] 0+ L LilOC L5020
Particularly, when t|n, suppose % =k, then
tt—1 k(k—1
Sn =nay+ ( 5 )k2d1+ ( 5 )tdz-

Proof. Let M ;) be the sum of the ¢ terms of the (k + 1)th period.
Then

t(t —1)
2

Mkt =tag_1)t+1+ d1

t(t — 1)

=tla;+(k—1)do+((k =1t — (k—1))d1] +
kE—1

d1

2
:tCLl—Ft(kJ—l)dg—F t(t—l)dl
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tt—1)
5 d1

= tlay +k do +(kt — k) di]
2k +1
t(t—1)dy .

Mk+1,t) =tak+1 +

=tay +tkds+

Hence M (41,6 — M(k,+) = t(t —1)d1 +tda. Therefore, the new sequence { My +)} generated
tt—1)
2

form {a,} is an arithmetic progression with Mg+ = ta; + di,d =t(t — 1)dy + tds. So

the sum of the first [?] t terms of {a,}.

Sy = (o +t(t; DY 3]+ W(t(t —1)dy +tda)
e G )
_ ny, ., (= (20— (5] - 1)
S1 =8y = fgen(n=[7) 2 o
“s[{e-as [fao- [flos - EEGER,
Thus,
Sn = S[2) +(Sn = S[a,)
= I LD (3 - v+ [ = 5]
L= [3lom-[3e-n)
2
Particularly, when t|n, suppose % =k, then
Sn=nay +t(t; Y2 di +k(k2_ 1)td2-

§3. Periodic number sequence with two common ratios

Definition 2.1. A sequence of numbers {a,} is called a periodic number sequence with
two common ratios if the following conditions are satisfied:

(i) VE=0,1,2,--aQpit1, Qktt2, Qkt+3, -+ , a4t 1S a finite geometric progression with ¢p
as the common ratio, where ¢ is a constant natural number;

(ii) Yk = 0,1,2,- - G(rs1)t+1 = Q(k+1)td2, Where go is a constant natural number;

We call the finite geometric progression “agii1, Ggit2, Grirs, - ket the (k + 1)th
period of {a,} and “a(y11)s, @(kt1)e+1” the (k+1)th interval of {a,}; ¢1 is named the common
ratio inside the periods and ¢, is called the interval common ratio, ¢ is called the number

’
sequence {a,} s period.
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In this section, {a,} denotes a periodic sequence of numbers with two common ratios g;
and g2. It’s easy to get that {a,} has the following form:

2 t—1, t—1 t t+1 2t—2,
ai, @141, @149y, - ,0147 501492¢; ,01492491,Q19297 """, 1G24, ; (2)
2 2t—2 2 2t—1 2 2t 2 3t—3
aquql 7a1q2q1 7a1(I2CI1 [ 7a1QZQ1 P

The formula of the general term of (2) is

n—1—[n=1 n—1
ap = alqi 5 DQé ¢ ]
Let M 1) be the sum of the ¢ terms of the (k4 1)th period. Therefore, the new sequence

{M)} generated form {a,} is an geometric progression with M) = %;fl), q = qqi 7t
So the sum of the first n terms of {ay,}.
Theorem 2.2. {a,} is a periodic number sequence with two common ratios ¢; and ga,

the sum of the first n terms of {a,}S, is

%}qf)(l — (22 Cht*l)h]) . ay qQ[%] ql[%](t_l)(l — qln—[%]t)

S =
" 1—4q, qltfl 1—q

n
Particularly, when t|n, suppose; =k, then

a(1-a)(1— (e
(1 — ql)(l — 45 (ht_l)

Sn =
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Abstract For any positive integer n, the famous F. Smarandache function S(n) is defined as
the smallest positive integer m such that n | m!. That is, S(n) = min{m : n | m!, n € N}.
The Smarandache reciprocal function Sc(n) is defined as S.(n) = max{m : y | n! for all 1 <
y <m, and m+1in!}. That is, Sc(n) is the largest positive integer m such that y | n! for all
integers 1 < y < m. The main purpose of this paper is using the elementary method to study
the solvability of an equation involving the Smarandache function S(n) and the Smarandache
reciprocal function S¢(n), and obtain its all positive integer solutions.

Keywords The Smarandache function, the Smarandache reciprocal function, equation, po-

sitive integer solutions.

§1. Introduction and result

For any positive integer n, the famous F. Smarandache function S(n) is defined as the
smallest positive integer m such that n | m!. That is, S(n) = min{m : n | m!l, n € N}. It
is easy to find that the first few values of this function are S(1) = 1, S(2) = 2, S(3) = 3,
S(4) =4, 5(5) =5,56)=3,5(7)=17,508)=4, S9) =6, S(10) =5, S(11) =11, S(12) =4,

About the elementary properties of S(n), many authors had studied it, and obtained
some interesting results, see references [1]-[5]. For example, Xu Zhefeng [5] studied the value

distribution problem of S(n), and proved the following conclusion:

Let P(n) denote the largest prime factor of n, then for any real number z > 1, we have

the asymptotic formula

n<x

where ((s) denotes the Riemann zeta-function.

On the other hand, in reference [6], A. Murthy introduced another function S.(n), which
called the Smarandache reciprocal function. It is defined as the largest positive integer m such
that y | n! for all integers 1 < y < m. That is, S.(n) = max{m : y | n! foralll <y <



Vol. 4 An equation related to the Smarandache function and its positive integer solutions 13

m, and m+ 1{n!}. For example, the first few values of S.(n) are:

Se(1) =1, 5.(2) =2, Se(3) =3, Se(4) =4, S.(5) =6, S.(6) =6, S.(7) =10,
S.(8) = 10, S.(9) = 10, S.(10) = 10, S.(11) =12, S,(12) = 12, S.(13) = 16,
Se(14) = 16, S5(15) = 16, Sc(16) = 16, S.(17) = 18, S.(18) =18, --- .

A. Murthy [6] studied the elementary properties of S.(n), and proved the following conclusion:
If S.(n) = x and n # 3, then = + 1 is the smallest prime greater than n.
The main purpose of this paper is using the elementary method to study the solvability of
an equation involving the Smarandache function S(n) and the Smarandache reciprocal function
Sc(n), and obtain its all positive integer solutions. That is, we shall prove the following:

Theorem. For any positive integer n, the equation
Sc(n)+S(n)=n

holds if and only if n =1, 2, 3 and 4.

§2. Proof of the theorem

In this section, we shall prove our Theorem directly. First we need an estimate for w(z),

the number of all primes < x. From J. B. Rosser and L. Schoenfeld [7] we have the estimate

ﬂ'(x)<I<1+ 5 > for z>1

Inz 2-Inx

and

T 1

m(x) > — |1 for x> 59.
(@) Inz ( * 2- lnx)

Using these estimates and some calculating we can prove that there must exist a prime between

3
n and 2™ if n > 59. So from this conclusion and A. Murthy [6] we have the estimate

Se(n) < g -n, if n>59. (1)

If 1 <n <59, it is easy to check that n = 1, 2, 3 and 4 satisfy the equation S.(n) + S(n) = n.
Now we can prove that n does not satisfy the equation S.(n)+ S(n) = n, if n > 59. In fact this
time, if n be a prime p > 59, then from reference [6] we know that S.(p) > p and S(p) = p, so
Se(p) + S(p) > 2p. If n has more than two prime divisors, from the properties of Smarandache
function S(n) we know that
_ iy < s
S(n) = max {S(p;")} < max {ai -pi},

if n = p{"ps?---p% be the factorization of n into prime powers. From this formula we may

immediately deduce the estimate

S(n) < - -n. (2)

DN =
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Combining (1) and (2) we can deduce that if n > 59 has more than two prime divisors, then
3 1
Se(n) +S(n) < §-n+§~n=2n.
So n does not satisfy the equation S.(n) 4+ S(n) = 2n.

If n = p* > 59 be a power of prime p, and o > 2, then note that S(2%) < a>3;

N | —

1 1 1
S(3%) < B -3% a>3; S(p*) < B -p%, a>2,p>5 We also have S(n) < 3™ and therefore,

3 1
Sc(pa)+5(pa)<§pa+§pa:2pa

So the equation S.(n) + S(n) = 2n has no positive integer solution if n > 59. This completes
the proof of Theorem.
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Abstract An rpp semigroup S is called a right C' — rpp semigroup if L*V R is a congruence
on S and Se C eS for all e € E(S). This paper studies some properties on right C' — rpp
semigroups by using the concept of right A-product. And, we obtained that the right C' — rpp
semigroups whose set of idempotents forms a right normal band are a strong semilattice of

direct products of left cancellative monoids and right zero bands.
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81. Introduction

A semigroup S is called an rpp semigroup if all its principal right ideals aS'(a € S),
regard as right S'-systems, are projective. This class of semigroups and its subclasses have
been extensively studied by J.B.Fountain and other authors (see [1-7]). On a semigroup S,
the Green’s star relation £* is defined by (a,b) € £* if and only if the elements a,b of S are
related by the usual Green’s relation £ on some oversemigroup of S. It was then shown by
J.B.Fountain [2] that a monoid S is rpp if and only if every L*-class contains an idempotent.
Thus, a semigroup S is rpp if and only if every L*-class of S contains at least one idempotent.
Dually, we can define lpp semigroups and a semigroup which is both rpp and lpp is called
abundant[3]. Abundant semigroups and rpp semigroups are generalized regular semigroups.

It is noted that rpp semigroups with central idempotents have similar structure as Clifford
semigroups. This kind of rpp semigroups was called the C'—rpp semigroups by J.B.Fonutain. He
has proved that a C' —rpp semigroup can be described as a strong semilattice of left cancellative
monoids.

In order to generalize the above result of Fountain, Y.Q.Guo, K.P.Shum and P.Y.Zhu have
introduced the concept of strongly rpp semigroups in [4]. They considered an rpp semigroup S
with a set of idempotents E(S). For Va € S, let the enevelope of a be M, = {e € E(S)|S'a C
Sle and Va,y € S',ar = ay = ex = ey}. Surely, M, consists of the idempotents in the £*-
class of a. Then the authors in [4] called the semigroup S strongly rpp if there exists a unique
e in M, such that ea = a for Va € S. Now, we call a semigroup S a left C' — rpp semigroup|4]
if S is strongly rpp and £* is a semilattice congruence on S. Y.Q.Guo called an rpp semigroup
S a right C' — rpp semigroup[5] if £L* V R is a congruence on S and Se C eS for Ve € E(S).

He has shown that a right C' — rpp semigroup S can be expressed as a semilattice Y of direct
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products M, and B,, where M, is a left cancellative monoid and B, is a right zero band for
VaeY.

In this paper, we will give some properties on right C' — rpp semigroups by the result of
K.P.Shum and X.M.Ren in [8]. Then, by using the concept of right A-product, we study the
right C' — rpp semigroups whose set of idempotents forms a right normal band. We will see that
this kind of semigroups is a strong semilattice of direct products of left cancellative monoids
and right zero bands.

Terminologies and notations which are not mentioned in this paper should be referred to
[8] and also the text of J.M.Howie [9].

§2. Preliminaries

In this section, we simply introduce the concept of right A-product of semigroups and the
structure of right C' — rpp semigroups. These are introduced by K.P.Shum and X.M.Ren in [8].

We let Y be a semilattice and M = [Y; M,,0, ] is a strong semilattice of cancellative
monoids M, with structure homomorphism 6, 3. Let A = Usecy A, be a semilattice decom-
position of right regular band A into right zero band A,. For Va € Y, we form the Cartesian
product S, = M, X A,.

Now, for Vo, 8 € Y with o > 8 and the right transformation semigroup J*(x3), we define
a mapping

Do p:Sq— T (*p)

by u — ¢y, 5 satisfying the following conditions:
(P1): If (a,i) € Sa, i’ € Aq, then i) = i;
(P2): For V(a,i) € Sa,(b,7) € Sg, we consider the following situation separately:

a go(a’i) w(b’j) is a constant mapping on A,z and we denote the constant value by
a, a3 3,08 B

P
(EIRATIGINE
(abk) _ (asi) (b),

(b) If o, 8,6 € Y with a8 > § and (cpfxa;)ﬁga(ﬁbi)w =k, then ¢, 3" = ¢, 5 55

A i w,\) (b, 1,0 (ay 1,,0) (b
(c) If {52 lh = @ o) for V(w,A) € Sy, then {3l = @l V)

where 1, is the identity of the monoid M, .

“

We now form the set union S = J,cy So and define a multiplication “o” on S by
(a:1) o (b,4) = (ab, (b)) (+)

After straightforward verification, we can verify that the multiplication* o ”satisfies the
associative law and hence (S, o) becomes a semigroup. We call the above constructed semigroup
the right A-product of semigroup M and A on Y, under the structure mapping ®, 3. We denote
this semigroup (5, 0) by S = MA§, 5A.

Lemma 2.1. (See [8] Theorem 1.1). Let M = [Y;M,,0, ] be a strong semilattice of
cancellative monoids M, with structure homomorphism 6, g. Let A = Uaey A, be a semilattice
decomposition of right regular band A into right zero band A, on the semilattice Y. Then the
right A-product of M and A, denoted by MAY A, is a right C' — rpp semigroup. Conversely,
every right C' — rpp semigroup can be constructed by using this method.
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§3. Some properties and main result

In this section, we will first give some properties, by using right A-product of semigroups,
for right C' — rpp semigroups which have been stated in the introduction. Then, we will obtain
the structure of right C' — rpp semigroups whose set of idempotents forms a right normal band.

Theorem 3.1. Let S be a right C' — rpp semigroup. Then the following statements hold:

(1) For Yu € RegS, Su C uS;

(2) For Ve € E(S), the mapping n.: = — ze(Vx € S!) is a semigroup homomorphism from
St onto Sle.

Proof. (1) We first assume that S = M Ay A is an arbitrary right C' — rpp semigroup.
For Yu = (a,i) € S, N RegS, there exists x = (b, j) € Sg such that uzu = u and zuzr = x. we
can easily know a = 8 by the multiplication of semigroups. Hence for Vo € S, from (%) and
(P1) we have (b,j) = © = zux = (bab, j). So bab = b = blg = bl,, where 1, is the identity
element of M. By the left cancelltivity of M,, we immediately obtain ab = 1,.

For v € Y and v = (¢, k) € S5, let w = ((00a,1a)(ca), (Y 0Pl ra) € Sya, Where 4 4o is
a semigroup homomorphism from M, onto M,., and M, is a left cancellative monoid. This

leads to 1404,ya = 1,o. Hence,

uw = (a,1)((baya)(ca), (0] ya¥aqal)

(a0 v )byava (B0a ya) (€a), (P4 yaPlara))
((afa ,Va)(bea va)(ca) <<Pz,ya§03,7a>)

((ab)ba ya(ca), (£Y aPa va))
=(1
= (

aea'ya( )<502fyagog,'ya>)
1“/ ( ) <(¢0'y'ya(poz,'ya>)

(ca (P2 ~aPava))
¢ k)( i)

This shows Su C uS.

(2)For Ve € E(S) and Va,y € S', if y = 1, then we have immediately

77e(30 . 1) = ne($> = xe = xee = ne(x)ne<1)'

If © € S, then we know there exists z € S such that ye = ez by using () and e € RegS.

Hence,

ne(zy) = (zy)e = x(ye) = z(ez) = we(ez) = (ze)(ye) = Ne(x)e(y).

This shows that 7. is a semigroup homomorphism.

In the following section, we proceed to study the structure of right C' — rpp semigroups
whose set of idempotents forms a right normal band.

Definition 3.2. A band F is called a right normal band if Ve, f, g € E such that efg = feg.

Theorem 3.3. Let S = MAYJ 4A be a right C' — rpp semigroup. E(S) is the set of
idempotents of S. Then the following statements are equivalent:

(1) S is a strong semilattice of M, X Ay;
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(2) E(S) is a right normal band.

Where M = [Y'; M,, 0, 3] be a strong semilattice of left cancellative monoids M, with structure
homomorphism 0, 5, A = Usey Aq be a semilattice decomposition of right regular band A into
right zero band A,,.

Proof. (1)=-(2). Let S be strong semilattice Y of S, = M, x A, with structure homomor-
phism W, g for o, 3 € Y and a > . From [8] we knew E(S) = U, ey {(1a,i) € Mo X Anli € Ay},
where 1, is the identity element of M,. If (14,7) € Sa,(18,7) € S, then (14,9)1a,ap is an
element in F,g. Since E,g is a right zero band, we have

(laai)(lﬁyj) = (1aai)wa7aﬁ(157j)wﬁ,a6 = (15,]‘)1/157045.

Consequently, for any idempotents (14,1%), (13, ) and (1, k), we have

(1aai)(1ﬁ»j)(1wk) = (1 )¢a aﬁv(lﬂa )1/)5 aﬁv( )wv afy — ( wk)w%aﬁv'
(153j)(1a7i)(177k) = (lﬁv )1/)5 aﬂw( )¢a aﬁ’Y( v )wmaﬁv - ( v k)ﬁ’%aﬁ’v'

Thus,

(Lo, 1) (15, 5)(Ly, k) = (15, 5)(Las ) (1, k).

This shows that E(S) is a right normal band.

(2)=(1). If E(S) is a right normal band, then we knew that F(S) is a strong semilattice
of right zero band, and every right zero band is just a J(= D)-class of E(S). As E(S) itself
is a semilattice of right zero bands E, = {(1a,7) | ¢ € Ay}, each E, is just a J-class of
E(S). This means that E(S) is a strong semilattice of E,. Let the strong semilattice structure
homomorphism be &, g, where @, 3 € Y and o > 5. Then for any idempotents (14,1), (1g,7),

we have

(Lo, ) (15,5) = (Las1)€a,ap(18,5)€8,08 = (15, 5)€p,05-

Let 6, 3 be the strong semilattice structure homomorphism of the C'—rpp compotent M, =
Uacy Ma of S. By virtue of the right normality of £(S), for ¥(a,i) € S, and j1,j2 € AgJAag,
we have
(a,1)(15, 1)

Lo, i)(a,4)(1s, 1)
Loy i) (@005, (oaold )

(

a,i 15,71
Lavi)(a,7) (Lag, (050505 200))

a,i (1g,
(aaap. (0505000

a,i 13,
Lo, 8)(Lag, (@ 0h05230Y)

a,i)(
a,t 1g,
(1(17 'L)ga aﬁ( <§Dg ai;@;; igl)»gaﬁ,aﬁ
(
(1

~.

Lo, 4)(1 aﬁ,32)
aﬁa]?)
a,i)(1p, j2)

a,i 13,
s (5042,

(
(
=(
= (a,1)
= (a,1)
= (a,9)
= (a,9)
= (a,1)
= (af

. a,i 15, a,i 13,
This shows <<,0((x a},@é,ié”) <90£y a%?@,(ﬁ 252)>'
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Now, for Vo, 8 € Y,a > B,¢ € Ay, jo € Ag, we define a mapping ¥, 3: So — Sg by

. a,t 13,
(a,7) — (@00 s, <¢; a;wg,‘;g“».

By the same arguments as the previous one, we can get the above mapping ¥, g is inde-
pendent of the choices jo € Ag.
Clearly, ¥, is an identity mapping for Va € Y.
Furthermore, for V(a, i), (b,j) € Sa,a = 0 and jo € Ag, we have
(a,3)(b, ) Wa,5 = (b, j)¥a s

ab 1
= ((ab)0a.ap, <so£, 00) o0y

b, 1s,
= (00050000, (00 o d0)y)

a,i 1 s 1
= (B ap, (050 §5°)>><boa,a5 (i pldoly)

= (a,i)Uqa(b,5)T
Thus, ¥, g is indeed a homomorphism from S, onto Sg.

For Vo, 8,7 € Y satisfying a > 0 > v, and jo € Ag, ko € A, we have

a,i 1g,
(a,)¥a,¥s5 = (aba,ap, (@& PR AL J

(a,i 13,
6, (B Uiy g

( Pa,3 Pp.3
(a o ﬂaJO)\IIﬂ o
= (aba 805,77 55"
(CL9 77,]{0)
= (@00, (P57 D557
= (a,i)Tq .

In other words, we have ¥, g3V¥g ., = ¥, 5. Summing up all the above discussion, we are now
ready to construct a strong semilattice S of S, with the above structure homomorphism U, 3.
Clearly, S = S as sets. The remaining part is to show that S = S as semigroup as well.
Denote the multiplication in S by *, Then for V(a,i) € Sa, (b,j) € S and jo € Ang, we
have
(a,2) % (b,§) = (a,1)Va,ap(b, J) V3.8
= (.05, (Prnpeoah ) W50, (Papesin )
= (a,1)(b, j).
Thus, it can be seen that the multiplication * of S is exactly the same as the usual semigroup
multiplication of S. This shows that S is a strong semilattice of M, x A,.
The proof is completed.
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Abstract For any positive integer n, the famous Pseudo Smarandache Square-free function
Zw(n) is defined as the smallest positive integer m such that m”™ is divisible by n. That
is, Zw(n) = min{m : n|m”,m € N}, where N denotes the set of all positive integers. The
main purpose of this paper is using the elementary method to study the properties of Z,,(n),
and give an inequality for it. At the same time, we also study the solvability of an equation
involving the Pseudo Smarandache Square-free function, and prove that it has infinity positive

integer solutions.

Keywords The Pseudo Smarandache Square-free function, Vinogradov’s three-primes the-

orem, inequality, equation, positive integer solution.

§1. Introduction and results

For any positive integer n, the famous Pseudo Smarandache Square-free function Z,,(n) is

defined as the smallest positive integer m such that m”™ is divisible by n. That is,
Zyw(n) =min{m : n/m", m € N},

where N denotes the set of all positive integers. This function was proposed by Professor F.
Smarandache in reference [1], where he asked us to study the properties of Z,,(n). From the
definition of Z,,(n) we can easily get the following conclusions: If n = p'p5? - - p@r denotes
the factorization of n into prime powers, then Z,,(n) = pips---p,. From this we can get the
first few values of Z,(n) are: Z,(1) = 1, Z,(2) = 2, Z,(3) = 3, Zw(4) = 2, Z,(5) = 5,
Zw(6) =6, Z,(7) =7, Z,8) = 2, Z,(9) = 3, Z,(10) = 10, ---. About the elementary
properties of Z,(n), some authors had studied it, and obtained some interesting results, see
references [2], [3] and [4]. For example, Maohua Le [3] proved that

>, 1
ZW’ aeR, a >0

n=1

is divergence. Huaning Liu [4] proved that for any real numbers o > 0 and = > 1, we have the

asymptotic formula

Y (Zu(n)* =

n<lz

Co+ 1)zt [ 1

(@t 1) T 1>} +0 (e,
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where ((s) is the Riemann zeta-function.

k
Now, for any positive integer k > 1, we consider the relationship between 7, <H ml>
i=1

k
and Z Zw(m;). In reference [2], Felice Russo suggested us to study the relationship between
i=1
them. For this problem, it seems that none had studied it yet, at least we have not seen such

a paper before. The main purpose of this paper is using the elementary method to study this
problem, and obtained some progress on it. That is, we shall prove the following:

Theorem 1. Let k£ > 1 be an integer, then for any positive integers mq, ma, - --, mg, we
have the inequality

k
ZZ’”(mi) k
% < Zw (H ml) )

and the equality holds if and only if all mq, mo, -+, my have the same prime divisors.

Theorem 2. For any positive integer k£ > 1, the equation

k k
ZZw(mi) = Zu <Z mz>

=1

has infinity positive integer solutions (my, ma, -+, mg).

§2. Proof of the theorems

In this section, we shall prove our Theorems directly. First we prove Theorem 1. For any
positive integer k > 1, we consider the problem in two cases:

(a). If (ms, my)=1,14, j=1, 2, ---, k, and i # j, then from the multiplicative properties
of Z,(n), we have

k

k
Zw ( mi> = HZw(mZ)

i=1

Therefore, we have

k
k k ZZ“’(mi) k k
" Zw < mi> =r Zw(mz) < ZZlT < HZw(ml) =Zy (Hmz> .
i=1 i=1 i=1 i=1
(b). If (my, my) > 1,4, j=1,2, ---, k, and ¢ # j, then let m; = p{*'pg™ .- pir,
ais>0,i=1,2, -+, k; s=1, 2, ---, . we have Z,,(m;) :pf“pgiz - plir where

0, if a;s= 0;
Bis = .
1, if a5 > 1.
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Thus
k
> Zum)
— _ pfllpglz . .pglr + p{}mpé‘}zz . .pggr 4t p{}klpgkz . 'p’f’”
k k
k
Pip2- - Pr+Pip2--prt -+ pip2-ccp
< : k7 L =pipa e = Zuy (Hmi>7
=1
and equality holds if and only if ;s > 1,i=1, 2, ---, k,s=1, 2, -+ | r.
k
Zy (H mi> = Ypib2-pr < /00057 p
i=1
k
Zw (mz)
< pfllp512 .. .pglr +pf21p§22 .. .p”@Qr + N +pfk1p§k2 .. pfkr _ i—1
— k‘ k )
k
where a; = Zﬁis’ s=1, 2, ---, r, but in this case, two equal sign in the above can’t be hold
i=1
in the same time.
So, we obtain
From (a) and (b) we have
k
=1 i=1
and the equality holds if and only if all m1, ms, ---, my have the same prime divisors. This

proves Theorem 1.
To complete the proof of Theorem 2, we need the famous Vinogradov’s three-primes the-

orem, which was stated as follows:

Lemma 1. Every odd integer bigger than ¢ can be expressed as a sum of three odd primes,
where c is a constant large enough.

Proof. (See reference [5]).

Lemma 2. Let k > 3 be an odd integer, then any sufficiently large odd integer n can be

expressed as a sum of k£ odd primes
n=p1+p2+t--+ Pk

Proof. (See reference [6]).
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Now we use these two Lemmas to prove Theorem 2. From Lemma 2 we know that for any

odd integer k > 3, every sufficient large prime p can be expressed as

p=p1+p2+-+ Pk

By the definition of Z,,(n) we know that Z,,(p) = p. Thus,

Zw(p1) + Zw(p2) + -+ Zuw(pr) =p1 +p2+ -+ =p = Zu(p)
= Zwpr+p2+-+ k)

This means that Theorem 2 is true for odd integer k£ > 3.
If £ > 4 is an even number, then for every sufficient large prime p, p — 2 is an odd number,

and by Lemma 2 we have
p—2=pr+pz+-+pg—1 O p=2+4p1+p2+--+pr-1.
Therefore,

Zw(2) + Zuw(p1) + Zuw(p2) + -+ Zuw(Pr—1) =2+ p1 +p2+ -+ pe—1 =D
= Zyp)=Zu2+p1+p2+-+pr-1).

This means that Theorem 2 is true for even integer k > 4.
At last, for any prime p > 3, we have

Zw(p) + Zw(p) =p+p=2p = Zu(2p),

so Theorem 2 is also true for £ = 2. This completes the proof of Theorem 2.
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§1. Introduction and result

For any positive integer n, the famous F.Smarandache function S(n) is defined as the
smallest positive integer m such that n | m!. That is, S(n) = min{m : n | m!, n € N}. For
example, the first few values of S(n) are S(1) =1, S(2) = 2, S(3) = 3, S(4) =4, S(5) = 5,
S(6) =3, 5(7) =17 5S08) =4, 59 =6, S(10) = 5, S(11) = 11, S(12) = 4, ---. About
the elementary properties of S(n), many authors had studied it, and obtained some interesting
results, see references [1], [2], [3], [4] and [5]. For example, Lu Yaming [2] studied the solutions
of an equation involving the F.Smarandache function S(n), and proved that for any positive

integer k > 2, the equation
S(my +mg + - +myg) = S(m1) + S(ma) + - + S(my)

has infinite group positive integer solutions (mq, ma, -+ ,myg).

Dr. Xu Zhefeng [3] studied the value distribution problem of S(n), and proved the following
conclusion:

Let P(n) denotes the largest prime factor of n, then for any real number = > 1, we have
the asymptotic formula

3
2

Y (S(n) = P(n))* = 2C3(2n); +0 ( o ) :

In%z

—_

n<x

where ((s) denotes the Riemann zeta-function.
Chen Guohui [4] studied the solvability of the equation

S%(z) —5S(x) +p ==z, (1)
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and proved the following conclusion:

Let p be a fixed prime. If p = 2, then the equation (1) has no positive integer solution; If
p = 3, then the equation (1) has only one positive integer solution x = 9; If p = 5, then the
equation (1) has only two positive integer solutions = 1, 5; If p = 7, then the equation (1)
has only two positive integer solutions x = 21, 483. If p > 11, then the equation (1) has only
one positive integer solution = = p(p — 4).

Le Maohua [5] studied the lower bound of S(2P~1(2P — 1)), and proved that for any odd

prime p, we have the estimate:
S(2r7(2P —1)) > 2p+ 1.

Recently, in a still unpublished paper, Su Juanli improved the above lower bound as 6p + 1.

That is, she proved that for any prime p > 7, we have the estimate
S(2v71 (2P — 1)) > 6p + 1.

The main purpose of this paper is using the elementary method to study the estimate
problem of S (F),), and give a sharper lower bound estimate for it, where F,, = 22" 4+ 1 is the
Fermat number. That is, we shall prove the following:

Theorem. For any positive integer n > 3, we have the estimate

S(F,)>8-2" 41,

where F,, = 22" 4+ 1 is called the Fermat number.

§2. Proof of the theorem

In this section, we shall complete the proof of our theorem directly. First note that the
Fermat number F} = 5, F, = 17, F3 = 257, F, = 65537, they are all prime. So for n = 3
and 4, we have S (F3) = 257 > 823+ 1, S(Fy) = 65537 > 8 - 2% + 1. Now without loss of
generality we can assume that n > 5. If F,, be a prime, then from the properties of S(n) we
have S (F,) = F,, = 22" 41 >8-2" + 1. If F,, be a composite number, then let p be any prime
divisor of F,, it is clear that (2, p) = 1. Let m denotes the exponent of 2 modulo p. That is,
m denotes the smallest positive integer r such that

2" =1 (mod p).

Since p | F,, so we have F,, = 22" +1 = 0 (mod p) or 22" = —1 (mod p), and 22" =1 (mod p).
From this and the properties of exponent (see Theorem 10.1 of reference [6]) we have m | 271,
so m is a divisor of 2", Let m = 2%, where 1 < d < n+ 1. It is clear that p 12¢ —1,if d < n.
Som = 2"t and m | ¢(p) = p — 1. Therefore, 2" | p— 1 or

p=nh-2""1 4 1. (2)

Now we discuss the problem in following three cases:
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(A) If F,, has more than or equal to three distinct prime divisors, then note that 2"+! + 1
and 2 -2"*! + 1 can not be both primes, since one of them can be divided by 3. So from (2)
we know that in all prime divisors of Fj,, there exists at least one prime divisor p; such that
pi=h; 2"l 41 >4.90 41 =8.27n 4 1.

(B) If F,, has just two distinct prime divisors, without loss of generality we can assume
Fo= (24 1)* 3.2 41)7 or F,= (227t 4+ 1) (3-2nt 4 1)°

If F, = (2" + 1)a (3.2 4 1)5, and o > 4 or 3 > 2, then from the properties of S(n)
we have the estimate

S(F,) > max{s( (271 +1) a) S( 2n+1+1)5)}
= max{a- (2"+1 +1), B-(3- contl 1)}
> 8-2"+1.

IfF,=2"4+1=(2"*'+1)-(3.2""1 +1) =3.22""2 4 27*3 1 | then note that n > 5,
we have the congruence

0=2%" +1—1=3.22+2 p on43 = 9n+3 (10d 27 H4),

This is impossible.
Ian — 22n+1 _ (2n+1 + 1)2(3 . 2n+1 4 1) — 3.23n—|—3_’_3.2271—1-3_’_3_27%1-1_*_2271—1-2_’_2’rL-i-2_’_17
then we also have

0= 22" +1-1=3. 23n+3 +3. 22n+3 +3. 2n+1 4 22n+2 T 2n+2 =3. 2n+1 (mod 2n+2).

This is still impossible.
If F, = 22" + 1= (21 +1)". (3.27+1 + 1), then we have

22" 4 1= (3.2 +1)* =3.27%2 4 1 (mod 2"+4)
or
0=22" = (3.20+1 4+1)" = 1=3.2"2 (mod 2"+4).

Contradiction with 274 § 3.2n+2,
If F, = (2.2 +1)% . (3. 27+ + 1)ﬁ7 and « > 2 or 3 > 2, then from the properties of
S(n) we have the estimate

S(F,) > max{s ((2.2”+1 +1) ‘*), s( (3-2n +1)")}
= max{a-(2-2"" +1), 8- (3-2""" +1)}
> 82"+ 1.
If Fl,=22" +1=(2-2"*1 4+ 1) (3-2"*! 4+ 1), then we have
F,=2" +1=3.2"%3 p5.9n%1 11,
From this we may immediately deduce the congruence
0=2% =3.22%3 5. ontl = 5. 97F1 (;mod 227+3).

This is not possible.

(C) If F,, has just one prime divisor, we can assume that
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Fo=@2""+1)% or F,=(2-2"""+1)" or F,=(3-2""1+1)".

If F,, = (27L+1 + 1)a, then it is clear that our theorem holds if & > 4. If « = 1, 2 or 3, then
from the properties of the congruence we can deduce that F,, = (2"+1 + l)a is not possible.

If F, = (2-2""1 +1)% or (3-2"*! + 1), then our theorem holds if a > 2. If a = 1, then
F,, be a prime, so our theorem also holds.

This completes the proof of Theorem.
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81. Introduction and result

For any positive integer n, the famous F.Smarandache function S(n) is defined as the
smallest positive integer m such that n divides m!. That is, S(n) = min{m : m € N, njm!},
where N denotes the set of all positive integers. From the definition of S(n), it is easy to see
that if n = p{'p5? - - pi* be the factorization of n into prime powers, then we have

S(n) = max {S(pi")}

It is clear that from this properties we can calculate the value of S(n), the first few values of
S(n) are: S(1) =1, S(2) =2, 53) =3, 54) =4, SB) =5, S(6) =3, S(7) =7, S@8) =4,
S(9) =6, S(10) =5, ---. About the arithmetical properties of S(n), some authors had studied
it, and obtained many interesting results. For example, Lu Yaming [2] studied the solvability
of an equation involving the F.Smarandache function S(n), and proved that for any positive

integer k > 2, the equation
S(my +mag + - +myg) = S(m1) + S(ma) + - + S(my)

has infinite group positive integer solutions (mq, ma, -+, mg).
Jozsef Sandor [3] proved that for any positive integer k > 2, there exist infinite group

positive integers (my, me, ---, my) satisfying the inequality:
S(mi+mo+---+myg) > S(my) + S(me) + -+ -+ S(my).
Also, there exist infinite group positive integers (my, ms, ---, my) such that

S(my +mao+ - +my) < S(my) +S(m2) + -+ S(my).
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Rongji Chen [5] studied the solutions of an equation involving the F.Smarandache function

S(n), and proved that for any fixed r € N with r > 3, the positive integer n is a solution of
S(n)"+S(n)" "'+ 4+8(n)=n

if and only if
n :p(pr—l +pr—2 4t 1)7

where p is an odd prime satisfying p" =1 +p""2 + .- + 1|(p — 1).

Xiaoyan Li and Yanrong Xue [6] proved that for any positive integer k, the equation
S(n)? + S(n) = kn has infinite positive integer solutions, and each solution n has the form
n = pni, where p = kn; — 1 is a prime.

For any positive integer n, the Euler function ¢(n) is defined as the number of all positive
integers not exceeding n, which are relatively prime to n. It is clear that ¢(n) is a multiplicative
function.

In this paper, we shall use the elementary method and compiler program to study the
solvability of the equation:

S(1) + 5(2) + - + S(n) =¢<”(”2“)), (1)

and give its all positive integer solutions. That is, we shall prove the following:

Theorem. The equation

5(1)+5(2)+...+S(n)_¢(w)

has and only has two positive integer solutions n = 1, 10.

§2. Main lemmas

In this section, we shall give two simple lemmas which are necessary in the proof of our
Theorem. First we have the following:

Lemma 1. For any positive integer n > 100, we have the inequality

n 2 2

s n
N o
;S(’) S11.99 Inn

Proof. From the mean value formula of S(n) (See reference [7])

71'2 .7,‘2 .7,‘2

2
e In* x

we know that there exists one constant N > 0 such that

n 2 2 2 2 2 2
ZS(i)<7T n n 1 s 717< s no
i=1

12 Inn 1199 12 Inn S 11.99 Inn

holds for all positive integer n > N. We can take N = 100 by calculation. This completes the

proof of Lemma 1.
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Lemma 2. For Euler function ¢(n), we have the estimate

1 +1 1
¢ ("(”; )> ” ”(”4 ) et 15 n(ntl)y
In (2 In T)
Proof. Let n = pi"p5?---pi* be the factorization of n into prime powers, then there
always exist some primes pi, pa2, ---ps such that p;ps---ps > n. From [1] we have
Zlnp=w+0( - )
log x

p<T
by this estimate we know that

S
Inn < Zlnpi < Z Inp; < ps < 2lnn.
i=1 PisPs

Thus ] 1
Zi < Z — <Inlnps < Inln(21nn).
p bi
pln Pi<P

1 1
Note that ¢(n) = nH (1 - ), if n{n+1) is even, then
b

2
pln
n(n+1 n(n+1 1
2 2 »
p| gt
1)+ 1.5 1.5
> In(1—1 Lh- L5
- Mgﬂ%m#z T
4
- z Ly 2 [In(1—1)+L2]
= Me pl D) p| D o
4
> n(n + ]_) ol n(n+1) o P
- 4
o n(n+1) el .e—l.Slnln(an%)
4
n(n+1) s 1
_ e
4 lnl 5 (21 n(n2+1))

nin+1)

If is odd, we can also get the same result. This completes the proof of Lemma 1.

83. Proof of the theorem

In this section, we shall complete the proof of our Theorem. First we study the tendency

of the functional digraph

z(x +1) 1 2 x?

3
f(-l?)— 4 .e4ln1.5(21n@) - 11.99 m

By use of Mathematica compiler program we find that f(x) > 0, if © > 100754.
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From the figure 1 we know that if n > 100754, then

n 7T2 n2 nn 3 nn
3 80) LMt g ! )<¢>( ( “)). 2)
=1

< o
11.99 Inn 4 1111'5(2 In n(n2+1) 9

If 2 € (100754, +00), we use Mathematica compiler program to compute f/ (z), then we
find that the derivative f () is positive, so (2) is also true if 2 > 100754.

Now we consider the solution of (1) for all n € [1, 100754]. By use of the computer
programming language, we obtain that the equation (1) has no any other positive integer
solutions except n = 1, n = 10. This completes the proof of Theorem.
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The computing programme is given as follows if n € [1,100754].
# include “stdio.h”
# include “math.h”
# define N 100754
int S(int n)
{int ret=1,num=n;
unsigned long int nn=1;
for(ret=1;ret<=n;ret++) { nn=nnx*ret;
if(nn%num==0) break;} if (ret>n) ret=n;
return ret; }
int SumS(int n)
{int ret=0,i;
for(i=1;i<=n;i++) ret+=S(i);
return ret;}
int coprime(int i,int n)
{ int a=n,b=i;
while(al=b) { if(a==0) return b;
if(b==0) return a;
if(a>b) a=a%b;

else

b=b%a;}

return a; }

int Euler(int n)

{int ret=1,i;

for(i=2;i<n;i++) {if(coprime(i,n)==1) ret++;} return ret;}
main()

{ int kk;

for(kk=1;kk<=N;kk++) if(SumS(kk)==Euler((kkx(kk+1)/2)))
printf( “rusult is % d\n” ,kk);
getch (); }
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Abstract For orthogonal projective matrix R, i.e., R> = R and RT = R, we say that A is
generalized Hermitian matrix, if RAR = A*. In this paper, we investigate the least residual
problem [|[AX — B|| = min with given X, B, and associated optimal approximation problem
in the generalized Hermitian matrix set. The general expressions of the solutions are derived
by matrix decomposition.
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§1. Introduction

Some symbols and notations: Let C7"*"™ be the set of all m x n complex matrices with rank
r, HC™ "™ be the set of all n x n Hermitian matrices. Denoted by AY, A*, rank(A) the Moore-
Penrose generalized inverse, conjugate transpose, rank of matrix A, respectively. Moreover, I,
represents identity matrix of order n, and J = (e,,ep—1,- -+ ,€1), €; € C™ is the ith column of
L. stands for the Frobenius norm. Matrix R € C**" is said to be projective (orthogonal
projective) matrix, if B> = R (R?> = R and R* = R).

Definition 1.1. If A € C™*™ we say that A is centro-symmetric matrix, if JAJ = A.

The centro-symmetric matrix has important and practical applications in information the-

ory, linear system theory and numerical analysis (see [1-2]). As the extension of the centro-
symmetric matrix, we define the following conception.

Definition 1.2. For given orthogonal projective matrix R € C"*", we say that A € C"™*"
is generalized Hermitian matrix, if RAR = A*. Denote the set of all generalized Hermitian
matrices by GHC™*".

In this paper, we discuss two problems as follows:

Problem I.(Procrustes Problem): Given orthogonal projective matrix R € R™*", and

X, B e C™™ find A e GHC™ " such that
|[AX — BJ|| = min.

Problem II.(Optimal Approximation Problem): Given M € C™*", find A € Sg such

that
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| M~ Al = min (|~ 4],
€SE

where Sg is the solution set of Problem I.

Obviously, when M = 0, Problem II is changed into finding the least Frobenius norm
solution of Problem I.

Many important results have been achieved about the above problems with different ma-
trix sets, such as centro-symmetric matrixl3!, symmetric matrix[*=%!, R-symmetric matrix[6=7]
and (R,S)-symmetric matrix® set. In this paper, we investigate the above problems in the

generalized Hermitian matrix set by matrix decomposition.

§2. Preliminary knowledge

In this section, we discuss the properties and structures of (orthogonal) projective matrices
ReCr*™ and A € GHC™ ™.
Denote s = rank(I — R), we know that r+ s = n since R?> = R. Suppose that py, pa,...,pr
and ¢1,qs, ..., qs are the normal orthogonal basis for range R(R) and null space N(R) of R,
respectively. Let P = (p1,p2,...,0r) € CP*" and Q = (¢q1, 42, - - -,qs) € CT*%, then
PP=1,Q'Q=1I, (1)
RP =P, RQ =0. (2)
Lemma 2.1.(see [9]) Let matrix A € C*™ and its full-rank factorization A = F'G, where
FeCr G e Cr*™, then A is projective matrix if and only if GF = I,.

Lemma 2.2. R €C"*" is projective matrix, then

r=(r Q) (v ) (o) ®)

-1
where matrix (P Q) is invertible, and <P Q) =

Q) o

If R is orthogonal projective matrix, we have

I, 0\ (P
(4)
0

e (M) (0

where (P Q) is unitary matrix.

Proof. Assume that the full-rank factorization of R is R = Pﬁ, we obtain from Lemma
2.1 and (1) that
P =P*R, PP =1I,. (5)

Similarly, if the full-rank factorization of I — Ris [ — R = Q@, we generate
Q=Q(I-R),QQ=1, (6)
since (I — R)? = I — R. Connecting with (1)(2)(5) and (6), we know that (3) holds. The
equality (4) is obvious since R* = R.
Lemma 2.3. Given matrices R as in (4) and A € GHC™ "™, then
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p— G O P* TXT
A=(P Q ¥ GEHCT™. (7)
0o o/ \@

Proof. According to Lemma 2.2 and Definition 2.1, it is clear that (7) holds.

Lemma 2.3 indicates that arbitrary matrix M € C™*" can be written as

M, M,y)\ [P*

v=(r )|,

§3. The solutions of Problem I and II

Given matrices X, B € C™*™_ partition

P X1 P Bl
X = and B= , (8)
Q* Xs Q* By
where X1, B; € C"™*™ and Xs, By € C**™,
We need the following two lemmas derived from References [7] and [8], respectively.

Lemma 3.1. Suppose that matrices X1, By in (8), then matrix equation A;X; = By is
consistent for A; € HC™ ", if and only if BleXl = B; and X{B; = BfXj, the general
solution is

A=A+ (I, — X1 XKL (I, — X1 XT),
where Ay = (I, — 250V B X1 + (B X)) (I — 250 v K, e HO™ T,
Lemma 3.2. Given matrices X1, By in (8), then

min || GX; — By ||=[| Bi(I, — X{"X1) |
G€C7><r

if and only if G = B X;" + Ka(I, — X1 X{F), VK, € OT*7.

According to Lemmas 3.1 and 3.2, we obtain

Lemma 3.3. For the above given matrices X7, By,
min || A1 Xy — By [|=] Ba(I, — X X) ||
A eHCrxT
if and only if
XiBiX{ = X{ X1Bi X1 X/, (9)
and the expression of A; is the same as that in Lemma 3.1.
Proof. || A1 X1 — B ||2 :H By — BleJer + BleLXl — A1 X4 ||2

=| Bi(l, = X{ Xy) P+ || B1X{" X1 — A1 X, ||?

Hence, the least residual can be attained only if By X f X, = A1 X4, which is consistent for
Ay € HC™ " under condition (9) by Lemma 3.3. The proof is completed.
Based on the previous analysis, Problem I can be solved in the following Theorem.
Theorem 3.1. Given matrix R as in (4), X, B € C™*™ and the partition (8), then
min  [[AX — B|]” = || B1(I, - X{ X1)|I” + || B2|?, (10)
AEGHCnxn
if and only if (9) holds, at this time
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) G+, - X1 X]{)K(I, — X1 X{) 0\ (P a1

0 0/ \Q
where G = (I, — X250V B X + (BX{) (I — 22X0) v K € HO*,

a=(p

Proof. Accordlng to the unitary invariance of Frobenius norm, formulas (4) and (7), we
obtain
|AX — B||?

<PQ>§

0
0
= ||GX1 Bl|| +||B2||2

Therefore, the problem (10) is equivalent to the following least residual problem

min ||CL¥14mBln.
GeH(Crxr
From Lemma 3.3, we know that the minimum can be attained if and only if (9), and

G=G+ (I, - X\ X K(I, — X, X{"),
where K € HC™ " is arbitrary. Submitting G into (7), then (11) holds.

2
*

*

The following lemma stated from [6].
Lemma 3.4. Let L € C*™ A € 099, T € C™™ and A2 = A =A*"T2=T=T",
then || L — ALT H— min || L — ANT | if and only if A(L — N)I' =0.
eCax
Let Sg be the solutlon set of Problem I. We can easily verify from its definition that Sg is a
closed convex subsets in matrix space C"™*™ under Frobenius norm. The optimal approximation
theorem[!% reveals that Problem II has unique solution, which can be expressed in the next
theorem.
Theorem 3.2. Suppose that the given matrix in Problem II is
My, M, P
M = (P Q) ecmxm
M; My \Q*
then
min | M — A || (12)
A€ESE
if and only if
) G+ (I — X, xH)MMg, — x,xF) o) [P

A:(P 0 0/ \@*

;o (13)

where G is the same as that in Theorem 3.1.
Proof. By using the unitary invariance of Frobenius norm and Theorem 3.1, we obtain
R 2
My, M G+ (I, - X1 XDHK(I, — X, X;5) 0
Mz My 0 0
= (M1 = G) — (I = X, X1 )K (I = Xa X)) |?
M P+ | Ms |12+ [ My |2,
then the problem (12) equals to solve the minimum problem

M —A|?=
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i M, —G)— (I, - X, XK, — X, X | .
Ke%gler( 1—G)— (I, 1 XK (I, 1X7) ||

Moreover, since ||Mi||? = || MHQ'M; 1%+ | Mlng* |2, hence the above minimum problem can be

transformed equivalently as

) My + M} =
— G-I, - X XK, - X: XD | .
i (5 D = (= X XK (I = X1X]) |
We further deduce from Lemma 3.4 that
(I = Xi XKL = X X)) = (I - Xy X)) 20 (1 - X X)), (14)

submitting (14) into (11), we obtain (13).
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Abstract In this paper, defining a vector product in Semi-Euclidean space E3, we present a
method to calculate Frenet apparatus of Partially Null curves. Thereafter, in the same space,
using presented method, we prove that Frenet apparatus of a partially null evolute curve can

be formed by involute’s Frenet apparatus.
Keywords Semi-euclidean space, partially null curves, frenet apparatus.

81. Introduction

Suffice it to say that the many important results in the theory of the curves in E? were
initiated by G. Monge; and G. Darboux pionneered the moving frame idea. Thereafter, F. Frenet
defined his moving frame and his special equations which play important role in mechanics and
kinematics as well as in differential geometry. E. Cartan opened door of notion of null curves
(for more details see [2]). And, thereafter null curves deeply studied by W. B. Bonnor [7] in
Minkowski space-time. In the same space, Frenet equations for some special null; Partially
and Pseudo Null curves are given in [4]. By means of Frenet equations, in [3] authors gave
characterizations of such kind null curves lying on the pseudo-hyperbolic space in Ef. In [6],
authors defined a vector product and by this way, they presented a method to calculate Frenet
apparatus of space-like curves with non-null frame vectors and time-like curves in Minkowski
space-time. Additionally, in [5] authors defined Frenet equations of pseudo null and a partially
null curves in Semi-Euclidean space Ej.

In this work, first we defined vector product in E5 and then, using Frenet equations defined
in [5], we present a method to determine Frenet apparatus of partially null curves in Ej.
Moreover, we prove that Frenet apparatus of a partially null evolute curve can be formed by

involute’s Frenet apparatus in terms of presented method.

§2. Preliminaries

To meet the requirements in the next sections, here, the basic elements of the theory of
curves in the space Ej are briefly presented(A more complete elementary treatment can be
found in [1]).
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Semi-Euclidean space Ej3 is an Euclidean space E* provided with the standard flat metric

given by
g = —dz} — dxj + da3 + dx?, (1)

where (11,2, 23,74) is a rectangular coordinate system in Ej. Since g is an indefinite metric,
recall that a vector v € Ej can have one of the three causal characters; it can be space-like if
g(v,v) > 0or v =0, time-like if g(v,v) < 0 and null (light-like) if g(v, v)=0 and v # 0. Similary,
an arbitrary curve a = a(s) in E5 can be locally be space-like, time-like or null (light-like),
if all of its velocity vectors o/(s) are respectively space-like, time-like or null. Also, recall the
norm of a vector v is given by |[v|| = \/|g(v,v)|. Therefore, v is a unit vector if g(v,v) = +1.
Next, vectors v, w in E3 are said to be orthogonal if g(v,w) = 0. The velocity of the curve a(s)
is given by |[o/(s)||. The Lorentzian hypersphere of center m = (my,mso, ms, my) and radius
r € R* in the space Ej defined by

S3(m,r) = {a = (a1,0,a3,04) € E;L cgla—m,a—m) = 7“2}. (2)

Denote by {T'(s), N(s), B1(s), B2(s)} the moving Frenet frame along the curve a(s) in the space
E3. Then T, N, By, By are, respectively, the tangent, the principal normal, the first binormal and
the second binormal vector fields. Space-like or time-like curve «(s) is said to be parametrized
by arclength function s, if g(a’(s),a’(s)) = £1. For a partially null unit speed curve in E3,

following Frenet equations are given in [5]

T 0 K 0 0 T
N’ K 0 T 0 N
, = ) (3)
B 0 0 o 0 B
B, 0 —e7 0 —0 B

where T, N, By and By are mutually orthogonal vectors satisfying equations
g(T,T) =€ = £1,9(N,N) = €2 = £1, whereby €1e9 = —1
g(Bl,Bl) = g(BQ,BQ) = O,Q(Bl,BQ) =1.

And here, k, 7 and o are first, second and third curvature of the curve «, respectively. The
set {k,7,0,T(s),N(s),B1(s), B2(s)} is called Frenet apparatus of the curves. Let ¢ and § be
partially null unit speed curves in E3. ¢ is an involute of § if ¢ lies on the tangent line to § at
d(s0) and the tangents to § and ¢ at d(sg) and ¢ are perpendicular for each sg. ¢ is an evolute
of § if § is an involute of ¢. And this curve couple defined by ¢ = 6 + AT.

In [5] authors gave a characterization about partially null curves with the following state-
ment.

Theorem2.1. A partially null unit speed curve ¢(s) in E with curvatures x # 0, 7 # 0
for each s € I C R has ¢ = 0 for each s.

§3. Vector product in semi-euclidean space £

Definition 3.1. Let a = (a1, a2,as,a4), b = (b1, b2, b3,bs) and ¢ = (c1, 2, 3, ¢4) be vectors
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in E3. The vector product in Fj is defined with the determinant

—€1 —€2 €3 ¢4
a as asz a
aNbANCc=— ' 2 o , (4)
by by b3 by

C1 C2 €3 (4

where e1, €2, e3 and e4 are mutually orthogonal vectors (coordinate direction vectors) satisfying
equations
egNegNeg=eq ,eaNesNeg=¢e1 ,e3NesNe;r = —ex,eqNep Ney = —es.
Proposition 3.2. Let a = (a1,a2,a3,a4), b = (b1,b2,b3,b4), ¢ = (c1,¢2,c3,¢4) and d =
(d1,da,ds,dy) be vectors in Eél. From the definition of vector product, there is a property in

the space E4 such as
glanbAea)=glanbAeb)=glanbAcc)=0. (5)

Proof of above proposition is elementary. Using definition, it can be easily obtained.

84. A method to calculate Frenet apparatus of partially

null curves in E;

Let o = a(s) be a partially null unit speed curve in E3. By means of Frenet equations and

Theorem 2.1, let us calculate following differentiations respect to s.

da
L =d=T (6)
d2
7d82é — OLH(S) = HZN. (7)
Ba " 2 ’
E:a (s) =k*T + K'N + k7B;y. (8)

Using (7), we easily have first curvature and principal normal, respectively,

k= [a"(s)]l, (9)
N = O‘”FES) (10)

Considering (4), we form following expression

T -N B, B,
1 0 0 0

TANAQ" =— = kT Bs. (11)
0 1 0 0

K2 K kT 0
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Taking the norm of both sides, we get second curvature and second binormal as

TANAQ"
Bo=——— 12
*“ITAN Ao (12)

ITANAQ"
= (13)

[l
And, last using vector product we have first binormal as follow:

Bi=NATA Bo. (14)

§5. Determination of Frenet apparatus of partially null

involute-evolute curve couples in Ej

Theorem 5.1. Let o and § be partially null unit speed curves in Ej and ¢ be evolute of 4.
The Frenet apparatus of ¢ ({Ty, Ny, Biy, Bag, Ky, T, 0, }) can be formed by Frenet apparatus
of § {T,N, By, Bs,k,7,0}).

Proof. From Theorem 2.1 we know that o, = ¢ = 0. Then, considering definition we
write that

=10+ M. (15)

Definition of involute-evolute yields that T,, 1. T'. Using this and differentiating (15) respect
to s, we have
d\
14+ —=0. 16
+ (16)
Thus, we easily find A = ¢ — s, where ¢ is constant. Rewriting (15) and differentiating it,

we get

d
w% = (c—s)kN. (17)

Taking the norm of both sides of (17), we obtain

T, =N (18)
and
de|| _dse
Hds = = (c— s)k. (19)

Considering presented method we calculate following derivatives. (Here’ denotes derivative

according to s)

¢ = (c—8)K*T + [(c — 8)k' — K| N + (c — s)kTBy. (20)
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" = [-26%+3(c— s)rr']| T+ [-2" + (c — s)&> + (c — )K" | N

(21)
+[-2k7 + 2(c — $)K'T + (¢ — 8)KkT']| By
(20) gives us first curvature and the principal normal of ¢ as
o = \/—(c — 5)24 — [(c — $)' — K] + (c — 5)227? (22)

and

N - (¢ —8)k*T + [(c — 8)k" — K| N + (c — s)kT B (23)

- \/—(c — )24 = [(c — 8)' — K)® + (c — 5)2/@272.

The vector product of T, A N, A ¢ implies that

_ )24 /
Tcp A N¢ /\(PW _ _(cﬂﬁ (%) Bs. (24)
o]

Taking the norm of (24) and considering (22), we have second curvature and second binor-

mal of ¢
~(e—9)2kt fTy
=) =
and
By, = Bo. (26)
Let us form
-T N B, B,
1 c—s)k2 (c—s)k'—k (c—s)kr 0
Ny AT, AByy = —— (e=s)” (=) (e=2) . (27)
Ke 0 1 0 0
0 0 0 1
And therefore, we have
(c—8)k
By, =~ [+T — kB (28)
Ky

This result completes the proof.
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§1. Introduction and result

The Norlund numbers N, and the Bernoulli polynomials B () of order k are defined,
respectively, by (see [1], [4], [7])

t ¢
(1+¢)log(l + 1) :;N"H’ (1)

and

t k t’rl
't k
<8t 1) e’ = g B,(l)(:zc)n!. (2)
n=0

The numbers BY = B (0) are the Bernoulli numbers of order k, BYY = B, are the

1

ordinary Bernoulli numbers, and b,, = —'B,(L”) (1) are the Bernoulli numbers of the second kind.
n!

By (1) and (2), we can get (see [4], [7]):

N, = B™, (3)

Stirling numbers of the first kind s(n, k) can be defined by means of (see [1], [3], [5])

x(x—l)(:v—2)~--(x—n+1):Zs(mk)xk, (4)

n

k=0
or by the generating function
oo xn
(log(1+ ) = K'Y s, ) 5)
n=k ’
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It follows from (4) or (5) that
s(nyk)=s(n—1,k—1)— (n—1)s(n — 1, k), (6)

with s(n,0) = 0(n > 0),s(n,n) = 1,s(n,1) = (=1)""1(n — 1)!(n > 0),s(n,k) = 0(k > n or
k <0).
Stirling numbers of the second kind S(n, k) can be defined by means of (see [1], [3], [5])

:U":ZS(n,k)gc(gc—1)(3@—2)~-~(9U—k—|—1)7 (7)
k=0

or by the generating function

(oo} xn
(" —1)F =k S(n, k) (8)
n=~k
It follows from (7) or (8) that
S(n,k)=8Sn—-1,k—1)+kS(n—1,k), 9)

with S(n,0) = 0(n > 0),S(n,n) =1,5(n,1) =1(n > 0),S(n, k) =0(k >n or k <0).
Associated Stirling numbers of the first kind d(n, k) and associated Stirling numbers of the

second kind b(n, k) are defined, respectively, by (see [1], [3])

(log(1 +z) —2)* = k! > (=1)"*d(n, k)%, (10)
n=2k ’
and -
(" —1—a)k =k b(n, k)%. (11)
n=2k ’

It follows from (10) and (11) that
din,k)=(n—-1d(n—-2,k—1)+ (n—1)d(n — 1,k), (12)

with d(n,0) = 0(n > 0),d(0,0) = 1,d(n,1) = (n — 1)I(n > 1),d(n, k) = 0(2k > n or k < 0).
and
b(n,k) =(n—1)b(n—2,k—1)+kb(n —1,k), (13)
with b(n,0) = 0(n > 0),b(0,0) = 1,b(n,1) = 1(n > 1),b(n, k) = 0(2k > n or k < 0).
In [7] the following recurrence formulas for Nérlund numbers NV,, are found:

N, U (—)F N, N. <~ /n\ N
B LA T N Ge? S A _k
(1) n ];Jn—k—i-lk!’ (=1) n! kZ:o k) k!

Howard [2], on the other hand, obtained relationships between Nérlund numbers N,, and

Stirling numbers of the first kind s(n, k), and the Bernoulli numbers of the second kind by,:

" (—1)s(n, k) 1 [”f s(n+ 1,2k + 1)

SR UL R
P k+1 n—i—lk:O k+1
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and

Ny =nY (=1)" by, nlb, = Ny +nN,_1.

In [6], Liu obtained some computational formulas for Nérlund numbers N,,:

n—1
—Dld(n+ k, k)
_ n 1— k )
N,=n- n'E T k). ,

1!
N, —Z nk: s(n+k,n)S(n, k),

N, = Z(—l)k“( 2n >S(n+k,k),

= n+k\n+k
N,o=S (=1 " p(n+ k. k).
> bt )

The main purpose of this paper is that to prove an computational formula for Norlund

numbers. That is, we shall prove the following main conclusion.
Theorem. Let n > 1 be integers. Then we have

- n,n—1) e= (1 ,_
N = 1—2" Z nfl Z(r>r -

§2. Proof of the Theorem

k k
t _ 2t
(et—1> =2 k<€2t_1) (e' +1)*

k k
k 2t
__o9—k rt
-3 () (&)
r=0
we form the Abel convolution of

() -

Proof. Writing

and
00 m
e = Z rmﬁ
m=0
Then

t g _2—ki k i 2lB(k) m (T ﬁ
et —1 B =\ 0" 1) n!

n=0Il4+m=n

(14)
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whence
n—1 n *) k k
(k) _ o~k Lk ~l, on—kp(k)ok
Bk =27k 3" (l>2 BMy" (T>r" +2nkBkIgk,
=0 r=0
on separating the term with [ = n. Hence
B =1 __ i "2 B®) zk: Yt (15)
mo k(1 —2n) ! ! r
=0 r=0
Using the known formula ([7])
(n) l!(n —1- Z)!
in (15) completes the proof of Theorem.
Remark 1. Taking k¥ = 1 in (15), we have
1 = /n
B,=———+ 2'B,. 17
2(1—2n>§<Z> ! ()
Remark 2. Taking k =n+1,n+2,--- in (15), and note that (16) and
Bv(zn—H) — (—1)”71!,
1 1 1
BM+2) — 1yl (142 4+ 24 oeo g ——
N (=1)"n + 5 + 3 +-+ nil
(see [7]), we have
n—1 n+1 n+1
doodsin+Ln+1-1)) < )r”l = (=1)"nl2"T1(1 —2"), (18)
r
1=0 r=0
n—1 n+2
2! 1—1 2
ZMS(H+2,?¢+2—Z)Z <n—|— )T"_l
n+1 T
=0 r=0
= (=1)"nl2"*2(1 - 2™) 1+1+1+-~-+ Ly (19)
2 3 n+1
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Abstract A Q(Sk,Cs,,Cs,, -+ ,Cs,) graphs be a graph abtained from S) whose every one

degree vertex attached one cycle C;(i = 1,2,--- ,k). In this paper, we determine the lower
and the higher bound for the Merrifield—simmons index in Q(Sk, Cs;,Cs,, - - ,Cs, ) graphs in
terms of the order k, and characterize the Q(Sk,Cs,,Cs,, - ,Cs, ) graphs with the smallest

and the largest Merrifield—simmons index.

Keywords Q(Sk,Cs,,Cs,, -+ ,Cs,) graphs, c—index or Merrifield —Simmons index.

§1. Introduction

Let G = (V, E) be a simple connected graph with the vertex set V(G) and the edge set
E(G). For any v € V,Ng(v) = {u | wv € E(G)} denotes the neighbors of v, and dg(v) =
| Ng(v) | is the degree of v in G; Ng[v] = {v} U Ng(v). A leaf is a vertex of degree one and
a stem is a vertex adjacent to at least one leaf. Let E' C E(G), we denote by G — E' the
subgraph of G obtained by deleting the edges of E'.W C V(G), G — W denotes the subgraph
of G obtained by deleting the vertices of W and the edges incident with them. If a graph G has
k

components G1,Gs, -+ , Gk, then G is denoted by U G;. P, denotes the path on n vertices,
i=1
C,, is the cycle on n vertices, and S,, is the star consisting of one center vertex adjacent to n—1

leaves and T;, is a tree on n vertices.

For a graph G = (V,E), a subset S C V is called independent if no two vertices of S
are adjacent in G. The set of independent sets in G is denoted by I(G). The empty set is
an independent set. The number of independent sets in GG, denoted by o—index, is called the
Merrifield — Simmons index in theoratical chemistry.the Q(Sk,Cs,,Cs,, -+ ,Cs, ) graphs is
abtained from Sy whose every one degree vertex attached one cycle Cy, (i = 1,--- , k).

The Merrifield— Simmons index [1-3] is one of the topogical indices whose mathematical
properties were studied in some detail [4-12] whereas its applicability for QSPR and QSAR was
examined to a much lesser extent; in [2] it was shown that oc—index is correlated with the
boiling points.

In this paper, we investigate the Merrifield— Simmons index on Q(Sk,Cs,,Cs,, -+ ,Cs,.)

s Usy

graphs. We characterize the Q(Sk,Cs,,Cs,, -+ ,Cs, ) graphs with the smallest and the largest
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Merrifield-Simmons index.

§2. Some known results

We give with several important lemmas from [2-6] will be helpful to the proofs of our main
results, and also give three lemmas which will increase the Merrifield-Simmons index.
Lemma2.1.2l Let G be a graph with k components Gy, Gs, - - - , Gy, then

Lemma 2.2.14 For any graph G with any v € V(G), we have ¢(G) = ¢(G—v)+0(G—[v]),
where [v] = Ng(v) Jv.

Lemma 2.3.3] Let T be a tree, then F, o < o(T) < 2" ' +1 and o(T) = F,,» if and
only if T2 P, and ¢(T) = 2"~! + 1 if and only if T = S,,.

Lemma 2.4.°l Let n =4m +i(i € {1,2,3,4}) and m > 2, then
o((Pp,v2,T)) > o((Pp,va,T)) > -+ > 0((Pn,v2m420. 1)) > -+ > o((Pn,v2m+1,T)) >
o((Pp,v3,T))> o((Pp,v1,T)), where p=0if i =1,2 and p=1if i = 3,4.

1 1-—
Lemma 2.5.61 TLet o = +2\/5 and 8 = 2\/5

F,, and Lucas number L,,, we know

and by definition of Fibonacci number

Fn _ a — ﬂn
V5
Lemma 2.6. Let G is Q(S3,Cs, Cj, Cp,) graphs with n vertices, then

o(Q(8s,Cs,C1,Cr)) = (Feg1 + Fs1)(Figr + Fro1)(Frr + Fao1) + Fop1 Fryn Fya.
Proof. From the lemmas 2.1 and 2.2, we have

1
aLn =a" + ﬂn;Fn By = 5(Ln+m - (71)71 : Lm—n)'

o(Q(Ss,Cs,C,Cp)) = Ly LiLp, + Fo 1 Fii1Fqr.

From the lemma 2.6, we have Ly = Fyy1 + Fs—1,L; = Fi41 + Fi—1, Ly, = Fj41 + Fp—q, so
o(Q(83,Cs,C1,Ch)) = (Foy1 + Fs—1)(Fiy1 + F1o1)(Fag1 + Fpo1) + Fopr Froan Froga

e e e,
;051. ;CSQ ® - - - .Csk .
'.... ..... '..,.
G
Cy Cy o e ° i “““““ o o\ ... e °
— e

Coy 4. +sp—dk+4 Csitotsn—3k+3

G1 Goy

Picture 2.1
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Lemma 2.7. Let G = Cs, UC,, U--- U, graphs and G; = C4UCy U ---UCy U
Cs\+so4-+s,—4(k—1) graph as shown picture 2.1 where k — 1 are numbers of Cy, then o(G1) >
o(G) and 0(G1) = o(G) if and only if Gy = G.

Proof. If £ =2, then
0(G) = Ls, Ln—s,

= (Fo41+ Foy—1)(Famsi 1+ Faosy—1)

= sl—i-an—sl—i-l + F51+1Fn—51—1 + Fsl—an—sl—i-l + Fsl—an—sl—l
1
= g[(L"+2 + (_1)51Ln7251) + (Ln + (_1)81Ln728172) + (Ln + (_1)81Ln7251+2)

+(Ln72 + (_1>51Ln7281 )]

1
= g[(Ln—&-Q + 2Ln + Ln—2) + (*1)51 (2Ln—231 + Ln—231—2 + Ln—231+2)]-
From above, we know that the result is correct if K = 2. We presume that the result is correct

if K =k, then if K =k + 1, we have
k-+1

7HU

)-o(C

5k+1>

I
-
1 E?r
— [N

k—
L4 L61+S2+ s —4(k— 1)L5k+1
o(G1) = L4L51+32+ s —4k-
k—1
U(Gl) - U<G) 2 L4L81+82+--'+Sk+1*47€ — Ly L51+52+---+sk74(k71)Lsk+1

k—1
=1L (L4L81+82+'“+5k+1—4k - LS1+S2+'--+Sk74(k71)L8k+1)
_ L]Z_l[(()/l + 54)(a51+82+---+5k+1*4k + ﬁ81+52+~-+8k+1*4k)

,(a51+52+~-+8k*4(k*1) + 551+52+'“+Sk*4(k*1))(a5k+1 + ﬁsk+1)]
= Li_l(L81+52+~~-+Sk+1*4’9*4 - (_1)Sk+1L81+52+~-+Sk*4k+4*5k+1)
> 0.
From above, we know that the result is correct.
Lemma 2.8. Let G = (s, UC,, U--- U, graphs and Go = C3UC3U---UC3 U
Cs, 4 sot--+s,—3(k—1) graph as shown picture 2.1 where k& — 1 are numbers of C3, then
0(G) > 0(G2) and ¢(G) = 0(G>) if and only if Gy = G.
Proof. If k = 2, from the lemma 2.7 we know that the result is correct.

We presume that the result is correct if K = k, then if K = k + 1, we have
k41

k—1
H g HU ’ 9k+1) 2 Ly L31+52+“'+5k—3(’f—1)L3k+1

U(G ) L3L51+52+ +Sk+1 3k-
k—1 k
U(G) - U(GQ) > L L31+52+"‘+3k_3k+3L3k+1 - L3L81+82+'“+5k+1—3k

k—1
= L3 (LS1+Sz+~'-+8k73(7€71)L8k+1 - L3L81+S2+“'+Sk+1—3k)
_ ng—l[(asl+52+...+sk73(k—1) +651+52+-4.+sk73(k71))(ask+1 +ﬂsk+1)

(3 3 s1+sa+-+sp41—3k s1+s24-+sp41—3k

(a® + 3%)(a + )]

= L5 (Lay oot toppn—sk3+ (1)1 Ly, + 594+ + 55 — 3k —3 — s.41)
> 0.

From above, we know that the result is correct.
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§3. The graph with the largest Merrifield-Simmons index
in Q(Ska 0817 0527 e 7CSk) gra‘phs

In this section, we will find the Q(Sk,Cs,,Cs,, - -+ ,Cs, ) graphs with the largest o—index
in Q(Sk,Cs,,Cs,,- -+ ,Cs, ) graphs. and give some good results on orders of o—index.

Definition 3.1. Let Q(S,Cs,,Cs,,- -+ ,Cs, ) graphs be a graph abtained from Sj whose
every one degree vertex attached one cycle C;(i = 1,2,--- , k) as shown Picture 3.1.

81+ +sp—4k+4
Q(Ska CS1 3 CSza ey Csk) Q(Sk, 04; ceey 047 Csl+...+sk—4(k—1))

Picture 3.1
Remark: Above graphs will be used frequently in this paper.
Theorem 3.1. Let s is constant and [ =45 +¢,¢ € {1,2,3,4} and j > 2. Then
0(Q(S3,Cs,Cy, Cr_s_5)) > c(Q(S3,Cs,Cs,Cri_s_7))
> - > 0(Q(S3,Cs, Cojt2p, Crims—2j—2p-1)) > 0(Q(S3,Cs, C2j41, Cr_s—2j—2))
> > 0(Q(83,C5,C5,Chs-6)) > 0(Q(S3,Cs, C3,Crs-4)),
where p=0ifi=1,2and p=1ifi = 3,4.
Proof. From Lemma 2.6, we have
o(Q(8s,Cs,C,Crms—1-1))
=Fepr +Fe )P+ o) (Foesi + Frosi2) + Fopr Fiyn Fr sy
=FpbhnabF s+ FopbaF s o+ FspiFi by s+ Fsi 1 Fn s 12
+E R By s+ Fs B Fy sy o+ Fs 1 Fy 1By s +Fs 1P 1 Fy_ s _o.
From Lemma 2.5, we have
o(Q(83,Cs,C1,Cr—s—1-1))
= %[2Fs+l([/n—s+1 — (1) Ly—g—a11) + Fogr(Ln—s—1 — (=1 Ly g2y 3)
+Fsi1(Ln—s—1 — (1!~ 1Ln s—2141) + Fom1(Lp—sq1 — (=1)F Ly —0121)
+Fs_1(Lyp—s—1— (=1)"" 'Ly g—oi1) 4+ Fsm1(Lyp—s—1 — (=1)"F 1L, _0y3)
+Foi1(Lp—s—3 — (1) ' Ly_g_i—1) + Fs—l(Ln—s—3 — ()" Lyt
= %[(2Fs+1Ln—s+1) + (2Fs41Lp—s—1) + (Fs—1Ln—s41) + (2Fs—1Lp—s1)
+(Fop1Ln—s—3) + (Fsm1Ln_s—3) + (=1)"(3Fsy1Ln—s—2i—1 + Fsp1Lyp_s_21-3
+2Fs 1 Ln—s—o1—1+ Fs1Lp_s_oi41+ Fo_1Lp_s_21—3+ Foy1Ly_s_2141)].
From above, we know that the result is correct.
Theorem 3.2. Let s =2j+14,i € {1,2,3,4} and j > 2, then
0(Q(S3,Cq,Cq,Crig)) > o(Q(S5,Cs,Cy, Cr_11))
> > 0(Q(S3,C2j42p, Ca, Crimaj—2p-5)) > 0(Q(S3,Coj41,C4, Cpn_2j—6))
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> > 0(Q(S3,Cs,Cyq, Cr_10)) > 0(Q(S3,C3,C4,Cr_g)),
where p=0ifi=1,2and p=1ifi=3,4.
Proof. From lemma 2.6, we have
a(Q(S3,Cs,Cy, Crs—5))
=2F (1 FsFy s a+ Fs1FsFy s 6+ Fs1F3Fy s 4+ Fs 1 F5F, 5 4
FF 1Bl s 4+ Fy 1 F5F g6+ Fy 1 F3F, g6+ Fs 1 F3F,_s_¢
=12F, 1 Fy s g+ T\ Fy g g+ TF 1y s 6+ TFs 1 Fn s 6
- %[12@”,3 (1) Lpnes) + T(Lns — (—1)* 1 Ly_ns_3)
+T(Ln—5 — (=1)*" L _9s—7) + T(Lp—7 — (=1)* 'Ly _94_5)]
= %[(12Ln_3 +14L,_5+ 7L,_7)
+(=1)*(19Lp—95s—5 + TLy—25—3 + TLp_25—7)].
From above, we know that the result is correct.
Corollary 1. The Q(Ss,Cs,C, Cp—s—;—1) graphs with the largest o— index is
Q(S5,Cy,Cy,Cp—9g).
Theorem 3.3. Let n > 4k, then
0(Q(Sk, Cs,,Csyy -+, C5,)) < 0(Q(Sk, Cay v+, Ca, Cs syt sp—ak+4)) and
0(Q(Sk:Cs,,Csyy- -+, Cs,)) = 0(Q(Sk, Cuy - -+, Ca, O sptongs—ak+4)) if only and if
Q(Sk, Cs,, Csyy -+, Cs,) 2 Q(Sk, Cuy -+ ,Cyy, O syt sy —dkt4)-
Proof. If K = 3, we have proofed that the result is correct. We presume that the result is
correct, if K =k, then if K = k + 1 we have
o(Q(Sk41,Cs15 Coysv o+, Csp i)
= (Q(Sk11,Cors Car -+ Cogy) = 0) + 0(QSks1, Cars oo+ Co)) — [1])
< (L5 Loy psptotsn—a(o1) + Fo T Fay g toosp—akts) Fopiy 11
ALY Loy gsptotsp—artraFe, -1
0(Q(Sk+1,Cas -+ ,Cu, Oy ysytotosyry—ak))
= LiLsitsottsnpa—ak + 5 Fsfoppotsgg—akt1
0(Q(Sk+1,C1,+++ ,C1, Csypsyttsyyr—ak)) — 0(Q(Sk41,Cs,, Csyy o, Csy )
> L{z—l[L4le+82+~-+sk+1—4k — Ly ysotgsp—akra(Fspyy1+ Fop 1)
A FF T (F5Foyogtotsns—akt1 — Foytsgtotsn—thsFop i +1)
= Ly N (Lgy 4 sgtotsnss—ah—a — (—1)% 4 Ly, {yoiotg —ahd—syyy)
+F5k_1(L31+52+”'+5k+1_4k—4 - (_1)sk+1LS1+52+~-+81€—47€+4—51¢+1)
= (Lffl - F5kil)(LS1+82+--~+81€+1*41€*4 - (_1)sk+1L51+82+---+sk74k+475k+1) > 0.
From above, we know that the result is correct.

84. The graph with the smallest Merrifield-Simmons index
in Q(Ska 0817 0527 U 708k) graphs

In this section, we will find the Q(Sk, Cs,, Cs,, - - - , Cs, ) graphs with the smallest Merrifield-
Simmons index.

Theorem 4.1. Let s =2j+14,i € {1,2,3,4} and j > 2, then
0(Q(S3,Cy,C3,Cp3)) > a(Q(S3,Cs, C3,Cr—10))
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> - > 0(Q(S3,Cojy2p,C3,Crinj2p-4)) > 0(Q(S3,Coj41,C3,Cr_2j_5))
> > 0(Q(83,Cs5,Cs,Chg)) > 0(Q(S3,C3,C3,Cr17)),
where p=0ifi=1,2and p=1ifi = 3,4.
Proof. From lemma 2.6, we have
o(Q(83,Cs,C3,Cr—s_4))
=2Fs 1 FyFy s 3+ Fsp 1Pyl s 5+ Fo 1 FoFy o 3+ Fs 1 FyFy s 3
+Es 1ol s 3+ Fs 1 FyFy s 5+ Fsp1bolFy s 5+ Fs_1FoF, s 5
=TFe 1\ Frs 3 +4F 1 P s s +4F, 1 Fy_s 3 +4F 15
= 1T~ (1) L) 4 4L s — (1) L 2s o)
+4(Lp—g — (=1)"" Ly _9s—2) + 4(Lp—6 — (—=1)* ' Ly_94_4)]
= 1[(7Ln_2 +8Ly—q +4L_g)
+(—1)*(11L,—0s—4+ 4Ly 95 ¢ +4L,_25-2)].
From above, we know that the result is correct.

1 S k 1// 2 1“1\\
’/’,/’ \\\\ ”/,/’ \\\\\
/,/"/ C 3 \ \ ,,/’/ C 3 \
[ S Y —o
CSl +... 45, —3k+3
Q(Sk, Csys Csay ooy Cs) Q(Sk, C3, e, O3, Cy 4 s —3(k-1))

Picture 4.1
Theorem 4.2. Let n > 4k, then
0(Q(Sk, Cs,,Csyy -+, C5)) 2 0(Q(Sk, Cs, -+, C3, Cs syt t-s—3k+3) ) and
0(Q(Sk,Cs,,Csyy -+, C5,) = 0(Q(Sk; O3+, O3, Csy syt tosi—3k+3))
if only and if Q(Sk, Cs,,Cs,, -+ ,Cs,.) 2 Q(Sk, Cs3,C3, -, Cgy tsototsp—3k+3)-
Proof. If K = 3, we have proofed that the result is correct. We presume that the result is
correct, if K =k, then if K =k + 1 we have
U(Q(SkJrh Cs1,Csyymo s CSk+1))
= 0(Q(Sks1,Coy, Coyy o+ Coys) = 0) + 0(Q(Sks1, oy oo Copy) — [0])
> (L5 Loy gt tsr—3(e-1) T Ff ' Faypsnpotop—sbra) Fog 11
+L§_1le+32+---+sk—3k+3Fsk+1—1
o(Q(Sk41,C3,+ ,C3,Cs ysptotspyr—3k))
= L5 Ly gt tonpa—3k T FLFsipontotopys—3k+1
0(Q(Sk+1,C3,+ ,C3,Cs ysytotspyr—3k)) — 0(Q(Sk11,Cs,, Coyy -, Csy 1))
< ngf_l[L3le+sz+-~-+sk+1—3k — Ly tsptotsp—3k3(Foppt1 + Fop—1)]
+Ey T (FuFy spttspia—3k+1 — Fsyroptotsn—sbtaFsgir41)
= L (= Laytspttonsn—36-3 — (—1)* 1 Ly 4oyt g8kt 3—s041)
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k—1
+F4 (—L51+52+..,+5k+1,3k,3 - (_1)Sk+1L51+S2+"'+Sk*3k+3*8k+1)
_rk—1 k—1
- (LS - F4 )(_L51+32+'“+Sk+1—3k—3 - (_1)Sk+1LS1+82+"'+Sk—3k+3—Sk+1) <0.
From above, we know that the result is correct.
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Abstract For any positive integer n > 3, if n and n 4 2 both are primes, then we call that
n and n + 2 are twin primes. In this paper, we using the elementary method to study the
relationship between the twin primes and some arithmetical function, and give a new critical

method for twin primes.

Keywords The Smarandache reciprocal function, critical method for twin primes.

§1. Introduction and result

For any positive integer n, the Smarandache reciprocal function S.(n) is defined as the
largest positive integer m such that y | n! for all integers 1 < y < m, and m + 1 ¥ n!. That is,
Se(n) =max{m : y|nlforalll <y <m, and m+17n!}. From the definition of S.(n) we

can easily deduce that the first few values of S.(n) are:

Se(1) =1, Se(2) =2, 5.(3) =3, S.(4) =4, S.(5) =6, S.(6) =6,
S.(7) =10, S.(8) =10, S.(9) = 10, S.(10) = 10, S (11) = 12, S.(12) = 12,
5.(13) = 16, S.(14) = 16, S5(15) = 16, S.(16) = 16, Se(17) =18, ------ .

About the elementary properties of S.(n), many authors had studied it, and obtained a
series results, see references [2], [3] and [4]. For example, A.Murthy [2] proved the following
conclusion:

If S¢(n) = x and n # 3, then x + 1 is the smallest prime greater than n.

Ding Liping [3] proved that for any real number z > 1, we have the asymptotic formula

ZSC(n) = % -m2+0(x%).
n<w
On the other hand, Jozsef Sandor [5] introduced another arithmetical function P(n) as
follows: P(n) = min{p : n |p!, where p be a prime}. That is, P(n) denotes the smallest prime
p such that n | p!. In fact function P(n) is a generalization of the Smarandache function S(n).
Its some values are: P(1) =2, P(2) =2, P(3) =3, P(4) =5, P(5) =5, P(6) =3, P(7) =7,
P(8) =5, P(9) =7, P(10) =5, P(11) =11, ---. Tt is easy to prove that for each prime p one
has P(p) = p, and if n is a square-free number, then P(n) = greatest prime divisor of n. If p

be a prime, then the following double inequality is true:

2p+1< P(p*) <3p-1 (1)
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and
S(n) < P(n) <2S(n) — 1. (2)

In reference [6], Li Hailong studied the value distribution properties of P(n), and proved

that for any real number z > 1, we have the mean value formula

5 - Fo = 2-o(2)- 2o (22).

n<z

where P(n) denotes the largest prime divisor of n, and ¢(s) is the Riemann zeta-function.

In this paper, we using the elementary method to study the solvability of an equation
involving the Smarandache reciprocal function S.(n) and P(n), and give a new critical method
for twin primes. That is, we shall prove the following:

Theorem. For any positive integer n > 3, n and n + 2 are twin primes if and only if n

satisfy the equation

Se(n) = P(n) + 1. (3)

8§2. Proof of the theorem

In this section, we shall prove our theorem directly. First we prove that if n (> 3) and
n+ 2 both are primes, then n satisfy the equation (3). In fact this time, from A.Murthy [2] we
know that S.(n) =n+ 1 and P(n) = n, so Sc(n) = P(n) + 1, and n satisfy the equation (3).

Now we prove that if n > 3 satisfy the equation S.(n) = P(n) + 1, then n and n + 2 both
are primes. We consider n in following three cases:

(A) If n = ¢ be a prime, then P(n) = P(q) = ¢, and S¢(q) = P(q) + 1 = ¢+ 1, note that
q > 3, so from [2] we know that g + 2 must be a prime. Thus n and n + 2 both are primes.

(B) If n = ¢%, ¢ be a prime and « > 2, then from the estimate (2) and the properties of
the Smarandache function S(n) we have

P(q%) <25(¢%) —1<2aq - 1.
On the other hand, from [2] we also have
Sc(q¥) >q*+2, if¢g>3; and S.(2%) >2%+1.
If S¢ (¢*) = P (¢®) + 1, then from the above two estimates we have the inequalities
" +3<20q (4)
and
2% 4+ 2 < 4a. (5)

It is clear that (4) does not hold if ¢ > 5 (¢ = 3) and a > 2 (o > 3). If n = 32, then
Sc.(9) =10, P(9) = 7, so we also have S.(9) # P(9) + 1.
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It is easy to check that the inequality (5) does not hold if o > 4. S.(2) # P(2) + 1,
S.(4) £ P(4) + 1, 5.(8) £ P(8) + 1.

Therefore, if n = ¢, where ¢ be a prime and o > 2 be an integer, then n does not satisfy
the equation (3).

(C) If n=pi" - p3?---pp*, where k > 2 be an integer, p; (i =1, 2, ---, k) are primes, and
a; > 1. From the definition of S.(n) and the inequality (2) we have S.(n) > n and

< —1=2. XYV, 1< 9. oY
P(n)<2S(n)—1=2 1](;&2{}9{5’(19Z P—1<2 1r£1iagxk{alpl} 1.

So if n satisfy the equation (3), then we have
n<S.(n)=Pn)+1<2-5(n)<2- max {o;p;}.
1<i<k
Let 1rila<xk{aipi} =q-pand n=p*- -ny, ny > 1. Then from the above estimate we have
717

p¥ny <2-a-p. (6)

Note that n has at least two prime divisors, so n; > 2, thus (6) does not hold if p > 3 and
a> 1. If p=2, then n; > 3. In any case, n does not satisfy the equation (3).
This completes the proof of Theorem.
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81. Introduction

An investigation of relations between spaces with countable networks and images of sepa-
rable metric spaces is one of interesting questions on generalized metric spaces. In the past, E.
Michael [9] proved that a space is an Ng-space if and only if it is a compact-covering image of
a separable metric space. Recently, Y. Ge sharpened this result as follows.

Theorem 1.1.([3], Theorem 12) The following are equivalent for a space X.

(1) X is an Rg-space.

(2) X is a sequence-covering, compact-covering image of a separable metric space.

(3) X is a sequentially-quotient image of a separable metric space.

Taking this result into account, the following question naturally arises.

Questions 1.2. Can “separable metric” , or “image” in Theorem 1.1 be replaced by
stronger ones?

In this paper, we affirmatively answer Question1.2 by proving that a space X is an Ry-space
if and only if X is a sequence-covering, compact-covering mssc-image of a relatively compact
metric space. This sharpens the main result in [3].

Throughout this paper, all spaces are regular and 77, N denotes the set of all natural
numbers, w = N U {0}, and a convergent sequence includes its limit point. Let P be a family
of subsets of X. Then |JP, and [P denote the union | J{P : P € P}, and the intersection
({P : P € P}, respectively. A sequence {z, : n € w} converging to x¢ is eventually in A C X,
if {x, :n>mno} U{zo} C A for some ng € N.

For terms are not defined here, please refer to [2][13].
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§2. Main results

Definition 2.1. Let P be a collection of subsets of a space X.

(1) P is a pseudobase of X [9], if for every compact subset K and K C U with U open in
X, there exists P € P such that K C P C U.

(2) For each x € X, P is a network at z in X, if z € (P, and if x € U with U open in X,
there exists P € P such that t € P C U.

(3) P is a cs-network of X [4], if for every convergent sequence S converging to x € U with
U open in X, there exists P € P such that S is eventually in P C U.

(4) P is a k-network of X [10], if for every compact subset K and K C U with U open in
X, there exists a finite 7 C P such that K C JF C U.

Definition 2.2. Let X be a space.

(1) X is relatively compact, if X is compact.

(2) X is a k-space [2], if FF C X is closed in X whenever F'N K is closed in K for every
compact subset K of X.

(3) X is an Ng-space [9], if X has a countable pseudobase.

Remark 2.3.

(1) It follows from [12, Proposition C] and the regularity of spaces that a space X is an
No-space if and only if X has a countable closed k-network (cs-network).

(2) It is easy to see that “compact metric = relatively compact metric = separable metric”,
and these implications can not be reversed from Example 2.8 and Example 2.9.

Definition 2.4. Let f: X — Y be a mapping.

(1) f is an mssc-mapping [6], if X is a subspace of the product space H X, of a family

neN
{X, : n € N} of metric spaces, and for each y € Y, there is a sequence {V, , : n € N} of

open neighborhoods of y in Y such that each m is a compact subset of X,,, where
Pn - HXi — X,, is the projection.

1(62N) f is a sequence-covering mapping [11], if for every convergent sequence S in Y, there
exists a convergent sequence L in X such that f(L) = S.

(3) f is a pseudo-sequence-covering mapping [5], if for every convergent sequence S in Y,
there exists a compact subset K of X such that f(K) = S.

(4) f is a subsequence-covering mapping [8], if for every convergent sequence S in Y, there
exists a compact subset K of X such that f(K) is a subsequence of S.

(5) f is a sequentially-quotient mapping [1], if for every convergent sequence S in Y, there
exists a convergent sequence L in X such that f(L) is a subsequence of S.

(6) f is a compact-covering mapping [9], if for every compact subset K of Y, there exists
a compact subset L of X such that f(L) = K.

Theorem 2.5. The following are equivalent for a space X.

(1) X is an Rg-space.

(2) X is a sequence-covering, compact-covering mssc-image of a relatively compact metric
space.

(3) X is a sequentially-quotient image of a separable metric space.
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Proof. (1) = (2). Since X is an Rg-space, X has a countable closed cs-network P; and
a countable closed k-network P, by Remark 2.3. Then P = P; U P, is a countable closed
cs-network and k-network of X. Put P = {P; : ¢ € N}, and put Q; = {P; : j < i} U{X} =
{Q« : @ € A;}, where each A4, is a finite set. Then X € Q; C Q; 1. Let every A; be endowed
with the discrete topology. Put

M= {a = (o) € H A; : {Qq, : i € N} forms a network at some point x, € X}.
ieN

Then M, which is a subspace of the product space H Aj;, is a metric space. Since X is T7 and
regular, x, is unique for each a € M. We define f :ﬁ? — X by f(a) =z, for each a € M.

(a) f is onto.

Let x € X. For each i € N, let Qn, = P, if x € P, € Q;, and otherwise, o, = X. Then
a; € A; for each i € N, and {Q,, : i € N} forms a network at « in X. Put a = («;), then a € M
and f(a) = z.

(b) f is continuous.

Let = f(a) € U with U open in X and a € M. Put a = (o) € HA“ where {Q,, :
i € N} forms a network at « in X. Then there exists n € N such that 1x6N€ Qa, C U. Put
M, ={b=(8;) € M: B, =a,}. Then M, is an open neighborhood of a in M. For each
be M,, we get f(b) € Qp, = Qq, C U. It implies that f(M,) C U.

(c) f is an mssc-mapping.

Let x € X. For each i € N, put V,,; = X. Then {V,, : i € N} is a sequence of open
neighborhoods of z in X. Since A; is finite, A; is compact. Then p;(f~'(V,,)) = pi(f 1 (X)) C
A; is compact. It implies that f is an mssc-mapping.

(d) M is relatively compact.
Since A; is finite, A; is compact. Then HAi is compact, so M C H A; is compact. It
ieN ieN

implies that M is relatively compact.

(e) f is sequence-covering.

Let S = {x,, : m € w} be a convergent sequence converging to zp in X. Suppose that U
is an open neighborhood of S in X. A family A of subsets of X has property cs(S,U) if:

(i) A is finite.
(ii) Foreach Q e 4, 0 £ QNS CcQCU.
(iii) For each z,, € S, there exists unique @, € A such that z,, € Q..
(iv) If zp € Q € A, then S\ Q is finite.

For each i € N, since A = {X} C Q; has property ¢s(S, X) and Q; is finite, we can assume
that

{A C Q;: Ahas property ¢s(S,X)} ={Ai; :j=ni—1+1,...,n;},

where ng = 0. By this notation, for each j € N, there is unique ¢ € N such that .4;; has property
¢s(S, X). Then for each j € N, we can put A;; = {Q, : a € E;}, where Ej is a finite subset of
A

g
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For each j € N, m € w and z,,, € S, it follows from (iii) that there is unique o, € E;
such that z,, € Qq,,, € Aij. Let ay = (aym) € H E; C H Aj. Then {Q.,, :j € N} is a
network at z,, in X. In fact, let z,,, € U with Ujf)ien in AJX'EN If m = 0, then S is eventually
in Qg, C U for some @, € Q. For each z € S\ Qy,, let x € @, C X \ (S \ {z}) for some
Qs € Q. Then G = {Q4,} U{Q, : z € S\ Qu,} C Q has property cs(S,X). Since G is finite,
G C Q, for some ¢ € N. It implies that G = A;; for some i € N and some j € {n,_1+1,...,n;}.
Since z, = 20 € Qojor Qayo = Qoo Hence xp, = 29 € Qoo C U. If m # 0, then S\ {z,,}
is eventually in Q,, C X \ {x,} for some @Q,, € Q. For each z € (S \ {zn}) \ Qu,, let
€ Qy C X\ (S\{x}) for some Q, € Q, and let z,, € Q,,, CUN(X\ (S\ {zm})) for some
Qz,, € Q. Then H = {Q,} U{Qx,, } U{Q:z : z € (S\ {zm}) \ Qu,} has property cs(S, X).
Since H is finite, H C Q; for some 7 € N. It implies that H = A;; for some ¢ € N and some
Je{ni—1+1,...,n:}. Since 2., € Qo5 Qaj,. = Qu,,- Hence x, € Qo,,, CU.

By the above, for each m € w, we get a,, = (a;m) € M satistying f(am) = z,,. For
each j € N, since families H and G are finite, there exists m(j) € N such that a;,, = o o if
m > m(j). Hence the sequence {a;n, : m € N} converges to oo in A;. Thus, the sequence
{am : m € N} converges to ag in M. Put L = {a,, : m € w}, then L is a convergent sequence
in M and f(L) = S. This shows that f is sequence-covering.

(f) f is compact-covering.

Let K be a compact subset of X. Suppose that V is an open neighborhood of K in X. A
family B of subsets of X has property k(K,V) if:

(i) B is finite.

(ii) QN K # 0 for each Q € B.

(iii) KcyBCV.

For each i € N, since B = {X} C Q, has property k(K, X) and Q; is finite, we can assume
that

{B C Q, : B has property k(K,X)} ={B;j : j=ni—1+1,...,n;},

where ng = 0. By this notation, for each j € N, there is unique 7 € N such that B;; has property
kE(K,X). Then for each j € N, we can put B;; = {Qn : o € F;}, where F} is a finite subset of
A;.

Put L = {a = (ay) € HE : ﬂ(K N Qq;) # 0}. We shall prove that L is a compact
subset of M satisfying that ZJ.CE(NL) = Z[? I?I hence f is compact-covering, by the following facts (i),
(ii), and (iii).

(i) L is compact.

Since L C H F; and H F; is compact, we only need to prove that L is closed in H F;. Let

ieN ieN ieN
a= ()€ H F;\ L. Then ﬂ(KﬂQai) = . Since KNQ,, is closed in K for every i € N and
i€N ieN
K is compact, there exists ip € N such that ﬂ (KNQy,)=0. Put W=4{b=(8) € HFi :
i<io ieN

Bi = o if i <ip}. Then W is an open neighborhood of a in H F; and WN L = (. If not, there
ieN
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exists b= (8;) e WNL. Since b e L, m(KﬂQgi) # 0, hence ﬂ (KNQgp,) # 0. Since b e W,
ieN i<ig

m (KNQy,) = ﬂ (KNQgp,) # 0. This is a contradiction of the fact that ﬂ (KNQy,) =0.

i<io i<io i<ig

(i) L ¢ M and f(L) C K.

Let a = (a;) € L, then a € HF, and ﬂ(KﬂQai) # (. Pick x € m(Kﬂ Qq,) If
{Qq, 17 € N} is a network at = in 3?Nthen a GZGJ\Rj[ and f(a) =z, hence L C ]\ZfNand f(L) C K.
So we only need to prove that {Q,, : ¢ € N} is a network at « in X. Let V be an open
neighborhood of x in X. There exist an open subset W of K such that x € W, and compact
subsets ¢l (W) and K \ W such that clg(W) C V and K\ W C X \ {z}, where clg (W) is
the closure of W in K. Since Q is a k-network of X, there exist finite families @1 C Q and
Qy C Q such that clg(W) CcUQ1 CVand K\ W C |JQ2 C X \ {z}. We may assume that
QNK #( for each Q € Q1 U Qs. Put L = Q1 U Qy, then L has property k(K, X). It implies
that £ = By; for some i € N and some j € {n;_1 +1,...,n;}. Since € Qq, € Byj,Qa; € Q1,
thus Q,, C V. This prove that {Q,, : j € N} is a network at x in X.

(iii) K C f(L).

Let © € K. For each i € N, there exists a; € F; such that x € Q,,. Put a = («;), then
a € L. Furthermore, f(a) = x as in the proof of (ii). So K C f(L).

(2) = (3). It is obvious.

(3) = (2). It follows from [3, Lemma 11].

Corollary 2.6. The following are equivalent for a space X.

(1) X is a k-and-Rg-space.

(2) X is a sequence-covering, compact-covering, quotient mssc-image of a relatively com-
pact metric space.

(3) X is a quotient mssc-image of a separable metric space.

Remark 2.7. It follows from Remark 2.3, Definition 2.4, and [3, Lemma 10] that “sequentially-
quotient”, “relatively compact metric”, “image” in the above results can be replaced by “sequence-
covering” (“compact-covering”, “pseudo-sequence-covering”, “subsequence-covering”), “separa-
ble metric”, “mssc-image”, respectively. Then Theorem 2.5 sharpens the main result in [3].

Finally, we give examples to illustrate the above results.

Let R and Q be the set of all real numbers and rational numbers endowed with the usual
topology, respectively.

Example 2.8. A relatively compact metric space is not compact.

Proof. Let M = (0,1) C R. Then M is a relatively compact metric space, which is not
compact.

Example 2.9. A separable metric space is not relatively compact.

Proof. Recall that Q is a separable metric space. Since Q = R and R is not compact, Q
is not relatively compact.

Example 2.10. A sequence-covering, compact-covering mapping from a separable metric
space is not an mssc-mapping.

Proof. Recall that Q is a non-locally compact, separable metric space. Put M = Q x {0} x

-x {0}--- C HX“ where X; = Q for each i € N. It is clear that M is a separable metric
i€N
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space. Define f: M — Q by f(x,0,...) = z for each € Q. Then f is a sequence-covering,
compact-covering mapping from a separable metric space. If f is an mssc-mapping, then, for
each z € Q, there exists a sequence {V,; : ¢ € N} of open neighborhoods of = in Q such that
each p;(f~1(V,.;)) is a compact subspace of X;. Thus, p;(f~(V,.1)) is a compact subset of Q,
so Q is a locally compact space. It is a contradiction. Hence f is not an mssc-mapping.

Example 2.11. An Xy-space is not any image of a compact metric space. It implies that
“relatively compact metric” in the above results can not be replaced by “compact metric”.

Proof. Recall that R is an Ng-space. Since R is not compact, R is not any image of a
compact metric space.

Example 2.12. An XNg-space is not any sequence-covering, compact-covering compact
image of a metric space. It implies that “mssc-image” in the above results can not be replaced
by “compact image”.

Proof. Recall that S, is a Fréchet and Ny-space (see [7], Example 1.8.7, for example). It
follows from [13, Remark 4] that .S,, is not any quotient compact image of a metric space. Then

X is not any sequence-covering, compact-covering compact image of a metric space.
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Abstract We settle two conjectures posed by K. Kashihara in his book [1]. The first conjecture

& 1 1
states that H (1 — —‘) < ———— for all n; while the second one that the sequence of
=1 pz pn+1 - pn
2

general term Z p; / Z pi | is convergent. Here p,, denotes the nth prime. We will prove
i=1 i=1
that the first conjecture is false for sufficiently large n. The second conjecture is true, the

limit being zero.

Keywords prime numbers, estimates on primes, convergence of sequences.

§1. Introduction

Let p,, denote the nth prime number. In his book [2], K. Kashihara posed several conjec-

tures and open problems. On page 45 it is conjectured the following inequality:
A |
pn+1fpn<H1_T, (n=1,2,...) (1)
=1 pi
A numerical evidence suggests that this inequality may be true for all values of n. However,

as we will see, for large values of n, relation (1) cannot hold.
Another conjecture (see page 46) states that the sequence (z,) of general term

n
2
E Di
i=1

is convergent, having a limit between 1,4 and 1,5. Though this sequence is indeed convergent,

Ty =

(n>1) (2)

we will see that its limit is p = 0.

§2. Proof of the theorem

An old theorem of F. Mertens (see e.g. [3], p.259) states that

1 c
1 (1_:0) " logx

p<z

as & — 00, (3)
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where ¢ = e~ (e and « being the two Euler constants). Inequality (1) can be written also as

() <5 ®

, if (4) would be true, then for all ¢ > 0 (fixed) and

Since the first term of (4) is ~

log

. 1 1 c— c

n > ng we would obtain that —— > H 1——) > . Let ¢ = = > 0. Then
Pn41 — Pn P<pn p log Pn 2
1 1 n n 2 :

<. < , SO by, = Potl — Pa < — = K. This means that the sequence of general
2 logpn Pn+1 — pn 1ngn &
term (by,) is bounded above. On the other hand, a well-known theorem by E. Westzynthius (see
3

], p- 256) states that hm sup b, = +o0, i.e. the sequence (b,,) is unbounded. This finishes
the proof of the first part
For the proof of convergence of (x,) given by (2), we shall apply the result

x1+a
~N—_— >
Zp (T a)lozz as x — o0 (a > 0) (5)

p<zx

due to T. Saldt and S. Zndm (see [3], p. 257). We note that for o = 1, relation (5) was
discovered first by E. Landau. Now, let « = 1, resp. « = 2 in (5), we can write:

2

Zp~21p" as n — oo; (6)
p<pn 08 Pn
and
P
Zp2~31" as n — oo. (7)
p<pn 08 Pn
3logpn 4 4 logpn
Thus, z, = Z e 08 Pn pz” o 08P
P 3 pa
P<pn
> p| -4log’p,
L P<pn ]
- . .4 logps . .
By (6) and (7), the limit of term [...] is 1. Since 3 . 0, we get lim x, = 0. This
Pn n—oo

finishes the proof of the second part.
Remarks.
1) An extension of (5) is due to M. Kalecki [1]:
Let f:(0,400) — R be an arbitrary function having the following properties:

a) f(x) > 0; b) f(zx)is a non-decreasing function; ¢) for each n > 0, p(n) = lim ff((z;)
exists.
Put s = log ¢(e). Then
T 1
Zf log:z: i b nd (8)

p<zx
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For f(z) = 2® (o > 0) we get p(n) = n®, so s = a and relation (5) is reobtained. We note

that for a = 0, relation (5) implies the ”prime number theorem” ([3])

()

~ as r — 00,
log x

where 7(z) = Z 1 = number of primes < z.
p<z

2) By letting f(z (9(z))", where g satisfies conditions a) — ¢) a general sequence of
[e%

() =

terms x,, = Z (g(pi))” / g(pz-)> may be studied (via (8)) in a similar manner. We omit
i=1 i=1

the details.
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Abstract This paper considers some of the properties of the lattice cubic y = z® . We show
that the area of any triangle inscribed in the lattice cubic is integer-valued. We find that a
geometrical problem leads to the Diophantine equation 4p? = (2¢ + 1")2 + 72, We study the

implications of the solutions of this Diophantine equation.

Keywords Lattice point, lattice triangle, lattice cubic, Diophantine equation

§1. Introduction

On a two-dimensional coordinate plane, a point is represented by an ordered pair of num-
bers (z,y). Of particular interest is a lattice point, defined below.

Definition 1.1. The point (x,y) on the zy-plane is called a lattice point if both = and y
are integers.

Throughout this paper, we shall denote by Z the set of all integers, and by Z™* the set of
all positive integers, and by N the set of all positive integers including 0.

Definition 1.2. A lattice triangle on the zy-plane is one whose vertices are all integers.
A lattice triangle is called Heronian if its sides as well as the area are all positive integers.

Definition 1.3. The lattice cubic consists of all points (z, %) on the parabola y = x such
that z,y € Z.

In this paper, we consider some of the properties of the lattice cubic. We show that a
geometrical problem in the lattice cubic gives rise to a Diophantine equation. Some of the
properties were studied by Majumdar [1]. Here, we particularly focus on the nature of the

solution of the Diophantine equation.

§2. The lattice cubic y = 2*

A lattice triangle APQR, inscribed in the lattice cubic y = 22, can be described by its
vertices P(p,p3), Q(q,q*) and R(r,73), where p,q,r € Z . Without loss of generality, we may
assume that p < g <r.

3 _ 3
Now, the slope of the line PQ is q = ¢® 4 pq + p? . Since
q—p
2 2 1 2 2
¢’ +pa+p° =7 [20+p) +3p7]
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for any p # 0 and ¢ # 0, it follows that the quadratic form ¢? + pg + p? is positive definite.
Thus,

(@® +pg+p*)(r* +qr +¢°) > 0
for any p # 0 and ¢ # 0. But r2? + gr + ¢ is the slope of the line QR. It thus follows that no
right-angled triangle can be inscribed in the lattice cubic y = 3.

Again, since

PQ=+/(q—p)?+(¢*—p*)?=(¢—p)V1+ (¢ +pg+1°)>

and since 1+ (¢? +pq+p?)? can not be a perfect square, it follows that no Heronian triangle can
be inscribed in the lattice cubic y = 23. However, the area of the triangle APQR is integer-
valued, as the following lemma shows.

Lemma 2.1. The area of the lattice triangle with vertices at the lattice points P(p, p?),
Q(q,q®) and R(r,73) with p < ¢ < r on the lattice cubic y = 23, is

Aar) = 50 =)= )~ plp+a+ 7. 1)

Proof. The area of the triangle PQRis the absolute value of

. 1 p p
_ 3
5| 1
1 r
Now,
1 p p = 1 p p?

1 ¢ ¢ |RR—R—Ri|0 q—p (q—p)(¢®+pq+p?
1 7 ¥ |Ry—>Ry—Ro| 0 r—q (r—q)(r2+qr+q?

1 ¢ +pg+p°
=(g—p)r—q ) )
1 r4qr+gq
which gives the desired result.
In (1), let
m=q-p, n=r-4q (2)

Then, from Lemma 2.1, the area of the triangle PQR can be written as

1
Ap,q,r) = gmn(m +n)|3p+2m+nl; peZ; mneZt (3)

In [1], we proved the following result. Here, we use a different approach, taking into account
the possible forms of the integers involved. This form would be helpful in the analysis of the
possible values of the inscribed triangles later.

Lemma 2.2. The area of the lattice triangle with vertices at P(p, p*), Q(q, ¢®) and R(r,3)
is

A(p,q,m) =30
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for some ¢ € Z.
Proof. By (3), the area of the triangle PQR can be expressed as

1
A(p,q,r)Zimn(m+n)|3p+2m+n|; p € Z; m,n ezt (4)

We consider the following nine possibilities that may arise :
(1) m=3k; +1, n=3ky+ 1 for some integers k1, ks > 0 . In this case,

Ap,q,r) = g(mﬁ +1)(3ks + 1)[3(k1 + k) + 2][p + 2k + ko + 1.

(2) m=3k; +1, n=3ky+ 2 for some integers k1, ks > 0 . In this case,
A, q,7) = o (31 + 1)(3ka +2) (k1 + ko + DI+ 2k + ko) + 4]

(3) m=3k; +2, n=3ky+1 for some integers k1, ks > 0 . In this case,
A(p,q,7) = 2(3/41 +2)(3ka + 1) (k1 + ko + 1)|3(p + 2k1 + k2) + 5].

(4) m =3k; +2, n = 3ky+ 2 for some integers k1, ks > 0 . In this case,
Alp,q,r) = ;(3& +2)(3ks + 2)[3(k1 + ko) + 4]|p + 2k1 + ko + 2.

(5) m = 3k1, n = 3ke+ 1 for some integers k1 > 1,ks > 0 . In this case,

A7) = Ska(8ks + D[k + k) + 430+ 2k + ka) + 1]

(6) m =3k; + 1, n = 3k, for some integers k1 > 1,ko > 0 . In this case,

A(pa,7) = 5 (b + Dhaf3(hr + k) + 1130+ 2k + ka) + 2]

(7) m = 3k1, n = 3ko+ 2 for some integers k1 > 1,ko > 0 . In this case,

A(p,7) = Ska(3ks + D[l + ko) + 230+ 2k + ko) + 2]

(8) m = 3k; + 2, n = 3ks for some integers k; > 0,ky > 1 . In this case,

A(p,,7) = 5 (3k + 2DhalB(ha + k) + 2030 + 2k + ko) + 4]

(9) m = 3k;, n = 3ko for some integers ki, ko > 1.

In this case,
34
A(p,q,r) = Eklkz(lﬁ + ka)|p + 2k1 + k2.

Thus, in all the cases, A(p, ¢,7) is a multiple of 3, establishing the lemma.

By symmetry, if A(p,q,7) = 3¢ then A(—p, —q, —r) = 3¢ that is, the area of the triangle
with vertices P’ (—p, —p®), Q (—q, —¢*) and R(—r, —®)is also 3¢. Now, given any integer £ > 1,
is it always possible to find a triangle with area 7 The answer is yes : For example, in Case
(1) in the proof of Lemma 2.2, putting p =0, 1,2, ... successively, we get the triangles of areas

3,6,9,.... The next question is
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Question 1. Is it possible to find some formula for all the lattice triangles inscribed in
the lattice cubic y = 23, each having the area 3¢ for any fixed integer £ > 17

In connection with Question 1 above, we observe the following facts from the proof of
Lemma 2.2 :

Case (1) : For k; =0 = ko, A(p,q,7) = 3|p+ 1.

Case (2) : For k1 =0 = ko, A(p,q,7) = 3|3p+ 4.
Case (3) : For k1 =0 = ko, A(p,q,7) = 3|3p+ 5.
Case (5) : For k1 = 1,ke =0, A(p,q,7) = 6|3p + 7|.

Case (6) : For k1 =0,k = 1, A(p,q,7) = 6|3p + 5.

(1) The minimum-area triangles, each of area 3, can be obtained from Case (1) with
p = 0, and Case (2) with p = —1. Thus, we get the triangles A(0,1,2) and A(—2,—1,0) (in
the notation of (1) and (2)), as well as the triangles A(—1,0,2) and A(—2,0,1) . Note that,
Case (3) with p = —2 does not give any different triangle.

Hence, there are, in total, four triangles, each of area 3.

(2) To find the triangles, each of area 6, we put p = 1 in Case (1), p = —2 in Case (2),
and p = —2 in Case (5). Corresponding to these values, the triangles are A(1,2,3) (and hence,
also the triangle A(—3,—-2,—1)), A(—2,—1,1), (and the triangle A(—1,1,2)), and A(-2,1,2)
(and the triangle A(—2,—1,2) ). No further triangles are obtained from Case (3) with p = -1
and Case (6) with p = - 2.

Thus, there are six triangles, each with area 6.

(3) There are only two triangles, each of area 9. These can be obtained from Case (1) with
p = 2. Thus, the desired triangles are A(2,3,4) and A(—4,—-3,-2) .

(4) To find the triangles, each of area 12, note that Case (1) with p = 3 (or, p = —5),
Case (2) with p = 0 (Case (3) with p = —3 gives the same triangles), and Case (5) with p = —3
(or, Case (6) with p = —1), give such triangles. The triangles of interest are A(3,4,5) (and
A(—=5,—4,-3) ), A(0,1,3) (and A(—3,—-1,0) ) and A(—1,0,3) (and A(-3,0,1)).

Thus, there are six triangles, each of area 12.

(5) To find the triangles, each of area 15, we put p =4 (or, p = —6) in Case (1), p = —3
in Case (2) (Case (3) with p = 0 gives the same triangles), and p = —3,k; = 1,ko = 0 in Case
(7) (Case (8) with p = —2,k; = 0,ky = 1 gives the same triangles). Then, we get the triangles
A(4,5,6)(and A(—6,—5,—4) ), A(0,2,3) (and A(—3,—2,0)) and A(—2,0,3) (and A(—3,0,2)
). Thus, there are six triangles, each of area 15.

Given any two distinct points P(p, p?) and Q(q, ¢*) with p # 0,q # 0 and ¢ # —p, on the

lattice cubic y = 23

, we can always find a line parallel to PQ and intersecting the lattice cubic,
namely, the line joining the points P'(—p, —p?) and Q (—¢, —¢3). But what happens, if we
choose the line PO, passing through the point Pl(—p7 —p?) on the lattice cubic and the origin
0(0,0)? More precisely, let P(—p, —p?)), p # 0, be any point on the lattice cubic y = x®. Then,
the line PO would intersect the lattice cubic at the second point P (—p, —p?). The question is :
Is there any line parallel to POP' and intersecting the lattice cubic? To answer this question,
let Q(q,¢%) and R(r,r3) be two distinct points on the lattice cubic y = 2% such that QR is
parallel to POP' . Then, we have the following result.

Lemma 2.3. The line QR (where @ and R are the lattice points Q(q,¢%), R(r,73) on
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the lattice cubic y = x3) is parallel to the line POP (where P and P’ are the points P(p,p?),
Pl(—p, —p?)) if and only if p, ¢ and r satisfy the Diophantine equation

p? =q¢® +qr+r% (5)

Proof. The slope of the line POP’ is p?, and that of the line QR is ¢2 + qr + r2. Thus,
these two lines are parallel if and only if p? = ¢? + qr + r2.

By inspection, we have the following solutions of the Diophantine equation (5) :

(1) ¢ = +p,r = Fp;

(2) ¢=+p,r =0;

(3) ¢ =0,r = =%p.

These are the trivial solutions. To find the points Q(g, ¢*) and R(r,r?®), we have to look for
the non-trivial solutions of the Diophantine equation (5). Moreover, we may assume, without
loss of generality, that p > 0; also, we may assume that ¢ > 0 and r > 0, because, by symmetry,
if QR is parallel to POP" , then Q R’ is also parallel to POP' , where Q/(—q, —¢®) and
R/(fr, —7r3). Thus, the problem of finding the line parallel to POP' reduces to the problem
of finding positive non-trivial solutions of the Diophantine equation (5). We now observe the
following facts :

(1) if (po, go,70)is a solution of the Diophantine equation (5), so is (po, ro, qo);

(2) if (po, qo,70) is a solution of (5), so is (kpo, kqo, kro) for any k € Z*.

Note that the solutions (po, g0, 70) and (po,70,go) are the same. By virtue of the second
observation, it is sufficient to look for solutions of the Diophantine equation (5) for primes p
only.

Writing the Diophantine equation (5) in the form,

4p* = (2q +7)* + 3r2. (6)

We searched for the solution of the Diophantine equation (6) for 1 < p < 100. The following
table summarizes our findings.
Table 2.1 : Solutions of 4p? = (2¢ +r)? + 3r? ,1 < p < 100

q | r p|aq|Tr plalr
71315 49 | 16 | 39 91 | 11 | 85
13718 21 | 35 19 | 80
19 5 |16 61| 9 |56 39 | 65
3111 | 24 67 | 32 | 45 49 | 56
37| 7 |33 73 | 17 | 63 97 | 55 | 57
43 | 13 | 35 79 | 40 | 51

The above table shows that, there are solutions of the Diophantine equation (6) only
for the primes p = 7,13,19,31,37,43,61,67,73,79 and 97 (and their multiples) on the range
1 < p <100, and in each case, there is only one solution. Thus, corresponding to each of these
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values, there are only two lines parallel to the line POP ; thus, for example, there are only two
lines, namely, the line passing through the points Q(q,¢%) = Q(3,3?%) and R(r,r3) = R(5,5%),
and (by symmetry) the line passing though the points (—3,—3%) and (=5, —53), which are
parallel to the line through the origin 0(0,0) and the point (7,7%). However, there are four
lines parallel to the line through (49,49%) and 0(0,0); the four lines are those passing through
the points (16,16%) and (39, 39%) (and the line through (—16,—16%) and (-39, —39%), together
with the line passing through the points (21,213) and (35,353) (as well as the line through
(—21,-213) and (—35,—35%)) And there are eight lines, each of which is parallel to the line
through the origin 0 (0, 0) and the point (91,91%) : The line through the points (11, 11%) and
(85, 853) (and that through (- 11, - 113) and (- 85, - 85%)), the line through the points (19, 193)
and (80, 80%) (and the line through (- 19, - 19%) and (- 80, - 80?)), the line through the points
(39, 393) and (65, 65%) (together with the line through (- 39, - 39%) and (- 65, - 65)), and the
line through the points (49, 493) and (56, 56°) (as well as the line passing through the points
(- 49, - 49%) and (- 56, - 563)).

Our second question is

Question 2. Is it possible to determine a formula that would give all the lines parallel to
the line through the origin 0(0,0) and the point P(p,p?), p # 0, on the lattice cubic y = x3?

Now, we consider the problem of finding all lattice triangles, inscribed in the lattice cubic
y = 23, whose areas are perfect squares, that is, the triangles such that

Alp,qr) = a”

for some integer a' > 1. Now, since 3|A(p,q,7) (by Lemma 2.2), it follows that 3|a’ . Thus,
the triangles whose areas are perfect squares must be such that

Ap,q,r) = (3a)?

for some integer a > 1.

It is always possible to find a lattice triangle inscribed in the lattice cubic y = 2 , whose
area is a perfect square. Recall that, triangles with area (3a)? occur in pairs, that is, if the area
of the triangle with vertices at the points P(p, p®), Q(q,¢%) and R(r,r3) is (3a)? , then the area
of the triangle with vertices at P,(fp, —p%), Q'(fq, —¢*) and R'(fr, —7r3) is also (3a)%. We
already found two triangles, each with area 9.

In fact, we can prove a more general result.

Lemma 2.4. There exists an infinite number of lattice triangles inscribed in the lattice
cubic y = 23, each with an area which is a perfect square.

Proof. We prove the lemma by actually constructing a family of lattice triangles, each
having an area which is a perfect square. To do so, we proceed as follows : In (2.3), let m = n.
Then,

Alp,g,r) = 3m?|p+ml. (7)
To make (7) a perfect square, let

p=(3n* — )m;m,n € Z".
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The resulting triangle is A ((3n? — 1)m, 3n?m, (3n? + 1)m).
Hence, A ((3n2 — 1)m, 3n%m, (3n? + 1)m) : m,n € ZT, is the desired family, with the area
(3m?n)?.

We now pose the following question

Question 3. Is it possible to characterize all the triangles inscribed in the lattice cubic
y = 23 , whose areas are perfect squares?

Next, we consider the problem of finding all inscribed lattice triangles whose areas are

cubes of natural numbers. By Lemma 2.2, the areas of such triangles must be of the form

A(p,q,7) = (3a)®

for some integer a > 1. We can prove the following result.
Lemma 2.5. There exists an infinite number of lattice triangles inscribed in the lattice

3

cubic y = x°, each with an area which is cube of a natural number.

Proof. We proceed on the same line of proof as of Lemma 2.4. In (7), letting

p=3n>—m; m,neZ.
We get the triangle A (3213 —m, 3%n3,3%n3 + m), whose area is (3n)3.
In connection with Lemma 2.5, we raise the following question.
Question 4. Is it possible to characterize all the lattice triangles inscribed in the lattice

cubic y = 23, whose areas are cubes of natural numbers?

§3. Some open problems

The case of the lattice parabola y = 2% has been treated by Sastry [2], and later, to
some extent, by Majumdar [1]. This paper treats the case of the lattice parabola y = 23, in
continuation of our previous study in [1]. There are several open problems in connection with
the lattice parabola and lattice cubic, some of which are already mentioned in Section 2. It
might be a problem of great interest to study the properties of the lattice triangles inscribed in

the lattice curve y = 2™, where n > 3 is an integer.

References

[1] Majumdar, A. A. K., Triangles in Lattice Parabola and Lattice Cubic, Journal of
Bangladesh Academy of Sciences, 24(2000), No.2, 229-237.

[2] Sastry, K.R.S., Triangles in a Lattice Parabola, The College Mathematics Journal,
22(1991), No.4, 301-306.



Scientia Magna
Vol. 4(2008), No. 2, 75-79

Eigenvalue problems and inverse
problems on SC matrices

Lieya Yan and Minggang Chen
Department of Mathematics, Xi’an University of Architecture and Technology,
Xi’an, 710055, China
E-mail: xajdyly@yahoo.com.cn

Abstract Eigenvalue problem of SC matrices with the form aa” and matrices sum with
the form aaT(a € R™) is discussed, and a structure of orthogonal matrices of SC matri-
ces diagonalized is given. And the method of inverse eigenvalue problem of SC matrices is

improved.
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Let J, = (én,€n—1,--+ ,e1), where e; is the ith column of the n xn identity matrix. A
matrix A is called centrosymmetric if J,A = AJ,, and anti-centrosymmetric if J,A = —AJ,.
For A € R™ ™, a structure of centrosymmetric matrices and it’s solution of the inverse eigenvalue
problem were developed by FuZhao Zhou, XiYan Hu and Lei Zhang in [1]. In [3], Trench
studied problem of R-symmetric or R-skew symmetric matrices. Recently, some properties and
the inverse eigenvalue problem of generalized centrosymmetric matrix have been studied in [4]
and [5], respectively.

A centrosymmetric matrix of a real symmetric is called an SC matrix. In this paper,
eigenvalue problem of SC matrices with the form aa™ and matrices sum with the form aa®(a €
R™) are discussed. Also a structure of orthogonal matrices of SC matrices diagonalized is
given. Furthermore the method finding inverse eigenvalue problem of SC matrices given in [2],

is improved here.

§1. Eigenvalue problem of SC matrices

Lemma 1.1. Let 0 # o € R®. Then A = aaT has a unique nonzero eigenvalue A such
that A a3 and a unit eigenvector z :ﬁ corresponding to A.
2
Proof. Clearly, A = aaT is a real symmetric matrix. Since o # 0, we have rank(A)=1.

Therefore, A has a unique nonzero eigenvalue. Denote the eigenvalue of A by A and the unit

eigenvector corresponding to A by x. Then we get aa”x = Az. Since A # 0, it follows that

IThis research is supported by National Natural Science Foundation of China(Grant No:10671151).
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aTx #0. Let a = aT)\:z:' Then o« = az. Notice that z7x = 1. We have A\ =a?. Furthermore,
afa =X xTz=a? So A=a*=aTa=|a|f and z = § = Tl

Corollary 1.2. A = aaT is a positive semidifinite matrix.

lemma 1.3. Let 0 # a € R". Then A = aa™ is an SC matrix if and only if Ja = « or
Ja=—a.

Proof. Because A = aa” is a real symmetric matrix, we only need to prove that A is a
centrosymmetric matrix if and only if Ja = a or Ja = —a.

Suppose that A=aaT is a centrosymmetric matrix. We have that = :ﬁ is the unit
2

eigenvector corresponding to the eigenvalue A of A by Lemma 1.1. Thus, @« = ||allz2z and
Ja=J(||a]l2z) = ||a|l2 Jx. Since Jr = x or Jx = —x from [1], then Jo = a or Ja = —a.
Conversely, suppose Ja = a or Ja = —a, then it is easy to check that JaaTJ=Ja(Ja)T,

ie., A= aaT is a centrosymmetric matrix.

Theorem 1.4. Let 0 # a; € R” and A; = ;" (1 = 1,2,---,s5). If 4;A; = 0 for

S
i,j=1,2,-+-,8,1# j, then A = ZAi has only nonzero eigenvalue ||a1||3, |lazl|3, -+, |las||3.

i=1
S
Proof. Clearly, A; = a;a;T is a real symmetric matrix. It follows that A = ZAi is

i=1
a real symmetric matrix. Since o; # 0(i = 1,2,---,s), we have a;o"# 0. Thus A;A;=
a0 ojaT= (" o) 7= 0 if and only if a;T# 0, i.e., o; and «; are orthogonal. Conse-
quently, aq, aq, - -, ag are orthogonal vectors set.

Meanwhile, Ac; = A;o; =aafc; =|log]| 3 ai(i = 1,2,--+,5), ie, |13, |lazll3, -+,
|las||3 are nonzero eigenvalues of A. A is the sum of matrix A;(i = 1,2,---,s), where
rank(A;)=1, and rank(A) is no more than s. Thus, A has s nonzero eigenvalues at most.

S

Hence, A = ZAi has and has only nonzero eigenvalues |lay||2, [[as|l 2, - - -, [las]3.
i=1

Corollary 1.5. Let 0 £ o; € R™ and A; = ;" (i = 1,2, -, s). Suppose that
AA; =005, =1,2,---,s,i # j). Then A = ZAi is a positive semidifinite matrix where

i=1
s<n,and A= Z A; is a positive difinite matrix where s = n.
i=1
Corollary 1.6. Let aj,as,- - ,a;, be orthonornal column vectors set and A; = a7 (i =
S
1,2,---,s). Then Z A; is an identity matrix.
i=1

Theorem 1.7. Let A and B be n x n real symmetric matrices, where r(A) = r,r(B) = s
(r(A) means rank of A), and r + s < n, let nonzero eigenvalues of A be A1, Aa, -+, A, and let
nonzero eigenvalues of B be pq, pa, -, us. If AB = 0, then nonzero eigenvalues of A + B are
)\17)\27"' 7)\7’7 /1'17 /1'27"' 7/4LS'

Proof. Since A and B are n x n real symmetric matrices, then BA = 0 where AB = 0 and
so A and B commute. Hence there exists an orthogonal matrix @ such that A = QA 4QT and
B = QApQT, where Ay = diag(Ay, Ary, -+, Ar,) and Ap = diag(ps, , fsy, -+ 5 s, ). Thus,
AB = 0 if and only if AyAp = 0. AgAp = 0 if and only if A\ us, = 000 = 1,2,--- ,n),
that is, if AB = 0, then A,, and pus, equal to zero at least one. Thereby, \,, + us, equals
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zero or equals A\; or pui(j = 1,2,---,mk =1,2,---,s). Meanwhile, since A+ B = Q(Aa +
Ap)QT=Qdiag(Ar, + sy, Ary + fhsyy 5 Ar, + s, )QT , if AB =0, then nonzero eigenvalues of
A+ B are Ay, Ao, -+, Ay, 1, fo, -, . Obviously, A + B is nonsingular where r 4+ s = n.

Theorem 1.8. Let X7 = (21, x2, -+ ,x,) and Ay = diag(A1, A2, -+, A\), where
A1, Ag, -+, A are nonzero and the set {z1,z9, -+ ,x,} is an orthonormal vectors set. Then
there exists a nonsingular real symmetric matrix A such that AX; = X1A;.

Proof. Let A1 = X;A1 X T. Since X; is a n X r matrix with orthonormal columns,
there exists a n X (n — r) matrix X9 with orthonormal column such that X5"X; = 0. Put
As=XoA5 XoT | where Ay = diag(Ary1, Arya, -+, An) with det Ao 0. Then A3 A; = 0. Let
A = A;+A,. By Theorem 1.7, A is nonsingular and
AX) =(A; + A) X1=(X1 A1 X074+ X Ao XoT) Xi= Xa M X0 T Xy + XA X' X,
=X1M11 +0=X1A;.

It is clear that three Theorems above hold for SC matrices.

Theorem 1.9. Let A be SC matrix. Then

) P B

(1) For n=2k, P = — is an orthogonal matrix such that
V2 \ P JPy
Ay
PTAP= , where Py, Ps are k x k orthogonal matrices and A1, A; are k x k diagonal
2
matrices;
Py Py
orn=2k+1, P=—= 0 2~T ]1s an orthogonal matrix such that
(2) F 2k 113\1[2 V2qr | hogonal matrix such th
—Jx P Jp P2
Al . . ’ P2 .
PTAP = , where Pj is a kxk orthogonal matrix, P» = isa (k+1)x(k+1)
Ao v

orthogonal matrix, v € RFTDX1 and Ay, A are k x k and (k + 1) x (k+ 1) diagonal matrices,

respectively.

A
Proof. If n = 2k, then A is a SC matrix and so A=Q H Q7T, where
Ao
1 Ik k . . .
Q=— and Ay, Ago are k X k real symmetric matrices. Since Aj1, Ago are
VI R A

k x k real symmetric matrices, there exist orthogonal matrices Py, P, such that A1, = PiAPT,
Ago=Py Ay P,T, where Aj,As are k x k diagonal matrices. Let

1 I, I P 1 Py J=X

Ve \ g P, V2 \ —n.pP I P

A
Thus PTAP= ! . For the case where n = 2k + 1, the proof of the result is similar.
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§2. Inverse eigenvalue problems of SC matrices

(1) Let A1, Ag, -+, A, be real numbers. Find an SC matrix A such that A\, Ag, -, A, are

eigenvalues of A.

P, P
If n =2k, P, P, are k x k orthogonal matrices. Set P = —— ! ?
V2 \ —P P

Then, PTAP = diag(A1, A2, , An).
If n =2k +1, Py is a k x k orthogonal matrix and P, is a (k+ 1) x (k + 1) orthogonal
P,

matrix, where P, = and v € RFHX1 - Get
’)/T
P Py
1
—JgP1 Ji P

Then PTAP = diag(A1, A2, -, An)-
Example. 1, 2, 3, 4, 5 are eigenvalues of SC matrix A,

witeP = [ L " | = \f \f \f \f

0 1
We can obtain: A = Pdiag(1, 2,3,47 5)PT.
(2) For r given eigenpairs (A1, 21), (A2, 22),- -+, (Ar,2) of a nx n SC matrix A, where
T1,Ts,- -, T, is a orthonormal vectors set, find a SC matrix A.

By the characteristic of eigenvector for SC matrix, if n = 2k,
1 X?”l XT’2 .
let X = (z1,22, -+ ,2) = == , 71 + 19 = r. Take orthonormal eigen-
V2 \ X, X,
vectors sets X € RF*(F=m1) and X € RF*(k=72) guch that X,TIXT =0 and XTTQXT,.2 =0
Set P, = ( X, X, ) P= ( X, X, )
Then, PyA11 PE=diagA1, -+, Ar,s Ay 5 Ay ),
PyAgs PT=diag(Ary 11, s Ars Mgty s Moy, s Wheredy, -+, A Ay g, AL, are ar-
bitrary real numbers.
. 1 Py Py
By Theorem 1.9, if P = —= , then
V2 \ P Py
A= szag()‘h e a)‘rlv)\/lv e 7)\;g—r1’AT‘1+17 Tty )‘7‘; )‘;«14-17 Tty A;C_TZ)PT;

If n = 2k + 1, without loss of generality , we suppose that

X, X,
X = (21, 22, ) = —= 0 V24T |t =
_Jk)X’I“l Jk)X’I“z

The result will be obtained.
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Example. For two given eigenvalues 1, 3 of 4 x4 SC matrix A, the eigenvectors correspond-

ing to the eigenvalues are X; = 1 ( 1, 0, 0, -1 )T and Xy = L ( 0, 1, 1, 0 )T.

V2 V2

TakeXi:%(O, 1, -1, O)TandXé:%(l, 0, 0, 1),

Set P = (X1, X,,X2,X,). Then A = Pdiag(1,)],3,M5 )PT, A} , Ay are arbitrary real numbers.
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Abstract Murthy [1] introduced the concept of the Smarandache Cyclic Determinant Nat-
ural Sequence, the Smarandache Cyclic Arithmetic Determinant Sequence, the Smarandache
Bisymmetric Determinant Natural Sequence, and the Smarandache Bisymmetric Arithmetic
Determinant Sequence. In this paper, we derive the n-th terms of these four sequences.

Keywords The Smarandache cyclic determinant natural sequence, the Smarandache cyclic
arithmetic determinant sequence, the Smarandache bisymmetric determinant natural seque-

nce, the Smarandache bisymmetric arithmetic determinant sequence.

81. Introduction

Murthy [1] introduced the concept of the Smarandache cyclic determinant natural sequence,
the Smarandache cyclic arithmetic determinant sequence, the Smarandache bisymmetric deter-
minant natural sequence, and the Smarandache bisymmetric arithmetic determinant sequence
as follows.

Definition 1.1. The Smarandache cyclic determinant natural sequence, {SCDNS(n)} is

2

1
3

|1‘7 ? 2
4

3
1

L= VE VR
N = s W
w N =

SCDNS(n) = (_1)[2

where [z] denotes the greatest integer less than or equal to z .
Definition 1.2. The Smarandache cyclic arithmetic determinant sequence,

{SCADS(n)} is

a at+d a-+2d
a a+d
1], ;| a+d a+2d a |, -
a+d a
a+2d a a+d



Vol. 4 On some Smarandache determinant sequences 81

Murthy conjectured, erroneously, that the n — th term of the above sequence is
n

*} a+ (n—1)d
2

SCDNS(n) = (-1) { 2 (nd)"~*

where [z] denotes the greatest integer less than or equal to x .
Definition 1.3. The Smarandache bisymmetric determinant natural sequence,
{SBDNS(n)} is

2

I, ,
4

w N =
N W N
= N W

3
4
3
2

= W N -
N W

Definition 1.4. The Smarandache bisymmetric arithmetic determinant sequence,
{SBADS(n)} is

a at+d a-+2d
a a+d
1], ;| a+d a+2d a+d |, -
a+d a
a+2d a-+d a

Murthy also conjectured about the n-th terms of the last two sequences, but those expres-
sions are not correct.

In this paper, we derive explicit forms of the n-th terms of the four sequences. These are
given in Section 3. Some preliminary results, that would be necessary in the derivation of the

expressions of the n-th terms of the sequences, are given in Section 2.

§2. Some preliminary results

In this section, we derive some results that would be needed later in proving the main
results of this paper in Section 3. We start with the following result.
Lemma 2.1. Let D = |d;;| be the determinant of order n > 2 with

a, ifi=j>2
dij =
1, otherwise.
where a is a fixed number. Then,
1 11 1 1
1 a 1 1 1
D= 1 1 a 1 1 :(a—l)n_l.
1 11 a 1
1 1 1 1 a
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Proof. Performing the indicated column operations (where C; — C; — C; indicates the

column operation of subtracting the 1st column from the ith column, 2 < i < n), we get

1 1 1 11 = 1 0 0 0 0
1 a 1 --- 1 1CQ—>CQ—01 1 a-—-1 0 0 0
D=1 1 a 1 103—>03—C1 1 0 a—1 0 0
111 - a 1Ch—Cu—C |1 0 0 - a-1 0
111 1 a 1 0 0 0 a-1
a—1 0 0 0
0 a-—1 0 0
0 0 a—1 0
0 0 0 a—1

which is a determinant of order n — 1 whose diagonal elements are all a — 1 and off-diagonal

elements are all zero. Hence,

D= (a—1)""".

Lemma 2.2. Let D® = ‘dg?)‘ be the determinant of order n > 2 whose diagonal elements

are all a (where a is a fixed number) and off-diagonal elements are all 1, that is,

a, ifi=j>1;
dij =
1, otherwise.
Then,
a 1 1 1 1
1 a 1 1 1
DW=1 1 a -+ 1 ll=(a-1)"Ya+n-1).
111 -+ a 1
111 -+ 1 a

Proof. We perform the indicated column operations (where C; — Cy +Co + ... + C),

indicates the operation of adding all the columns and then replacing the 1st column by that

sum, and C; — denotes the operation of taking out the common sum) to
’ YO+ G+ Oy P 8 )

get
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a 1 1 11 11 1 11
1 a 1 11 1 a 1 11
= 1
D=1 1 a - 1 1 (atn=D1 1 . 11
Ci—-Ci+Cy+...+C,
: 1 :
G -aTe c
111 - a1 1+C2+..+Cn 11 1 a 1
11 1 1 a 11 1 1 a

—(a+n—1)(a-1)",

where the last equality is by virtue of Lemma 2.1.
Corollary 2.1. The value of the following determinant of order n > 2 is

—n 1 1 1 1
1 —n 1 1 1 )
=(-1)" 1.
1 1 -n TR B
1 1 1 -n 1
1 1 1 1 —n
Proof. Follows immediately from Lemma 2.2 as a particular case when a = —n.

Lemma 2.3. Let A, = |a;;| be the determinant of order n > 2, defined by

1, ifi<j;
aij:
—1, otherwise.
Then,
1 1 1 1 1 1
-1 1 1 1 1 1
A, =
-1 -1 1 1 1 1|=9n-!
-1 -1 -1 -+ -1 1 1
-1 -1 -1 -+ -1 -1 1

Proof. The proof is by induction on n. Since

-1 1

the result is true for n = 2 . So, we assume the validity of the result for some integer n > 2. To

prove the result for n+ 1, we consider the determinant of order n+ 1, and perform the indicated
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column operations (where C; — Cy + C,, indicates the operation of adding the n — th column

to the 1% column to get the new 1°¢ column), to get

1 1 1 1 1 1 2 1 1 1 1 1
-1 1 1 1 1 1 0 1 1 1 1 1
An+1E =
-1 -1 1 .- 1 1 1 0o -1 1 1 1 1
Ci—-Ci+C,
-1 -1 -1 -1 1 1 0 -1 -1 -1 1 1
-1 -1 -1 -1 -1 1 0o -1 -1 -1 -1 1
1 1 1 1 1 1
-1 1 1 - 1 1 1
—2| — 24, = 2",
1 -1 -1 - -1 1 1
1 -1 —1 - -1 -1 1

by virtue of the induction hypothesis. Thus, the result is true for n 4+ 1, which completes
induction.

Corollary 2.2. The value of the following determinant of order n > 2 is

11 1 11 1
11 1 11 -1 [n]
Bn: _ 9 n—1
11 1 1 -1 —1|=(=Dnt2l2nh

1 1 -1 -+ -1 -1 -1
1 -1 -1 - -1 -1 -1

Proof. To prove the result, note that the determinant B, can be obtained from the
determinant A, of Lemma 2.3 by successive interchange of columns. To get the determinant
B,, from the determinant A,,, we consider the two cases depending on whether n is even or odd.

Case 1 : When n is even, say, n = 2m for some integer m > 1.

In this case, starting with the determinant B,, = Bs,,, we perform the indicated column

operations.
11 - 1 1 1 = (-1)m | 1 1 - 1 1 1
B,=By,=/1 1 - 1 1 -1 C1 — Copy -1 1 - 1 1 1
Cy — Cam—1
1 1 - -1 -1 -1 : -1 -1 -+ -1 1 1
1 =1 -+ =1 =1 —1/Cpm — Cmps -1 -1 -+ =1 -1 1
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— (_1>m2n—1.

Case 2 : When n is odd, say, n = 2m + 1 for some integer m > 1 . In this case,

1 1 1 1 1 1
1 1 1 1 1 -1
B,, = Boj+1 =
AT 1 -1 -1
1 1 -1 -1 -1 -1
1 -1 -1 -1 -1 -1
1 1 1 1 1 1
= —_1)m
( ) -1 1 1 1 1 1
C, — C2m+1
-1 -1 1 - 1 1 1
Cy — Coyyp ) = (71)m2n71'
1 -1 -1 -+ -1 1 1
Cm - Cm+2
-1 -1 -1 -+ -1 -1 1

n
Since, in either case, m = [5} , the result is established.

§3. Main results

In this section, we derive the explicit expressions of the n-th terms of the four determinant
sequences, namely, the Smarandache cyclic determinant natural sequence, the Smarandache
cyclic arithmetic determinant sequence, the Smarandache bisymmetric determinant natural
sequence, and the Smarandache bisymmetric arithmetic determinant sequence. These are given
in Theorem 3.1, Theorem 3.2, Theorem 3.3 and Theorem 3.4 respectively.

Theorem 3.1. The n-th term of the Smarandache cyclic determinant natural sequence,
SCDNS(n) is

1 2 3 4 n—2 n—1 n
2 3 4 5 n—1 n 1
SCDNS(n)=| 3 4 5 6 n 1 2 :(_1)[2“;1””1.
4 5 6 7 1 2 3
n—1 n 1 2 -+ n—-4 n-3 n-2
n 123 -+ n-3 n-2 n-1

Proof. We consider separately the possible two cases.
n
Case 1 : When n is even, say, n = 2m for some integer m > 1 (so that [f} =m).

We now perform the indicated operations on SCDNS(n) (where C; < C; denotes the operation
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No.

2

of interchanging the i -thcolumn and the j-th column, and R; — R; — R; means that the j-th

row is subtracted from the i-th row to get the new i-th row). Note that, there are in total, m

interchanges of columus, each changing the value of SCDNS(n) by —1. Then,

1 2 3
2 3 4
SCDNS(n) = 3 4 5
4 5 6
2m—1 2m 1
2m 1 2
2m 2m — 1
1 2m
= —1)m
(-1) 5 )
Ci < Cop
3 2
Cy = Com—1
2m—3 2m —4
Cm - Cm+1
2m—2 2m —3
2m—1 2m —2

Com — C1+Co + ... + Cop,

1
C2m

R2—>R2—R1
R3—>R3—R2

Rzm — R2m - R2m71

- Ci+Cs+ ...+ Cyyyy

4 2m -2 2m -1 2m
5 2m —1 2m 1
6 2m 1 2
7 1 2 3
2 -+~ 2m—4 2m—3 2m-—2
3 2m -3 2m -2 2m-—-1
2m — 2 3 2 1
2m —1 4 3 2
2m ) 4 3
1 6 5 4
2m — 5 2m 2m—1 2m —2
2m — 4 1 2m 2m — 1
2m — 3 2 1 2m
2m 2m-1 --- 3 2
2m -3 2m—4 2m 2m—1
2m -2 2m-3 --- 1 2m
2m—-1 2m—-2 ... 2 1
2m 2m -1 2m —2 2
1—-2m 1 1 1
1 1—-2m 1 1
1 1 1—2m 1
1 1 1 1
1 1 1 o 1-2m

===

=]
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— ()"

_ (_1)7n+1 Qm(2m + 1)

2

2m(2m + 1)

(—1ym

{(=nm =t @my2m=n |

1 1 1
1 1 1
1-2m 1 1
1 1 1
1 1-2m 1
1 1 1-2m
2 1
— (_1)’m m2+ (2m)27n—1'

Case 2 : When n is odd, say, n = 2m + 1 for some integer m > 1 (so that [g] =m).

Here,

1 2
2 3
SCDNS(n) = 3 4
4 5
2m 2m+1
2m+1 1
2m+1 2m
= (-1)™ 1 2m +1
C1 < Comt1 2 1
Cy — Oy 3 2
Cs3 = Com—1
: 2m—2 2m—3
Cm = Cpyo 2m—1 2m-—2
2m 2m —1

S Ot s W

N =

N B e B & L

2m —1
2m

2m+1

2m — 4
2m — 3
2m — 2

2m —1 2m 2m + 1
2m 2m+1 1
2m +1 1 2

2m—-—3 2m—2 2m—1
2m—2 2m—1 2m

S Ot s W
Gt = W N
- W NN

2m+1 2m 2m — 1
1 2m+1 2m
2 1 2m +1
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Coms1 = C1+Co+ ... + Coppta
1

Cl + 02 + ...+ CQerl

C2m+1 -

2m+1 2m 2m — 1 3 2 1
2 2 1 2m+1 5 4 1
3 2 1 6 5 1
2m—2 2m—3 2m—4 2m + 1 2m 1
2m—-1 2m—-2 2m-—3 --- 1 2m+1 1
2m 2m—1 2m—2 --. 2 1 1
2m(2m + 1) 2m+1 2m 2m-—1 3 2 1
j— —1)m
(=1) 2 —2m 1 1 1 1 0
R2—>R2—R1
1 —2m 1 1 1 0
R3—>R3—R2
. 1 1 —2m 1 1 0
Rm _)Rm _Rm
mort T RamAL A 1 1 1 1 10
1 1 1 —2m 1 0
1 1 1 1 —2m 0
—2m 1 1 1 1
m (2m+1)(2m +2) omiz | L T2m 1 1
=(-1) (-1
2 1 1 —2m - 1 1
1 1 1 1 1
1 1 1 —2m 1
1 1 1 1 —2m

2m+1)(2m +2)
2

m 2m + 2

= (—1)m {(_1)2m(2m+ 1)2m—1} = (~1) (2m+ 1>2m.

Thus, the result is true both when n is even and when n is odd, completing the proof.

Theorem 3.2. The n-th term of the Smarandache cyclic arithmetic determinant sequence,
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SCADS(n) is

a a+d a+2d -+ a+(n—-2)d a+(n—1)d
a+d a+2d a+3d -+ a+(n-1)d a
SCADS(n) =

(n) a+2d a—+3d a+4d --- a a+d

a+ 3d a+4d a+5d --- a+d a+2d
a+(n—2)d a+(n—1)d a a+(n—4)d a+(n—3)d
a+(n—1)d a a+d a+(n—-3)d a+(n—2)d

n

Proof. Here also, we consider separately the possible two cases.
n
Case 1 : If n = 2m for some integer m > 1 (so that [5} = m). In this case, performing

the indicated column and row operations, we get successively

a a+d - a+(2m—2)d a+(2m—1)d
a+d a+2d - a4+ (2m-1d a
a+2d a+3d a a+d
SCADS(n) = a+3d a+4d a+d a+2d
a+2m—=2)d a+2m-1)d --- a+(2m—4)d a+ (2m—3)d
a+ (2m —1)d a o a+(2m—=3)d a4+ (2m—2)d
a+2m—-1)d a+(2m—-2)d --- a+d a
a a+ (2m—-1)d --- a+2d a+d
= 717774
(=1 a+d a a+3d a+2d
C1 < Com
a—+2d a+d a+4d a+3d
Ca = O
a+(2m—4)d a+ (2m—5)d a+(2m—2)d a+ (2m—3)d
CmHOm-&-l
a+(2m—-3)d a+(2m—-4)d --- a+©2m—-1)d a+ (2m—2)d
a+(2m—2)d a+ (2m—-3)d --- a a+ (2m—1)d
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Rzm — RQm - R2m71

Com, — C1+Cy + ...+ Cop,

. 1
Ci1+Cy+ ...+ Coyp,

a+ (2m—1)d
a
a+d
a+2d

a+ (2m — 4)d
a+ (2m — 3)d
a+ (2m —2)d

(ng:a+(a+d)+(a+2d)+...+{a+(2m—1)d}:2ma+

2m(2m — 1)

(—1)m {2ma + .

2m(2m — 1)

a+ (2m — 2)d a+d 1
a+ (2m —1)d a+2d 1
a a+ 3d 1
a+d a+4d 1
a+ (2m —5)d a+(2m—-2)d 1
a+ (2m —4)d a+(2m—-1)d 1
a+ (2m — 3)d a 1
2 -
m(2m 1)d>
2
a+(2m—1)d a+ (2m—2)d a+d 1
(1-2m)d d 0
d (1-2m)d 0
d d 0
d 0
(1-2m)d 0
d} ( _ 1)2m+1 J2m-1 1=2m 1 1
1 1—-2m 1
1 1 1
1 1 1-2m

Case 2 : If n = 2m + 1 for some integer m > 1 (so that {g} =m).
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In this case, performing the indicated column and row operations, we get successively

a a+d a+2d a+ (2m —1)d a+2md
a+d a+2d a+3d a+2md a
SCADS(n) =
() a+2d a+3d a+4d a a+d
a—+3d a+4d a+5d a+d a—+2d
a+ (2m—1)d a+2md a a+(2m—3)d a+ (2m—2)d
a+2md a a+d a+ (2m—2)d a+ (2m—1)d
Cr < Campr
Cy = Com
Cm(_’cm-‘rQ
a+ 2md a+ (2m —1)d a+d a
a a+2md a+2d a+d
_1)m
(=1) a+d a a+3d a+2d
a+2d a+d a+4d a+3d
a+(2m—3)d a+ (2m—4)d a+(2m—1)d a+ (2m—2)d
a+ (2m—2)d a+ (2m —3)d a+2md a+ (2m —1)d
a+ (2m—1)d a+ (2m—2)d a a+2md
Com+y1 — C1 4+ Co.. + Coppyn
c 1
m -
2L O+ Co o+ O
a+ 2md a+ (2m—1)d a+2d a+d 1
a a+ 2md a+3d a+2d 1
(—=1)™ Som 4+ 1 a+d a a+4d a+3d 1
a+2d a+d a+5d a+4d 1
a+(2m—2)d a+ (2m—3)d a a+2md 1
a+(2m—1)d a+ (2m—2)d a+d a 1

(ngﬂ:a+(a+d)+(a+2d)...+(a+2md):(2m+1)a+

2m(27;1 +1) d)
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a+2md a+(2m-1)d -+ a+d 1
= —1)™ Sy
U™ Samvr |y d e d 0
R2 — R2 - Rl
d —2md d 0
Rg — R3 - RQ
d 0
R27n+1 - R2m+1 - R2m —omd 0
—2m 1 1
2m.(2 1 1 —2m 1
= (_1)m {(Qm + 1)a + Trl(gl—’_)d} (_1)2m+2d2m
1 1 1
1 1 cee =2m

2m(2m + 1)

= (=™ {(2m+1)a+ 3

d} {d2m(_1)2m(2m+1)2m—1}
= (=™ {a + 2;nd} d*™(2m + 1)

Thus, in both the cases, the result holds true. This completes the proof.

Theorem 3.3. The n-th term of the Smarandache bisymmetric determinant natural
sequence, {SBDNS(n)}, n>5,is

1 2 3 n—1 n
2 3 4 n n—1
n
SBDNS(n)=| 3 4 5 - on—1 n=2 :(_1){5} (n+1)2n-2,
n—2 n-—1 n 4 3
n—1 n n—1 --- 3 2
n n—1 n—-2 ... 2 1

Proof. We perform the indicated row and column operations to reduce the determinant
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SBDNS(n) to the form B,,_; (of Corollary 2.2) as follows :

1

SBDNS(n)=| 3

Ry — Ry — Ry
R3—>R3—R2

R, — R, — R,

111

111
=(-1)"n+1) ],

11 1

11 -1

1 -1 -1

= (=) (n+1) (—1){ 2

Now, if n =2m + 1, then (—1)
n—1

n+1+|:
and if n = 2m, then (—1)

2 3 oo n—2 n-—1 n
3 4 coooon—1 n n—1
4 5 n n—1 n—2
n 5 4 3
n n—1 --- 4 3 2
n—1 n—2 --- 3 2 1
1 2 3 n—2 n—1 n
1 1 1 1 1 -1
1 1 1 1 -1 -1
1 1 1 -1 -1 -1
1 1 -1 -1 — -1
1 -1 -1 .- -1 -1 -1
2 3 - n—2 n—-1 n+1
1 1 - 1 1 0
1 1 - 1 -1 0
1 1 -1 -1 0
1 -1 -1 -1 0
-1 -1 -1 -1 0
1 1
1 -1
= (—1)”*1(n+ 1)Bn_1
-1 -1
-1 -1
-1 -1
n—1
o[z |
2 1 = (—p@mEdEm = (—1)m = (-1)

| _ capmretnmy _ - 3]
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n

Hence, finally, we get SBDNS(n) =(—1) { 2} (n+1)2n~2
Remark 3.1. The values of SBDNS(3) and SBDNS(4) can be obtained by proceeding

as in Theorem 3.3. Thus,

12 3 = 1 2 3 1 2 4
SBDNS(3)=[2 3 2|Ry - Ro—Ry|l 1 -1 - 1 1 o0/=-38,
Cs — Cs+Cy
3 2 1 R3—>R3—R2 1 -1 -1 -1 0
1 2 3 4 = 1 2 3 4
SBDNS(4)=|2 3 4 3|Ry > Ro—Ry|1 1 1 -1
3 4 3 2R3—>R3—R21 1 -1 -1
4 3 2 1 R4—>R4—R3 1 -1 -1 -1
= 1 2 3 5
11 1 ,
Ci=CitCill 11 0=(=5) 1:(,5){(,1)[512371}:20_
1 1 -10
1 -1 -1
1 -1 -1 0

Theorem 3.4. The n-th term of the Smarandache bisymmetric arithmetic determinant
sequence, {SBADS(n)}, n > 5, is

a a+d o a+(n—=2d a(n-—1)d
SBADS(n) =
() a+d a+2d o a+(n=-1)d a+(n—2)d
a+(n—-2)d a+(n-1)d --- a+2d a+d
a+(n—-1)d a+n—-2)d --- a+d a

n

= (_1)[2] (a+ ”;1d> (2d)"~ 1.

Proof. We get the desired result, starting from SBADS(n), expressing this in terms of the

determinant B,,_;1 (of Corollary 2.2) by performing the indicated row and column operations.

a a+d o a+(n—=2)d a+(n—1)d
SBADS(n) = a+d a+2d - a+(n—1)d a+(n—2)d
aln—2)d a+Mn—-1d - a+2d a+d
a+(n—-1d a+n—-2)d --- a+d a
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a+d a+2d a+(n—3d a+(n—2)d a+(n—1)d
R d d d d —d
R2 — RQ - Rl
d d d —d —d
Rg — Rg - RQ
d d —d —d —d —d
Rn - Rn - Rn—l
d —d —d —d —d —d
a a+d a+2d a+(n—-3)d a+(n—2)d 2a+(n-—1)d
1 1 1 -1 1 0
— a1 1 1 1 ~1 0
Cn - Cn + C(1
1 1 1 -1 -1 0
1 1 —1 —1 -1 0
1 -1 -1 —1 -1 0
1 1 1 1 1
1 1 1 1 -1
= (—1)"1d" {20+ (n— 1)d} |
1 1 1 -1 -1
1 1 -1 -1 -1
1 -1 -1 -1 -1
— (_1)n+1dn—1 {2a + (n _ 1)d} (_1) 2 2n—2 — (_1)[5] dn—l {2a + (,n _ l)d} 2n—2_
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Abstract Let S be a nil-extension of a Clifford semigroup K by a nil semigroup Q. A
congruence pair (§,w) on S consists of a congruence § on @ and a congruence w on K. It
is proved that there is an order-preserving bijection I' : o — (0@,0k) from the set of all
congruences on S onto the set of all congruence pairs on S, where o is the restriction of o

on K, 09 = (0 V pr)/pk and pik is the Rees congruence on S induced by K.
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81. Introduction

Recall that a regular semigroup S is Clifford if all idempotents of S are central. A semigroup
S is called quasi-regular if for any a in S there exists a nature number m such that a™ is a
regular element of S. A quasi-regular semigroup S is called a Clifford quasi-regular semigroup
if S is a semilattice of quasi-groups and Reg(S) is an ideal of S (see [4]). A semigroup S with
zero is called nil if for any a € S there exists a nature number n such that a™ = 0. If S is a
semigroup and K is an ideal of S such that the Rees quotient semigroup S/K is isomorphic to
a semigroup @, then we say that S is an ideal extension of K by ). Furthermore, when @ is
a nil semigroup, S is called a nil-extension of K by Q. It was shown in [4] that a nil-extension
of a Clifford semigroup K by a nil semigroup @ is Clifford quasi-regular.

The class of Clifford semigroups play a fundamental role in the development of semigroup
theory. It was proved by Clifford that a semigroup S is a Clifford semigroup if and only if .S
is a semilattice of groups; or if and only if S is a strong semilattice of groups. In 1994, Ren-
Guo-Shum have already studied Clifford quasi-regular semigroup in [4]. Also, the congruence
on completely quasi-regular semigroups has been described by Shum-Guo- Ren [1] by using
admissible congruence pairs.

Here we shall study congruences on a Clifford quasi-regular semigroup S. It is proved that
every congruence ¢ on such a semigroup S can be uniquely represented by a congruence pair
(0g,0K) on S, where ok is the restriction of ¢ on K, 0g = (¢ V ok )/px and pg is the Rees
congruence on S induced by an ideal K.

IThis research is supported by National Natural Science Foundation of China(Grant No:10671151).
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Throughout this paper, S is a Clifford quasi-regular semigroup. We use pg to denote the
Rees congruence on .S induced by an ideal K of S. Denote the set of all regular elements of S by
Reg(S) and the set of all idempotents of S by E(S). H} denote the H*-class of S containing a,
where H* be a generalized Green’s relation (see [6]). Let C(S) be the set of all congruences on
S and let Ao be the set {a € S| (3z € A)(a,z) € o} for any o € C(S). The o-class containing
the zero element 0 is denoted by Oc. For terminologies and notations not mentioned in this
paper, the reader is referred to [2].

§2. Preliminaries

We shall first state some basic properties concerning congruences on a Clifford quasi-regular
semigroup S.

Proposition 2.1. For any a € S there exists a unique idempotent e € E(S) such that
a € HY. Moreover, a™ € H, if n > r(a), where r(a) = min{n | a™ € Reg(S)}.

Proof. The proof follows directly from the definition.

Remark. For the sake of convenience, we use a° to denote the unique idempotent of
H*-class of S containing a. It can be easily verified that Reg(S) = K.

Proposition 2.2. Let o be any congruence on S. Then a € Ko if and only if (a,aa®) € o
and (a,a’a) € o.

Proof. Suppose that a € Ko. Then it is obvious that (a,aa®) € o and (a,a°a) € o if
a € K. On the other hand, if a ¢ K, then we can find an element x € K such that (a,x) € o.
Since S is a nil-extension of a Clifford semigroup K, there exists a positive integer n € N
such that @™ € K. This implies that a"o = z"¢. However, since a"o - (a")_la = a°0, where
(a™)~! is the group inverse of a”, we have (a"o)~! = (a®)~!o. Thus, (a")"lo = (a"0)"! =
(z"0)~! = (2™)"lo. This means that (a®,2°) € o so that (aa®,x2°) = (aa®,z) € o and
(a°a,z°x) = (a’a,x) € 0. Hence (a¢,aa°) € o and (a,a°a) € o by the transitivity of o.
Conversely, if (a,aa®) € o and (a,a’a) € o, then by the above remark, we have aa® € K and
a®a € K. This implies that a € Ko.

Proposition 2.3. If ¢ is a congruence on S, then (a°,b°) € o for any (a,b) € o.

Proof. This proof is the same as the proof of Proposition 2.3 in [1].

Lemma 2.4!4. The following statements on a semigroup S are equivalent:

(i) S is a Clifford quasi-regular semigroup;

(ii)S is quasi-regular, E(S) is in the center of S and Reg(S) is an ideal of S

(iii)S is a nil-extension of a Clifford semigroup.

§3. Congruence pairs

Let S be a nil-extension of a Clifford semigroup K by a nil semigroup . In order to obtain
a description of any congruence on S, we introduce the following definition.

Definition 3.1. Suppose that ¢ is a congruence on a semigroup @ and w is a congruence
on a semigroup K. Then a pair (§,w) € C(Q) x C(K) is called a congruence pair on S if it
satisfy the following conditions
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(M1) If (e, f) € w for some idempotents e, f € E(S), then (pe,pf) € w for any p € Q.
Dually, (ep, fp) € w for any p € Q;

(M2) If (p,q) € d |g\0s, then (pe,ge) € w and (ep, eq) € w for any e € E(S);

(M3) If (p, q) € 6 |g\0s, then ((pc)°, (gc)°) € w and ((cp)°, (cq)°) € w for any ¢ € S;

(M4) If 0 # a € 0 and c € S, then

(i) (ea®c,ac(ac)®) € w and dually (caa®,ca(ca)®) € w,

(ii) (a®ac, (ac)®ac) € w and dually (ca®a,(ca)°ca) € w;

(M5) If (pe, qf) € w for some idempotents e, f € E(S) and any p,q € S, then (pe, fq) € w.
Dually, if (ep, fq) € w, then (ep, ¢f) € w;

(M6) If (pe, fq) € w for some idempotents e, f € E(S) and any p,q € S, then (ep,¢f) € w.
Dually, if (ep, ¢f) € w, then (pe, fq) € w.

Now suppose that S is a nil-extension of a Clifford semigroup K by a nil semigroup @ and
pK is the Rees congruence on S induced by the ideal K. For any o € C(S), we define a mapping
I':0~ (0g,0K) from C(S) to C(Q) x C(K), where o = 0 |k, and g = (0 V px)/px. Thus,
in view of the above definition, we have the following result.

Lemma 3.2. Let C(S) be the set of all congruences on S. Then o C 7 if and only if
0o C 7¢ and o C 7g, for any o, 7 € C(5).

Proof. This proof is the same as the proof of Theorem 3.2 in [1].

Lemma 3.3. If 0 € C(S), then (0g, oK) is a congruence pair on S.

Proof. Let o € C(S). Clearly, og € C(Q) and ok € C(K). To see that (cg,0k) is a
congruence pair on S, we only need to verify that (0g,ok) satisfies the conditions (M1) to
(M6) given in Definition 3.1.

(i) If (e, f) € ok for some e, f € E(S), then for any p € Q, we have (pe,pf) € o. It is easy
to see that pe,pf € K. Thereby, we have (pe,pf) € ok. Similarly, (ep, fp) € ox. Thus the
condition (M1) is satisfied.

(ii) By using the similar arguments as in (i), we can also see that (o, o) satisfies condition
(M2).

(iii) If (p,q) € 0@ |\0sy, then by the definition of oq, we have (p,q) € ¢ and hence
(pc, ge) € o for any ¢ € S. By Proposition 2.3, It can be immediately seen that ((pc)°, (¢c)°) € o.
Consequently ((pc)®, (¢qc)°) € okx. Dually, ((cp)°,(cq)®) € ox. This shows that (og,ok)
satisfies the condition (M3).

(iv) Let a € 0og \ {0}. Then by Proposition 2.2, (a,aa®) € ¢ and so (ac,aa’c) € o for
any ¢ € S, that is, ac € Ko. In this case, (ac,ac(ac)®) € o. It follows that (aa®c,ac(ac)®) € o
and consequently (aa’c,ac(ac)®) € ok. A similar argument can show that (caa®,ca(ca)®) €
ok. Thus, (0g,0K) satisfies the condition (M4)(i). On the other hand, since a € 0og \ {0},
(a,a’a) € o by Proposition 2.2. Hence, for any ¢ € S (ac,a®ac) € o giving ac € Ko. In this
case, (ac, (ac)®ac) € o. We have that (a°ac, (ac)®ac) € o and (ac, (ac)®°ac) € og. The dual
(ca®a, (ca)®ca) € w can be similarly proved. Thus, (0g, ok ) satisfied the condition (M4)(ii);

(v) Let (pe,qf) € w for any p,q € S and e, f € E(S). Then qf = fq since S is a nil-
extension of a Clifford semigroup and by Proposition 2.4. This shows that (pe, f¢) € w. The
dual part can be similarly proved. Hence, (0, 0x) satisfies the condition (M5);

(vi) A similar arguments can show that (0@, o) satisfies the condition (M6).
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Thus, by Definition 3.1, (0g, oK) is indeed a congruence pair on S.

Lemma 3.4. Let C(S) be the set of all congruences on S. Then o C 7 if and only if
og C 7 and o C 7k, for any o, 7 € C(S5).

(1°) (a,b) € 6 for any a,be S\ R,

(2°) (aa®,b°b) € w for any a,b € R, where R = K [J{0 \ {0}}. Then o is a congruence
on S such that Ko = R.

Proof. We first prove that the relation o defined above is an equivalence on S. Let a € R,
then (aa®,aa®) € w. Also by the given condition(M>5)(i), we have (aa®,a°a) € w. Obviously,
the above relation o is reflexive. To show that the relation o is symmetric, let a,b € R such
that (aa®,b°b) € w. Then by (M6), (a°a,bb®) € w. Also since w € C(K), (bb°,a°a) € w. It
is easy to see that the above relation ¢ is symmetric. In order to show that the relation o is
transitive. Let a,b € R such that (aa®,b°b) € w and (bb°,c°c) € w. Then (b°b,b°b) € w by
w € C(K). And since the given condition (M5)(i), we have (b°b,bb°) € w. Thus (aa®, c°c) € w.
It implies that the above relation o satisfies transitive. Hence, the relation o is an equivalence.
We now proceed to prove that ¢ is a congruence on S.

(i) Suppose that a,b € S\ R such that (a,b) € o if and only if (a,b) € §. Then we have
either ac € S\ Ror ac € R for any ¢ € S. If ac € S\ R then bc € S\ R since J is a congruence
on Q. This implies that (ac,bc) € 6 and so (ac,bc) € o. If ac € R, then by the definition of
§, we know that bc € R. If ¢ € K, then ac,bc € K. But from (a,b) € §, for any a,b € S\ R
and by the condition (M2) of a congruence pair, we can easily observe that (ac®,bc®) € w. As
w € C(K), we immediately note that (ac®c,bc°c) = (ac,bec) = (ac(ac)®, (bc)°be) € w. This
shows that (ac, bc) € o whenever ¢ € K.

It remains to show that (ac,bc) € o when ¢ ¢ K and (a,b) € §. In fact, if ¢ € Q, then
((ac)®, (be)°) € w by the given condition (M3). Thus, by the condition (M1), we have

(c(ac)®, e(be)®) € w. (1)

Furthermore, we observe that, by Proposition 2.3, ((¢(ac)®)®, (¢(bc)®)°) € w. Thus, by the
conditions (M1) and (M2), we have (b(c(ac)®)®,b(c(bc)°)°) € w and (a(c(ac)®)®, b(c(ac)®)®) € w,
whence (a(c(ac)®)®,b(c(bc)?)?) € w. Together with the obtained property (3.1), we obtain that

(a(c(ac)®) c(ac)®, b(e(be)?)e(be)®) = (ac(ac)®, be(be)?) € w.

By the given condition (M5)(i), we have (ac(ac)®, (be)°be) € w. It is trivial to see that (ac, be) €
w by using condition (2°).

(ii) Suppose that (aa®,b°b) € w for a,b € R. We now show that (ac,bc) € o for any ¢ € S.
In fact, by Proposition 2.3, ((aa®)®, (b°b)°) € w. Thus, for any ¢ € S, ((aa®)°¢, (b°b)°c) € w by
the condition (M1) and hence (aa®c, b°bc) € w by assumption. If @ € K, then it is trivial to see
that aa®c = ac and (ac,ac(ac)®) € w. Consequently, (aa®c,ac(ac)®) € w. If a € 06 \ {0}, then
(aa®c, ac(ac)®) € w by the condition (M4)(i). Alsoif b € K, then b°bc = be and (be, (be)°be) € w.
Consequently, (b°be, (be)°be) € w. If b € 00 \ {0}, then (b°bc, (bc)°bc) € w by the condition
(M4)(ii). Thus, by the transitivity of congruence w, we may deduce that (ac(ac)®, (bc)°be) € w.
This shows that (ac, bc) € w since the condition (2°) is satisfied by the pair (ac, bc). Thus, o is
a left congruence on S.
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Likewise, we can show that o is also a right congruence on S and hence o is a congruence
on S. Furthermore, it is easy to see that Ko = R.

By using Lemma 3.4, the following theorem for congruence pairs on S is established.

Lemma 3.5. Let S be a nil-extension of a Clifford semigroup K by a nil semigroup @
and let (0,w) be a congruence pair on S. Then a congruence o given in Lemma 3.4 is a unique
congruence on S satisfying cg =6 and o = w.

Proof. We first show that g = . To see that § C g, we let a,b € Q such that (a,b) € .
Then, we have a,b € Q\ Ror a,b € 0§\ {0} in Q. If a,b € Q\ R, then (a,b) € o¢ if and only if
(a,b) € 6 by the definition of 0. On the other hand, if a,b € 0§ \ {0}, then by the definition of
o, we have a,b € Ko and so a,b € 0og. This show that § C o and so § = o¢ since Ko = R.

We still need to show that o = w. For this purpose, we pick a,b € K such that (a,b) € w.
Then, it is trivial to see that (aa®,b°b) € w. It follows from the definition of o that (a,b) € ok.
Conversely, if (a,b) € ox for a,b € K, then (a,b) € 0. Thereby, (a,b) = (aa®,b°b) € w and
hence o = w. Finally, by using the facts given in theorem 3.2, we can observe that the
congruence o satisfying g = 0 and oxg = w must be unique.

Summarizing the above results, we obtain the following theorem.

Theorem 3.6. S be a nil-extension of a Clifford semigroup K by a nil semigroup . Then
a mapping I' : ¢ — (0@, 0K) is an order-preserving bijection from the set of all congruences

on S onto the set of all congruence pairs on S.
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Abstract In a recent paper, Zhang and Zhang [1] introduced the concept of sequences of
numbers with alternate common differences. In this paper, we extend the idea to sequences
in geometric progression. We also revisit some of the results of Zhang and Zhang to provide
simpler and shorter forms and proofs in some cases.
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§1. Introduction

In a recent paper, Zhang and Zhang [1] introduced the concept of sequences of numbers
in arithmetic progression with alternate common differences as well as the periodic sequence
with two common differences. In this paper, we extend the concept to sequences of numbers
in geometric progression with alternate common ratios and the periodic sequence with two
common ratios. In doing so, we revisit the results of Zhang and Zhang [1], in Section 2 and
Section 4 respectively. We give some of the results and their proofs in simpler forms. In Section
3, the sequence of numbers with two common ratios is treated. We derive the explicit forms of
the general term, a,,, and the sum of first n terms S,, of the sequence. Section 5 deals with the

periodic sequence of numbers in geometric progression with two common ratios.

§2. Sequence of numbers with alternate common

differences

The sequence of numbers with alternate common differences, defined by Zhang and Zhang
[1], is as follows.

Definition 2.1. A sequence of numbers a,, is called one with alternate common differences
if the following two conditions are satisfied:

(1) For all k € N, ag, — agi—1 = du;

(2) For all k € N, aggt+1 — agr = do,
where d; and ds are two fixed numbers, called respectively the first common difference and the
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second common difference of the sequence.
Lemma 2.1. Let {a,} be a sequence of numbers with alternate common differences d;
and dy. Then, for all £ > 1,

a2k—1 = @1 + (k — 1)(d1 + dg), (1)

agr = a1 + kdl + (k — 1)d2 (2)

Proof. From Definition 2.1, adding the two conditions therein,

A2i4+1 — G2i—1 = d1 +d2
for all 4 > 1. Then,

k—1
Y (azig1 —azi1) = (k= 1)(d1 + do),

i=1
that is, agk—1 — Q1 = (k’ — 1)(d1 + dg),
SO that, agk—1 = ay + (k — 1)(d1 + dQ),

agk = agk—1 +d1 = a1 + kdy + (k — 1)ds.

Corollary 2.1. Let {a,} be a sequence of numbers with alternate common differences d;
and dy. Then,

an:a1+|:g:|dl+ {n;l} da,

where [z] denotes the greatest integer less than or equal to z.

Proof. If n is odd, say, n = 2k — 1 for some integer k > 1, then,

] -]

and (1) can be expressed as

n n—1
a%_lana1+(k1)d1+(k1)d2aﬁrb]dl*{ 2 }dQ'

And if n is even, say, n = 2k for some integer k > 1, then

R B

so that (2) can be rewritten as

—1
agk:an:a1+kd1+(1€—1)d2:a1+{Z}dl—i—[nz :|d2
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Lemma 2.2. Let {a,} be a sequence of numbers with alternate common differences d;

and dg, and let {S,} be the sequence of n — th partial sums. Then, for all k > 1,

Sok—1 = (2k — D)ar + (k — 1){kds + (k — 1)da}, (3)

Sor = 2kay + k {kdl + (k — 1)d2} . (4)

Proof. By definition,
k

2%
Sor, = Zai = Z (a2i—1 + agi).
i=1

=1

k
Using Lemma 2.1, Sar = Y {2a; + (2i — 1)dy + 2(i — 1)d2} = 2kay + k?dy + k(k + 1)da,
i=1

so that Sok_1 _: Sor — agi, = (2k — 1)a1 + k‘(k‘ —1)d; + (k — 1)2d2.
Corollary 2.2. Let {a,} be a sequence of numbers with alternate common differences d;

and dy. Then,
n n+1 n—1
Sn—na1+[2}<{ 5 :|d1+{ 5 :|>

Proof. If n = 2k — 1 for some integer k > 1, then,

Mok [ngl} [n-;l} e

so that, from (3),

Sok—1 =8, = (2k—1)ay + (k= 1){kdy + (k — 1)d2}
nan+ [3] (["5 ]+ ["54] 2)

and if n = 2k for some integer k£ > 1, then,

") =k- [n—;l] [n;l] et

and from (4),

Sor =285, = ka1+k{kd1+(k—1)d2}
1 —1
o [3] ([57)o [7] ).

83. Sequence of numbers with alternate common ratios

The sequence of numbers with alternate common ratios is defined as follows.
Definition 3.1. A sequence of numbers {a,} is called one with alternate common ratios

if the following two conditions are satisfied :
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(1) For all k € N, A2k r1,
a2k—1
or all k € G2kl _ T
(2) For all k € N, )

where r; and ro are twoa%i];ed numbers, called respectively the first common ratio and the
second common ratio of the sequence.

Lemma 3.1. Let {a,} be a sequence of numbers with alternate common ratios r; and rs.
Then, for all £ > 1,

(1) aze—1 = a1(rire)F 1

(2) agi, = alr’frlgfl.

Proof. From Definition 3.1,

A2k+1 a2k A2k+1
= . =T1Tr2 (5)
a2k —1 a2k —1 a2k

for all integer k > 1. Therefore,

Z%:; . %:2 ... g . % = (r17s) - (r172) -+~ (r172) = (r172)" 1,
so that
azk—1 = ay(rir2)"
Then,

k.. k—1
agr = riagkp—1 = (l17“17‘2 .

Corollary 3.1. Let {a,} be a sequence of numbers with alternate common ratios r; and
ro. Then, both the subsequences {a2,—1} and {as,} are sequences of numbers with common
ratio rirs.

Proof. From (5), we see that {ag,—_1} is in geometric progression with common ratio ryrs.
Again, since

G2k+2 _ Q2k42  A2k41 rifo

a2k A2k+1 )3

for all integer k > 1, it follows that {ag,} is also in GP with common ratio rirs.
Lemma 3.2. Let {a,} be a sequence of numbers with alternate common ratios r1 and ra,

and let S, be the sequence of n-th partial sums. Then, for all n > 1,

(1) Sop—1 = 1_a7;1742 [1 — (7’17’2)n 4 7’1{1 _ (7'17'2)"71}];
(2) S2TL = ]-_aﬁ [1 — (TITQ)H] (1 + 7“1)_

Proof. By definition,

2n—1

n n—1
Sop—1 = E a; = E a1 + E ag;.
i=1 i=1 i=1
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Using Lemma 3.1,

n n—1
_ i—1 7 . i—1
Son—1 = E ai(ry ra) +§ airy o
i=1 i=1

1—(rqyme)™ ! 1—(rqy mo)™ !
al—( ! 2) +Cl17“1—( ! 2)

1-— T1 T2 1— r1 T2

which gives the desired expression for Ss,_1 after some algebraic manipulation.

Then,

Son, = Sop—1+ao,

a n n— n, . n—
171 (1= (riro)" + {1l = (rir2)" 1} + arrfry ™
—Trir2

a
= ———[1—=(rir)"] (1 4+171).
1—r2r2[ (rir2)"] (L4 11)
Lemma 3.3. Let {a,} be a sequence of numbers with alternate common ratios vy and 79

o0
with |rq7ra| < 1. Then, the infinite series ) a, is convergent, and
n=1

> 1 =+ 1
S e,
1-— T1T2
n=1
Proof. From Lemma 3.2, both the sequences {S2,_1} -, and {S2,},.; are convergent
with
1 + T1

lim Sgn_l a1 = lim Sgn.
n— oo 1-— T1 T2 n—00

84. Periodic sequence of numbers with two common

differences

The periodic sequence of numbers with two common differences has been defined by Zhang
and Zhang [1] as follows.

Definition 4.1. A sequence of numbers {a,} is called periodic with period p and two
common differences if the following two conditions are satisfied :

(1) For all k =1,2,3,---,

A(k—1)p+15 A(k—1)p+25 """ » Akp
is a finite arithmetic progression with common difference dy;
(2) For all k =1,2,3,---,
Qkp+1 = Akp + d37

where p > 1 is a fixed integer, and d; and ds3 are two fixed numbers.

Zhang and Zhang [1] found the expressions for a,, and .S, for this sequence, which are rather
complicated. We derive the expressions for a,, and S,, for this sequence under the assumption
that

ds = dq + ds. (6)
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These are given in Lemma 4.4 and Lemma 4.5 respectively. Note that the assumption (6) is
not restrictive : Given the numbers dy and ds, we can always find the number ds satisfying the
condition (6).

Following Zhang and Zhang [1], we shall say that the terms {a1,as,...,a,} belong to the
1% interval of length p, the terms {a,i1,ap+2,...,a2,} belong to the 274 interval of length
p, and so on, and in general, the terms {a(—1)p+1,@(k—1)p+2,--->Akp} belong to the k —th
interval of length p. Note that, in each interval, the terms are in arithmetic progression (AP)

with common difference dy. Thus, in particular, in the k — th interval,

akp = ak—1)p+1 + (p — 1)di. (7)

Lemma 4.1. Let {a,} be a p-periodic sequence of numbers with two common differences
di and dy. Then, for all k =1,2,3,...,

agp = ai + (kjp - 1)d1 + (k — l)dg

Proof. The proof is by induction on k£ . The result is clearly true for kK = 1. So, we assume

the validity of the result for some integer k£ > 1. Now,

A(kt1)p = Ahkpt1 + (p — 1)dy.
But,
Qppy1 = Qgp + di +da.

Therefore, using the induction hypothesis, we get

agr1ypy = (agp +di+d2)+ (p—1)dy
= {a+ (k‘p— 1)d1 +(l€— 1)d2}+pd1 +d2
= a1+{(k+1)p71}d1+kd2,
which shows that the result is true for k£ + 1 as well.
Lemma 4.2. Let {a,} be a p-periodic sequence of numbers with two common differences

dy and ds. Let
(k—1p+1<L<kp

for some k € {1,2,3,...}. Then,
ag=ay+ (£ —1)dy + (k — 1)ds.
Proof. Since (k— 1)p+ 1 < ¥¢ < kp, it follows that
ap = agp—1)pt1 + [ — (k —1)p — 1] dy.
But, by Lemma 4.1,

Ak—)p+1 = Gk—1)p +d1 +d2
a1 + {(k = 1p —1}dy + (k — 2)da] + dy + d2
a1 + (k —1)pdy + (k — 1)ds.
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Therefore, we finally get

{a1 + (k—D)pdy + (k —1)do} +{¢ — (k—1)p—1}dy
a1+ (£ —1)dy + (k — 1)ds.

Qg

Lemma 4.3. Let (k—1)p+1<{¢<kp forsomeke{1,2,3,---} (p>2).

Then,
(-1
k= {] + 1.
p
Proof. From the given inequality, we get
-1
ko1t st
p p

Since k,p and ¢ are all (positive) integers, it follows that

5]

Lemma 4.4. Let {a,} be a p-periodic sequence of numbers with two common differences d;
and ds with p > 2. Then,

anal—l—(n—l)dl—l—{ D :|d2
Proof. follows immediately from Lemma 4.2 and Lemma 4.3.

Lemma 4.5. Let {a,} be a p-periodic sequence of numbers with two common differences
dy and dy with p > 2, and let {S,} be the sequence of n — th partial sums. Then,

Snzna1+"(”2_l)d1+ [n;ﬂ {n—g([n;ﬂ +1>}d2.

Proof. By definition,

n

Sn = E a;
i=1
n

= Z{a1+(i—1)d1+{i;

i=1

-1 L
= na1+n(n2)d1+d22|:lp
1=1

)
1}

Now, to calculate Z { ] let (k—1p+1<n<kpforsomek € {1,2,3,---}.
p

n

— 1
Then, the sum > [Z } can be written as
p

e o o R
i=1 =1 j=(i—1)p+1 p i=(k—1)p+1 p

To find the above sums, note that
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52

forall (i — Dp+1<j<ip.

Therefore,
" Ti—-1 ot
: [ P } = D pli—D+{n—(k=1phk-1)
= p% - (k— Dpd(k—1)
p
= n(k—1) = Sk(k-1)
— k-1{n-2e).
Therefore,

nn—1
Sn:na1+¥d1+(k—1){n—§k}d2.

We then get the desired result by virtue of Lemma 4.3.

If p =1, from Lemma 4.4 and Lemma 4.5, we see that the terms of sequence {a,} are in
AP with common difference d; + da. Also, recall that, if the terms of a sequence {b, }are in
AP with common difference dy, then b, = d; + (n — 1)d;, and the sum of first n of its terms is

n(n —1)
2

and Lemma 4.5.

simply na; + dy. These expressions may be compared with those given in Lemma 4.4

§5. Periodic sequence of numbers with two common ratios

The periodic sequence of numbers with two common ratios is defined as follows.

Definition 5.1. A sequence of numbers {a,} is called periodic with period p and two
common ratios if the following two conditions are satisfied :

(1) For all k =1,2,3,---, the subsequence

{a—1)p+1, Qe—1)pt2, - - - > Qkp}

is a finite geometric progression with common ratio 71;

a
(2) For all k =1,2,3,---, el r1T2,
Qkp
where p > 1 is a fixed integer, and r; and ro are two fixed numbers.
As in Section 4, the terms {ai,as,--- ,a,} belong to the 1°¢ interval of length p, the terms
{ap+1,ap42,+ -+ ,az,} belong to the 2"? interval of length p, and so on, and in general, the
terms {@(k—1)p+1, @(k—1)p+2: "+ »@kp} belong to the k — th interval of length p. Note that, in

each interval, the terms are in geometric progression (GP) with common ratio r;. Thus, in

particular, in the k£ -th interval,

akp = a(k—l)erlri)_l- (8)

Lemma 5.1. Let{a,} be a p-periodic sequence of numbers with two common ratios rq
and ro. Then, for all k =1,2,3,---,
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(1) akp = arry” 'ry
(2) arpi1 = arriPrh.
Proof. To prove part (1), note that the result is true kK = 1. To proceed by induction, we

assume its validity for some integer k£ > 1. Now,

— p—1
A(k+1)p = Ckp+1T1 -
But,
Qkp4+1 = AppT1T2.

Therefore, using the induction hypothesis, we get

Aks1)p = (akprlrg)r]fl
= (arr? ' )t
= a1r§k+1)p71T§

showing the validity of the result for k + 1.
Now,

kp—1_ k-1 _ kp .k
akpr1 = agprire = (a1ry” Ty )(rir2) = a1y 3.

This establishes part (2) of the lemma.
Lemma 5.2. Let {a,} be a p-periodic sequence of numbers with two common ratios 71

and ry. Let
(k=1p+1<n<kp

for some k € {1,2,3,---}. Then,

ap = aw?flréfl.

Proof. Since (k—1)p+1 < n < kp, it follow that

n—(k—1)p—1
an = Q(k-1)p+1T1 .

But, by part (2) of Lemma 5.1

_ (k—1)p k-1
A(k—1)p+1 = a177 Ty .
Hence,
k—1)p k— —(k—1)p—1 1 ke
an:{a1r§ Pk 1}7“711 (b=Dp=l g = lph=t,

Lemma 5.3. Let {a,} be a p-periodic sequence of numbers with two common ratios rq

and ra. Let {S,} be the sequence of n — th partial sums. Let

(k=1p+1<n<kp

for some k € {1,2,3,---}. Then,

1—7P n—(k—1)p—
S0 = o (g (1= () ) ()=o),

1—r \1—=1rim2
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Proof. By definition,

n k—1 ip n
oYY Y wr Y ow
i=1 =1 j=(i—1)p+1 i=(k—1)p+1

Now, note that
ip

1—7r%
> 4 =ainpn (7 )

j=(i—1)p+1 b
n 1— rn—(k—l)p—l
Z ai = Q(k—1)p+1 i——r )
i=(k—1)p+1 !

the expression for .S, takes the form

1— P k-1 1— rnf(kfl)pfl
Sn = 1-— ri (Z A(i-1)p+1 | T Ak—1)p+1 —_— |-

i=1 1=m
By part (2) of Lemma 5.1,

k—1 k—1
i 1— (rPry)k—1
St = ar 3 () = oy <<1> ,
i=1

D
— 1—rir

Therefore,

1—7P 1— (rhry)k—1 1 —pnk=bp=t
S, — 1 1 P \k—1 1 .
“ <1_T1> ( L—7rirs Talrrs) 1—r

§6. Some remarks

From the proofs of Corollary 2.1 and Corollary 2.2, we have

5 -

for any integer n > 1,

for any integer n > 1,

for any integer n > 1.

Therefore, in the particular case when d; = dy = d , say, so that the sequence of numbers
{a,} forms an AP with common difference d, the expressions of a,, and S, given respectively
in Corollary 2.1 and Corollary 2.2, take the following forms :

n—1

a:a1+[g]dl+[ .

:|d2:a1+(n—1)d,
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Sp = naj + [g} ({n;rl] di + [n21] d2> = na, + wd.

These are well-known results.
Again, in the particular case when r; = ro = r, say, the sequence of numbers {a,} in
Section 3 forms a GP with common ratio r. In this case, the expressions for So,_1 and S,

given in Lemma 3.2, can be shown to reduce to the well-known forms. This is done below :

a
Sn-1 = 7= (1= ()" 4 {1 = ()]
. al n 2(n—1 _ aj 2n—1
o 1—r2 [1_T +r{1—r( )}}_1—r2(1+r)(1_r )
aj 2n—1
= 1—
l—r( " )
aq n ay 2n a 2n
Sop = —— [1 — 1 =—(1- 1 = —(1—- .
2 1—r1r2[ (rar)"] (1 +7) 1—r2< r (L) 1—7"( )

The p-periodic sequence of numbers with two common differences d; and ds has been treated in
Section 4. Our approach is a little bit different from that of Zhang and Zhang [1]; however, to
get the corresponding results given in Zhang and Zhang, one may put ds = d3 — d; in Lemma
4.4 and Lemma 4.5. Clearly, in the particular case when dy = 0, the sequence an in Section 4
becomes one with common difference d;.

Finally, we observe from Lemma 5.2 and Lemma 5.3 in Section 5 that, the terms of the
sequence {a,} are in GP with common ratio r; in the particular case when ro = 1, and they

are in GP with common ratio r17ry in the particular case when p = 1. From Lemma 5.3, we see

o0
that the infinite series ) a, is convergent when |r1| < 1 and |rs| < 1, in such a case,

n=1
o0
aq 1—1r%
E a, = .
1-— 1—rP
el 1 7“1 T9

o0
It might be interesting to study the behavior of the infinite series ) a,, when |r173| < 1.

n=1
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Abstract In this paper, we continue studying the properties of (v, ~’)-operations on topo-
logical spaces initiated by J. Umehara, H. Maki and T. Noiri [12] and further investigated by
S. Hussain and B. Ahmad [5].

Keywords ~-closed (open), v-closure, y-regular (open), (v, 'y')-interior, (v,7v)-exterior, (v,
’y,) -boundary, (v, 'y’)—closure, (v, ’y')-open (closed), (’y,’y/)-nbd, (v, ’y’)-derived set, (v, ’y’)-
dense and (7, 'y/)—dense in itself.

81. Introduction

In 1979, S. Kasahara [7] introduced the concept of a-closed graphs of a function. D. S.
Jankovic [6] defined a-closed sets and studied functions with a-closed graphs. H. Ogata [9]
introduced the notions of v-T;,7 = 0,1/2,1,2; (v, 8)- homeomorphism and studied some topo-
logical properties. B. Ahmad and F. U. Rehman ( [1] , [11] ) defined and investigated several
properties of vy-interior, y-exterior, y-closure and v-boundary points in topological spaces. They
also discussed their properties in product spaces and studied the characterizations of (v, 3)- con-
tinuous mappings initiated by H. Ogata [10]. In 2003, 2005 and 2006, B.Ahmad and S.Hussain
[2-4] continued studying the properties of «y-operations on topological spaces introduced by S.
Kasahara [7]. They also defined and discussed several properties of y-nbd, y-nbd base at x,
v-closed nbd, v-limit point, ~-isolated point, y-convergent point and ~*-regular space. They
further defined +- normal spaces, yp-compact [4] and established many interesting properties. In
1992, J. Umeraha, H. Maki and T. Noiri [12]; and in 1994, J. Umehara [13] defined and discussed
the properties of (v,~ )-open sets, (7,7 )- closure, (7,7 )-generalized closed sets in a space X.
In 2006, S. Hussain and B. Ahmad [5] continued to discuss the properties of ('y,'yl)—open sets,
(v, 'y/)—closure7 (7, 'y/)—generalized closed sets in a space X defined in [12].

In this paper, we continue studying properties of (v, 7/)— operations on topological spaces.

Hereafter we shall write spaces in place of topological spaces.
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§2. Preliminaries

In order to make this paper self-contained, we give the preliminaries used in the sequel.

Definition 2.1[10]. Let (X, 7) be a space. An operation v : 7 — P(X) is a function from
7 to the power set of X such that V' C V7 | for each V € 7, where V7 denotes the value of ~
at V. The operations defined by v(G) = G, v(G) = cl(G) and 7(G) = int(cl(G)) are examples
of operation .

Definition 2.2[10]. Let A C X. A point a € A is said to be a ~-interior point of A, if
there exists an open nbd N of a such that NY C A . We denote the set of all such points by
int(A).Thus
inty(A)={r € A:xe Net and NYC A} C A

Note that A is y-open [10] iff A = int,(A). A set A is called v- closed [10] iff X — A is
~-open.

Definition 2.3[10]. An operation 7 on 7 is said to be regular, if for any open nbds U, V/
of r € X, there exists an open nbd W of x such that U"NVY O W7,

Definition 2.4[10]. An operation 7 on 7 is said to be open, if for any open nbd U of each
x € X, there exists an y-open set B such that x € B and U” O B.

Definition 2.5[5]. Let A be a subset of X. A point 2 € A is said to be (v,~ )-interior
point of A iff there exist open nbds U and V' of x such that U7 U V"’/ C A
We define the set of all such points as (v,7 )- interior of A and is denoted as by int (., .y (A4).
Thus  int, (A)={r€A: ze€U zeV,UVerTand U"U v C A} C A
If AC B, then int(, /\(A) € int(, ./ (B).

Definition 2.6[12]. A subset A of (X, 7) is said to be a (7,7’ )-open set iff int(, . (4) = A.

Note that the class of all (7,7 )-open sets of (X,7) is denoted by Tlyn')-

§3. Properties of bi y-operations

Definition 3.1. Let X be a space and z € X. Then a (7,7,)—nbd of x is a set U
which contains a ('y,fy')—open set V containing x. Evidently, a set U is a (fy,’yl)—nbd of x if
z € int(, /) (U). The class of all (7,7 )-nbds of x is called the (7,7 )-nbd system at z and is
denoted by U,.

Theorem 3.1. The (v, 'y/)-nbd system U, at x in a space X has the following properties:
(H)IfU €U, thenz € U.

(2) U,V € Uy, then UNV € U,, where v and ~ are regular operations.

(3) If U € Uy, then there is a V € U, such that U € Uy, then each y € V.

AU eU, andU CV, then V €U,

(5)(a) If U C X is (7,7 )-open, then U contains a (7,7 )-nbd of each of its points.

(b)If U contains a (’y,yl)—nbd of each of its points, then U is (7,7/)—open, provided v and
are regular.

Proof. (1) is obvious.

2 UU,V e l{m, thenz € int, /\(U) and z € int(, (V) imply z € int, \(U)Nint., (V).
Since v and v are regular operations, therefore x € int(%y)(U NV). This implies U NV € U,.
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(3) Let U € U,. Take V = int(, +)(U). Then each y € V gives y € int(, /)(U) and therefore
UelU,.
(4) f U € Uy, then z € int(, . \(U). IfU C V, then int., \(U) C int., (V) gives z €
int(, (V). Hence V € U,.
5) (a) If U is (v, 'y/ -open, then U =int, ., (U) and therefore U is a 'y,wl -nbd of each of its
(v
points.
b) If z € U has a 7,7/ -nbd V, C U, then U =int,, - V) is union of 7,7, -open sets
()
zcU

and therefore is (7, 'y')—open. This completes the proof.
Combining 5(a) and 5(b) of the Theorem 3.1, we have

Proposition 3.1. A set U C X is (7,7 )-open iff U contains a (,~ )-nbd of each of its
points, where v and 'y/ are regular operations.

Definition 3.2. A (7,7/)—nbd base at x in a space X is a subcollection 3, taken from
(7,7 )-nbd system U, having the property that U € U, contains some
V € B,. That is U, must be determined by [, as

U, ={UCX/VCU for some V € f,}.

Then each U € 3, is called a basic (v, 'y/)-nbd of .

Example 3.1. In any space X, the (7,7')—open nbds of z form a (’y,fy')—nbd base at z,
since for any (v, )-nbd U of int(, ./ (U) is also a (7,7 )-nbd of z.

Example 3.2. If X is the discrete space, then each x € X has a (v, 7/)—nbd base consisting
of a single set, namely {z}, that is, U, = {{z}}.

Theorem 3.2. Let X be a space and for each z € X, let G, be a (’y,'y/)—nbd base at z.
Then
(1) IfV € B,, then z € V.

(2) If V1, V4 € B, then there is some V3 € 3, such that V3 C V3 NV;, where v and ~ are regular
operations.

(3) If V € B, then there is some V3 € (3, such that y € V', then there is some W € 3, with
W CV.

(4) (a) If U C X is (7,7 )-open, then U contains a basic (7,7 )-nbd of each of its points.

(b) If U contains a basic (7, 'y/)—nbd of each of its points, then U is (v, 7/)—open provided v and
~" are regular operations.

Proof. Follows from Theorem 3.1.

Definition 3.3[12]. A point z € X is called a (’y,’y/)—closure point of A C X if (UTU
VV/) N A # 0, for any open nbds U and V of 2. The set of all (7,7 )-closure points is called
the (7,7 )-closure of A and is denoted by cl(%n/)(A).

Note that cl(,w/)(A) is contained in every (7,7 )-closed superset of A. Clearly, a subset A of
X is called (v,~)-closed, if cliy - (4) C A

Theorem 3.3. Let X be a space. Suppose a (fy,'y')—nbd base has been fixed at each
xz € X. Then
(1) V C X is (7,7 )-closed iff each point # ¢ V has a basic (v, )-nbd disjoint from V.

(2) cl(, ,)(E) = {z € X: each basic (7,7 )-nbd of  meets E}.
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(3) int(, ) (E) = {z € X: each basic (7,7 )-nbd of x contained in E}.
(4) bd, /y(E) = {z € X: each basic (7,7 )-nbd of z meets both E and X — E}.

Proof. (1) Follows from Theorem 3.1 (5).

(2) We know that cl, ,(E) = N{K C X : K is(7,7 )-closed and E C K} Suppose
some (7,7 )-nbd U of & does not meet E, then z € int, ,(U) and E C X —int(, . (U).
Since X —int., . (U) is (7,7 )-closed, therefore iy (E) © X —int., . (U)[5]. Hence
z ¢l H(E). /

Conversely, if = ¢ cl, ./ (E), then X-cl., - \(E) is a (7,7 )-open set containing = and
hence containing a basic (7, 7,)—nbd of x, which does not meet E. This completes the proof.

(3) This follows from (2) by an application of De Morgan’s Laws on int., (E) = X
~Cliy 4y (E)[5].

(4) Follows from Theorem 3.1 (5) and the definition of bd ., ./)(E). This completes the
proof.

Definition 3.4. A space X is said to be a (v, yl)—Tl space, if for any two distinct points
x,y of X there exist open sets U and V containing = and y respectively such that y ¢ U7 and
xé v

Theorem 3.4. A space X is a (v, ’y/)—Tl space iff each singleton in X is (v, 'y/)—closed.

Proof. Let X be a (v,7)-Ty space. We show that each singleton {z} is (v,7 )-closed.
For this, we show that its complement X — {z} is (7,7 )-open. Let y € X — {z}, y # =, then
there exist sets U and V' containing x and y respectively such that y ¢ U and = ¢ V’Y/. So
xeUVy¢UYandye VY, x ¢ VV/. This implies that y € U” UVW/ C X —{z}. So, X — {z}
is (7,7/)—0pen. Hence {z} is (7,’7/)—closed.

Conversely, suppose that {z} is (’y,vl)—closed. We show that X is a (7,’y,)—T1 space. Let
z,y € X,z # y. Then X — {z},X — {y} are (7,7 )-open in X. Thus z € X — {y} and
y € X —{z} such that = ¢ (X — {z})” and y ¢ (X — {y})”. This completes the proof

Theorem 3.5. A space X is (7,7 )-T} iff every finite subset of X is (7,7 )-closed, where
~vyand *y/ are regular operations.

Proof. Suppose that X is a (7,7 )-T% space. Then by above Theorem 3.4, one point
subsets of X are (v, ’y/)—closed. Since v and 'y/ are regular operations, so every finite subset of
X, being a union of a finite number of (7,7/)—closed sets, is (7, 7/)—closed.

Conversely, suppose that every finite subset of X is ('yﬁl)—closed. Then every one point
subset of X is (v, ’y/)—closed. Hence X is a (v, 7/)—T1 space. This completes the proof.

Theorem 3.6. In a (7,7 )-T} space, each subset A of X is the intersection of its (7,7 )-
open supersets, where vy and 'y/ are regular operations.

Proof. Since in a (y,7 )-Ti space, each finite subset A of X is (v, )-closed, where
~v and ’y/ are regular operations. Since each singleton of X is (fy,”y/)—closed, therefore each
ye X—A X —{y}is (v, fy')—open and A C X —{y}. Sothat X —{y}isa (fy,fy/)—open superset
of A. Since for each x € A,z € X —{y}, A= () (X — {y}). This completes the proof.

z€A
Definition 3.5. Let X be a space and « € X. Then z is called a (v, 'y/)—limit point of A,

if (U"U V"Y,) N(A—{z}) # 0, where U,V are open sets in X.
Definition 3.6[4]. An operation v : 7 — P(X) is said to be strictly regular, if for any
open nbds U,V of x € X, there exists an open nbd W of x such that U N VY = W7,
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Theorem 3.7. Let X be a ('y,v/)-Tl spaceand AC X. If X is a (fy,'y/)—limit point of A,
then every (v, 7/)—0pen set containing x contains infinite number of distinct points of A, where
~ and fy' are strictly regular operations.

Proof. Let U, W be (7,7/)—open sets and x € U and x € W. Suppose U as well as W
contains only a finite number of distinct points of A. Then
UNA={x,29, -z} = By,

WnA={y1,y2, - yn} = Ba.

Clearly Bj is (7,7 )-closed implies (By)" is (7,7 )-open ,Where (B;)" denotes the complement
of B; and hence open . Similarly UN 3] is (v, 'y/)—open and hence open. But UN (Bl)/ contains
x and

UNB))NA = (U'Nn((B))NA
= (U NAN((B)) NA)C(UNA)N((B) NA)
= B N((B) NA)

(Bin(B))NA=0NnA=0.

Also By is (7,7 )-closed implies (Bs) is (7,7 )-open and hence open. So W N (Bs)  contains
x. Similarly (W N (B))Y NA=10.
Thus (U N (B1) )Y NA)U (W N (Bg))” NA)=0. This implies that

(N (B ) U(WN(B)) )nA=0

This shows that x is not a (v, )-limit point of A, a contradiction. Thus U as well as W
contains infinite number of distinct points of A. This completes the proof.

Corollary 3.1. In a (v, )-T} space no finite subset has a (7,7 )-limit point, where v and
"y/ are strictly regular operations.

Definition 3.7. The set of a (7,7 )-limit point of A, denoted A¢ is called (v,7)-

(")
derived set. It is easily seen that if A C B then
d d
A(%v ) = B(%“/)' ) ) (+)
Theorem 3.8. In a (v,v )-T} space the (7,7 )-derived set has the following properties:
(1) (A) AUAd )
_ Ad d
(2 )(AUB)( " A%W)UB( 4y In general
(3 U4 g AN,
d
(4 )( (v ))(%7 ) < A(%g )’
(5) el <A('m ) A’Y'Y)

Proof. ( ) Let z € cl, ./ (A). Then z € C, for every (7,7 )-closed superset C' of A. Now
(i) If x € A, then x € A‘(i7 e

(ii) If ¢ A, then we prove that x € AU A‘(i,Y Y To prove (ii), suppose U and W are open

sets containing . Then (U7 U W“f/) NA=10, for otherwise A C X — (U N WVI) = C, where
Cisa(y, 7/)—Closed superset of A not containing . This contradicts the fact that = belongs to

gives r € AU A¢

every (7, 'y/)—closed superset C' of A. Therefore x € Ad,y ()"

(v



Vol. 3 Properties of bi v -operations on topological spaces 117

Conversely, suppose that z € A U A¢ we show that x € cl(,y_’,yz)(A). If x € A, then

RN

S cl(,y),y/)(A). Ifx e A‘(i%,y,), then we show that z is in every (v, ’7/)-CIOS€d superset of A. We

suppose otherwise that there are (v, v ) closed supersets Cl and C of A not contalnlng x. Then
reX-Ci=U"andzre X-C; = W which are (7,7 )-open and UTN A = 0, WY NA=0.

So (UTNA)U (W’Y NA) =0 = (U"U W )N A = (. This implies that z € Ad7 Y This
contradiction proves that = € cl(, ./ (A). Consequently cl., .\ (A) = AU A?%A/). This proves

1.

(2 )(AUB)( 4 C Ad) ,)UBE17 . Letz € (AUB)( e Thenz € cl(, ./ (AUB)—{z} or

z €cli, . (A—{z})ud,, v n(B—{z}), 1mphes ved, (A—{z})ora €d, (B—{x}). This

gives x € Ad Ly oree B('y VY Therefore x € A‘(i U B(d'v . This proves (AU B)(’y oy €
A?y U B?’v ) The converse follows directly from ( )

(3) The proof is immediate from (*).
(4) Suppose that = ¢ A?v e Then z ¢ cl(, ./ \(A—{z}). This implies that there are open

sets U and V such that z € U and x € V and (U U V'Y/) N(A—{z})=0. We prove that = ¢

(A?nm,))?%v,) . Suppose on the contralfy that x € (A?%v'))((iw/)' Thenz € cl, )( ata
Sincez € U and z € V, 50 (UTUVY )N (A‘(i,w,) —{z}) # 0. Therefore there is a ¢ ;é x such
that ¢ € (UYUVY )N (Ad ,)) It follows that ¢ € (UYUV?Y ) —{z})N ( d —{x}). Hence
((U'YUVV )—{z})N ( {x}) # (), a contradiction to the fact that (U”UV” ) (A—{z}) = 0.
This implies that = ¢ ( )4 and so (A4 )¢ Ad

'M)('y’y') () ') € Ay
(5) This is a consequence of (1), (2) and (4). This completes the proof.

Definition 3.8. Let A be a subset of a space X and A? the set of all (7,7/)—limit

(")
points of A . If A C Ad7 then A is called (v, 'y/)—dense in itself.

')
In a (v, yl)—Tl space, set (7, fy')—dense in itself has the following properties:
Theorem 3.9. (1) If {4;} is an arbitrary family of subsets of a (v,~)-T} space X (v, )-

dense in themselves, then UA C (UA ) s that is, |J 4; is (7,7 )-dense in itself.
i
(2) (i) For any subset A of X,

d d d d d d d d _ad
(Cl(WvV/)(A)) (v d (AUdA(’M))(vv) A(vv) (A(wy))(vv) *A(vv)UA(vv) A(vv)
or (Cl(,Y v )(A)) A C A U A /) = l(’Y,’Y )(A)

(ii) For any subset A of X if A C (A)( " then cl(,w/)(A) - (cl(%,y/)(A))?%V,).

(3) If Ais (7,7 )-closed and (7,7 )-dense in itself and B does not contain a subset P which
is (v, ’y/)—dense in itself, then each (v, ’y/)—Tl space X is the union of sets A and B.
Proof. (1) Suppose {A;} is a family of subsets of a (v, )-T} space X such that each A;

is (7,7 )-dense in itself. Then A; C (A')?A/ - By Theorem 3.8 (3),

U4, cuy (Az) (U A;) . This proves (1).
(2) (i) By Theorem 3 8 ( 1, 2 and 4), we infer that
d d d d d d d d _ aAd
(el (A, 1) = = UdAw i € AGan Y AGA G € AGan VAL = A6
or (Cl(’Y,’Y/)(A))(Py C A C A U A(’Y,’Y ) g Cl(’Y,’Y/)(A)

or (Cl(vﬁ’)(A))((i’y N = Cl(v v )(A)

(ii) Since A C I, ./)(A), therefore Al

d
) S (el oy (A))E s\ Now

(v)
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— d _Ad
iy (A) = AU A('M') - A(%v') C (d
This proves (2).

(3) Let A = |JA,, for each A; (7,7 )-dense in itself. Then by Theorem 3.9 (1), A is

(A))((i%v/) or cl, ) (A) € (cl( (A))El%v')'

(") ")

(7,7 )-dense in itself. By Theorem 3.9 (2) (ii), cliy ) (A) is (7,7 )-dense in themselves and
hence cl(%v/)(A) C A. That is, A is (7,7/)—closed. Clearly the set X — A = B, being disjoint
from A, does not contain nonempty sets which are (v, 7/)-dense in themselves. This completes

the proof.
Combining 2(i) and 2 (ii) in the above Theorem, we have:
o . d _ d
Proposition 3.2. If A C (A)(%fy,), then ol .\ (A) = (cl(%v,)(A))(%fy,).

References

[1] B. Ahmad and F. U. Rehman, Operations on Topological Spaces-II, Math. Today, 11
(1993), 13-20.

[2] B. Ahmad and S. Hussain, Properties of vy-operations on Topological Spaces, Aligarh
Bull. Math., 22(2003), No.1, 45-51.

[3] B. Ahmad and S. Hussain, v-Convergence in Topological Spaces, Southeast Asian Bull.
Math., 29(2005), No.5, 835-842.

[4] B. Ahmad and S. Hussain, v*-regular and - normal Spaces, Math.Today, 22 (2006),
No.1, 37-44 .

[5] S. Hussain and B. Ahmad, Bi vy-operations in Topological Spaces, Math.Today, 22(2006),
No.1, 21-36.

[6] D. S. Jankovic, On functions with-closed graphs, Glasnik Mat., (18) 38(1983), 141-148.

[7] S. Kasahara, Operation-Compact Spaces, Math. Japon., 24(1979), 97-105.

[8] S. Kasahara, On weakly compact regular spaces II, Proc. Japan Acad., 33(1975),
255-259

[9] N. Levine, Generalized closed sets in Topology, Rend. Circ. Mat. Palerom, 19(1970),
89-96.

[10] H. Ogata, Operations on Topological Spaces and associated Topology, Math. Japon.,
36(1991), No.1, 175-184.

[11] F. U. Rehman and B. Ahmad, Operations on Topological Spaces I, Math. Today, 10
(1992), 29-36.

[12] J. Umehara, H. Maki and T. Noiri, Bi- operation on Topological Spaces and some
separation axioms. Mem. Fac. Sci. Kochi Univ. Ser. A Math., 13(1992), 45-59.

[13] J. Umehara, A certain bi-operation on Topological Spaces, Mem. Fac. Sci. Kochi.
Univ. Ser. A Math., 15(1994), 41-49.



Scientia Magna
Vol. 4 (2008), No. 2, 119-121

Some notes on the paper “The mean
value of a new arithmetical function”

Jin Zhang T* and Pei Zhang |

tDepartment of Mathematics, Northwest University, Xi’an, Shaanxi, P.R.China
 Department of Mathematics, Xi’an Normal School, Xi’an, Shaanxi, P.R.China

Abstract In reference [2], we used the elementary method to study the mean value prop-
erties of a new arithmetical function, and obtained two mean value formulae for it, but there
exist some errors in that paper. The main purpose of this paper is to correct the errors in

reference [2], and give two correct conclusions.

Keywords Smarandache multiplicative function, mean value, asymptotic formula.

§1. Introduction

For any positive integer n, we call an arithmetical function f(n) as the Smarandache
multiplicative function if for any positive integers m and n with (m, n) = 1, we have f(mn) =
max{f(m), f(n)}. For example, the Smarandache function S(n) and the Smarandache LCM
function SL(n) both are Smarandache multiplicative functions. In reference [2], we defined a

new Smarandache multiplicative function f(n) as follows: f(1) = 1; If n > 1, then f(n) =

max
1<i<k o + 1

studied the mean value properties of f(n), and proved two asymptotic formulae:

}, where n = p{'p5? - - pi* be the factorization of n into prime powers. Then we

S g 3o s 0 (). »

n<z

where A is a computable constant.

Z<f(n)1)2316‘25;)2?'\/E’lnlnz+d‘\/5+0(xé)’ @)

n<z

where ((s) is the Riemann zeta-function, and d is a computable constant.

But now, we found that the methods and results in reference [2] are wrong, so the formulae
(1) and (2) are not correct. In this paper, we shall improve the errors in reference [2], and
obtain two correct conclusions. That is, we shall prove the following:

Theorem 1. For any real number x > 1, we have the asymptotic formula

Zf(n):%-erO(x%).

n<lz
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Theorem 2. For any real number x > 1, we have the asymptotic formula

* 1 l
> (0 -3) =55 S5 Va0 (s),

n<zx

where ((n) is the Riemann zeta-function.

§2. Proof of the theorems

In this section, we shall using the elementary and the analytic methods to prove our
Theorems. First we give following two simple Lemmas:
Lemma 1. Let A denotes the set of all square-full numbers. Then for any real number

x > 1, we have the asymptotic formula

_C(%),mg ¢(3)
2= T

n<x
neA

where ((s) is the Riemann zeta-function.

Lemma 2. Let B denotes the set of all cubic-full numbers. Then for any real number

Zl:N.z%+O<zi),

n<lz
neB

x > 1, we have

where N is a computable constant.
Proof. The proof of these two Lemmas can be found in reference [3].
Now we use these two simple Lemmas to complete the proof of our Theorems. In fact, for

any positive integer n > 1, from the definition of f(n) we have

Yofm) = O+ f)+ ) fn), (3)

n<x n<x n<x

ncA neB
where A denotes the set of all square-full numbers. That is, n > 1, and for any prime p, if p | n,
then p? | n. B denotes the set of all positive integers n > 1 with n ¢ A. Note that f(n) < 1,

from the definition of A and Lemma 1 we have

> s =0(at). (4)

n<lz
neA

n<lx
neB

1 1 1
24 = 352523
neA
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Now combining (3), (4) and (5) we may immediately get

> fn) L+ > fln)+ ) f(n)

n<lx n<x n<x
neA neB
1 1
= 5-95—1—0(955).

This proves Theorem 1.
Now we prove Theorem 2. From the definition of f(n) and the properties of square-full

numbers we have

> (s 1)

n<x

Il
| =
+
N
=
S
|
N
N———
[\v]
+
RS
=
S
|
N |
N———
[ V]

(f(n) - ;)2 (6)

where A also denotes the set of all square-full numbers. Let C' denotes the set of all cubic-full

Il
RNy
+
N

numbers. Then from the properties of square-full numbers, Lemma 1 and Lemma 2 we have

oS
kh
—~
E

|
| —
N——
(]

Il
N
w| =

|
DO |
N~
(]

+
N
=

3
S~—

|
DO
N——
()

n<x n<lx n<x
neA neA, f(n):é neC
11\’ 1 1\?
- Z(s‘z) ‘Z<3‘2> TO X1

n<z n<zx n<wx

neA neC neC

C(3) 1 !

) Xz —i—O(xJ) (7)

where ((s) is the Riemann zeta-function.
Now combining (6) and (7) we have the asymptotic formula

2 3 ) .
3 (f(n) - ;) - ch?f)) 274+ 0 (x)

n<x

This completes the proof of Theorem 2.
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Abstract In this paper, we use the elementary method to study the properties of the Smaran-
dache multiplicative sequence, and proved that some infinite series involving the Smarandache

multiplicative sequence are convergent.

Keywords Smarandache multiplicative sequence, infinite series, convergent properties.

§1. Introduction and result

For any positive integer m > 2, let 1 < dy < ds < --- < d,,, are m positive integers, then
we define the Smarandache multiplicative sequence A,, as: If di, ds, ---, d,, are the first
m terms of the sequence A,,, then dy > di_1, for & > m + 1, is the smallest number equal
to df* - dg?---d¥m, where a; > 1 for alli =1, 2, ---, m. For example, the Smarandache

multiplicative sequence As ( generated by digits 2, 3) is:
2, 3, 6, 12, 18, 24, 36, 48, 54, 72, 96, 108, 144, 162, 192, 216, ------ .
The Smarandache multiplicative sequence As ( generated by digits 2, 3, 7 ) is:
2, 3, 7, 42, 84, 126, 168, 252, 294, 336, 378, 504, 588, 672, ------ .
The Smarandache multiplicative sequence A4 ( generated by digits 2, 3, 5, 7)) is:
2, 3, 5, 7, 210, 420, 630, 840, 1050, 1260, 1470, 1680, 1890, 2100, ------ .

In the book “Sequences of Numbers Involved Unsolved Problems”, Professor F.Smarandache
introduced many sequences, functions and unsolved problems, one of them is the Smarandache
multiplicative sequence, and he also asked us to study the properties of this sequence. About
this problem, it seems that none had studied it yet, at least we have not seen any related
papers before. The problem is interesting, because there are close relationship between the
Smarandache multiplicative sequence and the geometric series. In this paper, we shall use
the elementary method to study the convergent properties of some infinite series involving the
Smarandache multiplicative sequence, and get some interesting results. For convenience, we
use the symbol a,,(n) denotes the n-th term of the Smarandache multiplicative sequence A,,.

The main purpose of this paper is to study the convergent properties of the infinite series

>t 1)

24 ()’
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and prove the following:
Theorem. For any positive integer m > 2, let 1 < dy < ds < --+ < d,, are m positive
integers, and A,, denotes the Smarandache multiplicative sequence generated by di, da, -- -,

dp,. Then for any real number s < 0, the infinite series (1) is divergent; For any real number

s > 0, the series (1) is convergent, and

oo 1 m 1 m 1
;afn(n) :Edf—lJr;dT?'

From our Theorem we may immediately deduce the following two corollaries:

Corollary 1. Let A be the Smarandache multiplicative sequence generated by 2 and 3,
then we have the identity

oo

1 4
2 ) 5

a
n=1 2

Corollary 2. Let A3 be the Smarandache multiplicative sequence generated by 3, 4 and
5, then we have the identity

o0

1 13
2w T

a
n=1 3

Similarly, we can also introduce another sequence called the Smarandache additive sequence

as follows: Let 1 < dy < ds < -+ < d,, are m positive integers, then we define the Smarandache

additive sequence D,, as: If dy, ds, ---, d,, are the first m terms of the sequence D,,, then
dr > di_1, for k > m + 1, is the smallest number equal to a - d; + g -do + -+« - + Q- dpn,
where a; > 1 for all =1, 2, ---, m. It is clear that this sequence has the close relationship

with the coefficients of the power series (2% + 292 + ... 4 z9m < 1)

(o] d1 d2 dm
di ds L dmn_ x +-r +'—|-33
Z<$ +$ + +x ) _1_xd1_xd2_..._xd1n.

n=1

For example, the Smarandache additive sequence Do ( generated by digits 3, 5 ) is:
3, 5, 8 11, 13, 14, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, ------ .

It is an interesting problem to study the properties of the Smarandache additive sequence.

§2. Proof of the theorem

In this section, we shall prove our Theorem directly. First note that for any positive integer
k > m, we have
am (k) = di* - dg® - - dp

where a; > 1,4 =1, 2, ---, m. So for any real number s > 1, we have
oo 1 m 1 oo (oo} oo 1
2 = 2ot XX Gy
=1 ay,(n) i1 ag, (@) o1l aaml g1 (dit - dy® - -~ dni™)

m 1 o 1 oo ) - X

a;=1 as=1 am=1
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o0
It is clear that for any real number s < 0, the series Z s is divergent, and for any real
i=1 1t
o L )
number s > 0, the series Z o is convergent, and more
a;=1 1
Lo T
oo
So from (2) we know that the series Z @) is also convergent, and
n—=1 _m
oo " m m

1 1 1
Z :Hdsil—i_zg'

n=1 a5 (n) i=1 ¢

This completes the proof of our Theorem.
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