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A new refinement of the inequality

A 4R+r
2 sing <4 /55

Marius Dragant and Mihély Benczet

E-mail: benczemihaly@gmail.com

Abstract The purpose of this paper is to give a new provement to inequality > sin % <
41;;”, who are given in [1], to prove that this is the better inequality of type: > sin g <
aR;{ﬁ ~ when

aR+p0r _3
VTR S M

and to refine this inequality with an equality of type: “better of the type” :

Zsing < M7

R
when
aR+pBr _ 3
—_— < = 2
R -2 2)
or in an equivalent from:
2R+ (3 — 22
Zsingg\[ +(R \[)7’ (3)

We denote

Keywords Geometrical inequalities.
2010 Mathematics Subject Classification: 26D15, 26D15, 51M16.

§1. Main results

Lemma 1.1. In all triangle ABC holds:

\@R+(Z;2\@)r< /4};;@ @

Proof. The inequality (4) will be written as:

—2v/2 4 1
vap o2 e
x 2z
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and after squaring we shall obtain:

7—22\/§+6\/§—8<4x+1
X

1
2
+ T - 2

& 42%+34-24V2+ (12V2 - 16) 2 < 40”42
& (1T-12v2) (@ -2) = 0,
Theorem 1.1. In all triangle ABC holds:

A T R+d
A4 / ' -
ESIH2_R+d+ 7 (5)

Proof. The inequality (5) will be given in [2].

We shall give a new prove of this inequality. In [3] it was proved the following inequality:

p—a R—r+d \/R—d
< —_—
Z\/ a _\/ 2r +2 2R

We have:

(£

SOTRES
_ Z(p_biﬁp_c)*wa)(pagcb)(p_c)Z\/p;a,

or in an equivalent form:
A —7‘ [r p—a
ZSIH; \/ Z
2R—r R—r+d R—-d
<
- \J <\/ 2r +2\/ 2R )
\/ —r+d \/ (R—d)

(R+d)>=2R(R—r+d)(R—d)(R+d) =2Rr

and because

and
(R—r—d)(R—r+d)=r?

R+d+2R7T R+d+ 2r |R+d
R 2R 2R R+d R

B r n R+d

- R+d V R

In the following we shall prove (1).

it shall result

Zsing

IN
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From inequality (5):

iné+in§—|—in€< M—k " <
Sy TR TS VTR TRydS

because the inequality (5) is the better of the type: > sin % < f(R,r). It follows that:

/R—I—d+ 1 < aR+ﬁr<§
R R+d ™ R -2

N W

or
1 T+ d, \/ ar+ (3 3
< < -, Vz>2. 6
1+dm+\/ x r S e (6)
In the case of equilateral triangle we have x = 2. We shall obtain
2
4 - =09.
o+ 3
The inequality (6) may be written in the case of the isosceles triangle with sides: b—c =1,
a=0(R= %, r = 0) or putting  — oo in an equivalent from as: a > 2.

Because: (2a—4)z+4x+9—4a >22a—4)+ 42+ 9 — 4a =42 + 1 it shall result:

\/ax+ﬁ>\/4x—|—1
T - 2¢

In the following will be sufficient to prove that:

T+ dy 1 4r +1
\/ <4/ . 7
T +ac—|—d$* 2x (7)

Theorem 1.2. In all triangle ABC holds

A 4
Zsin—g R—’_T.
2 2r

Proof. The inequality (7) may be written in an equivalent form as:

T+ dy 1 4r +1 1 4r +1 T+ dy
+ < & < -
T T+d, — 2\ T+d, — 2x T
4dr +1 T+ dy
& +
2 T

4r+1—2x —2d,
dy
(x + )( oy )
ds + 5z
2x

& dy +5z >/ 2x (4z + 1) + Vdz (z + dy).

IN
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After squaring we shall obtain:

2% — 20 4 252% + 102d, > 8x% + 2x + 42% + 4xd, + 4x\/2 (4o + 1) (x + d,)
1422 — 4z + 6xdr > 4x+/2 (4 + 1) (z + dy)

7x — 2+ 3d, > 2v/(8z +2) (z + d,)

4922 + 4 + 92% — 18z — 28z — 12d,, + 42xd,

3227 + 32zd, + 8z + 8d,

262% — 542 + 4 + 102zd, — 20d, > 0

(132 — 1+ 5d,) (x — 2) > 0.

v g ¢

t ¢

In the following we shall determine «, 3 with the property (2).
According with the inequality (6) it follows that

/R+d+ r <aR+Br <§
R R+d— R -2

T+ d, 1 é
T

or in an equivalent form

+ <a+
x T +dx

<

N W

. (8)

In the case of equilateral triangle we shall obtain 2a + 5 = 3.
In the inequality (8) we shall consider x — oco. It follows that a > V2.

Because

(a—\/i)R—F(S—QOL)T‘Z (204—2\@4—3—204)7": (3—2\/§>r,

it follows that
aR+pr  V2R+ (3-2V2)r
R - R '
In the following will be sufficient to prove the inequality (3).
Theorem 1.3. In all triangle ABC holds
A _V2R+(3-2V2)r

in— <
s1n2_ 7

Proof. From the inequality (5) it follows that in order to prove the inequality (3) it will

/R+d+ r_V2R=(3-2V2)r
R R+d ™~ R
or in an equivalent form:

\/m+ 1 _VZ+3-2/2
T T +dr — T

T+ dy < \/§x2—|—(3—2\/§)x+\/§mdm+(3—2\/§)dm—x
V oz = z(x+dy)

be sufficient to prove:
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z+d, fx + (2 - 2v/2) x + V2zd, + (3—2V2) d, ©
x x(x+dy)
We denote
d
Uy = —.

T

The inequality (9) may be written in an equivalent form as:

T+ dy

T

AT + + AT INT O IA

¢ + + AT + 4+

AT IN T+ A

i3

IN

22 [V22 42— 2V2 4+ v2d, + (3 — 2v2) ua]”
203 (x 4+ dy — 1)
(2x +2d;) (x+dy — 1)

[ﬁx+2—2\/§+\/§dz+(3—2\/§)ux}

222 + 2xd, — 22 + 22d, + 222 — 4z — 22
222 +12 — 8v/2 + 222 — 4z + (17 - 12¢§> u?

(4\/5— 8) o+ dzd, + (6\/5 -~ 8) Ty + (4\/5— 8) d,

(28 - 20\/§> e + (4\/5 - 8) dy + (6\@ - 8) Uy
4xd, — 6x — 2d,

12— 8f+( 2) (17 12[) 4x+(4ﬁ—8)x
(6\[ . ) dy + dad, + (28 - 2()\/5) df
(4\/578>dz+(x72) (6[2—8)

422%d, — 622 — 2zd,

(12 8[) - (17 12[) 2V 3124V — 44

( 32— ) 22+ (G\f ) wd, + 42d, + (28 - 20[2) d,
(4\/5 ) zd, + (6f ) 22— (12\@ _ 16) x
[4952 % ( 8) x— 4z% — 28+ 20V/2 — (4\/5 - 8) x} d,

(6-4+4v2-5+6v2-8)a?

(12 82 +17 - 12V2 — 12V2 + 16) z— 3442472

dy [(~2-6V2+8-4v2+8) 22842012

(10v2 - 14) 2% + (45 - 32v2) 0 — 34 + 2413

d, [(14-10v2) o + 20v2 - 28]

(10v2 - 14) 2% + (45— 32v2) &« — 344 24V2

d, [(14-10v2) & + 20v2 - 28]

(10v2—14) 2% + (45 - 32v2) o — 34 + 2413

d. (14-10V2) (2 - 2) < (2 - 2) [(10v2 - 14) 2 + 17 — 1212
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& (z-2) {(mﬁ— 14) o+ (10&— 14) dy +17 — 12\/5} > 0.

Corollary 1.1. In all triangle ABC holds

3S
Zcos—_ \fR+(3—2\f) )

B C A B c
Proof. Using the Chebyshev’s inequality to sm 5,8in 5, sin 5 and cos 5, cos 5,cos 5 we
get
1 A 1 A 1 A A
(3 Zsin 2) <3 Zcos 2) > (3 Zsin 5 cos 2)
o A A3
ZSin;ZCOSE > 5 ZsinA
or

3> sinA 3> sin AR B 39
2 cost2 2y sind ~ 2[VIR+ (3-2v2)r]  2(VER+ (3-2v2) 1)

Corollary 1.2. If A € (0,1], then in all triangle ABC holds:

() a2ty

Proof. Using the Jensen’s inequality we get:

S () ca(lgad) o (P

Corollary 1.3. If A > 1 then in all triangle ABC holds

2(=3) = (s iavmm)

Proof. From Jensen’s inequality we get:

Z(COSQ)A23(;COS§)A23(2(@3+(€,_2ﬂ)7~)> |

Corollary 1.4. In all triangle ABC holds

Zcosé> 25 +3V3R
2 = 4R

Proof. From Popoviciu’s inequality
r+y+z r+y
S s (TR 22y s (50
applied to function f: (0,7) — R, f (z) = sinz we get:

A+ B
ZsinA+3sing <2Y sin ;
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or

or
Zcosé . 25+ 3V3R
2~ 4R '

Corollary 1.5. In all triangle ABC' are true the following equality:

2chos§ (Z sing — 1) =5. (10)

Proof. We shall consider the triangle ABC obtained with the exterior bisectors of the
triangle ABC.

G,

A,

We denote with Sa, g, ¢, the semiperimeter of A; B;C; trianle.
We have: 2SA13101 = A]_Bl + BlCl + AlCl.
We shall calculate:

B:C; = AB;+ AC,
C B B
= 4Rsin5 cos 5 —|—4Rsin5 cos;
A
= 4R —
cos 5

and the others.
We shall obtain: Sa,p,c, = 2R cos 4.

We have:
Sapc, +SBca, +Sacs, = Sac +Sa,B,c,
and
. C B e C
254Bc, = 4Rsin 5 cos 5 + 4Rsin 5 cos 5

. C A
4Rsm§ Zcos OR
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It follows that

A\ . C A\ . B A\ . A A
2R(§ 0052)51112—1—21?(5 COS2>SIH2+2R<E c052>81n2:S’+2RE 0055
or A A
2R§ Cos2<§ sm21>—S.

Corollary 1.6. In all triangle ABC holds:

A S
R (R e T

Proof. Using the equality (10) and inequality (3) we shall obtain:

Z é — i;>i R
P9 T R Tsmd-17 2R (V2-1)R+ (3-2v2)r
s
2[(V2-1) R+ (3-2v2)r]

Corollary 1.7. If A > 1 then in all triangle ABC holds:

Z(COS;l)A Z?’(a((ﬂ_wi (3_m)r)> |

Proof. From Jensen’s inequality and inequality (11) we get:

Z(COS§>A23<;ZC05§>A23(6((W1)RS+(3Qﬁ)r)> '

Corollary 1.8. In all triangle ABC holds:

A _2S+3V3R 38
E cos — > > .
2 4R 2(V2R+ (3-2v2)r)
Proof. The first side of the inequality (12) i just Corollary 3.4.

The right side
25 +3V3R 3S

R - 2(V2R+ (3—-2v2)r)

will may be written in an equivalent form as:

[(6-2v2) R (6-4v2) 7| § <3V6R? + (9V3 - 616 Rr. (13)

From Blundon’s inequality S < 2R + (3\/§ — 4) r it follows that to demonstrate the in-
equality (13) it will be sufficient to prove that:

[(6-2v2) R~ (6-4v2)r| [2R + (3V3 — 4) r| <3VG6R?+ (9v3 - 6V6) Rr

(3\/6+4\/§— 12) 22+ (36 93— 16\/5) 24 18V3 — 12v6 + 16V2 — 24 > —24z
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or

(x —2) [(3\/6+4\@—12)x+6¢6—8f—9\/§+12] >0,

But

(3V6 +4v2 — 24+ 6v6 — 8V2 — 9V3 + 12)
V6 4 8V2 — 24 4+ 66 — 8v/2 — 9v/3 + 12
12v6 — 9v3 —12 > 0,

v

who are true.

Corollary 1.9. In all triangle ABC holds:

g2 < 2R +7) (\/51:; (3—2\/5)7«)2.

Proof. From the identity:

A 4R +r
‘2—:
E cos” 5 5R (14)

Corollary 1.3 and

2
ZCOS2§ > % (Zcos?) ,

it shall result inequality of the statement.

Corollary 1.10. In all triangle ABC holds:

S <\6R(AR+r) Wi

2
Proof. Result from the identity (14), Jensen’s inequality

2
Zc0s2§23<;2cosgl>

and Corollary 1.4 we get:

1 (25+3V3R)”

3 16R?

After performing some calculation we shall obtain the inequality of the statement.
Corollary 1.11. In all triangle ABC holds:

o 6B-2V)(UR ) (Rt (V2-1)r)°
< 7 .

Proof. Result from inequality

2
ZCOS2§ > % (ZCOS?) ,

equality (14) and (12).
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On certain subclasses of analytic functions
Sukhwinder Singh Billing

Department of Applied Sciences, Baba Banda Singh Bahadur
Engineering College Fatehgarh Sahib, 140407, Punjab, India

E-mail: ssbilling@gmail.com

Abstract This paper is an application of a lemma due to Miller and Mocanu [1], using which

we study two certain subclasses of analytic functions and improve certain known results.

Keywords Analytic function, univalent function, differential subordination.

§1. Introduction and preliminaries

Let H be the class of functions analytic in the open unit disk E = {z : |2| < 1}. Let A
be the class of all functions f which are analytic in E and normalized by the conditions that
f(0) = f'(0) =1 =0. Thus, f € A, has the Taylor series expansion

fz)=2z+ Z apz".
k=2

Let S denote the class of all analytic functions f € A which are univalent in E.

For two analytic functions f and ¢ in the unit disk E, we say that f is subordinate to g
in E and write as f < g if there exists a Schwarz function w analytic in E with w(0) = 0 and
|lw(z)| < 1, z € E such that f(z) = g(w(z)), z € E. In case the function g is univalent, the
above subordination is equivalent to : f(0) = ¢(0) and f(E) C g(E).

Let ¢ : C2 x E — C and let h be univalent in E. If p is analytic in E and satisfies the
differential subordination

¢(p(2), 2p'(2);2) < h(z), ¢(p(0),0;0) = h(0), (1)

then p is called a solution of the first order differential subordination (1). The univalent function
q is called a dominant of the differential subordination (1) if p(0) = ¢(0) and p < ¢ for all p
satisfying (1). A dominant ¢ that satisfies § < ¢ for all dominants ¢ of (1), is said to be the
best dominant of (1).

In 2005, Kyohei Ochiai (2! studied the classes M(a) and N () defined below: Let

fz) 1
zf'(z) 2«

M(a):{feA:

1
<,0<a<17zeE},
2¢

and they defined the class N'(«) as f(z) € N(«a) if and only if zf’(z) € M(«). They proved the
following results.
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Theorem 1.1. If f € A satisfies

(o)

for some o 1/4 < ov < 1/2), then

o 1’ <

therefore, f € M(a).
Theorem 1.2. If f € A satisfies

) D )|,
P T ) ) ‘ <7
for some o 1/4 < o < 1/2), then

‘ f'(2)
f'(2) +2f"(2)

1
—1’<—1,zeE,
2c

therefore, f € N ().

To prove our main result, we shall use the following lemma of Miller and Mocanu [!.
2q'(2)
q(z)

analytic function p, p(z) # 0 in E, satisfies the differential subordination

Lemma 1.1. Let ¢, ¢(2) # 0 be univalent in E such that is starlike in E. If an

then

and q is the best dominant.

§2. Main results and applications

2q'(2)

q(z)

Theorem 2.1. Let ¢, ¢(z) # 0 be univalent in E such that

(= h(z)) is starlike in

If feA, /(z) # 0 for all z in E, satisfies

)
S (LGN
6 <” ff(z))”“ ) Z€E,

then

ZJ}E?;) < ¢(e) = {/oz @ dt] |

f(2)
2f'(2)

Proof. By setting p(z) = in Lemma 1.1, proof follows.



Vol. 8 On certain subclasses of analytic functions 13

!
Theorem 2.2. Let ¢, ¢(z) # 0 be univalent in E such that Z;](S) (= h(z)) is starlike in
E.
If feA,
f'(2)
——— #0
P+
for all z in [E, satisfies
2f"(2)  2(2f"(2) + 21" (2))
O I E S
e 7 ()
z Z h(t
e e —ew | [ 2 a]
Proof. By setting p(z) = # in Lemma 1.1, proof follows.
f'(z) +2f'(2)
Remark 2.1. Consider the dominant
q(z):w, 0<ax<l, ze€E
—z

in above theorem, we have

R(1 ) = (1 ) 2 e

2q'(2)

a(z)
Theorem 2.3. If f € A, z;gfi)
2f'(z) ([, 21"(2) 2(1 - a)z

f(Z) (1+ f/(z) ) =< (1—2)(14—(1—20[)2),

for all 0 < o < 1. Therefore, is starlike in E and we immediately get the following result.

# 0 for all z in E, satisfies

then fz) 14 (1-2a)2

zf’(z)< 1-2

, 0<a<l, z€E.

Theorem 2.4. Let f € A, f’(z)J:—(z)]”’(z) # 0 for all z in E, satisfy
2f"(z)  2(2f"(2) + 21" (2)) 2(1-a)z

PG PR+ =20+ -2a))

then £(2) 14 (1 - 2a)z

=
f'(2) + 2f"(2) 12z
Note that Theorem 2.3 is more general than the result of Kyohei Ochiai [? stated in

, 0ax<l, z€E.

Theorem 1.1 and similarly Theorem 2.4 is the general form of Theorem 1.2.

s
1
1+Z) ,0<d6<1, z€E, we have
—z

R(1e O D) (102 Ly

¢(z)  q2) 1— 22

Remark 2.2. Selecting the dominant ¢(z) = (
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/
Therefore, Zq( 7;) is starlike in E and from Theorem 2.1 and Theorem 2.2, we obtain the
z
following results, respectively.
Theorem 2.5. Suppose that f € A, J}(If)) # 0 for all 2z in E, satisfies
zf'(z
! " 26
SO (1 L) B
f(z) f'(2) 1
then s
1
/() =< te ,0<6<1, z€E.
zf'(z) 1—z2
Theorem 2.6. Let f € A, UG # 0 for all z in E, satisfy
f'(z) +2f"(2)

2f"(z) _ 22f"(=) + 2f"(2) 202
f'(2) f'(2) +2f"(2) 1—2%

f/(z) 14+ 2 0
&) +20(2) <1—z> , 0<o<l, z€E.
all —2)

then

Remark 2.3. When we select the dominant ¢(z) =
2.1 and Theorem 2.2. A little calculation yields

p(14 2828 _p( Ly E)s0sek

, a>1, z €E in Theorem

7 a6 == Ta—z
2q'(z) . o .
Therefore, B is starlike in E and we get the following results.
q(z
Theorem 2.7. Suppose that a > 1 is a real number and if f € A, ff(,?)) # 0 for all z in
z2f'(z
E, satisfies
2f'(2) < Zf”(Z)> (1-a)z
—(1+ < :
f(z) f'(z) (1—2)(a—2)
then
f(z)  a(l-2)
E
2f'(2) f ez ' 7F
Theorem 2.8. Let a > 1 be a real number and let f € A, G- # 0 for all z in
f(z) +2f"(2)
E, satisfy
2f"(z) _ 22f"(=) +2f"(2) (A=)
f'(2) f'(z) +2f"(2) (1-2)(a—2z)’
then

1) o)
[ +2f"(z)  a-z
Remark 2.4. Consider the dominant ¢(z) = 1+ Az, 0 < A <1, z € E in Theorem 2.1

and Theorem 2.2, we have

R(14 208 2B _p( )50 seE

, z € E.

7(z)  qz)



Vol. 8 On certain subclasses of analytic functions 15

/
for all 0 < A < 1. Therefore, Z;] iz) is starlike in E and we have the following results.
Theorem 2.9. Suppose f € A, fo(/fi) # 0 for all z in E, satisfies
SO (1 ) L e
f(2) f'(z) 1+ Az
then £2)
z
-1 <1 E.
702 ’<)\,0</\_,z€
Theorem 2.10. Suppose f € A, L # 0 for all z in E, satisfies
f'(z) + 2" (2)
() A2 AR e
Pl @A) T

then .

e
['(2) + 2f"(2)

Remark 2.5. We, now claim that Theorem 2.9 extends Theorem 1.1 in the sense that the

2f'(2) 2f"(2)
— 1 + y

f(2) f'(2)

the same extension for Theorem 1.2. We, now, compare the results by taking the following

<A 0< A<, z€E.

operator > , now, takes values in an extended and Theorem 2.10 gives

particular cases. Setting A = 1 in Theorem 2.9, we obtain:

Suppose f € A, ZJ;EZ) # 0 for all z in E, satisfies
2f'(2) 2f"(2) z
-+ 5) < .
then £2)
z
pren —1’ <1, z€E.

For @ = 1/4, Theorem 1.1 reduces to the following result:

If f € A satisfies
2f'(z) _ (1+ Zf”@))‘ < 1 (3)
2’

f'(z) f'(z)
then
;}E’(Zi) - 1‘ <1, 2 €E,
According to the result stated in (3), the operator ZJJ:éS) - (1 + ZJJ:,/;(ZZ)) ) takes values
within the disk of radius 1/2 and centered at origin (as shown by the dark shaded portion in
Figure 2.1) to give the conclusion that Z‘;E?i) — 1| < 1, whereas in view of the result stated

above in (2), the same operator can take values in the entire shaded region (dark + light) in

Figure 2.1 to get the same conclusion. Thus the result stated in (2) extends the result stated

!/ 1
above in (3) in the sense that the region in which the operator ZJJ:((j) — (1 + ZJJ:,((?) takes
z z
values is extended. The claimed extension is given by the light shaded portion of Figure 1. In
the same fashion, the above explained extension also holds in comparison of results in Theorem

2.10 and Theorem 1.2.
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Figure 1
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§1. Introduction and preliminaries

Definition 1.1. Floor and ceiling functions. In mathematics and computer science, the
floor and ceiling functions map a real number to the largest previous or the smallest following
integer, respectively. More precisely, floor(x) = |x] is the largest integer not greater than z
and ceiling(x) = [x] is the smallest integer not less than x. The floor function is also called
the greatest integer or entier (French for “integer” ) function, and its value at x is called the
integral part or integer part of x. In the following formulas, = and y are real numbers, k, m,
and n are integers, and Z is the set of integers (positive, negative, and zero). Floor and ceiling
may be defined by the set equations || = max{m € Z| m < z}, [z] = min{n € Z| n > z}.

Since there is exactly one integer in a half-open interval of length one, for any real = there
are unique integers m and n satisfyingx —1<m <z <n<z+1.

Then |z| =m and [z] = n may also be taken as the definition of floor and ceiling. These
formulas can be used to simplify expressions involving floors and ceilings.

|z] =m, if and only if, m <z <m+ 1.

[2] =n, if and only if, n — 1 <z < n.

|z] =m, if and only if, z — 1 <m < z.

[z] =n, if and only if, z <n <z + 1.

In the language of order theory, the floor function is a residuated mapping, that is, part of
a Galois connection: it is the upper adjoint of the function that embeds the integers into the
reals.

x < n, if and only if, |z] < n.

n < z, if and only if, n < [z].

x < n, if and only if, [z] < n.

n < z, if and only if, n < |z].
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These formulas show how adding integers to the arguments affect the functions:

2 +n] = |a] +n,

[x+n] =[z]+n.

The above are not necessarily true if n is not an integer, however:

lz] +lyl < lz+yl < =]+ [y] + 1,

[z] + [yl =1 < [z +y] < [z] + [y].

Definition 1.2. Elliptic integral. In integral calculus, elliptic integrals originally arose
in connection with the problem of giving the arc length of an ellipse. They were first studied
by Giulio Fagnano and Leonhard Euler. Modern mathematics defines an “elliptic integral”
any function f which can be expressed in the form f(z f R(t \/7 ) dt, where R is a
rational function of its two arguments, P a polynomial of degree 3 or 4 with no repeated roots,
and c is a constant.

In general, elliptic integrals cannot be expressed in terms of elementary functions. Excep-
tions to this general rule are when P has repeated roots, or when R(z,y) contains no odd powers
of y. However, with the appropriate reduction formula, every elliptic integral can be brought
into a form that involves integrals over rational functions and the three Legendre canonical
forms (i.e. the elliptic integrals of the first, second and third kind).

Besides the Legendre form , the elliptic integrals may also be expressed in Carlson symmet-
ric form. Additional insight into the theory of the elliptic integral may be gained through the
study of the Schwarz-Christoffel mapping. Historically, elliptic functions were discovered as in-
verse functions of elliptic integrals. Incomplete elliptic integrals are functions of two arguments,
complete elliptic integrals are functions of a single argument.

Definition 1.3. The incomplete elliptic integral of the first kind F' is defined as

R0 = P 1) = Flonuin) = [ 2
— 1

This is the trigonometric form of the integral, substituting ¢ = sinf, x = sin), one obtains
Jacobi’s form

v dt
k)= /0 VA —12)(1 - k22)

Equivalently, in terms of the amplitude and modular angle one has:

P
F(¥\o) = Fbusine) = [ /T Gndsna)

In this notation, the use of a vertical bar as delimiter indicates that the argument following it is

the “parameter” (as defined above), while the backslash indicates that it is the modular angle.

The use of a semicolon implies that the argument preceding it is the sine of the amplitude:
F(i,sina) = F(3 | sin® o) = F(y\a) = F(sin1;sin ).
Definition 1.4. Incomplete elliptic integral of the second kind E is defined as

E(, k) = E(¢ | k?) = E(siny; k) = V1 — k2sin 0 df.



Vol. 8 Certain indefinite integral associate to elliptic integral and complex argument 19

Substituting ¢ = sin € and = = sin , one obtains Jacobi’s form:

Bl k) / \/1—k2t2

1—t2

Equivalently, in terms of the amplitude and modular angle:

P
E(Y\a) = E(¢,sina) = /o v/1— (sinfsina)? db.

Definition 1.5. Incomplete elliptic integral of the third kind II is defined as

P 1 do
II(n; =
(n; ¥\av) /0 1 —nsin?f 1 — (sinfsina)?
or iny
sin 1 dt
H(m@blm)—/o 1—nt2 (1—mt2)(1—12)

The number n is called the characteristic and can take on any value, independently of the
other arguments.

Definition 1.6. Incomplete elliptic integral of the third kind II is defined as

P 1 do
II(n; =
(n;9\) /0 1—nsing 1— (sin @ sin ov)?
or in 1
sin 1 dt
1I(n; = ’
(n;v | m) /0 1—nt2 (1 —mi2)(1—12)

The number n is called the characteristic and can take on any value, independently of the
other arguments.

Definition 1.7. Complete elliptic integral of the first kind is defined as Elliptic Integrals
are said to be complete when the amplitude

m
V=3

and therefore z=1. The complete elliptic integral of the first kind K may thus be defined as

K (k) = / df _ /1 dt
o V1-k2sin?20 Jo /(1 —1)(1 k22
or more compactly in terms of the incomplete integral of the first kind as
K(k) = F(g k) = F(L;k).
It can be expressed as a power series

K(k) = ;i) [%] K = gi [Pa(0)] 2,

n= n=0

where P, is the Legendre polynomial, which is equivalent to

1+(2> k2 + (; z) E* +{W}2k2n+ ...... ]

K(k) =2
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where n!! denotes the double factorial. In terms of the Gauss hypergeometric function, the

complete elliptic integral of the first kind can be expressed as
T 11

K(k) == oF (7,7;1;1@2).
() =3 2F1(3:3

The complete elliptic integral of the first kind is sometimes called the quarter period. It
can most efficiently be computed in terms of the arithmetic-geometric mean

[SIE

K(k) = agm(1—k,1+k)

Definition 1.8. Complete elliptic integral of the second kind is defined as The complete
elliptic integral of the second kind F is proportional to the circumference of the ellipse C'

C =4aE(e),

where a is the semi-major axis, and e is the eccentricity. E may be defined as

/\/Wdef/ vIZRE

1—t2

or more compactly in terms of the incomplete integral of the second kind as
m
E(k) = E(i, k:) = B(L;k).
It can be expressed as a power series

T~ (@2n) 17 k2
Ek) =5 2 {2%(711)2} 1—2n

n=0

which is equivalent to

By =1 [1 N e e ]

In terms of the Gauss hypergeometric function, the complete elliptic integral of the second kind

can be expressed as
us 1 1
E(k) =" ,F (7,—7;1;13).
(k) =3 2h1(5 -3
Definition 1.9. Complete elliptic integral of the third kind is defined as The complete
elliptic integral of the third kind IT can be defined as

3 do
H(n’k):/ — nsin )1 — kZsin? 6
0 (1—nsin“0)v/1— k?sin“60

Argument. In mathematics, arg is a function operating on complex numbers (visualised

as a flat plane). It gives the angle between the line joining the point to the origin and the
positive real axis, shown as v in figure 1 , known as an argument of the point (that is, the
angle between the half-lines of the position vector representing the number and the positive

real axis).
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Figure 1.

In figure 1, The Argand diagram represents the complex numbers lying on a plane. For
each point on the plane, arg is the function which returns the angle 1. A complex number may
be represented as z = x + 1y = |z|eY where |z| is a positive real number called the complex
modulus of z, and ¢ is a real number called the argument. The argument is sometimes also

known as the phase or, more rarely and more confusingly, the amplitude ["). The complex

argument can be computed as

arg(x + 1y) = tan™* (%)

§2. Main integrals

| i
(1 — x cosh 2y)

- +C
1 — z cosh 2y
B /7 cosh 2y — 1F(Ay %)exp<bﬂ_\‘arg(;:l) o arg(wcc;thy*l) + %J)

N Vx —14/1 — zcosh2y

+o. ()
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|y
1 — z sinh 2y)
L1/7MT1}125; lF( (m— 4Ly)

V1 — xsinh 2y

=) o

 /ash2y = 1P (4 (7 — )| 22 )eap (i | mElGet) — mstesphn) 1 ) oo
B V—1x —14/1 — xsinh 2y '
| i
(1 — z tanh 2y)
tanh—1! (m) tanh— ! (\/m)
Va1 Ner
[ — — e, ]\/ac tanh2y — 1
= C. 3
24/1 — ztanh 2y + 3)
i
(1 — 2 coth 2y)
tanh ™! (7\/@) tanh ™! (7\/m)
Voo ) Ve T —
_ Vila—1) V=@t Hacoth2y —1) o
N 24/1 — z coth 2y
—1 (v/d(z coth2y—1)
B _L\/L(x —1)\/t(x coth2y — 1) tanh™" (%)
2(z — 1)y/1 — x coth 2y
— — 1 t(x coth 2y—1)>
_L\/ t(x +1)y/t(z coth 2y — 1) tanh (7\/m e ”

2(x + 1)y/1 — x coth 2y

/mdy
(x — L)\/i%ﬁlf/’( (7774Ly)‘ —)

= — C tant
V1 — zsinh 2y + Constan
\/WE( (m — 4Ly)‘—>e:cp( Frg(gffl) _ arg(e S?:nyl) + %J)
V—1x —14/1 — xsinh 2y
x/x sinh 2y — 1E(i(7r — 4Ly)‘%)escp(mtarg(_2f_l) arg(z “;7? y=1) 4 J)
B V—tx —14/1 — zsinh 2y
+C. (5)
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/ v/ 1 — x cosh 2ydy

v — 1)y ) Bt CO;h_QIy_lE(Ly 12_””1)

= + Constant
v/ 1 — z cosh 2y

1
= — —1 h2y —1
v 1 —xcosh QyL Vi \/x OS2y
2 -1 h2y —1 1
><E<Ly‘ * )exp(m{arg(m ) _ arg(wcosh2y )-i-*J) +C. (6)
rz—1 27 27 2

/\/1 — x tanh 2ydy
= ! H\/x —1 tanh™! (W>

2y/ztanh 2y — 1 ve—1
(v h2y—1
—v—z —1tanh™! (x\t/a% \/1—xtanh2y—1 + C. (7)

/ v/ 1 — xcosech 2ydy

1
/2 — 1 cosech ysech y+/2 — zcosech ysech y

h2y — 1
X {2 sech 2y\/L(xCOSGC Y ) {x\/ 1+ ¢ cosech 2y(1 4 2¢sinh y cosh y)

Tr—1

1 2
><F(sin_1 (5\/2 — tcosech ysech y) ’ a: )

T —1
+ sinh 2y4/ coth? 2y+/1 — tcosech 2y
=1 1 2x
xII| 2;sin (5 /2 — wcosech ysech y) ’ +C. (8)

r—1

/ v/1 — x coth 2ydy

1

_ )[{\/Wtanh_:L( L(xcoth2y—1)>

2y/t(xcoth2y — 1 vz —1)

/i D) tanh ™! ( Yzcoth2y - 1>) }m} oo

—u(x+1)

where C' denotes constant.

Derivations. By involving the method of [18] one can derived the integrals.
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Abstract In this paper, two types of self-inetgrability of functions and the underlying con-
ditions for each type was presented. Furthermore, the sum of self-integrable functions was

investigated.
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81. Introduction and preliminaries

Graham Y shown that the polynomials of the form py(z) = z* + k—il has the property
that j;)l pr(z) dz = pi(1) — pi(0). The said polynomial is self-integrating in the closed interval
[0,1].

Definition 1.1. A function f is said to be self-integrating on an interval [a,b] if and only
if

b
| 1@ do=10) - fla)

The following are the types of self-integrability:
Definition 1.2. Absolute self-integrability is the self-integrability everywhere in R.
Definition 1.3. Conditional self-integrability is the self-integrability in some interval [a,b].

Definition 1.4. A function f is said to be absolutely self-integrating if and only if

b
/ f(x) dz = f(b) — f(a)

for every [a,b].
Definition 1.5. A function f is said to be conditionally self-integrating if and only if

/ f(x) dz = f(b) - f(a)

for some [a,b].
The natural exponential function and the zero function are absolutely self-integrating while

any polynomial of the form py(z) = z* + kiﬂ is conditionally self-integrating.
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