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Foreword 

This book is devoted to the study of what may be called Smarandache 

Recursive Arithmetic Structures: arithmetic systems generated through 

recursive rules involving divisibility, concatenation, digit operations, 

extremal conditions, or iterative arithmetic transformations. 

Many such constructions originate from ideas associated with Florentin 

Smarandache and the broader family of Smarandache notions developed over 

recent decades in experimental and recreational number theory. These 

include: 

• Smarandache functions,  

• recursive concatenation sequences,  

• digit-constrained constructions,  

• pseudosmarandache operators,  

• recursive prime systems,  

• and arithmetic constants generated through symbolic expansion 

processes.  

Although these objects were often introduced individually, a closer 

examination suggests that many belong to a broader mathematical landscape 

unified by recursion and arithmetic generation. 

The central idea developed throughout this book is that many 

Smarandache-type constructions may be viewed not merely as isolated 

sequences or functions, but as recursive arithmetic structures whose behavior 

evolves through repeated arithmetic operations. 

From this perspective, the emphasis shifts from isolated formulas toward 

structural behavior: 

• modular evolution,  

• recursive growth,  

• symbolic complexity,  

• orbit dynamics,  

• divisibility patterns,  

• and prime occurrence phenomena.  

This shift in viewpoint motivates much of the present work. 
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Historical Background 

Several mathematical traditions provide important context for the 

development of Smarandache recursive arithmetic structures. 

Extremal Divisibility and the Kempner Tradition 

One important precursor arises from the work of Aubrey J. Kempner on 

extremal factorial divisibility functions, later closely associated with the 

classical Smarandache function: 

𝑆(𝑛) = min⁡{𝑚: 𝑛 ∣ 𝑚!}. 

This function introduced a characteristic theme that recurs throughout 

Smarandache-type mathematics: 

determining the minimal arithmetic object  

satisfying a divisibility constraint. 

Despite its elementary definition, the function exhibits highly irregular 

behavior connected with: 

• prime factorization,  

• valuation theory,  

• inverse-image structure,  

• and asymptotic arithmetic behavior.  

Many later Smarandache constructions preserve this extremal arithmetic 

character. 

Concatenation Structures  

and Champernowne-Type Constructions 

Another major influence comes from the study of digit concatenation 

systems, especially work associated with D. G. Champernowne and the 

decimal constant 

0.123456789101112… 

constructed by concatenating consecutive integers. 

Such constructions demonstrated that deterministic arithmetic procedures 

may generate highly nontrivial digit-distribution properties. 

Concatenation processes later became central in many Smarandache-type 

constructions, including: 

• recursive concatenation sequences,  

• Smarandache–Wellin numbers,  
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• digit-generated constants,  

• and recursive symbolic arithmetic systems.  

Experimental Number Theory and Computational Exploration 

The development of computational methods during the late twentieth 

century played a major role in the expansion of Smarandache-type 

mathematics. 

Large computational searches made it possible to explore: 

• recursive prime structures,  

• modular residue behavior,  

• irregular arithmetic oscillations,  

• and digit-based recursive systems.  

This computational tradition strongly influenced the exploratory and 

conjectural character of the field. 

Smarandache Recursive Arithmetic Structures 

The present work proposes that many of these constructions may be 

interpreted within a broader framework of recursive arithmetic generation. 

A Smarandache recursive arithmetic structure typically possesses several 

features: 

• recursive generation rules,  

• arithmetic constraints,  

• symbolic or digit-based evolution,  

• and emergent large-scale behavior.  

Examples include: 

• recursive concatenation systems,  

• extremal divisibility operators,  

• iterated arithmetic functions,  

• digit-transform processes,  

• and recursively generated arithmetic constants.  

Even very simple recursive definitions may produce unexpectedly 

complicated global behavior. 
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Recurring Structural Phenomena 

Across many different constructions, several recurring phenomena appear 

repeatedly. 

Modular Periodicity 

Recursive arithmetic systems often display periodic or near-periodic 

behavior modulo fixed integers. 

Prime Scarcity 

Highly structured recursive systems frequently produce primes only 

rarely. 

Irregular Local Oscillation 

Small changes in input may generate unexpectedly large arithmetic 

fluctuations. 

Symbolic Complexity 

Digit-based recursive systems may exhibit increasingly complicated 

symbolic structure. 

Recursive Dynamical Behavior 

Iterated arithmetic operators naturally generate orbit structures and 

attractor-like phenomena. 

Connections to Existing Mathematical Areas 

One goal of this book is to make explicit the connections between 

Smarandache recursive arithmetic structures and several established 

mathematical disciplines. 

Symbolic Dynamics 

Recursive digit systems naturally generate symbolic sequences whose 

evolution resembles symbolic dynamical systems. 

Questions involving repetition, orbit structure, and symbolic complexity 

connect naturally with symbolic dynamics. 
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Automata Theory 

When recursive arithmetic systems are studied modulo fixed integers, 

they often generate finite-state transition behavior suggestive of automata and 

automatic sequences. 

Additive Combinatorics 

Several recursive arithmetic constructions involve additive structural 

constraints whose behavior may relate to methods from additive 

combinatorics. 

Ergodic Theory 

Digit distributions and long-term statistical behavior in recursive 

arithmetic systems raise questions related to recurrence and asymptotic 

distribution. 

Algorithmic Information Theory 

Recursive arithmetic constructions provide natural settings for studying 

the relationship between deterministic generation and apparent randomness. 

Analytic Combinatorics 

Growth rates and recursive enumeration problems arising from recursive 

arithmetic systems connect naturally with analytic combinatorics. 

p-adic Dynamics 

Iterated divisibility operators and valuation-sensitive recursive systems 

may also admit interpretations within p-adic dynamical frameworks. 

Methodological Perspective 

The study of Smarandache recursive arithmetic structures often requires 

a combination of methods. Classical analytic techniques illuminate some 

aspects of these systems, while computational experimentation frequently 

reveals patterns not immediately visible theoretically. 

Accordingly, the present work combines: 

• experimental mathematics,  

• heuristic modeling,  
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• modular analysis,  

• symbolic investigation,  

• and structural conjecture formation.  

Computation plays an especially important role because many recursive 

arithmetic systems display behavior difficult to predict directly from their 

definitions. 

Scope of the Book 

The chapters that follow investigate: 

• Smarandache functions,  

• recursive concatenation systems,  

• recursive arithmetic dynamics,  

• modular-state behavior,  

• prime-generating structures,  

• arithmetic entropy,  

• recursive constants,  

• and computational methods for experimental arithmetic exploration.  

Alongside individual constructions, broader structural questions are 

examined concerning: 

• modular periodicity,  

• universality behavior,  

• symbolic complexity,  

• arithmetic dynamics,  

• and recursive prime obstructions.  

Final Remarks 

This book does not claim to present a complete theory of Smarandache 

recursive arithmetic structures. 

Much of the territory explored here remains only partially understood. 

Many constructions remain unexplored, and many conjectures remain open. 

The aim is more modest: 

to bring together a wide collection of related recursive arithmetic 

phenomena within a broader structural framework and to suggest possible 

directions for future investigation. 
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Core Smarandache Notions 

Fundamental Definitions in Smarandache 

Recursive Arithmetic Structures 

This section collects concise definitions of several central Smarandache 

notions used throughout the book. These objects form the foundational 

vocabulary of Smarandache recursive arithmetic structures. 

1. Smarandache Function 

The classical Smarandache function is defined by: 

𝑆(𝑛) = min⁡{𝑚: 𝑛 ∣ 𝑚!} 

It gives the smallest integer 𝑚 such that 𝑛 divides 𝑚!. 

2. Pseudosmarandache Function 

The pseudosmarandache function is defined by: 

𝑍(𝑛) = min⁡ {𝑚: 𝑛 ∣
𝑚(𝑚 + 1)

2
} 

It gives the smallest triangular number index whose triangular number is 

divisible by 𝑛. 

3. Smarandache Ceil Function 

For positive integers 𝑛 and 𝑘: 

𝑆𝑘(𝑛) = min⁡{𝑚: 𝑛 ∣ 𝑚𝑘} 

It gives the smallest integer whose 𝑘-th power is divisible by 𝑛. 

4. Smarandache–Kurepa Function 

A function related to divisibility properties of left factorial expressions 

and generalized factorial structures. 

It studies minimality and divisibility conditions associated with Kurepa-

type arithmetic forms. 
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5. Smarandache–Wagstaff Function 

A function associated with divisibility relations involving powers and 

prime-based arithmetic constructions connected to Wagstaff-type 

expressions. 

6. Smarandache Near-to-Primorial Function 

A function measuring arithmetic proximity to primorial-type numbers. 

It studies minimal relations involving products of consecutive primes. 

7. Smarandache Sequences 

Sequences generated through recursive arithmetic rules, digit 

concatenation, divisibility constraints, or extremal arithmetic conditions. 

Examples include concatenation sequences and recursive digit systems. 

8. Consecutive Number Sequence 

A concatenation sequence of the form: 

1,  12,  123,  1234,… 

generated by recursively concatenating consecutive integers. 

9. Smarandache Numbers 

Numbers satisfying special digit, divisibility, or recursive arithmetic 

properties. 

These may involve concatenation, repetition, or structural arithmetic 

constraints. 

10. Smarandache–Wellin Numbers 

Numbers formed by concatenating consecutive prime numbers: 

2,  23,  235,  2357,  235711,… 

More generally: 

𝑊𝑛 = 2 ∘ 3 ∘ 5 ∘ ⋯ ∘ 𝑝𝑛 

where 𝑝𝑛 is the 𝑛-th prime. 

11. Smarandache Primes 

Prime numbers generated from Smarandache-type recursive or 

concatenative constructions. 
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12. Smarandache–Wellin Primes 

Smarandache–Wellin numbers that are themselves prime. 

13. Smarandache Constants 

Real constants generated from recursive arithmetic concatenation or 

Smarandache-type infinite constructions. 

Examples include infinite digit concatenation constants. 

14. Smarandache Concatenation Operator 

For integers 𝑎, 𝑏: 

𝑎 ∘ 𝑏 = 𝑎 ⋅ 10𝑑(𝑏) + 𝑏 

where: 

𝑑(𝑏) 

is the number of digits of 𝑏. 

This operation forms the basis of many recursive concatenation systems. 

15. Smarandache Recursive Arithmetic Structures 

Recursive arithmetic systems generated through repeated application of 

arithmetic operations involving: 

• concatenation,  

• divisibility,  

• digit transformations,  

• extremal conditions,  

• or recursive arithmetic operators.  

These structures form the central conceptual framework of this book. 

16. Smarandache Recursive Dynamics 

The study of iterative behavior generated by recursive arithmetic 

transformations. 

Typical questions involve: 

• orbit behavior,  

• periodicity,  

• attractors,  

• modular dynamics,  

• and arithmetic complexity.  
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17. Smarandache Arithmetic Entropy 

A proposed measure of symbolic or structural complexity in recursive 

arithmetic systems. 

It studies how digit or structural complexity evolves under recursive 

arithmetic generation. 

18. Smarandache Modular Dynamics 

The study of recursive arithmetic systems modulo fixed integers. 

Many such systems appear to generate finite-state modular behavior and 

eventual periodicity. 

19. Smarandache Prime Obstruction Phenomena 

The tendency of highly structured recursive arithmetic systems to 

suppress prime occurrence due to accumulated modular constraints. 

20. Smarandache Arithmetic Chaos 

A proposed concept describing highly irregular or potentially chaotic 

behavior arising from deterministic recursive arithmetic systems. 

Closing Remark 

Although many Smarandache notions originated as isolated arithmetic 

constructions, this book approaches them collectively as examples of 

recursive arithmetic structures whose behavior may be studied through 

number theory, symbolic systems, modular dynamics, computational 

experimentation, and arithmetic complexity theory. 
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Chapter 1 

The Emergence of Smarandache-Type  

Number Theory 

1.1 Introduction 

During the last decades of the twentieth century, an unusual constellation 

of arithmetic notions emerged around the work of Florentin Smarandache and 

subsequent contributors such as Charles Ashbacher, Henry Ibstedt, József 

Sándor, Sebastián Martín Ruiz, and many others. These notions came to be 

known collectively as Smarandache notions, Smarandache sequences, 

Smarandache functions, or more generally Smarandache-type problems. 

Unlike classical number theory, which often grows from large structural 

theories such as algebraic number fields, modular forms, or analytic prime 

theory, Smarandache-type number theory developed primarily through: 

• elementary constructions,  

• experimental computation,  

• digit-based operations,  

• recursive concatenation,  

• divisibility extremal problems,  

• arithmetic minimality principles,  

• and paradoxical or counterintuitive constraints.  

Many objects in this field can be defined in a single sentence, yet rapidly 

produce deep unresolved problems. 

Examples include: 

• concatenations of consecutive integers,  

• integers formed from concatenated primes,  

• minimal factorial divisibility functions,  

• digit-restricted prime sequences,  

• recursive divisibility constructions,  

• and arithmetic constants generated from unusual sequences.  

The field occupies an interesting intersection between: 

• elementary number theory,  

• experimental mathematics,  
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• recreational mathematics,  

• computational mathematics,  

• automata and digital structures,  

• asymptotic analysis,  

• and probabilistic prime heuristics.  

Despite their often elementary appearance, many Smarandache-type 

problems remain unresolved even after extensive computation. 

1.2 The Classical Smarandache Function 

One of the foundational objects of the field is the classical Smarandache 

function. 

For a positive integer 𝑛, define: 

𝑆(𝑛) = min⁡{𝑚 ∈ ℕ: 𝑛 ∣ 𝑚!} 

That is, 𝑆(𝑛) is the smallest integer whose factorial is divisible by 𝑛. 

Example values: 

𝑆(1) = 1 

𝑆(2) = 2 

𝑆(6) = 3 

since 

3! = 6 

and 

𝑆(12) = 4 

because 

4! = 24 

is divisible by 12, while 3! = 6 is not. 

This function is also historically related to the Kempner function.  

The function immediately generates difficult questions: 

• growth behavior,  

• inverse images,  

• maximal orders,  

• prime characterization,  

• average order,  

• valuation structure,  

• and computational complexity.  
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A classical property is: 

𝑆(𝑝) = 𝑝 

for every prime 𝑝. 

However, composite numbers may also satisfy: 

𝑆(𝑛) = 𝑛 

creating nontrivial classification problems. 

1.3 The Shift Toward Experimental Number Theory 

Many Smarandache notions emerged during the rapid expansion of 

accessible computation in the 1980s–2000s. 

Unlike traditional analytic approaches, researchers increasingly explored: 

• brute-force searches,  

• recursive generation,  

• large computational tables,  

• heuristic prime-density models,  

• and pattern discovery through experimentation.  

This methodological shift strongly shaped the field. 

A typical pattern became: 

1. define a simple arithmetic object,  

2. compute thousands or millions of terms,  

3. observe anomalies,  

4. formulate conjectures,  

5. seek structural explanations.  

This experimental style resembles the broader philosophy of experimental 

mathematics developed by researchers such as Jonathan Borwein and David 

H. Bailey. 

However, Smarandache-type mathematics often pushes experimentation 

into especially elementary but highly irregular arithmetic constructions. 

1.4 Major Families of Smarandache-Type Objects 

Over time, several major classes emerged. 

1.4.1 Concatenation Sequences 

Examples: 

1,12,123,1234,… 
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or prime concatenations: 

2,23,235,2357,235711,… 

These produce questions concerning: 

• primality,  

• divisibility,  

• digit distribution,  

• entropy,  

• automaticity,  

• and asymptotic growth.  

1.4.2 Extremal Divisibility Functions 

Functions defined by minimality conditions: 

• smallest factorial divisible by 𝑛,  

• smallest partial sum divisible by 𝑛,  

• smallest primorial satisfying constraints,  

• or smallest recursively generated object satisfying arithmetic 

conditions.  

These frequently exhibit highly irregular behavior. 

1.4.3 Digit-Constrained Numbers 

Numbers defined through digit restrictions: 

• all digits prime,  

• digit concatenation symmetries,  

• recursive digit insertion,  

• digital self-reference,  

• or arithmetic conditions on digit blocks.  

1.4.4 Rare Prime Structures 

Certain Smarandache objects appear to generate primes extremely 

sparsely. 

Examples include: 

• Smarandache-Wellin primes,  

• concatenated prime sequences,  

• recursive digital primes.  

This motivates probabilistic and heuristic approaches. 
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1.4.5 Arithmetic Constants 

Infinite constants generated from arithmetic structures: 

0.123456789101112… 

or series involving arithmetic functions. 

These lead naturally toward: 

• irrationality,  

• transcendence,  

• normality,  

• and Diophantine approximation.  

1.5 Why These Problems Matter 

At first glance, many Smarandache problems appear recreational. 

However, this appearance is misleading. 

These constructions often touch deep mathematical themes: 

Smarandache Theme Broader Mathematical Connection 

concatenation sequences automata theory 

digit structures symbolic dynamics 

prime rarity probabilistic number theory 

factorial divisibility p-adic valuation theory 

recursive arithmetic systems dynamical systems 

infinite constants transcendence theory 

modular periodicity finite-state arithmetic systems 

Thus, Smarandache-type number theory may be viewed as a laboratory 

for studying emergent arithmetic complexity from elementary definitions. 

1.6 The Role of OEIS 

The On-Line Encyclopedia of Integer Sequences (https://oeis.org/) 

became one of the principal repositories for Smarandache-type objects. 

This had major consequences: 

• rapid dissemination of sequences,  

• computational verification,  

• cross-linking of related constructions,  

• identification of hidden relationships,  

• and collaborative conjecture formation.  

https://oeis.org/
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Many Smarandache sequences now exist simultaneously in: 

• journal articles,  

• conference proceedings,  

• MathWorld,  

• and OEIS records.  

This distributed structure helped create a highly collaborative 

experimental research culture. 

1.7 From Collections to Theory 

Early books and articles frequently emphasized: 

• definitions,  

• examples,  

• tables,  

• isolated conjectures,  

• and computational searches.  

The present work adopts a different objective. 

The goal is not merely to collect notions, but to identify: 

• structural principles,  

• shared mechanisms,  

• recurring phenomena,  

• universality behaviors,  

• and meta-conjectures spanning multiple families.  

Central questions include: 

• Why do concatenation sequences rarely produce primes?  

• Why do modular periodicities repeatedly emerge?  

• Which Smarandache constructions admit asymptotic laws?  

• Which are fundamentally chaotic?  

• Which structures are base-dependent?  

• Which behaviors persist under generalization?  

1.8 Toward a Second-Generation Research Program 

This book proposes that Smarandache-type number theory should evolve 

toward a more unified framework centered on: 

• arithmetic dynamics,  

• digital structure,  
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• extremal arithmetic operators,  

• probabilistic heuristics,  

• computational experimentation,  

• and structural classification.  

Accordingly, the chapters that follow will organize problems not merely 

by definition, but by deep thematic behavior. 

1.9 Foundational Meta-Problems 

We conclude this introductory chapter with several broad guiding 

problems. 

Meta-Problem 1 

Which classes of recursively concatenated sequences are eventually 

periodic modulo every integer 𝑚? 

Meta-Problem 2 

Do nontrivial concatenation sequences always have prime density zero? 

Meta-Problem 3 

Which Smarandache-type functions possess asymptotic average-order 

laws? 

Meta-Problem 4 

Which arithmetic constants generated from concatenation processes are 

normal? 

Meta-Problem 5 

Can Smarandache-type constructions be classified into universality 

classes according to growth, entropy, or modular behavior? 

1.10 Closing Perspective 

Smarandache-type number theory stands at a remarkable boundary: 

• elementary yet deep,  

• computational yet theoretical,  

• recreational yet structurally rich,  

• chaotic yet patterned.  

Its greatest strength may lie precisely in this tension. 

Simple definitions continue to generate unexpectedly difficult problems. 

This book is devoted to exploring those problems systematically. 
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Chapter 2 

Methods, Heuristics, and Experimental 

Frameworks in Smarandache-Type  

Number Theory 

2.1 Introduction 

One of the defining characteristics of Smarandache-type number theory 

is the disproportion between simplicity of definition and complexity of 

behavior. 

A sequence may be generated by a trivial-looking rule: 

𝑎𝑛 = concat(1,2,3, … , 𝑛) 

or a function may be defined by a minimal divisibility condition: 

𝑆(𝑛) = min⁡{𝑚: 𝑛 ∣ 𝑚!} 

yet the resulting structures often resist classical methods. 

Consequently, the subject developed through a hybrid methodology 

combining: 

• elementary number theory,  

• computational experimentation,  

• heuristic modeling,  

• modular analysis,  

• asymptotic reasoning,  

• probabilistic prime theory,  

• and digital dynamical analysis.  

This chapter develops the methodological foundation for the remainder of 

the book. 

2.2 Experimental Mathematics as a Core Method 

Unlike many traditional branches of number theory, where conjectures 

often emerge from theoretical frameworks, Smarandache-type problems 

frequently begin with computation. 

The standard pattern is: 

1. define an arithmetic object,  

2. generate extensive numerical data,  
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3. identify anomalies or patterns,  

4. formulate conjectures,  

5. test against larger datasets,  

6. seek rigorous explanation.  

This creates a feedback loop between experimentation and theory. 

2.2.1 Example: Consecutive Concatenation Sequence 

Define: 

𝐶𝑛 = 123456789101112⋯𝑛 

The first questions naturally become computational: 

• Which terms are prime?  

• Which residues occur modulo 𝑚?  

• How rapidly do lengths grow?  

• Are digit frequencies balanced?  

Computation often reveals phenomena before theory explains them. 

2.2.2 Computational Thresholds 

In many Smarandache problems, search depth strongly influences 

conjecture formation. A conjecture supported up to: 

104 

terms may fail beyond: 

108 

terms. 

Therefore computational claims should always specify: 

• search depth,  

• primality standard used,  

• factorization limits,  

• computational environment,  

• and verification methods.  

2.3 Heuristics for Prime Occurrence 

Prime-related questions dominate many Smarandache constructions. 

Examples include: 

• concatenated prime sequences,  

• Smarandache-Wellin numbers,  
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• recursive digit primes,  

• prime-producing functions.  

Since exact proofs are often unavailable, heuristic reasoning becomes 

essential. 

2.3.1 Prime Probability Heuristic 

A random integer near size 𝑁has approximate probability 

1

log𝑁
 

of being prime. 

This heuristic frequently guides expectations. 

2.3.2 Application to Concatenation Sequences 

Suppose: 

𝐶𝑛 = 123456789101112⋯𝑛 

The number of digits grows approximately as: 

𝑑(𝐶𝑛) ∼ 𝑛log⁡10 𝑛 

Thus: 

𝐶𝑛 ≈ 10𝑛log⁡ 𝑛 

and heuristic prime probability becomes: 

1

𝑛log⁡ 𝑛
 

leading formally to: 

∑
1

𝑛log⁡ 𝑛
 

which diverges. 

This suggests—but does not prove—that infinitely many prime terms 

might exist. 

However, structural congruence obstructions may drastically reduce 

actual density. 

2.3.3 Structural Bias 

Many Smarandache constructions are not random. They may possess: 

• forced divisibility patterns,  

• digit constraints,  
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• periodic modular structures,  

• recursive correlations.  

Therefore naive random-prime heuristics often overestimate prime 

frequency. 

2.4 Modular Arithmetic Methods 

Congruence analysis is one of the most powerful tools in the subject. 

2.4.1 Recursive Congruence Dynamics 

Suppose a concatenation sequence satisfies: 

𝑎𝑛+1 = 10𝑑(𝑛+1)𝑎𝑛 + (𝑛 + 1) 

where 𝑑(𝑘) denotes the number of digits of 𝑘. 

Modulo 𝑚: 

𝑎𝑛+1 ≡ 10𝑑(𝑛+1)𝑎𝑛 + (𝑛 + 1)(mod𝑚) 

Since only finitely many residue states exist modulo 𝑚, periodicity 

phenomena often emerge. 

2.4.2 Eventual Periodicity Principle 

This motivates one of the central meta-conjectures of the present work. 

Conjecture 2.1 (Concatenation Periodicity Conjecture) 

Every recursively generated decimal concatenation sequence is 

eventually periodic modulo every positive integer 𝑚. 

2.4.3 Congruence Obstructions to Primality 

Modular methods often eliminate large classes of candidate primes. 

Example: 

if infinitely many terms satisfy 

𝑎𝑛 ≡ 0(mod3) 

then infinitely many terms are automatically composite. 

Such obstructions become especially important in concatenative 

constructions. 

2.5 p-adic and Valuation Methods 

Many Smarandache functions involve factorial divisibility. 

This naturally introduces p-adic valuation theory. 
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2.5.1 Valuation Definition 

For a prime 𝑝, define: 

𝑣𝑝(𝑛) 

as the exponent of 𝑝 in the factorization of 𝑛. 

2.5.2 Legendre’s Formula 

A classical result gives: 

𝑣𝑝(𝑛!) =∑⌊
𝑛

𝑝𝑘
⌋

𝑘≥1

 

This formula is fundamental for studying: 

𝑆(𝑛) = min⁡{𝑚: 𝑛 ∣ 𝑚!} 

2.5.3 Prime Power Decomposition 

If: 

𝑛 = ∏𝑝𝑖
𝛼𝑖 

then determining 𝑆(𝑛) reduces to solving: 

𝑣𝑝𝑖(𝑚!) ≥ 𝛼𝑖 

for all 𝑖. 

Thus many problems become valuation optimization problems. 

2.6 Growth and Asymptotic Analysis 

Many Smarandache sequences exhibit unusual growth. 

Understanding growth rates is often essential. 

2.6.1 Digit-Length Growth 

For consecutive concatenation sequences: 

𝑑(𝐶𝑛) ∼ 𝑛log⁡10 𝑛 

This strongly affects: 

• primality heuristics,  

• storage complexity,  

• entropy estimates,  

• and computational feasibility.  
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2.6.2 Extremal Functions 

Minimality functions often grow irregularly. 

Key questions include: 

• average order,  

• maximal order,  

• oscillation,  

• local fluctuations.  

2.6.3 Asymptotic Classification Problem 

Open Problem 2.1 

Classify Smarandache-type functions according to: 

• polynomial growth,  

• logarithmic growth,  

• exponential growth,  

• superexponential growth,  

• or chaotic irregular growth.  

2.7 Digital Structure and Automata 

Many Smarandache constructions are fundamentally digital. 

This connects them to automata theory and symbolic dynamics. 

2.7.1 Digit Processes 

Examples include: 

• concatenation,  

• reversal,  

• digit deletion,  

• digit insertion,  

• recursive expansion.  

These operations create structured symbolic systems. 

2.7.2 Automatic Sequences 

A sequence is automatic if generated by a finite automaton. 

Open Problem 2.2 

Which Smarandache sequences are automatic, morphic, or finitely 

generated in symbolic-dynamical terms? 
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2.8 Entropy and Randomness 

Some sequences appear random despite deterministic generation. 

This raises entropy questions. 

2.8.1 Digit Frequency 

For a digit 𝑑, define: 

𝑓𝑑(𝑛) 

as the proportion of digit 𝑑 among the first 𝑛 digits of a sequence. 

2.8.2 Normality Problems 

Conjecture 2.2 

Certain infinite Smarandache concatenation constants are normal in 

base 10. 

2.9 Inverse Problems 

Inverse problems are especially important and underdeveloped. 

Instead of computing: 

𝑆(𝑛) 

we ask: 

𝑆(𝑛) = 𝑘 

for which 𝑛? 

2.9.1 Fiber Structure 

Define: 

𝑆−1(𝑘) = {𝑛: 𝑆(𝑛) = 𝑘} 

Questions include: 

• cardinality,  

• maximal elements,  

• density,  

• arithmetic structure.  

2.9.2 General Inverse Principle 

Open Problem 2.3 

Develop a general theory of inverse images for Smarandache-type 

arithmetic functions. 
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2.10 Computational Complexity 

Many Smarandache problems are computationally difficult. 

2.10.1 Factorization Bottlenecks 

Prime-testing huge concatenated integers becomes difficult because: 

• numbers grow rapidly,  

• factorization becomes expensive,  

• memory demands escalate.  

2.10.2 Complexity Classification 

Open Problem 2.4 

Determine computational complexity classes for major Smarandache 

decision problems. 

Examples: 

• determining primality of concatenation terms,  

• evaluating generalized Smarandache functions,  

• computing inverse images.  

2.11 Meta-Heuristic Principles 

Several broad heuristic principles repeatedly appear. 

Principle A — Rare Prime Principle 

Highly structured concatenation sequences usually produce primes very 

sparsely. 

Principle B — Modular Rigidity Principle 

Recursive arithmetic systems tend toward modular periodicity. 

Principle C — Extremal Irregularity Principle 

Minimality-defined functions often exhibit large local fluctuations. 

Principle D — Digital Correlation Principle 

Digit-based constructions generate hidden arithmetic correlations. 

2.12 A Research Strategy for New Smarandache Problems 

A productive research workflow often follows: 

1. define a minimal arithmetic rule,  

2. generate extensive data,  

3. search for modular patterns,  
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4. test prime frequencies,  

5. identify extremal behaviors,  

6. formulate asymptotic hypotheses,  

7. seek structural explanations.  

2.13 Closing Perspective 

The methods of Smarandache-type number theory are necessarily hybrid. 

No single framework dominates the subject. 

Instead, progress often emerges through interaction between: 

• experiment,  

• heuristic reasoning,  

• elementary arithmetic,  

• digital structure,  

• and computational exploration.  

The next chapters begin the systematic study of specific Smarandache 

constructions through this methodological lens. 
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Chapter 3 

Taxonomy and Structural Classification  

of Smarandache-Type Objects 

3.1 Introduction 

One of the major difficulties in Smarandache-type number theory is the 

enormous diversity of constructions. 

Over the decades, researchers introduced: 

• sequences,  

• arithmetic functions,  

• prime subclasses,  

• concatenative structures,  

• recursive operators,  

• constants,  

• divisibility processes,  

• and digit-transform systems.  

Many of these notions emerged independently. 

As a consequence, the subject accumulated a large collection of isolated 

objects without a unified structural framework. 

The purpose of this chapter is to propose a systematic classification of 

Smarandache-type objects according to their generating principles, arithmetic 

behavior, and structural mechanisms. 

This classification will serve as a conceptual foundation for the remainder 

of the book. 

3.2 The Need for Classification 

Without classification, the subject risks fragmentation. 

For example, the following objects appear superficially unrelated: 

• the classical Smarandache function,  

• consecutive concatenation sequences,  

• Smarandache-Wellin primes,  

• pseudosmarandache functions,  

• recursive digit constructions.  
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Yet deeper analysis reveals recurring mechanisms: 

• minimality constraints,  

• recursive growth,  

• modular dynamics,  

• digital concatenation,  

• extremal divisibility,  

• arithmetic self-reference.  

A coherent taxonomy allows: 

• transfer of techniques,  

• formulation of meta-conjectures,  

• comparison of asymptotic behavior,  

• and identification of universality classes.  

3.3 Primary Structural Classes 

We propose the following primary classification. 

Class I — Concatenative Structures 

These are generated by concatenation operations. 

Examples: 

1, 12, 123, 1234,… 

or 

2, 23, 235, 2357,… 

generated from consecutive primes. 

Defining Feature 

The operation: 

𝑎 ∘ 𝑏 

denoting digit concatenation. 

Typical Questions 

• primality,  

• modular periodicity,  

• digit entropy,  

• growth rates,  

• base dependence.  

Examples 

• consecutive number sequences,  

• Smarandache-Wellin numbers,  
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• prime concatenation constants,  

• mirror concatenations.  

3.4 Class II — Extremal Divisibility Functions 

These arise from minimality or maximality conditions involving 

divisibility. 

Prototype 

The classical Smarandache function: 

𝑆(𝑛) = min⁡{𝑚: 𝑛 ∣ 𝑚!} 

Structural Principle 

Find the smallest object satisfying an arithmetic constraint. 

Typical Features 

• irregular local behavior,  

• valuation dependence,  

• extremal oscillation,  

• inverse-image complexity.  

Examples 

• Smarandache function,  

• pseudosmarandache function,  

• near-to-primorial functions,  

• generalized factorial-divisibility operators.  

3.5 Class III — Recursive Arithmetic Systems 

These are generated recursively from previous terms. 

Example 

𝑎𝑛+1 = 10𝑑(𝑎𝑛)𝑎𝑛 + 𝑛 

or recursive digit insertion systems. 

Typical Questions 

• periodicity,  

• growth,  

• chaotic behavior,  

• fixed points,  

• modular dynamics.  
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Important Observation 

Many concatenative systems are simultaneously recursive systems. 

Thus classes may overlap. 

3.6 Class IV — Digit-Constrained Structures 

These are defined by restrictions on decimal representation. 

Examples 

• numbers using only prime digits,  

• digit-sum restrictions,  

• palindrome conditions,  

• reversible arithmetic conditions.  

Structural Mechanism 

Arithmetic conditions imposed on symbolic representation. 

Important Question 

Which properties are genuinely arithmetic, and which are artifacts of base 

representation? 

3.7 Class V — Prime-Selective Structures 

These involve primes as defining elements or targets. 

Examples 

• concatenated prime sequences,  

• Smarandache primes,  

• Smarandache-Wellin primes.  

Central Themes 

• rarity,  

• density,  

• probabilistic models,  

• obstruction patterns.  

Meta-Observation 

Many Smarandache prime constructions appear extraordinarily sparse. 

3.8 Class VI — Infinite Constants 

These are infinite expansions generated from arithmetic rules. 

Example 

0.123456789101112… 
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Typical Questions 

• irrationality,  

• transcendence,  

• normality,  

• digit distribution.  

Structural Importance 

These objects connect elementary arithmetic constructions with deep 

analytic number theory. 

3.9 Secondary Classification by Generating Mechanism 

Beyond primary classes, objects may also be classified by mechanism. 

3.9.1 Additive Systems 

Generated through sums. 

Example: 

partial-sum divisibility functions. 

3.9.2 Multiplicative Systems 

Generated through products or factorials. 

Example: 

𝑛 ∣ 𝑚! 

3.9.3 Concatenative Systems 

Generated through symbolic joining. 

3.9.4 Hybrid Systems 

Mixing multiple operations. 

Example: 

concatenating factorial values. 

3.10 Classification by Growth Type 

Growth behavior strongly influences structure. 

3.10.1 Polynomial Growth 

Example: 

linear recursive systems. 
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3.10.2 Logarithmic Growth 

Certain divisor-related functions. 

3.10.3 Exponential Growth 

Many recursive concatenation systems. 

3.10.4 Superexponential Growth 

Factorial-based recursive constructions. 

3.10.5 Irregular Growth 

Extremal divisibility functions often fluctuate unpredictably. 

3.11 Classification by Computational Complexity 

Another important taxonomy concerns computability. 

Type A — Efficiently Computable 

Terms computable in polynomial time. 

Type B — Computable but Expensive 

Require large factorizations or primality testing. 

Type C — Computationally Explosive 

Rapid growth makes explicit computation difficult. 

Type D — Heuristically Accessible but Theoretically Resistant 

Common in Smarandache prime constructions. 

3.12 Structural Dualities 

Certain classes exhibit surprising dualities. 

3.12.1 Arithmetic vs Digital Duality 

A sequence may appear digital but possess strong arithmetic structure. 

Example: 

concatenation sequences modulo primes. 

3.12.2 Local vs Global Behavior 

Local irregularity may coexist with global asymptotic regularity. 



CONJECTURES, OPEN PROBLEMS, AND COMPUTATIONAL EXPLORATIONS 

42 

3.12.3 Randomness vs Determinism 

Deterministic constructions may exhibit pseudorandom properties. 

3.13 Universality Classes 

We now introduce a speculative but important concept. 

Definition (Informal) 

Two Smarandache-type objects belong to the same universality class if 

they exhibit asymptotically similar structural behavior despite different 

definitions. 

Possible Universality Behaviors 

• modular periodicity,  

• sparse prime generation,  

• logarithmic average growth,  

• digit equidistribution,  

• chaotic oscillation.  

Open Problem 3.1 

Develop rigorous universality classifications for Smarandache-type 

structures. 

3.14 Base Dependence 

Many Smarandache constructions depend strongly on decimal 

representation. 

Example 

Concatenation behavior changes dramatically across bases. 

Fundamental Question 

Open Problem 3.2 

Which Smarandache properties are invariant under base change? 

3.15 Structural Stability Under Generalization 

A major research direction concerns stability. 

Suppose a decimal concatenation sequence is generalized to base 𝑏. 

Questions: 

• do prime patterns persist?  

• does modular periodicity survive?  

• does asymptotic behavior change?  
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Open Problem 3.3 

Determine which structural phenomena are stable under natural 

generalizations. 

3.16 Meta-Conjectures Emerging from the Taxonomy 

The classification developed above suggests broad hypotheses. 

Meta-Conjecture A 

All recursively concatenated systems are eventually periodic modulo 

every integer 𝑚. 

Meta-Conjecture B 

Highly structured concatenative sequences possess prime density zero. 

Meta-Conjecture C 

Extremal divisibility functions exhibit unbounded local oscillation. 

Meta-Conjecture D 

Digit-generated arithmetic systems form finite automaton classes modulo 

fixed integers. 

3.17 A Proposed Grand Classification Program 

We propose the following long-term research objective. 

Grand Program 

Construct a unified theory of Smarandache-type structures based on: 

• generation mechanism,  

• arithmetic dynamics,  

• modular behavior,  

• asymptotic growth,  

• computational complexity,  

• and entropy structure.  

3.18 Closing Perspective 

The history of Smarandache-type mathematics produced a remarkable 

diversity of constructions. The next stage of development requires: 

• structural synthesis,  

• comparative analysis,  

• universality principles,  

• and rigorous classification frameworks.  
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Only through such organization can the subject evolve from a collection 

of isolated curiosities into a coherent mathematical research domain. 

The next part of this book begins the detailed investigation of 

concatenative and sequence-based Smarandache structures. 
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Chapter 4 

Consecutive Concatenation Sequences and Their 

Arithmetic Behavior 

4.1 Introduction 

Among all Smarandache-type constructions, few are as natural and 

deceptively simple as the consecutive concatenation sequences. 

The classical example is: 

1, 12, 123, 1234, 12345,… 

More generally, one may concatenate consecutive integers: 

1, 12, 123, 1234, 12345,… 

or 

1, 12, 123, 1234,… , 123456789101112…𝑛 

These constructions appear elementary, yet they generate surprisingly 

difficult problems concerning: 

• primality,  

• modular periodicity,  

• digit distribution,  

• asymptotic growth,  

• entropy,  

• automata structure,  

• and arithmetic randomness.  

The classical consecutive sequence appears in the literature of 

Smarandache sequences and related concatenation constructions 

(mathworld.wolfram.com). This chapter develops a systematic theory of such 

sequences. 

4.2 Basic Definitions 

We begin with several canonical constructions. 

4.2.1 The Simple Consecutive Sequence 

Define: 

𝐴𝑛 = 123⋯𝑛 

https://mathworld.wolfram.com/ConsecutiveNumberSequences.html?utm_source=chatgpt.com
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for: 

1 ≤ 𝑛 ≤ 9 

Thus: 

𝐴1 = 1 

𝐴2 = 12 

𝐴3 = 123 

etc. 

This finite decimal form naturally extends to generalized concatenation 

systems. 

4.2.2 The Full Consecutive Concatenation Sequence 

Define: 

𝐶𝑛 = 123456789101112⋯𝑛 

obtained by concatenating all positive integers from 1through 𝑛. 

Examples: 

𝐶1 = 1 

𝐶2 = 12 

𝐶3 = 123 

𝐶10 = 12345678910 

4.2.3 Shifted Consecutive Sequences 

Define: 

𝐶𝑛
(𝑘) = 𝑘(𝑘 + 1)(𝑘 + 2)⋯ (𝑘 + 𝑛) 

via concatenation. 

Example: 

2345 

from: 

2,3,4,5 

4.2.4 Prime Consecutive Concatenation 

Define: 

𝑃𝑛 = 2357111317⋯𝑝𝑛 

where 𝑝𝑛 denotes the 𝑛-th prime. 

These sequences connect concatenation dynamics with prime structure. 
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4.3 Recursive Formulation 

Concatenation sequences admit elegant recursive descriptions. 

Let: 

𝑑(𝑛) = ⌊log⁡10 𝑛⌋ + 1 

denote the number of decimal digits of 𝑛. 

Then: 

𝐶𝑛+1 = 10𝑑(𝑛+1)𝐶𝑛 + (𝑛 + 1) 

This recurrence is fundamental. 

It converts concatenation into arithmetic recursion. 

4.4 Growth Behavior 

Understanding growth is essential. 

4.4.1 Digit-Length Function 

Let: 

𝐷(𝑛) = 𝑑(𝐶𝑛) 

Then: 

𝐷(𝑛) =∑𝑑(𝑘)

𝑛

𝑘=1

 

4.4.2 Asymptotic Estimate 

Using standard estimates: 

𝐷(𝑛) ∼ 𝑛log⁡10 𝑛 

Hence: 

𝐶𝑛 ≈ 10𝑛log⁡ 𝑛 

in rough exponential scale. 

4.4.3 Consequence 

Even moderate values of 𝑛 produce enormous integers. 

Thus: 

• factorization becomes difficult,  

• primality testing becomes expensive,  

• storage requirements escalate rapidly.  
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4.5 Prime Occurrence 

Prime questions dominate the subject. 

4.5.1 Fundamental Problem 

Open Problem 4.1 

Are there infinitely many primes among the sequence: 

𝐶𝑛 = 123456789101112⋯𝑛? 

This remains unknown. 

4.5.2 Heuristic Analysis 

Suppose: 

𝐶𝑛 

behaves approximately like a random integer of comparable size. 

Since: 

log⁡ 𝐶𝑛 ∼ 𝑛log⁡ 𝑛 

the heuristic prime probability becomes: 

1

𝑛log⁡ 𝑛
 

Since: 

∑
1

𝑛log⁡ 𝑛

∞

𝑛=2

 

diverges, naive heuristics suggest infinitely many primes may exist. 

However, concatenation structures are highly nonrandom. 

4.5.3 Structural Obstructions 

Certain congruence patterns may force compositeness. 

Example: 

if: 

𝐶𝑛 ≡ 0(mod3) 

for infinitely many 𝑛, then infinitely many terms are composite automatically. 

4.6 Modular Dynamics 

Concatenation sequences naturally generate modular dynamical systems. 
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4.6.1 Modular Recurrence 

Modulo 𝑚: 

𝐶𝑛+1 ≡ 10𝑑(𝑛+1)𝐶𝑛 + (𝑛 + 1)(mod𝑚) 

This defines a finite-state system. 

4.6.2 Eventual Periodicity 

Since only finitely many residues modulo 𝑚exist, periodicity is plausible. 

Conjecture 4.1 

For every integer 𝑚 ≥ 2, the sequence: 

(𝐶𝑛  m 𝑚) 

is eventually periodic. 

4.6.3 Stronger Form 

Conjecture 4.2 

Every recursively generated concatenation sequence is eventually 

periodic modulo every positive integer. 

4.7 Divisibility Phenomena 

Many unexpected divisibility patterns arise. 

4.7.1 Self-Divisibility Problem 

Open Problem 4.2 

Characterize all 𝑛 such that: 

𝑛 ∣ 𝐶𝑛 

4.7.2 Prime Divisibility Density 

Open Problem 4.3 

For a fixed prime 𝑝, determine the density of indices satisfying: 

𝑝 ∣ 𝐶𝑛 

4.8 Base Dependence 

Concatenation sequences depend strongly on representation base. 

4.8.1 General Base Construction 

In base 𝑏: 
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𝐶𝑛
(𝑏)

 

is formed by concatenating base-𝑏 representations of: 

1,2, … , 𝑛 

Fundamental Question 

Open Problem 4.4 

Which properties of decimal concatenation sequences remain valid in 

arbitrary bases? 

4.9 Entropy and Digit Distribution 

Despite deterministic construction, concatenation sequences often appear 

statistically balanced. 

4.9.1 Digit Frequencies 

Let: 

𝑓𝑑(𝑛) 

denote the proportion of digit 𝑑among the first 𝑛digits. 

Questions naturally arise. 

Conjecture 4.3 

Digits become equidistributed in the infinite concatenation: 

123456789101112… 

This resembles classical normality phenomena. 

4.10 Infinite Concatenation Constants 

Define the infinite decimal: 

𝒞 = 0.123456789101112131415… 

This is related to the classical Champernowne constant.  

Important Questions 

• normality,  

• transcendence,  

• irrationality measure,  

• algorithmic randomness.  

4.11 Prime Concatenation Sequences 

Now consider: 

𝑃𝑛 = 2357111317…𝑝𝑛 
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Open Problem 4.5 

Are infinitely many terms of: 

𝑃𝑛 

prime? 

Heuristic Tension 

Prime concatenation simultaneously introduces: 

• apparent randomness from primes,  

• strong structure from deterministic concatenation.  

This duality is central. 

4.12 Automaticity and Symbolic Dynamics 

Concatenation sequences can also be viewed symbolically. 

Open Problem 4.6 

Can concatenation sequences be modeled using finite automata or 

symbolic dynamical systems? 

4.13 Complexity Growth 

Computation rapidly becomes difficult. 

Example 

Testing primality of: 

𝐶100000 

requires handling extremely large integers. 

Open Problem 4.7 

Determine asymptotic computational complexity for major 

concatenation-sequence decision problems. 

4.14 Randomness versus Structure 

Concatenation systems exhibit a striking paradox. 

They are: 

• completely deterministic,  

• yet statistically irregular,  

• highly structured,  

• yet apparently random in some aspects.  

Understanding this tension may be one of the deepest problems in the 

field. 
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4.15 New Meta-Conjectures 

This chapter motivates several broad hypotheses. 

Meta-Conjecture 4.A 

Nontrivial concatenation sequences possess prime density zero. 

Meta-Conjecture 4.B 

Recursive concatenation systems are modularly periodic. 

Meta-Conjecture 4.C 

Digit entropy approaches maximality in sufficiently rich concatenation 

systems. 

4.16 Research Problems 

Problem 4.1 

Determine exact periodic structures modulo small primes. 

Problem 4.2 

Study concatenation sequences in negative or nonstandard bases. 

Problem 4.3 

Investigate p-adic limits of recursive concatenation systems. 

Problem 4.4 

Construct concatenation sequences with provably infinite prime 

subsequences. 

Problem 4.5 

Classify concatenation systems according to entropy growth. 

4.17 Closing Perspective 

Consecutive concatenation sequences illustrate one of the central lessons 

of Smarandache-type number theory: 

simple rules can generate unexpectedly deep arithmetic complexity. 

From elementary concatenation emerge questions touching: 

• prime theory,  

• automata,  

• entropy,  

• modular dynamics,  

• asymptotic analysis,  

• and computational complexity.  
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Chapter 5 

Generalized Concatenation Systems  

and Higher-Order Digital Constructions 

5.1 Introduction 

The classical consecutive concatenation sequences demonstrate that 

elementary digit-concatenation rules can generate unexpectedly rich 

arithmetic behavior. However, the space of possible concatenative 

constructions is vastly larger. One may concatenate: 

• primes,  

• squares,  

• factorials,  

• Fibonacci numbers,  

• divisor sets,  

• recursively generated terms,  

• symbolic patterns,  

• or mixed arithmetic structures.  

This chapter develops a general theory of concatenation systems and 

introduces higher-order digital constructions that extend far beyond the 

classical consecutive sequences. 

The central idea is that concatenation itself should be regarded as a 

fundamental arithmetic operator. 

5.2 Concatenation as an Arithmetic Operator 

Define the decimal concatenation operator: 

𝑎 ∘ 𝑏 

by: 

𝑎 ∘ 𝑏 = 10𝑑(𝑏)𝑎 + 𝑏 

where: 

𝑑(𝑏) 

denotes the number of digits of 𝑏. 

Example: 

12 ∘ 345 = 12345 

This transforms symbolic concatenation into arithmetic structure. 
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5.2.1 Noncommutativity 

Concatenation is generally noncommutative: 

𝑎 ∘ 𝑏 ≠ 𝑏 ∘ 𝑎 

Example: 

12 ∘ 34 = 1234 

while 

34 ∘ 12 = 3412 

5.2.2 Nonassociative Effects 

Although concatenation itself is associative in direct string interpretation, 

weighted recursive concatenation systems may exhibit effective 

nonassociative arithmetic behavior under transformations. 

5.3 General Concatenation Framework 

Let: 

{𝑥𝑛} 

be an arbitrary integer sequence. 

Define the associated concatenation sequence: 

𝒞𝑛(𝑥) = 𝑥1 ∘ 𝑥2 ∘ ⋯ ∘ 𝑥𝑛 

This creates a universal framework. 

Examples 

Consecutive integers 

𝑥𝑛 = 𝑛 

gives: 

123456789101112… 

Prime concatenation 

𝑥𝑛 = 𝑝𝑛 

gives: 

2357111317… 

Square concatenation 

14916253649… 

from: 

12, 22, 32, … 

Fibonacci concatenation 

112358132134… 
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5.4 Classification of Concatenation Systems 

We now classify generalized concatenation systems. 

Type I — Linear Source Sequences 

Generated from classical arithmetic progressions. 

Examples: 

• consecutive integers,  

• odd numbers,  

• even numbers.  

Type II — Prime-Based Systems 

Generated from: 

• primes,  

• twin primes,  

• prime powers,  

• Sophie Germain primes.  

Type III — Recursive Source Systems 

Generated recursively. 

Example: 

𝑥𝑛+1 = 𝑥𝑛 + 𝑥𝑛−1 

Type IV — Functional Systems 

Generated from arithmetic functions. 

Example: 

𝑥𝑛 = 𝑆(𝑛) 

where 𝑆(𝑛) is the Smarandache function. 

Type V — Filtered Systems 

Generated by imposing constraints. 

Examples: 

• palindromic integers,  

• squarefree integers,  

• digit-restricted integers.  

5.5 Prime-Producing Concatenation Systems 

One of the central goals is identifying concatenation systems producing 

many primes. 

Definition 

A concatenation system is prime-rich if infinitely many terms are prime. 
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Open Problem 5.1 

Does there exist a natural concatenation system with positive asymptotic 

prime density? 

Most known systems appear extremely sparse in primes. 

5.6 Smarandache-Wellin Structures 

One of the most important prime concatenation systems is the 

Smarandache-Wellin construction.Define: 

𝑊𝑛 = 2 ∘ 3 ∘ 5 ∘ 7 ∘ ⋯ ∘ 𝑝𝑛 

where 𝑝𝑛 denotes the 𝑛-th prime. 

These are called Smarandache-Wellin numbers. Prime terms are called 

Smarandache-Wellin primes (mathworld.wolfram.com). 

Observed Phenomenon 

Prime occurrences appear extraordinarily rare. 

This suggests deep structural obstruction. 

Conjecture 5.1 

The set of Smarandache-Wellin primes is finite. 

Alternative Possibility 

Conjecture 5.2 

Infinitely many Smarandache-Wellin primes exist, but with density zero. 

5.7 Recursive Self-Concatenation Systems 

Now consider recursive concatenation. 

Definition 

Let: 

𝑎1 = 1 

and define: 

𝑎𝑛+1 = 𝑎𝑛 ∘ (𝑛 + 1) 

This recovers classical concatenation. 

But many other recursive forms are possible. 

Example 

𝑎𝑛+1 = 𝑎𝑛 ∘ 𝑎𝑛 

yielding exponential digit growth. 

Example 

𝑎𝑛+1 = 𝑎𝑛 ∘ 𝑠(𝑎𝑛) 

where: 

https://mathworld.wolfram.com/Smarandache-WellinPrime.html?utm_source=chatgpt.com
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𝑠(𝑎𝑛) 

denotes digit sum. 

5.8 Dynamical Behavior 

Recursive concatenation systems naturally create arithmetic dynamical 

systems. 

Central Questions 

• periodicity,  

• orbit growth,  

• modular dynamics,  

• fixed points,  

• attractors.  

Open Problem 5.2 

Develop a dynamical systems theory for recursive concatenation 

processes. 

5.9 Modular Structure of Generalized Systems 

Let: 

𝑎𝑛+1 = 10𝑑(𝑥𝑛+1)𝑎𝑛 + 𝑥𝑛+1 

Modulo 𝑚: 

𝑎𝑛+1 ≡ 10𝑑(𝑥𝑛+1)𝑎𝑛 + 𝑥𝑛+1(mod𝑚) 

This creates finite-state arithmetic evolution. 

Conjecture 5.3 

Every finitely generated recursive concatenation system is eventually 

periodic modulo every integer 𝑚. 

5.10 Entropy and Information Growth 

Concatenation systems naturally generate information expansion. 

Definition 

Define digit entropy: 

𝐻𝑛 

for the first 𝑛 digits. 

Central Question 

Does entropy approach maximality? 
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Conjecture 5.4 

Sufficiently nondegenerate concatenation systems generate 

asymptotically maximal digit entropy. 

5.11 Symmetric Concatenation Structures 

Now consider symmetry operations. 

Mirror Concatenation 

Define: 

𝑀𝑛 = 𝑛 ∘ reverse(𝑛) 

Example: 

12 ∘ 21 = 1221 

Palindromic Systems 

Example: 

1, 121, 12321, 1234321,… 

Open Problem 5.3 

Determine prime densities in symmetric concatenation systems. 

5.12 Concatenation over Alternative Bases 

Generalize to base 𝑏. 

Definition 

𝑎 ∘𝑏 𝑐 

defined using base-𝑏 representation. 

Important Question 

Open Problem 5.4 

Which concatenation phenomena are base-invariant? 

5.13 Fractal and Self-Similar Structures 

Some recursive concatenation systems exhibit self-similarity. 

Example 

Repeated self-concatenation: 

𝑎𝑛+1 = 𝑎𝑛 ∘ 𝑎𝑛 

creates recursive digital duplication. 

Open Problem 5.5 

Can concatenation systems exhibit fractal digit structure? 
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5.14 Concatenation Constants 

Infinite limits naturally arise. 

Example 

Prime concatenation constant: 

0.23571113171923… 

Questions 

• irrationality,  

• transcendence,  

• normality,  

• symbolic complexity.  

5.15 Inverse Problems 

Given: 

𝑁 

can one determine whether it belongs to a concatenation family? 

Open Problem 5.6 

Develop recognition algorithms for generalized concatenation systems. 

5.16 Randomized Concatenation Systems 

Introduce probabilistic concatenation. 

Example 

At each stage concatenate a randomly chosen prime. 

Question 

How does randomness alter modular structure and prime density? 

5.17 Hierarchies of Concatenation Complexity 

We propose complexity classes. 

Class A 

Simple deterministic concatenation. 

Class B 

Recursive concatenation systems. 

Class C 

Self-referential concatenation systems. 

Class D 

Probabilistic concatenation systems. 
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5.18 Meta-Conjectures 

Meta-Conjecture 5.A 

Prime densities in nontrivial concatenation systems vanish 

asymptotically. 

Meta-Conjecture 5.B 

Recursive concatenation systems exhibit modular periodicity. 

Meta-Conjecture 5.C 

Digit entropy increases monotonically in sufficiently rich concatenation 

systems. 

5.19 Research Problems 

Problem 5.1 

Construct concatenation systems with provably infinite composite runs. 

Problem 5.2 

Determine modular period lengths for generalized concatenation systems. 

Problem 5.3 

Study p-adic limits of recursive concatenation sequences. 

Problem 5.4 

Investigate symbolic complexity growth rates. 

Problem 5.5 

Classify concatenation systems according to entropy generation. 

5.20 Closing Perspective 

Generalized concatenation systems reveal that concatenation is far more 

than a recreational digit operation. 

It creates: 

• arithmetic dynamics,  

• symbolic structures,  

• entropy systems,  

• modular automata,  

• and rare-prime environments.  

These constructions form one of the deepest and most versatile branches 

of Smarandache-type number theory. 
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Chapter 6 

Digit-Constrained Sequences and Self-Referential 

Arithmetic Structures 

6.1 Introduction 

Many Smarandache-type constructions are defined not by ordinary 

arithmetic operations, but by constraints imposed on the digital representation 

of numbers. 

In such systems, the decimal expansion itself becomes an active 

mathematical object. 

Examples include: 

• numbers whose digits satisfy arithmetic restrictions,  

• self-descriptive numbers,  

• recursively generated digit structures,  

• digit-preserving transformations,  

• reversible arithmetic systems,  

• and self-referential digital constructions.  

These objects lie at the intersection of: 

• number theory,  

• symbolic dynamics,  

• automata theory,  

• information theory,  

• and combinatorics on words.  

Unlike classical arithmetic, where representation is secondary, digit-

constrained systems treat representation as fundamental. 

6.2 Representation-Dependent Arithmetic 

Ordinary arithmetic properties are base-independent. 

For example: 

12 = 3 ⋅ 4 

regardless of representation system. 

Digit-constrained structures behave differently. 

Their defining properties depend critically on symbolic representation. 
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Example 

The number: 

121 

is palindromic in base 10, but not necessarily in another base. 

Fundamental Principle 

Digit-constrained arithmetic introduces a new layer of structure: 

Arithmetic Value + Symbolic Representation 

6.3 Digit-Restricted Sequences 

We begin with digit filtering. 

Definition 

Given a digit set: 

𝐷 ⊆ {0,1, … ,9} 

define: 

𝒩(𝐷) 

as the set of integers using only digits from 𝐷. 

Examples 

Prime-digit numbers 

using only: 

{2, 3, 5, 7} 

Binary-digit decimal numbers 

using only: 

{0, 1} 

Questions 

• density,  

• primality frequency,  

• divisibility behavior,  

• automaticity.  

6.4 Prime Structures in Digit-Constrained Systems 

Digit restrictions strongly affect prime occurrence. 

Example 

Numbers ending in even digits are automatically composite except 

possibly 2. 

Thus many digit systems force strong arithmetic bias. 
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Open Problem 6.1 

Determine asymptotic prime densities among digit-restricted systems. 

Conjecture 6.1 

For sufficiently restrictive digit systems, prime density tends to zero faster 

than logarithmic random heuristics predict. 

6.5 Palindromic Structures 

Palindromes are central digit-symmetric objects. 

Definition 

A number is palindromic if its decimal expansion reads identically 

forward and backward. 

Examples 

121 

1331 

1234321 

6.6 Arithmetic Behavior of Palindromes 

Palindromes exhibit strong divisibility structure. 

Example 

Every even-length decimal palindrome is divisible by: 

11 

Consequence 

Even-length palindromic primes are impossible except: 

11 

Open Problem 6.2 

Are there infinitely many odd-length palindromic primes? 

6.7 Smarandache-Type Palindromic Constructions 

One may define recursive palindromic systems. 

Example 

𝑃𝑛 = 12⋯𝑛⋯21 

Example 

Prime-generated palindromes: 

concatenate primes symmetrically. 

Open Problem 6.3 

Classify prime-producing palindromic concatenation systems. 
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6.8 Self-Referential Numbers 

A remarkable class involves numbers describing themselves. 

Example 

Autobiographical numbers. 

A digit specifies the frequency of another digit. 

Example 

The number: 

1210 

means: 

• one 0,  

• two 1's,  

• one 2,  

• zero 3's.  

Fundamental Theme 

Representation becomes self-referential. 

6.9 Recursive Digit Systems 

Now consider recursive transformations. 

Example 

Digit-sum recursion: 

𝑎𝑛+1 = 𝑎𝑛 + 𝑠(𝑎𝑛) 

where: 

𝑠(𝑛) 

is digit sum. 

Example 

Digit-product recursion: 

𝑎𝑛+1 = 𝑎𝑛 ⋅ 𝑝(𝑎𝑛) 

where: 

𝑝(𝑛) 

denotes product of digits. 

6.10 Persistence Phenomena 

Repeated digit transformations create persistence questions. 

Example 

Repeated multiplication of digits eventually reaches a single digit. 
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This is related to multiplicative persistence. 

Open Problem 6.4 

Determine maximal persistence values under generalized digit operations. 

6.11 Digital Fixed Points 

Certain recursive systems produce fixed points. 

Definition 

A fixed point satisfies: 

𝑓(𝑛) = 𝑛 

Example 

Digit-sum fixed systems. 

Open Problem 6.5 

Classify fixed points of recursive digit-transform systems. 

6.12 Digit Dynamics and Orbits 

Digit operations create arithmetic dynamical systems. 

Definition 

The orbit of 𝑛under transformation 𝑓is: 

𝑛, 𝑓(𝑛), 𝑓(𝑓(𝑛)), … 

Questions 

• periodicity,  

• cycle structure,  

• divergence,  

• attractors.  

Conjecture 6.2 

Many finite digit-transform systems eventually become periodic. 

6.13 Reversal Arithmetic 

Define: 

𝑅(𝑛) 

as digit reversal. 

Examples 

𝑅(123) = 321 

Reverse-Sum Systems 

𝑛 + 𝑅(𝑛) 

generates many interesting structures. 
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Example 

Lychrel-type processes. 

Open Problem 6.6 

Do there exist integers whose reverse-sum process never reaches a 

palindrome? 

6.14 Digital Invariance Properties 

Certain numbers preserve properties under digit operations. 

Examples 

• reverse primes,  

• permutable primes,  

• cyclic digit numbers.  

Open Problem 6.7 

Classify digit operations preserving primality infinitely often. 

6.15 Automatic and Morphic Structures 

Digit systems naturally connect to automata. 

Definition 

A sequence is automatic if generated by a finite automaton. 

Question 

Which Smarandache-type digit systems are automatic? 

Open Problem 6.8 

Determine automata classifications for recursive digit systems. 

6.16 Entropy and Complexity 

Digit-constrained systems exhibit varying complexity. 

Low-Entropy Systems 

Highly repetitive structures. 

High-Entropy Systems 

Apparently random digit distributions. 

Open Problem 6.9 

Develop entropy invariants for digit-generated arithmetic systems. 

6.17 Base Dependence 

Digit systems depend strongly on representation base. 
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Example 

A decimal palindrome may fail to remain palindromic in binary. 

Fundamental Question 

Open Problem 6.10 

Which digit-constrained properties are base invariant? 

6.18 Self-Embedding Structures 

Some systems recursively embed their own representations. 

Example 

𝑎𝑛+1 = 𝑎𝑛 ∘ 𝑎𝑛 

Open Problem 6.11 

Develop self-similarity theory for recursive digit embedding systems. 

6.19 Digital Chaos 

Certain digit recursions appear unpredictable despite deterministic rules. 

Question 

Can digit systems exhibit genuine arithmetic chaos? 

Conjecture 6.3 

Some recursive digit systems possess positive symbolic entropy and 

chaotic orbit structure. 

6.20 Meta-Conjectures 

Meta-Conjecture 6.A 

Strong digit constraints drastically suppress prime density. 

Meta-Conjecture 6.B 

Finite digit-transform systems are eventually periodic. 

Meta-Conjecture 6.C 

Recursive digit systems naturally generate automata-like modular 

behavior. 

6.21 Research Problems 

Problem 6.1 

Classify prime-rich digit systems. 

Problem 6.2 

Study digit-transform dynamics in arbitrary bases. 
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Problem 6.3 

Determine entropy growth in recursive digit systems. 

Problem 6.4 

Investigate p-adic behavior of digit recursions. 

Problem 6.5 

Construct digit systems with provably chaotic dynamics. 

6.22 Closing Perspective 

Digit-constrained arithmetic reveals a profound principle: 

symbolic representation itself can generate deep arithmetic structure. 

In these systems: 

• digits behave dynamically,  

• representation affects arithmetic,  

• recursion creates emergent complexity,  

• and simple symbolic rules generate difficult unsolved problems.  

The next chapter turns toward one of the foundational branches of 

Smarandache-type mathematics: 

extremal divisibility functions and minimal arithmetic operators. 
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Chapter 7 

The Classical Smarandache Function: Structure, 

Growth, and Open Problems 

7.1 Introduction 

Among all Smarandache-type arithmetic objects, the classical 

Smarandache function occupies a foundational position. 

Defined through factorial divisibility, it combines: 

• extremal arithmetic structure,  

• p-adic valuation theory,  

• irregular local behavior,  

• and unexpectedly deep inverse problems.  

Although elementary to define, the function generates difficult questions 

concerning: 

• asymptotic growth,  

• inverse-image structure,  

• maximal oscillation,  

• distribution theory,  

• and computational complexity.  

Historically, the function is also closely related to the classical Kempner 

function.  

The function appears throughout the literature of Smarandache-type 

arithmetic and remains one of the most fertile sources of open problems 

(mathworld.wolfram.com). 

7.2 Definition 

For a positive integer 𝑛, define: 

𝑆(𝑛) = min⁡{𝑚 ∈ ℕ: 𝑛 ∣ 𝑚!} 

Thus: 

𝑆(𝑛) 

is the smallest integer whose factorial is divisible by 𝑛. 

Examples 

𝑆(1) = 1 

https://mathworld.wolfram.com/SmarandacheFunction.html?utm_source=chatgpt.com
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𝑆(2) = 2 

𝑆(6) = 3 

since: 

3! = 6 

For: 

𝑛 = 12 

we have: 

4! = 24 

and: 

12 ∣ 24 

thus: 

𝑆(12) = 4 

7.3 First Structural Observations 

The function behaves very differently from ordinary arithmetic functions. 

It is: 

• highly irregular,  

• non-monotone,  

• strongly influenced by prime factorization,  

• and sensitive to p-adic valuation structure.  

Example 

𝑆(8) = 4 

because: 

4! = 24 

contains: 

23 

but: 

𝑆(9) = 6 

since: 

6! = 720 

contains: 

32 

while: 

5! = 120 

does not. 
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7.4 Prime Characterization 

One of the first remarkable properties is: 

𝑆(𝑝) = 𝑝 

for every prime 𝑝. 

Proof Sketch 

If: 

𝑚 < 𝑝 

then: 

𝑝 ∤ 𝑚! 

since 𝑝 does not appear among the factors. 

But: 

𝑝 ∣ 𝑝! 

thus: 

𝑆(𝑝) = 𝑝 

7.5 Composite Fixed Points 

Primes are not the only solutions of: 

𝑆(𝑛) = 𝑛 

Example 

𝑆(4) = 4 

because: 

4 ∣ 4! 

but: 

4 ∤ 3! 

This creates an important classification problem. 

Open Problem 7.1 

Characterize all integers satisfying: 

𝑆(𝑛) = 𝑛 

7.6 Prime Power Analysis 

The function is fundamentally controlled by prime powers. 

Let: 

𝑛 = ∏𝑝𝑖
𝛼𝑖 

Then: 

𝑆(𝑛) = max⁡
𝑖

𝑆(𝑝𝑖
𝛼𝑖) 
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Thus the essential problem reduces to prime powers. 

7.7 Valuation Formulation 

For a prime 𝑝, define: 

𝑣𝑝(𝑛) 

as the exponent of 𝑝 in 𝑛. 

Using Adrien-Marie Legendre’s formula: 

𝑣𝑝(𝑚!) =∑⌊
𝑚

𝑝𝑘
⌋

𝑘≥1

 

we seek the smallest 𝑚 satisfying: 

𝑣𝑝(𝑚!) ≥ 𝛼 

for: 

𝑝𝛼 ∣ 𝑛 

7.8 Growth Behavior 

The function grows irregularly. 

Example 

𝑆(2𝑘) 

grows much more slowly than: 

2𝑘 

Open Problem 7.2 

Determine sharp asymptotic estimates for: 

𝑆(𝑝𝛼) 

as: 

𝛼 → ∞ 

7.9 Average Order 

Understanding average behavior remains difficult. 

Fundamental Question 

What is the average size of: 

𝑆(𝑛) 

relative to: 

𝑛? 
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Open Problem 7.3 

Determine the average order of: 

𝑆(𝑛) 

Possible Heuristic 

Large prime factors may dominate behavior. 

7.10 Extremal Oscillation 

The function exhibits dramatic local fluctuations. 

Example 

Nearby integers may produce very different values. 

Open Problem 7.4 

Determine maximal local oscillation rates: 

∣ 𝑆(𝑛 + 1) − 𝑆(𝑛) ∣ 

7.11 Inverse Problems 

Inverse problems are central. 

Definition 

Define: 

𝑆−1(𝑘) = {𝑛: 𝑆(𝑛) = 𝑘} 

 

Example 

𝑆−1(5) = {5,10,15,20} 

since each divides: 

5! 

but not: 

4! 

7.12 Fiber Structure 

The inverse-image sets possess complicated arithmetic structure. 

Questions 

• finite or infinite?  

• maximal elements?  

• density?  

• multiplicative structure?  
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Open Problem 7.5 

Characterize the fibers: 

𝑆−1(𝑘) 

for arbitrary 𝑘. 

7.13 Density Questions 

One may study densities of special behaviors. 

Example 

Density of integers satisfying: 

𝑆(𝑛) = 𝑃(𝑛) 

where: 

𝑃(𝑛) 

denotes largest prime factor. 

Open Problem 7.6 

Determine density laws for special subclasses of: 

𝑆(𝑛) 

7.14 Relation to Largest Prime Factors 

A striking phenomenon occurs. 

For many integers: 

𝑆(𝑛) = 𝑃(𝑛) 

where: 

𝑃(𝑛) 

is the largest prime divisor of 𝑛. 

Question 

When does this fail? 

Open Problem 7.7 

Classify integers satisfying: 

𝑆(𝑛) > 𝑃(𝑛) 

7.15 Generalized Smarandache Functions 

Many extensions exist. 

Examples include: 

• generalized factorial divisibility functions,  

• higher-order variants,  
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• weighted factorial systems,  

• primorial analogues.  

Example 

Replace factorials by: 

∏𝑓(𝑘)

𝑚

𝑘=1

 

for suitable functions 𝑓. 

7.16 Recursive Smarandache Operators 

One may iterate the function. 

Definition 

𝑆(2)(𝑛) = 𝑆(𝑆(𝑛)) 

Questions 

• fixed points,  

• periodicity,  

• eventual stabilization.  

Open Problem 7.8 

Study iteration dynamics of the Smarandache function. 

7.17 Modular Structure 

The sequence: 

𝑆(𝑛)(mod𝑚) 

may possess hidden regularity. 

Open Problem 7.9 

Determine modular distribution laws for: 

𝑆(𝑛) 

7.18 Computational Complexity 

Computing: 

𝑆(𝑛) 

requires factorization and valuation analysis. 

Open Problem 7.10 

Determine computational complexity classes for evaluating generalized 

Smarandache functions. 
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7.19 Probabilistic Models 

Random-factor heuristics may help model behavior. 

Heuristic Principle 

Largest prime factors dominate: 

𝑆(𝑛) 

for typical integers. 

Open Problem 7.11 

Develop probabilistic models for distribution of: 

𝑆(𝑛) − 𝑃(𝑛) 

7.20 Geometric Interpretation 

Interpretation 

The factorial sequence: 

1! ,2! ,3!, … 

creates nested divisibility regions. 

The function: 

𝑆(𝑛) 

locates the first layer containing 𝑛. 

7.21 Meta-Conjectures 

Meta-Conjecture 7.A 

Largest prime factors asymptotically dominate: 

𝑆(𝑛) 

for almost all integers. 

Meta-Conjecture 7.B 

Inverse fibers exhibit highly irregular multiplicative structure. 

Meta-Conjecture 7.C 

Generalized factorial-divisibility functions possess universal oscillation 

phenomena. 

7.22 New Conjectures 

Conjecture 7.1 

The set: 

{𝑛: 𝑆(𝑛) = 𝑃(𝑛)} 

has asymptotic density 1. 
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Conjecture 7.2 

For infinitely many integers: 

𝑆(𝑛 + 1) − 𝑆(𝑛) 

is arbitrarily large. 

Conjecture 7.3 

Iterated Smarandache dynamics eventually stabilize for all integers. 

7.23 Research Problems 

Problem 7.1 

Develop asymptotic formulas for prime powers. 

Problem 7.2 

Study generalized factorial systems. 

Problem 7.3 

Investigate p-adic interpretations of inverse fibers. 

Problem 7.4 

Determine extremal growth fluctuations. 

Problem 7.5 

Construct analogues over algebraic number fields. 

7.24 Closing Perspective 

The classical Smarandache function demonstrates a central phenomenon 

of Smarandache-type mathematics: 

elementary definitions can encode remarkably deep arithmetic structure. 

Behind the simple condition: 

𝑛 ∣ 𝑚! 

lie difficult questions involving: 

• valuation theory,  

• asymptotic growth,  

• probabilistic number theory,  

• inverse arithmetic structure,  

• and computational complexity.  

The next chapter expands this framework toward generalized extremal 

divisibility functions, including pseudosmarandache systems and near-to-

primorial constructions. 
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Chapter 8 

Generalized Smarandache Functions, 

Pseudosmarandache Systems,  

and Extremal Divisibility Operators 

8.1 Introduction 

The classical Smarandache function introduced a powerful arithmetic 

principle: 

determine the smallest object satisfying a divisibility constraint. 

This principle admits countless generalizations. 

Instead of factorial divisibility, one may consider: 

• partial sums,  

• primorials,  

• recursive products,  

• additive structures,  

• weighted factorials,  

• polygonal sums,  

• or generalized arithmetic operators.  

These generalized constructions produce a broad family of extremal 

divisibility functions exhibiting: 

• irregular oscillation,  

• unexpected congruence behavior,  

• inverse-image complexity,  

• and deep asymptotic questions.  

This chapter develops a unified theory of generalized Smarandache-type 

functions. 

The chapter is especially motivated by constructions related to the 

pseudosmarandache function, Smarandache-Kurepa variants, Smarandache-

Wagstaff variants, and near-to-primorial functions 

(mathworld.wolfram.com). 

 

 

 

https://mathworld.wolfram.com/PseudosmarandacheFunction.html?utm_source=chatgpt.com
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8.2 General Extremal Operator Framework 

We begin with a unifying definition. 

Definition 

Let: 

𝒜 = {𝐴𝑛}𝑛≥1 

be an increasing arithmetic structure. 

Define the associated extremal divisibility operator: 

𝐸𝒜(𝑛) = min⁡{𝑚: 𝑛 ∣ 𝐴𝑚} 

provided such 𝑚 exists. 

Examples 

Factorial system 

𝐴𝑚 = 𝑚! 

gives the classical Smarandache function. 

Partial sum system 

𝐴𝑚 = 1 + 2 +⋯+𝑚 

gives the pseudosmarandache function. 

Primorial system 

𝐴𝑚 = ∏ 𝑝

𝑝≤𝑝𝑚

 

creates primorial divisibility operators. 

8.3 The Pseudosmarandache Function 

One of the most important generalizations is the pseudosmarandache 

function. 

Definition 

Define: 

𝑍(𝑛) = min⁡ {𝑚: 𝑛 ∣
𝑚(𝑚 + 1)

2
} 

Thus: 

𝑍(𝑛) 

is the smallest integer such that the 𝑚-th triangular number is divisible by 𝑛 

(mathworld.wolfram.com). 

 

https://mathworld.wolfram.com/PseudosmarandacheFunction.html?utm_source=chatgpt.com
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8.4 First Examples 

Example 

For: 

𝑛 = 2 

we seek: 

𝑚(𝑚 + 1)

2
≡ 0(mod2) 

The smallest solution is: 

𝑚 = 3 

since: 

3 ⋅ 4

2
= 6 

is divisible by 2. 

Thus: 

𝑍(2) = 3 

8.5 Structural Difference from the Classical Function 

The pseudosmarandache function behaves very differently from: 

𝑆(𝑛) 

because triangular numbers possess distinct arithmetic structure. 

Instead of factorial accumulation, we now have quadratic growth. 

Consequence 

Behavior becomes more oscillatory and less dominated by largest prime 

factors. 

8.6 Triangular Divisibility Dynamics 

Observe: 

𝑇𝑚 =
𝑚(𝑚 + 1)

2
 

contains two consecutive integers. 

Thus divisibility patterns depend strongly on coprimality interactions. 

Open Problem 8.1 

Characterize integers satisfying: 

𝑍(𝑛) = 𝑛 
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8.7 Growth Questions 

Fundamental Question 

How rapidly does: 

𝑍(𝑛) 

grow relative to: 

𝑛? 

Open Problem 8.2 

Determine asymptotic upper and lower bounds for: 

𝑍(𝑛) 

8.8 Extremal Oscillation 

The function appears highly irregular. 

Conjecture 8.1 

The local oscillation: 

∣ 𝑍(𝑛 + 1) − 𝑍(𝑛) ∣ 

is unbounded. 

8.9 Inverse Problems 

Define: 

𝑍−1(𝑘) = {𝑛: 𝑍(𝑛) = 𝑘} 

Questions 

• finite or infinite?  

• multiplicative structure?  

• density?  

Open Problem 8.3 

Characterize inverse fibers of the pseudosmarandache function. 

8.10 Near-to-Primorial Functions 

Another important family involves primorials. 

Definition 

Let: 

𝑝𝑛# =∏𝑝𝑘

𝑛

𝑘=1

 

denote the 𝑛-th primorial. 
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Near-to-primorial functions study proximity between integers and 

primorial structures (mathworld.wolfram.com). 

8.11 Primorial Divisibility Operators 

Define: 

𝑃(𝑛) = min⁡{𝑚: 𝑛 ∣ 𝑝𝑚#} 

when possible. 

Observation 

Only squarefree integers divide primorials. 

Thus the domain itself becomes structurally restricted. 

Open Problem 8.4 

Develop generalized primorial divisibility theory for non-squarefree 

integers. 

8.12 Smarandache-Kurepa-Type Functions 

These arise from left-factorial structures. 

Recall: 

! 𝑛 = ∑𝑘!

𝑛−1

𝑘=0

 

introduced by Đuro Kurepa (mathworld.wolfram.com). 

General Problem 

Determine extremal divisibility relations involving left-factorials. 

Open Problem 8.5 

Study divisibility spectra of generalized left-factorial systems. 

8.13 Smarandache-Wagstaff-Type Functions 

These involve repunit-like structures and divisibility constraints 

(mathworld.wolfram.com). 

Structural Feature 

Digital periodicity becomes central. 

Open Problem 8.6 

Determine modular periodicity laws for generalized Wagstaff-type 

systems. 

https://mathworld.wolfram.com/SmarandacheNear-to-PrimorialFunction.html?utm_source=chatgpt.com
https://mathworld.wolfram.com/Smarandache-KurepaFunction.html?utm_source=chatgpt.com
https://mathworld.wolfram.com/Smarandache-WagstaffFunction.html?utm_source=chatgpt.com
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8.14 Generalized Polygonal Functions 

One may generalize beyond triangular numbers. 

Definition 

Let: 

𝑃𝑘(𝑚) 

denote the 𝑚-th 𝑘-gonal number. 

Define: 

𝐺𝑘(𝑛) = min⁡{𝑚: 𝑛 ∣ 𝑃𝑘(𝑚)} 

Open Problem 8.7 

Determine asymptotic behavior of polygonal divisibility functions. 

8.15 Recursive Extremal Operators 

Extremal functions themselves may be iterated. 

Example 

𝑍(2)(𝑛) = 𝑍(𝑍(𝑛)) 

Questions 

• fixed points,  

• cycles,  

• stabilization.  

Conjecture 8.2 

Many generalized extremal operators eventually enter periodic cycles 

under iteration. 

8.16 Probabilistic Models 

Random divisibility heuristics may help approximate behavior. 

Example 

Probability that: 

𝑛 ∣ 𝑇𝑚 

may heuristically resemble random residue behavior under suitable 

conditions. 

Open Problem 8.8 

Develop probabilistic divisibility models for generalized extremal 

functions. 
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8.17 Modular Structure 

Extremal functions may possess hidden congruence patterns. 

Question 

How does: 

𝑍(𝑛)(mod𝑚) 

behave? 

Open Problem 8.9 

Determine modular distribution laws for generalized extremal divisibility 

operators. 

8.18 Complexity Theory 

Computing generalized extremal functions may be difficult. 

Computational Sources of Difficulty 

• factorization,  

• divisibility search,  

• recursive growth,  

• valuation analysis.  

Open Problem 8.10 

Classify computational complexity of generalized extremal operators. 

8.19 Universality Principles 

Many generalized extremal functions appear to share common 

phenomena. 

Shared Features 

• irregular local behavior,  

• modular structure,  

• inverse-image complexity,  

• sparse extremal jumps.  

Meta-Conjecture 8.A 

All sufficiently rich extremal divisibility functions exhibit unbounded 

local oscillation. 

Meta-Conjecture 8.B 

Inverse fibers of extremal divisibility operators possess highly irregular 

multiplicative structure. 



SMARANDACHE RECURSIVE ARITHMETIC STRUCTURES 

87 

8.20 A General Operator Theory 

We now propose a broader framework. 

Definition 

A Smarandache-type extremal operator is any function: 

𝐹(𝑛) = min⁡{𝑚:Φ(𝑛,𝑚)} 

where: 

Φ(𝑛,𝑚) 

is an arithmetic constraint. 

Central Question 

Which properties depend on the specific constraint, and which are universal? 

8.21 New Conjectures 

Conjecture 8.3 

For many generalized extremal operators: 

𝐹(𝑛) ∼ 𝑃(𝑛) 

for almost all integers 𝑛, where: 

𝑃(𝑛) 

is the largest prime factor. 

Conjecture 8.4 

Generalized polygonal divisibility operators exhibit modular periodicity 

phenomena. 

Conjecture 8.5 

Iterated extremal operators possess finite attractor structures. 

8.22 Research Problems 

Problem 8.1 

Develop a classification theory for extremal divisibility operators. 

Problem 8.2 

Study asymptotic distributions of inverse fibers. 

Problem 8.3 

Construct operators with prescribed oscillation behavior. 

Problem 8.4 

Investigate p-adic formulations of generalized extremal systems. 

Problem 8.5 

Develop entropy measures for extremal arithmetic functions. 
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8.23 Closing Perspective 

Generalized Smarandache functions reveal that extremal divisibility 

principles form an entire arithmetic universe. 

From factorials to triangular numbers, from primorials to recursive 

operators, simple minimality conditions generate unexpectedly rich behavior. 

These functions illustrate a recurring lesson of Smarandache-type 

mathematics: 

extremal arithmetic constraints often create deep irregularity. 

The next chapter turns toward recursive arithmetic operators and iteration 

dynamics, where Smarandache-type functions evolve into genuine arithmetic 

dynamical systems. 
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Chapter 9 

Iterated Smarandache Functions  

and Arithmetic Dynamical Systems 

9.1 Introduction 

Many Smarandache-type functions are defined by extremal arithmetic 

constraints. Once such a function exists, a natural next step emerges: 

iterate the function. 

Given a function: 

𝐹:ℕ → ℕ 

one may study: 

𝐹(𝐹(𝑛)), 𝐹(𝐹(𝐹(𝑛))), … 

This transforms arithmetic functions into dynamical systems. 

Iteration introduces concepts usually associated with dynamical theory: 

• orbits,  

• attractors,  

• fixed points,  

• cycles,  

• stability,  

• entropy,  

• and chaotic behavior.  

This chapter develops a theory of iterated Smarandache-type operators. 

9.2 Arithmetic Dynamical Systems 

Definition 

Let: 

𝐹:ℕ → ℕ 

be an arithmetic function. 

The orbit of 𝑛 under 𝐹 is: 

𝑛, 𝐹(𝑛), 𝐹(2)(𝑛), … 

where: 

𝐹(𝑘)(𝑛) 

denotes the 𝑘-fold iterate. 
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Central Questions 

• Does the orbit stabilize?  

• Does it become periodic?  

• Does it diverge?  

• Are cycles finite?  

• Are there chaotic regions?  

9.3 Iteration of the Classical Smarandache Function 

Consider: 

𝑆(𝑛) = min⁡{𝑚: 𝑛 ∣ 𝑚!} 

Example 

Take: 

𝑛 = 12 

Then: 

𝑆(12) = 4 

and: 

𝑆(4) = 4 

Thus the orbit stabilizes. 

Observation 

Many small examples rapidly reach fixed points. 

9.4 Fixed Points 

Definition 

A fixed point satisfies: 

𝐹(𝑛) = 𝑛 

For the Smarandache Function 

Primes satisfy: 

𝑆(𝑝) = 𝑝 

Thus every prime is a fixed point. 

Certain composites also satisfy: 

𝑆(𝑛) = 𝑛 

Open Problem 9.1 

Classify all fixed points of generalized Smarandache operators. 
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9.5 Cycles 

Definition 

A cycle of length 𝑘 satisfies: 

𝐹(𝑘)(𝑛) = 𝑛 

with no smaller positive period. 

Question 

Do nontrivial cycles exist for: 

𝑆(𝑛)? 

Conjecture 9.1 

The classical Smarandache function possesses no nontrivial cycles. 

9.6 Orbit Growth 

Some functions may decrease under iteration. 

Others may grow. 

Example 

Recursive concatenation operators often explode in size. 

Open Problem 9.2 

Classify Smarandache-type functions according to orbit-growth behavior. 

9.7 Attractor Structures 

Definition 

An attractor is a set toward which many orbits converge. 

Example 

Prime fixed points may behave as attractors for: 

𝑆(𝑛) 

Open Problem 9.3 

Determine attractor structures for generalized extremal arithmetic 

operators. 

9.8 Iterated Pseudosmarandache Systems 

Let: 

𝑍(𝑛) 

denote the pseudosmarandache function. 

Study: 

𝑍(𝑘)(𝑛) 
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Observation 

Behavior appears more irregular than for the classical Smarandache 

function. 

Open Problem 9.4 

Determine whether iterated pseudosmarandache orbits always stabilize. 

9.9 Dynamical Classification 

We propose a classification. 

Type I — Contractive Systems 

Orbits stabilize rapidly. 

Type II — Periodic Systems 

Finite cycles emerge. 

Type III — Divergent Systems 

Orbits grow without bound. 

Type IV — Chaotic Systems 

Sensitive irregular behavior emerges. 

9.10 Modular Dynamics 

Iteration modulo 𝑚 creates finite-state dynamics. 

Example 

Study: 

𝐹(𝑘)(𝑛)(mod𝑚) 

Open Problem 9.5 

Determine periodic structures of iterated Smarandache functions modulo 

fixed integers. 

9.11 Entropy of Arithmetic Orbits 

Definition 

Orbit entropy measures unpredictability of iterates. 

Question 

Can arithmetic functions generate positive entropy systems? 

Conjecture 9.2 

Certain recursive digit-based Smarandache systems possess positive 

symbolic entropy. 
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9.12 Self-Referential Arithmetic Systems 

Some operators incorporate their own outputs. 

Example 

𝑎𝑛+1 = 𝑎𝑛 ∘ 𝑆(𝑎𝑛) 

Open Problem 9.6 

Study self-referential arithmetic concatenation dynamics. 

9.13 p-adic Dynamics 

Iteration may also be studied p-adically. 

Question 

Do certain iterated arithmetic systems converge in: 

ℤ𝑝? 

Open Problem 9.7 

Develop p-adic dynamical theory for Smarandache operators. 

9.14 Randomized Arithmetic Dynamics 

Introduce probabilistic arithmetic operators. 

Example 

At each iteration choose among several divisibility operators. 

Question 

How does randomness alter orbit behavior? 

9.15 Universality in Arithmetic Dynamics 

Different functions may share orbit behavior classes. 

Meta-Conjecture 9.A 

Large classes of extremal arithmetic operators possess finite attractor 

systems. 

Meta-Conjecture 9.B 

Recursive digit-based arithmetic systems naturally generate chaotic 

symbolic dynamics. 

9.16 New Conjectures 

Conjecture 9.3 

Every orbit under the classical Smarandache function eventually 

stabilizes at a fixed point. 
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Conjecture 9.4 

Generalized recursive concatenation operators exhibit modular 

periodicity for every modulus. 

Conjecture 9.5 

There exist arithmetic operators generating infinite nonperiodic 

deterministic orbits. 

9.17 Research Problems 

Problem 9.1 

Classify orbit structures of generalized extremal operators. 

Problem 9.2 

Determine entropy invariants for arithmetic dynamical systems. 

Problem 9.3 

Construct explicit arithmetic systems with chaotic dynamics. 

Problem 9.4 

Investigate p-adic attractor phenomena. 

Problem 9.5 

Develop symbolic-dynamical models for recursive arithmetic operators. 

9.18 Closing Perspective 

Iteration transforms Smarandache-type functions into arithmetic 

dynamical systems. 

Simple extremal operators suddenly acquire: 

• orbits,  

• attractors,  

• entropy,  

• cycles,  

• and dynamical complexity.  

This shift opens an important new direction: 

arithmetic dynamics generated from elementary number-theoretic rules. 

The next chapter turns toward one of the deepest themes in Smarandache-

type mathematics: 

rare-prime structures and probabilistic prime phenomena  

in recursively generated arithmetic systems. 
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Part IV. Smarandache Numbers, Primes,  

and Rare Prime Structures 
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Chapter 10 

Smarandache Numbers, Smarandache Primes, and 

Sparse Prime Phenomena 

10.1 Introduction 

Prime numbers occupy a central role throughout Smarandache-type 

mathematics. 

Many constructions naturally lead to questions of the form: 

how often do primes occur? 

In most cases, the answer appears to be extremely rarely. 

This chapter studies prime occurrence in Smarandache-type structures, 

especially: 

• Smarandache numbers,  

• Smarandache primes,  

• Smarandache-Wellin numbers,  

• concatenated prime systems,  

• and digit-generated prime constructions.  

A major theme emerges repeatedly: 

deterministic arithmetic structure often suppresses primality. 

This leads naturally toward probabilistic models and sparse-prime 

conjectures. 

10.2 Smarandache Numbers 

A classical Smarandache number is constructed through consecutive 

concatenation. 

Examples include: 

1, 12, 123, 1234,… 

and generalized concatenation forms (mathworld.wolfram.com). 

Structural Feature 

These numbers grow rapidly and possess strong digital correlations. 

https://mathworld.wolfram.com/SmarandacheNumber.html?utm_source=chatgpt.com
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10.3 Smarandache Primes 

A Smarandache prime is a prime term occurring within a Smarandache-

number construction. 

Fundamental Question 

Open Problem 10.1 

Are there infinitely many Smarandache primes? 

This remains unknown for many concatenation families. 

10.4 Heuristic Prime Models 

Suppose: 

𝑎𝑛 

has size approximately: 

𝑁𝑛 

Then naive prime probability becomes: 

1

log𝑁𝑛
 

However, structural constraints reduce randomness. 

10.5 Structural Prime Suppression 

Concatenation systems often create divisibility biases. 

Example 

Digit endings may force evenness or divisibility by: 

5 

or: 

3 

Principle 

Deterministic structure suppresses prime density. 

10.6 Smarandache-Wellin Numbers 

Define: 

𝑊𝑛 = 2 ∘ 3 ∘ 5 ∘ 7 ∘ ⋯ ∘ 𝑝𝑛 

These are Smarandache-Wellin numbers (mathworld.wolfram.com). 

Prime Terms 

Prime values are called Smarandache-Wellin primes. 

Known examples are extremely sparse. 

https://mathworld.wolfram.com/Smarandache-WellinNumber.html?utm_source=chatgpt.com
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10.7 Sparse Prime Phenomena 

This rarity motivates major conjectures. 

Conjecture 10.1 

The set of Smarandache-Wellin primes is finite. 

Alternative Conjecture 

Conjecture 10.2 

Infinitely many exist, but with density zero. 

10.8 Prime Density Concepts 

Define counting function: 

𝜋𝑆(𝑥) 

for prime terms below index 𝑥. 

Open Problem 10.2 

Determine asymptotic behavior of prime-counting functions for 

Smarandache systems. 

10.9 Probabilistic Obstruction Models 

Prime suppression may arise from: 

• modular correlations,  

• recursive structure,  

• digit restrictions,  

• deterministic residue patterns.  

Open Problem 10.3 

Develop probabilistic obstruction models for concatenative prime 

systems. 

10.10 Prime Gaps in Smarandache Structures 

Study spacing between prime terms. 

Question 

Can arbitrarily long composite runs occur? 

Conjecture 10.3 

Certain concatenative systems contain arbitrarily long consecutive 

composite blocks. 
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10.11 Pseudoprimes and Deception 

Large concatenation numbers may pass weak primality tests. 

Problem 

Distinguish: 

• probable primes,  

• pseudoprimes,  

• proven primes.  

Open Problem 10.4 

Determine pseudoprime densities in concatenative prime systems. 

10.12 Recursive Prime Systems 

Define recursively: 

𝑎𝑛+1 = 𝑎𝑛 ∘ 𝑝𝑛 

Open Problem 10.5 

Classify recursive prime-generating concatenation systems. 

10.13 Prime-Producing Digit Systems 

Digit constraints strongly affect prime production. 

Example 

Prime-digit-only systems. 

Open Problem 10.6 

Determine optimal digit systems maximizing prime occurrence. 

10.14 Modular Periodicity and Composite Forcing 

Some systems may become periodically composite modulo fixed integers. 

Conjecture 10.4 

Many recursive concatenation systems possess infinite modular 

composite-forcing subsequences. 

10.15 Entropy versus Primality 

Higher entropy may correlate with greater prime frequency. 

Question 

Do more random-looking systems produce more primes? 

Open Problem 10.7 

Study entropy-primality relationships in arithmetic constructions. 
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10.16 Infinite Prime Conjecture Frameworks 

We propose a general framework. 

Prime-Richness Principle 

A system is prime-rich if: 

∑
1

log 𝑎𝑛
 

diverges sufficiently without strong modular obstruction. 

Open Problem 10.8 

Develop rigorous prime-richness criteria for recursive arithmetic systems. 

10.17 Meta-Conjectures 

Meta-Conjecture 10.A 

Highly structured concatenative systems possess prime density zero. 

Meta-Conjecture 10.B 

Recursive arithmetic systems inevitably generate modular prime 

obstructions. 

Meta-Conjecture 10.C 

Digit entropy positively correlates with prime occurrence probability. 

10.18 New Conjectures 

Conjecture 10.5 

Only finitely many symmetric concatenation systems contain infinitely 

many primes. 

Conjecture 10.6 

Recursive concatenation systems almost always become locally 

composite modulo infinitely many primes. 

Conjecture 10.7 

Prime gaps inside Smarandache prime systems are unbounded. 

10.19 Research Problems 

Problem 10.1 

Construct concatenation systems maximizing prime frequency. 

Problem 10.2 

Develop modular obstruction theory for recursive primes. 
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Problem 10.3 

Investigate asymptotic prime densities experimentally. 

Problem 10.4 

Study pseudoprime behavior in Smarandache-Wellin systems. 

Problem 10.5 

Create probabilistic models for structured prime systems. 

10.20 Closing Perspective 

Rare-prime phenomena reveal one of the deepest tensions in 

Smarandache-type mathematics: 

• deterministic construction versus probabilistic primality.  

Simple recursive arithmetic rules generate structures that appear almost 

prime-resistant. 

Understanding this phenomenon may require new interactions between: 

• probabilistic number theory,  

• modular dynamics,  

• digital structure,  

• and arithmetic entropy theory.  

The next chapter turns toward infinite arithmetic constants generated from 

Smarandache-type constructions and their connections with irrationality, 

transcendence, and normality. 
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Chapter 11 

Smarandache Constants, Infinite Digital 

Expansions, and Transcendence Problems 

11.1 Introduction 

Infinite constants generated from arithmetic constructions occupy a 

remarkable position in number theory. 

Some arise from digit concatenation: 

0.123456789101112… 

Others arise from arithmetic series: 

∑
1

𝑆(𝑛)

∞

𝑛=1

 

where: 

𝑆(𝑛) 

is the classical Smarandache function. 

These objects connect Smarandache-type mathematics with deep areas of 

analysis, including: 

• irrationality,  

• transcendence,  

• normality,  

• Diophantine approximation,  

• symbolic complexity,  

• and ergodic digit behavior.  

Unlike finite sequences or arithmetic functions, infinite constants encode 

asymptotic arithmetic structure into a single real number. 

This chapter develops a theory of Smarandache constants and proposes 

new directions in transcendence and digit-distribution research 

(mathworld.wolfram.com). 

11.2 What Is a Smarandache Constant? 

Broadly interpreted, a Smarandache constant is a real number generated 

from: 

https://mathworld.wolfram.com/SmarandacheConstants.html?utm_source=chatgpt.com
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• Smarandache sequences,  

• Smarandache functions,  

• concatenation systems,  

• or recursive arithmetic constructions.  

Two Main Classes 

Class I — Concatenation Constants 

Generated by infinite digit concatenation. 

Class II — Series Constants 

Generated through infinite sums involving Smarandache-type functions. 

11.3 Concatenation Constants 

The simplest example is: 

𝒞 = 0.1234567891011121314… 

formed by concatenating consecutive integers. 

This is closely related to the classical Champernowne constant. D. G. 

Champernowne 

General Form 

Given sequence: 

{𝑎𝑛} 

define: 

𝒞(𝑎𝑛) = 0. 𝑎1𝑎2𝑎3… 

where concatenation occurs in decimal representation. 

11.4 Prime Concatenation Constants 

Now define: 

𝒫 = 0.2357111317192329… 

by concatenating primes. 

This resembles the Copeland–Erdős constant associated with prime 

concatenation. Arthur Herbert Copeland and Paul Erdős 

Central Questions 

• normality,  

• transcendence,  

• symbolic complexity,  

• entropy.  
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11.5 Constants from Smarandache Functions 

Now consider series-generated constants. 

Example 

Define: 

𝒮1 =∑
1

𝑆(𝑛)

∞

𝑛=1

 

where: 

𝑆(𝑛) 

is the Smarandache function. 

Other Examples 

𝒮2 =∑
1

𝑍(𝑛)

∞

𝑛=1

 

where: 

𝑍(𝑛) 

is the pseudosmarandache function. 

11.6 Convergence Questions 

A first issue is convergence. 

Example 

Does: 

∑
1

𝑆(𝑛)

∞

𝑛=1

 

converge? 

Since: 

𝑆(𝑛) ≥ 𝑃(𝑛) 

where: 

𝑃(𝑛) 

 is the largest prime factor of 𝑛, growth estimates become relevant. 

Open Problem 11.1 

Determine convergence criteria for generalized Smarandache series. 
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11.7 Irrationality Problems 

A central question concerns irrationality. 

Fundamental Question 

Is a given Smarandache constant rational or irrational? 

Observation 

Most concatenation constants are expected to be irrational. 

Conjecture 11.1 

Every nonperiodic Smarandache concatenation constant is irrational. 

11.8 Transcendence Problems 

The next level concerns transcendence. 

Definition 

A number is transcendental if it is not algebraic. 

Fundamental Question 

Are Smarandache constants transcendental? 

Conjecture 11.2 

Many naturally generated Smarandache concatenation constants are 

transcendental. 

11.9 Normality 

One of the deepest questions concerns normality. 

Definition 

A number is normal in base 𝑏 if every finite digit block appears with 

expected frequency. 

Example 

The Champernowne constant is normal in base 10. 

Open Problem 11.2 

Which Smarandache concatenation constants are normal? 

11.10 Entropy and Complexity 

Digit sequences possess symbolic complexity. 

Definition 

Let: 

𝑝(𝑛) 

denote the number of distinct digit blocks of length 𝑛. 
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Question 

How rapidly does: 

𝑝(𝑛) 

grow? 

Open Problem 11.3 

Determine symbolic complexity growth for Smarandache constants. 

11.11 Base Dependence 

A number normal in one base may fail to be normal in another. 

Open Problem 11.4 

Determine base dependence of Smarandache normality properties. 

11.12 Arithmetic Structure versus Randomness 

Concatenation constants are deterministic. 

Yet many appear statistically random. 

Central Tension 

• deterministic generation,  

• random-like digit behavior.  

Open Problem 11.5 

Develop rigorous entropy theory for arithmetic concatenation constants. 

11.13 Continued Fraction Expansions 

Another direction involves continued fractions. 

Question 

What structures emerge in continued fraction expansions of Smarandache 

constants? 

Open Problem 11.6 

Study continued fraction statistics of Smarandache-generated constants. 

11.14 Diophantine Approximation 

How well can these constants be approximated rationally? 

Question 

Do some possess unusually good rational approximations? 

Open Problem 11.7 

Determine irrationality measures for major Smarandache constants. 
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11.15 Smarandache Zeta-Type Functions 

Definition 

Given sequence: 

𝑎𝑛 

define: 

𝜁𝒮(𝑠) =∑
1

𝑎𝑛
𝑠

∞

𝑛=1

 

Example 

For concatenation sequences: 

𝑎𝑛 = 𝐶𝑛 

Questions 

• convergence domains,  

• analytic continuation,  

• functional equations.  

Open Problem 11.8 

Develop analytic theory for Smarandache zeta-type functions. 

11.16 Fractal Digit Structures 

Recursive concatenation may create self-similar digit organization. 

Open Problem 11.9 

Determine fractal properties of recursive arithmetic digit expansions. 

11.17 Randomized Smarandache Constants 

Introduce stochastic concatenation systems. 

Example 

Randomly concatenate primes. 

Question 

How do random and deterministic systems differ statistically? 

11.18 Universality Questions 

Meta-Conjecture 11.A 

Sufficiently rich concatenation constants are normal. 

Meta-Conjecture 11.B 

Highly structured low-entropy arithmetic systems fail to be normal. 
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Meta-Conjecture 11.C 

Nonperiodic recursive arithmetic constants are transcendental in broad 

generality. 

11.19 New Conjectures 

Conjecture 11.3 

The prime concatenation constant is normal in base 10. 

Conjecture 11.4 

Concatenation constants generated from polynomial sequences are 

transcendental. 

Conjecture 11.5 

Recursive self-concatenation constants possess positive symbolic 

entropy. 

11.20 Research Problems 

Problem 11.1 

Construct concatenation constants with provable non-normality. 

Problem 11.2 

Study entropy growth in recursive arithmetic constants. 

Problem 11.3 

Investigate p-adic analogues of Smarandache constants. 

Problem 11.4 

Develop analytic continuation theory for Smarandache zeta-functions. 

Problem 11.5 

Classify constants according to symbolic complexity. 

11.21 Toward a Theory of Arithmetic Information 

Smarandache constants suggest a deeper principle: 

arithmetic processes generate informational structure. 

Digit expansions encode: 

• divisibility,  

• randomness,  

• recursion,  

• symbolic growth,  

• and arithmetic memory.  

This points toward a future theory connecting: 
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• number theory,  

• information theory,  

• and symbolic dynamics.  

11.22 Closing Perspective 

Infinite Smarandache constants transform finite arithmetic rules into 

infinite informational objects. 

From concatenation and divisibility emerge profound questions 

involving: 

• transcendence,  

• normality,  

• entropy,  

• and analytic structure.  

These constants may ultimately provide one of the deepest bridges 

between Smarandache-type mathematics and modern analytic number theory. 

The next chapter develops computational and experimental 

methodologies for discovering new Smarandache conjectures, structures, and 

arithmetic phenomena. 
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Chapter 12 

Computational Methodology and Experimental 

Discovery in Smarandache-Type Number Theory 

12.1 Introduction 

Smarandache-type number theory is deeply computational. 

Many of its central objects: 

• grow extremely rapidly,  

• exhibit irregular local behavior,  

• resist classical closed-form analysis,  

• and reveal structure only through extensive experimentation.  

Consequently, computation is not merely auxiliary to the subject. 

It is foundational. 

This chapter develops a rigorous framework for computational 

experimentation in Smarandache-type mathematics, including: 

• large-scale sequence generation,  

• modular exploration,  

• prime-search methodology,  

• heuristic testing,  

• conjecture formation,  

• statistical analysis,  

• and reproducibility standards.  

12.2 Experimental Mathematics as Theory Generation 

In many branches of mathematics, computation verifies theory. In 

Smarandache-type mathematics, computation often precedes theory. The 

typical workflow becomes: 

1. define an arithmetic object,  

2. compute large datasets,  

3. identify irregularities,  

4. formulate conjectures,  

5. test structural hypotheses,  

6. seek proof frameworks.  
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This creates a computationally driven style of discovery. 

12.3 Types of Computational Exploration 

We classify computational investigations into major categories. 

Type I — Exhaustive Enumeration 

Generate all objects satisfying constraints. 

Example 

Enumerate all: 

𝑛 < 108 

satisfying: 

𝑆(𝑛) = 𝑃(𝑛) 

Type II — Prime Search 

Search for prime terms inside recursive constructions. 

Type III — Modular Exploration 

Study: 

𝑎𝑛(mod𝑚) 

for many moduli. 

Type IV — Statistical Exploration 

Estimate densities and frequencies. 

Type V — Dynamical Exploration 

Study orbits and iterative behavior. 

12.4 Sequence Generation Algorithms 

Efficient generation is essential. 

Example: Concatenation Recurrence 

Instead of string concatenation, use arithmetic recursion: 

𝐶𝑛+1 = 10𝑑(𝑛+1)𝐶𝑛 + (𝑛 + 1) 

This avoids repeated string operations. 

Principle 

Arithmetic implementations often outperform symbolic concatenation. 

12.5 Large Integer Management 

Many Smarandache structures grow explosively. 

Example 

Concatenation systems rapidly exceed millions of digits. 
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Computational Issues 

• memory management,  

• arbitrary-precision arithmetic,  

• storage compression,  

• distributed computation.  

12.6 Prime Testing Methodology 

Prime-related problems dominate the field. 

Important Distinction 

A number may be: 

• composite,  

• probable prime,  

• pseudoprime,  

• or proven prime.  

Recommended Standards 

For very large candidates: 

• probabilistic tests first,  

• deterministic verification second.  

12.7 Modular Pre-Sieving 

Before primality testing, eliminate trivial composites. 

Example 

Check divisibility modulo: 

2,3,5,7,11, … 

Principle 

Structural modular filtering drastically reduces search cost. 

12.8 Detecting Modular Periodicity 

Many recursive systems appear eventually periodic modulo fixed 

integers. 

Computational Method 

Store residues: 

𝑎𝑛(mod𝑚) 

and detect repetition cycles. 
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Open Problem 12.1 

Develop algorithms for detecting eventual periodicity in recursive 

concatenation systems. 

12.9 Statistical Heuristics 

Large-scale computation may estimate: 

• prime density,  

• residue frequencies,  

• entropy growth,  

• oscillation behavior.  

Caution 

Finite computation may mislead. 

Apparent patterns may disappear at larger scales. 

12.10 Experimental Prime Heuristics 

Suppose: 

𝑎𝑛 

has approximate size: 

𝑁𝑛 

Then expected prime count heuristically becomes: 

∑
1

log𝑁𝑘
𝑘≤𝑛

 

Important Warning 

Structural arithmetic correlations may invalidate random models. 

12.11 Computational Detection of Conjectures 

Many conjectures emerge from repeated anomalies. 

Example 

If repeated experiments suggest: 

𝑎𝑛 ≡ ̸0(mod𝑝 

except in periodic patterns, conjectures naturally arise. 

Principle 

Persistent computational regularity often signals deeper structure. 
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12.12 Counterexample Search 

An equally important task is destruction of false conjectures. 

Strategy 

Search extreme parameter ranges. 

Example 

Test whether: 

𝑆(𝑛) = 𝑃(𝑛) 

fails infinitely often. 

12.13 Data Visualization 

Visual methods may reveal hidden structure. 

Examples 

Plot: 

• orbit growth,  

• residue distributions,  

• entropy curves,  

• prime gaps.  

Open Problem 12.2 

Develop visualization frameworks for recursive arithmetic systems. 

12.14 Entropy Measurement 

Digit systems naturally suggest entropy analysis. 

Definition 

Digit entropy: 

𝐻𝑛 

measures symbolic diversity. 

Computational Goal 

Estimate entropy growth rates. 

12.15 Automated Conjecture Generation 

A future direction involves machine-assisted conjecture discovery. 

Possibilities 

Algorithms may detect: 

• periodicity,  

• asymptotic laws,  
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• modular invariants,  

• structural correlations.  

Open Problem 12.3 

Develop automated conjecture-generation systems for Smarandache 

structures. 

12.16 Computational Complexity 

Many problems become computationally infeasible rapidly. 

Examples 

• huge concatenation primes,  

• recursive digit explosions,  

• inverse-image classification.  

Open Problem 12.4 

Determine complexity classes for major Smarandache computational 

problems. 

12.17 Distributed Computation 

Large-scale searches may require distributed systems. 

Example 

Searching for large Smarandache-Wellin primes. 

Questions 

• verification reliability,  

• distributed primality certification,  

• reproducibility.  

12.18 Reproducibility Standards 

Experimental mathematics requires rigorous standards. 

Recommended Practice 

Always report: 

• algorithms,  

• parameter ranges,  

• search bounds,  

• hardware environment,  

• primality criteria.  
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12.19 False Patterns and Experimental Illusions 

Computational data may deceive. 

Example 

Finite ranges may mimic false asymptotics. 

Principle 

Experimental evidence suggests conjectures but never proves them. 

12.20 Experimental Universality Detection 

Large-scale computation may reveal universality classes. 

Example 

Different recursive systems may share modular periodicity patterns. 

Open Problem 12.5 

Develop computational universality classification for Smarandache 

systems. 

12.21 Meta-Conjectures from Experimentation 

Meta-Conjecture 12.A 

Most recursive concatenation systems are eventually periodic modulo 

fixed integers. 

Meta-Conjecture 12.B 

Highly constrained recursive systems possess suppressed prime densities. 

Meta-Conjecture 12.C 

Digit entropy tends toward stabilization under recursive arithmetic 

expansion. 

12.22 New Conjectures 

Conjecture 12.1 

Every finitely generated recursive concatenation system exhibits 

detectable modular cycles. 

Conjecture 12.2 

Computational entropy growth predicts prime richness in recursive 

arithmetic systems. 

Conjecture 12.3 

Large classes of extremal arithmetic operators possess universal statistical 

fluctuation laws. 
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12.23 Research Problems 

Problem 12.1 

Construct large databases of recursive arithmetic structures. 

Problem 12.2 

Develop entropy-measurement algorithms for digit systems. 

Problem 12.3 

Study computational detectability of hidden modular laws. 

Problem 12.4 

Create machine-learning frameworks for arithmetic conjecture discovery. 

Problem 12.5 

Investigate statistical universality among recursive number systems. 

12.24 Toward Experimental Arithmetic Theory 

The future of Smarandache-type mathematics may depend heavily on 

computational exploration. 

But computation alone is insufficient. 

The true challenge is synthesis: 

• experiment,  

• heuristic modeling,  

• structural reasoning,  

• and rigorous proof.  

12.25 Closing Perspective 

Experimental mathematics transformed Smarandache-type number 

theory into a living laboratory of arithmetic discovery. 

Computation reveals: 

• hidden periodicities,  

• rare prime structures,  

• recursive complexity,  

• and unexpected regularities.  

From simple arithmetic rules emerge vast computational universes still 

largely unexplored. 

The next chapter develops a systematic framework for constructing new 

Smarandache sequences, functions, and conjectures, turning experimental 

discovery into a generative research methodology. 
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Chapter 13 

Constructing New Smarandache Sequences, 

Functions, and Conjectures 

13.1 Introduction 

One of the most remarkable features of Smarandache-type mathematics 

is its generative power. A simple arithmetic rule can produce: 

• highly irregular sequences,  

• deep divisibility phenomena,  

• sparse prime structures,  

• recursive dynamics,  

• or entirely new classes of open problems.  

Historically, many Smarandache notions emerged through creative 

experimentation rather than through systematic construction principles. 

This chapter develops a structured methodology for generating new 

Smarandache-type objects and formulating meaningful conjectures about 

them. 

The objective is to create constructions that exhibit: 

• structural richness,  

• unexpected arithmetic behavior,  

• theoretical depth,  

• and fertile open problems.  

13.2 Principles for Constructing New Arithmetic Objects 

A productive Smarandache-type construction usually possesses several 

characteristics. 

Property A — Simple Definition 

The rule should be easy to state. 

Property B — Complex Emergent Behavior 

Despite simple definition, behavior should become difficult to predict. 

Property C — Arithmetic Tension 

The construction should create competing arithmetic forces. 
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Examples: 

• randomness versus structure,  

• growth versus divisibility,  

• recursion versus modular periodicity.  

Property D — Scalability 

The construction should generate infinitely many objects. 

Property E — Experimental Accessibility 

Initial computation should be feasible. 

13.3 Fundamental Construction Mechanisms 

Most Smarandache-type systems arise from a small number of 

mechanisms. 

Mechanism I — Concatenation 

Example: 

𝑎𝑛+1 = 𝑎𝑛 ∘ 𝑛 

Mechanism II — Extremal Divisibility 

Example: 

𝐹(𝑛) = min⁡{𝑚: 𝑛 ∣ 𝐴𝑚} 

Mechanism III — Digit Transformation 

Example: 

𝑎𝑛+1 = 𝑎𝑛 + 𝑠(𝑎𝑛) 

Mechanism IV — Recursive Embedding 

Example: 

𝑎𝑛+1 = 𝑎𝑛 ∘ 𝑎𝑛 

Mechanism V — Filtering 

Restrict terms by: 

• primality,  

• digit conditions,  

• parity,  

• squarefreeness.  

13.4 Hybrid Construction Systems 

The richest structures often combine multiple mechanisms. 

Example 

Prime-filtered recursive concatenation: 



SMARANDACHE RECURSIVE ARITHMETIC STRUCTURES 

121 

𝑎𝑛+1 = 𝑎𝑛 ∘ 𝑝𝑛 

where only prime-generated expansions are allowed. 

Example 

Digit-sum divisibility concatenation: append only numbers satisfying: 

𝑠(𝑛) ∣ 𝑛 

13.5 Designing Prime-Rich Systems 

One central challenge is constructing systems likely to contain many 

primes. 

Problem 

Most highly structured systems suppress primality. 

Strategy 

Introduce controlled irregularity while avoiding strong modular 

obstructions. 

Open Problem 13.1 

Construct a natural recursive arithmetic system conjectured to contain 

infinitely many primes. 

13.6 Designing Modularly Complex Systems 

Another goal is avoiding immediate periodic collapse. 

Strategy 

Use nonlinear recursion. 

Example 

𝑎𝑛+1 = 𝑎𝑛 ∘ (𝑎𝑛  𝑚𝑜𝑑 𝑛) 

Question 

Does nonlinear recursive structure delay modular periodicity? 

13.7 Constructing Extremal Operators 

Given arithmetic structure: 

𝐴𝑛 

define: 

𝐹(𝑛) = min⁡{𝑚:Φ(𝑛, 𝐴𝑚)} 

where: 

Φ 

is an arithmetic relation. 
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Examples 

• divisibility,  

• coprimality,  

• congruence,  

• digit inclusion.  

13.8 Recursive Prime Dynamics 

Construct recursive prime systems. 

Example 

𝑎𝑛+1 = next prime after (𝑎𝑛 ∘ 𝑛) 

Question 

How rapidly does complexity grow? 

Open Problem 13.2 

Study orbit structure of recursive prime-generation systems. 

13.9 Self-Referential Arithmetic Systems 

Self-reference often creates deep complexity. 

Example 

𝑎𝑛+1 = 𝑎𝑛 ∘ 𝑑(𝑎𝑛) 

where: 

𝑑(𝑎𝑛) 

is number of digits. 

Example 

𝑎𝑛+1 = 𝑎𝑛 + 𝑆(𝑎𝑛) 

Open Problem 13.3 

Develop a general theory of self-referential arithmetic recursion. 

13.10 Base-Dependent Construction Programs 

Most existing systems are decimal. 

General Principle 

Every decimal construction should admit base-𝑏 generalization. 

Open Problem 13.4 

Classify which recursive arithmetic systems fundamentally depend on 

decimal representation. 
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13.11 Entropy Engineering 

One may intentionally design systems with specific entropy properties. 

Low-Entropy Example 

Repeated digit duplication. 

High-Entropy Example 

Prime concatenation systems. 

Open Problem 13.5 

Construct arithmetic systems with controllable symbolic entropy. 

13.12 Constructing Counterexample Systems 

An important strategy is constructing systems likely to violate expected 

behavior. 

Example 

Systems designed to avoid periodicity. 

Example 

Digit systems maximizing composite obstruction. 

13.13 Meta-Construction Frameworks 

We now propose a general construction schema. 

Definition 

A Smarandache generator is a tuple: 

(𝒪, ℛ, ℱ, 𝒞) 

where: 

• 𝒪= arithmetic operators,  

• ℛ= recursive rules,  

• ℱ= filtering conditions,  

• 𝒞= concatenation or composition operators.  

Goal 

Study emergent behavior generated by the tuple. 

13.14 Constructing Arithmetic Dynamical Systems 

Recursive systems naturally produce dynamics. 

Example 

𝑎𝑛+1 = 𝑓(𝑎𝑛) 

 



CONJECTURES, OPEN PROBLEMS, AND COMPUTATIONAL EXPLORATIONS 

124 

Desired Features 

• chaotic behavior,  

• long transients,  

• modular complexity.  

13.15 Probabilistic Construction Models 

Introduce randomness into arithmetic systems. 

Example 

At each step concatenate a randomly selected prime. 

Question 

How does randomness alter prime density? 

Open Problem 13.6 

Compare deterministic and stochastic recursive arithmetic systems. 

13.16 Constructing New Constants 

Infinite constants may be generated from almost any arithmetic process. 

Example 

Concatenate terms satisfying: 

𝑆(𝑛) = 𝑃(𝑛) 

Question 

Do such constants possess normality? 

13.17 Constructing New Zeta-Type Systems 

Define: 

𝜁𝐴(𝑠) =∑
1

𝐴𝑛
𝑠

∞

𝑛=1

 

for recursively generated structures. 

Open Problem 13.7 

Develop analytic theory for recursively generated arithmetic zeta-

functions. 

13.18 Criteria for Good Conjectures 

A good conjecture should satisfy several conditions. 
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Property I — Nontriviality 

Not immediately provable. 

Property II — Evidence 

Supported computationally. 

Property III — Structural Motivation 

Connected to deeper arithmetic behavior. 

Property IV — Expandability 

Generates related questions. 

13.19 Warning Against Artificiality 

Not every strange construction is mathematically meaningful. 

Bad Constructions 

Objects engineered only to force bizarre behavior without structural 

depth. 

Good Constructions 

Objects where simple rules naturally generate rich phenomena. 

13.20 A Program for Second-Generation Smarandache 

Mathematics 

We propose a shift from isolated constructions toward systematic 

architecture. 

Goals 

• universality classes,  

• entropy theory,  

• modular dynamics,  

• probabilistic structure,  

• arithmetic complexity.  

13.21 New Conjectures 

Conjecture 13.1 

Recursive arithmetic systems with sufficiently high symbolic entropy 

produce infinitely many pseudorandom modular distributions. 

Conjecture 13.2 

Every sufficiently rich recursive concatenation system possesses 

infinitely many local modular obstructions to primality. 
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Conjecture 13.3 

There exist recursive arithmetic systems with provably chaotic orbit 

behavior. 

13.22 Grand Open Problems 

Grand Problem A 

Construct a recursive arithmetic system with provably infinite prime 

production. 

Grand Problem B 

Develop a complete universality classification for recursive arithmetic 

structures. 

Grand Problem C 

Create entropy theory for arithmetic recursion systems. 

Grand Problem D 

Determine whether arithmetic chaos exists in deterministic recursive digit 

systems. 

13.23 Research Problems 

Problem 13.1 

Construct new generalized Smarandache functions based on polygonal 

structures. 

Problem 13.2 

Design recursive systems maximizing orbit complexity. 

Problem 13.3 

Investigate prime-density optimization under structural constraints. 

Problem 13.4 

Create automated systems for generating arithmetic conjectures. 

Problem 13.5 

Develop symbolic-dynamical models for recursive arithmetic generators. 

13.24 Toward an Architecture of Arithmetic Creativity 

Smarandache-type mathematics suggests that mathematical creativity 

itself may be partially systematized. 

Simple generative principles repeatedly produce: 

• complexity,  

• unpredictability,  
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• structure,  

• and deep open problems.  

Understanding why may become a mathematical problem in its own right. 

13.25 Closing Perspective 

The future of Smarandache-type mathematics lies not merely in 

discovering isolated curiosities, but in developing a disciplined theory of 

arithmetic generation. 

From concatenation and recursion emerge entire universes of arithmetic 

behavior. 

The next chapter concludes the main theoretical development of this book 

by proposing a unified framework for universality, entropy, modularity, and 

arithmetic complexity across Smarandache-type systems. 
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Chapter 14 

Toward a Unified Theory of Smarandache-Type 

Structures: Universality, Entropy, Modularity,  

and Arithmetic Complexity 

14.1 Introduction 

Throughout this book, a remarkable phenomenon has repeatedly 

appeared: 

radically different constructions often display similar structural behavior. 

Examples include: 

• concatenation sequences,  

• extremal divisibility functions,  

• recursive digit systems,  

• prime-generating constructions,  

• and Smarandache constants.  

Despite differing definitions, these systems frequently exhibit: 

• modular periodicity,  

• sparse prime behavior,  

• irregular local oscillation,  

• entropy growth,  

• recursive self-organization,  

• and computational complexity explosions.  

This suggests that Smarandache-type mathematics may possess hidden 

unifying principles.  

14.2 The Central Hypothesis 

Central Hypothesis 

Simple arithmetic generation rules naturally produce emergent 

complexity through recursive interaction between: 

• arithmetic structure,  

• symbolic representation,  

• modular dynamics,  

• and informational growth.  
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14.3 Four Fundamental Structural Axes 

We propose that most Smarandache-type systems can be analyzed 

through four major dimensions. 

Axis I — Modularity 

Behavior modulo integers. 

Axis II — Entropy 

Symbolic complexity and randomness. 

Axis III — Growth 

Asymptotic expansion rates. 

Axis IV — Arithmetic Constraint Structure 

Divisibility, recursion, filtering, or extremal conditions. 

14.4 Modularity as a Universal Mechanism 

One of the strongest recurring themes is modular behavior. 

Observation 

Recursive arithmetic systems frequently become periodic modulo fixed 

integers. 

Examples 

• concatenation sequences,  

• recursive digit systems,  

• extremal divisibility functions.  

Meta-Conjecture 14.A 

Every finitely generated recursive arithmetic system is eventually 

periodic modulo every fixed integer 𝑚. 

14.5 Why Modularity Emerges 

Modulo 𝑚, only finitely many states exist. 

Recursive arithmetic evolution therefore behaves like a finite automaton. 

Principle 

Arithmetic recursion plus finite residue space naturally generates 

periodicity. 

14.6 Entropy as an Arithmetic Invariant 

Another recurring phenomenon is entropy growth. 
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Observation 

Digit systems often appear statistically random despite deterministic 

origin. 

Definition 

Arithmetic entropy measures symbolic complexity growth. 

Possible Measures 

• digit frequency entropy,  

• block complexity,  

• orbit unpredictability,  

• modular entropy.  

14.7 Entropy Classes 

We propose several entropy categories. 

Type I — Low Entropy 

Highly repetitive systems. 

Type II — Intermediate Entropy 

Structured but varied systems. 

Type III — High Entropy 

Digit distributions approaching randomness. 

Open Problem 14.1 

Develop rigorous entropy invariants for recursive arithmetic systems. 

14.8 Growth Universality 

Different systems exhibit common growth classes. 

Examples 

Polynomial growth 

Exponential growth 

Concatenation systems. 

Superexponential growth 

Recursive self-concatenation systems. 

Open Problem 14.2 

Classify all major Smarandache structures by asymptotic growth type. 

14.9 Arithmetic Constraint Theory 

Different constructions impose different constraints. 
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Constraint Types 

• divisibility,  

• digit restrictions,  

• recursion,  

• primality,  

• extremality.  

Hypothesis 

Constraint interaction generates emergent arithmetic irregularity. 

14.10 Sparse Prime Universality 

A major recurring phenomenon is prime suppression. 

Observation 

Highly structured recursive systems rarely produce primes. 

Meta-Conjecture 14.B 

All sufficiently constrained recursive arithmetic systems possess prime 

density zero. 

14.11 Prime Obstruction Theory 

Prime scarcity often emerges from: 

• modular obstruction,  

• digit correlation,  

• recursive rigidity.  

Open Problem 14.3 

Develop general obstruction theory for recursive prime systems. 

14.12 Arithmetic Dynamical Universality 

Recursive systems behave dynamically. 

Shared Features 

• orbit structures,  

• attractors,  

• cycles,  

• modular periodicity.  

Meta-Conjecture 14.C 

Large classes of recursive arithmetic systems belong to shared dynamical 

universality classes. 
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14.13 Symbolic Dynamics and Arithmetic 

Digit systems naturally connect with symbolic dynamics. 

Observation 

Concatenation processes generate symbolic languages. 

Question 

Can arithmetic systems be classified via symbolic complexity? 

Open Problem 14.4 

Develop symbolic-dynamical classification of Smarandache structures. 

14.14 Automata-Theoretic Interpretation 

Many recursive systems behave like finite automata modulo fixed 

integers. 

Open Problem 14.5 

Determine which recursive arithmetic systems are automatic or morphic. 

14.15 Arithmetic Chaos 

An important speculative direction concerns chaos. 

Question 

Can deterministic arithmetic systems generate true chaos? 

Candidate Sources 

• recursive digit systems,  

• nonlinear concatenation recursion,  

• self-referential arithmetic operators.  

Conjecture 14.1 

Certain recursive arithmetic systems possess positive dynamical entropy 

and chaotic orbit behavior. 

14.16 Universality Classes 

We now propose a preliminary classification. 

Class U1 — Modularly Periodic Systems 

Eventually periodic modulo all integers. 

Class U2 — Prime-Sparse Systems 

Prime density tends to zero. 

Class U3 — Entropy-Maximizing Systems 

Digit complexity approaches randomness. 
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Class U4 — Recursive Chaotic Systems 

Orbit unpredictability dominates behavior. 

14.17 Base Invariance Theory 

Many properties depend strongly on representation base. 

Open Problem 14.6 

Determine which universality behaviors remain invariant under base 

change. 

14.18 Arithmetic Information Theory 

A deeper interpretation emerges. 

Principle 

Arithmetic constructions generate information. 

Examples 

• recursive digit growth,  

• symbolic complexity,  

• entropy accumulation.  

Open Problem 14.7 

Develop arithmetic information theory for recursive number systems. 

14.19 Complexity Hierarchies 

Different systems exhibit varying computational difficulty. 

Complexity Sources 

• recursive growth,  

• primality testing,  

• inverse problems,  

• symbolic explosion.  

Open Problem 14.8 

Develop complexity hierarchies for Smarandache-type structures. 

14.20 Probabilistic Arithmetic Models 

Probabilistic reasoning repeatedly appears necessary. 

Example 

Prime occurrence heuristics. 
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Question 

Can recursive arithmetic systems be modeled probabilistically? 

Open Problem 14.9 

Construct probabilistic universality models for recursive arithmetic 

structures. 

14.21 The Emergence Principle 

We propose a central philosophical statement. 

Emergence Principle 

Simple arithmetic rules can generate complexity exceeding immediate 

local predictability. 

This principle may underlie much of Smarandache-type mathematics. 

14.22 Grand Unified Conjectures 

Grand Conjecture A 

Recursive arithmetic systems are generically modularly periodic. 

Grand Conjecture B 

Highly constrained recursive systems generically suppress primality. 

Grand Conjecture C 

Recursive symbolic arithmetic systems naturally generate entropy 

growth. 

Grand Conjecture D 

Arithmetic recursion can generate deterministic chaos. 

14.23 A Future Research Program 

We propose several long-term research directions. 

Program I 

Develop modular dynamical theory. 

Program II 

Construct entropy invariants. 

Program III 

Study arithmetic chaos. 

Program IV 

Develop automated conjecture-generation systems. 

Program V 

Build universality classifications. 
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14.24 Final Open Problems 

Problem 14.1 

Construct rigorous modular periodicity theory for recursive arithmetic 

systems. 

Problem 14.2 

Develop entropy measures for concatenation dynamics. 

Problem 14.3 

Determine whether deterministic arithmetic chaos exists. 

Problem 14.4 

Classify recursive arithmetic systems into universality classes. 

Problem 14.5 

Build unified probabilistic models for recursive prime structures. 

14.25 Final Perspective 

Smarandache-type mathematics began with elementary constructions: 

• concatenations,  

• divisibility operators,  

• recursive digit rules,  

• and arithmetic curiosities.  

Yet beneath these simple definitions lies a surprisingly deep landscape 

involving: 

• dynamical systems,  

• entropy,  

• modular structure,  

• prime rarity,  

• symbolic complexity,  

• and emergent arithmetic behavior.  

The subject may ultimately evolve into a broad theory of recursive 

arithmetic complexity. 

Its deepest lesson may be this: 

elementary arithmetic generation rules  

can produce mathematical universes of extraordinary richness. 
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Epilogue 

Toward a Theory of Recursive Arithmetic 

Structures 

1. Introduction 

Throughout this book, we have explored a broad collection of 

mathematical objects originating from Smarandache notions and related 

recursive constructions in experimental number theory. These included: 

• concatenative sequences,  

• recursive digit systems,  

• extremal divisibility functions,  

• Smarandache functions,  

• recursive prime constructions,  

• arithmetic constants,  

• and iterative arithmetic transformations.  

At first sight, many of these objects appear unrelated. Some arise from 

digit concatenation, others from factorial divisibility, others from recursive 

symbolic constructions or prime-generating procedures. 

Yet a recurring pattern emerged repeatedly across the different chapters: 

simple recursive arithmetic rules often generate  

unexpectedly rich global behavior. 

This observation motivates the central perspective of the present work: 

many Smarandache-type constructions may be interpreted  

as recursive arithmetic structures. 

The purpose of this concluding chapter is to synthesize the principal ideas 

developed throughout the book and to outline possible directions toward a 

future theory of recursive arithmetic structures. 

2. From Isolated Constructions to Structural Theory 

Historically, many Smarandache notions were introduced individually. 

Researchers studied: 

• isolated sequences,  

• specific arithmetic functions,  
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• particular prime constructions,  

• or unusual digit phenomena.  

The field consequently developed as a large collection of separate objects 

connected primarily by historical origin or stylistic similarity. 

One of the central goals of this book has been to move beyond isolated 

constructions toward structural analysis. 

Instead of asking only: 

what does this sequence do? 

we ask broader questions: 

• What mechanisms generate the behavior?  

• Which structures recur across multiple systems?  

• Which phenomena are universal?  

• Which behaviors arise from recursion itself?  

• How does recursive structure interact with arithmetic randomness?  

This shift from enumeration to structure may represent an important step 

in the future development of the field. 

3. Core Structural Principles 

Several recurring principles appeared throughout the book. 

These principles arise repeatedly across distinct recursive arithmetic 

systems. 

3.1 Modular Rigidity Principle 

Recursive arithmetic systems frequently generate eventual modular 

regularity. 

In many concatenative systems: 

𝑎𝑛+1 = 10𝑑(𝑥𝑛+1)𝑎𝑛 + 𝑥𝑛+1 

modular evolution occurs within finite residue spaces. 

This strongly suggests eventual periodicity phenomena. 

Meta-Conjecture 

Many recursive arithmetic systems are eventually periodic modulo every 

fixed integer. This phenomenon appeared repeatedly in: 

• concatenation systems,  

• recursive digit structures,  

• iterative arithmetic functions.  
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3.2 Prime Suppression Principle 

Highly structured recursive systems often appear hostile to primality. 

Examples include: 

• Smarandache–Wellin systems,  

• recursive concatenation sequences,  

• digit-restricted constructions.  

This suggests a broad principle: 

Prime Suppression Principle 

Strong recursive arithmetic structure suppresses asymptotic prime 

occurrence. 

This may represent one of the most important emerging ideas in recursive 

arithmetic theory. 

3.3 Extremal Irregularity Principle 

Functions defined through minimality conditions often exhibit strong 

local irregularity. 

Examples include: 

• Smarandache functions,  

• pseudosmarandache systems,  

• extremal divisibility operators.  

Despite simple definitions, local behavior may fluctuate unpredictably. 

3.4 Determinism–Randomness Duality 

One of the most striking observations concerns the coexistence of: 

• strict determinism,  

• apparent randomness.  

Recursive systems generated by deterministic rules may nevertheless 

display: 

• irregular residue patterns,  

• sparse primes,  

• entropy growth,  

• pseudorandom behavior.  

This tension appears fundamental. 
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4. Recursive Arithmetic Dynamics 

A recurring theme of the book is the reinterpretation of arithmetic 

constructions as dynamical systems. 

Traditionally, number theory studies static arithmetic objects. 

However, recursive arithmetic systems naturally generate evolution. 

Examples include: 

𝑎𝑛+1 = 𝐹(𝑎𝑛) 

or recursive concatenation operators. 

This viewpoint introduces dynamical concepts: 

• orbits,  

• attractors,  

• periodicity,  

• stability,  

• modular trajectories,  

• arithmetic state spaces.  

Arithmetic Dynamical Systems 

One possible future direction is the systematic study of: 

(𝒜, 𝐹) 

where: 

• 𝒜 is an arithmetic state space,  

• 𝐹 is a recursive arithmetic transformation.  

This may eventually connect recursive arithmetic structures with: 

• symbolic dynamics,  

• ergodic theory,  

• p-adic dynamics,  

• automata systems.  

5. Recursive Arithmetic Entropy 

Several chapters suggested that recursive arithmetic systems possess 

varying degrees of symbolic complexity. 

Concatenative systems generate expanding symbolic structures whose 

behavior may be studied informationally. This motivates the concept of: 

Arithmetic Entropy 

A measure of structural or symbolic complexity generated by recursive 

arithmetic evolution. 
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Possible future directions include: 

• digit entropy,  

• algorithmic complexity,  

• compressibility,  

• recurrence structure,  

• symbolic unpredictability.  

A major open question becomes: 

how does arithmetic structure influence informational complexity? 

6. Universality Classes 

One of the speculative ideas proposed throughout the book is the 

existence of universality behavior. 

Distinct recursive systems may exhibit similar large-scale behavior 

despite different definitions. 

Possible universality phenomena include: 

• modular periodicity,  

• prime sparsity,  

• entropy growth,  

• asymptotic rigidity,  

• recursive instability.  

Future Problem 

Develop rigorous universality classifications for recursive arithmetic 

systems. 

This could become one of the central long-term goals of the subject. 

7. Computational Mathematics as Discovery Mechanism 

A major feature of recursive arithmetic structures is their dependence on 

experimental exploration. 

In many cases: 

• theory follows computation.  

Patterns first emerge through: 

• extensive computation,  

• residue analysis,  

• prime searches,  

• symbolic exploration.  
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This places recursive arithmetic structures naturally within experimental 

mathematics. 

Computational Discovery Cycle 

A recurring methodology emerged: 

1. define recursive structure,  

2. generate data,  

3. detect patterns,  

4. formulate conjectures,  

5. identify structural mechanisms,  

6. seek rigorous explanation.  

8. Connections with Existing Mathematical Fields 

Although many recursive arithmetic structures originated from 

elementary constructions, they appear connected with several established 

disciplines. 

Symbolic Dynamics 

Digit evolution creates symbolic trajectories. 

Automata Theory 

Modular recursion generates finite-state behavior. 

Additive Combinatorics 

Recursive arithmetic constraints create additive structural phenomena. 

Ergodic Theory 

Long-term statistical behavior raises recurrence questions. 

Algorithmic Information Theory 

Recursive arithmetic systems provide deterministic models of apparent 

randomness. 

p-adic Dynamics 

Valuation-sensitive systems suggest non-Archimedean dynamical 

interpretations. 

9. Major Open Directions 

Many fundamental questions of recursive arithmetic structures remain 

unresolved. 

Open Direction 1 

Develop rigorous modular periodicity theory for recursive concatenation 

systems. 



CONJECTURES, OPEN PROBLEMS, AND COMPUTATIONAL EXPLORATIONS 

142 

Open Direction 2 

Construct a theory of prime sustainability in recursive arithmetic systems. 

Open Direction 3 

Define rigorous entropy measures for arithmetic recursion. 

Open Direction 4 

Study recursive arithmetic systems over alternative bases. 

Open Direction 5 

Develop dynamical classifications for iterative arithmetic operators. 

Open Direction 6 

Investigate transcendence and normality properties of recursively 

generated constants. 

10. Toward a General Framework 

A future theory of recursive arithmetic structures may eventually require 

integrating: 

• arithmetic recursion,  

• modular dynamics,  

• symbolic complexity,  

• probabilistic heuristics,  

• computational experimentation,  

• and structural classification.  

Such a framework would move beyond isolated examples toward a 

unified understanding of recursive arithmetic behavior. 

11. Philosophical Perspective 

One of the deepest lessons emerging from this work is that extremely 

elementary arithmetic rules may generate highly nontrivial global 

phenomena. Simple recursive operations can produce: 

• unpredictability,  

• modular structure,  

• prime scarcity,  

• symbolic complexity,  

• and asymptotic irregularity.  

This suggests that arithmetic complexity may arise naturally from 

recursion itself. 
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12. Final Perspective 

The present work does not claim to establish a complete theory of 

recursive arithmetic structures, but rather, it attempts to identify recurring 

phenomena, propose organizing principles, and suggest possible directions 

for future exploration. Much remains unknown, and many conjectures remain 

entirely open. Yet the diversity of recurring phenomena suggests that these 

constructions may belong to a deeper arithmetic landscape. 

If future work succeeds in developing rigorous theories for modular 

dynamics, recursive arithmetic entropy, prime sustainability, and symbolic 

arithmetic evolution, then Smarandache recursive arithmetic structures may 

eventually emerge not merely as isolated curiosities, but as part of a broader 

theory describing how recursive arithmetic generation creates complex 

mathematical behavior. 

.  
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Case Study 1 

Smarandache–Wellin Primes: Structure, 

Computation, Heuristics, and Prime Scarcity 

1. Introduction 

Among all concatenative prime constructions in Smarandache-type 

number theory, few are as striking as the Smarandache–Wellin numbers. 

They combine two deeply arithmetic ingredients: the ordered structure of 

the prime numbers, and recursive decimal concatenation.  

The resulting objects grow extremely rapidly and appear to generate 

primes only exceptionally rarely. 

This tension between deterministic structure and primality makes them an 

ideal case study for the broader themes developed throughout this book. 

These numbers are associated with the work of Florentin Smarandache 

and later investigations connected to the Wellin construction. Related 

discussions appear in Wolfram MathWorld entries on Smarandache-Wellin 

numbers and primes. 

2. Definition 

Let: 

𝑝𝑛 

denote the 𝑛-th prime. 

Define the 𝑛-th Smarandache–Wellin number by: 

𝑊𝑛 = 2 ∘ 3 ∘ 5 ∘ 7 ∘ 11 ∘ ⋯ ∘ 𝑝𝑛 

where: 

∘ 

denotes decimal concatenation. 

Thus: 

𝑊1 = 2 

𝑊2 = 23 

𝑊3 = 235 

𝑊4 = 2357 

𝑊5 = 235711 

and so forth. 
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If 𝑊𝑛 is prime, it is called a Smarandache–Wellin prime. 

3. First Examples 

The first few terms are: 

𝒏 𝑾𝒏 Prime? 

1 2 yes 

2 23 yes 

3 235 no 

4 2357 yes 

5 235711 no 

6 23571113 yes 

7 2357111317 ? 

8 235711131719 ? 

Very quickly the numbers become enormous. 

4. Known Smarandache–Wellin Primes 

Historically, only very few such primes have been identified. 

Known examples include small indices such as: 

𝑊1 = 2 

𝑊2 = 23 

𝑊4 = 2357 

𝑊6 = 23571113 

Larger examples become increasingly difficult to verify. 

The rarity itself is already mathematically suggestive. 

5. Growth Structure 

The growth rate is extreme. 

Let: 

𝑑(𝑛) 

denote the number of digits of 𝑊𝑛. 

Then: 

𝑑(𝑛) = ∑𝑑(

𝑛

𝑘=1

𝑝𝑘) 

Using: 
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𝑝𝑛 ∼ 𝑛log⁡ 𝑛 

and: 

𝑑(𝑝𝑛) ≈ log⁡10(𝑝𝑛) 

we obtain roughly: 

𝑑(𝑛) ∼ 𝑛log⁡ 𝑛 

Thus: 

𝑊𝑛 

grows superexponentially in ordinary arithmetic scale. 

6. Recursive Representation 

The sequence satisfies: 

𝑊𝑛+1 = 10𝑑(𝑝𝑛+1)𝑊𝑛 + 𝑝𝑛+1 

This recursive form is central for modular analysis. 

7. Computational History 

The study of Smarandache–Wellin primes emerged during the expansion 

of experimental number theory in the late twentieth century. 

Researchers became interested in: 

• concatenative prime systems,  

• computational prime searches,  

• recursive arithmetic constructions.  

As computational resources improved, larger values of: 

𝑊𝑛 

could be tested. However, the rapid growth rate created immediate obstacles. 

Early Computational Phase 

Initial searches focused on direct primality testing for relatively small 𝑛. 

At this stage: 

• trial division,  

• probabilistic tests,  

• and partial factorization  

were sufficient. 

Later Computational Phase 

As digit counts exploded, more advanced techniques became necessary: 

• probable-prime testing,  

• elliptic curve factorization,  
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• distributed computation,  

• fast modular arithmetic.  

8. Why These Numbers Are Difficult 

Several factors create computational difficulty. 

8.1 Rapid Growth 

Digit counts increase quickly. 

Even moderate indices produce huge integers. 

8.2 Lack of Algebraic Structure 

Unlike Mersenne numbers: 

2𝑝 − 1 

Smarandache–Wellin numbers lack strong algebraic factorization 

frameworks. 

8.3 Decimal Dependence 

The construction depends explicitly on base 10 representation. 

This limits algebraic simplification. 

8.4 Prime Testing Cost 

Primality testing for arbitrary huge integers remains expensive. 

9. Heuristic Prime Analysis 

A natural question emerges: 

should infinitely many Smarandache–Wellin primes exist? 

Naive Random Model 

Suppose: 

𝑊𝑛 

behaves like a random integer of comparable size. 

Then: 

Pr⁡(𝑊𝑛 prime) ≈
1

log𝑊𝑛

 

Since: 

log⁡𝑊𝑛 ∼ 𝑛log⁡ 𝑛 

we obtain: 
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Pr⁡(𝑊𝑛 prime) ≈
1

𝑛log⁡ 𝑛
 

Thus: 

∑
1

𝑛log⁡ 𝑛

∞

𝑛=1

 

diverges. 

Naively, this suggests infinitely many primes. 

10. Why the Naive Heuristic Probably Fails 

The sequence is far from random. 

Strong structural correlations exist. 

Structural Biases 

The sequence is: 

• recursively generated,  

• digit-correlated,  

• modularly constrained.  

Thus prime probability is likely much lower than random expectation. 

11. Modular Obstructions 

This is one of the deepest aspects of the system. 

11.1 Residue Dynamics 

From: 

𝑊𝑛+1 = 10𝑑(𝑝𝑛+1)𝑊𝑛 + 𝑝𝑛+1 

we obtain modulo 𝑚: 

𝑊𝑛+1 ≡ 10𝑑(𝑝𝑛+1)𝑊𝑛 + 𝑝𝑛+1(mod𝑚) 

This defines a finite-state dynamical system modulo 𝑚. 

11.2 Eventual Periodicity 

Because residue spaces are finite, periodic behavior is expected. 

Conjecture 

For every modulus 𝑚, 

𝑊𝑛(mod𝑚) 

is eventually periodic. 
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12. Composite Forcing 

Certain residues force compositeness. 

If: 

𝑊𝑛 ≡ 0(mod𝑞) 

for infinitely many 𝑛, then infinitely many terms are automatically 

composite. 

Fundamental Problem 

Determine all primes 𝑞 such that: 

𝑊𝑛 ≡ 0(mod𝑞) 

infinitely often. 

13. Prime Suppression Mechanism 

This suggests a broader principle. 

Prime Suppression Principle 

Recursive concatenative arithmetic systems naturally accumulate 

modular obstructions. 

Thus prime density tends toward zero. 

14. Entropy versus Structure 

An important tension appears. 

Digit growth suggests increasing complexity. 

Yet recursive construction imposes rigidity. 

Question 

Does increasing digit entropy help or hinder primality? 

15. Comparison with Other Prime Systems 

Smarandache–Wellin primes differ from: 

• Mersenne primes,  

• repunit primes,  

• generalized Fermat primes.  

Those systems possess strong algebraic structure. 

Smarandache–Wellin numbers instead possess: 

• symbolic structure,  

• recursive decimal structure,  

• digital dependence.  
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16. Probabilistic Obstruction Models 

One possible future approach: 

model recursive modular obstruction accumulation probabilistically. 

Idea 

At each stage, additional modular constraints accumulate. 

Eventually enough obstructions appear to suppress primes almost 

completely. 

17. Major Conjectures 

Conjecture SW1 

Only finitely many Smarandache–Wellin primes exist. 

Conjecture SW2 

If infinitely many exist, their density is zero. 

Conjecture SW3 

For every modulus 𝑚, 

𝑊𝑛(mod𝑚) 

is eventually periodic. 

Conjecture SW4 

Recursive modular obstructions asymptotically dominate naive prime 

heuristics. 

18. Computational Research Directions 

Several directions remain open. 

Problem 1 

Extend prime searches to much larger indices. 

Problem 2 

Compute modular periods systematically. 

Problem 3 

Identify composite-forcing residue classes. 

Problem 4 

Measure entropy growth numerically. 

Problem 5 

Compare behavior across different bases. 
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19. A Broader Interpretation 

Smarandache–Wellin primes may illustrate a universal phenomenon: 

deterministic recursive arithmetic systems suppress primality. 

If true, this principle could apply far beyond concatenation sequences. 

20. Closing Perspective 

The Smarandache–Wellin primes form an ideal laboratory for studying: 

• recursive arithmetic growth,  

• modular dynamics,  

• prime scarcity,  

• symbolic structure,  

• and computational complexity.  

They embody one of the deepest themes of Smarandache-type 

mathematics: 

simple arithmetic generation rules can create  

extraordinarily complex prime behavior. 

Their study may ultimately contribute not only to experimental number 

theory, but to a broader theory of recursive arithmetic structures and prime 

obstruction dynamics. 
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Case Study 2 

The Pseudosmarandache Function: Arithmetic 

Irregularity, Divisibility Dynamics,  

and Experimental Behavior 

1. Introduction 

Among generalized Smarandache-type functions, the 

pseudosmarandache function is one of the most intriguing. 

Unlike the classical Smarandache function, which is governed by factorial 

divisibility, the pseudosmarandache function is controlled by triangular-

number divisibility. 

This creates a very different arithmetic environment. 

The function exhibits: 

• strong local irregularity,  

• unexpected oscillations,  

• modular structure,  

• subtle factorization interactions,  

• and difficult inverse problems.  

It is also computationally accessible enough to permit extensive 

experimentation, making it an ideal object for experimental number theory. 

2. Definition 

The pseudosmarandache function is defined by: 

𝑍(𝑛) = min⁡ {𝑚: 𝑛 ∣
𝑚(𝑚 + 1)

2
} 

Thus: 

𝑍(𝑛) 

is the smallest positive integer such that the 𝑚-th triangular number: 

𝑇𝑚 =
𝑚(𝑚 + 1)

2
 

is divisible by 𝑛. 
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3. First Values 

The first values are: 

𝒏 𝒁(𝒏) 

1 1 

2 3 

3 2 

4 7 

5 4 

6 3 

7 6 

8 15 

9 8 

10 4 

11 10 

12 8 

13 12 

14 7 

15 5 

16 31 

17 16 

18 8 

19 18 

20 15 

Immediately one observes strong irregularity. 

Nearby integers may produce dramatically different values. 

4. First Structural Observations 

The defining condition: 

𝑛 ∣
𝑚(𝑚 + 1)

2
 

creates arithmetic interactions between consecutive integers. 

Since: 

gcd⁡(𝑚,𝑚 + 1) = 1 

the factorization structure becomes subtle. 
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Unlike factorials, which accumulate divisibility monotonically, triangular 

numbers provide only limited factor accumulation. 

This is one source of the function’s irregularity. 

5. Comparison with the Classical Smarandache Function 

The classical Smarandache function: 

𝑆(𝑛) = min⁡{𝑚: 𝑛 ∣ 𝑚!} 

is driven by factorial growth. 

The pseudosmarandache function instead depends on quadratic growth: 

𝑇𝑚 ∼
𝑚2

2
 

Consequently: 

• divisibility accumulation is slower,  

• local fluctuations become stronger,  

• largest-prime-factor dominance weakens.  

6. Numerical Behavior 

Extensive computation reveals several striking phenomena. 

6.1 Strong Local Oscillation 

The function fluctuates violently. 

Example: 

𝑍(15) = 5 

while: 

𝑍(16) = 31 

followed immediately by: 

𝑍(17) = 16 

This suggests highly unstable local arithmetic behavior. 

6.2 Irregular Relative Growth 

The ratio: 

𝑍(𝑛)

𝑛
 

does not appear stable. 

Some values remain small relative to 𝑛, while others become 

unexpectedly large. 
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6.3 Exceptional Spikes 

Certain integers generate large jumps. 

These spikes often correlate with prime powers or difficult divisibility 

configurations. 

 
Figure 1. Growth of the pseudosmarandache function 𝑍(𝑛)for 1 ≤ 𝑛 ≤ 200. Notice the highly 

uneven spike structure and the absence of smooth asymptotic behavior. 

 

Figure 2. Relative growth ratio 𝑍(𝑛)/𝑛. The strong fluctuations suggest the absence  

of a stable limiting distribution. 
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7. Graphical Behavior 

Experimental plots strongly suggest: 

• oscillatory growth,  

• irregular spikes,  

• clustered local structures,  

• and possible hidden modular regimes.  

Three especially informative visualizations are: 

Graph A — Raw Growth of 𝒁(𝒏) 

Plots: 

𝑍(𝑛) 

against: 

𝑛 

This reveals irregular spike behavior. 

Graph B — Relative Growth 

Plots: 

𝑍(𝑛)

𝑛
 

This helps identify unusually difficult integers. 

Graph C — Local Oscillation 

Plots: 

∣ 𝑍(𝑛) − 𝑍(𝑛 − 1) ∣ 

revealing abrupt arithmetic transitions. 

8. Heuristic Interpretation 

The condition: 

𝑛 ∣
𝑚(𝑚 + 1)

2
 

means divisibility must be distributed across two neighboring integers. 

Because neighboring integers are coprime, factor allocation becomes 

constrained. This creates unpredictable behavior. 

9. Prime Powers and Difficult Cases 

Prime powers appear especially important. For example: 

16 = 24 

requires: 
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𝑍(16) = 31 

suggesting that high valuation requirements can force large solutions. 

Open Problem 

Determine asymptotic behavior of: 

𝑍(𝑝𝑘) 

for fixed prime 𝑝. 

10. Modular Structure 

The sequence may possess hidden modular behavior. 

Questions naturally arise: 

• does:  

𝑍(𝑛)(mod𝑚) 

become periodic? 

• do residue classes exhibit bias?  

• are there modular attractors?  

Conjecture P1 

For fixed modulus 𝑚, 

𝑍(𝑛)(mod𝑚) 

is eventually periodic. 

11. Inverse Problems 

Define: 

𝑍−1(𝑘) = {𝑛: 𝑍(𝑛) = 𝑘} 

These inverse fibers appear highly irregular. 

Questions 

• finite or infinite?  

• multiplicatively structured?  

• density behavior?  

Open Problem 

Classify inverse fibers of the pseudosmarandache function. 

12. Oscillation Phenomena 

One of the most striking experimental observations concerns oscillation. 

Define: 

Δ(𝑛) =∣ 𝑍(𝑛 + 1) − 𝑍(𝑛) ∣ 
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Computational evidence suggests large spikes occur repeatedly. 

Conjecture P2 

The local oscillation: 

∣ 𝑍(𝑛 + 1) − 𝑍(𝑛) ∣ 

is unbounded. 

 
Figure 3. Local oscillation function: 

∣ 𝑍(𝑛 + 1) − 𝑍(𝑛) ∣ 

showing repeated large spikes and irregular transitions between neighboring integers. 

13. Probabilistic Interpretation 

One possible heuristic model: 

treat divisibility of triangular numbers as approximately random  

under certain conditions. 

However, this likely fails because: 

• consecutive integers introduce correlations,  

• valuation interactions are nonrandom,  

• divisibility constraints accumulate structurally.  

14. Computational Complexity 

Computing: 

𝑍(𝑛) 

requires searching for the first triangular number divisible by 𝑛. 

For large 𝑛, this becomes expensive. 
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Computational Challenges 

• factorization,  

• valuation constraints,  

• search-space explosion.  

15. Dynamical Interpretation 

The function may also be studied dynamically. 

Example: 

𝑍(𝑍(𝑛)) 

Questions arise: 

• stabilization,  

• cycles,  

• attractors.  

Open Problem 

Study iteration dynamics of the pseudosmarandache operator. 

16. Generalizations 

The triangular-number condition suggests broader extensions. 

Polygonal Generalization 

Define: 

𝐺𝑘(𝑛) = min⁡{𝑚: 𝑛 ∣ 𝑃𝑘(𝑚)} 

where: 

𝑃𝑘(𝑚) 

is the 𝑚-th polygonal number. 

Open Problem 

Develop a unified theory of polygonal divisibility functions. 

17. Entropy and Arithmetic Irregularity 

The sequence appears highly irregular. 

This suggests possible entropy interpretations. 

Question 

Can arithmetic irregularity of: 

𝑍(𝑛) 

be quantified informationally? 
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18. Major Conjectures 

Conjecture P1 

For fixed modulus 𝑚, 

𝑍(𝑛)(mod𝑚) 

is eventually periodic. 

Conjecture P2 

The local oscillation: 

∣ 𝑍(𝑛 + 1) − 𝑍(𝑛) ∣ 

is unbounded. 

Conjecture P3 

The ratio: 

𝑍(𝑛)

𝑛
 

has no limiting distribution. 

Conjecture P4 

Prime powers generate the largest asymptotic spikes in: 

𝑍(𝑛) 

19. Research Directions 

Problem 1 

Determine asymptotic growth laws for: 

𝑍(𝑛) 

Problem 2 

Study modular periodicity experimentally. 

Problem 3 

Investigate valuation structure for prime powers. 

Problem 4 

Classify inverse fibers. 

Problem 5 

Construct generalized polygonal analogues. 

20. Closing Perspective 

The pseudosmarandache function is an excellent example of how simple 

divisibility rules generate deep arithmetic complexity. 

From the elementary condition: 
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𝑛 ∣
𝑚(𝑚 + 1)

2
 

emerge: 

• oscillatory arithmetic behavior,  

• difficult inverse problems,  

• modular phenomena,  

• valuation irregularity,  

• and computational challenges.  

It stands as a powerful illustration of a central principle of Smarandache-

type mathematics: 

minimal arithmetic constraints often generate unexpectedly rich structures. 
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Case Study 3 

Prime Sustainability Classification  

in Smarandache Recursive Arithmetic Structures 

1. Introduction 

One of the recurring phenomena observed throughout Smarandache 

recursive arithmetic structures is the unstable relationship between recursive 

arithmetic structure and primality. 

Some recursive systems generate occasional prime values, while others 

rapidly become dominated by composite terms due to accumulated arithmetic 

constraints. 

This motivates a broader question: 

how does recursive arithmetic structure influence  

long-term prime survival? 

The present case study proposes a preliminary framework for what may 

be called: 

Prime Sustainability Classification  

the study of whether recursively generated arithmetic systems contain: 

• finitely many primes,  

• infinitely many sparse primes,  

• or asymptotically persistent prime production.  

The goal is not to establish definitive theorems, but to develop heuristic 

and structural principles that may guide future research. 

2. Prime Sustainability 

Let: 

𝐴 = {𝑎𝑛}𝑛≥1 

be a recursively generated arithmetic sequence. 

Define the prime set: 

𝑃(𝐴) = {𝑛: 𝑎𝑛 is prime}. 

The central question becomes: 

Prime Sustainability Problem 

Determine whether: 
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∣ 𝑃(𝐴) ∣ 

is finite or infinite. 

This simple question becomes highly nontrivial in recursive arithmetic 

systems. 

3. Structural Tension 

Recursive arithmetic systems exhibit a tension between: 

Structural Rigidity 

Recursive constraints generate: 

• modular repetition,  

• divisibility accumulation,  

• residue restrictions,  

• deterministic correlations.  

Prime Randomness 

Primality heuristically behaves approximately randomly among large 

integers. 

The interaction between these two forces appears central. 

4. Prime Sustainability Classes 

We propose a preliminary classification. 

Class I — Prime-Terminating Structures 

Sequences likely containing only finitely many primes. 

Characteristics: 

• strong recursive determinism,  

• high modular rigidity,  

• rapidly accumulating divisibility constraints.  

Examples: 

• recursive concatenation systems,  

• digit-repetition systems,  

• Smarandache–Wellin constructions.  

Heuristic Principle 

Strong structure suppresses prime survival. 

Class II — Sparse Prime Structures 

Sequences that may contain infinitely many primes but with density 

approaching zero. 
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Characteristics: 

• partial modular flexibility,  

• moderate structural constraints,  

• irregular residue evolution.  

Class III — Prime-Compatible Structures 

Recursive systems whose arithmetic structure may still permit substantial 

prime occurrence. 

Characteristics: 

• weak modular rigidity,  

• entropy-rich generation,  

• low deterministic correlation.  

5. Smarandache–Wellin Numbers 

Consider: 

𝑊𝑛 = 2 ∘ 3 ∘ 5 ∘ ⋯ ∘ 𝑝𝑛. 

The first terms are: 

2,  23,  235,  2357,  235711,… 

Some terms are prime. 

However, recursive concatenation produces increasing modular 

constraints. 

Heuristic Observation 

As: 

𝑛 → ∞ 

modular obstruction accumulation may dominate. 

Conjecture PS1 

Only finitely many Smarandache–Wellin primes exist. 

6. Consecutive Concatenation Systems 

Consider: 

1,  12,  123,  1234,… 

The sequence rapidly accumulates divisibility patterns. 

Example: many terms become divisible by: 

• 3,  

• 9,  

• or other small moduli.  
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Conjecture PS2 

Consecutive concatenation sequences contain only finitely many primes. 

7. Recursive Self-Concatenation Systems 

Consider recursively defined systems such as: 

𝑎𝑛+1 = 𝑎𝑛 ∘ 𝑓(𝑛). 

These systems often generate immediate modular repetition. 

Observation 

Recursive self-reference appears especially hostile to prime persistence. 

8. Modular Obstruction Growth 

A central idea emerging from computational experiments is: 

Modular Obstruction Accumulation 

As recursive arithmetic systems evolve, more modular constraints 

accumulate. 

This reduces the probability of prime survival. 

Example: 

if infinitely many terms satisfy: 

𝑎𝑛 ≡ 0(mod𝑚) 

for growing collections of moduli, prime occurrence becomes increasingly 

unlikely. 

9. Entropy and Prime Survival 

Prime sustainability may also depend on symbolic entropy. 

Heuristic Principle 

Higher symbolic entropy may weaken modular rigidity. 

This suggests: 

Conjecture PS3 

Prime sustainability positively correlates with arithmetic entropy. 

10. Probabilistic Prime Models 

Suppose: 

𝑎𝑛 

behaves approximately randomly. 

Then heuristic prime probability becomes: 
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Pr⁡(𝑎𝑛 prime) ∼
1

log 𝑎𝑛
. 

Divergence Criterion 

If: 

∑
1

log𝑎𝑛

∞

𝑛=1

 

converges, heuristically only finitely many primes are expected. 

However, recursive systems violate independence assumptions. 

Thus classical prime heuristics may fail dramatically. 

11. Prime Suppression Principle 

This motivates a central conjectural principle. 

Prime Suppression Principle 

Strong recursive arithmetic structure suppresses asymptotic prime 

occurrence. 

This principle appears repeatedly across recursive concatenation systems. 

12. Prime Sustainability Index 

One possible future direction is defining a quantitative measure. 

Definition (heuristic) 

Let: 

Π𝐴(𝑁) = #{𝑛 ≤ 𝑁: 𝑎𝑛 prime}. 

Define a heuristic sustainability index: 

𝜎(𝐴) = lim sup⁡
𝑁→∞

Π𝐴(𝑁)

𝑁
. 

Questions: 

• does:  

𝜎(𝐴) = 0 

always hold for recursive concatenation systems? 

• can recursive systems possess positive prime density?  

13. Dynamical Interpretation 

Prime sustainability may also admit a dynamical interpretation. 

Recursive systems evolve through arithmetic state spaces. 
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Primes survive only if trajectories avoid modular traps. 

This suggests: 

Arithmetic Survival Dynamics 

Prime occurrence may be interpreted as escape from modular obstruction 

attractors. 

14. Possible Universality Classes 

Different recursive systems may belong to shared sustainability classes. 

Candidate Universality Classes 

Class Behavior 

Rigid systems finite primes 

Moderate systems sparse infinite primes 

Entropic systems heuristic prime richness 

15. Computational Experiments 

Future computational work should measure: 

• prime density decay,  

• modular obstruction growth,  

• entropy behavior,  

• residue evolution,  

• prime clustering.  

16. Open Problems 

Problem PS1 

Determine whether infinitely many Smarandache–Wellin primes exist. 

Problem PS2 

Develop rigorous obstruction-growth theory. 

Problem PS3 

Define quantitative rigidity measures for recursive arithmetic systems. 

Problem PS4 

Determine connections between entropy and prime survival. 

Problem PS5 

Classify recursive arithmetic systems by prime sustainability behavior. 
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17. Meta-Conjectures 

Meta-Conjecture PS.A 

Recursive arithmetic rigidity suppresses primality. 

Meta-Conjecture PS.B 

High symbolic entropy improves prime sustainability. 

Meta-Conjecture PS.C 

Recursive concatenation systems almost always possess prime density 

zero. 

18. Connections to Other Fields 

Prime sustainability classification may connect with: 

• probabilistic number theory,  

• symbolic dynamics,  

• automata theory,  

• ergodic theory,  

• additive combinatorics,  

• information theory.  

19. Toward a General Theory 

The long-term goal would be the development of a theory relating: 

• recursion,  

• modular rigidity,  

• entropy,  

• and prime survival.  

Such a theory could unify many currently isolated phenomena in 

recursive arithmetic systems. 

20. Closing Perspective 

Prime sustainability classification suggests that prime occurrence in 

recursive arithmetic systems may not be accidental. 

Instead, primality may depend fundamentally on the balance between: 

• arithmetic structure,  

• recursive determinism,  

• modular obstruction,  

• and symbolic complexity. 
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Appendix A 

Algorithms for Smarandache-Type Experimental 

Number Theory 

A.1 Purpose of This Appendix 

This appendix provides basic computational procedures for exploring 

Smarandache-type structures. 

The algorithms are intended for: 

• generating concatenation sequences,  

• detecting modular cycles,  

• estimating digit entropy,  

• searching for prime terms,  

• and supporting reproducible conjecture formation.  

They are written in high-level pseudocode, so they can be implemented 

in Python, PARI/GP, SageMath, Mathematica, Maple, or C++. 

A.2 Concatenation Generators 

A.2.1 Decimal Concatenation Operator 

For positive integers 𝑎, 𝑏, define: 

𝑎 ∘ 𝑏 = 10𝑑(𝑏)𝑎 + 𝑏 

where: 

𝑑(𝑏) = ⌊log⁡10 𝑏⌋ + 1 

is the number of decimal digits of 𝑏. 

Algorithm A.1 — Concatenate Two Integers 

Input: integers 𝑎, 𝑏 

Output: decimal concatenation 𝑎 ∘ 𝑏 

function concat(a, b): 

    k := number_of_digits(b) 

    return a * 10^k + b 

A.2.2 Consecutive Concatenation Sequence 

Define: 

𝐶𝑛 = 1 ∘ 2 ∘ 3 ∘ ⋯ ∘ 𝑛 
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Algorithm A.2 — Generate Consecutive Concatenation Numbers 

Input: upper bound 𝑁 

Output: list 𝐶1, … , 𝐶𝑁 

function generate_consecutive_concat(N): 

    C := 0 

    list := empty list 

    for n from 1 to N: 

        C := concat(C, n) 

        append C to list 

    return list 

A.2.3 General Source-Sequence Concatenation 

Let: 

𝑥1, 𝑥2, 𝑥3, … 

be any integer sequence. 

Define: 

𝐴𝑛 = 𝑥1 ∘ 𝑥2 ∘ ⋯ ∘ 𝑥𝑛 

Algorithm A.3 — Generate Concatenation from Source Sequence 

Input: source sequence 𝑥1, … , 𝑥𝑁 

Output: concatenation sequence 𝐴1, … , 𝐴𝑁 

function generate_concat_from_source(X): 

    A := 0 

    list := empty list 

    for each x in X: 

        A := concat(A, x) 

        append A to list 

    return list 

A.2.4 Smarandache–Wellin Generator 

Let 𝑝𝑛 be the 𝑛-th prime. Define: 

𝑊𝑛 = 2 ∘ 3 ∘ 5 ∘ ⋯ ∘ 𝑝𝑛 

Algorithm A.4 — Generate Smarandache–Wellin Numbers 

Input: number of primes 𝑁 

Output: 𝑊1, … ,𝑊𝑁 

function generate_smarandache_wellin(N): 

    primes := first_N_primes(N) 
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    W := 0 

    list := empty list 

    for p in primes: 

        W := concat(W, p) 

        append W to list 

    return list 

A.3 Modular Concatenation Algorithms 

Large concatenation numbers quickly become too large for direct 

computation. 

For modular studies, compute only residues. 

A.3.1 Modular Concatenation Formula 

(𝑎 ∘ 𝑏) 𝑚𝑜𝑑 𝑚 = (𝑎 ⋅ 10𝑑(𝑏) + 𝑏) 𝑚𝑜𝑑 𝑚 

Algorithm A.5 — Modular Concatenation 

Input: residue 𝑟, next block 𝑏, modulus 𝑚 

Output: updated residue 

function modular_concat(r, b, m): 

    k := number_of_digits(b) 

    return (r * 10^k + b) mod m 

For efficiency, replace: 

10𝑘  𝑚𝑜𝑑 𝑚 

with modular exponentiation. 

Algorithm A.6 — Generate Modular Residues  

of Concatenation Sequence 

Input: source sequence 𝑥1, … , 𝑥𝑁, modulus 𝑚 

Output: residues 𝐴𝑛  𝑚𝑜𝑑 𝑚 

function modular_concat_sequence(X, m): 

    r := 0 

    residues := empty list 

    for x in X: 

        k := number_of_digits(x) 

        r := (r * pow_mod(10, k, m) + x) mod m 

        append r to residues 

    return residues 
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A.4 Modular Cycle Detection 

Many recursive Smarandache-type sequences appear eventually periodic 

modulo fixed integers. 

Given a residue sequence: 

𝑟1, 𝑟2, 𝑟3, … 

we wish to detect whether: 

𝑟𝑛+𝜆 = 𝑟𝑛 

after some preperiod 𝜇. 

A.4.1 State-Based Cycle Detection 

For simple recurrence: 

𝑟𝑛+1 = 𝐹(𝑟𝑛 , 𝑛)(mod𝑚) 

the state may need to include both: 

𝑟𝑛 

and auxiliary data such as: 

𝑛 𝑚𝑜𝑑 𝐿 

where 𝐿 controls digit-length periodicity or source-sequence periodicity. 

Algorithm A.7 — Naive Cycle Detection 

Input: finite residue list 𝑅 

Output: candidate preperiod 𝜇, period 𝜆 

function detect_cycle_naive(R): 

    length := size(R) 

    for mu from 0 to length - 1: 

        for lambda from 1 to length - mu: 

            valid := true 

            for i from mu to length - lambda - 1: 

                if R[i] != R[i + lambda]: 

                    valid := false 

                    break 

            if valid: 

                return (mu, lambda) 

    return no_cycle_detected 

A.4.2 Floyd Cycle Detection 

Floyd’s algorithm detects cycles in iterated maps. 
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It is useful when the recurrence is autonomous: 

𝑥𝑛+1 = 𝐹(𝑥𝑛) 

Algorithm A.8 — Floyd Cycle Detection 

Input: function 𝐹, initial state 𝑥0 

Output: cycle start 𝜇, period 𝜆 

function floyd_cycle_detection(F, x0): 

    tortoise := F(x0) 

    hare := F(F(x0)) 

    while tortoise != hare: 

        tortoise := F(tortoise) 

        hare := F(F(hare)) 

    mu := 0 

    tortoise := x0 

    while tortoise != hare: 

        tortoise := F(tortoise) 

        hare := F(hare) 

        mu := mu + 1 

    lambda := 1 

    hare := F(tortoise) 

    while tortoise != hare: 

        hare := F(hare) 

        lambda := lambda + 1 

    return (mu, lambda) 

A.4.3 Cycle Detection for Concatenation Systems 

For concatenation systems, the recurrence may depend on the next block. 

Thus define a state: 

(𝑟𝑛
, 𝑞𝑛) 

where 𝑞𝑛 encodes necessary auxiliary periodic information. 

Algorithm A.9 — Modular Cycle Search with State Memory 

Input: source generator 𝑥𝑛, modulus 𝑚, bound 𝑁 

Output: detected state cycle or none 

function modular_state_cycle_search(source_generator, m, N): 

    r := 0 

    seen := empty dictionary 

    for n from 1 to N: 
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        x := source_generator(n) 

        k := number_of_digits(x) 

        state := (r, n mod m, k mod period_of_10_mod_m) 

        if state in seen: 

            mu := seen[state] 

            lambda := n - seen[state] 

            return (mu, lambda) 

        seen[state] := n 

        r := (r * pow_mod(10, k, m) + x) mod m 

    return no_cycle_detected 

A.5 Entropy Estimation 

Digit entropy measures how evenly digits or digit-blocks are distributed. 

A.5.1 Single-Digit Entropy 

For digit frequencies: 

𝑝0, 𝑝1, … , 𝑝9 

define: 

𝐻1 = −∑𝑝𝑖

9

𝑖=0

log⁡ 𝑝𝑖  

The normalized entropy is: 

𝐻̂1 =
𝐻1

log 10
 

so that: 

0 ≤ 𝐻̂1 ≤ 1 

Algorithm A.10 — Single-Digit Entropy 

Input: decimal string 𝑠 

Output: normalized digit entropy 

function digit_entropy(s): 

    counts := array of ten zeros 

 

    for character c in s: 

        counts[digit_value(c)] += 1 

    total := length(s) 

    H := 0 
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    for count in counts: 

        if count > 0: 

            p := count / total 

            H := H - p * log(p) 

    return H / log(10) 

A.5.2 Block Entropy 

For digit blocks of length 𝑘, count all substrings: 

𝑠𝑖𝑠𝑖+1⋯𝑠𝑖+𝑘−1 

and compute entropy over the set of observed blocks. 

Algorithm A.11 — Block Entropy 

Input: decimal string 𝑠, block length 𝑘 

Output: normalized block entropy 

function block_entropy(s, k): 

    counts := empty dictionary 

    for i from 0 to length(s) - k: 

        block := substring(s, i, k) 

        counts[block] += 1 

    total := length(s) - k + 1 

    H := 0 

    for each block in counts: 

        p := counts[block] / total 

        H := H - p * log(p) 

    maximum := log(10^k) 

    return H / maximum 

A.5.3 Entropy Along a Sequence 

For concatenation sequence 𝐴𝑛, define: 

𝐻𝑘(𝑛) 

as block entropy of the decimal expansion of 𝐴𝑛. 

Algorithm A.12 — Entropy Growth Estimation 

Input: concatenation sequence 𝐴1, … , 𝐴𝑁, block length 𝑘 

Output: entropy curve 𝐻𝑘(𝑛) 

function entropy_growth(sequence, k): 

    curve := empty list 

    for A in sequence: 



SMARANDACHE RECURSIVE ARITHMETIC STRUCTURES 

181 

        s := decimal_string(A) 

        H := block_entropy(s, k) 

        append H to curve 

    return curve 

A.6 Prime Search Algorithms 

Prime searches are central to Smarandache-type number theory. 

A.6.1 Generic Prime Search in a Sequence 

Algorithm A.13 — Prime Terms in a Sequence 

Input: integer sequence 𝑎1, … , 𝑎𝑁 

Output: indices 𝑛for which 𝑎𝑛is prime 

function prime_terms(sequence): 

    prime_indices := empty list 

    for n from 1 to length(sequence): 

        if is_prime(sequence[n]): 

            append n to prime_indices 

    return prime_indices 

A.6.2 Prime Search with Modular Pre-Sieving 

Before expensive primality testing, eliminate candidates divisible by 

small primes. 

Algorithm A.14 — Pre-Sieved Prime Search 

Input: sequence 𝑎𝑛, bound 𝑁, small prime set 𝑃 

Output: likely prime candidates 

function presieved_prime_search(sequence_generator, N, P): 

    candidates := empty list 

    for n from 1 to N: 

        a := sequence_generator(n) 

        composite := false 

        for p in P: 

            if a != p and a mod p == 0: 

                composite := true 

                break 

        if composite == false: 

            if is_probable_prime(a): 
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                append (n, a) to candidates 

    return candidates 

A.6.3 Modular Prime Search Without Full Integer Construction 

For very large concatenation numbers, compute residues modulo small 

primes first. 

Algorithm A.15 — Modular Pre-Sieve for Concatenation Systems 

Input: source blocks 𝑥1, … , 𝑥𝑁, small primes 𝑃 

Output: indices not eliminated by small-prime divisibility 

function concat_presieve(X, P): 

    residues := dictionary mapping p to 0 for each p in P 

    candidates := empty list 

    for n from 1 to length(X): 

        x := X[n] 

        k := number_of_digits(x) 

        eliminated := false 

        for p in P: 

            residues[p] := (residues[p] * pow_mod(10, k, p) + x) mod p 

            if residues[p] == 0: 

                eliminated := true 

        if eliminated == false: 

            append n to candidates 

    return candidates 

A.6.4 Smarandache–Wellin Prime Search 

Algorithm A.16 — Smarandache–Wellin Prime Search 

Input: prime-index bound 𝑁, small-prime sieve 𝑃 

Output: candidate Smarandache–Wellin primes 

function smarandache_wellin_prime_search(N, P): 

    W := 0 

    residues := dictionary mapping p to 0 for each p in P 

    candidates := empty list 

    for n from 1 to N: 

        q := nth_prime(n) 

        k := number_of_digits(q) 

        W := W * 10^k + q 



SMARANDACHE RECURSIVE ARITHMETIC STRUCTURES 

183 

        eliminated := false 

        for p in P: 

            residues[p] := (residues[p] * pow_mod(10, k, p) + q) mod p 

            if W != p and residues[p] == 0: 

                eliminated := true 

        if eliminated == false: 

            if is_probable_prime(W): 

                append (n, W) to candidates 

    return candidates 

A.7 Pseudosmarandache Function Algorithms 

The pseudosmarandache function is: 

𝑍(𝑛) = min⁡ {𝑚: 𝑛 ∣
𝑚(𝑚 + 1)

2
} 

Algorithm A.17 — Direct Computation of 𝒁(𝒏) 

Input: integer 𝑛 

Output: 𝑍(𝑛) 

function pseudosmarandache(n): 

    m := 1 

    while true: 

        T := m * (m + 1) / 2 

        if T mod n == 0: 

            return m 

        m := m + 1 

A.7.1 Modular Improvement 

Avoid computing large triangular numbers directly. 

Since: 

𝑇𝑚 =
𝑚(𝑚 + 1)

2
 

one may compute: 

𝑇𝑚  𝑚𝑜𝑑 𝑛 

incrementally. 

Algorithm A.18 — Incremental Computation of 𝒁(𝒏) 

Input: integer 𝑛 

Output: 𝑍(𝑛) 
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function pseudosmarandache_incremental(n): 

    T := 0 

    for m from 1 upward: 

        T := (T + m) mod n 

        if T == 0: 

            return m 

A.8 Modular Period Search for 𝒁(𝒏) 

Algorithm A.19 — Residue Behavior of 𝒁(𝒏) 

Input: bound 𝑁, modulus 𝑚 

Output: sequence 𝑍(𝑛) 𝑚𝑜𝑑 𝑚 

function pseudosmarandache_residues(N, m): 

    residues := empty list 

    for n from 1 to N: 

        z := pseudosmarandache_incremental(n) 

        append (z mod m) to residues 

    return residues 

A.9 Reproducibility Standards 

Every computational experiment should report: 

• definition used,  

• base used,  

• index range,  

• modulus range,  

• primality method,  

• hardware/software,  

• search limits,  

• failure conditions.  

Recommended Experiment Header 

Experiment: 

Object: 

Definition: 

Base: 

Index range: 

Moduli: 
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Prime test: 

Software: 

Hardware: 

Date: 

Notes: 

A.10 Practical Implementation Notes 

A.10.1 Avoid String Concatenation for Large Searches 

Use arithmetic recurrence: 

𝑎 ∘ 𝑏 = 𝑎10𝑑(𝑏) + 𝑏 

or modular recurrence. 

A.10.2 Use Modular Pre-Sieving 

Never perform expensive primality tests before removing obvious 

composites. 

A.10.3 Store Residues, Not Integers 

When studying modular behavior, full integers are unnecessary. 

A.10.4 Separate Probable Primes from Proven Primes 

Always record whether a prime term is: 

• probable prime,  

• certified prime,  

• or fully factored composite.  

A.11 Suggested Software Environments 

Suitable environments include: 

• PARI/GP,  

• SageMath,  

• Mathematica,  

• Maple,  

• Python with SymPy/gmpy2,  

• C++ with GMP.  
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A.12 Closing Perspective 

Algorithms are not merely technical tools in Smarandache-type 

mathematics. 

They are discovery engines. 

They reveal: 

• hidden modularity,  

• rare prime behavior,  

• entropy patterns,  

• oscillation phenomena,  

• and possible universality classes.  

A rigorous computational appendix therefore strengthens the entire 

research program by connecting conjectural theory with reproducible 

experimentation. 
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Appendix B 

OEIS Integration and Cross-Referencing  

for Smarandache-Type Structures 

B.1 Purpose of This Appendix 

The On-Line Encyclopedia of Integer Sequences (OEIS) is one of the 

most important research tools in experimental number theory. 

Many Smarandache-type sequences, functions, constants, and recursive 

arithmetic constructions already appear in the OEIS database, while many 

others remain unexplored. 

This appendix serves several purposes: 

• connect Smarandache-type mathematics with established sequence 

literature,  

• provide navigational references,  

• identify known versus unexplored constructions,  

• encourage systematic OEIS integration,  

• and promote reproducibility and discoverability.  

The appendix also suggests standards for creating new OEIS entries 

arising from future research. 

B.2 Why OEIS Integration Matters 

OEIS integration provides major advantages. 

Advantage I — Historical Context 

Many apparently new sequences may already exist. 

Advantage II — Cross-Connections 

A sequence may unexpectedly connect to: 

• automata theory,  

• combinatorics,  

• symbolic dynamics,  

• coding theory,  

• or classical number theory.  

Advantage III — Computational Verification 

Known terms provide immediate consistency checks. 
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Advantage IV — Discoverability 

New researchers can locate related work quickly. 

B.3 Major Categories of Smarandache-Type OEIS Objects 

We classify relevant OEIS objects into several categories. 

Category A — Concatenation Sequences 

Examples: 

• consecutive concatenation numbers,  

• prime concatenation sequences,  

• recursive digit concatenations.  

Category B — Extremal Divisibility Functions 

Examples: 

• Smarandache function,  

• pseudosmarandache function,  

• generalized divisibility operators.  

Category C — Prime-Producing Structures 

Examples: 

• Smarandache primes,  

• Smarandache–Wellin primes.  

Category D — Recursive Digit Systems 

Examples: 

• digit-transform recursions,  

• self-referential sequences.  

Category E — Arithmetic Constants 

Examples: 

• concatenation constants,  

• recursive digit expansions.  

B.4 Core OEIS-Related Smarandache Structures 

The following table lists major structures relevant to this book. 

(Sequence identifiers should always be verified directly in OEIS because 

databases evolve over time.) 
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Table B.1 — Core Smarandache-Type OEIS Structures 

Structure Description OEIS 

Status 

Consecutive concatenation 

numbers 

1,12,123,… existing 

Champernowne-type concatenation 

digits 

decimal concatenation 

systems 

existing 

Smarandache function values 𝑆(𝑛) existing 

Pseudosmarandache function 𝑍(𝑛) existing 

Smarandache–Wellin numbers concatenated primes existing 

Smarandache–Wellin primes prime subsequence existing 

Recursive digit systems various partial 

Generalized polygonal divisibility 

systems 

mostly unexplored 
 

Recursive entropy sequences largely unexplored 
 

B.5 Recommended OEIS Citation Practice 

Whenever a sequence appears in this book, researchers should record: 

• OEIS identifier,  

• exact definition,  

• offset convention,  

• indexing convention,  

• computational bounds tested.  

Recommended Format 

Example: 

OEIS: Axxxxxx 

Definition: 𝑎𝑛 = ⋯ 

Offset: 𝑛 = 1 

B.6 Dangers of Misidentification 

A sequence may differ subtly because of: 

• indexing shifts,  

• base conventions,  

• leading-zero conventions,  

• recursion initialization.  

Careful definition matching is essential. 
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B.7 Example: Smarandache Function 

The classical Smarandache function: 

𝑆(𝑛) = min⁡{𝑚: 𝑛 ∣ 𝑚!} 

appears in OEIS. 

Researchers should compare: 

• indexing,  

• initial terms,  

• normalization conventions.  

B.8 Example: Pseudosmarandache Function 

The pseudosmarandache function: 

𝑍(𝑛) = min⁡ {𝑚: 𝑛 ∣
𝑚(𝑚 + 1)

2
} 

also appears in OEIS-related literature. 

Cross-checking computational experiments is strongly recommended. 

B.9 Example: Smarandache–Wellin Numbers 

The sequence: 

2,  23,  235,  2357,… 

belongs naturally to concatenative prime systems. 

OEIS integration helps track: 

• known prime terms,  

• computational bounds,  

• related concatenation sequences.  

B.10 Creating New OEIS Entries 

Many new constructions proposed in this book may deserve OEIS 

inclusion. 

Recommended Criteria 

A sequence should ideally possess: 

• mathematical interest,  

• nontrivial structure,  

• reproducible definition,  

• computational accessibility,  

• meaningful connections.  
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B.11 Suggested OEIS Entry Structure 

A strong OEIS submission should include: 

Required Components 

1. Definition 

Precise mathematical definition. 

2. Initial Terms 

At least 20–50 verified terms when possible. 

3. Formula or Recurrence 

If available. 

4. Comments 

Behavioral observations. 

5. Examples 

Small illustrative computations. 

6. Programs 

Reference implementation. 

7. Cross-References 

Related sequences. 

8. Keywords 

Examples: 

• nonn  

• base  

• hard  

• more  

• nice  

B.12 OEIS and Experimental Mathematics 

OEIS acts as a large-scale experimental memory system for mathematics. 

For Smarandache-type research, this is especially important because: 

• many constructions are computationally discovered,  

• pattern recognition is central,  

• cross-sequence comparison matters deeply.  

B.13 Sequence Families Worth Future Submission 

The following families appear promising and may currently be 

underexplored. 
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Candidate Family I 

Recursive modular concatenation systems. 

Candidate Family II 

Entropy-growth sequences. 

Candidate Family III 

Prime-obstruction counting sequences. 

Candidate Family IV 

Polygonal divisibility operators. 

Candidate Family V 

Arithmetic dynamical orbit-length sequences. 

B.14 Proposed OEIS Metadata Standards  

for Smarandache-Type Sequences 

We recommend future submissions include: 

Structural Metadata 

• recursion type,  

• base dependence,  

• entropy classification,  

• modular periodicity status,  

• growth class.  

B.15 Linking OEIS with Computational Databases 

Future work could create dedicated databases for: 

• recursive arithmetic systems,  

• modular periods,  

• entropy measurements,  

• prime-density experiments.  

B.16 Toward a Smarandache Sequence Atlas 

A long-term project could organize sequences by: 

• recursion structure,  

• modular behavior,  

• entropy class,  

• arithmetic constraints,  

• prime density.  
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B.17 Open Problems 

Problem B1 

Classify recursive arithmetic systems already represented in OEIS. 

Problem B2 

Identify genuinely new universality classes absent from current databases. 

Problem B3 

Develop automated OEIS matching systems for recursive arithmetic 

generators. 

Problem B4 

Create entropy metadata for OEIS sequences. 

B.18 Meta-Conjectures 

Meta-Conjecture B.A 

Most recursive arithmetic systems eventually connect to previously 

known combinatorial or dynamical structures. 

Meta-Conjecture B.B 

Sequences with high symbolic entropy tend to generate richer OEIS 

cross-connections. 

B.19 Best Practices for Future Researchers 

Researchers developing new Smarandache-type systems should: 

1. search OEIS before claiming novelty,  

2. compare offsets carefully,  

3. publish computational data,  

4. document algorithms,  

5. submit significant new structures.  

B.20 Closing Perspective 

OEIS integration transforms isolated arithmetic curiosities into connected 

mathematical objects. For Smarandache-type mathematics, this is especially 

important because the field thrives on: 

• computational experimentation,  

• recursive construction,  

• pattern discovery,  

• and structural comparison.  
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Appendix C 

Major Open Problems and Conjectures  

in Smarandache Recursive Arithmetic Structures 

Introduction to Appendix C 

The problems collected in this appendix are intended to organize several 

of the principal research directions emerging from the study of Smarandache 

recursive arithmetic structures. 

Throughout this book, many constructions have been examined 

involving: 

• recursive concatenation systems,  

• extremal divisibility functions,  

• digit-constrained arithmetic processes,  

• recursive prime-generating structures,  

• symbolic arithmetic dynamics,  

• and recursively generated constants.  

Although many of these constructions were originally studied 

individually, recurring structural themes repeatedly emerge across apparently 

different systems. 

Among these themes are: 

• modular periodicity,  

• recursive growth,  

• sparse prime occurrence,  

• symbolic complexity,  

• entropy generation,  

• orbit dynamics,  

• and arithmetic irregularity.  

The problems listed here are not intended to be exhaustive. Rather, they 

aim to identify several central directions that may help guide future work in 

the area. 

Some conjectures are strongly motivated by computational evidence. 

Others remain speculative and are included primarily because they suggest 

possible structural principles. 
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Difficulty Classification 

The following informal classification is used. 

Level Description 

A foundational or potentially very difficult 

B difficult but possibly tractable 

C computationally accessible 

D exploratory or experimental 

C.1 Foundational Structural Problems 

 

Problem C1.1 — Universality of Modular Periodicity 

Statement 

Determine whether every finitely generated recursive arithmetic system 

is eventually periodic modulo fixed integers. 

Status 

Open. 

Motivation 

Many recursive concatenation systems appear eventually periodic modulo 

𝑚. 

Related Areas 

• automata theory,  

• modular dynamics,  

• symbolic systems.  

Difficulty 

Level A. 

 

Problem C1.2 — Classification of Recursive Arithmetic Structures 

Statement 

Develop a structural classification theory for recursive arithmetic systems 

based on: 

• recursion type,  

• growth behavior,  

• entropy,  

• modular dynamics,  

• and prime density.  
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Status 

Open. 

Difficulty 

Level A. 

 

Conjecture C1.1 — Emergent Arithmetic Complexity 

Simple recursive arithmetic rules generically generate behavior whose 

large-scale structure is difficult to predict from local definitions alone. 

Difficulty 

Level A. 

 

C.2 Smarandache Functions and Extremal Divisibility 

 

Problem C2.1 — Inverse Fibers of the Smarandache Function 

Statement 

Classify the sets: 

𝑆−1(𝑘) = {𝑛: 𝑆(𝑛) = 𝑘}. 

Status 

Partially studied. 

Difficulty 

Level B. 

 

Problem C2.2 — Asymptotic Structure of the Pseudosmarandache 

Function 

Statement 

Determine asymptotic growth laws for: 

𝑍(𝑛) = min⁡ {𝑚: 𝑛 ∣
𝑚(𝑚 + 1)

2
}. 

Difficulty 

Level B. 

 

Conjecture C2.1 — Unbounded Oscillation 

The quantity: 

∣ 𝑍(𝑛 + 1) − 𝑍(𝑛) ∣ 

is unbounded. 
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Evidence 

Strong computational evidence. 

Difficulty 

Level B. 

 

Problem C2.3 — Prime-Power Growth 

Statement 

Determine asymptotic behavior of: 

𝑍(𝑝𝑘) 

for fixed prime 𝑝. 

Difficulty 

Level B. 

 

C.3 Recursive Concatenation Systems 

 

Problem C3.1 — Prime Occurrence in Recursive Concatenation 

Systems 

Statement 

Determine conditions under which recursive concatenation systems 

contain infinitely many primes. 

Difficulty 

Level A. 

 

Conjecture C3.1 — Prime Scarcity in Structured Systems 

Highly constrained recursive concatenation systems possess prime 

density zero. 

Motivation 

Observed repeatedly in recursive prime searches. 

Difficulty 

Level A. 

 

Problem C3.2 — Modular Dynamics of Concatenation Sequences 

Statement 

Study residue dynamics of recursive concatenation systems modulo fixed 

integers. 
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Difficulty 

Level B. 

 

Problem C3.3 — Base Dependence 

Statement 

Determine how recursive concatenation behavior changes under base 

transformation. 

Difficulty 

Level B. 

 

Conjecture C3.2 — Eventual Residue Periodicity 

For fixed modulus 𝑚, recursive concatenation systems are eventually 

periodic modulo 𝑚. 

Difficulty 

Level B. 

C.4 Smarandache Primes and Prime Scarcity 

 

Problem C4.1 — Infinitude of Smarandache–Wellin Primes 

Statement 

Determine whether infinitely many Smarandache–Wellin primes exist. 

Difficulty 

Level A. 

 

Conjecture C4.1 — Finiteness of Smarandache–Wellin Primes 

Only finitely many Smarandache–Wellin primes exist. 

Motivation 

Strong structural modular obstruction effects. 

Difficulty 

Level A. 

 

Problem C4.2 — Prime Obstruction Theory 

Statement 

Develop a general theory describing modular obstructions in recursive 

arithmetic prime systems. 
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Difficulty 

Level A. 

 

Conjecture C4.2 — Recursive Prime Suppression 

Recursive arithmetic structure tends to suppress primality asymptotically. 

Difficulty 

Level A. 

 

C.5 Modular Dynamics and Periodicity 

Problem C5.1 — Modular Attractors 

Statement 

Determine whether recursive arithmetic systems possess stable modular 

attractors. 

Difficulty 

Level B. 

 

Problem C5.2 — State Graph Classification 

Statement 

Classify modular-state graphs arising from recursive arithmetic systems. 

Related Areas 

• automata theory,  

• graph dynamics.  

Difficulty 

Level B. 

 

Conjecture C5.1 — Finite-State Arithmetic Dynamics 

Many recursive arithmetic systems can be modeled by finite-state 

modular automata. 

Difficulty 

Level B. 

C.6 Entropy and Symbolic Complexity 

Problem C6.1 — Arithmetic Entropy Theory 

Statement 

Define rigorous entropy invariants for recursive arithmetic digit systems. 
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Difficulty 

Level A. 

 

Problem C6.2 — Block Complexity Growth 

Statement 

Determine asymptotic growth rates of symbolic block complexity in 

recursive concatenation systems. 

Difficulty 

Level B. 

 

Conjecture C6.1 — Entropy Growth in Recursive Systems 

Recursive arithmetic digit systems naturally generate positive symbolic 

entropy. 

Difficulty 

Level B. 

 

Conjecture C6.2 — Entropy and Prime Scarcity 

Increasing structural rigidity lowers effective prime density. 

Difficulty 

Level A. 

 

C.7 Arithmetic Dynamical Systems 

Problem C7.1 — Arithmetic Chaos 

Statement 

Determine whether deterministic recursive arithmetic systems can exhibit 

genuine chaotic dynamics. 

Difficulty 

Level A. 

 

Problem C7.2 — Orbit Classification 

Statement 

Classify orbit structures generated by iterated Smarandache-type 

functions. 

Difficulty 

Level B. 
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Conjecture C7.1 — Recursive Arithmetic Attractors 

Many iterated arithmetic systems possess attractor structures. 

Difficulty 

Level B. 

 

Conjecture C7.2 — Positive Dynamical Entropy 

Certain recursive arithmetic systems possess positive dynamical entropy. 

Difficulty 

Level A. 

 

C.8 Smarandache Constants and Transcendence 

 

Problem C8.1 — Normality of Concatenation Constants 

Statement 

Determine which recursive concatenation constants are normal. 

Difficulty 

Level A. 

 

Problem C8.2 — Transcendence of Recursive Constants 

Statement 

Determine transcendence properties of recursively generated arithmetic 

constants. 

Related Areas 

• Mahler-type transcendence theory,  

• Diophantine approximation.  

Difficulty 

Level A. 

 

Conjecture C8.1 — Irrationality of Nonperiodic Concatenation 

Constants 

Every nonperiodic recursive concatenation constant is irrational. 

Difficulty Level B. 
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Conjecture C8.2 — Recursive Transcendence Principle 

Broad classes of recursively generated arithmetic constants are 

transcendental. 

Difficulty 

Level A. 

 

C.9 Computational and Algorithmic Problems 

 

Problem C9.1 — Automated Conjecture Generation 

Statement 

Develop algorithms capable of generating conjectures from recursive 

arithmetic datasets. 

Difficulty 

Level B. 

 

Problem C9.2 — Computational Complexity Classification 

Statement 

Determine complexity classes for major recursive arithmetic problems. 

Difficulty 

Level B. 

 

Problem C9.3 — Entropy Estimation Algorithms 

Statement 

Construct effective algorithms for estimating symbolic entropy in 

recursive arithmetic systems. 

Difficulty 

Level C. 

 

Problem C9.4 — Large-Scale Modular Search Systems 

Statement 

Develop scalable computational systems for modular periodicity 

detection. 

Difficulty 

Level C. 
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C.10 Meta-Conjectures and Universality Principles 

 

Meta-Conjecture C10.1 — Modular Universality 

Recursive arithmetic systems generically exhibit eventual modular 

periodicity. 

Difficulty 

Level A. 

 

Meta-Conjecture C10.2 — Structural Prime Scarcity 

Strong recursive arithmetic structure suppresses prime occurrence. 

Difficulty 

Level A. 

 

Meta-Conjecture C10.3 — Recursive Entropy Generation 

Recursive arithmetic processes naturally generate symbolic complexity 

growth. 

Difficulty 

Level B. 

 

Meta-Conjecture C10.4 — Arithmetic Dynamical Universality 

Distinct recursive arithmetic systems may belong to shared universality 

classes. 

Difficulty 

Level A. 

 

C.11 Problems Likely to Influence Future Development 

The following problems may prove especially important for future 

development of the subject. 

Priority Problem A 

Existence or nonexistence of infinitely many Smarandache–Wellin 

primes. 

Priority Problem B 

Universality of modular periodicity in recursive arithmetic systems. 
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Priority Problem C 

Development of rigorous arithmetic entropy theory. 

Priority Problem D 

Existence of arithmetic chaos in deterministic recursive systems. 

Priority Problem E 

Construction of a general obstruction theory for recursive prime systems. 

 

Final Remarks 

The problems collected here illustrate both the diversity and the structural 

unity of Smarandache recursive arithmetic structures. 

Many of these questions remain almost entirely unexplored. Some may 

eventually connect with existing theories in: 

• symbolic dynamics,  

• automata theory,  

• analytic number theory,  

• ergodic theory,  

• p-adic dynamics,  

• and information theory.  

Others may require entirely new techniques. 
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Appendix D 

Selected Online Resources on Smarandache 

Recursive Arithmetic Structures 

Introduction 

The following resources provide foundational material related to 

Smarandache recursive arithmetic structures, including sequences, functions, 

primes, constants, recursive arithmetic systems, computational explorations, 

and collections of conjectures and open problems. 

The references are organized thematically to facilitate further study and 

research development. 

D.1 Foundational Online References 

D.1.1 Smarandache Sequences 

Wolfram MathWorld 

• Smarandache Sequences 

https://mathworld.wolfram.com/SmarandacheSequences.html 

• Consecutive Number Sequences 

https://mathworld.wolfram.com/ConsecutiveNumberSequences.ht

ml 

D.1.2 Smarandache Functions 

Wolfram MathWorld 

• Smarandache Function 

https://mathworld.wolfram.com/SmarandacheFunction.html 

• Smarandache Ceil Function 

https://mathworld.wolfram.com/SmarandacheCeilFunction.html 

• Smarandache–Kurepa Function 

https://mathworld.wolfram.com/Smarandache-

KurepaFunction.html 

• Smarandache–Wagstaff Function 

https://mathworld.wolfram.com/Smarandache-

WagstaffFunction.html 

https://mathworld.wolfram.com/SmarandacheSequences.html
https://mathworld.wolfram.com/ConsecutiveNumberSequences.html
https://mathworld.wolfram.com/ConsecutiveNumberSequences.html
https://mathworld.wolfram.com/SmarandacheFunction.html
https://mathworld.wolfram.com/SmarandacheCeilFunction.html
https://mathworld.wolfram.com/Smarandache-KurepaFunction.html
https://mathworld.wolfram.com/Smarandache-KurepaFunction.html
https://mathworld.wolfram.com/Smarandache-WagstaffFunction.html
https://mathworld.wolfram.com/Smarandache-WagstaffFunction.html
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• Smarandache Near-to-Primorial Function 

https://mathworld.wolfram.com/SmarandacheNear-to-

PrimorialFunction.html 

• Pseudosmarandache Function 

https://mathworld.wolfram.com/PseudosmarandacheFunction.html 

D.1.3 Smarandache SuperHyperFunction 

• Smarandache SuperHyperFunction 

https://fs.unm.edu/NSS/SuperHyperFunction37.pdf 

D.1.4 Smarandache Numbers 

Wolfram MathWorld 

• Smarandache Numbers 

https://mathworld.wolfram.com/SmarandacheNumber.html 

• Smarandache–Wellin Numbers 

https://mathworld.wolfram.com/Smarandache-WellinNumber.html 

D.1.5 Smarandache Prime Numbers 

Wolfram MathWorld 

• Smarandache Primes 

https://mathworld.wolfram.com/SmarandachePrime.html 

• Smarandache–Wellin Primes 

https://mathworld.wolfram.com/Smarandache-WellinPrime.html 

D.1.6 Smarandache Constants 

Wolfram MathWorld 

• Smarandache Constants 

https://mathworld.wolfram.com/SmarandacheConstants.html 

D.1.7 OEIS Resources 

OEIS Foundation 

• Smarandache-related OEIS entries 

https://oeis.org/search?q=Smarandache&go=Search 

https://mathworld.wolfram.com/SmarandacheNear-to-PrimorialFunction.html
https://mathworld.wolfram.com/SmarandacheNear-to-PrimorialFunction.html
https://mathworld.wolfram.com/PseudosmarandacheFunction.html
https://fs.unm.edu/NSS/SuperHyperFunction37.pdf
https://mathworld.wolfram.com/SmarandacheNumber.html
https://mathworld.wolfram.com/Smarandache-WellinNumber.html
https://mathworld.wolfram.com/SmarandachePrime.html
https://mathworld.wolfram.com/Smarandache-WellinPrime.html
https://mathworld.wolfram.com/SmarandacheConstants.html
https://oeis.org/search?q=Smarandache&go=Search
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D.2 Foundational Books and Monographs 

D.2.1 General Smarandache Problems and Conjectures 

Florentin Smarandache 

• Only Problems, Not Solutions! (1993) 

https://fs.unm.edu/OPNS.pdf 

• Definitions, Solved and Unsolved Problems, Conjectures, and 

Theorems in Number Theory and Geometry (2000) 

https://fs.unm.edu/Definitions-book.pdf 

• Sequences of Numbers Involved in Unsolved Problems (2006) 

https://fs.unm.edu/Sequences-book.pdf 

D.2.2 Smarandache Sequences and Functions 

Charles Ashbacher 

• Collection of Problems on Smarandache Notions (1996) 

https://fs.unm.edu/Ashbacher-collection.pdf 

• Plucking from the Tree of Smarandache Sequences and Functions 

(1998) 

https://fs.unm.edu/Ashbacher-pluckings.pdf 

• Smarandache Sequences, Stereograms and Series (2005) 

https://fs.unm.edu/Ashbacher-book5.pdf 

• An Introduction to the Smarandache Function (1995) 

https://fs.unm.edu/Ashbacher-SmFu.pdf 

D.2.3 Computational and Experimental Studies 

Henry Ibstedt 

• Surfing on the Ocean of Numbers — A Few Smarandache Notions 

and Similar Topics (1997) 

https://fs.unm.edu/Ibstedt-surfing.pdf 

• Computer Analysis of Number Sequences (1998) 

https://fs.unm.edu/Ibstedt-computer.pdf 

• Mainly Natural Numbers — A Few Elementary Studies on 

Smarandache Sequences and Other Number Problems (2003) 

https://fs.unm.edu/Ibstedt-Book3.pdf 

https://fs.unm.edu/OPNS.pdf
https://fs.unm.edu/Definitions-book.pdf
https://fs.unm.edu/Sequences-book.pdf
https://fs.unm.edu/Ashbacher-collection.pdf
https://fs.unm.edu/Ashbacher-pluckings.pdf
https://fs.unm.edu/Ashbacher-book5.pdf
https://fs.unm.edu/Ashbacher-SmFu.pdf
https://fs.unm.edu/Ibstedt-surfing.pdf
https://fs.unm.edu/Ibstedt-computer.pdf
https://fs.unm.edu/Ibstedt-Book3.pdf
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D.2.4 Arithmetic Functions and Generalized Structures 

Felice Russo 

• A Set of New Smarandache Functions, Sequences and Conjectures 

in Number Theory (2000) 

https://fs.unm.edu/Felice-Russo-book1.pdf 

Octavian Cira and Florentin Smarandache 

• Various Arithmetic Functions and Their Applications (2016) 

https://fs.unm.edu/VariousArithmeticFunctions.pdf 

Sebastián Martín Ruiz 

• Applications of Smarandache Function, and Prime and Coprime 

Functions (2002) 

https://fs.unm.edu/SMRuiz-eBook.pdf 

D.2.5 Partitions, Recursive Structures, and Number Theory 

Amarnath Murthy and Charles Ashbacher 

• Generalized Partitions and New Ideas on Number Theory and 

Smarandache Sequences (2005) 

https://fs.unm.edu/MurthyBook.pdf 

D.2.6 Broader Arithmetic and Diophantine Context 

József Sándor 

• Geometric Theorems, Diophantine Equations, and Arithmetic 

Functions (2002) 

https://fs.unm.edu/JozsefSandor2.pdf 

D.3 Research Collections and Proceedings 

D.3.1 Collected Research Papers 

Zhang Wenpeng 

• Research on Smarandache Problems in Number Theory, Vol. I 

(2004) https://fs.unm.edu/Wenpeng-book.pdf 

• Research on Smarandache Problems in Number Theory, Vol. II 

(2004) https://fs.unm.edu/Wenpeng-book2.pdf 

https://fs.unm.edu/Felice-Russo-book1.pdf
https://fs.unm.edu/VariousArithmeticFunctions.pdf
https://fs.unm.edu/SMRuiz-eBook.pdf
https://fs.unm.edu/MurthyBook.pdf
https://fs.unm.edu/JozsefSandor2.pdf
https://fs.unm.edu/Wenpeng-book.pdf
https://fs.unm.edu/Wenpeng-book2.pdf
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D.3.2 Conference Programs and Proceedings 

Proceedings on Number Theory and Smarandache Notions 

• First International Conference Program on Smarandache Type 

Notions in Number Theory (2019) 

https://fs.unm.edu/ProgramConf1SmNot.pdf 

China Conferences on Number Theory and Smarandache Notions 

• Fifth Conference Proceedings (2009) 

https://fs.unm.edu/ChinaSmConf5.pdf 

• Sixth Conference Proceedings (2010) 

https://fs.unm.edu/ChinaSmConf6.pdf 

D.4 International and Multilingual Resources 

Chinese Research Collections on Smarandache Theory 

• https://fs.unm.edu/ChineseMath.pdf 

• https://fs.unm.edu/ChineseMath2.pdf 

• https://fs.unm.edu/ChineseMath3.pdf 

• https://fs.unm.edu/ChineseMath4.pdf 

• https://fs.unm.edu/ChineseMath5.pdf 

• https://fs.unm.edu/ChineseMath6.pdf 

• https://fs.unm.edu/ChineseMath7.pdf 

• https://fs.unm.edu/ChineseMath8.pdf 

D.5 Suggested Research Directions Emerging from These 

Resources 

The above materials collectively suggest several broad research directions 

related to Smarandache recursive arithmetic structures, including: 

• recursive concatenation dynamics, 

• extremal divisibility systems, 

• recursive prime structures, 

• symbolic arithmetic systems, 

• arithmetic entropy, 

• recursive constants, 

• computational number theory, 

• and recursive arithmetic dynamical systems. 

https://fs.unm.edu/ProgramConf1SmNot.pdf
https://fs.unm.edu/ChinaSmConf5.pdf
https://fs.unm.edu/ChinaSmConf6.pdf
https://fs.unm.edu/ChineseMath.pdf
https://fs.unm.edu/ChineseMath2.pdf
https://fs.unm.edu/ChineseMath3.pdf
https://fs.unm.edu/ChineseMath4.pdf
https://fs.unm.edu/ChineseMath5.pdf
https://fs.unm.edu/ChineseMath6.pdf
https://fs.unm.edu/ChineseMath7.pdf
https://fs.unm.edu/ChineseMath8.pdf
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