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PREFACE

In this book the authors introduce a new notion called special
quasi dual number, x = a + bg; where a and b are from R or Q or
ZorZ,or{(QuUIor(Rul)yor(Zwul)or(Z,ul)orC(Z,) and
g* =— g is the new element.

Among the reals — 1 behaves in this way, for (— 1)* =1 =
— (= 1). Likewise —I behaves in such a way (— I)* =— (= I).
These special quasi dual numbers can be generated from
matrices with entries from 1 or I using only the natural product
x,. Another rich source of these special quasi dual numbers or
quasi special dual numbers is Z,, n a composite number. For
instance 8 in Z;, is such that 8 = 64 = — 8(mod 12) = 4(mod
12). In chapter two we introduce the notion of special quasi dual
numbers. The notion of higher dimensional special quasi dual
numbers are introduced in chapter three of this book. We using
the dual numbers and special dual like numbers with special
quasi dual numbers construct three types of mixed special quasi
numbers and discuss their properties.
However the only source of getting higher dimensional special
quasi dual numbers and mixed special dual numbers are from



the modulo integers Z,, n a suitable number. We for the first
time build non associative algebraic structures using these
special quasi dual numbers, dual numbers and special dual like
numbers. This forms chapter four of this book.

We give the possible applications of this new concept in
chapter five and the final chapter suggests some problems.

We thank Dr. K.Kandasamy for proof reading and being
extremely supportive.

W.B.VASANTHA KANDASAMY
FLORENTIN SMARANDACHE



Chapter One

INTRODUCTION

The concept of dual numbers was introduced by W.K. Clifford
in 1873. An element x = a + bg is a dual number if a and b are
reals and g is a new element such that g* = 0.

Now if we replace this g by a new element g; such that
g’ =g, we call x = a + bg, to be a special dual like number.

Several interesting properties akin to dual numbers are statisfied
by special dual like numbers.

In x = a + bg; a and b reals g; the new element such that
g’ =g, for every x the pair (a, b) is uniquely determined. Now

this study was very recently made by the authors in their book
[24] in the year 2012.

The authors have in this book introduced another new type
of dual number called special quasi dual numbers. We call
X =a + bg, + cg; to be a special quasi dual number where a, b

and c are reals and g, a new element such that g5 = —g, (=g3).

Thus x = a + bg, + c(—g,) is a special quasi dual number. These
numbers also behave akin to dual numbers and special dual like
numbers.
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We in this book study, describe analyse and define
properties associated with special quasi dual numbers. So if
x =a+ bg, + c(—gy) is a special quasi dual number the triple (a,
b, ¢) is uniquely determined for the given x.

Suppose a, b and ¢ are positive reals greater than one.

X =a+bg+c(-g)
X’ =a’+b’(-g) + *(~gy) + 2abg, + 2ac(-g,) + 2beg,
=a’ + (2ab + 2bc)g, + (b> + ¢* + 2ac) (—g»).

Thus x, x% x°, x*, ... becomes diverging for the positive real
values associated with g, and —g,; grow larger and larger by
raising the power of x = a + bg, + ¢(-g,). If a, b, ¢ are positive
but less than 1 then x, X°, X°, X", ... is such that the coefficient of
g, and (—g;) becomes smaller and smaller.

This is the way the powers of x = a + bg, + c(—g,) behave
in case of special quasi dual numbers. These can be used in
appropriate models.



Chapter Two

QUASI SPECIAL DUAL NUMBERS

The concept of special dual like numbers and mixed dual
numbers was recently studied and introduced respectively [22,
24].

Here we introduce the new notion of quasi special dual
numbers. A number x = a; + a,g with a;, a, € R (or Q or C or
Z, or Z) and g a new special element such that g = —g is defined
as the quasi special dual numbers. Clearly (-1)* = 1 (that is g =
—1 then —g =1 is also a new special element but since this g is in
Z or Q or R or C we do not distinguish it separately, it can be
taken as a trivial new special element). With this assumption
we seek to find quasi special dual numbers.

Let Z, = {0, 1, 2, ..., 11}; =1 = 11 (mod 12), -2 = 10
(mod 12), 10 = -2 (mod 12), 3 = -9 (mod 12) or 9 = -3
(mod 12), 8 =—4 (mod 12) or -8 =4 (mod 12), 7 =-5 (mod 12),
5=-7 (mod 12), 6 = 6 (mod 12) as —6 = 6 (mod 12).
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Consider 8 € Z,,; 8% = 64 (mod 12) that is 8% = 4 (mod 12)
but 4 =-8 (mod 12). Hence x =a; + a,g withg=8 € Z; and a,
b € Q is a quasi special dual number.

Consider x =5 + 3g and y = 2 — 9g two quasi special dual
numbers. x +y =7 — 6g is again a quasi special dual number.

Consider x x y=(5+3g) (2-9g)

=10+ 6g — 45g + (-27)g’

=10+ 16g—45g—27 x—g

=10 — 2g is again a quasi special dual number.

Hence we see just like dual numbers quasi special dual
numbers also behave.

We can have a plane representation of quasi special dual
numbers also.

T3g x(2,3g)
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x =2 + 3g is represented.

Further if g* = —g be a new special element then
gg=-gg thatisg’ =~(g") =1 (g =g

ge=g-gg=g =g

geg=g=--—gxg=-()=¢g
Thusg=g’=g =g =... and
g=g'=g'=¢g'=..=¢

This is the way powers of g behave.

We see g =8 € Z, is such that

g> =64 (mod 12)
=4 (mod 12) =-8 (mod 12) = —g (mod 12).

gg=g=-gg=-)=-(g=¢
and so on. Thus in general if g is a quasi new element which
contributes to a quasi special dual element x =a + bg, a, b € R
(orQor Z or Z, or C) then

g2=g4=g6=g8= = ... and
g=g=g=g=...=¢&
g=g~=g~=g=...m-8

Further we see Zg is the first modulo integer which has the

quasi special dual number. We see 2 € Z¢ is such that
2°=4=—4 (mod 6) and 4> = 4.

We see S = {0, 8, 4} < Z;, is a group under addition
modulo 12.

| O+
0| |l OO
S| |~
| Ol 0| ©
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The table for (S, x) is as follows:

x| | O X
S| oo O
o<l BF SN e g
Al 0| O 0

Thus (S, +, x) is a field isomorphic to Z;. n: S — Z;
né4) —1
N (8) 2 and n (0) = 0 is an isomorphism.

THEOREM 2.1: Let Z, be a ring of modulo integers. g € Z, be
such that
gd=—g=g"=9g"= . and
g=g =g =g =g’ = .. where g is a new element of Z,.
Then Z, has zero divisors.

Proof: We see g’ = —g (given for g € Z,).

Thus g> + g=0, g (g+1) = 0 (mod n).

Now g=#0and g+ 1 %0 as g=#—-1. Hence Z, has zero
divisors.

Corollary 2.1: Z,, p a prime has no quasi special element.

Proof follows from the simple fact if g € Z, is such that
g’ = —g then Z, has zero divisors, hence Z, has no quasi special
element.

Example 2.1: Let Z,,= {0, 1, 2, ..., 13} be the ring of modulo
integer. Z4 has 6 to be a quasi special element, for
6> =36 (mod 14) = 8 (mod 14) = —6 (mod 14).

Example 2.2: Let Z,5= {0, 1, 2, ..., 14} be the ring of modulo
integers modulo 15. 9 € Z;5 is a quasi special number, for
92 =81 (mod 15) = 6 (mod 15) =-9 (mod 15) = 6 (mod 15).
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Thus 6° = 6 (mod 15) is an idempotent and S = {0, 6, 9} is a
field.

Example 2.3: 7, = {0, 1, 2, ..., 15} the ring of modulo
integers has no quasi special number.

Example 2.4: Consider Z;3 = {0, 1, 2, ..., 17}, the ring of
modulo integers.

8 is the quasi special new element of Zis.
For 8% = 10 (mod 18)
=—-8 (mod 18)

and 10° =10 (mod 18) and 8 x 10 = 8 (mod 18).

Example 2.5: Let Zy,= {0, 1, 2, ..., 19} be the ring of modulo
integers 20. 15 is the only quasi special new element of Zy.
15* =5 (mod 20)
=—15 (mod 20).

Thus in Z,, 15 is a quasi special element and —15 =5 is an
idempotent.

It is observed in all these cases if t € Z,, is a special quasi
element then —t is an idemponent.

Further Z,4 has no quasi special numbers.
Finally in view of this we have the following theorem.

THEOREM 2.2: Let Z,, p and q powers of primes. pq =6 (p #
q). Z,q has special quasi elements.

The proof is simple and exploits only number theoretic
techniques.

Example 2.6: Let 75, = {0, 1, 2, ..., 29} be the ring of modulo
integers. Zj3, has 4 quasi special elements and 30 = 2.3.5
product of three primes.

Consider 24 € Z5, 24> = 6 (mod 30) = —24 (mod 30) and
6 = 6 (mod 30).
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24 is a quasi special element of Zj.
Consider 9 € Z, 9 =21 (mod 30) = -9 (mod 30).

Further 21? =21 (mod 30).

So 9 is a quasi special element of Z3.
Now 20 € Zs is such that 20* = 10 (mod 30)
that is 20° = —20 (mod 30) and 10> = 10 (mod 30).

Finally 14 € Z; is again another quasi special element of
Z30.

We see 14> = 16 (mod 30) = —14 (mod 30) and
16 = 16 (mod 30).
Thus {24, 9, 14 and 20} are quasi special elements.

Let S = {9, 14, 20, 24, 6, 21, 10, 0, 16} be the quasi special
elements and the associated idempotents.

Clearly S is not closed under addition modulo 30. We
consider x on S.

The table of x on S is as follows.

x |01 6|9 ]|10]|14|16 (20|21 |24
0{0j0j0]J0]J0O]JO]O]O0O]O
6 1016|2410 1]24|6 |06 |24
910(24|121{ 0|6 (24| 0
1000 2110|2010 |20
141024 | 6 [20]|16 (24|10 |24
16|10 6 (2410|2416 20| 6 |24
2001 0| 01(20(10|20|10| 0 | O
211016 | 910|246 |0 |21|24
24101241 6 | 0| 6 24| 0 (24| 6




Quasi Special Dual Numbers | 15

Clearly (S, x) is a semigroup and will be known as the
associated quasi special semigroup of Z3,. However 5 € Zj is
such that 5% = 25 = —5 and 25> = 25. If we include 5 and 25 we
see we have included 15 and the extended semigroup M = {0, 5,
6,9, 10, 15, 14, 16, 20, 21, 24, 25} < Zs.

Example 2.7: Let Z4, = {0, 1, 2, ..., 41} be the ring of modulo
integers. Consider 35 € Zs, 35 = 7 (mod 42) that 35% = —35
(mod 42) so 35 is a quasi special element with 7 as its
associated idempotent.

Consider 14 € Zy; clearly 14° = 28 (mod 42) that is 14> = —
14 (mod 42) so 14 is a quasi special element in Z4, with 28 as its
associated idempotent.

27 € Z4, is a quasi special element as 27° = 15 (mod 42).
15 is the associated idempotent element of 27 in Zg. 20 € Zg,
is also a quasi special element as 20° = 22 (mod 42) and 20° = —
20 (mod 42) with 22 € Z;, as its associated idempotent.

Now let P = {0, 35, 7, 14, 28, 27, 15, 20, 22} = Z4,, (P, x) is
a semigroup given by the following table.

0|7 |14 |15]20|22|27 |28 |35

0 0j{0|0]O0O]O]O0O]O

0 14 | 21|14 |28 21|28 |35
141014 (28| 0 |28(14| 0 |14 |28
15101210 |15] 6 |36(27| 0 |21
20(014 28| 6 [22]20|36|14 |28
221012814 (36[20(22] 6 |28 |14
271012110 |27(36| 6 [14| 0 |21
2810128140 (14|28 0 [28|14
35101352821 |28|14 (21|14 | 7
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Clearly P is not a semigroup. Consider M = {0, 6, 7, 14, 15,
20, 22,27, 28, 35,36, 21} < Z4, is semigroup.

However 21 is an idempotent and 6 and 36 are such that 6°
=36 (mod 42) = —6 (mod 42) and 36 =36 (mod 42) is again a
quasi special new element of Zs,. However M is not a
associated semigroup.

We call M the extended semigroup of the associated special
quasi semigroup. From the context one can understand whether
the semigroup is an extended one or not. At times we ignore it
also.

Example 2.8: Now consider Zs = {0, 1, 2, 3, 4, 5}. 2° =4
(mod 6) we have 2° = -2 (mod 6) as —2 = 4 (mod 6) and 4° = 4
(mod 6).

Thus 2 is a quasi special element in Zs. {0, 2, 4} is a
semigroup both under ‘+’ as well as x . That is P = {0, 2, 4}
Z¢ is a subring of Zs.

Example 2.9: LetS=7,0=1{0,1,2,3,4, ...,9} be the ring of
modulo integers. 4> = 6 (mod 10) = —4 (mod 10) as —4 = 6 (mod
10) and 6> = 6 (mod 10). Take {4, 6, 0} < Z,, is only a
semigroup under product.

x10]|4|6
0(0(0]0
41064
6(0[4]6

Example 2.10: Let Z,, = {0, 1, 2, ..., 12}. To find all quasi
special elements of Z,. Consider 3 € Zi,, 3?=9 (mod 12) =-3
(mod 12); 8* =9 (mod 12) = -8 (mod 12), 9> = 9 (mod 12) and
4* = 4 (mod 12). S = {0, 3, 9} < Zy, is such that S is a quasi
associated semigroup under product. If we obtain S U {6} then
T = {0, 3, 6, 9} has the following table.
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O| W] | O X
(=) Nl el ) )
[©)} e}l lio)} I} le))
WO N O W
Clwlanl ol o

Thus T is a subring and {0, 8, 4} is a field. However W =
{0, 3,4, 6, 9} is not even closed under ‘+’.

x10]3|14(6[|8(9
0(0{0]|0(0O]O]|O0
3/0({0[{0(6]0/(3
410(0|4/0|8|0
6(0[6]0[6[0]|6
8(0(0(8(0[4]0
910(3(0(6]0]|9

W is only an extended semigroup. Suppose we remove 6
from W. Let V = {0, 3, 4, 8 9}. Is V a quasi special
semigroup?

0134|189
0(0[0]|0[0]O0
310(9(0|0]3
410(0|4(8]|0
810(0(8|4]|0
910(3]0(0]9

V is infact a quasi special semigroup. However V is not
closed under ‘+’.

Example 2.11: Let Z,, = {0, 1, 2, 3, 4, ..., 13} be the ring of
modulo integers. Clearly 6° = 8 (mod 14), 6 = —6 (mod 14) and
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82 =8 (mod 14). So 6 is the only quasi special element of Z1,.
However T = {0, 6, 8} is not a semigroup under ‘+’ only a
semigroup under product x.

Example 2.12: Let Z4 be the ring of modulo integers.

Consider 15% =225 =25 (mod 40) = —15 (mod 40).

Further 25° = 625 = 25 (mod 40). So 15 is a quasi special
number.

Take 16 € Z4, 16> = 16 (mod 40) and 24*> = 576 = 16 (mod
40) = -24 (mod 40) so 24 is also a quasi special number.

Does the set W = {15, 25, 16, 20, 0} form a semigroup
under product?

015162025
0(0|10]0]O
1510250 (2015
16 (01 0 (16| 0| O
2002000 |20
2510)15| 0 20|25

W is the special quasi semigroup of Zyg.

We can also obtain the algebraic structure enjoyed by these
quasi special dual numbers.

Example 2.13: LetM={a+bg| a,beZ,g=2 e Zs} be the
collection of all quasi special dual numbers. M is a ring infact a
commutative ring.

Considerx =-3+8gandy=10—-gin M;

x+ty=(3+8g)+(10-g)=7+7g e M.

X xy=(-3+8g)(10-g)
=-30+80g+3g -8 ("~ & =-g)
=-30+ 80g +3g + 8¢g
=-30+91g e M.
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It is easily verified M is a general ring of quasi special dual
numbers.

Clearly Z < M. M has subrings which are not ideals.
Example 2.14: Let

S={a+bglabeQ;g=15¢c Zy, 155=g*=25=—g)}
be the general ring of quasi special dual numbers.

P={a+bglabeZ g=15¢c Z4, g =-g € Zy} S is
only a subring of S and is not an ideal. Infact S has infinitely
many subrings which are not ideals.

Take T = {ag|a € Q} < S; T is an ideal of S.

Example 2.15: Let

-1 1
-1 1
-1 , |1
S={atbglg=| LabeZig=) =g
-1 1
__1_ _1_

be the general ring of quasi special dual numbers.

Considerx=5+2gandy=7+10ginS. x+y=12+ 12gand

-1 -1
-1 -1
-1 -1
Xxy=|5+2 7+10
-1 -1
-1 -1
__1_ __1_
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[—1] [—1] 1] [-1]

-1 -1 -1 -1

-1 -1 -1 -1
=35+14 +50 +20 X,

-1 -1 -1 -1

-1 -1 -1 -1

1] 1] -1] | -1

1
1
1 2
=35+64 +20 | (g =-2
1
1

-1 1] -1

-1 -1 -1

-1 -1 -1
=135+ 64 -20 =35+44

-1 -1 -1

-1 -1 -1

1] 1] | -1]
=35+44g € S.

S has subrings which are not ideals. S has ideals.
Can S have zero divisors?
Suppose x=a+bgandy=c+dg(a,b,c,d € Z\ {0}) then

x xy=(a+bg)(c+dg)=ac+bcg+ dag—dbg
=ac +(bc+da—db)g #0evenifbc+da—db=0.
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Thus S is an integral domain and infact S is a Smarandache
ring.

Example 2.16: LetS={a+bg|abe Z;, g=24 € Zy4, g =—
g (mod 40)} = {0, 1, g, 2, 2g, 1+ g, 2+g, 1+2g, 2+2g} be the
quasi special dual number general ring table for S\ {0} under x
is as follows:

1 g |2g| 1+g | 2+g |1+2g |2+2g

1 2 g |2g| 1+g | 2+g |14+2g |2+2¢g
2 2 20| g [2+2g|1+2g | 2+g | 1+¢
g g | 2 |28|g| O g | 2] 0

2g 2g g |(2g|2g| O 2g g 0
I+g | 1+g |24+2g| g | 0| 1+g |24+2g| 1+g |2+4+2g
2+¢g | 2+g |1+2g| 0 |2g|2+2g| 1 2 l+g
1+2g [1+2g | 2+g | g | g | 1+g 2 1 [2+42g

24+2g(2+2g| 1+g (2g| 0 |2+2g| 1+g [2+2¢g]| 1+¢
0 0 0 00 0 0 0 0

olololoclololololol o

Clearly S is only a ring and S has zero divisors.

Example 2.17: Let
M={a+bg|a,beZ,g=(-1-1-1-1-1),g°=—g}

be the general ring of quasi special dual numbers. M is a finite

order M has zero divisors. Order of M is 36.

Example 2.18: Let
P={a+bg|a,beZsg=2¢cZs,g =4=—g(mod6)}

be a finite general quasi special dual ring.

We have both infinite and finite general quasi special dual
rings.

We will illustrate this by examples.
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Example 2.19: Let
W={a+bg|g=4cZy g =6=—4(mod 10),a,b c Z}
be an infinite quasi special dual ring which is commutative.

Example 2.20: LetM = {a+bg|a,beQ;g=5¢€Z;5, g =10
(mod 15) that g* = —5 = —g (mod 15)} be again an infinite quasi
special dual ring.

T={a+bg|la,beZ g=5¢cZsg =—g(modl5)} cM
is only a subring of M and is not an ideal of M.

Example 2.21: LetS={a+bg|a,be Zy, g=15 € Zy} be the
general quasi special dual ring. Ideals of S are P, = {0, g, 2g,
3g} =S, P, ={0,2g} =S, P; = {0, 1+g, 2+2g, 3+3g} = S and
P,={0, g, 3g, 2g, 2+g, 2, 2+3g, 2+2g} < S are ideals of S.

Example 2.22: LetM={a+bg|a, beZ;,g=24 € Zy} be a
quasi special dual general ring.

M={0,1,2, g, 2g, 1+g, 2+, 1+2¢g, 2+2¢g}. The ideals of M
are P, = {0, g, 2g} M and P, = {0, 1+g, 2+2g} < M.

M

P1 P2
The lattice of ideals of M is a distributive
{0}

lattice with four elements including M and {0}.

We can thus build general quasi special dual number rings
of dimension one and study them.

Since ‘— g’ € M for g € M, M a quasi special dual number
ring, we see we cannot in general build a semiring ring Z"U{0}
or Q'U{0} or R"'U{0}. This is one of the main limitations
while working with quasi special dual numbers. Further if g is
such that g = —g then invariably —g happens to be an
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idempotent so we cannot contain the replacement of —g by h
even though gh = hg = 0 and h? = h, since for a in a semiring —a
does not belong to the semiring. Semirings mentioned above
we cannot build semiring structures using those standard
semirings or even using distributive lattices.

So we to overcome this problem define a new notion called
complete quasi special dual number pair.

That is if g = —g then x = a + bg + c¢(—g) is defined as the
complete quasi special dual pair number.

We will first illustrate this situation by some examples. It is
observed that we call the dimension as three or pair dimension
as two.

Example 2.23: Let M ={a+bg+c(-g)|a,beQ,g=15¢
Zs, g =225 (mod 40) = 25 = —g (mod 40)}. Soifx=8+3g+
8 (—g) = 8 + 3g + 8g' where g” = g’ (mod 40), g’ = —g.
(This notational compromise is made to avoid the confusion
—8 (—g) = 8g but it is —8g’ so that we will make this notational
change) and y = 3 + 4g + Sg’are in M then
x+y=11+7g+ 13g
Xxy=xy=(8+3g+8g)x(3+4g+5g)
=24+ 9g + 24g' + 32g + 12g” + 32g'g + 40g’ +
15gg’ +40(g")’
= 24 + 88g + 116¢g’
(using the fact g* = 225 (mod 40)
25=g' =—gand (g')’ = 625 (mod 40)
=25 =g’ (mod 40) and gg’' = g = g'g (mod 40)).
Clearly xy =24 + 88g + 116g" € M.

Example 2.24: LetP={a+bg+tcg |a,b,cecQ;g=2,g =4
€Z¢gg=2=gg 2 =g =4=-2(mod 6) and g’ =g, (mod
6)} be the complete quasi special dual number pair general ring.

Example 2.25: LetS={a+bg+cg |abceZ g=4andg
=6 € Zy, g/ =6 (mod 10), g’ = 6 =—g (mod 10), g1g; = g>g) =
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6 x 4 =4 (mod 10)} be again the general ring of complete quasi
special dual number pair.

Example 2.26: Let S = {xX; + X2 + X321 | X1, X2, X3 € Q; g=6
and g, = 8 € Z,4 are such that g =36 =8 =—6 (mod 11), 8 =8
(mod 14), 8% = 8 (mod 14), g.g; = g1 = 6} be the complete
quasi special dual pair general ring.

Example 2.27: Let S = {X; + X,g + X381 | X1, X2, X3 € Z7,
g=(-1,-1,-1,-1),g=(1,1,1,1)=—gand g, = (1, 1, 1, 1),
gi1g = gg1 = (-1, =1, =1, —=1)} be the finite general ring of
complete quasi special dual number pair.

Example 2.28: Let M = {x; + Xog + X3¢ | X, € Q; 1 <1< 3,
g=(-1,-1,-1,-1,-1,-1,-1) and g;=(1, 1, 1, 1, 1, 1, 1),g12=g1,
g’ =g, g.g = gg, = g} be the finite general ring of complete
quasi special pair.

a=5+3g+4g,andb=8+7g—-8g e M,
a+tb=13+10g—4g,
axb=(5+3g+4g) (8+7g—8g)

=40 + 24g + 32g, + 35g + 21g” + 28g,g — 40g, —

24gg, - 32¢g/
= 40 + 24g +32¢g, +35g + 21g; + 28g + 40g, — 24g —
31g;

=40+ 63g+ 62g, € M.
M is a complete special quasi dual pair.
Example 2.29: Let

P={x; +xg+x:g1[x € Q; 1 <13,

Ll n) (T
SO U T E70 1) ®

so that g% =—g =g}
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be the complete special quasi dual number pair. (I is the
indeterminate such that I* =1I).

Now having seen examples of complete quasi special dual
number pair we now proceed onto develop algebraic structure
enjoyed by them.

() M={x;+ X8+ X8 | xi€ Q,1<i<3,g°=g =-gand
g’ =g, gig=gg = g} is a group under addition, +.

(2) M is a semigroup under product, x.

(3) (M, +, x) is a commutative ring.

In case of complete quasi special dual pair numbers we can
define semirings / semifields.

We will illustrate this situation by some examples.

Example 2.30: LetP = {x; +xg+x:g | x;€ Z', 1 <i<3, g’ =
g, g =g and g,g=gg, =g} U {0} be a semiring. Infact P is a

strict semiring P is infact a semifield of complete quasi special
dual pair numbers.

Example 2.31: LetM = {x; +x,g +X3g, |xi € Q', 1<i<3, g
=2andg =4 € Zs, g = g, and g =4, gg=gg =g} U {0} is
again a semifield of complete quasi special dual pair numbers.

Ifx=8+10g+3giandy=3+7g+5g €M
x+ty=11+17g+8g €M
and xy = (8 + 10g +3g,) (3 + 7g + 5g1)
=24 +30g + 9g, + 56g + 70g, + 21gg, + 40g; +
50gg, + 15¢;
=24 +30g+9g, + 56g + 70g, + 21g + 40g; +
50g + 15g;
=24+ 157+ 134g, ¢ M.
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Example 2.32: Let

M={x +xg+xg |x;e R, 1<i<3,
SR T B A 11111
= an = ;
S T T R T Bl 1111
g =gLgig=gg =g g =g} U0}

be the complete quasi special dual number pair semifield.

Example 2.33: LetS={x, +xg+x3g |xeZ,1<i<3,
g=38, g =16 € Zy, g =64 =16 (mod 24) = g, and g =256,

gig=gg =g g =g} U {0} be the complete quasi special dual
number pair semifield.

Note: If in the above examples we permit Z* U {0} in the
place of Z" we see the semirings / semifields continue to be
semirings / semifield with a small charge; if x € S the semiring
S = {x; | (x; € Z'U{0} or Q'U{0} or R"U{0}) or xug; X, €
Q"U{0} (or Z"'U{0} or R"U{0} or x3g, where x; € Q" U {0}
(or Z" U {0} or R" U {0})}. But if we take only Z" or Q" or R”
every element in S is of the form x; + X,g + X3g; (X}, X2, X3 € Q"
or Z" or R"). That is every element is a complete special quasi
dual number pair.

Thus only introduction of complete quasi dual special pair
number could lead to semiring / semifield structure in case of
quasi special dual numbers we cannot have semiring / semifield
structure.

Further at this juncture we can equivalently define a
complete quasi special dual pair or quasi special dual number
component as follows.
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We say a pair (g, g1) is a complete quasi special dual pair
number or a quasi special dual number component if

() g =g (=-g) (i) g =g and gig=gg =g

That is g is the quasi special dual number component which
contributes to quasi special dual number.

We will illustrate this situation using neutrosophic rings
(ZUI) or {QUI) or (RUI).

Let g = (-I,—1,...,-) (I’ =T is the indeterminate)
2 _ -
g = (LL..,.I) =—g.
n—times
Letg = (1, ..., 1) then g =g, and gg, = g;g = g with
=g
Thus {(-I, -1, ..., =D, (I, I, ..., D} is the complete quasi

special dual pair or quasi special dual component of X = x; + X,g
+ X381.

-1 1 I

- ) I I
Takeg=| . |,gxng=g'=-g=|.|. Letgi=].|,

-1 1 I

then g2 =g;and gf =g, with gg, =gig=g.

mxn
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I T ... 1
I T ... 1
(m;tn)thengz:gxng: . =-g.
I 1 I
Let
I 1 |
I ... 1
g1: : . : (min)a

I 1 ... 1

then g; xng1=ngglandgxnglzglxg=g.

Thus {g, g} is a complete quasi special dual pair number

component.
Finally
-1 -1 -1
-1 -1 -1
letg = .
-1 -1 -1
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I 1 I
I 1T ... 1 X

Ifg = . , =g %, g = g =g and
I 1 ... 1

2X 81 =8 % g=8
Certainly under usual product g; x g, # g, and g x g # —g.
Alsogx g #g xg#g.

Thus using these neutrosophic matrices we get complete
quasi special dual pair component.

Alsoif (-1,-1,...,—1)=gthengx, g=g’=-g=(1, 1, ...,
1)and if g, = (1, 1, ..., 1) then g* = g, g=g, g =gg=¢g
Thus {g, g} acts as a complete quasi special dual number pair
component.

We can use all —1 entries as column matrices so that

—11,| 1] | is a complete quasi special dual number pair

component.
-1 -1 -1 I 1 1
. . -1 -1 ... -1 I 1 ..
Likewise || . . : .. . (m # n)
- -1 .. =1 |1 1 .. 1]

is a complete quasi special dual number pair component.
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-1 -1 -1 1 1 1

-1 -1 -1 11 1
Also .

- -1 .. -1 {11 .. 1]

is again a complete quasi special dual pair number component.

All this can be used to build rings, semirings which have
elements of the form x; + x,g + x3g; with g* = g, (g; = —g) and

g =ggg=gg=¢g
xi€Q,(Q U {0})(orZ, Z" U {0} orRorR" U {0}).

However all these (1) or (1) matrices will not and cannot
contribute to higher dimensional complete special quasi dual
number pair rings (or semifield).

Further the rings of complete special quasi dual number
pairs are never fields but they are Smarandache rings.

Certainly using g and g; such that g =g, =—gand g’ = g,
g1g = gg; = g we can only get complete quasi special dual pair
number semiring of dimension three as it is impossible to have
the concept of —g in semirings for the structure to be a semiring.

Next we proceed onto describe with examples the concept
of vector space and semivector space of quasi special dual
numbers and complete quasi special dual number pairs.

Example 2.34: Let M= {a+bg|g=2¢cZs g =4=—g c Z,
a, b € Q} be the vector space of quasi special dual numbers
over the field Q.
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Example 2.35: Let

S= ) a;,=x;tyjgwhereg=4 e Z

is such that 4° = 6 (mod 10) that is g* = —g, x;, yi € R,  <i<9}.

(i)  Sisa group under +.

(i) (S, x,) is a semigroup with zero divisors.

(iii) (S, +, x,) is a ring, commutative and has zero
divisors.

@iv) (S, +, x,) is a Smarandache ring.

(v)  Sisa quasi special dual number vector space over
R.

(vi) S is a quasi special dual number Smarandache
vector space over the S-ring.

P={a+bg|abeR;g=4¢€Zo g =-geZo}.
Example 2.36: Let S = {(a, a, ..., a15) | 8 = x; + y;g where x;,
yieQ1<i<15andg=6 € Z; 6°=—6=9 (mod 14)} be the
general quasi special dual numbers vector space over the field

Q. S has subspaces.

Example 2.37: Let

al a2 a7
S=<la;, a, .. a,||la=xityg 1<1<21,x;yi¢€Z;
a’lS a’lé a’21

g=8¢eZp, gZZ,geZIZ}

be the group under ‘+’ of quasi special dual numbers. S is nota
vector space as S is defined only on Z.
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If Z is replaced by Q then certainly S is a general vector
space of quasi special dual number matrices over the field Q.
Infact using the natural product x,; S will also be a general
linear algebra of quasi special dual number matrices over Q.

Example 2.38: Let

S= > 3, =x;tyg 1<i<16,

X, Vi € R; g =10 € Zy, g =100 =12 = —g (mod 22)}

be a general vector space of quasi special dual numbers over the
field Q.

T is only a general non commutative linear algebra of quasi
special dual numbers under the usual matrix product, but is a
commutative linear algebra of quasi special dual numbers under
the natural product x,. We can construct polynomials with quasi
special dual number coefficients.

Let V= {X a x; | a = x; + yig with x;, y; € R, g is such that
g’ = —g is the special new element} be the polynomial collection
with special quasi dual number coefficients. Using this
structure we can build vector space / linear algebras of special
dual like numbers which will be illustrated by examples.

Example 2.39: Let

a; = x; T yig where x;, y; € R;

W= {i ax'
i=0

g=2 € Zgso that g =—g =4};
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W be a ring called the ring of polynomials in the variable x with
coefficients from the quasi special dual numbers. W is also a
general vector space of quasi special dual numbers over the
field R (or Q). Infact W is a linear algebra of quasi special dual
numbers.

Take p(x) = (5 + 8g) + (3 +g)x* and
qx)=(8 +4g)x + (2+g)x2 +4g e W.

p(x) +q(x) = (5 + 12g) + (8+4g)x + (5+2g)x" € W.

p(x) x q(x) = (5 + 8g)dg + (3+g)x” x 4g + (5 + 8g)
(8 +4g)x + (3+g) (8 +4g) x’ + (5 + 8g)
(2+)x* + (3+g) 2+g)x*

= (20g — 32g) + (12g — 4g)x” + (40 + 64g + 20g —
40g)x + (24 + 8g + 12g — 4g)x’ + (10 + 16g +
5g— 89X’ +(6+2g +3g—g)x'

=_12g + 8gx* + (44g + 40) x + (24 + 16g) x> +
(10 + 13g)x* + (6 + 4g)x*

=—12g + (40 + 44g)x + (10 + 21g)x* + (24 +
16g)x’ + (6 + 4g)x*
isin W.

Properties like ideals, subrings which are not ideals
irreducible polynomials, solving for roots of polynomials etc
can be carried out as a matter of routine. Infact roots will be
from R or Rg or a+ bg a, b € R and g is such that g* = —g. Itis
interesting to study these polynomials and finding roots of them.

Next just indicate we can get finite vector spaces of special
quasi numbers. We will illustrate these situations by examples.

Example 2.40: Let

S={a+bglabeZyg=2cZ,g =g
be a general vector space of special quasi dual numbers over the
field Z5;. S is of finite order and finite dimensional over Zs;.
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Example 2.41: Let
T=4] . =X TYig, Xi, ¥i € Z113,

1<i<10,g=4 € Zy, g* =g}

be the general vector space of special quasi dual numbers over
the ﬁeld Z]13.

Example 2.42: Let M = {(a,, ay, ..., a;5) where a;= x; + y;g; X;,
yi € Zu7, 1 i< 15, g =15 € Z4, g = —g} be a general vector

space of special quasi dual numbers over the field Z,,.

Example 2.43: Let

S=<1 a;=x +yg, 1 <i<30,
Ay Ay Ay
Xi, Yi € Z597 g= 24 e Z407 g2 =—g= 16}

be the general vector space of special quasi dual numbers over
the field Z59.

Example 2.44: Let

a a .. a
‘]7 1 2 18
|: :|
dg Ay ... Ayg

X Vi€ Z, 1<i<36;g=5¢€Zj5, g =10=—g}

a; = X; T yig,




Quasi Special Dual Numbers | 35

be the general vector space of special quasi dual numbers over
the field Z,.

All these vector spaces can also be made into linear algebras
of special quasi dual numbers over the respective fields.

Finally we give one example of a non commutative linear
algebra of special quasi dual numbers.

Example 2.45: Let

4, a, 4
P=4la, a; a,||wherea;=x;+ygwithx,yi € Zs,
a7 a8 a9

g=2¢eZ,g =—g}

be the non commutative general linear algebra of special quasi
dual numbers under the usual product x of matrices.

Example 2.46: Let

M= {Zaixl a; = X;i + Yig; Xi, yi € Zs, 0 <1< 005

i=0

g=5eZs5g =-g=10}
be a general linear algebra of special quasi dual numbers.

If p(x) = 3 +2g + (1+3g) x
and q(x) =4 + 3g + (1+g)x* are in M.
p(x) + q(x) =2+ (1+3g)x + (1+g)x* € M.
p(x) x q(x) = [(3 +2g) + (1+3g)x] x [(4 + 3g) + (1+g)x’]
= (3+2g) (4+3g) + (1+3g) (4 + 3g)x + (3+2g)
(1+g)x> + (143g) (1+g)x’

=(2+2g+4g +4g)+ (4 +2g+3g+ g)x +
(3+2g+3g+3g)x* + (143g + g + 2g)x°
=2+ (4+g)x + 3+3g)x* + (1+g)x’ € M.
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Example 2.47: Let

a; = X; T yig; X;, ¥i € Zs, 0 <1< 00;

i=0
g=14 e Z,, g =7=-14}

be the general linear algebra of special quasi dual numbers over
the field Zs.

Now having see examples of vector spaces / linear algebras
we proceed onto give examples of semivector spaces.

Example 2.48: Let
M={x+yg|x,yeZU{0},g=14€Zy, g =-g=7 € Zy}
be a general semivector space of special quasi dual elements
over the semifield Z" L {0}.

Clearly M is not a semilinear algebra over Z" U {0}.

Example 2.49: Let

al
a, .
W= ) a; = x; + yig with

alS

X, yi€e QU {0},1<i<15,g=2 ¢ Z

be a general semivector space of special quasi dual numbers
over the semifield Q" U {0} (or Z" U {0}).

Clearly W is not a general semilinear algebra of special
quasi dual numbers over Q" U {0} (or Z" U {0}).
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Example 2.50: Let

a;=x; +yig with x;, y; € R" U {0},

1<i<10,g2=6 € Zy4, g =36 =8 (mod 14)}

be the general semivector space of special quasi dual numbers
over the semifield Z" U {0}.

Clearly S is not a general semilinear algebra.

Example 2.51: Let

al a6

a, ... ap .
P= . . Q=X+ Yig with

a31 a36

X, yi € Z'U {0}, 1 <i<36withg=2 € Z¢}

be the general semivector space of special quasi dual numbers
over the semifield Z" U {0}. Clearly P is not a semilinear
algebra.

It is pertinent to mention here that we can use instead of
semigroups under ‘+’ groups under ‘+’ of special dual numbers
and build semilinear algebras.

Example 2.52: Let M ={a+bg|a beQ, g=14 € Z,,
g” =19° (mod 21) = 7 = —g} be the semivector space of special
quasi dual numbers over the semifield Z" U {0}. Infact M is
also a semilinear algebra of special quasi dual numbers over the
semifield Z" U {0}.



38 | Special Quasi Dual Numbers and Groupoids

Example 2.53: LetS = {(a;, a, a3) |ai =Xt yig; X, yi € Z; 1 <
i<3,g=2¢€Zs, g =4=—g c Z} be the semivector space of
special quasi dual numbers over the semifield Z" U {0}. Infact
S is also a semilinear algebra of special quasi dual numbers over
the semifield Z" U {0}.

Example 2.54: Let
P= S la=xtyig X,y € Z, 1 <i<19 with

g=24 € Zy, g =16=—g € Zy}

be the semilinear algebra of special quasi dual numbers over the
semifield Z" U {0} under the natural product x, of matrices.

Example 2.55: Let
. (al amj
A, ... Ay

be a semilinear algebra of special quasi dual numbers over the
semifield Z" U {0} under the natural product x, of matrices.

=X TYyg X, yi € Z,1 <1<20,

g=15¢€ Zy, g =25=—g € Zy}

Example 2.56: Let

4=XTVg X, yi € Z, 1 <i<4,

g=5¢€Z;s, g =10 (mod 15) =—g}
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be the semilinear algebra of special quasi dual numbers over the
semifield Z" U {0}.

Example 2.57: Let

ai=x;tyigwithx; y; € Z,g=2 € Zg}

S= {iaixi
i=0

be the semilinear algebra of polynomials of special quasi dual
number coefficients over the semifield Z" U {0}.

Now we can build both vector spaces and semivector spaces
using the notion of complete special quasi dual pair numbers.
This we will illustrate by an example or two.

Example 2.58: Let W= {a+bg+cg |ab,ceQ;g=2and
gi=4eZog =g =-gand g =4, gg =gig =g} be the
vector space of complete special quasi dual number pair over
the field Q. Infact W is also a linear algebra.

Wesee V={a+bg|abeQ g=2¢cZs and W are
identical as vector spaces as g = —g.

However we see the difference occurs only when we use
semivector space with elements from Q" U {0} or R" U {0} or
Z"'U{0tas-1¢R orQ orZ".

Example 2.59: Let M= {a+bg+cg |a,bceQ U0} g=
5 € Zis, g =10 so that gZ = 10 (mod 15) = —5 (mod 15) and g’
= g, with gg, = g;g = g} be the semivector space of complete
special quasi dual numbers over the field Q" L {0}.

Example 2.60: Let T = {(a,, a,, ..., a;) with aj = X; + Xog; + X3g
where 1 <j<7,g=15,g =25 € Z4, g =g = 25 (mod 40),
gg=gg =gandg’=—g=g;x € R"U {0}; 1 <i<3} bethe
semilinear algebra of complete special quasi dual pair numbers
over the semifield Q" L {0}.
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Example 2.61: Let

al
a, . .
M= S lla=x T xg+x3gy with 1 <i< 15,

15
xx e Z U{0},1<i<3andg=4and g, =6 € Z,

g2=6=g1 =—gand gf =g1; 881 =218 = g}

be the semilinear algebra of complete quasi special dual pair
numbers over the semifield Z" U {0}.

Example 2.62: Let

a’l aZ a'10
S= a, A, .. Ay ||a=XTXg+Xsg
Ay Ay .. Ay

with 1<i<30,x, € Z" U {0}, 1 <k<3andg=2
and g, =4 € Z¢}
be a semilinear algebra of complete quasi special dual pair
numbers over the semifield Z" U {0} under the natural product
x, of matrices.
Example 2.63: Let
g & &

S= Do lg=x txgtxsh
iz 8B 85
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with1<i<15,x, e Z U {0},1 <k<3and
g=15andh=25 € Z; g2 =25=handh’*=h gh=hg=g}

be the semilinear algebra of complete special quasi dual pair
numbers over the semifield Z" U {0} under the natural product
X

Likewise consider P = {Z aixi a; = X; + Xog + X3g; where

i=0

x;eZ'U{0},1<j<3;g=2€Zs4=g, g =4, g =4=—g;
g1g = gg; = g}; P is a semifield of polynomials with coefficients
as complete special quasi dual pair number.

If Z" U {0} is replaced by R" U {0} or Q" U {0} still we
continue to get semifield of polynomials with coefficients as
complete special quasi dual pair numbers.

Example 2.64: Let

S= {Zaixi a; = X| T Xpg + x3g; with

i=0

X1, X2, X3 € Q U {0}, g=15and g =25 € Z4}

be the semilinear algebra of polynomials with complete quasi
special dual pair numbers over the semifield Z" U {0}.

Example 2.65: Let

P= {Zaixi a; =X + X»g + x3g; where x, € R" U {0},

i=0

1<k<3,g=24,g, =16 € Zy withgg, =gig =g,

g =gi=16,g=24=g=-¢g}
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be the semilinear algebra of polynomials with complete quasi
special dual pair numbers over the semifield Q" U {0} (or R" U
{0} or Z" U {0}).

Example 2.66: Let

a; = X; + Xog + x3g; where x; e R" U {0},
i=0

P= {Zslaixi

1<j<3,g=14,g1=7 € Zy, withg’=14=—g, ¢’ =g,

gig=gg =g=14}

be only a semivector space of complete quasi special dual
number pairs. P is clearly not a semilinear algebras as

p(x)=(8 +3g+ 6g)x* + (2 +2g + g;) and
qx)=CB+g +gx +(2+g+2g)x eP.

But p(x) x q(x) = (8 +3g+6g)) x 3 +g +g)x +
(2+2g+g)(B+g +gx +
(8+3g+6g)(2+g+2g)x +
2+2g+g)(2+g+2g)x ¢P.

Hence P is only a semivector space of complete special
quasi dual pair of numbers.

All properties associated with semivector spaces, semilinear
algebras, linear algebras and vector space can be easily derived
in case of complete special quasi dual pair without any
difficulty. Interested reader can work with them, however
several problems in this direction are suggested in the last
chapter of this book.



Chapter Three

HIGHER DIMENSIONAL QUASI SPECIAL
DUAL NUMBERS

In this chapter we for the first time introduce the notion of t-
dimensional quasi special dual numbers t > 3. However it is
pertinent to keep on record that apart from these modulo
integers the other source are from the neutrosophic numbers.

We will first illustrate by examples or —1 and 1 in matrix
form.

Letx = (-, -, -I, D), x*=, L) =L1 1=

Thus a+ bx,a,b € Ror Cor Q or Z or Z, is a quasi special
dual number.

) ) -1 -1 -1 -1 -1
Likewise x = 5
-1 -1 -1 -1 -1

x under natural product x, is given by
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11111 )
X Xy X = SO X X, X =X~ = —X.
1 1111

This is yet another way of building quasi special dual
numbers by a + bx with a, b € R or C or Z or Z,.

-1 -1 -1
Lety= - be such that
-1 -1 -1
-1 -1 -1
111
, |1 11
Yy X, y=y = L1 =—yand
111

a+by,a,be R (orQorZ,orZorC) is a quasi special dual
number.

-1 -I -I -1 -1
Letx = be such that
-1 -I -I -1 -1

, (I T.1T 11
X = = —x under the natural product x,.
I T 111

Thus using these matrices we cannot get any desired
number of quasi special elements.

Example 3.1: Let x =a+ bg; + cg, with gy =3 and g, = 8, g,
g € Z1;. We see X is a quasi special dual number.

x =(at+bg tcg)andy=c+dg tex
xy =(a+tbg; +cg)(c+dg +eg)
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=ac + beg, + c’g, + dag, +dbg’ +dcgg, +
eag, + beg;g, +ce g§

=ac + bcg, + dag; — dbg; + eag, —ceg, + c2g2
=ac + (bc + da—db) g, + (ea — ce + c))g,

is again a three dimensional quasi special dual number.

Example 3.2: Let M = {a + bg; + cg; where a,b,c € Z, g, =
(-1, 0,0, 0); g2 = (0,0,0,-D; g =(1,0,0,0)=-g and g} =

0, 0, 0, I) = —g, and g2, = g1 = (0, 0, 0, 0)} be a three
dimensional quasi special dual number.

Example 3.3: Let

P ={a; +axg +asg +asgs +asgs + asgs + as8¢ | aj € Z,

1<j<5;
[T 0] 0] [0 ]
0 -1 0 0
0 0 -1 0
g = 0 > 82 = 0 » 235 0 > 24 = gl
0 0 0 0
| 0 | 0] | 0] 1 0]
0] 0]
0 0
g = 0 and g = 0
0 0
-1 0
_0_ __I_
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witth?:—gj; I<j<6and g x, g =g *xng = ifi#j;

S O O o o O

1 <1, j £ 6} be the collection of all seven dimensional quasi
special dual numbers.

Example 3.4: Let

W = {a; + arg + asg + asgs + asgs + ags + a7 + agg7 + aogs |

2;,€Q,1<1<09;
-1 0 0 -I 0 0
10 0 10 0 -1 0
g1 0 0 > &2 0 0 > 83 0o ol
0 0 0 0 0 0
0 0 0 0 0 0
10 I B 0 |00
A VN I P S TV
0 0 0 0 0 0
0 0 0 0
0 0 0 0
= and gg = with g7 =—g;
g7 0 0 8s 0 0 250 8k
-1 0 0 -I
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1<k<8andg x,g=g x,g= ifi#j;1<1,j<8}

S O O O
S O O O

be the nine dimensional quasi special dual numbers.

Only this method allows one to construct any desired
dimensional quasi special dual numbers.

Now we can have several such numbers.

Justlike neutrosophic numbers helped in constructing
special dual like numbers neutrosophic numbers help in
constructing quasi special dual numbers of higher dimension.

We will illustrate this situation by some examples.

Example 3.5: Let
W= {a; +ayg +a3g +asg; +asg, +

N | I 0 O
a a = R
625 786 | 81 00 0

[-100] foo1] oo -I
g2 0009g30007g40005
00 0] 0 0 0
= and g¢ — .
7o 1 0™ o 1 0

0 00

ifizj, g8 =g,,i=2,3,4,5,6,
O O O:| J g1 gl

gixngj:{

that is
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Cfoo 1] oo 1] [oo01 "
= Xn = =g3; Wi
8710 0 o 00 0| [0o0o ¥

g =-g,1=1,2,3,4,5. ggeZ U {0};1<j<7}
be the complete quasi special neutrosophic dual number pair.

Example 3.6: Let

a, a, a,
M= where a; = x; + X,g + X3 + xsh +
a, a, a,

xsh; where x; € Q" U {0}, g =15, g, =25, h =24 and
h1:16EZ40, 1SJSS,1S1S6}

be the complete quasi special dual number pair.

Clearly M is a semigroup under + also M is a semigroup

under x,. Infact (M, +, x,) is a commutative strict semiring.

Example 3.7: Let M = {a; + a,g + a3g; + ash + ash; + agk + a/k,
lase Q U {0},1<i<7,g=(1-1,0,0,0,0),g =(,10,0,
0,0),h=(0,0,-1,-1,0,0)h; =(0,0,L, 1, 0, 0), k= (0, 0, 0, 0,
—I, -I) and k; = (0, 0, 0, 0, I, I)} be the semigroup of complete

quasi special dual number pair under product.

Example 3.8: Let S = {a; + ayg| + a;g + ash + ash; + ack + a7k,
€2 U{0},1<i<7,g=(-1,0,0), g =(,0,0), h=(0, I,
0), hy = (0, I, 0), k = (0, 0, -I) and k; = (0, 0, I)} be the

semigroup under product.

Weseeg+g =g+g =0.

However we do not add g + h or g; + h; or g + h; and so on

=g =-gh’=+h=-hand kK= k =k
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However we cannot add h; + g = (-1, I, 0) where (h; + g)* =
(L I: 0) * hl + gor :7(h1 + g) or = (0’ 05 0)

Thus we do not perform addition of g with h or h; or k or k;,
however g* = —g;.

Example 3.9: Let S = {a; + ayg + a3g; + ash + ash, | a; € Z,
1<i1<5,g=15,g, =25=-g(mod 40), h=24 and h, =6 =-h
(mod 40)}. We see P = {g, gi, h, h;, 0} is a semigroup under
product. However P is not closed under ‘+’. However P U {1}
is a monoid under x.

We call P U {1} as the semigroup associated with quasi
special dual numbers. Using P U {1} we can construct
semigroup ring and semigroup semiring which will form the
collection of complete quasi special dual number pairs rings or
semirings respectively.

We will illustrate this situation by some examples.

Example 3.10: LetS={1,0,3,4,8,9} cZ), is the associated
semigroup of special quasi dual number component.

Let Q be the field of rationals QS be the semigroup ring of
S over Q.

Suppose
S= {1 =g g2:3,g3:4, g4=8andg5=9, 0} ngz.

Then QS = {X; + X2 + X383 T X484 + X585 | Xi € Q; g € S
and g, = 1 sox;g; =x1, 1 £1<1;2 <5 <5} QS is the general
ring of complete quasi special dual number pairs.

QS has zero divisors, units and idempotents.

Thus as we get using complex number C = {a + bi | i* =—1}
quasi special dual numbers a + bg, g =-ganda,b € C.
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S = {a + bg | g = —g with a, b are complex numbers} and
quasi special dual complex modulo integers.

P=1{a+bg|g =-gwitha b e Z, Z, the modulo
integers}.

We see in case of complex numbers or neutrosophic
numbers we cannot extend it higher dimension.

But in case of quasi special dual numbers we can extend the
notion to any desired dimension. That is if {g;, g, ..., g} are

t-distinct quasi special dual numbers such that g’ = —g; and
gigi=giorgiorOifi=j 1<i<t.

So Q(g1, g2 -5 8) = X1+ Xog1 + ...+ X g s the tF]
dimensional quasi special dual numbers.

Q(g1, &, ..., g) is aring and not a field.

Let us consider (Q" U {0}) (g, ..., g) We see we cannot
give any structure except (Q° U {0}) (g, ..., g) is just a
semigroup under ‘+’.

However if we denote the collection (—gi, ..., —g;) as say
(hy, hy, ..., hy) then with such modification we can build.

V=Q u {0} (g, ..., g hi, hy, ..., )

= {Xl +X2g1 + ...+ Xt+1gt+y1h1 + ... +ytht | Xiyj € Q+U {0}
with gi=h;; 1 <i<t gg =hjorh;orgorgor0,1<i,j<t}.

Clearly V is a semigroup under x infact V is a semiring.

In case of rings R, the addition of hy, ..., h, is not essential
as for every a € R, —a € R so we can say even if we write

Q(g1, &, ---» g5 hy, hy, ..., hy) yet both Q(gy, ..., g, hy, ..., hy) is
isomorphic with Q(gy, ..., g) as rings.
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Now we can have Z.(g, ..., g&) is isomorphic with Z,(g,
.ees &, hy, ..., hy) as rings.

Thus the study of rings and semirings in case of special
quasi dual numbers can be taken as a matter of routine.

We only indicate by some simple examples how vector
spaces, semivector spaces and Smarandache semivector spaces
can be constructed using the notion of complete special quasi
dual pairs of numbers.

Example 3.11: Let M = {(a}, a5, ..., ) | & = X, T yig + zig; +
m;h + n;h; where x;, y;, z, m;, n; € Q; 1 <i1<6; g=15, g =25,
h =24 and h; = 16 in Z4} be the complete vector space of quasi
special dual numbers pairs over the field Q.

Take M; = Q(g, g1, h, h)) = {x; + xog + x3g; + x4h + xsh; | x;
e Q;1<i<5}.

Clearly suppose we take S = {0, 1, 15, 25, 16, 24} < Z4 we
see (S, x) is a semigroup given by the following table.

0 15116 |24 |25
0j]0jJ0j0]0]|O0
0 15 |16 | 24|25
1I5(0(15(25|1 0|0 |15
16 (016 0 |16 24| 0
24101240 |24(16| 0
2510251510 | 0 |25

Consider the semigroup ring QS of the semigroup S over
the ring Q.

Clearly QS = M,, so infact we can say QS the semigroup
ring is a vector space of complete special quasi dual pairs over
the field Q.
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It is clear QS is a linear algebra.

Also we can say M; is isomorphic with QS as well as
Q(g, h) as rings or linear algebras where g =—g = g, and h, = -h
= h;. Thus without loss of generality we can work with

N = {(a;, @, ..., 8) | 8, = X; + Xpg + x3h, 1 <1< 6} as M is
isomorphic with N as linear algebras however they are not

isomorphic as vector spaces.

Example 3.12: Let

a
P= * | where a;=x; + Xog + X3g)

a13 al4 alS a16

where Xi, X5, X3 € R, g=8,g/=4 € Z5, 1 <i< 16}

be a vector space over R of complete special quasi dual number
pair over the field R.

We see P is a commutative linear algebra over the field R
under natural product x, and a non commutative linear algebra
over the field x.

We see if S = =X, T Xog

where x;, x, e R, g=8 withg’=4 € Z,, 1 <i< 16}

is again a commutative linear algebra over R under x,.
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We see S and P are isomorphic as linear algebras but are not
isomorphic as vector spaces.

Example 3.13: Let

a; = X1 + Xog + X3g; + x4h + xshy;

1Si£12,xjeQ;1SjSS,g=6,g1=15,h=14,h1=76221}

be a vector space of special quasi dual pairs over the field Q.

a; =X + X,g + x3sh where

g=6andh=14 € Z5, X, X3, X3 € Q, 1 <1< 12}
is a linear algebra of quasi dual pairs over the field Q.

Example 3.14: Let

S = 2 a; = X1 + Xog + X381 + x4h + x5h; + x6k + x7k; +

Xsp + Xop; where 1 <1<4,x € Q uU{0};1<j<9,g=(1L0,
0,0),g =(,0,0,0), h=(0,-1,0,0),h,=(0,1, 0, 0), k= (0, 0,
-1, 0), k; = (0, 0, I, 0) and p = (0, 0, 0, 1) and p; = (0, 0, 0, )}
be a vector space / linear algebra of complete quasi special dual
number pairs over the semifield Q" U {0}.



54 | Special Quasi Dual Numbers and Groupoids

Example 3.15: Let

a1 aé all
a2 a7 a12
S=<la, a; a;||a=xo+x,g+xhwhere

-1 -1 -I 0 0 O
g= and h= ,
0 0 0 -1 -1 -I
Xo, X, X; € Z' U {0}, 1 <i< 15}

be the semivector space of quasi special dual numbers over
Z"U {0}.

S is not a linear algebra.

Example 3.16: Let

a1 a2 a10
P=<la, a, .. a, || a=xot+xg+xhwhere
A, A, .. Ay

gi=15andh=24 € Z4, X, X1, X, € Q" U {0}; 1 <i<30}

be a semivector space of special quasi dual numbers over the
semifield Z" U {0}.

Clearly P is not a semilinear algebra.

Thus we have semivector spaces which are not semilinear
algebras, however if these semivector spaces of complete quasi
special dual number pairs then certainly these semivector spaces
will be semilinear algebras over Z" U {0} or R" U {0} or Q" U
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{0}. Now we can also have the simple notion of polynomial
rings of quasi special dual pair numbers and polynomial
semirings of complete special dual pair numbers.

We will just illustrate this situation.

Example 3.17: Let

S= {Zaixi a; =y 1 y»g + y;h where

i=0

-I -1 0 dih 0 0 -I d 9
= and h= andy; € Q;
8 -I -1 0 0 0 -I y

g’ =—gandh’=-h,1<i<3}

be the polynomial ring of quasi special dual numbers.

Example 3.18: Let

a; = X; T Xog + x5k where

M= {Z aixi
i=0
X1, X2, X3 € Ry g=15and k=24 € Z,}
be the quasi special dual number ring of polynomials.
All concepts of reducibility / irreducibility and roots; etc
can be done as a matter of routine. However roots of

polynomials can also be special quasi dual number.

Further Q or R can also be replaced by C and still the
conclusions hold good.

Suppose we now use Z, instead of C or Z or Q or R; we
give a few examples of them.
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Example 3.19: Let

M= {Zaixi a; = x| + Xog + x3k where g = 14

i=0

andk=6 ¢ 221, X € 2240, 1 S] < 3}
be the special quasi dual numbers polynomial ring.

Example 3.20: Let

M= {Z:aixi a; = X; + X,g + X3k where g = 6,

i=0

k=14 € Z5,x,€ Q" U {0}, 1 <j<3}.

M is only a semigroup under ‘+’ and M is not closed under
product for
p(x) =9gx’, q(x) =2g + 3kx in M

p(x) x q(x) =9gx’ (2g + 3kx)
= 18g’x” + 27gkx*
=—18gx’ + 0 ¢ M.

Example 3.21: Let

a; = Xy + X,g + X3k + x4h where

P= {Z ax'
i=0
-1 0 0 O 0 -1 00
g= , k= and
-1 0 -1 0 0 -1 00

p|9 0 A Z' U0y 1<j<4)
= XielZ U ;1<5<
00 0 -1 !

be the semigroup under ‘+’.




Higher Dimensional Quasi Special Dual Numbers | 57

Clearly P is not a semigroup under x.

Take p(x) = 3 + 2gx + 4hx” and
q(x) = 4g + 5hx’ + 2gx’ in P.

Consider
p(x) x q(x) = (3 + 2gx + 4hx?) x (4g + 5hx’ + 2gx°)
= 12g + 8g’x + 16ghx” + 15hx® + 10ghx* +
20h’x’ + 6gx° + 4g°x° + 8ghx’
=12g + 8(—g)x + 0 + 15hx> + 20(-h)x’ + 6gx’ + 4(—g)x°
Clearly p(x) x q(x) ¢ P. Inview of this we have the
following result. Only if we take the collection of all complete

special quasi dual number pairs then only we get a semigroup
under x and hence a semiring.

We will just illustrate this situation by some examples.

Example 3.22: Let

a; = X; + Xog + X381 + x4h + xsh;

M= {iaixi

i=0

where x; € Q" U {0}
1<i<5 o= -1 0 0 O (I 0 0 0
SIEET 0 a0 o1 o)
0 0 -I -I 00 I I
h= ,h1: .
0 0 0 -I 0 0 01
M is a semigroup under product and infact a semiring.

However M is not a semifield as M has zero divisors, p(x) =
3gx’ and q(x) = 4hx’ € M then
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p(x).q(x) = 3gx’ x 4hx’= 12ghx'’ =0 as
gh= y
10 -1 0) {00 0 -I
(00 0 0
000 0/
Hence the claim.

Example 3.23: Let

a; = X; T Xog + X3g; + xsh + x5hy; x5 € Z7 U {0},
i=0

P={Zaixi
1<j<5g=6,g1=15,h=14andh; =7 € Z,,. gg| =g,
hh; =h, g xh=0 (mod 21), g; x h=0 (mod 21),
g xh; =0 (mod 21) and g; x h; =0 (mod 21)}.

P is a semiring of complete special quasi dual number pairs and
P is not a semifield.

Thus unless we take complete quasi special dual number
pairs as coefficients of the polynomials we would not be in a
position to get semirings we only can get semigroup under ‘+’.

Next we proceed onto study the semigroup counter part of
special quasi dual numbers in C(Z,). First we study some
examples. At the outset the authors think a + bir € C(Z,) a# 0
b # 0 cannot be such that

(a + bip)> =—(a + bip) = (n—1) (a+bip).

Thus at this juncture the authors suggest the following
problem.
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Problem: Let C(Z,)= {a+bir|a,be Z, i;=n-1}.

Does C(Z,) contain x = a + big; a # 0, b # 0 such that (a +
bir)* =—(a + bir) (mod n) = (n—1) (a + big).

We at this stage do not discuss about complex modulo
integer dual numbers.

Consider C(Zs) = {a+bir|a, b € Zs, i} =4}
Take (2 + ir) € C(Zs)
2 +ip) =4+ i} +4i
=4+4+4i (i2=4)
=3+ i
= (2 +i) (mod 5).

Consider (3 + 4ip)* =9+ 16 iP +24ip

= 9+ 16 x4+ 24ip
= (73 + 24if) (mod 5)
=3 + 4if.

Consider (3 + 4if) (2 + if)
=6 + 8ip + 3ip + 41
=6+1lip+4x4

= (22 + 11i¢) (mod 5)
=2 +1ip).

Thus 2 + i contributes a quasi special dual number.

Consider C(Z1o) = {a+big | a,b € Zj, i7=9}. 7+ 6ipisa
component of a dual number

(7 + 6ip)* =3 + 4ir =—(7 + 6if) and

(2 + 4if) is a component of the dual number; we have
(2 + 4ip)* = 8 + 6ip =—(2 + 4if).
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Let S = {7 + 6iF, 3 + 4if, 2 + 4if, 8 + 6i, 0}. Clearly (S, +)
is not a semigroup. We find out whether (S, x) is a semigroup.
Consider the following table of S under x.

0 2441, | 3+4ip | 7T+61; | 8+6i

0 0 0 0 0
2+4i, 0 8+ 61, 0 0 2+4i,
3+4i, 0 0 3+4i, | 7+6i; 0
7+ 61 0 0 T+6i; | 3+4i, 0
8+ 61, 0 2+4i, 0 0 8 + 61

(S, x) is a semigroup we can add 1 with S so that {S U {1},
x} is a monoid.

Example 3.24: C(Z4) has no special quasi dual number
component.

Likewise C(Zg) has no complex special quasi dual number
component.

Thus the study of existence of special quasi dual number

component in case of C(Z,) happens to be an interesting
problem.

Example 3.25: Consider C(Z;7) = {a +bip | iz =16,a,b € Z;7}
be the ring of modulo integers.

Consider
S=1{0, 1, 8 + 2ig, 9 + 15ig, 9 + 2ig, 8 + 15ir} < C(Zy7).

We see clearly S is not closed under the operation ‘+’.

Now we find the table of S under ‘x’ which is as follows:
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0 8+2ip |9+151, | 9+2i, |8+15i;

0 0 0 0 0 0

0 8421, |9+15i, | 9+2i, |8+15i,
8+2i, 0 8+2ip |9+151, | 8+2i; 0 0
9+15i, 0 |9+15i; | 8+2i, |9+15i, 0 0
9+ 2iy 0 9+ 2i, 0 0 9+2i. |8+15i,
8 +15i; 0 8+151; 0 0 8+151, | 9+2i;

S is the special quasi dual number component semigroup of
C(Zy7). However we have not found all such semigroups of
C(Zy7).

Now using components of quasi special dual complex
modulo integer numbers we can construct quasi special dual
complex modulo integer numbers as well as complete quasi
special dual complex modulo integer numbers pairs.

We will only illustrate these situations by some examples.

Example 3.26: LetS={a+bg|a,beQ,g=2+if € C(Zs) g
= —g} be the collection of quasi special complex modulo integer
dual numbers.

S is a commutative ring with units and zero divisors. Infact
S is a Smarandache ring.

Example 3.27: Let M = {(a,, a;, a3) | 3y =x + yb where b="7 +
6ir € C(Zyo); 1 <1<3,x,y € Q with b*> = b} be the ring of
quasi special dual numbers of complex modulo integers.

M is a S-ring with units, idempotents and zero divisors.

Example 3.28: Let

a1 a‘2 a3
S=<la, a, ag||a=x;+yigwhere
a; dg

g=8+2ir € C(Z)7)= {a+bir|a,be Zy, i,=16}
with g” =—g, x;, yi € Q; 1 <i<9}
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be the non commutative ring of quasi special dual numbers of
complex modulo integers. S is also a Smarandache ring with
unit.

Example 3.29: Let

S=4 . ) Cllai=x; +ygwith g = 8 + 15if € C(Z7),

F=-gx,yieZ1<i<15}

be a commutative special dual complex modulo integer ring;
under the natural product x, on S. S is also a S-ring with zero
divisors and idempotents.

It is pertinent to mention here that it is not easy to construct
semiring of special dual complex modulo integers; only those
structure are rings as every ring is a semiring and not vice versa.
To over come this as before we have only complete quasi
special dual pair number semirings only. We do not define this
as it is a matter of routine. However we give examples of them.

Example 3.30: LetS={a+bg+cg |abceZ U{0},g=2
+ ip and g; = 3 + 4ip € C(Zs); g2 =g, g12= g, with gg, =g =
g2} be the complete quasi special dual pair number semiring.
Clearly S is a strict semiring.

Example 3.31: Let M = {(a, a,, a3, a4, as, 3g) | 8, = x; + yig +
Zig, X, Vi zi € QU {0}, 1 <i<6,g="7+ 6ip, g = 3+4ip
C(Z1p) with g2 =g, glz= g1, gg1 = 212 = g1} be the semiring of
complete special quasi dual number pairs M has zero divisors
and units but M is not a semifield.
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Example 3.32: Let

5
T= . . . . a8 = X; tyig + zg,
a29 a30 a31 a32
Xi, Vi, z € Q" U {0}, 1 <1< 32,

g =8+2ip, gy =9+ 15i; € C(Zy7); & = g1, gg = g2 = g}
be the semiring of complete dual special quasi number pairs
under natural product x,. T has zero divisors and units.

However T is not a semifield.

Example 3.33: Let

a, a, .. a
1 2 7
. [ )
ag a4y ... Ay

X Vi zi€ Z U {0}, 1<i< 14, g=8 + 15ip,

ai = X tyig + zig,

g1=9+2ire CZn), & =g 818=821= ¢ & =&}
be the semiring of complete quasi special dual pair number.

Now having seen examples of quasi special dual number
rings and complete quasi special dual number pair semiring we
proceed onto give examples of vector space of quasi special
dual number pair and semivector space of quasi special dual
number pair.
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Example 3.34: LetS = {(a}, a5, a3) | a;=x + yg where x,y € Q,
1 <i1<3, g=8+ 2if € C(Z7)} be a vector space of quasi
special dual number over the field Q.

S has subspaces and infact S can be realized as a linear
algebra of quasi special dual numbers.

Example 3.35: Let

4 =X1Tygx,yi€ R, 1<i<12}

4 3 a ap

be a vector space of special quasi dual numbers over R (M, x,)
becomes a general linear algebra of special quasi dual numbers.

Example 3.36: Let

a =X Tyig X, yi € Q; g=2+4ir € C(Zy0)}

S= {iaixi
=0

be the general semilinear algebra of special quasi dual numbers
over Q.

Example 3.37: Let

W: {Zaixi ai = X +Yig, Xi, yi € le; g: 2 + iF S C(ZS)}

i=0

be the general linear algebra of special quasi dual numbers over
the field le.
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Example 3.38: Let

P= " llai=xi+yig where x;, y; € Z3; 1 <i <10,

g= 7+ 611: S C(Zlo)}

be a general vector space of special quasi dual numbers over the
field Z;. Clearly under x,; P is a linear algebra; P is a finite
dimensional as well as finite order linear algebra / vector space
over Zs.

Example 3.39: Let

a=xtyg 1 <i<4,i,j € Zs,

g=8+2ip € C(Z17)}

be the non commutative linear algebra of special quasi dual
numbers over the field Z,.

1+ 2
Letx={ g }a

2 1+
ndy= 8 g be in P.
2g  g+2 1

l+g

1 g 2+2g g
x+ty= and x xy = .
1 g g+2 2g+2

0 2
Now y x x = | 2]Clearlyxxy #Y X X.

Suppose we take the natural product x, on P we see
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I+g 2 2g l+g
X X,y =
Y 2¢ g+2| |1+g 1
_[2e(+g) 2(1+g)}
| 2g(+g) (g+2)

[0 2(1+g)
0 (g+2) |

We see x x y # X x, y and (P, X,) is a commutative linear
algebra.

Now having seen examples of special quasi dual vector
spaces / linear algebras we now proceed on to describe
semivector spaces / semilinear algebras of quasi special dual
number pairs.

Example 3.40: Let S = {(a,, a,, ..., aj9) | & = X; + yig + zg\, Z,
Xi, Vi € Q v {0},1<i1<10,g, =9+ 15irand g =8 + 2if €
C(Z7) with g* = gy, g’ =g, gg = gg = g be a semivector
space (as well as semilinear algebra) of special quasi dual
number pair over the semifield Z" U {0}.

Example 3.41: Let
P= :4 :5 :6 a = x; +yig + zig, where

Xi, Vi Z € R"U {0}, 1 <i1<30 g =2 + 4ip and

g1 =10+ 6ir € C(Z10)}
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be the complete special quasi dual pair number general
semivector space over the semifield Z" U {0}.

Infact P is also a general linear algebra of complete special
quasi dual pair of numbers.

Example 3.42: Let

4, a, a,
S=<la, a, a,||a=xityg~tzg with
a'7 a’S a9

xi,yi,zieZ+u{0},lSiS9,g=7+6iF,g1=3+4iFeC(Zm)

where g2 =g glz =g, 212 = 821 = g}

be the complete non commutative linear algebra of special quasi
dual pair of numbers over the semifield Z" U {0}.

Example 3.43: Let

a'1 aZ alO
S=<la,;, a, .. a,||a=xityg™tzg with
a, a a

g=2+ip,g1=3+4ip,xi,yi,zieZ+u{O},ISiS30,

g, g€ CZs), =g, gi=g and gig=gg = g}

be the complete general semilinear algebra of special quasi dual
like pair of numbers over the semifield Z" U {0}.

Now interested reader can study the properties like
subspaces, linear (semilinear operator) operator, transformation,
direct sum, pseudo direct sum and linear functionals both in
case of general vector spaces of special quasi dual numbers and
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general complete semivector space of special dual like number
pairs respectively.
Next we proceed onto give examples of t-dimensional
semivector spaces / vector spaces of special quasi dual complex

modulo numbers.

Example 3.44: Let S = {a; + apg + a;g; + ash + ash; | a; € Qu
{0},1<i<5, g=2+4i, g =8+ 6ip, h=7+ 6ipand h; =3 +
4ig € C(Zyp) with gg, = gi1g =g, g2 =g, gfz g1, h12= h;, h, = h;,
hh; =hjh=hand gh; =h,gh=0 g, h;=h;gk=0gk =0 gk=
0, gik; = 0} be the general quasi dual numbers.

Example 3.45: Let

S= a = x; +yig + zk,

Xi, Vi, Zi € Q, 1 <1< 12, g=7 + 6if, and

h=2+4ip € C(Zy0); gh =0, g* =—g and h* =—h}
be the 3-dimensional general ring of quasi special dual numbers
under the natural product x, of matrices. Clearly S is a

commutative ring with zero divisors, units and idempotents.

Example 3.46: Let
a ]

P=1la, || aa=xi+yig+zhwithxj, yi, zi € Z,
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1<i<6,g=28+2ip, and h=8 + 15ir € C(Z;7) with gh =0}

be the general ring of special quasi dual numbers of complex
modulo integers of dimension three under the natural product
Xne

Clearly P has ideals, subrings zero divisors and
idempotents.

a, a

a
Example 3.47: Let M = { ! 3} a = X; + yig + zh
a, a, a,

where X;, ¥, z; € Z15, 1 £1<6,g=2 + 4ip, and h =8 + 6if €
C(Z9)} be the general quasi special dual number Smarandache
ring of dimension three.

Clearly M is of finite order and is a commutative ring with

1 11 )
as the unit element.
1 11

Example 3.48: Let

a, a, .. a,
a a a
11 12 20
W= X . . a; = x; T yig + zh where
a a a

91 92

g=8+2ipandh=8+ 15ir € C(Z}7); x; € Z5, 1 <1< 5}

be the finite general special quasi dual number ring of modulo
integers of dimension three.

Now having seen examples of complex modulo integer
quasi special dual numbers. We now proceed onto describe
mixed quasi special dual numbers, mixed quasi special dual like
numbers and finally strongly mixed dual number and illustrate
them with examples.
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We have already defined mixed dual numbers x = a + bg +
cg; where a, b, ¢ are reals and g and g; are new elements such

that g> =0, g} =g, with gg, =gig=0or g or g.

DEFINITION 3.1: Let x = a + bg + cg; where a, b and c are
reals and g and g; are new elements such that g is a dual

number component that is @ = 0 and g; = —g; is a special

quasi dual number component. We define x as a mixed special
quasi dual number.

We will first illustrate this situation and see where from we
can generate such numbers.

Example 3.49: Consider x = a + bg + cg; where g =6 and g, =
8 in Z;, we see g = 0 (mod 12) and g’ =4 = -8 (mod 12); with
a, b, c € R (or Q or Z) is a mixed special quasi dual number.
Clearly gg; =0. Let x =7 +3g + 2g; and y = -3 — 4g + 8g; to
findx+yand x xy.

x +y =4 - g+ 10g; is again mixed special quasi dual
number.

xxy =(7+3g+2g) x(-3-4g+8g)
=-21-9g- 6g, —28g— 12g, — 8gg, + 56g; +
24gg, + 16 g’
=-21-9g—-6g,—28g—-0—-0+56g, +0+(-16g))
=-21—34g + 34g, is again a mixed special quasi dual
number.

Consider x =8 + 3g + 7g; and y = -8 + g + g; two mixed
special quasi dual numbers.

x +y = 4g+ 8g; is a mixed special quasi dual number with
a=0.

Consider x =3 — 5g + 2g; and y = 15 + 5g + 8g; two mixed
quasi special dual numbers x + y = 18 + 10g;; X + y is not a
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mixed special quasi dual number infact only a special quasi dual
number.

Letp=8+5g—18g,and q=7 + 2g + 18g; be two mixed
special quasi dual numbers.

p+q=15+7g, thatis p + q is only a dual number. Finally
let m =3 —3g+ 4g, and n = 8 + 2g — 4g; two mixed special
quasi dual numbers.

m + n = 11; that is m + n is just a real number.

Now we have seen the definition and description of mixed
special quasi dual numbers.

We proceed on to give some examples of them.

Example 3.50: 1etS={a+tbg+cg |ab,ceQ,g=6andg
=3inZ; Clearly @ =0, g=9=-g € Z, g2 =g1g=6
(mod 12) = g (mod 12)} be the mixed special quasi dual
numbers collection. Clearly S is a group under addition and
semigroup under multiplication. Infact S is a ring defined as the
general ring of mixed special quasi dual numbers. S is
commutative ring with units has zero divisors and units.

Example 3.51: LetP={a+bg+cg |abceZ g=20andg
=15 € Zy, g’ = 0 (mod 40), gr = —gi (mod 40), gg = gig =0
(mod 40)} be the general ring of mixed quasi special dual
numbers. P is a commutative ring with unit and with zero
divisors. However only —1 is the invertible for (—1)* = 1; thus —
1 is a self inversed element of P.

Example 3.52: LetS={a+bg+cg |ab,ce”Zy g=3and
g =6¢€Zy; g =+9=—g(mod 12), g'=6"=0 (mod 12), 6 x 3
= 6 (mod 12)} be the general ring of mixed special quasi dual

numbers. Clearly S is of finite cardinality and S is a
characteristic 17.
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Example 3.53: LetM={a+bg+cg |g=6¢€ Z,and g =8
€ Z1, & = 6 (mod 12), gi=—g (mod 12), gig = gg, = 0 (mod
12), a, b, ¢ € Z;o} be the general ring of mixed special quasi

dual numbers of finite order. M is of characteristic 10 and M
has units zero divisors and idempotents.

Example 3.54: Let M= {a+bg+cg |ab,ceR;g=20 g =
0 (mod 40) g, =24, g’ = —g; (mod 40) gg, = 0 (mod 40)} be the

general ring of mixed special quasi dual numbers. M is of
infinite order. M has zero divisors and units.

Now let x =a + bg + cg, where a, b, ¢ € R"uU {0}, where g
and g, are now elements such that g* = 0 and g’ =g, with gg,
=gig=(gor0org). Wemake the following observations.

(i) If we take the collection of all mixed special quasi dual
numbers with the coefficient from R U {0} or Q" U {0} or Z*
w {0} we see that collection is only a semigroup under ‘+’
however the collection is not closed under product.

For let x =3 + 2g + 5g; and y = 2 + 5g + 4g, be two
elements of S = {a + bg +cg |a,b,c e Z"U {0}, g2 =0, g=

—£1,82=g2=0,2=20,g =24 € Zyj. xxy=03+2g+
5g1) x (2+5g+4g)

=6+4g+ 10g, + 15g + 10g, + 25gg; + 12g, +
20gg; +20 g}

=6+4g+10g, +15g+0+0+ 12g,+0+20 x —g
=6+ 19g+22g,—20g; ¢ Sasifne M,-n¢g M
(neZ U {0}).

Thus the set M is not closed under product. How to
overcome this difficulty?

Before we over come this problem it is important to make
the following observation.
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Suppose x = a + bg + cg; is a mixed quasi special dual
number then we see it is essential x 1s of dimension three, so a
mixed special quasi dual number has its dimension to be three.

Now consider P = {a+ bg + cg, +dg |a, b,c,d e Q" U
{0} (or Z" U {0} or R" U {0}) with g° =0, g/=g; 212 = 2g
= g and gg = gig = g (or g or &) Lg = g g (or g; or L)}
We call P be the collection of complete mixed quasi special dual
number. Clearly a complete quasi special dual number has least
dimension four if entries (coefficients) are taken from Z" U {0}
or Q" U {0} or R" U {0} otherwise the term complete is not
essential and the dimension is only three.

We now can give algebraic structure to P. (P, x) is a
semigroup and (P, +) is also a semigroup. Thus (P, +, x) is a
semiring need not be a semifield.

We will first illustrate this situation by some simple
examples.

Example 3.55: LetS={a+bg+ch+dh |abc,de Z U
{0}, g=20, h =15 and h; = 25 € Z4, with g* = 0 (mod 40), h* =
25 = h; (mod 40) and h} = h; (mod 40), gh = hg = 0 (mod 40),
gh = h;g = 0 (mod 40), hh; = h = h;h (mod 40)} be the general
semiring of mixed special quasi dual like numbers.

We see how operations on S are performed. Let x =3 + 2¢g
+5h+8hjandy=2+5g+ 10h+ h; bein S. To find x + y and
X X Y.

x+ty=5+7g+15h+9h, €S

X xy=(3+2g+5h+8h))x(2+5g+ 10h+h;)
=6+ 4g+ 10h + 16h, + 15h + 10g* + 25hg +
40ghl + 30h + 20gh + 50h* + 80hh, + 3h, +
2gh; + Shh; + 8 h}
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=6+4g+ 10h+ 16h; + 15h+0+0+ 0+ 30h +
0 + 50h; + 80h + 3h; + 0 + 5h + 8h;,
=6+4g+ 140h + 77h; € S.

Thus (S, +, x) is a semigroup S is not a semifield for S has
zero divisors.

Example 3.56: LetS={a+bg+ch+dh |abcdeZ U
{0}, g=6,h=8 € Z5, g =0 (mod 12), 8 =h? = h; (mod 12);
gh = hg = 0(mod 12), gh; = h;g = 0 (mod 12) and hh; = h = h;h;
(mod 12)} be the complete general dual like numbers. S is not a
semifield. Dimension of S is four.

Example 3.57: LetS={a+bg+ch+dh |ab,c,deR U
{0}, g=56,h=3,h; =9 € Z;5, g2 =0 (mod 12), h, = h;, h}=
h;; gh = hg = g, gh; = hjg = g} be the general semiring of
complete special quasi dual numbers of dimension four.

Consider x = a + bg + ch + dh; + ek + fk; where g=6, h =
3,hj =9, k=8and k; =4 € Z;,. The table for P = {0, 3,9, §,
41 =1{0, g, h, hy, k, k;} < Z, is as follows:

x[0]13]9]|8(4]6
0(0{0(0]|0|0]O
310(9|3(0]|0|6
910({3(9]0|0]|6
810(0|0(4]|8]0
410|10(0(8(4]|0
6(0[{6(6[0(0]0

Now x=3+2g+h+5h; +3k+2k;jandy =2+ 7g+ 2h +
h; + k + 5k, be two mixed complete quasi special dual numbers
of dimension six.

Clearly x + y =5+ 12g + 3h + 6h; + 4k + 7k;.
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xxy =(3+2g+h+5h+3k+2k;) x (2+7g+2h+h;+k+5k;)
=6+ 4g+2h+ 10h; + 6k + 4k, + 21g + 14g” +
7gh + 35h,g + 21kg + 14k,g + 6h + 4gh + 2h? +
10hh, + 6kh + 4k h + 3k + 2kg + hk + Shk +
3k* + 2k,k + 15k, + 10gk; + 5k;h + 25h k, +
15kk; + 10 k; +3h; +2hjg+hh+5 h] +
3kh; + 2k;h,

= 6+4g+2h+ 10h, + 6k + 4k, +21g+ 0 +
2h + 10h, + 6k + 4k, + 21g + 0 + 7g + 35¢ +
0+ 0+ 6h +4g + 2h, + 10h + 6k + 0+ 3k + 0 +
0+ 0+ 3k, + 2k + 15k, + 2h; + k, + 5h; + 0+ 0

=6+ 71g+ 18h + 12h; + 26k + 29k,

is again a five dimensional complete mixed quasi special dual
number.

We will present one or two examples of mixed quasi special
dual numbers of higher order.

Example 3.58: LetS={a+bg+ch+dh +ek+1fk |a b,c,
de,feQ U {0},g=20,h;=25h=15k=24andk, =16
Z4} be the 6-dimensional complete mixed dual quasi special
number general semiring.

The product table for P = {0, 20, 15, 16, 24, 25} < Z4 is as
follows:

0 [|15]16 (242520
0j0j0O]0O|O0O]|O
I5/01(25|0 |0 (1520
16 | 0 16 (241 0
2410 |10 (2416|010
2510 |15 0| 0 |25(20
0

20 20000010
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Using this table interested reader can find the product of any
two elements in S.

Now we proceed onto give one or two examples of higher
dimensional rings.

Example 3.59: Let

M={a+bg+ch+dk|ab,c,d ke Z g=6,h=8 k=3¢€ Z,}
be the general ring of special mixed quasi dual numbers of
dimension / order four.

One of the natural question would be can we have higher
than four dimensional special quasi mixed dual numbers.

The answer is ‘yes’.
We illustrate this situation by some examples.

Example 3.60: LetS={a+bg+ch+dk+em+fn|a,b,c,d,
e,feZ g=(6,6,0),n=(0,0,6),h=(8,0,8), k=33, 3),
m = (0, 8, 0); 3, 8, 6 € Z;, with g* = (0, 0, 0), n> = (0, 0, 0)
gn=ng=(0,0,0), m’=(0,4,0)=-m; h>=(4,0,4)=-h,
hm = mh = 0, K> = 9,9, 9) = -k and so on} be the 6-
dimensional general ring of mixed special quasi dual numbers.

Example 3.61: LetS={a+bg+ch+dm-+en+fs+pr+qt+
vw |a,b,c,d, e f,p,q,veQ;g=(20,20,20,20,20), h=(0,
20, 0, 20, 20), m = (15, 15, 0,0, 0),n = (0, 0, 15, 15, 15), s = (0,
15,0, 15,0), r=(0, 16, 0, 16, 0), t = (16, 0, 16, 0, 16) and with
20,24, 15,16, 25 € Z4} be the 9 dimensional mixed dual quasi
number general ring.

It is pertinent to mention here that in S if we replace Q by
Q" U {0} clearly S is not closed under x.

It is left as an exercise to the reader to construct semiring
using row vectors which contribute to mixed special dual quasi
semirings.
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Example 3.62: Let
P={atbg+cd+teh+fq+sr+mn+ut+vw+xy|a,b,c,

e, f,s,mu,v,x € R

3] 0] 3] 6] 0] 8]
3 0 3 6 0 8
3 0 3 0 6 8
. 0 3 3 0 6 8
with g = ,h= ,d= ,q= , = ,m= ,
0 3 3 6 0 8
0 3 3 6 0 8
3 0 3 0 6 8
10 3] 3] 10| | 6| |8
(8] (0] (6]
8 0 6
8 0 6
t= 8 L, W= 0 ,y = 6 where 3, 6, 8 € Z1,}
0 8 6
0 8 6
0 8 6
10| 18] 16

be the general 10 dimensional general commutative ring of
mixed dual quasi special numbers.

Clearly P is also a Smarandache ring. We use the natural
product x, on P.
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Further g x, d = =—g and so on.

S O O O O Vv Vv ©o
S LW O O O W W W

Example 3.63: Let
P={a+bx+cy+dm+en+gq+hp+kr+fs|a,b,c,

d,e f,g, hkeQ;

3 3 0 0 3 3 6 6 6 6

x=[0 0 3 3|{,y=[(0 0 0 O0|,m=|6 6 6 6],
3 3 0 0 0 3 3 6 6 6 6
(6 6 0 0] 00 6 6 g8 8 8

n= 6(,9={0 0 0 O|,p=|0 0 8 0},
6 6 | 00 6 6 8 0
[ 8 0] 8 8 8 8

r= ,s=|8 8 8 8| where3,6,8 € Z,}
i 8 8] 8§ 8 8 8

be the nine dimensional general commutative ring of mixed
special quasi dual numbers under the natural product x,,.
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4 4 0 4 8 8 0 8
px,s=0 0 4 0[{=—]|0 0 8 O|=-p.
4 4 0 0 8 8 00
00 00
pxar=10 0 0 0| andso on.
00 0O

Example 3.64: Let

S = {x; + Xa + x3b + x4¢ + x5d + X¢¢ + X;f + X2 | X; € R;

20 20 20 20 20 0 0 20
l<i<gac 20 20 20 20 e 0 20 20 0 ’
20 20 20 20 20 0 20 0
20 20 20 20 0 20 0 20
0 20 20 0 15 15 15 15
20 0 0 20|, |15 15 15 15
1o 20 0 20" |15 15 15 15]
20 0 20 0 15 15 15 15
16 16 16 16 15 0 15 0
L_|16 16 16 16| |0 15 0 15
16 16 16 16| 0 0 0 o0
16 16 16 16 15 0 15 0
0 15 0 15
g= 5 0150 ,20, 15, 16 € Zao}
15 15 15 15
0 15 0 15
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be a general ring of mixed quasi special dual numbers of
dimension eight.

Now we can get any desired dimensional mixed special
quasi dual number rings.

Under the assumption if g and h are two distinct
components of a mixed special quasi dual number than we just
write g+hasg+hand g+g+...+g =ngand so on.

%/_/

n—times

LetP={a+bg+cd+ef+ph|a b cepeQ g =0,
d*=-d, ff=-fand h*=0,gh=0df=0, gd =d, gf = f} be the
collection of five dimensional mixed quasi dual numbers. Then
P is an abelian group under addition and (P, x) is a commutative
semigroup.

Infact (P, +, x) is a ring which is commutative, P is a
Smarandache ring. So using such P we can construct mixed
quasi dual number vector spaces.

We will illustrate this situation by some examples.

Example 3.65: Let M = {(a;, ay, ..., a9) | 3, = X; + Xpg + X3k +
x4k; + xsh + x¢h; where x; € Q, 1 <1<9; 1 <j<6g=6,k=3,
k;=9,h=8and h; =4 € Z,} be a general mixed special quasi
dual vector space of M over the field Q. Clearly M is also a
general mixed special quasi dual linear algebra over the field Q.

Example 3.66: Let

P= a; = X| + Xog + X3p + X4p1 + Xsh + xgh; +
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X7m; + Xgm + Xot + X109, Xj € Q; 1 <1< 12 and 1 <j < 10, where

=(6,6,6,6),t=(6,6,0,0),q=(0,0,6,6),p=(3,3,0,0), p;
=(0,0,3,3),h=(8,8,8,8),h =(8,8,0,0), m = (0,0, 8, 8),
m=(3,3,3,3),6,3,8 € Z,} be the general group under ‘+’ of
mixed special quasi dual numbers of dimension 11 over the
field Q.

Infact P is a general linear algebra of mixed special quasi
dual numbers over the field under the natural product x,,.

Example 3.67: Let

_ 4 5 6 _
S= . . . ai—x1+x2g1+x3g2+...+x10g9

328 a29 a30

with 1 <1 <30, x; € Zjy, 1 <j <10 where g; = (20, 20, 20, 20,
20, 20), g, = (0, 0, 0, 0, 20, 20), g5 = (20, 20, 20, 20, 0, 0), g4 =
(15, 15, 15, 15, 15, 15), gs = (15, 15, 15, 15, 0, 0), g¢ = (0, 0, 0,
0, 15, 15), g7 = (25, 25, 25, 25, 25, 25), gs = (25, 25, 25, 25, 0,
0), g0 =(0, 0, 0, 0, 25, 25) with 20, 15, 25 € Z4} be the general
vector space of special quasi dual number of dimension ten over
the field Z;y. Clearly S is of finite order. Under usual product
Xn; S is a general linear algebra of mixed special quasi dual
numbers over the field Z,.

Example 3.68: Let

a'l aZ a3
M= <la, a; ag||a=x X8 T X3 T Xag3 T X584 TXegs5;
a, a, a

1<i<9,x€7Z5,1<j<6,2=3,28=9,g3=8,g4=4and gs =
6 € Z),} be the general vector space of mixed special quasi dual
numbers of dimension six over the field Zs.
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Now we proceed onto give examples of semivector space of
mixed special quasi dual numbers over a semifield.

Example 3.69: Let P = {(aj, a, ..., a7) | & = X1 + Xo81 + X382 +
X483 T Xs@3 + Xegs, 1| <17, X; eR U{0};1<)<5,8=6,2
=8,g,=12,g3=3 and gs =9 € Z,} be a general semivector
space of mixed semivector space of mixed special quasi dual
number over the semifield R U {0}.

Example 3.70: Let

a|
a, .
S= . ai=x1+x2g1+...+x10g9,1S1£12;

a12

xje Z'u{0}; 1<j<10, g = (20,20, 20), g =(20,0,0), g3 =
(0, 20, 20), g4 = (15, 15, 15), gs = (0, 15, 15), g¢ = (15, 0, 0), g7
= (25, 25, 25), gs = (25, 0, 0) and gy = (0, 25, 25) with 20, 15, 25
€ Z4} be a general semivector space of mixed special quasi
number over the semifield Z" U {0}.

Example 3.71: Let

T - [al a, .. ag}

a, @, .. a5

X584t X685, 1 <1516,2,=6,2,=4,g:=8,gs=3and gs=9 €
Ziy; x; € Q U {0}, 1 <j <6} be a general semivector space of

mixed special quasi dual numbers over the semifield Z" U {0}.
(T, x,) is a semilinear algebra over the semifield Z" U {0}.

3 =Xyt Xog1 X382 T Xgg3 +
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Example 3.72: Let

ai = X T Xog T X3 + 2483 + 2584 + Z6gs, 21 = 20,
i=0

M= {iaixi

g =15,g,=25g,=16and gs =24 € Zy; x; € R"U {0}, 1 <]
< 6} be a general semivector space of mixed special quasi dual
numbers over the semifield R" U {0}.

Example 3.73: Let

al a2 a3
P=qla, a; ag||a=x5+Xg T X38 + X483 T X584 + Xegs;
a6 a7 aS

xe€Q U{0};1<j<6;1<i<9,8=6,2,=4,2=8,2,=3
and gs =9 € Z,,} be general semivector space of mixed special
quasi dual numbers over the semifield Q" U {0}.

Clearly under the usual product ‘x’; P is a non commutative
semilinear algebra and under the natural product x,, P is a
semilinear algebra over the semifield Z" U {0}.

All properties associated with vector spaces and semivector
spaces can be without any difficulty derived in the case of
general vector space / semivector space of mixed special quasi
dual numbers. This task is left as an exercise to the reader.

Now we proceed onto describe the new notion mixed
special quasi dual like numbers.

DEFINITION 3.2: Letx =a + bg + cg; where a, b, c € R or Q
or Z or C and g and g, are new elements such that g = g and

g; =g, with gg; = gig = g or g1. We define x to be a mixed
special quasi dual like number.
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We will illustrate this situation by some examples.

Example 3.74: Let x =a+Dbg+ cg, wherea,b,c e R, g=9
and g, = 8 € Zj,. Clearly x is a mixed quasi special dual like
number. Further a mixed special quasi like number is of
dimension three, that is the least dimension possible is three.

Letx =5+ 3g + 8g; and y = -8 — 5g + 2g; be any two
mixed special quasi dual like numbers.

x+y=-3-2g+ 10g; and
xxy=(5+3g+8g)x(-8-5g+2g)
=40 — 24g — 64g, — 25g — 15g° — 40gg, +
10g, + 6gg; + 16 g} .

Using g” =97 =9 (mod 12), g’ = 64 = —g; (mod 12)
ggi=gg =8x9=0(mod 12)
xxy=-40-24g—-64g, —25g—15g—- 0+ 10g, +
0+16(-g)
=—40-64g - 70g;

is again a mixed special quasi dual like number.

Letp =8+ 5g +3g; and q =3 — 5g + g; be any two mixed
special quasi dual like numbers.

p+q=11+4g,. Clearly p + q is only a special quasi dual
number and is not a mixed special quasi dual like number.

Consider a =4 + 8g — 3g,; and b =-3 + g + 3g; be any two
mixed special quasi dual like numbers.

Clearly a+ b =1+ 9g and a + b is only a special dual like
number and not a mixed special dual like number.

Finally let m =3 — g + 5g; and n = 8 + g — 5g; be mixed
special quasi dual like number. m + n = 11 is only a real number
and is not a mixed special quasi dual like number. Thus sum of
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two mixed special quasi dual like numbers can be a real number
or a special quasi dual number or a special dual like number.
We accept a + bg + cg; with a = 0 to be also a mixed special
quasi dual like number.

Example 3.75: LetM={a+bg+cg |ab,ceQ, g=15and
g1 =16 € Zy where g* = —g (mod 40), g’ = g, (mod 40), g x g,
= 0 (mod 40)} be the collection of all mixed special quasi dual
like numbers. (M, +) is a group. (M, x) is a commutative
semigroup.

Example 3.76: LetS={a+bg+cg |ab,ceZy,g=3and
g =4, ¢ =—gand g’ =g € Zp} be the semigroup under x
and group under addition +.

Clearly (S, +, x) is a ring of finite order, commutative; has
units and zero divisors.

Example 3.77: LetM={a+bg+cg |g=9andg =8 € Zp,
a,b,ceZ g =gand gig=0, g’ =—g,} be the ring of mixed
special quasi dual like numbers.

Example 3.78: Let P = {(a), ay, ..., &s) | & = X; T X8 + X3g)
where 1 <1<25,x€Q,1<j<3,g=15and g, =16 eZ40,g2
=g, g =g, gg = gg= 0} be the mixed special quasi dual

like number ring of infinite order. This ring has zero divisors,
ideals and subrings which are not ideals.

Example 3.79: Let

a, a, a, a,
as A a, g X

M= . . . . ai=xl+x2g+x3g1,1£1£64,
a a a a
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X|, Xz, X3 € Zsand g =7 and g; = 6 € Z,, we see g2 = g (mod
21); g/ =15=—g; (mod 21) and gg, = g,g = 0 (mod 21)} be the
finite ring of mixed special quasi dual like number under the
natural product x,,.

Example 3.80: Let

W= [al a, .. a7)
az A, .. a,

X, X X3 € Zandg=6and g=5, g’ = g (mod 15), g’ =10=—

5 (mod 15) and gg; = g;g = 0 (mod 15)} be the finite ring of

mixed special quasi dual like numbers under the natural product
x, of infinite order.

2 =X +Xg + X358, | <1< 14,

Now we just indicate which of the modulo integer rings that
pave way to the construction of mixed special quasi dual like
numbers.

Consider Z¢ = {0, 1, 2, 3, 4, 5} the ring of integers modulo 6.

Take g =3 and g, = 2 we see g” = g (mod 6) and g =4=-
g1 (mod 6) with gg; = g2 =0 (mod 6).

Thus x = a + bg + cg; is a mixed special quasi dual like
number.

Consider g =5 and g, = 4 in Z;, we see g° = g (mod 10) and
g’ =42 =6 (mod 10) = —g, (mod 10).

Further gg; = g;g = 0 (mod 10).

So x = a + bg + cg; is a mixed special quasi dual like
number.

Consider Z, = {0, 1, 2, ..., 11} the ring of modulo integers 12.
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g, = 3 such that g’ =—g; (mod 12), g =4 in Z,; is such that

g’ =g (mod 12) and g;g = gg; = 0 (mod 12).
So x =a+ cg + bg; is a mixed quasi special dual like number.

g=8and g =9 in Z, are such that g2 = —g (mod 12) and
gl =g (mod 12), gg, = gig = 0 (mod 12).

We have two sets of mixed quasi special dual like number
components in Z;;. So S = {0, 3, 4, 8} < Z, is the semigroup
under multiplication modulo 12 called the associated component
semigroup of mixed special dual like numbers.

Consider Z, = {0, 1, 2, ..., 13}, ring of modulo integers 14.
We see g =7 and g; = 6 in Z,4 are such that g* = g (mod 14) and

gl =75 w=8=—g;ggi=gg=0(mod 14).
Thus x = a + bg + cg; is mixed special quasi dual like number.

We now consider Z5 = {0, 1, 2, ..., 14}, ring of modulo
integers.

21=5 8 =8,8=6,8 =6=2,8=9, g =-£=6,g
= 10, g; = g4 are new elements which contribute to mixed
special quasi dual like numbers.

Consider S = {0, 5, 6,9, 10} < Z;5, clearly S is not closed
under addition modulo 15.

The table for S is as follows:

x| 0561|9110
00 0(0|0
510]10]0 |05
60|06 [9|0
91010191610
10| 0 00|10
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Thus x = X1 + Xpg1 + X32y + X483 + X584 is a five dimensional
mixed quasi special dual like number. Here x; € Q or R or Z or
Z,;1<1<5,

LetZs=1{0,1,2, ..., 17} be the ring of integers modulo 18.
Consider g, =8, g’ =—g, =10, g =10 and g2 = 10. Thus Z

does not contribute to mixed quasi special dual like number. It
gives only a quasi special dual number.

Consider Zy, = {0, 1, 2, ..., 19}, the ring of integers modulo
20. g, =4, g’ =g, & =>5"=5(mod 20); g; =15
g; =-5 (mod 20), g, = 16, g; = 16.

We see Z,, has a mixed special quasi dual like number
component.

Take x = x; + Xpg1 + X383 + Xags; €1 =4, g3 = 15 and g4 = 16,
x is a mixed special dual like number of dimension four.

One can work with any suitable Z, and find the mixed
special dual like numbers.

Also we see if we take g = 2 is such that g/ =4 = —g; and
2 =3; g5 =9 =g, (mod 6), clearly 3.2 = g;g, = 0 (mod 6).

Take h; =(3,3,3,3,3),h,=(2,2,2,2,2),h; =(3,0, 3, 0,
3),h4=(2,0,2,0,2),hs=(0, 3,0, 3,0) and hg = (0, 2,0,2,0
are components of mixed special dual like numbers.

X=X+ X2h1 + X3h2 + X4h3 + X5h4 + X6h5 + X7h6; X € Q, 1S1S7, 18
a mixed special dual quasi like number of dimension seven.
Thus we can get any desired dimensional mixed special dual
like numbers.
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Using these we can build all other algebraic structures as in
case of usual dual numbers, special dual like numbers and
special quasi dual numbers.

This task of studying algebraic structures such mixed
special dual like numbers is left as an exercise to the reader.

Now we proceed onto define yet another mixed dual
numbers as follows.

Suppose X = X; + X»g; + X3 + Xag3 Where x; € R; 1 <j <4,
g is such that g} =0, g =g, and g; = —g with gig; = gigi =0
orgiorgyorg; 1<1,j<3.

Let us consider Z;5, g = 9 with g’ = g, (mod 12), g, = 8,
g> =-g (mod 12), gs =6 and g3 =0 (mod 12).

Consider x = X; + Xo81 + X2 + Xug3; Xj € R; 1 <j < 4; we
define x to be a strongly mixed special quasi dual like numbers.

We will illustrate them by examples.

Example 3.81: Let x = x| + X, + X382, + X483 where g, = 6, g,
=3 and gz =4 in Z,, we see g, =0 (mod 12), g7 =9 =g, and
g, = g; (mod 12) be the strongly mixed special dual quasi like

number. The only generating algebraic structure of these
strongly mixed special dual quasi like number components are
Zy, (1 <n <om). Zghas no such component.

Z,, p a prime has no such component.

Z1, is the first smallest n such that Z;, has mixed special
quasi dual like component.

Consider Zyo, g1 =4, 22 =5 and g3 = 10 in Z,, are such that
g’ =16 =—4 (mod 20), g2 = g” (mod 20) and g = 0 (mod 20),
283 = g3 (mod 20), g;g; = 0 (mod 20) and g»g; = 0 (mod 20).
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Thus x =a+ bg; +cg, +dgs (a,b,c,d e ZorQorR)isa
strong mixed special quasi dual like number. Z,, has no strong
mixed special quasi dual like number component. Z,, has no
strong mixed special quasi dual like number component.

Consider Zy, = {0, 1, 2, ..., 23} be the ring of integers
modulo 24. g, =8, g’ =-16=—g; (mod 24), g =9, g =9
(mod 24), g5 = 12, g; = 0 (mod 24), g4 = 15, g; = —g4 (mod
24), gs =16 and g; = g5 (mod 24).

x = a + bg; + cg, + dg; is a strong mixed special quasi dual
like number.

x =a+ bg, + cgy4 + dgs is a strong mixed special quasi dual
like number. Thus Z,, has a component semigroup of strong
mixed special quasi dual like numbers.

Consider Z4 = {0, 1, 2, . 39} the ring of modulo integers.
@=15, 80 =g 8= 16, g =g 22 =20, & =0, =24,
g, =—gs, g =25and g; =

Using S = {0, g1, 2, €3, &4, g5} < Zao We can build strongly
mixed special quasi dual like numbers. The table of S under x is

as follows:

0 |15]16]20]|24 |25

0J0(0]0O0]O0]|O
1510 (25|10 (20| 0 |15
16 0|0 |16]0 (24| 0
2000 120000 0|20
2410 (0 |24| 0 |16 0
2510|1510 |20] 0 |25

Thus using Z, (n a composite number) we can get a
component semigroup of strongly mixed special quasi dual like
numbers.
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It is observed if n = 2™p where m > 2, p an odd prime we
are sure to get a component semigroup. Working with lattices
or neutrosophic number I alone cannot yield such elements.
Also (x4, ..., X,) with x; in R or Q or C or Z do not contribute for
the study of mixed special quasi dual like numbers.

But to get higher dimension of strong mixed special quasi
dual like numbers we can use matrices with entries from the
component semigroup of strong mixed special quasi dual like
number associated with Z,,.

We will illustrate this situation by an example or two.

Example 3.82: Let Z,, be the ring of modulo integers. Take g,
=4, g/ =g, =3, =9=-¢,8=6, g =0, 2, =9 and g;
=gy in Z1. x =a + bg; + cg, + dg; is a strong mixed quasi
special dual like number of dimension four.

Now x = x; + xoh; + ... + Xjohy is a strong mixed special
quasi dual like number of dimension ten.

Using these elements 4, 3 and 6 we can have column
vectors say (like)

p1 = > P2 = »P3 = > P4 = > Ps =

S © ~ b~ O O
(=R N e R = - N N
A A O O O O

W W W W W w

A~ A b B~ b~ B
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3 0 0 6 6
3 0 0 6 6
0 3 0 6 0
Pe™ 0 - P17 3 »Ps = 0 > Po= 6 , P1o= ol
0 0 3 6 0
10 10| 3] 6 0
o o
0 0
pu = 6 and pj; = 0 ,Pixapj=piorpjor0, 1 <i,j<12.
0 6
0] 6]

Thus x = X; + Xpg; + ... + X382 is a 13-dimensional strong
special mixed quasi dual number where x, € R or Q or Z or Z,,
0<t< oo,

Now having seen how column matrix is used to get strong
mixed special quasi dual like number component we now
proceed onto give some more ways of generating strong mixed
special quasi dual like number component.

[ 3 30303
Letvi=|3 3 3 3 3|,v=[3 0 3 0 3|,

I 30303

[0 33333
vie=10 3 0 3 0[,v;=/0 0 0 0 0,

0 33333
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b

B

2

b

b

b

b

],

I I [ 1 I 1

I I I
n S o S n o O © O S o O (= -l oS o O oS O O <t < <
o o o == © © O S o O o O O S o O O O O oS O O
N O e = © O © S O O S O O oS o O oS o O <t < <
o o o o o o © © © S O O o O O S o O O O O oS O O
_3 o o _O n o _6 o © _O o O _O oS O _0 = 0_ _0 (=] O_ _4 < 4_

I I I " ! " " i

%) ~ o — = — — Q

= > = = = = > >
I I I I I I 1 I 1
S on O (=l - S O O o O O o O O S o O O O O <t < <
S on O cn O o S on O o O O (=) (= -l S O O <t < <
S o0 O (=i - o o O o O O o O O S o O O O O <t < <
S o0 O on O o S on O o O O S o O oS o O oS O O DU
_O o O _O (=l _O S O _6 (=R} _6 S o _O = O_ _6 o 6_ _4 <t 4_

I I I I I I I I

s S 3 = o = = 2

e > g > > > > =
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[0 4 4 0] [0 0 0 0]
Vo1 = 0 4 0 4 0 , Voo = 0 4 0 4 0 ,
0 4 0 4 0 000 0 0]
[0 0 0 0 O] K i
Vo3 = 4 0 4 0 4 , Vou = 0O 0 0 0 O ,
0 0 00 0] 0 |
4 0 4 0 4 00 00O
vis=10 0 0 0 O|,vie=|4 4 4 4 4|and
4 0 4 0 4 00 0 0O
4 4 4 4
vy;=10 0 0 O
4 4 4 4

be the components of a strong mixed special quasi dual like
number with v; x, v; = (0) or vi; (1 <1, j, k <27).

X =X; +XoV] + X3Vy T ... + Xp5 Vp7 is @ 28 dimensional strong
mixed quasi special dual like number.

Thus using any appropriate Z, we can build any desired
dimemsion. We can also use the notion of square matrices with
entries from the mixed special strong semigroup component of
numbers to construct special strong mixed quasi dual number of
any desired dimension.

Now we just indicate using these strong mixed special quasi
dual number of any dimension build algebraic structures (both
finite as well as infinite) like rings, vector spaces, linear
algebras, S-rings, S-vector spaces and S-linear algebra.
Interested reader can work on these structures and find nice
applications and study their substructures. Further this work is
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considered as a matter of routine and hence is left as an exercise
to the reader.

If on the other hand Z or Q or R or C or Z, is replaced by Z"
U {0} or Q" U {0} or R" U {0} then we get other special
algebraic structures like semiring, semivector spaces and
semilinear algebras. Also the Smarandache analogoue of them
can be worked out. This task is left as exercise to the reader.

Finally we describe modulo finite complex integer strong
mixed special dual like numbers using

C(Z,)={a+bir|a,beZ, i; =11}, g =6 + 6ir € C(Z;2)
is such that gf =0, =8, g5 =-gand gz =9, g =g in
C(Zp).

Thus X = x; + Xog; + X3g + X4g3 is a strong mixed special
dual like quasi number g; x gz = g; (mod 12), g; x g, = 0 (mod
12), g x g3 = 0 (mod 12).

Consider C(Z,0) = {a+bir|a, b € Z, i} =9}.

Take g, = (2 + 4ip), g =4 + 54 + 16iz = 8 + 6if = g,
g =5+5ip, g2 =(5+5ig)>=25+25x9+25x2ir=0.g;=3
+4ip, g2 = (3 +4ip)’ = 9+ 144 + 24ip =3 + 4ip = g;.

Thus x = x; + Xog; + X38 + X4g;3 is a strong mixed special
quasi dual number.

212 =0, B&m =g, g1 xg=0.

Thus C(Z,o) has complex modulo integers which leads to a
strong mixed special quasi dual like number.

It is pertinent to mention the only source of getting strong
mixed special quasi dual like numbers are from C(Z,) for an
appropriate n. However using those new elements from C(Z,)
we can construct row matrices or column matrices, or m x m
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matrices and m x n (m # n) matrices and use them as new
elements to construct strong mixed special quasi dual like
numbers of complex modulo integers.

Likewise only Z, is the only source of getting strong mixed
special quasi dual like numbers.

Using these strong mixed special quasi dual like numbers
we can construct algebraic structures like ring, semiring, S-ring,
vector spaces, linear algebras, S-semirings, S-vector spaces, S-
linear algebras, semivector spaces, S-semivector spaces,
semilinear algebras and S-semilinear algebras. All these work
is a matter of routine and hence is left as an exercise to the
reader.

We need to construct a strong mixed special quasi dual like
number three types of new elements g, g; and g, such that g =
0, g = g, g = —g together with the multiplicative
compatability like gg; =gig=0o0r gor g, or g, g2 =g =0
or g, or g, or g and gg, = g,g =0 or g, or g or g,. We need also
compatability of product among them or in short {0, g, g, g}
should form a semigroup under product. Interested reader can
study analyse and find example describe / define / develop the
related properties.

It is left as an open problem, do we have any source other
than Z, or C(Z,) or abstractly defined semigroups with three
distinct elements g, g;, satisfying the conditions.

2_ _ —
g=0,g =g.8 =8
gig = gigi= O or gior g, g, g € {g, &1, L
With these we proceed on to construct non associative structures

using dual numbers, special dual like numbers and special quasi
dual numbers.



Chapter Four

GROUPOID OF DUAL NUMBERS

It is important using dual numbers we are not in a position
to build non associative algebraic structures like loops or rings.
The main reason for this is for all the three types of dual
numbers we cannot find inverse. We build in this chapter
groupoids of dual numbers. Further we see special quasi dual
number is one for which it square is the negative of its value.
We see only the complex number i is such that it square is
negative how ever not the negative of its value. We see i’ =—1.
For a new eclement g to contribute to a quasi special dual
number we need g* = —g; this is not possible in reals.

However the only source of such elements are the modulo
integers Z,. 3 € Z; is such that 3 =3 (mod 12), 8 € Z, is
such that 8% = -8 = 4 (mod 12) and so on

We first construct groupoids using dual numbers, then with

special dual like numbers and then with special quasi dual
numbers. Finally with mixed dual numbers.

LetR(g)={a+bg|a,be Rand g=3 € Zo}.
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Define on R(g) an operation *.
If x, y € R(g) define

X ¥y =5x + 2y; (5, 2) is a fixed pair used for every pair of
elements in R(g) under the operation *.

Letx=12+gandy =7+ 3g be in R(g).

x*y=5(12+g)+2(7+3g)
=60+ 5g+ 14+ 6g
=74+ 11g € R(g).

Thus (R(g), *) is a groupoid of infinite order.
On R(g) define *asx *y
=3y + 2x for x, y € R(g) then (R(g), *) is a groupoid.

Considerx =1+ g, y=3—2gand z=3g are in R(g).
(x*y)*z=[(1+g*(3-2g)]*3g

=[-3(3-2¢) +2(1+g)] * 3g
=(-9+6g+2+2g)*3g
=(-7+8g)*3g
=-3(3g) + 2(-7+8g)
=-9g—- 14+ 16g
=-14+7g. I

x*(y*z)=(1+g) *[(3-2¢g) * 3g]
=(1+g)*[-3x3g+2(3-2¢)]
=(1+g)*(9g+6-4g)
=(1+g)*(6-13g)
=-3(6-13g) +2 (1+g)
=_18+39g+2+2g
=_16+41g. 11

Clearly I and II are not equal thatis (x *y) *z#=x * (y * 2)
in general in R(g).

Consider x, y € R(g) define x * y = 3x + Oy.
Takex =-2+gandy =7+ 5gin R(g)
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X*y=3(2+g)+0(7+5g)

=-6 + 3g. D
y *x =3y +0x

=3(7+5g)+0(-2+g)

=21+ 15g (II)

Clearly x * y #y * x in R(g) in general.

We can on R(g) define infinitely many groupoids called the
groupoid of dual numbers.

Letx,y € R(g) define x *y = \/gx+5y.
Take x =3gandy =7.

x*y=\/§ x3g+5.7
=3 3g+35

y*x=x/§y+5x
=43 x7+5x%x3g
=73 +15g.

Thus (R(g), (\/g , 5), *) is a groupoid of dual numbers of
dual numbers of infinite order.

We can instead of R use Q,
Q(g)={a+bg|a,b e Q, g is the new element such that g* = 0}.
Define for x, y € Q(g); x * y=7x +2y.

Letx=3—gandy=>5g+ 2 be in Q(g).
x*y=703-g)+2(5g+2)=21-Tg+10g+4 =3g+25.

Thus (Q(g), *, (7, 2)) is again an infinite groupoid of dual
numbers.
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Clearly we can using Q(g) build infinite number of
groupoids of dual numbers given by (Q(g), *, (m, n)) where m,

n e Q.

We can also replace Q by Z and
Z (g)={a+bg|a, b e Z ganew element such that g’ = 0}.

Consider

S={Z(g),*, (m,n) |m,neZXxyeZg,x*y=mx+
ny}. Sis a dual integer number groupoid of infinite order. We

can get infinite number of them as we vary the pair (m, n) in Z x
Z.

Apart from this we can also get infinite order groupoids by
the following methods.

Let M = {(a}, @, ..., ap) | ai € Z(g), g a new element such
that g* = 0; 1 <i < p} and for x, y € M define x * y = sx + ry for
S,re”Z. s#T.

That is if x = (a;, a5, ..., ay) and y = (b, by, ..., by) are in M
then

X *y=(ayay ..., a) * (b, by, ..., by)
=(a1 * bl, s} * bz, sy dp *bp)
= (sa; +rby, sa, +rby, ..., sa, + rby).

Clearly x * y € M, thus (M, (s, 1), *) is a groupoid of row
matrix of dual numbers. M is a commutative groupoid of
infinite order.

Now if we take
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N= . a; € Q(g) g is anew element; g°=0; 1<i<n}

to be collection of all n x 1 column matrices whose entries are
dual numbers. Define * on N as follows, for x, y € N define x *
y=tx+sy (t,s € Q, t #s, once the pair is chosen it is fixed).

a, bl

2

a
Thatisifx=| | and y= then

*

a, *b, ta, +sb,
%

a,*b, | |ta,+sb,

e N.

a,*b ta, +sb,

So (N, (t, s), *) is a groupoid known as the dual number
groupoid of column matrices.

If we take S = {A = (aj))mxn | M # 1, a; € R(g); 1 <i<mand
1 <j < n with g a new element such that g> = 0} then S is a
collection of dual number of m x n matrices. Define a binary
non associative operation * on S as follows:



102 | Special Quasi Dual Numbers and Groupoids

For A, B € S define A * B
=tA+sB(t,s € R)
= (taij) + (Sbij) = (Cij) e S.

Thus (S, (t, s), *) is a dual number groupoid of rectangular
(or m x n) matrices.

2+¢g 0 7g 12
Suppose A=|5+2g 4+9g 5-9 0
3—-g 3g 11 1+g

0 3+4g 8¢g 7
and B=|4+5g o6g 9 0
8 0 11+2g 3-4g

be two 3 x 4 matrices with dual number entries.
Lets=3and t=-—4 we define A * B=3A * (-4B)

32+g)+0 0+(—4(3+4g))
=|3(5+2g)+(—4(4+5g)) 3(4+9g)—4x6g
33—g)+(—4x8) 3x(-3g)

3xT7g+(-4x8g) 3x12-4x7
35—g)+—-4x9 0
3x11-4(11+2g) 3(1+g)—-4(3-4g)

6+3g -12-16g —llg 8
=|-1-14g 12-9g 21-3¢g 0
—23-3g —O¢g -11-8g —9+19¢

is in the collection of dual number 3 x 4 matrices. This is the
way the operation * is performed on m x n matrices with dual
number entries.
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Finally consider P = {A = (m;)) | A is a n x n matrix with mj;
€ Z(g); 1 <1, j <n, g anew element such that g = 0}, P the
collection of all n x n matrices with dual number entries. We
define a non associative binary operation on P as follows:

For A,B € P, A * B=pA +qB wherep, q € Z.
We will just illustrate this by a simple example.

Let P = {all 3 x 3 matrices with entries from Q(g), where g
is a new element such that g> = 0}. S = (P, (3, 1), *) is a
groupoid of square matrices of dual numbers.

3+g 2g  3g+8
Suppose A=| 9g—-1 7g—-1 -9g
4g+2 2+g 0

9+2g 5-¢ 0
and B = 0 8+4g Tg |areinP.
2+¢g -8 3+6g

Now A *B=3A+B

3+g 2g  3g+8 9+2g 5-g 0
=4/ 9¢-1 7g-1 -9g |+ 0 8+4g g
4g+2 2+4¢ 0 2+¢g -8 3+6g

15+5g 5+5g 9g+24
=|27g-3 25g+5 -20g |isinP.
13g+8 3g—-2 3+6g

Thus S = (P, (3, 1), *) is a groupoid of infinite order.
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Now we can have like groupoid of matrices of dual numbers
the notion of polynomial groupoid of dual numbers.

Let S = {Z:aixi a; € Z(g); g a new element such that

i=0

g2 =0and a; =t +s;g,t, s; € Z} be the set of polynomials with
dual number coefficients from Z(g).

Let p(x) = (3+5g) + (2g+1)x + 5gx’ + 7x* and
q(x) =3 + (8+)x” + (7-4g)x’ + 10gx’ + (11g+1)x°

be two polynomials in S. Now we define a binary operation *
on S as follows: for any p(x), q(x) € S.

p(x) * q(x) =7 ((3+5g) + 2g+1)x + 5gx’ + 7x*) +
2(3+(8+g)x” + (7-4g)x’ + 10gx’ + (1+11g)x°)

= 21 +35g+ (14 + 7)x + 35gx” + 49x* + 6 +
(16 + 2g)x* + (14 — 8g)x” + 20gx’ + (x+22g)x°

=(27+35g) + (14 + T)x + (16 + 2g)x* +
(14 + 27g)x> + 49x* + 20gx” + (2 + 22g)x° € S.

Thus (S, *, (7, 2)) is defined as the polynomial groupoid of
dual numbers.

We can get infinite number of groupoids by varying this (7,
2)in Z x Z. All these groupoids are also of infinite order.

One can solve polynomial equations p(x) = 0 and solutions
if it exists should be in Z(g).

Further one can replace Z by R or Q i.e. the dual number
can take its entries from R(g) or Q(g).

This task of solving equations of polynomials with dual
number coefficients is left as an exercise to the reader.
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Now we proceed onto give construction of finite dual
number groupoids.

Consider Z,, let Z,(g) = {a + bg | a, b € Z, g a new element,
with g® = 0}. Define on Z,(g) a non associative binary
operation * such that for x, y € Z,(g);

x*y=tx+sy(t,s € Z,). Clearly {Z,(g), *, (t,s)} is a groupoid
will be known as the modulo integer finite groupoid of dual
numbers.

We will illustrate this by some examples.

Example 4.1: Let G= {Zy(g) | g=6 € Z5, *, (3, 5)} be a finite
groupoid of finite modulo integers of dual numbers.

Ifx=3+2gandy=1+5g.
x*y = 3x+ 5y
=3 (3+2g)+5 (1 +5g)
=9+6g+5+25¢g
=14 +3lg
=6+7geG.

Takez =gthen (x *y) * z
=(6+7g)*g=3(6+7g)+5¢g
=18 +21g+5g
=2+ 8g.

Now x * (y *z)=x * By + 5z)
=x*(3+15g+ 5h)
=x*(3+2g)
=3x+5(3+2g)
=9+ 6g+ 15+ 10g
=0

Clearly x * (y * z) # (x *y) * z in G. Thus the binary operation
* on G is non associative in general.
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Example 4.2: Let

M, (8,2),*} ={Zin(g) =a+bgwherea,b € Zi,, g=4 € Zis,
* (8, 2)} be the groupoid of dual numbers of finite order.
Example 4.3: Let S = {(aj, a, a3, ..., app) | a; € Z7 (g) = {a+ bg
la,beZ,g=2¢e€Z4;1 <1512, % (3, 1)} be a groupoid of
dual numbers.

If in these groupoids the pair (p, q) are not taken from Z,
but for x, y € Z,(g) we define px + qy (mod n) we call these
dual number groupoids as new special groupoids.

We will illustrate this concept by some examples.

Example 4.4: Let
P={Zy(g)=a+bgwherea,b e Z,g=6 € Zs, *, (12,5)}
be the new special groupoid of dual numbers.
Letx=3+2gandy=5+7gbeinP.
x *y=12x + S5y (mod 10)
=36+ 24g + 25+ 35g (mod 10)
=1+9g (mod 10).

Example 4.5: Let
M= (al a, .. aéJ
a, a; .. a,

be the new special groupoid of dual numbers.

a € Zy(g); 1<1<12,

g = 5 € ZZS: *7 (95 16)}
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Example 4.6: Let

al a2 a3
S= ) . :6 ai=Xi T yig € Zis (8), Xi, ¥i € Zis;

30

1<i<30,g=3 e Zy, *,(17,43)}
be the new special groupoid of dual numbers.
We can also have infinite groupoid of dual numbers using
Z U {0} or Q" U {0} or R" U {0} or C(complex numbers) and
C(Z,) complex modulo integers. Thus groupoids of dual

numbers finite or infinite is aboundant in literature that also
generated in a natural way.

Example 4.7: Let S= {C(g) | g=4 € Zs, a+ bg € C(g) with a,
b € C (complex numbers) define *, (t, s) where t and s € C} be
a complex groupoid of dual numbers of infinite order.
Taket=3+1and s =2 + 4i.
For x = (2 + 31) + (7-1)g and y = (1+1) + 3ig in C(g)
We have x * y =tx + sy

=B +1i)[2+3i+(7T-)g] + (2 +4i) (1 +1) + 3ig)

=@B+1)2+3)+B-)(7-)g+2+4)(1+1)+
(2 +4i) 3ig

=6+21+91-3+(21-71-3i+)g+(2+4i+2i-4)+
(61— 12)g

=1+ 17i+ (10 — 4i)g € C(g).
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Suppose z = 7 then

x*y)*z=((1+171)+ (10-41)g) *7

=@ +i) (1 +17i) + (10-4i)g) + 7 (2+4i)

=@ +1i) (1 + 17i) + (3+i) (10-4i)g + 14 + 28i
=3+3i+51i—-17+ @0+ 10i - 12i +3) x g+ 14 + 28i
=82i+ (34 -2i)g I

Consider x * (y * z)

=x*((3 +1) (1+i + 3ig) + (2 + 4i)7)
=x*[B3+3i+1-1+9ig—3g+ 14+ 28i]
=x*(16+22i+9i-3)g)

=@ +i)(2+3i+((7-)g) + (2 +4i) (16 + 22i + (91 — 3)g)

= (3+1)(2+30)+ (3 +i)(7T—i)g+ (2 +4i) (16 +22i) +
(2 + 4i) (91 — 3)g)

=6+2i+9i—3+(21+1+7i-3i)g+(32+64i+
44i - 88) + (181 — 36— 6 — 12i)g

= 53+ 119i + (=20 + 10i)g I

Clearly II and I are not equal so S is a complex groupoid of
dual numbers of infinite order.

Example 4.8: Let M = {C(Zy) (g) = {a+ bir + (c + dip)g | a +

bi]: and ¢ + le € C(Zg) and g= 7 e Z49, *, (2 + iF, 4 + 311:)} 1S
the complex modulo integer groupoid of finite order.

Ifx =3 +2ip) + (7 +ip)gand y = 3ip + 2g € M;
then x *y = (2 +ip) [3 + 2ip + (7 + ip)g] + (4 + 3ir) (3ir + 2g)

= (2 +ip) (3 + 2ip) + (2+ip) (7 + ip)g + (4 + 3ip)3ir + (4 + 3ip) 2¢g

=6+3ipt4ip+2x8+(14+7ip+2ip +8) g+ 12ip +
9 x 8 + 8g + 6irg

=4 +ip) + (3 + 6ip)g € M.
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Example 4.9: Let

S: a1 a‘2 a3
a, a; a
={a+bip+(c+dip)glab,c,d €Zs, iy =4, g=3 € Zo}, *,

(3ig, 2); 1 <1< 6} be the complex modulo integer groupoid of
dual numbers.

a; € C(Zs)(g)

Example 4.10: Let

a € C(Z12)(g)

M= {i aixi
i=0

2:

={a+bipt+(d+cipg|a,b,c,deZpy iz=11,g=5 € Z},
(3 + 2ig, 4iF), *} be the complex modulo integer groupoid of
dual number of infinite order.

We have seen only groupoid of dual numbers. Now on
similar lines we can build groupoid of special dual like
numbers.

We will illustrate this situation by some examples.
Example 4.11: Let

S = {R(g)a *a (3, 76)9 R(g): {a+bg‘a,b € Rag:3 € Z6}}
be the groupoid of special dual like numbers of infinite order.

It is pertinent to mention we need not say whether R(g) is a
dual number collection or a special dual like number collection,
from g one can easily understand; if g = 0 it is a dual number
collection and if g = g it is a special dual like number
collection.

Example 4.12: Let M = {Z (g), *, (-7,2) where g=5 € Z,o} be
the groupoid of special dual like numbers of infinite order.



110 | Special Quasi Dual Numbers and Groupoids

Example 4.13: Let

P={Q (g), *, (3/2, -1) where g = (3, 3, 3) with 3 € Zs} be the
groupoid of special like numbers of infinite order.

Example 4.13: Let

P= {Z9(g): {a+bg|a>b € Z9andg:4 € ZIZ}a (3’2), *} be
the groupoid of special dual like numbers of finite order.

Example 4.14: Let
M= {(al, dp, 4z, ..

sais)|ai€Zys(g); 1<1<15,g=7 € Zp, *,

(20, 4)} be the groupoid of special dual like number of finite

order.

Example 4.15: Let

={x+yg|x,yeds g=

3 4

:

7 8

ai € Zus (g)

10 € Zo}, 1 <1< 8, *, (10, 0)}

be the groupoid of special dual like numbers of finite order.
Clearly P is a non commutative groupoid.

Example 4.16: Let

4, 4
a a
5 6
S= .
a a

={a+bgla,beZyg=

be the groupoid of special
commutative finite groupoid.

a, a,
a a
7 8
. ai € Z17(g)
a39 a'40

6 € Zy}, 1 <i<40,*, (10, 2)}

dual like numbers. S is a non
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Example 4.17: Let

al aZ a3
T=1<la, a; ag||aeZg)
a, a; a,

=f{atbglabeZg=(1,1,1,1,1,1),g=1,1,1,11,1)=
gl, *, (3, -2), 1 <i < 9} be the special dual like number
groupoid of infinite order.

Example 4.18: Let

V= : . a,=R(g)={a+bg|a,beR,

g=5¢€ Zn}, 1 <i<36;% (+3,-2)}
be the special groupoid of infinite order.

Example 4.19: Let

a; = Z19(g)

T= {iaixi
i=0

={x+ygl|x,y € Zip; g=16 € Zy}; *, (3, 2)}
be a special dual number groupoid of infinite order.

Take p(x) =2 + 5x + 3x” + 7x*

andq(x) = 8+ 7x+ 18+ 5%’ in T,

p(x) * q(x) =3p(x) + 21q(x)

=6+ 15x + 9x” + 21x* + 16 + 14x + 36x* + 10x’
=3+10x+ 172+ 9 +2x* e T.
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Example 4.20: Let

a; € R(g)

S= {i aixi
i=0

:{a+bg|a,bER,g:4€Zu},(\/ﬂ,*\/ﬁ),*}

be the special dual like number groupoid of polynomials.

Example 4.21: Let

ai € Z11(g)

M= {i ax'
i=0

={a+bg|a,bele,g=3ezﬁ},OSiS4,(3,7),*}

be a polynomial groupoid of special dual like numbers of finite
order.

Example 4.22: Let

a € Z13(8)

S= {iaixi
=0

={a+bg|a,beZs g =5¢cZy},* (3,0),0<i<7}

be the polynomial groupoid of special dual like numbers of
finite order.

It is pertinent to mention here that all neutrosophic number
like (Z U I), (Q U I), (R U I), (Z" U{0} U I), (Q" U{0} U D),
(R U{0} U Iy and (Z, U I) can be made into neutrosophic
groupoids of special dual like numbers.

We will give one or two examples before we proceed onto
define mixed dual numbers.
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Example 4.23: Let

S={a+bl|abeR a+ble (RUDwith>=1* (J7,-3)}
be a special dual like number neutrosophic groupoid of infinite
order.

Example 4.24: Let

T={a+bl|a+ble(QuUI),=1L % (-7/3, 811)} be a
special dual like number neutrosophic groupoid of infinite
order.

Example 4.25: Let

M ={d=a+bl|d e {(Z;s UI), * (20, 7)} be a special dual like
number neutrosophic groupoid of finite order.

Example 4.26: Let
S={@,a,..,a)laeZul)1<i<7, * (-11,0)} be a

special dual like number neutrosophic groupoid of infinite
order.

Example 4.27: Let

a,

M = af a e (Q UIU {0, 1<i<12,* (12, 17)}

a;,

be a special dual like number neutrosophic groupoid of infinite
order. Clearly M is non commutative.

al bl
a, 2 .
Ifx=| " |andy=| . | are in M then

alZ b12
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x*y=12x+ 17y

12a, +17b,
12a, +17b,
= . e
12a,, +17b,,
Example 4.28: Let
a, a, ay
a a a
S 11 12 20 a; € <Zl7 |\ I>, 1 < 1 < 40, (7, 10), *}
) ap a3
a; Ay Ay

be the special dual like number neutrosophic groupoid of finite
order.

Example 4.29: Let
T= oo e e (Zpu {0});

1<i<16,(35,2), *}

be the special dual like number neutrosophic groupoid of finite
order.

Example 4.30: Let

a e (ZsUT),0<i<9,(7,1),*}

- {z

i=0

be the finite special dual like number groupoid of polynomials.
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If p(x) =2 + 6x + 3x> + 7x* and
q(x)=4+x>+7x + 6x* + X’ are in S.
p(x) * q(x) = 7p(x) + 1q(x)

=14 +42x + 21>+ 49x* + 4+ x>+ 7> + 6x* + X°
=2+ 2x+xX2+4xC+ 7 +x’ e S.

This is the way * operation is performed. By performing *
operation we see the degree of the polynomial does not increase.

Example 4.31: Let

2, € (QuUI);0<i1<20,(8,-3), *}

20
T= {Zaix‘

i=0

be the infinite polynomial neutrosophic groupoid of special dual
like numbers.

Example 4.32: Let

aj € <Z3l o I>a (14, O)a *}

S= {i ax'
=0

be an infinite polynomial neutrosophic groupoid of special dual
like numbers.

Example 4.33: Let

aie(Zisul), 0<i<15,(2,3), *}

T ={Zslaixi

i=0

be a finite polynomial neutrosophic groupoid of special dual
like numbers.
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Now having seen examples of special dual like number
groupoids we proceed onto give examples of mixed dual
number groupoids.

Example 4.34: LetM={a+bg+cg,g=6andg =4 € Zp,
g2=0and g’ =g, gg =gg=0,abceZ (3,-2),* bea
mixed dual number groupoid of infinite order.

Ifx=5+3g—-4giandy=3-2g+ g areinM

x*y=3x-2y
=3(5+3g—-4g)-2(3-2g+g)
=15+9g—-12g,—6+4g—2g,
=9+ 13g—14g, eM.

Example 4.35: Let T={a+bg+cg |a b, ceZ; g=06and
g1=9 € Zs g =36=0(mod 18) g’=81=9 (mod 18) and gg,
=54 = 0 (mod 18), (4, 2), *} be a finite mixed dual number
groupoid.

Forifx=3+g+6g andy=5+3g+ g are in T, then
x*y=4x+2g

=43 +gt6g)+2(5+3g+g)
=12 +4g+24g,+ 10+ 6g + 2g,
=10g+2g +10 € T.

Example 4.36: Let

S = {(ai, a5, a3) where a; = x; + Xog + X3 with Xj € Zy,
g=(2,2,2,2,0,0,2,0)and g, =(1,1,1,1,0,1,0),0, 1,2 €
Z4,2=(0,0,0,0,0,0,0,0), g=(1,1,1,1,0,1,0) =g, *, (8,
19)} be the groupoid of mixed dual numbers of finite order.



Groupoid of Dual Numbers | 117

Example 4.37: Let

al a2

a, a, .
M= =X +Xg+x3g; 1 <1<8,

aS a6

a, a

xjeQ, 1<j<3,g=5and g =10, g’ = 5 (mod 20), g'=0
(mod 20), 5, 10 € Zy, (3/7, 10/7), *} be a mixed dual number
groupoid of infinite order.

Example 4.38: Let
al aZ a3

M= 4|a,

a; ag ay

a; A, ||ai=X1+ X8+ X381, 1<1<09,

xje Z'Ui{0},1<j<3,¢g= and g, = with

AN N &N & D
O O O O O

gXn 8= (mOd 12): 63 9e ZIZ; g1 *Xn 1=

S O O O O

O O O O O
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g1 xXn 8= ’(39 9)9 *}

A N &N & D

be a mixed dual number groupoid of infinite order.

Example 4.39: Let

M= (al a, a, .. alOJ

a8 A3 . Ay

ISiSZO,XjeZl4,1SjS3,g=3andg1=3+3iFeC(Zﬁ),
g2=3(mod6)andg12=9+9><5+18ig=0(m0d6).

gg1 =3 +3ig=gy; *, (7, 7)} be a mixed dual number groupoid
of finite order.

a; = X1 + Xog + X382y,

Example 4.40: Let

P= : : Dol lai =X T Xag + X381, X € Q;

12

1<j<3,g=Lg =31e(ZuUl),g =g g’=0,gg =3l=g,
* (7, 13/2)} be a mixed dual number neutrosophic groupoid of
infinite order.

Example 4.41: Let

W= {Zaix‘ a4 =X+Xg+ X8, X, X, X2 € Q,g=4

i=0
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and g, =6 € Z5, g = g (mod 12), g’=0 (mod 12),

gg; = 0 (mod 12), (17, 3/11), *} be a polynomial groupoid of
mixed dual numbers of infinite order.

Example 4.42: Let

7
S= {Zaix‘ a; =X, + X2 +X3g; 0<1<7,

i=0

g =16, g =20 € Zy, g = 16 = g (mod 40), g’= 0 (mod 40),

gig = 0 (mod 40), x; € R, 1 <j <3, (-7, 17), *) be a
polynomial groupoid of mixed dual numbers of infinite order.

Example 4.43: Let

M= {iaixi a;i = X + Xog + X381, Xj € Zs,
i=0
(6 6 6] (9 9 9]

6 6 6 9 9 9
1<;<3,g=l6 6 6[,21=|9 9 9(;6,9 € Z3;
6 6 6 9 9 9
16 6 6 19 9 9]

[0 0 0] [9 9 9]
0 0 0 9 9 9
2x%g=0 0 0,g1%g=|9 9 9
0 0 0 9 9 9
0 0 0 19 9 9]
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gl Xng: 5 *> (23 4)}

() N e) o) Mo
A N &N & D
A N &N & D

be the polynomial groupoid of mixed dual numbers of infinite
order.

Example 4.44: Let

7
M= {Zaix‘ ai =X+ X8 + X381, 0<1<7, x5 € Zy,

i=0

[6+61 [91]
6+ 61 91
1<j<3,g= 6+6l , g1 = o1 , 91, 6+61 € C(Z12);

6+ 61 91
6+ 61 91
| 6+6I | | 91 |

(0] [91] [6+61]

0 91 6+ 61

0 91 6+ 61

ENg=| LB = LEX=| , (10, 16), *)}
0 91 6+ 61
0] 91 | | 6+6I |

be the polynomial groupoid of mixed dual numbers of finite
order.

Now we proceed onto give examples of groupoid of special
quasi dual numbers.
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Example 4.45: Let
M={a+bg|labeQ3=geZ,g=9=-23=-g*%
(3, -7/11)} be the special quasi dual number groupoid.

Example 4.46: Let

P={at+tbgtog |abceZ U{d,g=2¢g=4=g,
(7, 20)} be the special quasi dual number groupoid of infinite
order.

Example 4.47: Let

M={a+bg|labeZ,g=8 g =64=—g(mod12),8 € Z,,,
* (2, 7)} be the special quasi dual numbers groupoid of finite
order.

Considerx=2+3g,y=7+g e M;
Xx*¥y=2x+T7y=22+3g)+ 7 (7+g)
=4+6g+49+7g=3+3g e M. For

z=1+8geM;(x*y)*z=3+3g) *z
=2 (3 +3g)+ 7 (1+8g)
=6+6g+7+56¢g
=3+2¢g I

X*(y*z) =x*[2y+7(1+8g)]
=x*[14+2g+ 7+ 56g]
—x* (1 +8g)
=2x+7(1+8g)
=2(2+3g) + 7 (1 + 8g)
=4+6g+7+56¢g
=1+2¢g 11

The equations I and II are not equal;

X*(y*z) #(x*y) *z
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Example 4.48: Let P = {a +bg +cg |a, b, c e R U {0},
g=24 € Zu, & =16 =g, =—g (mod 40), g x g = g (N7 +1, 5
+3 ), *} be the special quasi dual number groupoid.

Takex=3+g+5g1andy=2+5g+g1 e P,
X*y=(\/7+1)x+(5+\/§)y

=(VT+1) B +g+5g)+(5+3) 2+ 52 +g)

=37 +J7g+57 g +3+g+5g +10+25g+

5¢+2V3 5B g+ B3

=37 +2 B3 +3+10)+ (7 +1+25+53)g+
(57 +10+/3)g

=B 7 23 +13)+ (26 +7 +53)g+
(10+ 3 +57)g e P.

This is the way “*’ operation is performed on P.

Example 4.49: LetT = {(a, a, a3, a4) | a,=x + x18; 1 <1 <4,
X, X] € le, g= 14 € Zz], g2 =7= —£ (mOd 21), (5, 6), *} be the
special quasi dual number groupoid of finite order.

Example 4.50: Let

P= Sl a=xitxg+txg; 1<i<10,x € Z' U {0},
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1<j<3,g=20¢€ Zy, g =20"=—g =10 = g (mod 30),
(7, 8), *} be the special quasi dual number groupoid of infinite

order.

Example 4.51: Let
P (al a, a; .. aloj
a'11 a12 a13 a20

X1, X2, X3 € Zis, g =3 € Zyo, g2 =9=-g (mod 12), (7, 2), *}

ai=xl+x2g+x3g1; 1 S1S20,

be a special quasi dual number groupoid of finite order.

Example 4.52: Let

=X tXg+x38;0<1<11,x € Zs,

S= {iaixi

i=0
1<j<3,g=2€Z¢, g’ =4=—g=g €7, * (3, 1)}

be the polynomial groupoid of special quasi dual numbers of
finite order.

Let p(x) =3+ 2x + 5x* + 2x’ and
q(x)=2+5x +3x* +4x° + 2x* be in S.
p(x) * q(x) = 3p(x) + q(x)
=9+ 6x=15x>+6x"+2+ 5x + 3x* + 4x° + 2x°

=4 +4x +4x> +4x° +2x° +6x” € S.
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Example 4.53: Let

o
24
M= {iaixi a4=X TXg+X3g;X€Q; 2= 204 R
i=0
24
L O .
[16] [—24]
16 -24
24 € Zyo, & = 16 = -g= B = g; (mod 40),
0 0
16 —24
L 0_ L O _

gg1 = g (mod 40); 1 <j <3, (1/7, 8/13), *}

be a polynomial special quasi dual number groupoid of infinite
order.

Example 4.54: Let

a; = X1 T Xog + X381, Xj € Zp,

i=0

S= {iaixi
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-§ -8 -8 -8 -8 -8
=-g=|-8 -8 -8 -8 -8 -8| (mod12)
-§ -8 -8 -8 -8 -8
= gl: 4 € ZlZa (35 7)a *}
be the polynomial groupoid of special quasi dual number.
Now we proceed into give examples of groupoids of mixed
special quasi like dual numbers, strong mixed dual numbers and

mixed quasi dual numbers.

Example 4.55: LetP={a+bg+cg |a,b,ceR, g=24and
g1 =20 € Zi, (V3,7 -+3), * (Here g’ = 0 (mod 40) and
g® = —g (mod 40))} be the groupoid of mixed special quasi dual
number. P is an infinite groupoid.

Example 4.56: Let

P= =X tXog + X385 1 <1<4, x5 € Zys,

1<j<3,2=6g =3 € Z3, g =0 (mod 12),
g1 =9=-3 (mod 12), (10, 5), *}

be the mixed special quasi dual groupoid.

3+g 2g,
2+g+2 5
Letx = £7 8 andy = 8 be in M.
g 1+2g

5 3+4g+g,
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x*y=10x + 5y
30+10g, 10g,
20+10g+10g, N 25¢g
10g, 5+10g
50 15+20g+5g,
58,
5+5g+10g,
5+10g+10g,
5+5g+5g,
Example 4.57: Let
a, a, 4,
P=1<la, a, a,|lai=x;+Xg+x3g,1<1<9,%x€Q,
a; a3 a4

1<j<3,g=20,g =15 € Zy, g = 0 (mod 40), g’=—g, (mod

40), gg; = 20 = g (mod 40), *, (7/3, 1/2)} be the mixed special
quasi dual groupoid of infinite order.

a'1 aZ a3 bl b2 b3
Ifx=|a, a, a;|andy=|b, b, b,|areinP.
a, a; a, b, by b,

7/3a,+1/2b,  7/3a,+1/2b, 7/3a,+1/2b,
x*y=|7/3a,+1/2b, 7/3a,+1/2b, 7/3a,+1/2b, | € P.
7/3a,+1/2b, 7/3a,+1/2by 7/3a,+1/2b,
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Example 4.58: Let

5
T= {Zaix‘ ai = X; + X8 + X381, Xj € Z16, 0 <1 <5,

i=0

1 SJ < 35 g = (6a 65 6)a gl = (8, 8: 8): 6a 8 € ZIZ: g2 = (0: Oa O)a
g =4, 4,4) =—-g, (0, 8),*)} be a polynomial groupoid with
mixed special quasi dual coefficients.

Next we proceed onto give examples of mixed special quasi
dual like numbers groupoid.

Example 4.59: LetP={a+bg+cg |a, b, ceR,g=4and
g1 =3 € Zp, g* =g (mod 12) and g’ =g, (mod 12)

(V7 -1, 5 +4/13), *)} be a mixed special quasi dual like
number groupoid of infinite order.

Example 4.60: Let

W= {(a;, ay, a3, ..., a10) | & = X1 T Xog + X381, 1 €1 <10, % €
Zi, 1 <j<3,g=16and g, =15 € Z4, g = g and

g’ = —g, (mod 40), (8, 23), *} be a mixed special quasi dual
like number groupoid of finite order.

Example 4.61: Let

S= : : Dol|ai =Xt Xog T Xag, Xj € Zog; 1 £j <3,

313 a14 alS

g=1(6,6,6),g1=(7,7,7); 6,7 € Zyz, g2 = (36, 36, 36) = (-6,
—6, —6) = —g and g’ = (49, 49, 49) (mod 42) = (7, 7, 7) (mod
42) = g; (mod 42); gg; = (0, 0, 0), (7, 8), *} be the mixed special
quasi dual like number groupoid.
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Example 4.62: Let

a'1 a2 a3
M=4la, a; a,||a=XtXg+X3g,1<i<09,
a7 aS a()
14 14 14 14
X;je Z'U{0},1<j<3,g=|14 14 14 14|,
14 14 14 14
15 15 15 15 77 7 7
g = (15 15 15 15};14,15€Zy, =7 7 7 17
15 15 15 15 77 7 7
15 15 15 15
=g g=115 15 15 15|=g,(8,7),*}
15 15 15 15

be the mixed special quasi dual like number groupoid.

We can also build mixed special quasi like dual number
coefficient polynomial groupoid of finite as well as infinite
order. Itis left as an exercise to the reader.

Now we proceed onto give examples of strong special
mixed dual number groupoid.

Example 4.63: Let S = {a; +ag tazg T asgz a2 € Q,1<j<
4,8=6,g°=3andgs=4 € Z;,, g/ =0 (mod 12),

g>= —g, (mod 12), gi= g; (mod 12), (3/7, -8/11), *} be the
strong special mixed dual number groupoid of infinite order.

Example 4.64: Let S = {(a;, a5, a3, a4, as, a) | 8 = X; + Xpg +
X3 T Xag3; 1 <156, X5 € Zps, 1 £j<4, (5, 20), * where g, =8,
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@=9andg;=6¢€Zy, g=-g, g2=9and g =0, gz, =0,
2123 = 0 and gyg; = 6 = g; (mod 12)} be the strong special mixed
dual number groupoid of finite order.

Example 4.65: Let

a, a, ag
P= a, dg ... ap =X+ X281 + X382 + X483,
al3 a14 alS

1<i<18,x;e Z" U {0}, 1<j<4;g =20, =16and g; = 15
€ Z, g =0 (mod 40), g2= 16 (mod 40) and

g; = —g3 (mod 40), (7, 8), *} be the strong special mixed dual
number groupoid of infinite order.

Example 4.66: Let

8
S= {Zaix' ai =X + X8 + X3 +Xag3; Xj € Z7, 051 <8,

i=0

1<j<4,g,=6,g=9and g; =8 € Zs, g =0 (mod 36),
g>= 81 = g, (mod 36), gi= 28 (mod 36) = 8 (mod 36),
212 = g3, 2183 = 0 (mod 36), g3g> = 0 (mod 36), (3, 2), *} be a
polynomial strong special mixed dual number groupoid of finite
order.

The task of studying, analyzing and describing higher
dimensional dual number groupoids, higher dimensional special
dual like number groupoids and higher dimensional special
quasi dual number groupoid is left to the reader.

Further the reader is expected to study and describe the four
types of mixed groupoids of higher dimension.
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Now we proceed onto define three types of non associative
rings using dual number groupoids of all types and rings and
dual number rings.

DEFINITION 4.1: Let S = {Z(g) | g is a new element and a + bg
is a dual number with a, b € Z, g = 0} be the general ring of
dual numbers. L be a loop. SL be the loop ring of the loop L
over the ring S. SL is a non associative dual number ring.

If Z(g) is replaced by R(g) or Q(g) or Z,(g) still the result
hold good.

We will give some examples of this concept.

Example 4.67: LetS=Q(g)={a+bg|a,be Q,g=5 € Zys,
g” =0 (mod 25) be the new element} be the general ring of dual
numbers.

L=L;3)=1{e, 1,2,3,4,5, 6,7} be a loop given by the
following table.

ole|l1]|2[3|4[|5]|6|7
ele|l|2|3[4|5]|6]|7
1{1|e|4]|7]3]|6]2]|5
212|6|e|5[1]4]7]|3
313|147 ]e|6|2]|5]1
41412(5|1]e|7]|3]|6
515(7|13|16(2|e|l1|4
6651|473 |e|2
71713|16|2[5|1]4]|e

SL is a non associative loop ring of general dual numbers.
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Example 4.68: Let

M= {R(g) |a+bg, a,be R, gisanew element such that
g” = 0} be the dual number general ring. L =Ls (2) = {e, 1, 2,
3,4, 5} given by the composition table.

ole|l1]|2]3]|4]|5
ele|l1]2]|3(4]5
1|{1]e|3|5|2|4
212|5|e|4|1|3
3(3(4|1]e|5]|2
41413 |5|2|e|l
5151241 |3|e

ML is the loop ring (non associative) of dual numbers of
infinite order.

Example 4.69: Let

S={Zs (g =a+ bg; a, b € Zs, g a new element such that
g” = 0} be the dual number ring, L be the loop given by the
following table.

o |l a|lo|oc|® || o
nQlilaloco|c| oo
o |0 | oo ||
o (e |lo|a|loT| o
|l |o (e |(o|o|o
clo | o |0 || &
o|lclal®|o |0 |0

SL is the loop ring of dual number of finite order and is also
commutative.
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All properties of non associative rings can be derived in
case of loop rings of dual numbers. This task is left as an
exercise to the reader.

At this stage it is important to note that we cannot construct
loops of dual numbers for loops too like groups should have
identity and inverse under product. So loops of dual numbers or
loops of special dual like numbers or loop of special quasi dual
number or loop of mixed dual numbers is an impossibility under
product. So we cannot use loop and ring (not dual number
rings) to get non associative ring of dual numbers. However to
get non associative dual numbers we make use of loops and
general ring of dual numbers.

Further if the ring of dual numbers is replaced by special
dual like number ring R we use loops L can construct loop rings
RL which will be the non associative ring of special dual like
numbers. We can have R to be Z(g) or R(g) or C(g) or Z,(g) or
Q(g) where g is a new element such that g* = g and
Q(g) = {a+bg|a,be Qandg’=g}. This task of constructing
and studying special dual like numbers non associative loop
ring using any loop L is also left as an exercise to the reader.

Further to construct non associative ring of special quasi
dual numbers also one can use a loop L and a special quasi dual
number ring Q(g) (or R(g) or C(g) or Z(g) or
Z,(g)) = {a+bg|a be Qwith g anew element; g* = —g}.
Q(g)L (or R(g)L or Z,(g)L or C(g)L or Z(g)L) will be a non
associative loop ring of special quasi dual numbers.

This work is also a matter of routine and hence this task is
left as an exercise to the reader.

It is pertinent to note the following.

Suppose R(g, g1, g2) = {a+ bg +cg; +dg, | a, g and g, are
new elements that that g, = 0, g'= g, and g = —g, with

ggr =gy (orgor0org) gg=g (orgorgor0)and gg,=¢g
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(or gy or gy or 0); a, b, ¢, d € R} be the strong mixed special
dual number ring.

(R reals can be replaced by Q or Z or Z, or C and all results
hold good).

Clearly R(g, g1) = R(g, g1, £2),

R(g, g2) = R(g, g1, g2) and

R(g1, &) < R(g1, 22, 8).

R(g) =R (g, 21) (R (g, 22)) = R(g, g1, &2)-

R(g1) = R(g, g1) (or R(g1, 22)) = R(g, g1, &),
R(g2) = R(g, g2) (or R(g1, 22))
=R (g, g1, ).

So if we study R(g, g, g) all other six subrings are
contained properly in R(g, g, ).

We give examples of a non associative mixed ring using a
loop and the reader is expected to develop all other related
properties.

Example 4.70: Let S = {a; + ayg) + asgr + a4g3 |a; e R, 1 <i<
4, g12= 0, g§= 2, g§= —g3 where g =6, g, =4 and g; =3 are in
Z1y; 212, =0, g1g; = g; and g,g; = 0} be the ring of strong mixed
special dual numbers. L be a loop given by the following table:

ole|l1]|2]3]|4]|5
ele|l1]2]|3(4]5
1|{1]|e|5]|4|3|2
212|3|e|l1|5|4
313(5(4]e|2]1
414|121 |5|e|3
515141321 |e




134 | Special Quasi Dual Numbers and Groupoids

SL is the loop ring called the non associative strong mixed
special dual number ring.

Clearly S contain all the six types of subrings of dual
numbers.

Example 4.71: LetP = {a; + a,g) +azg + ayg3 |aj € Z7; 1 <i <
4;8,=20,g" =16 and g; = 15 € Zy, g'= 0 (mod 40), gi= g,
(mod 40) and g§ = —g3 (mod 40), g;g, = 0 (mod 40), g3g; = g

(mod 40); g,g; = 0 (mod 40)} be the strong mixed dual number
ring of finite order. Let L be a loop given by the following
table.

L=1{e, 1,2,...,9

ole|1|2]3(4]|5(6|7|8]|9
ele|l1]|2(3]|4[5|6|7|8|9
1({1{e|9]|8|7]|6[|5]|4|3]|2
21213|e|1|9|8|7|6]|5]|4
313[5|4|e|2]1|9(8|7]6
4(4|7(6|5(e|3]2]|1|9]8
51519187 |6|e|4]3]|2]1
6162|1987 |e|[5]|4]3
71714131211(9|8|e|6]5
8186|514 (3(|2(1(9|e|7
9198|7654 (3(|2|1]e

be the loop of order 10. PL be the loop ring, PL is a non
associative general ring of strong mixed dual numbers of finite
order.

Now we can construct groupoids G and using these dual
number rings or mixed dual number ring or special dual like
number ring or special quasi dual number ring and their mixed
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combinations of dual ring we can build non associative dual
number rings.

We will illustrate by some examples.

Example 4.72: Let
S=R(g)={a+bg|abeR,g’=0,ganew element} be the
dual number ring. Let G = (Zy, *, (3, 2)) be the groupoid of
order 26. SG be the groupoid ring of the groupoid G over S.
SG is a non associative dual number ring.

Example 4.73: Let M =75 (g, g))={at+bg+cg |ab,ce
Zy0,8=6,81=4€Z g =0, g=4,gg=0(mod 12)} be the
dual number ring. G = {(C(Zy), *, (3, 4ir)} be the groupoid.
MG the groupoid ring of G over M. MG is a non associative
mixed dual number ring.

Example 4.74: LetT={a; +tagt+ag |aeZ, 1<i<3,g=7,
g =l4e Zy, g8 =g, g’ =g, g = g} be the mixed special
quasi dual number ring G = {Z7,, *, (13, 0)} be the groupoid.
TG be the groupoid ring of G over T. TG is a non associative
mixed special quasi dual number.

Example 4.75: LetS = {a; +ag+azg taug|a, € Zyy, 1 <i<
4,8=6.21=3,8=4€Zng =0, g=g. 8= 2 82 =6=
g, g2 = 0, gig, = 0} be the strong mixed dual number ring
G={Zs, *, (1,5)} be the groupoid. SG be the groupoid ring of
the groupoid G over the ring S. SG is a non associative strong
mixed dual number ring.

Example 4.76: Let W = {a; + ayg, + a3g; + a;g; + asgy + aggs +
g |laieZ, 117, g¢1=7,g=14,g3=21,g,=28, gs =35
€ Zuo} be the higher dimensional dual number ring.

G = {Z" U {0}, * (7, 8)} be the groupoid. WG be the
groupoid ring of G over W. WG is a non associative higher
dimensional ring of infinite order.
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We can also build non associative dual number rings using
just rings R, that is commutative rings with unit G be the dual
number groupoid then RG the groupoid ring is the non
associative dual number ring.

Example 4.77: Let R be the field of reals.

G={a+bg|a,b e Z, g the new element; g2 =0, (3,5), *} be
the dual number groupoid. RG be the groupoid ring. RG is a
non associative dual number ring.

Example 4.78: Let T = Q be the ring of rationals.
G={a+bg]|gisanewelementsa,b € Z, g> =0, (5, -3), *} be
the groupoid of dual numbers. QG be the groupoid ring. QG is
the non associative dual number ring.

Letx=3+2(5+7g)+ 12 (1+g) +7/2 (2-g)
andy =-7 + (3-4g) + 5/2 (8 + 2g) be in QG.

X+y =—4+2(5+7g) + 12(1+g) + 7/2(2—g) + (3—4g) +
5/2 (8+2g) € QG.

xxy = [3+2(5+7g)+ 12 (1+g) + 72 2-g)] X
[-7 + (3—4g) + 5/2 (8+2g)]

=-21-14(5+7g)— 84 (1+g)—49/2 2-g) +
3 (34g)+12 (1+g) * 34g) + (5 x 3)/2 (8+2g) +
5(5+7g) * (8+2g) + (12 x 5)/2 (1+g) * (8+2g) +
35/4 (2—g) * (8+2g)

=21-14(5+7g)—-84 (1 +g)+-49/2 (2-g) +
3(34g)+2[5(+7g)-3(B34g]+12(5(1+g)—
3 (34g)]+15/2 (8+2g) + 5 (5 (5+7g)-3 (8+2g)] +
30 (5 (1+g) — 3 (8+2g)) + 30 (5 (1+g) — 3 (8+2g))
+35/4 (5 (2—g) -3 (8+2g))

= 21 -14 (5 +7g) — 84 (1+g) —49/2 (2-g) +
3(3-4g) + 2 (16+47g) + 15/2 (8+2g) +
12 (4 + 17g) 5 (1+2g) + 30 (-19-g) +
35/4 (-14 - 11g) € QG.
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Thus QG is a non associative dual number ring of infinite order.
Example 4.79: Let S = Z, be the ring of modulo integers.

G={a+bg|g°=0,a b e Z, ganew element, (2, 5), *}
be the dual number groupoid SG be the groupoid ring of the
groupoid G over the ring Zo. SG is a non associative dual
number ring of finite order.

Example 4.80: Let S = Z be the ring of integers. G = {a + bg,
+cg2+dg3|a,b,c,deZl4,g1=4,g2=8,g3=12 e Zis,
g'= 0 (mod 16), 1 < i < 3} be the groupoid. ZG be the
groupoid ring of the groupoid G over the ring Z. SG is the non
associative ring of four dimensional dual numbers.

Example 4.81: Let S = Z,, be the ring of modulo integers
G={a+bg +cgm|abceZ, g=3g=4c Z,
g/ = g1 (mod 6), g;= g (mod 6), g, =0 (mod 6), (2, 0), *} be
the groupoid of special dual like numbers. SG be the groupoid
ring. SG is a non associative special dual like number ring of
finite order.

Example 4.82: Let S = Q be the field of rationals. G = {a + bg
la,b e Zy, g=7 € Zsp, g = g (mod 42), *, (10, 20)} be the
groupoid of special dual like numbers. SG be the groupoid ring.
SG is a non associative special dual like number ring.

Example 4.83: Let G = {a, + a)g + a3, | g =4 and g° =3 €
Zs, gl =4 (mod 6), g>=3 (mod 6), 12, =0, aj € Zj9, 1 <j<3;
(7, 0), *} be the three dimensional special quasi dual groupoid.
S = Z;, be the field of modulo integers. SG the groupoid ring.
SG is the non associative special dual like number ring of finite
order.

Example 4.84: Let M = Q be the ring of rationals.
G={a, tag tasg|aeZs;l Sis3;g1=5andg2=6 € Zio;
g =g, &= g 2122 = 0 (mod 10); (3, 1), *} be the groupoid of
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special dual like numbers. Z; be the field of integers. Z;G be
the groupoid ring of non associative special dual like numbers.

Example 4.85: Let G={a; +tag+tag|a€Q,1<i1<3,g=6
and gy =4 € Zp,, g8 = 0 and g =4 gg =0 (mod 12),
(7,-3/13), * } be the groupoid of mixed dual numbers. Z be the
ring of integers. ZG be the groupoid ring of the groupoid G
over the ring Z. ZG is a non associative mixed dual number
ring of infinite order.

Example 4.86: Let G = {a, + ayg) + azgy + aygs | a; € Zyp; 1 <1
<4, g, =20, g"=16and g3 =25 € Zy, (17, 0), *} be the higher
dimensional mixed dual number groupoid of finite order.
Z4 =S be the ring of modulo integers. SG be the groupoid ring
of the groupoid G over the ring S. SG is a non associative
higher dimensional mixed dual number ring of finite order.

Example 4.87: Let G={a+tbg|a, be Zy,g=3¢€ Zp,
g’ = —g (mod 12), (7, 4), *} be the groupoid of special quasi
dual numbers. P = Q be the field of rationals. PG be the
groupoid ring of G over P. PG is the non associative special
quasi dual number rings.

Example 4.88: Let

G={a+bg|a,beZ g=15¢€ Zsy, g =—g (mod 40), (-7, -2),
*1 be the groupoid of special quasi dual numbers. Z; be the
field of modulo integers Z;G be the groupoid ring of the
groupoid G over the ring Z;. Z;G is the non associative special
quasi dual number ring of infinite order.

Example 4.89: Let G = {(a}, a5, ..., a10) | 3 =at+ bg; a,b € Zy3;
g =24 € Z4, g8 =—g (mod 40), 1 <i< 10, (7, 4), *} be the
groupoid of special quasi dual numbers. S = Z;s be the ring of
modulo integers. SG be the groupoid ring is the non associative
special quasi dual number ring of finite order.
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Example 4.90: Let

S= : : : as=atbg abeZs,g=8¢cZpy,

a28 a29 a30

g’ = —g (mod 12); 1 <i < 30, (3, 2), *} be the groupoid of
special quasi dual numbers. F = Z, be the field of integers
modulo two. FS be the groupoid of ring of S over F. FS is a
non associative special quasi dual number ring of finite order.

Example 4.91: Let

G: a3 ai:d1+d2g1+d3g2WithdjEZZ7,1SjS3,

1<i<5,g =24and g’ =15 € Zy, g’ =-g (mod 40), gi=—g,
(mod 40); (20, 0), *} be the groupoid of special quasi dual
numbers. S = Q be the ring of rationals. SG be the groupoid
ring of the groupoid G over the ring S. SG is a non associative
special quasi dual number ring of infinite order of dimension
three.

Example 4.92: LetG={a+bg|a,b e (Z,y Ul), g=20 € Z;,
g® = —g (mod 30), (31, 2I+7), *} be the neutrosophic groupoid.
R be the ring of reals. RG be the groupoid ring. RG is a non
associative special quasi dual like numbers of infinite order.

Example 4.93: Let G={a +bg|a,be Zs g=14 € Zy,
g’ =—g (mod 21), (3, 2), *} be the groupoid. S =(R U I) be the
neutrosophic ring of reals. RG be the groupoid ring. RG is a
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non associative neutrosophic ring of special quasi dual ring
number of infinite order.

Example 4.94: LetG={a+bg|a,b e (Z,yUl), g=20 € Z;,
g’ = —g (mod 30), *, (71+3, 2+I)} be the groupoid of special
quasi dual numbers. S = (Z;; U I) be the neutrosophic ring of
modulo integers. SP be the groupoid ring of the groupoid P
over the ring S. SP is a strong neutrosophic special quasi dual
number non associative ring of finite order.

Example 4.95: Let G = {a; + ag + a3z, + asg; | g1 = 20,
g3=15and g, =16 € Zy, 3y € Z5, 1 <j <4, (7, 8), *} be the
strong mixed special dual number groupoid. S = Z; be the ring
of modulo integers SG be the groupoid ring of G over S. SG is
the non associative strong mixed special dual like ring of finite
order.

Example 4.96: Let G = {(aj, a, a3) |[ai =X +yg; + 22, 1 <i <
3,X, Y € Ziy, g =20 and g* = 15 € Zy, g = 0 (mod 40),
g>=—g, (mod 40), *, (7, 2)} be the groupoid of mixed special
dual numbers. S = Z; be the field of modulo integers SG be the

groupoid ring. SG is the non associative mixed special dual
number ring of finite order.

Example 4.97: Let

a1 a'2 aS
G=+1la, a; ag||a=atbg tcg+tdg;1<1<9;
a, ay a,

a,b,c,d e Z7,g =10,g"=15and g; = 16 € Zy, g’ =0 (mod

20), g;= g (mod 20) and g; = g; (mod 20), gg> = g1, g1&: =
0, gog3 = 0 (mod 20), *, (8, 0)} be the strong mixed special dual
number groupoid. S = (Z U I) be the ring of neutrosophic
integers, SG be the groupoid ring. SG is the non associative
strong mixed special dual number neutrosophic ring.
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Now having seen all types of non associative rings we leave
it as an exercise for the reader to work with special elements
like idempotents, S-idempotents, units, S-units, zero divisors, S-
zero divisors, subrings, S-subrings ideals and S-ideals of these
rings.

Now we just illustrate a few examples of non associative
semivector spaces and non associative semilinear algebras and
non associative linear algebras.

Example 4.98: Let

M={a+bgla,beZy, g=3 € Zy, ganew element, (8, 3), *}
be a groupoid. M is an abelian group under addition modulo 23.
M is a vector space over the field Z,;.

Now if on M we define * M is a non associative linear
algebra of dual numbers over Z,;.

Example 4.99: Let M = {(a, ay, a3, ..., a19) | a; = X; + Xog; +
X3g2, Xj € Z19; 1 <1<10,1<j<3,8/=6,g2=4€Zpy, g=0
(mod 12), g§= g (mod 12), g;g, = 0 (mod 12), (10, 0), *} be

the groupoid of mixed dual numbers. M is a mixed dual
number non associative linear algebra over the field Z.

Example 4.100: Let

P= : a; = X1t Xo81 T X32> T Xag3;

1<i<15,xj € Zyy, 1 £j<4; g, =20, g2= 16 and g3 = 15 in Zy,
g'= 0 (mod 40), gi= 16 = g (mod 40), gi= 25 =
—g3 (mod 40); g2, = 0 (mod 40), gig; = g, (mod 40), g,g; =0
(mod 40), (0, 25), *} be the strong mixed special quasi dual
number groupoid. P is a strong mixed special quasi dual
number non associative linear algebra over the field Zy;.
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Example 4.101 : Let

S= {Zaix‘ ai =X +Xog + X3 Xj € Zy7, | £j <3,

i=0

g1 =20, g3=15in Z4. g =0 (mod 40), g;=—g; (mod 40) and
2123 = g1 (mod 40), (10, 2), *} be the groupoid of mixed special
quasi dual numbers. S is a non associative linear algebra of
mixed special quasi dual number over the field Z,;.

Example 4.102: LetS={a, +byg |a,b € Z U {0}, g =4c¢
Zis be the new element, (3, 8), *} be a groupoid of dual
numbers. S is a non associative semilinear algebra of dual
numbers over the semifield F=Z" U {0}.

Example 4.103: Let
S={a+bg|labeZ U{0l,g=4c¢cZy (3, 0), *} be the
groupoid of special dual like numbers. T is a non associative
semilinear algebra of special dual like numbers over the
semifield Z" U {0}.

Example 4.104: LetS = {(aj, a5, a3, ...,a15) |ai=xtyg, 1 <i<
16,x,y e QU {0};g=3 € Z1p, g =—g € Z1,, (8/3, 7/11), *}
be a non associative semilinear algebra of special quasi like dual
numbers over the semifield Q" U {0}.

Example 4.105: Let

X = ai=d1+d2g1+d3g2;lsi§12,

all alZ

dieQ uU{0},1<j<3;g,=6and g =4 € Zp, (3/7,-1), *}
be the non associative semilinear algebra of mixed dual
numbers over the semifield Z" U {0}.



Groupoid of Dual Numbers | 143

Example 4.106: Let

a; = X; + Xo81 T X322 t X483 + X584,

1<i<20,x;e Z" U {0}, 1<j<5;¢, =5, =6;
g’ =10 (mod 15) =—g;, g>=g, (mod 15), g5 =9,
g =g =-g; (mod 15), g4 = 10, g;= 10 (mod 15); 10, 5,6, 9 €
Zis, (8, 0), *} be the groupoid of special quasi dual numbers of

dimension five. S is a non associative semilinear algebra of
special quasi dual numbers over the semifield Z" U {0}.

Example 4.107: Let

S= ai = X1 T Xog) +X3@ T Xeg3; 1 <112,

Xie QU {0} 1<j<4,g =20, =16and g3 = 15 € Zy,
g’ =0 (mod 40), g>= g, (mod 40) and g; =—g; (mod 40).

2122 = 0 (mod 40), g;g; = g1 (mod 40), g,g; = 0 (mod 40), (7/3,
5/7), *} be the non associative semilinear algebra of strong
mixed special dual numbers over the semifield Z" U {0}.

Now having seen examples of non associative structures
like linear algebras and semilinear algebras using dual numbers,
special dual like numbers, special quasi dual numbers, mixed
dual numbers, special mixed dual number and strong special
mixed dual numbers. We can derive all properties of linear
algebra and semilinear algebra as a matter of routine. This task
is left as an exercise to the reader. Using dual number square
matrices we can get the eigen vectors to be dual number and if
we define Smarandache non associative linear algebra over Q(g)
or R(g) or Z,(g) or Z,(g), Z, a S-ring (or special dual like
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numbers, special quasi dual numbers), then the eigen values and
eigen vector associated with them can also be dual numbers (of
special dual like numbers or special quasi dual numbers)
according as the S-ring which we use.

Finally if we use mixed dual number S-rings as Q(g, g;) or

Q(g. g2) or Q(gi, &) or Q(g, gi, ), then also the S-linear
algebra will have for its associated operator the eigen values and

eigen vectors can be dual numbers, special dual like numbers,
special quasi dual numbers and their mixed components.

This task is also left as exercise to the reader. However we
give few examples of S-linear algebras and S-semilinear
algebras.

Example 4.108: LetR(g)={a+tbg|g=4¢€ Zi,a beR}be
the ring of dual numbers.

Ve {al a, a, a, as a()}
a7 a'8 aQ alO a'll a12

a,be R, g=4 € Z;s, (\/g,\/ngS), *1 be a non associative
Smarandache linear algebra of dual numbers over the S-ring
R(g).

Example 4.109: Let

a=at+bg 1<i<12;

al a2 aS
a, a a
6 7 10 .
P= : . : a;=x+yg; 1<i<50,
a46 a47 aSO

g=6 € Zs, X,y € Q(g), (3/2, -2), *} be a non associative
Smarandache linear algebra of dual numbers over the S-ring
Q(g)={a+bg|a,beQ;g=6¢ Zs, g’ =0 (mod 36)}.
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Example 4.110: Let

a'1 a2 aS
M=4la, a, .. a,||a=x+tygwithx,y e Q;
all a12 alS

1<i<15,4=g € Z), g2 =g, (17, 5/4), *} be a non associative
linear algebra special dual like numbers over the S-ring

Q(g): {a+bg|a’,b € Q:g:4 € ZIZ}'
Example 4.111: Let

a=x+tyg+zg €Qgg)g=6g=4¢€”Zy,

i=0

T= {iaixi

X, ¥,z € Q, * (8 —1)} be a S-linear algebra of mixed special
dual numbers over the S-mixed special dual number ring

Qg g)={xtyg+tzgi|x,y,ze Q,g=6and g =4 € Z15}.

Example 4.112: Let

a'l aZ a3
T= a, a5 Qag a; = X4 +X2g1 +X3g2+X4g3, 1 Slgg,
a'7 a8 a9

X € R;1<j<4,g=20,g=15g=16 € Zy, (N7 ,-5), ¥}
be the non associative Smarandache linear algebra of strong
mixed special dual numbers over the S-ring;

Q(gi, g3g2) = {fa+bg; +cgz +dg,|a, b,c,d e Q, g =20,
g =15and g3 =16 € Zs}.

Example 4.113: Let S = {(a, ay, a3, a4) | a; = X; + Xog + X32;
1<i<4;x5€ Q U {0},1<j<3;g =20, g =16 € Z4, (7/2,
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3), *} be a non associative Smarandache semilinear algebra of
mixed special dual numbers over the S-semiring

(Q U {0}) (21, &) = {xi +Xog + X3¢ | X € QU {0}; 1 i< 3,
g =20, g =16 € Zy, g =0 (mod 40), g = 16 (mod 40),

212> =20 x 16 = 0 (mod 40)}.

Example 4.114: Let

W= : : : a; € (Z" U {0}) (g1, & 2, &4)
Ay Ay Ay

= {X; + Xog1 + X3+t Xags + X5 | Xj € Z° U {0}; 1 <j <5
g =20, g =16 and g3 = 15, g4 = 25 € Zy, g = 0 (mod 4),
g5 = g (mod 40), g5 = g3 (mod 40), g; = g, (mod 40)} be the

non associative S-semilinear algebra of strong mixed special
dual number over the S-semiring (Z" U {0}) (g1, 2, 3, &4).

Now all properties can be derived and some them are given
as problems in the last chapter of this book.



Chapter Five

APPLICATIONS OF SPECIAL
QUASI DUAL NUMBERS
AND THEIR MIXED STRUCTURES

Dual numbers find a host of applications. Authors are sure
that special dual like numbers will also find lot of applications
in due course of time when nilpotents elements are replaced by
idempotents.

Natural sources of idempotents are lattices, matrices with
entries 1 or 0.

Neutrosophic element I is an idempotent.

Further while applying one can also used mixed dual
numbers x = a + bg + cg; where a, b, ¢ are reals and g* = 0,

g’ =g, gg =0 (or g or g). So using both simultaneous by one
can find uses of this notion also.
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Further the special quasi dual numbers x = a + bg; + c(-g))

are such that g, is a new element with g’ = —g; so that g/ = —
g, g =g =g. g =g, g =g soall even powers are
negative thatis g =g/ = g’ = g =...= g’" =g, and all odd
powers are positive thatis g, = g = g/ =...= g"" =g,. So

this property may also find some new applications.

However the only sources of getting such new elements are
1, for (-I)* =I*=1=—(-I) and —1, for (-1)* = 1 = —(-1).

Further the set of modulo integers Z, (n a composite
number) happens to be a rich source of such special quasi dual
number components g with g* = —g (mod n).

Clearly if n = 4m we are guaranteed of such elements in Z,.
The main use of Z, is we can construct the strong mixed special
dual numbers. For take Z,, g =3 € Z; is such that
g’ =9=-3 (mod 12), g, =4 € Z,, is such that g’ =g (mod 12)

and g, =6 € Z;, is such that gi =0 (mod 12).

So x = a + bg + cg; + dg, is a strong mixed special dual
number (a, b, ¢ and d are all reals).

Further gg; = 0 (mod 12), g.g, =g, (mod 12),
g1 2 =0 (mod 12).

So these strong mixed special dual numbers has all the three
types of duals numbers and properties associated with them. So
by suppressing one or two of them the property of the other can
be studied in case of necessity.

We can also take only two dual numbers and also form the
higher dimensional structures. These also will find applications
in different fields.



Chapter Six

SUGGESTED PROBLEMS

In this chapter the authors introduce over 100 problems.
Some of the problems are at research level and are challenging.
Further as the topic dealt with this book is new these problems
will enable the reader to have a better grip of this topic.

1.  Obtain some special properties associated with quasi
special dual numbers.

2. Ifx=a+bg a beQ g =—gisa special quasi dual
number then if h = —g, (—g)* = h’ = h; prove.

3. Does Zy contain a g so that x + yg is a quasi special dual
number? (x,y € R).

4.  Does Zs contain a g so that X + yg is a quasi special dual
number?

5. Suppose g € Z;5 is a quasi special dual number
component. Find g. Can Z;s have more than one g?

6.  Prove Z, cannot contain any quasi special dual number
component (p a prime).
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7.  Prove an (n>1) p, a prime cannot contain any quasi

special dual number component.

8. Let S = Z,, find the number of special dual number
components of Z,.

9.  Obtain some interesting applications of quasi special dual
numbers.

10. LetS={a+bg|a,beZyg=8¢cZpy g =64=4(mod
12) that is g* = —g} be the group under “+’.
(i)  Find order of S.
(il))  Find subgroups of S.
(ii1) What is the order of a € S for every a in S?
(iv) Is (S, x) a semigroup?
(v) Can (S, x) have ideals?

11.  Prove in problem (10) when S is a ring.
(i) Can S be a field?
(i1)) Find ideals of S.
(iii) Can S have subrings which are not ideals?

12. LetP={a+bg|abeZ g=15¢c Zy, g =225=25
(mod 40) i.e., g = —g} be a ring of quasi special dual
numbers.

(i) IsPadomain?

(ii)) Can P have zero divisors?

(iii) Can P have subrings which are not ideals?
(iv) Can P have S-idempotents?

(v) IsPaS-ring?

13. LetM={a+bg|abeZ;,g=2¢cZ,2"=4=—g}be
the ring of special quasi dual numbers.
(i)  Find the number of elements in M.
(i) Is M a S-ring?
(iii)) Can M have S-idempotents?
(iv) Can M have S-zero divisors?



14.

15.

16.

17.

18.
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Let

S={a+bglabeZyld=geZ,, g=14=—g=7}
be the ring of special quasi dual numbers.

(1)  Find o(S).

(i1)  Find subrings of S which are not ideals.

(iii) Can S have S-ideals?

(iv) Can S be a S-ring?

(v)  Can S have S-idempotents?

Let A= {(al, Ay, ..., 312) | =X+ Yig with Xi, ¥i € 223, 1<
1< 12, g =15 € Zy} be the ring of special quasi dual
numbers.

(i)  Find order of A.

(i1)) Can A have S-ideals?

(i) Is A a S-ring?

(iv) Find the zero divisor graph of A.

(v) Can A have S-zero divisors?

LetP = <| a, a; =x; +yig where x;, y; € Q, 1 £1<10,

g =4 € Zo} be the special quasi dual number ring under
the natural product x,.

(i)  Find S-zero divisors if any in P.

(ii)) Prove P is a S-ring.

(iii) Can P have S-subrings which are not S-ideals?

Let S = Zys5;. Find all quasi special dual numbers
component of S.

Let Z, be the ring of modulo integers, n a composite
number. If S = {setofall g € Z,, g° =—g} < Z,. What is
the algebraic structure enjoyed by S?
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e a, ..oay
19. LetM=
a, @, .. ay

20.

21.

ai=xi+yig,1£iﬁ20,xi,

yi € Q, g =8 € Z»} be the ring of quasi special dual like
numbers.

(1)
(i1)
(iii)

(iv)

LetP =

Find ideals of M.

Prove M has zero divisors.

Does M contain a zero divisor which is not a S-zero
divisor?

Can M have S-idempotents?

a; =X; T yig where x, y; €
a9 alO all a12

a’lé

Zys, 1 £1<16, g =2 € Zg} be the non commutative ring
of quasi special dual numbers.

(1

(i1)
(iii)
(iv)

Can P have right zero divisors, which are not left
zero divisors?

Can P have S-units?

Can P have units which are not S-units?

Find right ideals of P which are not left ideals and
vice versa.

LetS={a+bg|a,beQ,g=15 e Zy} be a vector space
of special quasi dual numbers over Q.

)

(i1)
(iii)
(iv)

Find a basis of S over Q.

Write S as direct sum of subspaces over Q.

Find Hom (S, S).

For some T € Hom (S, S); find eigen values and
eigen vector associated with that T.
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23.
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Let

P=4dla,||a=xtygX,yi€Z;, 1<1<8 g=8¢€

71>} be a vector space of special quasi dual numbers over
the field Z,.

(i)  Find a basis of P over Z;.

(il)) What is the basis of P over Z;?

(iii) Find the number of elements in P.

(iv) Find the algebraic structure enjoyed by Hom(P, P).
(v) Definef:P— Z,.

Obtain some special properties enjoyed by vector space of
special quasi dual numbers.

LetM=4|a; a, a, a; ||a=X{TYig Xi,Yi € Zi2,

a a4 3y

1 <1< 12, g =14 € Z} be the Smarandache vector
space of special quasi dual numbers over the S-ring Z,.

(i)  Find the number of elements in M.

(il)) Find dimension of M over Z,.

(iii) Find a basis of M over Z,.

(iv) Write M as a direct sum of S-subspaces over Z,.
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25.

26.

27.

LetP = 3la, || aa=xi+tyig withX;, yi € Zyp, 1 <15,

g=8¢c Zy g8 =—g=4 e Z,} be the S-vector space of
special quasi dual numbers over the S-ring Zy.

(i)  Find a basis of P over Zy.

(il)) Can P be made into a S-linear algebra?

(i) Find a basis of P as a S-linear algebra over Z.
(iv) Compare the basis (i) and (iii)

(v)  Write P as a direct sum of S-subspaces.

LetP={a+bg|la,beQ,g=(1,-1,-1,-1,-1,-1); so
that g2 =(, 1,1, 1,1, 1) = —g} be the vector space of
special quasi dual numbers over the field Q.

(i) Find dimension of P over Q.

(i1) Find a basis of P over Q

(iii)) Write P as a direct sum of subspaces.
(iv) Find Hom(P, P).

(v)  Find the structure of L(P, Q).

a,
a, .
Let M = . 4 =X TVg X Vi € Z17, 1 <1 <10;
4y
(- -I -I -I I} , (I T 1 TTI) |
A 0 S S S A 11111 °
be the vector space of special quasi dual numbers over the
field Z]7.

(i)  Find the number of elements in M over Z,;.
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(i1) Find a basis and dimension of M over Z;5.
(iii) Find the cardinality of Hom (M, M).
(iv) Find the number of elements in L (M, Z;).

Let S = {(aj, ay, a3, a4) | a; = x; + y;g where

-1 -1 -1 111
-1 -1 -1 111
g= -l such that g’ = —g = b ,
-1 -1 -1 111
-1 -1 -1 111
-1 -1 -1 111 1]

xi, Vi € R, 1 £1<4} be a vector space of special quasi
dual numbers over the field R.

(i)  Find dimension of S over R.

(il)) Find dimension of Hom (S, S) over R.
(iii) Find L (S, R).

al a4 aS alO

LetW=4la, a, a, a, ||a=x+ygwhere
a’} aS a9 a'12
-I -I I I T 1
g=|-1 -1 -Tl,gxyg=1 1T 1| =-gxyieZn,
-I -I -1 I T 1

1 <1 < 12} be the quasi special dual linear algebra over
the field le.

(i)  Find a basis of W over Z,;.

(i)  What is the dimension W over Z,,?

(iii)) Write W as a pseudo direct sum of subspaces of W
over Z;.
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30.

31.

32.

a; = X; t y;g where x;,

Let W = [al a, a; a, a, j
af) a'7 a’8 a9 a10
yi € Z]g, 1 <1< 10, g = )

g’ = —g} be the vector space of quasi special dual

numbers.

(i) Can M be made into a linear algebra?

(i1)) Does there exist a difference in dimension of M as a
vector space over Z;o and as a linear algebra over
M?

LetS={a+bg+cg |abceZ U{0},g=(1,-1,-I,
-1,-1,-1,-1)and g, = (1, 1, 1, 1, 1, 1, 1) with g2 =g,
g2 = gg, = g, be the semivector space of complete quasi
special dual pair over the semifield Z" U {0}.

(i)  Find dimension off S over Z" U {0}.
(ii)) Can S have more than one basis?

Let V = {|a, a = X; + yig + zig where X, y;, z; €

R'U {0}, 1<i<5,g=15,g =25 e Z4y! be a complete
quasi special dual pair semivector space over R U {0}.

(i)  What is the dimension of V over R" U {0}?
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(ii)) IfR" U {0} is replaced by Q" U {0} what will be
the dimension of V over Q" U {0}.

(iii) Find basis of V over R" U {0} and over Q" U {0}.
Study the difference in them.

(iv) Find Hom(V, V).

Lot M — [al a, . alzj
a13 a14 o a24
g:2 EZ6,g1:4 € Z5,di,Ci,bi EZ+U {O}, 1 S1S24}

be the complete quasi special dual pair semilinear algebra
under the natural product x, over the semifield Z" U {0}.

a; = d; + ¢;g + big; where

(i)  Find a basis of M over Z" L {0}.

(i) Can M be written as W + W*? (W™ the orthogonal
complement of W)

(ii1) Find for a T € Hom (M, M) the associated eigen
values and eigen vector.

a'1 a2 3'3
LetP=<la, a; ag||a=xtyg+zg withx,y;, z
a, a; a

eR U{0},1<i<3,1<j<9,g=8andg =4 € Z}
be the non commutative semilinear algebra of complete
quasi special dual pair over the semifield Z* U {0}.

(i)  Is P an infinite dimensional semilinear algebra?
(ii)) Find S=Hom (P, P).
Is S finite dimensional or infinite dimensional over
Z U {0}?

Let S = {(a;, @) | aj = x; + yig + zig with x;, yi, z € Q;
1<j<2;g=(-1,-1,-1,-1,-1,-1) and

g =(1,1,1,1, 1, 1)} be a vector space of complete quasi
special dual pair numbers over the field Q.
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Is S isomorphic with P = {(a;, a,) where a; = x; + yig, Xi, ¥i
eQ,1<j<2,¢g=(-1,-1,-1,-1,-1,-1) and

g =(1,1,1,1, 1, 1)}, P is also a vector space of quasi
special dual numbers over the field Q?

4 a4, a; dy A3 A

36. LetM=4la, a; a; a; a, a,||a=xTygt
a’3 a() a9 a12 a'15 alX
-1 T 1 1]
-1 -I I I
zg, 1<j<18whereg=|-1 —I|andg =|1 I],x,
-1 -I I 1
B LI 1]

a, a, a,
ring. N= <l a, ag a,, || aj=x; +y;g with
a13 al4 alS
1T
-1 -I
1<j<18,g=|-1 -I|} be the quasi special dual
-1 -I
__I _I_

number ring. Is M isomorphic to N as rings?
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a| a2
LetP = : DllaExityigtzig, 1<i<16, %, i,

a a

15 16

7z, € Zis, g =2 and g = 4 € Z¢} be the complete special
quasi dual number ring.

al aZ

M= Do l|a=Extyg, 1 <116, %,y € Zig,
A5 A

g’ =2 e Z¢, g =—g =4} be the special quasi dual number

ring.

Prove M and P are isomorphic as rings.

a1 aZ a’3
LetS=<la, a, a,||a=xtYyg"tzg wherex, yi z
a; dag ay

e R, 1 £i1<9,g=2and g =4 € Zs} be the non
commutative ring under usual product of matrices of
complete quasi special dual number pair.

a1 az a3
P= a, a; ag =X tyig + zig where x;, Vi, Zi €
a7 a8 a9

R,1<i1<£9,g=2and g =4 € Zg} be the special quasi
dual number ring under the natural product x,,.
Can S and P be isomorphic? Justify your claim.

Find all special quasi elements in Z¢.  Does this
collection form a semigroup under x?
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40.

41.

42.

43.

Let Z7y be a ring of modulo integers. Find the extended
semigroup of associated dual numbers.

Find the algebraic structure enjoyed by Hom(P, P) where

al az ag
P=<la, a, .. a,||a=x1yg+zg wherex, yi
A7 Ay e Ay

z€Q U {0},1<i<24, g=15and g =25 € Zy} is the
semivector space of complete quasi special dual pairs.

a, a, a, a,
a, a, ag .
. ||BTXTYiet zg with
12

a13 a14 aI5 aI6

1<i<16, x,y,z1€ Z° U {0},g=14 € Zyyand g =7}
be the semilinear algebra of complete quasi special dual
pairs over the semifield Z" U {0}}. Find the algebraic
structure enjoyed by L(S, Z" U {0}).

LetM= 1| a, || =X tyig + zig1, Xi, ¥i» Zi € Zo4, =2,

g1 =4 € Zs,1 <1< 10} be a S-vector space of complete
quasi special dual number pair over the S-ring Z,,.

(i)  Find S-dimension of M over Z,.
(i1)) Find S-basis of M over Z,,.
(iii) Find the algebraic structure enjoyed by L(M, Z,4).



44,

45.

46.

47.

48.

49.
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al aZ ag
LetT=4|a, a, .. a,/||a=xityg+zgn,XiYzZ
al7 a18 a24

€Q,1<1<24,g=8,g =4 € Z} be a S-vector space
of complete quasi special dual pair over the S-ring

Q(g,g)={a+bg+cg |abceQ g=8andg =4¢
le}.

(i)  Find S-dimension of T over Q(gi, g»).
(i)  Find (T, Q (g1, 2)).

Obtain some interesting properties about quasi special
dual number of t-dimension (t > 2).

Does there exist neutrosophic quasi special dual numbers?

Let p= {a + bg; + cg, + dg; where a, b, c € R; g, = (-],
-1, -L,-1), g2 = (-1, -1, 0, 0) and g; = (0, 0, -1, -I), P = I}
be the four dimensional special quasi dual like number.

(i) Is P asemigroup under x?
(i) Is P a group under +?

(ii1) Will (P, +, x) be a ring?
(iv) IsPa S-ring?

(v)  Does P contain S-ideals?

Give an example of a 10 dimensional neutrosophic special
quasi dual number ring of finite order.

Let M = {a; + ag; + asgy + asgs, 8 € Zoy, | <1 <4 where

(-1 O -1 -1y (-1 -1 00
87 o1 o1 a)® a0 o)
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50.

51.

52.

53.

54.

55.

0 0 -1 -I
neutrosophic special quasi dual number ring.

0 0 -I -I . ] _
2= } be a ring of four dimensional

(i)  Find the number of elements in M.

(i) Is o(M)=9*

(iii)) Does M contain S-subrings which are not ideals?
(iv) Can M have S-zero divisors?

(v) Does M contains units which are not S-units?

Does there exists a ring of special quasi dual numbers
which is not a S-ring?

Enumerate the special properties associated with special
quasi dual number rings.

Can special quasi dual number semiring be constructed of
any desired dimension?

What will be the minimum dimension of any special quasi
dual number in a semiring?

Is it possible to construct a two dimensional special quasi
dual number semiring? Justify!

Let M = {a, + ag + a3, |aj € Z" U {0}, 1 <i<3,
gi=CL-1L-L-1,-0), g = LLLI)=-g,=1listhe
indeterminate} be a semiring of special quasi dual
numbers.

(i)  What is the dimension of M?
(ii)) Is M a S-semiring?

(ii1) Is M a strict semiring?

(iv) Can M have zero divisors?
(v) Can M have S-ideals?



56.

57.
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aj = X; + Xog + X381 + xsh + xshy

with1 <i<10,x€Q,1<j<5,g=6,g =15 h=14
and h; =7 € Z,,} be a vector space of quasi special dual
pairs over the field Q. Is P a linear algebra?

o {al - a }

a, ... 4,
€ Zy, with 1 £1 <10, xy, Xp, X3 € Q} be a linear algebra
of complete quasi special dual pairs over the field Q.

aj=X; +X;g +xsh,g=6and h =14

(i)  Find a basis of P and M.

(ii)) IsP = M? (P alinear algebra)

(iii) Find Hom(P, P) and Hom(M, M).

(iv) If P is a vector space find dimension of P over Q.

(v)  Find Hom (P, P), P as a vector space.

(vi) Write P as a direct sum of sublinear algebras
over Q.

(vii) Find L (P, Q) and L(M, Q).

Let S = {a; + ayg; + a3y + asgs +asgq + ... + a0, &1 =
-L-L-L -I), & =(-1, 0,0, 0) g = (0, -1, 0, 0), g4 = (0,
0,-1,0),g=1(0,0,0,-1),ge=( L, L 1), g=(0,0,0),
gs=1(0,1,0,0), g0=(0,0,1,0) and g;o=(0, 0,0, 1), a; €
Q" U {0}, 1 <i< 11} be the semiring of special quasi
dual numbers.

(i) IsP=14{(,0,0,0),g,g,8gs ..., L0} a semigroup
under x?

(ii)) Can S be a S-semiring?

(iii) Prove (S, +) is not a semigroup.

(iv) Can S be a strict semiring?

(v)  Prove (Q" U {0}) (P) the semigroup semiring of the
semigroup (P, x) over the semiring Q" U {0} is
isomorphic to S.
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58.

59.

60.

61.

62.

Let S = {a; + ag| + a3g, + asg; + asgy where a; € Q u
{0}’ 1 < 1 < 5’ gl = (715 71)5 gZ = (1, 1)9 g3 = (715 0) and

g=(1,0), gi=(1,1)=-g =gy g:=(1,0) = —g; = gu.
218 = g1, 8183 = L4, 8384 = L3, L84 = L4, L3 = g3} be the

semiring of special quasi dual numbers.

(i) Can S have zero divisors?

(i1))  Is S a semifield?

(iii) Can S be a S-semiring?

Does Z,4 contain x such that x* = —x = (239) x?

(i) How many such x does Z,4¢ contain?

(ii) IfS={x € Zpy| X =—x} < Zaso, is (S U {0}, x}
form a semigroup?

Find all special quasi dual number components of Zs.

For what values of n (n not a prime) does Z, contain
special quasi dual number component? (That is elements
X € Z, with x* = —x).

Let P = {3,1 + g1 + 432> + 483 | a; € Z]6, 1 <1< 4,

(-1 -1y (-1 -1} (0 0
S G R N A G e
g1 Xn 81 =81, 81 Xn 82782, 81 Xn 83~ 83, 22 Xn &2 = 82,

00
g Xn 83 = —gyand & x, g3 = (O Oj} be the ring of
special quasi dual numbers.
(i)  Find the number of elements in P.

(i) IfS= {{(0), g1, g2, 3, ¥n)} be the semigroup and
ZigS={a tag tagmtagt...+ aga=
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64.

65.

66.
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Zaigi a; € Zi5, 1 £1<t=0(S)} be the semigroup

ring. Prove Z,¢S = P as rings.

(iii) Is P a S-ring?

(iv) Can P have S-ideals?

(v) Does P contain S-units?

(vi) Can P have zero divisors which are not S-zero
divisors?

Let T = {a; + apg; + a3g, + asgs + asgy | aj € Zyg, 1 <1 <5,
g1 =3,2=4,g,=8and g3 =9 € Z,} be the general ring
of complete quasi special dual number pairs.

(i)  Find order of T.

(ii)) Prove P is a S-ring.

(iii) Find ideals which are S-ideals in T.

(iv) Does T contain any special quasi dual element y
such that y* =—y in T?

Let W = {a; + arg) + asgy + asgs + asga | 8, =3, g2 = 4,
gs=8and g4 =9 €Zp,aeZ U {0}, 1 £1 <5} be the
general quasi dual semiring.

(i) Is W a S-semiring?

(ii)) Can W have S-semi ideals?

(ii1) Is W a strict semiring?

Let S =Q(gi, g, -.., g) be a t-dimensional general ring of
special quasi dual numbers.
Study the special features enjoyed by S.

What is the special feature associated with vector space of
special quasi dual numbers over a field F?

Let P — |:al a2 a’3 a4 a'5:|
A A7 83 8y 3y

where g = 14 and k = 6 € Z,, X, X, X3 € Q} be the

vector space of special quasi dual numbers over the field

Q.

a; = X1 + ng + X3k
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68.

69.

(i) Find a basis of S over Q.

(il))  What is the dimension of S over Q?

(iii) Can S be made into a linear algebra and the natural
product x,?

(iv) IfQ is replaced by
Qg b ={xitxg+x:k|14=g, k=6 € Zy;
X1, X2, X3 € Q}. Will P be a S-vector space?

(v)  What is the dimension of P as a S-vector space over

Q (g, k)?

Let S = {Zaixi ai € Zs (g1, g) where g; = 15 and

i=0

g = 24, 15, 24 € Z4} be the linear algebra of special
quasi dual numbers over the field Zs.

(i)  Find dimension of S over Zs.

(ii)) Find a basis of S over Zs.

(iii) Can S be expressed as a direct sum of linear
subalgebras over Zs?
If Zs is replaced by Zs (g, g) study the questions
(i), (ii) and (iii) with appropriate changes.

Let M = {(ai, a, a3, a4) | a; = X; + Xog1 + X3, Where

-1 I
g =|-1|andg=|1|,x;€e Z"U {0}, 1<i<3,
-1 I

1 <j <4} be a semivector space of special quasi dual
numbers over the semifield Z" U {0}.

(i)  What is the dimension of M over Z" U {0}?

(il))  Write M as a direct sum of subsemivector spaces.

(i) IfZ" U {0} isreplaced by T=Z" U {0} (g1, £);
will M be a S-semivector space over
T=27"U {0} (21, 2) = {Xi + X2 + X381 |
xieZ U {0},1<i<3}.
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(iv) What is dimension of M over T?

a1 a'2 a}
LetP=<la, a; a,||a=x +xXg +X3g where
a, a, a,

1<i<9,x,X,%X;3 € Q,g=8and g, =3,
g'=—g; (mod 12), g5 =g, (mod 12), 3,8 € Z,}
be a vector space of special quasi dual numbers.

(i) LetT:P — P be any linear operator on P so that T"'
does not exist.

(i) Find eigen values and eigen vectors associated with
S; S: P — Pgiven by

a, a, a, a, 0 0
S{|a, a; a;||=[0 a; O
a, ay a, 0 0 a,

(iii) Is S an invertible operator on P?
(iv) Find ker S.

al a2 a3
(v) LetKiy=<10 0 0] a=x+xXg +X3;
0 0 O

xjeQ,1<1,j<3,g,=8and g, =3 € Z;,} P,

0 0 O
Ky=14la, a, a;||a=x+xg +x3g; xj€Q,
0 0 O

1<1,j<3,g1=8and g, =3 € Z;,} cPand
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71.

72.

0O 0 O
K;=<10 0 0 a; =X T Xog + X382 Xj € Q,
a a, a

1<i,j<3,gy=8and g, =3 € Z;p} <P

be subspaces of P.

Find projection E;: P — K, 1 <j < 3 such that

I =E, + E, + E;. Find the eigen values associated
with each E;; 1 <j < 3.

a a a
Letv=24 ' 2
a, a; a,

1<i<6,g=6andg, =14 € Z,,x€Q,1<j<3}bea
vector space of special quasi dual numbers over the field
Q.

(i) Find Hom (V, V).

(i) Find L(V, Q).

(ii1) Find a basis for V over Q.

(iv) What is the dimension of V over Q?

a; = X; T Xog; + X538, where

al a’2
a, a, )
Let W= a; =X; + Xpg; + X3, where 1 <i<8,
aS a6
a, a

g =24 and g, = 15 € Zy, X3, X2, X3 € R} be the vector
space of special quasi dual numbers over the field R.

(i)  Study the algebraic structures enjoyed by
Hom(W, W).

(i1))  Give the algebraic structure of L(W, R).

(iil)) Write W as a pseudo direct sum.

(iv) What is the dimension of W over R?
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74.
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a1 a2
LetP=4q|a, a,|| a=x;+x8 +X3g where ] <i<6
a. a

and 1 <j<3, gg=3and g =8 € Zy, X; € Z;} be the
vector space of special quasi dual numbers over the field
Z;.

(i) Find Hom (P, P).

(i1)  Find L(P, Z,).

(iii) Write P as a direct sum, W; + W, + W3 + W, =P.

(iv) Now using each W; define a projection E; : P — Wj,
1<j<4.

Let S = {(a;, a3, ..., a10) | & = X1 + Xo8; + X382 + X483 +
Xsgs; 1 <110, %5 € R"U {0}, 1<j<5;g =25,g=15,
g3 =24 and g, = 16 € Z4} be semivector space of special
quasi dual numbers over the semifield R" U {0}.

(i)  Find dimension of S over R™ U {0}.

(il)) Find P=Hom(S, S). Is P a semivector space over
R" U {0}?

(iii) Find dimension of L (S, R" U {0}) over R" U {0}.

Let M = {Zaixi ai = X; + Xt Xa, Xj € R" U {0},
i=0

1<j<3,g =8and g =4 in Z;,} be a semivector space

of special quasi dual like numbers over the semifield

S=Z7Z"u {0}.

(i) Find a basis of M over S.

(ii)) Can M have more than one basis?

(iii) Find dimension of M over S.

(iv)  Write M as pseudo direct sum! (Is it possible).
(v) FindL(M, Z" U {0}).
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76.

T7.

78.

79.

80.

Obtain some special properties enjoyed by mixed special
dual quasi numbers.

Give an example of a finite ring of mixed special dual
quasi numbers.

Let
P = {X1+X2g1+X3g2|Xi€Z43, 1 £i£3,g1=8;g2=
6 € Z),} be the ring of mixed special quasi dual numbers.

(i)  Find order of P.

(ii)) Is P a S-ring?

(iii) Can P have S-ideals?

(iv) Can P have subrings which are not S-subrings?
(v)  Does P contain S-zero divisors?

(vi) Can P contain units which are not S-units?

LetS=+<|a

a

a, || &= X1+ X8 T X322

a a a a

11 12 13 14 15

+ Xag3 + Xsgs + Xegs; 1 <1< 15, x5 € VARV {0}, g1 = 15,
2@ =25 g3=16,g4,=24and g5 =20, 1 <j <6} be a
semiring of special mixed quasi dual numbers.

(i) Is S astrict semiring?

(i1) Can S have S-semi ideals?

(iii) Can S have S-units?

(iv) Can S have subsemirings which are not ideals?

Let S in problem (79) be a semivector space of special
mixed quasi dual numbers over the semifield Z* U {0}.

(i)  Find P=Hom(S, S). Is P a semivector space?

(i) Find a basis of S over Z" U {0}.

(iii) Can S have more than one basis?

(iv) Write W as a direct sum of semivector subspaces.

(v) Find L(S,Z" U {0}) =M, What is the algebraic
structure enjoyed by M?
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a, a
LetP = {{ : 2} a = X T Xog1 T X3@y + X4g3 with g, =
a, a,
6,2=9,83=8¢eZp, 1<i<4d, xjeZ;,1<j<4}bea
strong mixed special quasi dual number general non
commutative ring.

(i)  Find the number of elements in P.

(i1)) Is P a S-ring?

(iii)) Can P have S-ideals?

(iv) Can P have S-units?

(v)  Can P have zero divisors which are not S-zero
divisors?

(vi) Isa=4gaS-zero divisor?

(vii) Is b= g, an S-idempotent?

Obtain some interesting properties enjoyed by strong
special mixed quasi dual numbers.

Is it possible to get the component of strongly mixed
special quasi dual numbers from any other source other
than Z, (n an appropriate positive integer).

Find the component set of strong mixed special quasi dual
number associated with Zs».

Find the component set of strong mixed special quasi dual
numbers of Z,o.

Let S = {a; + arg) + asgy + asgs + asgq + aggs + ... + ajoo
with a; € Zy5, 1 <1 < 10 where g, = (6, 6, 6, 6, 6),
2,=(0,0,0,6,6,6),g=(6,6,6,0,0,0),2.=(9,9,9,9,
9,9),25=(9,9,9,0,0,0), g6=(0,0,0,9,9,9), g,=(8, 8,
8,8,8,8),2=(0,0,0,8,8,8),2=(8,38,8,0,0,0); 6,9,
8 € Zi,} be the ring of mixed strong special quasi dual
numbers.
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&7.

(i)  Find the order of S.

(i1)) Is S a Smarandache ring?

(iii) Can S have ideals which are not S-ideals?
(iv) Can S have units which are not S-units?
(v)  Find subrings which are not ideals.

a, a, a, a, a,
LetM = a=x;+xX8 tx38 +
a6 a7 aS a‘) alO

15
15
X483+ X584+ ... + X11810; Where 1 <1< 10, g, = 150
15
(15 16 16 24 24
10 |16 10 |24 10
125) 15,g3 16 > 4 16 » &5 24 g6 24|’
K 16 0 24 0
[25 25 20 20
25 0 20 d 0 15. 95
= s = s = an = > H s
g7 25 £ 75 £9 20 g1o 20
25 0 20 0

20, 16, 24 € Z4, Xj € Z3p, 1 <j <11} be the strong mixed
special quasi dual like number ring under natural product
X

(i) IsM a S-ring?

(i) Find order of M.

(iii)) Can M have ideals which are not S-ideals?

(iv) Can M have idempotents which are not S-
idempotents?

(v) Does M have zero divisors which are not S-zero
divisors?
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Suppose M in problem (87) is a S-vector space of mixed
special strong quasi dual numbers over the S-ring of M.

(i)  Find dimension of M over the S-ring Zs,.

(il)) Find a basis of in over Zs.

(iii)) Find Hom(M, M) =S. Is S a S-vector space over
Z30?

(IV) Find L (M, Z30).

(v)  Write M as a direct sum of S-vector subspaces of M
over Zs.

Find the component semigroup of special quasi dual
elements of C(Zy,).

Does C(Z4,) contain the component of a special quasi dual
element?

For C(Z,) what is the condition on n so that C(Z,) has
special quasi dual component-elements?

Let C(Z4) = {a + bir | a, b € Zy, i;=n— 1 =39}. Find

all x € C(Z4), (where x =a + big, a,b € Zy \ {0}) such
that x> = (n—1) x = 39x.

Let A = {(a}, ay, ..., a5) | & = X; + Xog; where g; = 8 + 2ig
e C(Zy7), X1, X, € Q} be the ring of complex modulo
special quasi dual like number.

(i) Prove A is a S-ring.

(ii)) Does A contains S-subrings which are not S-ideals?

(ii1)) Does A contain S-units?

(iv) Can A have zero divisors which are not S-zero
divisors?
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94.

95.

96.

97.

a, a,
a, a,
LetM = a; = x| + Xpg where X, X, € Z; and
a’S a()
a; ag

g=7+6ir € C(Zip) = {a+bir|a,be Zy, i;=9}; g =—
g, 1 <1 < 8} be the special quasi dual number complex
modulo integer general ring under x,,.

(i)  Find the number of elements in M.
(ii)) Is M a S-ring?
(ii1)) Give subrings of M which are not S-ideals.

Prove C (Z,) = {a+bir |a,b € Z,, i;=p-1}, p a prime of
the form p = m”> + n°, 1 < m, n < p—1 has always atleast
oneg=a+bir|a,beZ,\ {0} such that g =g

a1 aZ a‘3 alO
LetT=4|a,, a, a; .. a||a=X +Xg+X3g
aZl a22 a23 a30

with x; € Q" U {0}, 1 £1<30, 1 <j<3,g=2+4if and
g =8+ 6ir € C(Z1p) = {a+Dbig|a,b e Zj, i;=9}, } be
the general semiring of complex modulo integer special
quasi dual number under natural product x,,.

(i) CanT be a strict semiring?
(ii)) Is T a S-semiring?

(ii1) Can T have semiideals?
(iv) Can T have S-idempotents?

If T in problem (96) is taken as a semivector space of
special quasi dual numbers over the semifield Q" U {0}.

(i)  Can T be finite dimensional over Q" L {0}?
(ii) Find a basis of T over Q" U {0}.
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(iii) Can T have more than one basis?
(iv) Find Hom(T, T) =P, is P a semivector space over

Q v {0}?

LetM = {Z“aixi ai =X; +Xo8 + X3, Xj € VARG {0},

i=0

2+4i, 8+ 61,
. 2+4i, 8+ 61 .
1<j<3and g = 0 and g, = 0 , 2 + 4ip
2+4i, 8+ 61,

and 8 + 6ir € C(Zyp) and g; x, g = g and g; x, & = g1,
2 X, 2 = g} be a semivector space of special quasi dual
numbers over the semifield Z" U {0}.

(i)  Find a basis of M over the field Z" U {0}.

(ii)) Write M as a pseudo direct sum. (Is it possible?).
(iii) What is the dimension of M over Z" U {0}?

(iv) Find Hom(M, M).

(v) Find LM, Z" U {0}).

Characterize the properties enjoyed by strong mixed
special quasi dual like numbers build using Z,,.

Does C(Z,45) contain a component semigroup which can
contribute to strong mixed special quasi dual like
numbers?

Let C(Zog) be the complex finite modulo integer.

Does C(Zog) = {a + bir | a, b € Zog, i-= 97} contain a
component semigroup which can give special quasi dual
numbers?

Describe the properties enjoyed by groupoid of special
dual like number.
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104.
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Obtain some interesting properties enjoyed by groupoids
of strong mixed dual numbers.

Let G={a; tag ta3gmt...+asg|a € Zss, 1 <14,
g =7 2=14,g=21,g,=28,gs=35and ge =42 €
Z, (3, 5), *} be the seven dimensional groupoid of dual
like numbers.

(i) Is G a S-groupoid?

(i1))  Find the number of elements in G.

(iii) Can G have zero divisors?

(iv) Can G have S-subgroupoids?

(v) Is G anormal groupoid?

(vi) Show G has atleast seven distinct subgroupoids.

a1 a2 a’3 a10
LetT=14la,, a, a; .. ay||a=x1TXg +X3
a, a, a a

21 22 23

T X423, 1 <1<30, x5 € Z7,1<j<4,¢,=20, g =16 and
g3 = 15 € Zy, (3, 2), *} be the strong mixed dual number
groupoid.

(i) IsT finite?

(ii)) Can T have S-zero divisors?

(iii) Can T have normal subgroupoids?

(iv) Can T have subgroupoids which are not
S-subgroupoids?

LetS={a+bg +cg|ab,ceZ U{0},g =10 and
@ =15 € Zy,(8,7), *} be a groupoid.

(i) Can S be a S-groupoid?

(il)) Can S have S-idempotents?

(iii) IsP={a+bg |a,be5Z U {0}, g =10 € Zy,
(8,7), *} < S a S-subgroupoid?

(iv) How many subgroupoids can S have?
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a, a, a; .. a,
107. LetT= q|a,, a, a; .. ay||a=X +Xg X8
a, a, a a

21

+ ot Xegs, g1 =7, 8 =14, g3=21,g,=28,g5=35 ¢
Zs, g2= g (mod 42), g2 =g, (mod 42), g2= g; (mod 42),

g,= g, g:= g1 (mod 42), g1z, = g (mod 42), gigs = g
(mod 42), g,g; = g3 (mod 42), g,g5 = g5 (mod 42), g,g; =0
(mod 42), g>g4 = g», and so on. Xj € Z»3, 1 <j<6,(7,0),
*1 be the groupoid.

(i) IsT finite?

(ii)) Can T have zero divisors which are not S-zero
divisors?

(i) Is T a strong mixed special dual number groupoid?

108. Let G = {Zaixi ai = X; T Xog T X3 where x; € Zs,

i=0

1<j<3,gr=6and g =9 € Zsy, g =0 (mod 36),
g’= g, (mod 36), (2, 0), *} be the mixed dual number
groupoid.

(1) Is G infinite?

(il) Prove G is a S-groupoid.

(iii)) Can G have a subgroupoid which is not a
S-groupoid?

(iv) Can G be normal?

a,e€Zp(g)={atbgla,be”Z,g=3

i=0

6
109. LetS= {Zaixi

€ Z¢},0<1<6, * (3, 4)} be the polynomial groupoid of
special dual like numbers of finite order.

(i)  Find the number of elements in S.
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110.

111.

112.

(i) Is S a S-groupoid?

(iii) Can S have S-subgroupoids?
(iv) Can S have zero divisors?
(v)  Can S have idempotents?

a,€Z/(g)=1{a+bg|la,beZ;,g=10

LetM = {iaixi

i=0

€ Z3},0<1<3,(2,0), *} be a groupoid of special dual
like numbers.

(i)  Find the number of elements in M.

(ii)) Is M a S-groupoid?

(iii)) Is M a normal groupoid?

(iv) Can M have normal subgroupoids?

(v) Can M have subgroupoids which are not S-
subgroupoids?

LetS={(aj, a, ..., a8) |ai=X; T Xp8, 2=3 € Zo, X1, X3 €
Zg, 1 <1 <8, (10, 8), *} be a non associative linear
algebra of dual numbers over the field Zgo.

(i)  Find a basis of S over Zy,.

(i1)) Is S finite dimensional?

(iii) Find Hom (S, S). Is Hom(S, S) a non associative
linear algebra?

(iv) Write S as a direct sum of subspaces.

(v)  Find T € Hom (S, S) so that T™' exists.

Let M= {a; +ayg Tazg +asgs|aeQ, 114, g =3,
g =6and g3 =4 € Zy, g =g (mod 12), g5=0 (mod
12) and g = g; (mod 12); (7/3, 4/7). *} be a non

associative linear algebra of strong mixed dual numbers
over the field Q.

(i)  What is dimension of M over Q?
(ii)) Forany T : M — M find the related eigen values
and eigen vectors.
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(iii)  Are the eigen vectors associated with T strong
mixed dual numbers?

a
113. Let N=4| * || a=x% + X8 + Xag, X; € R; 1 <i<3,

ay

g =20 and g, = 16 € Zy, (\/7,\/5-1-4), *1 be a non
associative linear algebra of mixed dual numbers over the
field R.

(i)  Find dimension of N over R.

(il)) Find L(N, R). What is the algebraic structure
enjoyed by L(N, R)?

(iii) Find Hom (N, N).

(iv) Is N finite dimensional?

(v)  Write N as a pseudo direct sum of sublinear
algebras.

a, a, a, .. a
114. LetS= [1 S 8}
a’9 a10 all a16
1<i1<24,x5€Z;1<j<3,g21=(4,4,4), g2,=(6, 6, 6),

6 € Z1»; (3, 0), *} be a non associative linear algebra of
mixed dual numbers over the field Z,.

3, =X T X281 + X382 ;

(i)  Find the number of elements in S.
(i1)) Find a basis of S over Z;.

(iii) Find dimension of Hom(S,S).

(iv) Find a basis of L(S, Z,).

a, a, a; .. a
v) ET:S—>S;T=||a, a, a, .. a,

al7 alS a19 a24
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a, a, a, ag
=0 0 O 0
g dy A .. A

Find the eigen values and eigen vectors associated with T.

a
115. LetP=4| * a =Xt Xo81 + X322 + Xag3;

1<i<12,x € Z" U {0} g = (20, 20), g, = (16, 16), and
g3 =(15,15),20, 16,15 € Z4, 1 <j<4,(3,4), *} be a
non associative semilinear algebra of strong mixed dual
numbers over the semifield S =Z" U {0}.

(i) Find a basis of P over S.

(i1)) Can P have more than one basis?

(iii) Can we say the number of linearly independent
elements in S will always be less than or equal to
the number of elements in a basis of P over S?
(substantiate your claim!)

(iv) Find Hom(P, P). Is Hom(P, P) a non
associative semilinear algebra over S?

(v)  Find L (P, S). Is it a semilinear algebra over S?

116. LetT= {(al, A, ..., 315) | ;i = X4 +X2g1 +X3g2; 1<i< 15,

_ 35T
35
135
and g, = 35 , 7,35 ¢
35

35

xeQ U{0};1<j<3,g =

N N e N
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a5
35
‘ 35
Zy with gy x, g = 35 (mod 42), g x, g1 =
35

35

N NN 099

(mod 42) and g, x, g = (mod 35), (2, 0), *} be a non

N 999

7

associative semilinear algebra of mixed special dual
numbers over the semifield S=Q" U {0}.

(i) Find a basis of T over S.

(i1)) Is T finite dimensional over S?

(iii) Find Hom (T, T).

(iv) Can T have more than one basis?

(v) Find L(T, S).

(vi) IfS=Q" U {0} is replaced by F =Z" U {0} study

problem (i) to (iv).
al
a
117. Let W= 2l a=x + Xog81 + X328 + X483 1 <1 <12,
alZ

xjeZ' U {0}, 1<j<4, g, =28, g =8and g3 =7 € Zsg,
g’ =0 (mod 56), g; = g (mod 56) and g; =49 = —g;
(mod 56), g,g; = 0 (mod 56), gig; = g1 (mod 56), gig> =0
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118.

(mod 56), (0, 2), *} be a non associative semilinear
algebra of strong mixed dual number over the semifield
Z"u {0} =S.

(i)  Find a basis of W over S.

(i) Is W finite dimensional over S?

(iii)) Can W have more than one basis over S?

(iv) Find the algebraic structure enjoyed by Hom(W,W).

(v) IfT:W — Wis an invertible semilinear operator
find the associated eigen values and eigen vectors
associated with T.

LotV = (al a, .. aIOJ

a, A, .. Ay
1 <1<20,x;€Q; 1<j<3.g=6and g,=4€eZ,, (3,-2),
*1 be the non associative Smarandache linear algebra of
mixed dual numbers over the Smarandache ring

Qg, &) ={x1 + X8 + X322 | X, € Q,1 <i1<3, gy =6and
@ =4 eZy}.

a; =X T Xog1 + X322,

(i)  Find a S-basis of V over Q (g, 22).

(i1)) What is the dimension of V over Q(g, g)?

(ii1) Find Hom(V,V). Is Hom(V, V) a non associative
linear algebra over Q(gi, g2)?

(iv) IfT:V >V, Tisnon invertible find the eigen
values and eigen vector associated with T. Do these
values belong to Q(g;, g2) \ Q?

(v)  Suppose V is defined over Q(g;) (or Q(g)) study
problems (i) to (iv).
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119. LetS= : ai=xl+x2g1+x3g2+x4g3with 1S1S4,

Xj eR,1Sj§4,g1=20,g2=16andg3=15 €Z40
(\/ﬁ—l —\/§+13), *) be a non associative S-linear
algebra over the S-ring

R(gi, 2, g3) = {X1 T Xog1 + X328 + Xug3 | Xj € R; 1 <7 <4,
g =20, go = 16 and g; = 14 € Z} of strong mixed
special dual numbers.

(i)  Find a S-basis of S over R(g;, 22, 3).

(i) If S is defined over R(g;, g») what is the basis of S
over R(g, g,)?

(ii1) Let S be defined over R(g;) (or R(g,)) study the
properties of S as a non associative S-linear algebra
of strong mixed dual number over the S-ring R(g))
(or R(gy)).

(iv) Find Hom(S, S).

(V) Find (a) L (S’ R(gla g2, g3))’
(b) L (S, R(g1, 22)),
() L (S, R(g, 23)),
(d) L (S, R(gs, g1),
() L (S, R(g)),
(H) L (S, R(g>)) and
(2) L (S, R(gy)).
Compare their algebraic structures and basis for the
linear algebras (a) to (g).

(vi) Find a direct sum of S as sublinear algebras.

(vii) Find for atleast one T:S — S and its associated
eigen values and eigen vectors.
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25
120. LetS= {Zaixi aj=xj+vyg, 0<j<25,x,y;€ Q g=4

i=0

€ Zi, (8, —8), *} be a non associative S-linear algebra of
dual numbers over the S-ring

Q(g)={a+bgla,beQ,g=4ecZ;g =0}.

(i) Find a basis of S over Q(g).

(il)) Find a linearly dependent subset of S.

(iii) Is S finite dimensional?

(iv) Can S be written as a direct sum of sublinear

algebras?
al a2 a3 aS
121. LetS=4|a, a,, a; A, || &= X1 T X8 + X322
al7 a18 al9 a24

+x4g3 1 <124, x,€e QU {0},1<j<4,,=20,g=
16 and g3 = 25 € Zy4, (3, 30), *} be the non associative
Smarandache semilinear algebra of mixed dual numbers
of four dimension over the Smarandache semiring

F=(Q U {0}) (g1, & 8) = {X1 + Xo81 + X382 + Xug3 | X; €
Q U {0}, 1<i<4,g =20,g=16and g3 =25 € Zy} of
mixed dual numbers.

(i)  What is the dimension of S over F?

(i) Is S finite dimensional?

(iii)) Find S-subsemilinear algebras of S over F.

(iv) Find Hom(S, S). Is S a finite dimensional S-
semilinear algebra over F?

(v) Find L(S, F). Study the striking properties
associated with L(S, F).
Is L (S, F) a S-semilinear algebra over F?
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aieZ U {0} (g, & g)=

a1 a2 a3
122. LetP =
a, a; ag

{X1 + X081 + X3 + Xug3 | Xj € VARV, {0},1<5<4, g, =20,
2 =16,g3=15,g,=25 € Z4y},1<1<6,(8,0), *} be a
non associative S-semilinear algebra of strong mixed
special dual numbers over the S-semiring

F=7"0U {0} (2, g &) = {X1 + X1 + Xags + Xag3 | Xj €
Z" U {0}, 1 <j<4;g’s mentioned above 1 <t < 3} of
strong mixed special dual numbers.

(i)  Find dimension of P over F.

(il) Find a basis of P over F. Can P have more than one
basis?

(iii)) Study Hom(P, P) and L(P, F).

(iv) If T € Hom (P, P) study the eigen values and eigen
vectors associated with T.

123. LetM = {Zaixi =Xt X281 + X322 + X483 + X584

i=0

where x; € Z" U {0}, 1<j<50<i<8,g =4, =6,
g =9and g3 =3 € Zp, (0, 2), *} be a Smarandache
semilinear algebra of strong mixed special dual numbers
over the S-semiring

S=7"U {0} (g1, g2 &) = {X1 + Xog1 + X3y + Xags + Xs4 |
xje Z'Ui{0},1<j<5,¢g=4,g=6,g,=9%andg;=3 €
Z1,} where S is the semiring of strong special mixed dual
numbers.

(i)  Show eigen values and eigen vectors of any linear
operator T on M can have those values to be strong
mixed special dual numbers.

(i1)  Will every semilinear operator T on M have those
values to be some type of dual numbers?

(ii1)  Study the semilinear functions L(M, S).
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124.

125.

126.

(iv) Does any special property is enjoyed by semilinear
operators which are invertible?

Give some nice applications of linear operators on S-
linear algebras of mixed special dual numbers.

Suppose S is a S-linear algebra of strong mixed special
dual numbers over a S-ring of special strong mixed dual
numbers, is it necessary that every S-linear operator on S
should have its eigen values and eigen vectors to be
strong mixed special dual like numbers. Justify your
claim.

Study the problem 125 in case of S-semilinear algebra of
strong mixed dual numbers defined over a S-semiring of
mixed dual numbers.
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