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Foreword 

The evolution of mathematical thought has consistently 
followed a trajectory toward greater abstraction, generality, and 
expressive power. From the early development of algebraic 
structures to the emergence of topology, category theory, and 
complex systems science, each step has expanded our ability to 
model and understand increasingly sophisticated phenomena. 

In recent decades, the limitations of classical frameworks 
have become increasingly evident. Many real-world systems—
ranging from biological networks and socio-ecological systems 
to artificial intelligence and quantum physics—are characterized 
not only by complexity, but also by hierarchy, uncertainty, and 
multi-level interactions. Traditional mathematical structures, 
which operate primarily on elements and single-valued relations, 
often prove insufficient to capture these features. 

The theory developed in this book responds directly to this 
challenge. At its core lies the concept of SuperHyperStructure, 
a natural generalization of classical structures and hyper-
structures, defined through operations of the form: 

⋆: 𝑋𝑛 → 𝒫𝑘(𝑋), 𝑘 ≥ 2. 
This formulation allows for the representation of sets of sets, 

enabling the modeling of hierarchical relationships and recursive 
structures. In parallel, the integration of neutrosophic logic, 
characterized by the triplet (T, I, F) introduces a rigorous 
framework for handling truth, indeterminacy, and falsity 
simultaneously. Together, these developments give rise to 
Uncertain SuperHyperStructures, a unified mathematical 
framework capable of expressing: 

Structure + Hierarchy + Uncertainty. 
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The SuperHyperStructures —and their particular cases such 
as SuperHyperGraph, SuperHyperAlgebra, SuperHyperTopology, 
SuperHypergeometry, SuperHyperAxioms, SuperHyperLaws, 
SuperHyperTheorems, SuperHyperProperties, SuperHyper-
Operators, etc.— were introduced by F. Smarandache in 2016, 
The SuperHyperStructures is a structure built on the n-th 
powerset P*

n(H) of a non-empty set H, for integer n ≥ 1, whose 
SuperHyperOperators are defined as follows: 

#SHS :  (P*
r(H))m ―> P*

n(H), 
where P*

r(H) is the r-powerset of H, for integer r ≥ 1, while 
similarly P*

n(H) is the n-th powerset of H, and 
the SuperHyperAxioms/SuperHyperTheorems etc. act on it. 

Indeterminacy is not allowed on P*
n(H) structure. 

While on Pn(H) the indeterminacy is allowed. 

The theory of SuperHyperStructures is still in its formative 
stage, and many questions remain open. Yet, this is precisely 
what gives the work its significance. It lays the groundwork for a 
research program that has the potential to influence multiple 
domains of science and mathematics. 

 
Seminal Works 
[1] F. Smarandache, SuperHyperAlgebra and Neutrosophic 

SuperHyperAlgebra, Section into the authors book Nidus Idearum. 
Scilogs, II: de rerum consectatione, Second Edition, (2016), pp. 107–108, 
https://fs.unm.edu/NidusIdearum2-ed2.pdf 

[2] F. Smarandache, HyperUncertain, SuperUncertain, and 
SuperHyperUncertain Sets/Logics/Probabilities/Statistics, Critical 
Review, Vol. XIV, 2017, 10-19 https://fs.unm.edu/CR/HyperUncertain-
SuperHyperUncertain.pdf  

[3] Smarandache, F. (n.d.). SuperHyperStructure and Neutrosophic 
SuperHyperStructure. University of New Mexico. 
https://fs.unm.edu/SHS/  

https://fs.unm.edu/NidusIdearum2-ed2.pdf
https://fs.unm.edu/CR/HyperUncertain-SuperHyperUncertain.pdf
https://fs.unm.edu/CR/HyperUncertain-SuperHyperUncertain.pdf
https://fs.unm.edu/SHS/
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I 
FOUNDATIONS AND MOTIVATION 
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1  
Introduction to Higher-Order Structures 

1.1 Introduction 

Mathematics has historically evolved through successive 
layers of abstraction, each designed to capture increasingly 
complex forms of relationships. Classical structures—such as 
groups, fields, graphs, and topological spaces—were developed 
to model deterministic systems where elements and operations 
are well-defined and single-valued. 

However, modern scientific domains—ranging from artificial 
intelligence and complex systems to biological networks—
require frameworks capable of representing multi-level, multi-
valued, and interdependent structures. This need has led to 
the development of hyperstructures and, more recently, 
SuperHyperStructures, representing the highest level of 
structural generalization currently proposed in mathematical 
theory . 

1.2 Evolution of Structures 

1.2.1 Classical Structures 

A classical structure consists of a set together with operations 
or relations defined on it. 

Structure = (𝑋,ℛ, 𝒪) (1.1) 
where: 
• 𝑋 is a set of elements,  
• ℛ is a set of relations,  
• 𝒪 is a set of operations.  
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A typical binary operation is defined as: 
𝑓: 𝑋 × 𝑋 → 𝑋 (1.2) 

This formulation assumes: 
• determinism,  
• closure at the level of elements,  
• single-valued outputs.  

1.2.2 Hyperstructures 

Hyperstructures generalize classical structures by allowing 
operations to return sets of elements rather than single 
elements. Introduced by Krasner (1983), they are defined as: 

𝑓: 𝑋 × 𝑋 → 𝒫(𝑋) (1.3) 
where 𝒫(𝑋) is the power set of 𝑋. 
Thus, for 𝑎, 𝑏 ∈ 𝑋: 

𝑓(𝑎, 𝑏) = {𝑥1, 𝑥2, … , 𝑥𝑘} (1.4) 
This enables: 
• modeling of ambiguity,  
• multi-valued operations,  
• non-deterministic systems.  

1.2.3 SuperHyperStructures 

SuperHyperStructures extend hyperstructures by introducing 
multi-level outputs, where results are not merely sets, but sets 
of sets (or higher-order constructions). 

𝑓: 𝑋𝑛 → 𝒫𝑚(𝑋),𝑚 ≥ 2 (1.5) 
where: 𝒫𝑚(𝑋) = 𝒫(𝒫𝑚−1(𝑋)). 
Thus, for 𝑎, 𝑏 ∈ 𝑋: 

𝑓(𝑎, 𝑏) = {{𝑎, 𝑏}, {𝑏, 𝑐}, {𝑎, 𝑐}} (1.6) 
This represents: 
• relations between relations,  
• structures of structures,  
• hierarchical mathematical entities.  
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SuperHyperStructures therefore generalize both classical 
and hyperstructures by enabling recursive structural layers . 

1.2.4 Comparative Summary 

Structure Type Operation Output Structural Level 
Classical Element 1 

Hyperstructure Set 2 
SuperHyper Set of sets ≥3 
This progression highlights a fundamental shift: 

Complexity ↑⟺ Structural Depth ↑ (1.7) 

1.3 Motivation for Higher-Order Structures 

1.3.1 Limitations of Classical Mathematics 

Classical mathematical structures assume precise 
relationships, fixed membership, and deterministic operations.  

However, many real-world systems violate these 
assumptions: 

• Ambiguity: one input leads to multiple outcomes  
• Hierarchy: systems composed of subsystems  
• Interdependence: relations between relations  

For example, in a social network: 
• individuals form groups,  
• groups interact with other groups,  
• interactions depend on higher-level contexts.  

Classical structures cannot represent such nested 
interactions effectively. 

1.3.2 Need for Multi-Level Relational Systems 

To address these limitations, a framework must allow: 
1. Nested elements:  

𝑥 ∈ 𝑋, 𝐴 ⊆ 𝑋,𝒜 ⊆ 𝒫(𝑋) (1.8) 
2. Operations across levels:  

𝑓: 𝑋 × 𝒫(𝑋) → 𝒫(𝒫(𝑋)) (1.9) 
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3. Relations between structures:  
ℛ:𝒫(𝑋) × 𝒫(𝑋) → 𝒫2(𝑋) (1.10) 

SuperHyperStructures satisfy all three requirements, making 
them suitable for modeling: 

• hierarchical systems,  
• systems-of-systems,  
• multi-agent environments.  

1.4 Conceptual Intuition 

A SuperHyperStructure can be understood as: 
“A system where both elements and relations can 

themselves be structured collections, recursively organized 
across multiple levels.” 

Formally, define the hierarchy: 

ℒ =⋃𝒫𝑘

𝑘≥1

(𝑋) (1.11) 

where: 
• 𝒫1(𝑋) = 𝒫(𝑋) 
• 𝒫2(𝑋) = 𝒫(𝒫(𝑋)), etc.  

Then a SuperHyperStructure is: 
𝒮ℋ = (𝑋, ℒ, {𝑓𝑖}) (1.12) 

This allows: 
• elements → sets → sets of sets → …  
• operations at any level  

1.5 Real-World Analogies 

1.5.1 Biological Systems 

Biological organization naturally follows a SuperHyper-
Structure: 

Cells → Tissues → Organs → Organisms (1.13) 
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Each level: 
• contains structures from the previous level,  
• introduces new interactions.  

Thus, biology is inherently multi-level and super-
hierarchical. 

1.5.2 Network Systems 

In complex networks: 
• nodes → individuals  
• hyperedges → groups  
• superhyperedges → interactions between groups  

This leads to networks of networks, a clear Super-
HyperStructure. 

1.5.3 Artificial Intelligence 

Modern AI systems involve: 
features → clusters → models → meta-models  

For example: 
• neural networks interacting with other neural networks,  
• ensemble learning systems.  

This requires: 
Model𝑖 ↔ Model𝑗 → Meta-Structure (1.14) 

Thus, AI systems are naturally modeled using Super-
HyperStructures. 

1.5.4 Knowledge Systems 

Knowledge representation involves: 
facts → concepts → ontologies → meta-ontologies  

SuperHyperStructures allow: 
• linking entire knowledge domains,  
• modeling cross-domain reasoning.  
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1.6 Concluding Remarks 

The transition from classical structures to SuperHyper-
Structures represents a fundamental shift in mathematical 
thinking: 

• from elements → collections → meta-collections,  
• from deterministic → multi-valued → hierarchical,  
• from flat systems → multi-level systems.  

SuperHyperStructures provide a unified framework capable 
of modeling complexity, hierarchy, and uncertainty (when 
extended further).  

They therefore form the foundation for the subsequent 
development of SuperHyperAlgebra, SuperHyperGeometry, and 
Uncertain SuperHyperStructures.  
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2  
Mathematical Preliminaries 

2.1 Introduction 

This chapter establishes the mathematical foundations 
required for the development of SuperHyperStructures. We 
review four essential pillars: 

• Set theory and power sets, 
• Hyperstructures,  
• n-ary operations, 
• Neutrosophic logic. 

These frameworks collectively enable the transition from 
classical deterministic systems to multi-valued, hierarchical, 
and uncertain structures. 

2.2 Set Theory and Power Sets 

2.2.1 Basic Definitions 

A set is a collection of distinct objects: 
𝑋 = {𝑥1, 𝑥2, … , 𝑥𝑛} (2.1) 

An element 𝑥belongs to 𝑋if: 
𝑥 ∈ 𝑋 (2.2) 

2.2.2 Power Set 

The power set of 𝑋, denoted 𝒫(𝑋), is the set of all subsets of 
𝑋: 

𝒫(𝑋) = {𝐴 ∣ 𝐴 ⊆ 𝑋} (2.3) 
If ∣ 𝑋 ∣= 𝑛, then: 

∣ 𝒫(𝑋) ∣= 2𝑛 (2.4) 
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2.2.3 Iterated Power Sets 

Higher-order structures require repeated application of the 
power set operator: 

𝒫2(𝑋) = 𝒫(𝒫(𝑋)) (2.5) 
𝒫𝑘(𝑋) = 𝒫(𝒫(…𝒫(𝑋)))

⏟

𝑘 times

(2.6)
 

These iterated power sets form the basis of hierarchical 
mathematical objects, fundamental for SuperHyperStructures . 

2.2.4 Cartesian Product 

Given two sets 𝑋and 𝑌, their Cartesian product is: 
𝑋 × 𝑌 = {(𝑥, 𝑦) ∣ 𝑥 ∈ 𝑋, 𝑦 ∈ 𝑌} (2.7) 

This allows defining operations on tuples of elements. 

2.3 Hyperstructures 

2.3.1 Definition of Hyperoperation 

A hyperoperation is a generalization of a binary operation 
where the result is a set: 

⋆: 𝑋 × 𝑋 → 𝒫(𝑋) (2.8) 
For 𝑎, 𝑏 ∈ 𝑋: 

𝑎 ⋆ 𝑏 ⊆ 𝑋 (2.9) 
This concept was introduced by Marty (1934) and developed 

further by Krasner (1983). 

2.3.2 Hypergroup 

A hypergroup is a set 𝑋 equipped with a hyperoperation ⋆ 
satisfying: 

1. Closure:  
𝑎 ⋆ 𝑏 ⊆ 𝑋 (2.10) 

2. Associativity (in generalized form):  
(𝑎 ⋆ 𝑏) ⋆ 𝑐 = 𝑎 ⋆ (𝑏 ⋆ 𝑐) (2.11) 
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3. Reproducibility:  
𝑎 ⋆ 𝑋 = 𝑋 ⋆ 𝑎 = 𝑋 (2.12) 

Hypergroups were extensively studied by Vougiouklis, 
extending algebraic systems to multi-valued contexts. 

2.3.3 Hyperstructures in General 

A hyperstructure is defined as: 
ℋ = (𝑋,⋆) (2.13) 

where: 
• 𝑋 is a set,  
• ⋆ is a hyperoperation.  

Hyperstructures allow: 
• modeling ambiguity,  
• representing non-deterministic systems,  
• extending algebraic structures to uncertain domains.  

2.3.4 Example 

Let 𝑋 = {𝑎, 𝑏, 𝑐}, define: 
𝑎 ⋆ 𝑏 = {𝑎, 𝑏}, 𝑏 ⋆ 𝑐 = {𝑏, 𝑐} (2.14) 

This is not a classical operation but a hyperoperation. 

2.4 n-ary Operations 

2.4.1 Definition 

An n-ary operation generalizes binary operations to 𝑛-tuples: 
𝑓: 𝑋𝑛 → 𝑋 (2.15) 

where: 
𝑋𝑛 = 𝑋 × 𝑋 ×⋯× 𝑋 (2.16) 

2.4.2 n-ary Hyperoperation 

Combining n-ary and hyperstructure concepts: 
𝑓:𝑋𝑛 → 𝒫(𝑋) (2.17) 

This allows multi-input, multi-output relations. 
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2.4.3 Example 

For 𝑋 = {𝑎, 𝑏, 𝑐}, define: 

𝑓(𝑎, 𝑏, 𝑐) = {𝑎, 𝑐} (2.18) 

2.4.4 Associativity in n-ary Context 

Generalized associativity may be expressed as: 
𝑓(𝑥1, … , 𝑥𝑛−1, 𝑓(𝑦1, … , 𝑦𝑛)) = 𝑓(𝑧1, … , 𝑧𝑛) (2.19) 

for appropriate substitutions. 

2.4.5 Importance 

n-ary operations: 
• extend algebraic flexibility,  
• enable modeling of multi-agent interactions,  
• serve as a bridge toward SuperHyperStructures.  

2.5 Neutrosophic Logic 

2.5.1 Fundamental Concept 

Neutrosophic logic extends classical and fuzzy logic by 
introducing three independent components: 

(𝑇, 𝐼, 𝐹) (2.20) 
where: 
• 𝑇: degree of truth,  
• 𝐼: degree of indeterminacy,  
• 𝐹: degree of falsity.  

2.5.2 Value Space 

Each component belongs to: 
𝑇, 𝐼, 𝐹 ⊆ [0,1] (2.21) 

without restriction: 
0 ≤ 𝑇 + 𝐼 + 𝐹 ≤ 3 (2.22) 

This differs from probability or fuzzy logic. 
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2.5.3 Neutrosophic Set 

A neutrosophic set 𝐴 is defined as: 
𝐴 = {⟨𝑥, 𝑇𝐴(𝑥), 𝐼𝐴(𝑥), 𝐹𝐴(𝑥)⟩ ∣ 𝑥 ∈ 𝑋} (2.23) 

2.5.4 Example 

Let 𝑥 ∈ 𝑋: 
𝑥 ↦ (0.7,0.2,0.1) (2.24) 

This means: 
• 70% true,  
• 20% indeterminate,  
• 10% false.  

2.5.5 Neutrosophic Logic Operations 

Logical operations are extended component-wise. 
For conjunction: 

𝑇𝐴∧𝐵 = min⁡(𝑇𝐴, 𝑇𝐵) (2.25) 
𝐼𝐴∧𝐵 = max⁡(𝐼𝐴 , 𝐼𝐵) (2.26) 
𝐹𝐴∧𝐵 = max⁡(𝐹𝐴, 𝐹𝐵) (2.27) 

2.5.6 Significance 

Neutrosophic logic enables: 
• modeling uncertainty,  
• handling contradiction,  
• representing incomplete knowledge.  

It is fundamental for Uncertain SuperHyperStructures, 
where uncertainty exists at multiple levels . 

2.6 Integration of Concepts 

The four frameworks introduced above combine into a unified 
progression: 

Set Theory → Hyperstructures → n-ary Systems → Neutrosophic Systems (2.28) 

This progression supports the development of: 
SuperHyperStructures = 𝒫𝑘(𝑋) + multi-valued operations + uncertainty ⁡⁡⁡(2.29) 
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2.7 Concluding Remarks 

This chapter established the foundational tools required for 
the formal study of SuperHyperStructures: 

• Set theory provides hierarchical building blocks  
• Hyperstructures introduce multi-valued operations  
• n-ary operations extend interaction complexity  
• Neutrosophic logic introduces uncertainty and 

indeterminacy  
Together, they form the mathematical infrastructure upon 

which SuperHyperAlgebra and SuperHyperGeometry are 
constructed. 
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II 
SUPERHYPERSTRUCTURE THEORY 
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3  
SuperHyperSets and SuperHyperStructures 

3.1 Introduction 

The concept of SuperHyperStructures represents a 
fundamental extension of classical and hyperstructural 
frameworks, enabling the modeling of multi-level, hierarchical, 
and recursive mathematical entities. 

Unlike classical structures (where elements are atomic) and 
hyperstructures (where operations yield sets), 
SuperHyperStructures allow elements themselves to be sets, 
sets of sets, and higher-order constructions. 

This leads to a recursive and hierarchical architecture, 
essential for representing complex systems in mathematics, 
computer science, and applied sciences . 

3.2 SuperHyperSets 

3.2.1 Definition 

A SuperHyperSet is a set whose elements may include: 
• individual elements,  
• subsets of a base set,  
• sets of subsets,  
• recursively defined collections.  

Formally, let 𝑋 be a base set. A SuperHyperSet 𝒮 satisfies: 

𝒮 ⊆⋃𝒫𝑘

𝑘≥1

(𝑋) (3.1) 

where: 
• 𝒫𝑘(𝑋) is the 𝑘-th iterated power set.  
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3.2.2 Recursive Structure 

A SuperHyperSet may be defined recursively: 
𝒮0 = 𝑋 (3.2) 
𝒮𝑘+1 = 𝒫(𝒮𝑘) (3.3) 

Thus: 
𝒮1 = 𝒫(𝑋), 𝒮2 = 𝒫(𝒫(𝑋)), … (3.4) 

3.2.3 Example 
Let: 

𝑋 = {𝑎, 𝑏} (3.5) 
Then: 

𝒫(𝑋) = {∅, {𝑎}, {𝑏}, {𝑎, 𝑏}} (3.6) 
A SuperHyperSet may be: 

𝒮 = {{𝑎}, {{𝑎, 𝑏}, {𝑏}}} (3.7) 
Here: 
• {𝑎} ∈ 𝒫(𝑋) 
• {{𝑎, 𝑏}, {𝑏}} ∈ 𝒫2(𝑋) 

3.3 Hierarchical Levels 

3.3.1 Definition of Levels 

SuperHyperStructures are built upon a hierarchy of levels: 

ℒ =⋃𝒫𝑘

𝑘≥0

(𝑋) (3.8) 

where: 
• 𝒫0(𝑋) = 𝑋 
• 𝒫1(𝑋) = 𝒫(𝑋) 
• 𝒫2(𝑋) = 𝒫(𝒫(𝑋)) 

3.3.2 Hierarchical Representation 

𝑋 → 𝒫(𝑋) → 𝒫2(𝑋) → ⋯ (3.9) 
Each level represents increasing abstraction, and increasing 

structural complexity.  
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3.3.3 Interpretation 

• Level 0: elements  
• Level 1: sets of elements  
• Level 2: sets of sets  
• Level 𝑘: sets of sets of order 𝑘 

Thus: 
SuperHyperStructure = multi-level relational system (3.10) 

3.4 Formal Definition of SuperHyperStructure 

A SuperHyperStructure is defined as: 
𝒮ℋ = (𝑋, ℒ, {⋆𝑖}𝑖∈𝐼) (3.11) 

where: 
• 𝑋 is a base set,  
• ℒ = ⋃ 𝒫𝑘

𝑘≥0
(𝑋) is the hierarchy,  

• ⋆𝑖   are operations defined on elements of ℒ.  

3.4.1 SuperHyperOperation 

A SuperHyperOperation is defined as: 
⋆: 𝑋𝑛 → 𝒫𝑚(𝑋),𝑚 ≥ 2 (3.12) 

or more generally: 
⋆: ℒ𝑛 → ℒ (3.13) 

This allows operations between: 
• elements,  
• sets,  
• sets of sets.  

3.5 Closure and Operations 

3.5.1 Closure Property 

A SuperHyperStructure satisfies closure if: 
∀𝑥1, … , 𝑥𝑛 ∈ ℒ,⋆ (𝑥1, … , 𝑥𝑛) ∈ ℒ (3.14)⁡ 
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3.5.2 Multi-Level Closure 

Closure must hold across all levels: 
⋆: 𝒫𝑖(𝑋) × 𝒫𝑗(𝑋) → 𝒫𝑘(𝑋) (3.15)⁡ 

for some 𝑖, 𝑗, 𝑘 ≥ 0. 

3.5.3 SuperHyperAssociativity 

Associativity is generalized as: 
(𝑥 ⋆ 𝑦) ⋆ 𝑧 ∼ 𝑥 ⋆ (𝑦 ⋆ 𝑧) (3.16) 

where ∼ denotes equivalence between superhyper sets. 

3.5.4 Identity Element 

An identity element 𝑒 ∈ 𝑋 satisfies: 
𝑥 ⋆ 𝑒 ∼ 𝑥 (3.17)⁡ 

in the superhyper sense (i.e., contained within resulting sets). 

3.5.5 Generalized Composition 

Operations may also be defined between higher-level objects: 
⋆: 𝒫(𝑋) × 𝒫2(𝑋) → 𝒫3(𝑋) (3.18)⁡ 

3.6 Core Idea: Elements as Sets of Sets 

The defining characteristic of SuperHyperStructures is: 
𝑥 ∈ 𝒫𝑘(𝑋), 𝑘 ≥ 1 (3.19)⁡ 

Thus, elements themselves are structured entities. 

3.6.1 Conceptual Expression 

Element = Set of elements = Set of sets = ⋯ (3.20)⁡ 

3.6.2 Structural Depth 

Define the depth of an element 𝑥 as: 
𝑑(𝑥) = 𝑘if 𝑥 ∈ 𝒫𝑘(𝑋) (3.21) 

This introduces a measure of hierarchical complexity. 
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3.7 Examples of SuperHyperStructures 

3.7.1 Basic Example 

Let: 
𝑋 = {𝑎, 𝑏, 𝑐} (3.22)⁡ 

Define: 
𝑎 ⋆ 𝑏 = {{𝑎, 𝑏}, {𝑏, 𝑐}} (3.23) 

This is: 
• not classical (not single-valued),  
• not hyper (not just a set),  
• but a set of sets → SuperHyperStructure.  

3.7.2 Mixed-Level Example 

Let: 
𝐴 = {𝑎, 𝑏}, 𝐵 = {{𝑏, 𝑐}, {𝑐}} (3.24) 

Define: 
𝐴 ⋆ 𝐵 = {{𝑎, 𝑏, 𝑐}, {{𝑏, 𝑐}}} (3.25) 

This operation combines: 
• level 1 object (𝐴),  
• level 2 object (𝐵).  

3.7.3 Graph-Based Example 

Consider a SuperHyperGraph: 
• nodes = sets of nodes,  
• edges = sets of edges.  

Formally: 
𝐸 ⊆ 𝒫2(𝑉) (3.26) 

This extends hypergraphs to higher levels . 

3.7.4 Real-World Example 

In social systems: 
Individuals → Groups → Communities (3.27) 

 



SuperHyperStructures and Uncertain SuperHyperStructures 
Theory, Comparisons, and Applications 

A General Theory of Multi-Level Mathematical Structures 36 

 

Interactions occur between individuals, groups, and 
communities, thus forming a SuperHyperStructure. 

3.8 Concluding Remarks 

SuperHyperSets and SuperHyperStructures introduce a 
paradigm where: 

• elements are no longer atomic,  
• structures exist across multiple levels,  
• operations act on hierarchical entities.  

Formally: 
SuperHyperStructure = Hierarchy + Multi-valued operations (3.28) 

This framework provides the foundation for SuperHyper-
Algebra, SuperHyperGeometry, and Uncertain SuperHyper-
Structures.  
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4  
SuperHyperAlgebra 

4.1 Introduction 

SuperHyperAlgebra represents the algebraic extension of 
SuperHyperStructures, generalizing classical algebra and 
hyperalgebra to systems where: 

• elements may be sets or sets of sets,  
• operations yield multi-level outputs,  
• algebraic laws are satisfied in a generalized (set-based) 

sense.  
This framework builds upon hyperalgebra (Krasner, 

Vougiouklis) and extends it to hierarchical structures, as 
introduced in Smarandache’s work on SuperHyperAlgebra . 

4.2 Definition of SuperHyperAlgebra 

A SuperHyperAlgebra is defined as: 
𝒮ℋ𝒜 = (𝑆, {⋆𝑖}𝑖∈𝐼) (4.1) 

where: 
• 𝑆 ⊆ ⋃ 𝒫𝑘

𝑘≥1
(𝑋) is a SuperHyperSet,  

• ⋆𝑖  are SuperHyperOperations.  

4.2.1 SuperHyperOperation 

A SuperHyperOperation is defined as: 
⋆: 𝑆𝑛 → 𝒫𝑚(𝑆),𝑚 ≥ 1 (4.2) 

or more generally: 
⋆: ℒ𝑛 → ℒ (4.3) 

where ℒ is the hierarchy of levels. 
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4.2.2 Closure 

Closure requires: 
∀𝑥1, … , 𝑥𝑛 ∈ 𝑆,⋆ (𝑥1, … , 𝑥𝑛) ⊆ 𝑆 (4.4) 

4.3 Fundamental Algebraic Laws 

4.3.1 SuperHyperAssociativity 

Associativity is generalized to: 
(𝑥 ⋆ 𝑦) ⋆ 𝑧 ∼ 𝑥 ⋆ (𝑦 ⋆ 𝑧) (4.5) 

where ∼ denotes equivalence of resulting sets.  

4.3.2 SuperHyperIdentity 

An identity element 𝑒 ∈ 𝑆satisfies: 
𝑥 ⋆ 𝑒 ∼ 𝑒 ⋆ 𝑥 ∼ ℰ(𝑥) (4.6) 

where ℰ(𝑥) is a family of sets containing 𝑥. 

4.3.3 SuperHyperInverse 

An element 𝑦 ∈ 𝑆 is an inverse of 𝑥 ∈ 𝑆 if: 
𝑥 ⋆ 𝑦 ∋ 𝑒 (4.7) 

4.3.4 SuperHyperDistributivity 

For two operations +and ⋅: 
𝑥 ⋅ (𝑦 + 𝑧) ⊆ (𝑥 ⋅ 𝑦) + (𝑥 ⋅ 𝑧) (4.8) 

4.4 SuperHyperSemigroup 

4.4.1 Definition 

A SuperHyperSemigroup is a SuperHyperAlgebra: 
(𝑆,⋆) (4.9) 

such that: 
(𝑥 ⋆ 𝑦) ⋆ 𝑧 ∼ 𝑥 ⋆ (𝑦 ⋆ 𝑧) (4.10) 

4.4.2 Example 

Let: 
𝑆 = {𝑎, 𝑏, 𝑐} (4.11) 
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Define: 
𝑎 ⋆ 𝑏 = {{𝑎, 𝑏}, {𝑏, 𝑐}} (4.12) 

Then: 
(𝑎 ⋆ 𝑏) ⋆ 𝑐 ∼ 𝑎 ⋆ (𝑏 ⋆ 𝑐) (4.13) 

4.5 SuperHyperGroup 

4.5.1 Definition 

A SuperHyperGroup is a SuperHyperSemigroup satisfying: 
1. Existence of identity:  

∃𝑒 ∈ 𝑆 (4.14) 
2. Existence of inverse:  

∀𝑥 ∈ 𝑆, ∃𝑦 ∈ 𝑆 (4.15) 
such that: 

𝑥 ⋆ 𝑦 ∋ 𝑒 (4.16) 

4.5.2 Reproducibility Condition 

𝑥 ⋆ 𝑆 = 𝑆 ⋆ 𝑥 = 𝑆 (4.17) 

4.5.3 Relation to Hypergroups 

SuperHyperGroups generalize hypergroups by allowing: 
𝑥 ∈ 𝒫𝑘(𝑋), 𝑘 ≥ 1 (4.18) 

4.6 SuperHyperRing 

4.6.1 Definition 

A SuperHyperRing is: 
(𝑆, +,⋅) (4.19) 

such that: 
• (𝑆, +)is a SuperHyperGroup,  
• (𝑆,⋅)is a SuperHyperSemigroup.  

4.6.2 Distributive Law 

𝑥 ⋅ (𝑦 + 𝑧) ⊆ (𝑥 ⋅ 𝑦) + (𝑥 ⋅ 𝑧) (4.20) 
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4.6.3 Example 

Let operations produce sets of sets: 
𝑥 + 𝑦 = {{𝑥, 𝑦}, {𝑦}} (4.21) 
𝑥 ⋅ 𝑦 = {{𝑥𝑦}, {𝑥}} (4.22) 

4.7 SuperHyperField 

4.7.1 Definition 

A SuperHyperField is a SuperHyperRing such that: 
(𝑆 ∖ {0},⋅) (4.23) 

is a SuperHyperGroup. 

4.7.2 Multiplicative Inverse 

∀𝑥 ≠ 0, ∃𝑥−1 (4.24) 
such that: 

𝑥 ⋅ 𝑥−1 ∋ 1 (4.25) 

4.8 Comparison with HyperAlgebra 

Property Classical 
Algebra 

HyperAlgebra SuperHyperAlgebra 

Elements elements elements sets / sets of sets 
Output element set set of sets 
Structure 
Level 

1 2 ≥3 

4.8.1 Structural Inclusion 

Algebra ⊂ HyperAlgebra ⊂ SuperHyperAlgebra (4.26) 

4.9 Neutrosophic SuperHyperAlgebra 

4.9.1 Definition 

A Neutrosophic SuperHyperAlgebra incorporates 
uncertainty: 

⋆: 𝑆𝑛 → 𝒫𝑚(𝑆) × (𝑇, 𝐼, 𝐹) (4.27) 
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4.9.2 Example 

𝑎 ⋆ 𝑏 = {({𝑎, 𝑏},0.7,0.2,0.1), ({𝑏, 𝑐},0.4,0.5,0.2)} (4.28) 

4.9.3 Interpretation 

Each result carries: 
• truth degree,  
• indeterminacy,  
• falsity.  

This extends algebra into uncertain domains . 

4.10 Applications of SuperHyperAlgebra 

SuperHyperAlgebra is applicable in: 
• multi-agent systems,  
• hierarchical algebraic models,  
• uncertain computation,  
• knowledge representation.  

4.11 Concluding Remarks 

SuperHyperAlgebra generalizes algebraic systems to multi-
level structures, multi-valued operations, and uncertain 
environments.  

Formally: 
SuperHyperAlgebra = HyperAlgebra + Hierarchy + Recursion (4.29) 

It provides the algebraic backbone for all higher 
SuperHyperStructures. 
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5  
SuperHyperGeometry 

5.1 Introduction 

SuperHyperGeometry extends classical and hypergeometry 
by introducing multi-level geometric objects, where: points 
may be sets or sets of sets, geometric entities exist across 
hierarchical levels, and relations such as distance, incidence, 
and curvature operate on complex structures.  

This framework generalizes both Euclidean and non-
Euclidean geometries into a multi-layered geometric system, 
as outlined in SuperHyperStructure theory . 

5.2 SuperHyperGeometric Space 

5.2.1 Definition 

A SuperHyperGeometric Space is defined as: 
𝒮ℋ𝒢 = (𝒮, ℛ, 𝑑) (5.1) 

where: 
• 𝒮 ⊆ ⋃ 𝒫𝑘

𝑘≥0
(𝑋) is a SuperHyperSet,  

• ℛ is a set of geometric relations,  
• 𝑑 is a generalized distance function.  

5.2.2 SuperHyperPoints 

A SuperHyperPoint is an element: 
𝑝 ∈ 𝒫𝑘(𝑋), 𝑘 ≥ 0 (5.2) 

Thus: 
• classical point: 𝑘 = 0,  
• hyperpoint: 𝑘 = 1,  
• superhyperpoint: 𝑘 ≥ 2.  



SuperHyperStructures and Uncertain SuperHyperStructures 
Theory, Comparisons, and Applications 

A General Theory of Multi-Level Mathematical Structures 43 

 

5.2.3 SuperHyperLines 

A SuperHyperLine is defined as a collection: 
𝐿 ⊆ 𝒫𝑚(𝑋),𝑚 ≥ 0 (5.3) 

representing relations between superhyperpoints. 

5.3 Incidence Relations 

5.3.1 Definition 

The incidence relation is defined as: 
𝐼 ⊆ 𝒮 × 𝒮 (5.4) 

such that: 
(𝑝, 𝐿) ∈ 𝐼 (5.5) 

means point 𝑝 belongs to line 𝐿. 

5.3.2 Multi-Level Incidence 

Incidence can occur across levels: 
𝑝 ∈ 𝒫𝑘(𝑋), 𝐿 ∈ 𝒫𝑘+1(𝑋) (5.6) 

5.3.3 Generalized Incidence 

𝐼: 𝒫𝑖(𝑋) × 𝒫𝑗(𝑋) → {0,1} (5.7) 

5.4 SuperHyperDistance 

5.4.1 Definition 

A SuperHyperDistance is a function: 
𝑑: 𝒮 × 𝒮 → ℝ≥0 (5.8) 

5.4.2 Distance Between Sets 

For 𝐴, 𝐵 ⊆ 𝑋: 
𝑑(𝐴, 𝐵) = min⁡

𝑎∈𝐴,𝑏∈𝐵
𝑑(𝑎, 𝑏) (5.9) 

5.4.3 Distance Between SuperHyperSets 

For higher-level objects: 
𝑑(𝐴, 𝐵) = min⁡

𝐴𝑖∈𝐴,𝐵𝑗∈𝐵
𝑑(𝐴𝑖, 𝐵𝑗) (5.10) 
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5.4.4 Properties 

A SuperHyperDistance may satisfy: 
1. Non-negativity:  

𝑑(𝐴, 𝐵) ≥ 0 (5.11) 
2. Symmetry:  

𝑑(𝐴, 𝐵) = 𝑑(𝐵, 𝐴) (5.12) 
3. Generalized triangle inequality:  

𝑑(𝐴, 𝐶) ≤ 𝑑(𝐴, 𝐵) + 𝑑(𝐵, 𝐶) (5.13) 

5.5 SuperHyperEuclidean Geometry 

5.5.1 Definition 

A SuperHyperEuclidean space satisfies generalized 
Euclidean axioms. 

Parallelism: 
∃!  𝐿′ such that 𝐿′ ∥ 𝐿 (5.14) 

5.5.2 Metric Structure 

𝑑(𝐴, 𝐵) = √∑(

𝑖

𝑥𝑖 − 𝑦𝑖)
2 (5.15) 

extended to sets and superhyperpoints. 

5.6 SuperHyperNon-Euclidean Geometry 

5.6.1 Definition 

A SuperHyperNon-Euclidean space violates Euclidean 
axioms. 

5.6.2 Types 

1. Hyperbolic type:  
∃ infinitely many parallels (5.16) 

2. Elliptic type:  
no parallel lines exist (5.17) 
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5.6.3 Multi-Region Geometry 

Different regions may satisfy different axioms: 

𝒮ℋ𝒢 =⋃𝒮ℋ𝒢𝑖
𝑖

(5.18) 

5.7 SuperHyperProjective Geometry 

5.7.1 Definition 

SuperHyperProjectiveGeometry studies invariants under 
transformations: 

𝑇: 𝒮 → 𝒮 (5.19) 

5.7.2 Projection 

𝜋:𝒫𝑘(𝑋) → 𝒫𝑚(𝑋) (5.20) 

5.8 SuperHyperDifferential Geometry 

5.8.1 SuperHyperManifold 

A SuperHyperManifold is: 

ℳ =⋃ℳ𝑖

𝑖

(5.21) 

where each ℳ𝑖  is a manifold over 𝒫𝑘(𝑋). 

5.8.2 SuperHyperFunction 

𝑓: 𝑋 → 𝒫𝑘(𝑌) (5.22) 

5.8.3 Derivative 
𝑑

𝑑𝑥
𝑓(𝑥) = lim⁡

ℎ→0

𝑓(𝑥 + ℎ) ⊖ 𝑓(𝑥)

ℎ
(5.23) 

where ⊖ is generalized set difference. 

5.9 Comparison with Classical Geometry 
Feature Classical G. HyperGeometry SuperHyperGeometry 
Points elements sets sets of sets 
Lines sets of points sets of sets multi-level sets 
Distance numeric set-based hierarchical 
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5.9.1 Structural Relation 

Geometry ⊂ HyperGeometry ⊂ SuperHyperGeometry (5.24) 

5.10 Applications 

SuperHyperGeometry applies to: 
• multi-scale physical systems,  
• network-of-networks,  
• AI spatial reasoning,  
• complex manifolds.  

5.11 Concluding Remarks 

SuperHyperGeometry provides a framework for multi-level 
geometric modeling, hierarchical spatial relations, and 
generalized curvature and topology.  

Formally: 
SuperHyperGeometry = Geometry + Hierarchy + Multi-level relations (5.25) 

It extends geometry into domains where space itself becomes 
a structured entity. 
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6  
SuperHyperLogic and Information Structures 

6.1 Introduction 

The extension of SuperHyperStructures into the domain of 
logic and information theory leads to a unified framework 
capable of handling hierarchical truth values, multi-level 
uncertainty, complex probabilistic systems, and higher-order 
statistical data.  

Classical logic and probability operate on scalar values, while 
SuperHyperLogic and its associated structures operate on 
sets, sets of sets, and structured uncertainty, enabling 
modeling of real-world indeterminate systems . 

6.2 SuperHyperLogic 

6.2.1 Definition 

A SuperHyperLogic is defined as: 
𝒮ℋℒ = (𝒮, 𝒱, 𝒪) (6.1) 

where: 
• 𝒮 is a set of propositions,  
• 𝒱 ⊆ ⋃ 𝒫𝑘

𝑘≥1
([0,1]) is a set of SuperHyper truth values,  

• 𝒪 is a set of logical operations.  

6.2.2 SuperHyperTruth Values 

A SuperHyperTruth value is: 
𝑉(𝑃) ∈ 𝒫𝑘([0,1]), 𝑘 ≥ 1 (6.2) 

Thus: 
𝑉(𝑃) = {{0.7,0.8}, {0.5}} (6.3) 
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This represents multiple truth evaluations and hierarchical 
uncertainty.  

6.2.3 Logical Operations 

Logical operations are extended as: 
1. Conjunction:  
𝑉(𝑃 ∧ 𝑄) = {min⁡(𝑎, 𝑏) ∣ 𝑎 ∈ 𝑉(𝑃), 𝑏 ∈ 𝑉(𝑄)} (6.4) 

2. Disjunction:  
𝑉(𝑃 ∨ 𝑄) = {max⁡(𝑎, 𝑏) ∣ 𝑎 ∈ 𝑉(𝑃), 𝑏 ∈ 𝑉(𝑄)} (6.5) 

3. Negation:  
𝑉(¬𝑃) = {1 − 𝑎 ∣ 𝑎 ∈ 𝑉(𝑃)} (6.6) 

6.2.4 Neutrosophic Extension 

In neutrosophic form: 
𝑉(𝑃) = (𝑇, 𝐼, 𝐹) (6.7) 

where: 
𝑇, 𝐼, 𝐹 ⊆ 𝒫𝑘([0,1]) (6.8) 

This allows: 
• truth,  
• indeterminacy,  
• falsity at multiple levels.  

6.3 SuperHyperMeasure 

6.3.1 Definition 

A SuperHyperMeasure is a function: 
𝜇:𝒫𝑘(𝑋) → 𝒫𝑚([0,∞]) (6.9) 

6.3.2 Generalized Additivity 

For disjoint sets: 
𝜇(𝐴 ∪ 𝐵) = 𝜇(𝐴) ⊕ 𝜇(𝐵) (6.10) 

where ⊕ denotes combination of sets of values. 

6.3.3 Multi-Level Measure 

𝜇({𝐴1, 𝐴2}) = {𝜇(𝐴1), 𝜇(𝐴2)} (6.11) 
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6.3.4 Example 

𝜇(𝐴) = {0.3,0.5,0.7} (6.12) 
𝜇({𝐴, 𝐵}) = {{0.3,0.5}, {0.7}} (6.13) 

6.4 SuperHyperProbability 

6.4.1 Definition 

A SuperHyperProbability is: 
𝑃:𝒫𝑘(𝑋) → 𝒫𝑚([0,1]) (6.14) 

6.4.2 Normalization 

𝑃(𝑋) = {1} (6.15) 

6.4.3 Additivity 

𝑃(𝐴 ∪ 𝐵) ⊆ 𝑃(𝐴)⊕ 𝑃(𝐵) (6.16) 

6.4.4 Conditional Probability 

𝑃(𝐴 ∣ 𝐵) = {
𝑎

𝑏
∣ 𝑎 ∈ 𝑃(𝐴 ∩ 𝐵), 𝑏 ∈ 𝑃(𝐵), 𝑏 ≠ 0} (6.17) 

6.4.5 Neutrosophic SuperHyperProbability 

𝑃(𝐴) = (𝑇𝐴, 𝐼𝐴, 𝐹𝐴) (6.18) 
where: 

𝑇𝐴 , 𝐼𝐴, 𝐹𝐴 ⊆ 𝒫𝑘([0,1]) (6.19) 

6.4.6 Interpretation 

SuperHyperProbability allows multiple possible probabilities, 
hierarchical uncertainty, and incomplete information.  

6.5 SuperHyperStatistics 

6.5.1 Definition 

SuperHyperStatistics studies data: 
𝐷 ⊆ 𝒫𝑘(𝑋) (6.20) 
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6.5.2 SuperHyperMean 

𝑥̄ = {
1

𝑛
∑𝑥𝑖

𝑛

𝑖=1

∣ 𝑥𝑖 ∈ 𝐴𝑗} (6.21) 

where 𝐴𝑗 ⊆ 𝐷. 

6.5.3 SuperHyperVariance 

𝜎2 = {
1

𝑛
∑(

𝑛

𝑖=1

𝑥𝑖 − 𝑥̄)2} (6.22) 

6.5.4 Multi-Level Data 

𝐷 = {{𝑥1, 𝑥2}, {𝑥3}, {{𝑥4, 𝑥5}}} (6.23) 

6.5.5 Neutrosophic Statistics 

𝑥𝑖 = (𝑇𝑖 , 𝐼𝑖 , 𝐹𝑖) (6.24) 

6.5.6 Off-Statistics 

SuperHyperStatistics allows: 
𝑥𝑖 ∉ [0,1] (6.25) 

enabling analysis beyond classical bounds. 

6.6 Integration of Information Structures 

All components combine as: 
Information System = (𝒮ℋℒ, 𝜇, 𝑃,Statistics) (6.26) 

6.6.1 Unified Framework 
SuperHyperInformation = Hierarchy + Uncertainty + Multiplicity (6.27) 

6.7 Applications 

These structures apply to artificial intelligence, decision 
systems, uncertain data modeling, and complex networks.  

6.8 Concluding Remarks 

SuperHyperLogic and related structures extend classical 
information theory into: multi-level reasoning, hierarchical 
uncertainty, and complex statistical modeling.  
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Formally: 
SuperHyperLogic Systems = Logic + Measure + Probability + Statistics (6.28) 

This provides the informational foundation for Uncertain 
SuperHyperStructures . 
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7  
SuperHyperGraphs and Trees 

7.1 Introduction 

Graph theory has evolved from modeling pairwise 
relationships to representing increasingly complex systems. The 
progression: 

Graph → Hypergraph → SuperHyperGraph (7.1) 
reflects a transition from: 
• binary relations,  
• multi-element relations,  
• multi-level relations between relations.  

SuperHyperGraphs extend classical and hypergraph theory 
by allowing edges to connect sets of vertices and even sets of 
sets of vertices, forming a hierarchical relational structure . 

7.2 Classical Graphs 

7.2.1 Definition 

A graph is defined as: 
𝐺 = (𝑉, 𝐸) (7.2) 

where: 
• 𝑉 is a set of vertices,  
• 𝐸 ⊆ 𝑉 × 𝑉 is a set of edges.  

7.2.2 Edge Representation 

𝑒 = (𝑢, 𝑣), 𝑢, 𝑣 ∈ 𝑉 (7.3) 
Each edge connects exactly two vertices. 
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7.3 Hypergraphs 

7.3.1 Definition 

A hypergraph generalizes graphs by allowing edges to 
connect multiple vertices: 

𝐻 = (𝑉, 𝐸) (7.4) 
where: 

𝐸 ⊆ 𝒫(𝑉) (7.5) 

7.3.2 Hyperedge 

𝑒 = {𝑣1, 𝑣2, … , 𝑣𝑘}, 𝑘 ≥ 2 (7.6) 

7.3.3 Interpretation 

Hypergraphs model: 
• group interactions,  
• multi-agent relationships.  

7.4 SuperHyperGraphs 

7.4.1 Definition 

A SuperHyperGraph is defined as: 
𝒮ℋ𝒢 = (𝑉, 𝐸) (7.7) 

where: 

𝑉 ⊆⋃𝒫𝑘

𝑘≥0

(𝑋) (7.8) 

𝐸 ⊆ 𝒫𝑚(𝑉),𝑚 ≥ 2 (7.9) 

7.4.2 SuperHyperEdge 

A SuperHyperEdge is: 
𝑒 ∈ 𝒫𝑚(𝑉) (7.10) 

Thus, an edge may connect: 
• vertices,  
• sets of vertices,  
• sets of sets of vertices.  
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7.4.3 Multi-Level Connectivity 

𝑒 = {{𝑣1, 𝑣2}, {𝑣3}, {{𝑣4, 𝑣5}}} (7.11) 

7.4.4 Interpretation 

SuperHyperGraphs represent: 
• relations between groups,  
• relations between networks,  
• hierarchical connectivity structures .  

7.5 n-SuperHyperGraph 

7.5.1 Definition 

An n-SuperHyperGraph is defined as: 
𝒮ℋ𝒢𝑛 = (𝑉, 𝐸𝑛) (7.12) 

where: 
𝐸𝑛 ⊆ 𝒫𝑛(𝑉) (7.13) 

7.5.2 n-Level Connectivity 

Edges connect objects at multiple levels: 
𝑒 = {𝑉1, 𝑉2, … , 𝑉𝑛} (7.14) 

where each 𝑉𝑖 ∈ 𝒫𝑘𝑖(𝑋). 

7.5.3 Generalized Edge Structure 

𝑒: 𝒫𝑘1(𝑋) × ⋯× 𝒫𝑘𝑛(𝑋) (7.15) 

7.5.4 Example 

𝑒 = {{𝑎, 𝑏}, {{𝑐, 𝑑}}, {𝑒}} (7.16) 

7.5.5 Significance 

The n-SuperHyperGraph is considered: 
• the most general form of graph,  
• a unification of graph and hypergraph theory .  
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7.6 SuperHyperTree 

7.6.1 Definition 

A SuperHyperTree is a SuperHyperGraph: 
𝒮ℋ𝒯 = (𝑉, 𝐸) (7.17) 

such that: 
1. It is connected:  

∀𝑢, 𝑣 ∈ 𝑉, ∃ path (7.18) 
2. It contains no cycles:  

no closed superhyper path exists (7.19) 

7.6.2 SuperHyperPath 

A SuperHyperPath is: 
𝑃 = (𝑣1, 𝑒1, 𝑣2, … , 𝑣𝑛) (7.20) 

where: 
𝑣𝑖 ∈ 𝑒𝑖 (7.21) 

7.6.3 Hierarchical Tree Structure 

Root → Level 1 → Level 2 → ⋯ (7.22) 

7.6.4 Example 

Let: 
𝑉 = {{𝑎, 𝑏}, {𝑐}, {{𝑑, 𝑒}}} (7.23) 

Edges: 
𝐸 = {{{𝑎, 𝑏}, {𝑐}}, {{𝑐}, {{𝑑, 𝑒}}}} (7.24) 

This forms a SuperHyperTree. 

7.7 Structural Properties 

7.7.1 Degree 

The degree of a vertex: 
deg⁡(𝑣) =∣ {𝑒 ∈ 𝐸 ∣ 𝑣 ∈ 𝑒} ∣ (7.25) 

7.7.2 Connectivity 

A SuperHyperGraph is connected if: 
∀𝑢, 𝑣 ∈ 𝑉, ∃𝑃(𝑢, 𝑣) (7.26) 
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7.7.3 Hierarchical Depth 

Define depth: 
𝑑(𝑣) = 𝑘if 𝑣 ∈ 𝒫𝑘(𝑋) (7.27) 

7.7.4 Adjacency 

Two vertices are adjacent if: 
∃𝑒 ∈ 𝐸 ⁡such that 𝑢, 𝑣 ∈ 𝑒 (7.28) 

7.7.5 SuperHyperAdjacency Matrix 

𝐴𝑖𝑗 = {
1, if 𝑣𝑖 , 𝑣𝑗 ∈ 𝑒
0, otherwise

(7.29) 

extended to multi-level relations. 

7.7.6 Structural Inclusion 

Graph ⊂ Hypergraph ⊂ SuperHyperGraph (7.30) 

7.8 Applications 

SuperHyperGraphs and Trees apply to: 
• multi-layer networks,  
• biological systems,  
• AI knowledge graphs,  
• socio-ecological systems.  

7.9 Concluding Remarks 

SuperHyperGraphs generalize relational structures by 
introducing multi-level nodes, allowing edges between complex 
entities, and modeling hierarchical systems.  

Formally: 
SuperHyperGraph = Graph + Hypergraph + Hierarchy (7.31) 

They provide a powerful tool for representing systems of 
systems, forming a core component of SuperHyperStructure 
theory  
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8  
SuperHyperCalculus and Functions 

8.1 Introduction 

The extension of calculus to SuperHyperStructures leads to 
SuperHyperCalculus, a framework in which functions, limits, 
and derivatives operate on hierarchical and multi-valued objects. 

Unlike classical calculus, where: 
𝑓: 𝑋 → 𝑌 

 
SuperHyperCalculus considers mappings of the form: 

𝑓:𝑋 → 𝒫𝑘(𝑌) (8.1) 
 

where outputs are sets of sets, enabling the modeling of 
multi-valued dynamics, hierarchical transformations, and 
uncertain functional behavior.  

This concept is formalized in Smarandache’s notion of 
SuperHyperFunction. 

8.2 SuperHyperFunctions 

8.2.1 Definition 

A SuperHyperFunction is defined as: 
𝑓: 𝑋 → 𝒫𝑘(𝑌), 𝑘 ≥ 1 (8.2) 

8.2.2 General Form 

𝑓(𝑥) = {𝑌1, 𝑌2, … , 𝑌𝑚} (8.3) 
where: 

𝑌𝑖 ⊆ 𝒫𝑘−1(𝑌) (8.4) 
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8.2.3 Example 

Let: 
𝑋 = {𝑎, 𝑏}, 𝑌 = {1,2,3} (8.5) 

Define: 
𝑓(𝑎) = {{1,2}, {2,3}} (8.6) 
𝑓(𝑏) = {{1}, {3}} (8.7) 

8.2.4 Composition of SuperHyperFunctions 

Let: 
𝑓: 𝑋 → 𝒫𝑘(𝑌), 𝑔: 𝑌 → 𝒫𝑚(𝑍) (8.8) 

Then: 

(𝑔 ∘ 𝑓)(𝑥) = ⋃ 𝑔

𝑦∈𝑓(𝑥)

(𝑦) (8.9) 

8.3 Functional Mappings: Set-of-Sets Structure 

8.3.1 Core Mapping 

The defining mapping is: 
𝑓(𝑥) → set of sets (8.10) 

8.3.2 Hierarchical Mapping 

𝑓:𝒫𝑖(𝑋) → 𝒫𝑗(𝑌) (8.11) 

8.3.3 Multi-Level Mapping 

𝑓(𝐴) = {{𝑦1, 𝑦2}, {{𝑦3, 𝑦4}}} (8.12) 

8.3.4 Interpretation 

Such mappings allow transformations between levels,  
operations on structures rather than elements, and recursive 
functional behavior.  

8.4 Limits in SuperHyperCalculus 

8.4.1 Definition 

Let 𝑓: 𝑋 → 𝒫𝑘(𝑌). The limit of 𝑓(𝑥)as 𝑥 → 𝑥0 is: 
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lim⁡
𝑥→𝑥0

𝑓(𝑥) = 𝐿 (8.13) 

where 𝐿 ∈ 𝒫𝑘(𝑌). 

8.4.2 Set Convergence 

Convergence is defined as: 
∀𝜖 > 0, ∃𝛿 > 0 such that 𝑑(𝑓(𝑥), 𝐿) < 𝜖 (8.14) 

8.4.3 Distance Between SuperHyperSets 

𝑑(𝐴, 𝐵) = min⁡
𝑎∈𝐴,𝑏∈𝐵

𝑑(𝑎, 𝑏) (8.15) 

extended recursively. 

8.4.4 Example 

𝑓(𝑥) = {{𝑥, 𝑥2}, {𝑥3}} (8.16) 
lim⁡
𝑥→0

𝑓(𝑥) = {{0}, {0}} (8.17) 

8.5 Derivatives in SuperHyperCalculus 

8.5.1 Definition 

The derivative is defined as: 

𝑓′(𝑥) = lim⁡
ℎ→0

𝑓(𝑥 + ℎ)⊖ 𝑓(𝑥)

ℎ
(8.18) 

where: 
⊖ is a generalized difference operator.  

8.5.2 Difference Operator 

𝐴⊖ 𝐵 = {𝑎 − 𝑏 ∣ 𝑎 ∈ 𝐴, 𝑏 ∈ 𝐵} (8.19) 

8.5.3 Example 

Let: 
𝑓(𝑥) = {{𝑥, 2𝑥}} (8.20) 

 
Then: 

𝑓′(𝑥) = {{1,2}} (8.21) 
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8.5.4 Higher-Order Derivatives 

𝑓(𝑛)(𝑥) =
𝑑𝑛

𝑑𝑥𝑛
𝑓(𝑥) (8.22) 

8.6 Continuity 

8.6.1 Definition 

A SuperHyperFunction is continuous at 𝑥0if: 
lim⁡
𝑥→𝑥0

𝑓(𝑥) = 𝑓(𝑥0) (8.23) 

8.6.2 Set Continuity 

𝑑(𝑓(𝑥), 𝑓(𝑥0)) → 0 (8.24) 

8.7 Integration in SuperHyperCalculus 

8.7.1 Definition 

∫ 𝑓(𝑥)𝑑𝑥 = {∫ 𝑔(𝑥)𝑑𝑥 ∣ 𝑔(𝑥) ∈ 𝑓(𝑥)} (8.25) 

8.7.2 Example 

𝑓(𝑥) = {{𝑥}, {𝑥2}} (8.26) 

∫ 𝑓(𝑥)𝑑𝑥 = {{
𝑥2

2
}, {
𝑥3

3
}} (8.27) 

8.8 Neutrosophic SuperHyperFunctions 

8.8.1 Definition 

𝑓(𝑥) = {(𝑌𝑖 , 𝑇𝑖 , 𝐼𝑖 , 𝐹𝑖)} (8.28) 

8.8.2 Example 

𝑓(𝑥) = {({𝑥},0.7,0.2,0.1), ({𝑥2},0.5,0.3,0.4)} (8.29) 

8.8.3 Derivative 

𝑓′(𝑥) = {(𝑌𝑖
′, 𝑇𝑖 , 𝐼𝑖 , 𝐹𝑖)} (8.30) 
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8.9 Applications 

SuperHyperCalculus applies to dynamic systems with 
uncertainty, AI learning systems, multi-level modeling, and 
complex networks.  

8.10 Concluding Remarks 

SuperHyperCalculus extends classical calculus to multi-
valued functions, hierarchical outputs, and uncertain systems.  

Formally: 
SuperHyperCalculus = Calculus + Hierarchy + Multi-valued mappings (8.31) 

This provides the analytical foundation for dynamic 
SuperHyperSystems. 
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III 
UNCERTAIN SUPERHYPERSTRUCTURES 
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9  
Foundations of Uncertainty 

9.1 Introduction 

Uncertainty is an intrinsic feature of real-world systems, 
arising from incomplete information, ambiguity, and 
indeterminacy. Classical mathematical frameworks are 
inherently deterministic and therefore insufficient for modeling 
such systems. To address this limitation, several extensions have 
been developed: 

Classical → Fuzzy → Neutrosophic (9.1) 
These frameworks progressively incorporate increasing levels 

of uncertainty, culminating in Neutrosophic theory, which 
explicitly models truth, indeterminacy, and falsity. 

When combined with hierarchical structures, this leads to: 
HyperUncertainty → SuperHyperUncertainty (9.2) 

providing the foundation for Uncertain SuperHyper-
Structures . 

9.2 Classical Uncertainty 

9.2.1 Definition 

In classical mathematics, uncertainty is typically modeled 
using probability theory: 

𝑃:𝒫(𝑋) → [0,1] (9.3) 

9.2.2 Properties 

1. Non-negativity:  
𝑃(𝐴) ≥ 0 (9.4) 

2. Normalization:  
𝑃(𝑋) = 1 (9.5) 
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3. Additivity:  
𝑃(𝐴 ∪ 𝐵) = 𝑃(𝐴) + 𝑃(𝐵) (9.6) 

9.2.3 Limitation 

Classical probability assumes: 
• precise probabilities,  
• no indeterminacy,  
• no contradiction.  
Thus: 

Uncertaintyclassical = randomness only (9.7) 

9.3 Fuzzy Uncertainty 

9.3.1 Definition 

Fuzzy set theory (Zadeh, 1965) introduces degrees of 
membership: 

𝜇: 𝑋 → [0,1] (9.8) 

9.3.2 Interpretation 

𝜇(𝑥) = degree of membership (9.9) 

9.3.3 Fuzzy Operations 

𝜇𝐴∩𝐵(𝑥) = min⁡(𝜇𝐴(𝑥), 𝜇𝐵(𝑥)) (9.10) 
𝜇𝐴∪𝐵(𝑥) = max⁡(𝜇𝐴(𝑥), 𝜇𝐵(𝑥)) (9.11) 

9.3.4 Limitation 

Fuzzy logic captures: 
• vagueness,  
but cannot represent: 
• indeterminacy,  
• contradiction.  
Thus: 

Uncertaintyfuzzy = graded truth (9.12) 
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9.4 Neutrosophic Uncertainty 

9.4.1 Definition 

Neutrosophic theory (Smarandache, 1998) introduces three 
independent components: 

(𝑇, 𝐼, 𝐹) (9.13) 

9.4.2 Value Space 

𝑇, 𝐼, 𝐹 ⊆ [0,1] (9.14) 
with: 

0 ≤ 𝑇 + 𝐼 + 𝐹 ≤ 3 (9.15) 

9.4.3 Neutrosophic Set 

𝐴 = { ⟨𝑥, 𝑇𝐴(𝑥), 𝐼𝐴(𝑥), 𝐹𝐴(𝑥)⟩ ∣∣ 𝑥 ∈ 𝑋 } (9.16) 

9.4.4 Interpretation 

• 𝑇: truth  
• 𝐼: indeterminacy  
• 𝐹: falsity  

9.4.5 Example 

𝑥 ↦ (0.6,0.3,0.2) (9.17) 

9.4.6 Advantage 

Neutrosophic logic allows: 
Uncertaintyneutrosophic = truth + indeterminacy + falsity (9.18) 

9.5 Comparison of Uncertainty Frameworks 

Framework Representation Limitation 
Classical 𝑃(𝐴) no indeterminacy 
Fuzzy 𝜇(𝑥) no falsity 

independence 
Neutrosophic (𝑇, 𝐼, 𝐹) most general 

9.5.1 Inclusion Relation 

Classical ⊂ Fuzzy ⊂ Neutrosophic (9.19) 
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9.6 HyperUncertainty 

9.6.1 Definition 

HyperUncertainty arises when uncertainty values themselves 
become sets: 

𝑃(𝐴) ⊆ [0,1] (9.20) 

9.6.2 Example 

𝑃(𝐴) = {0.3,0.5,0.7} (9.21) 

9.6.3 Interpretation 

This represents multiple possible probabilities, and ambiguity 
in uncertainty itself.  

9.6.4 Extension to Neutrosophy 

𝑇, 𝐼, 𝐹 ⊆ 𝒫([0,1]) (9.22) 

9.7 SuperHyperUncertainty 

9.7.1 Definition 

SuperHyperUncertainty extends HyperUncertainty by 
introducing hierarchical uncertainty: 

𝑈: 𝑋 → 𝒫𝑘([0,1]), 𝑘 ≥ 2 (9.23) 

9.7.2 General Form 

𝑈(𝑥) = {{0.3,0.5}, {0.6}, {{0.7,0.8}}} (9.24) 

9.7.3 Interpretation 

This represents uncertainty about uncertainty, and multi-level 
ambiguity.  

9.7.4 Neutrosophic SuperHyperUncertainty 

𝑈(𝑥) = (𝑇𝑥 , 𝐼𝑥 , 𝐹𝑥) (9.25) 
where: 

𝑇𝑥 , 𝐼𝑥 , 𝐹𝑥 ⊆ 𝒫𝑘([0,1]) (9.26) 
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9.7.5 Conceptual Expression 
SuperHyperUncertainty = uncertainty of uncertainty of uncertainty (9.27) 

9.8 Degrees (T, I, F) in SuperHyperContext 

9.8.1 Multi-Level Degrees 

𝑇, 𝐼, 𝐹 ∈ 𝒫𝑘([0,1]) (9.28) 

9.8.2 Example 

𝑇 = {{0.7,0.8}, {0.6}} (9.29) 
𝐼 = {{0.2}, {0.3,0.4}} (9.30) 
𝐹 = {{0.1}} (9.31) 

9.8.3 Independence 

𝑇, 𝐼, 𝐹 are independent (9.32) 

9.8.4 General Condition 

0 ≤ sup⁡ 𝑇 + sup⁡ 𝐼 + sup⁡ 𝐹 ≤ 3 (9.33) 

9.9 Unified Framework 

Uncertainty = Values + Sets + Hierarchy (9.34) 

9.9.1 Final Relation 

SuperHyperUncertainty = Neutrosophic + Hyper + Hierarchy (9.35) 

9.10 Concluding Remarks 

This chapter established the foundation of uncertainty 
necessary for SuperHyperStructures: 

• Classical uncertainty is limited to probability  
• Fuzzy logic introduces graded membership  
• Neutrosophic logic introduces indeterminacy  
• HyperUncertainty introduces sets of uncertainties  
• SuperHyperUncertainty ― hierarchical uncertainty  
This leads to a new paradigm: 

Uncertain SuperHyperStructures = Structure + Hierarchy + Uncertainty (9.36) 

which will be developed in the following chapters. 
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10  
Uncertain SuperHyperStructures 

10.1 Introduction 

Building upon SuperHyperStructures and the foundations of 
uncertainty, we now introduce Uncertain SuperHyper-
Structures (USHS), which integrate: hierarchical structure, 
multi-valued operations, and uncertainty modeling.  

This represents a synthesis: 
USHS = SuperHyperStructure + Uncertainty (10.1) 

Such structures are essential for modeling systems where 
relations are not deterministic, outputs are multi-level, and 
uncertainty exists at multiple layers .  

10.2 General Definition 

10.2.1 Uncertain SuperHyperOperation 

An Uncertain SuperHyperOperation is defined as: 
⋆: 𝑈𝑘 → 𝒫𝑚(𝑈) × 𝒰 (10.2) 

where: 
• 𝑈 is a base set,  
• 𝒫𝑚(𝑈) represents hierarchical outputs,  
• 𝒰 represents uncertainty.  

10.2.2 Expanded Form 

⋆ (𝑥1, … , 𝑥𝑘) = {(𝑌𝑖 , 𝑢𝑖)}𝑖=1
𝑛 (10.3) 

where: 
• 𝑌𝑖 ∈ 𝒫

𝑚(𝑈),  
• 𝑢𝑖 ∈ 𝒰.  
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10.2.3 Structure Definition 

An Uncertain SuperHyperStructure is: 
𝒰𝒮ℋ𝒮 = (𝑈, ℒ,⋆, 𝒰) (10.4) 

where: 
• ℒ = ⋃ 𝒫𝑘

𝑘≥0
(𝑈),  

• ⋆ is an uncertain superhyperoperation.  

10.3 Closure and Consistency 

10.3.1 Closure 

⋆ (𝑥1, … , 𝑥𝑘) ∈ ℒ × 𝒰 (10.5) 

10.3.2 Uncertainty Consistency 

𝑢𝑖 ∈ 𝒰 (10.6) 
for all outcomes. 

10.3.3 Multi-Level Closure 

⋆: 𝒫𝑖(𝑈) × 𝒫𝑗(𝑈) → 𝒫𝑚(𝑈) × 𝒰 (10.7) 

10.4 Types of Uncertain SuperHyperStructures 

Uncertain SuperHyperStructures can be classified according 
to the type of uncertainty. 

10.5 Probabilistic SuperHyperStructures 

10.5.1 Definition 

A Probabilistic SuperHyperStructure (PSHS) is defined by: 
⋆: 𝑈𝑘 → 𝒫𝑚(𝑈) × [0,1] (10.8) 

10.5.2 Output Form 

⋆ (𝑥, 𝑦) = {(𝑌1, 𝑝1), (𝑌2, 𝑝2), …  } (10.9) 

10.5.3 Normalization 

∑𝑝𝑖
𝑖

= 1 (10.10) 
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10.5.4 Example 

𝑎 ⋆ 𝑏 = {({𝑎, 𝑏},0.6), ({𝑏, 𝑐},0.4)} (10.11) 

10.5.5 Interpretation 

This represents: 
• probabilistic outcomes,  
• uncertainty in structural relations.  

10.6 Fuzzy SuperHyperStructures 

10.6.1 Definition 

A Fuzzy SuperHyperStructure (FSHS) is defined by: 
⋆: 𝑈𝑘 → 𝒫𝑚(𝑈) × [0,1] (10.12) 

where values represent degrees of membership. 

10.6.2 Membership Function 

𝜇:𝒫𝑚(𝑈) → [0,1] (10.13) 

10.6.3 Example 

𝑎 ⋆ 𝑏 = {({𝑎, 𝑏},0.8), ({𝑏, 𝑐},0.5)} (10.14) 

10.6.4 Interpretation 

• degree of belonging,  
• partial truth representation.  

10.7 Neutrosophic SuperHyperStructures 

10.7.1 Definition 

A Neutrosophic SuperHyperStructure (NSHS) is defined as: 
⋆: 𝑈𝑘 → 𝒫𝑚(𝑈) × (𝑇, 𝐼, 𝐹) (10.15) 

10.7.2 Output Form 

⋆ (𝑥, 𝑦) = {(𝑌𝑖 , 𝑇𝑖 , 𝐼𝑖 , 𝐹𝑖)} (10.16) 

10.7.3 Value Space 

𝑇𝑖 , 𝐼𝑖 , 𝐹𝑖 ⊆ [0,1] (10.17) 
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10.7.4 Example 

𝑎 ⋆ 𝑏 = {({𝑎, 𝑏},0.7,0.2,0.1), ({𝑏, 𝑐},0.5,0.3,0.4)} (10.18) 

10.7.5 Properties 

0 ≤ 𝑇𝑖 + 𝐼𝑖 + 𝐹𝑖 ≤ 3 (10.19) 

10.7.6 Interpretation 

This allows: 
• simultaneous truth and falsity,  
• explicit indeterminacy,  
• modeling contradictory systems.  

10.8 Comparison of Types 

Type Representation Feature 
Probabilistic 𝑝 ∈ [0,1] randomness 
Fuzzy 𝜇 ∈ [0,1] vagueness 
Neutrosophic (𝑇, 𝐼, 𝐹) indeterminacy 

10.8.1 Inclusion Relation 

Probabilistic ⊂ Fuzzy ⊂ Neutrosophic (10.20) 

10.9 Generalized Uncertainty Space 

10.9.1 Definition 

𝒰 = {

[0, 1] probabilistic
[0, 1] fuzzy
(𝑇, 𝐼, 𝐹) neutrosophic

(10.21) 

10.9.2 SuperHyperUncertainty 

𝒰 ⊆ 𝒫𝑘([0,1]) (10.22) 

10.10 Unified Representation 

A general Uncertain SuperHyperStructure is: 
𝒰𝒮ℋ𝒮 = (𝑈, ℒ,⋆, 𝒰) (10.23) 

with: 
⋆ (𝑥1, … , 𝑥𝑘) = {(𝑌𝑖 , 𝑢𝑖)} (10.24) 
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10.10.1 Conceptual Formula 

USHS = Structure + Hierarchy + Uncertainty (10.25) 

10.11 Applications 

Uncertain SuperHyperStructures apply to artificial 
intelligence, decision-making systems, multi-agent systems, and 
uncertain network modeling.  

10.12 Concluding Remarks 

Uncertain SuperHyperStructures unify structural complexity, 
hierarchical organization, and multiple forms of uncertainty.  

They represent one of the most general mathematical 
frameworks currently proposed: 

USHS = SuperHyperStructure + Neutrosophic uncertainty (10.26) 

This framework enables modeling of systems where both 
structure and uncertainty exist at multiple levels. 
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11  
Neutrosophic SuperHyperStructures 

11.1 Introduction 

Neutrosophic SuperHyperStructures (NSHS) represent the 
most general extension of SuperHyperStructures by 
incorporating neutrosophic uncertainty, i.e., truth, 
indeterminacy, and falsity, at all structural levels. 

They unify: 
NSHS = SuperHyperStructure + Neutrosophic Logic (11.1) 

This framework enables the modeling of systems that are: 
• hierarchical,  
• multi-valued,  
• indeterminate,  
• and potentially contradictory.  

Such systems arise naturally in real-world contexts including 
complex decision-making, artificial intelligence, and socio-
ecological systems . 

11.2 Neutrosophic Foundations 

11.2.1 Neutrosophic Value 

Each element is characterized by: 
𝑥 ↦ (𝑇𝑥, 𝐼𝑥 , 𝐹𝑥) (11.2) 

where: 
𝑇𝑥 , 𝐼𝑥 , 𝐹𝑥 ⊆ [0,1] (11.3) 

11.2.2 General Constraint 

0 ≤ sup⁡ 𝑇𝑥 + sup⁡ 𝐼𝑥 + sup⁡ 𝐹𝑥 ≤ 3 (11.4) 
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11.2.3 Multi-Level Extension 

In SuperHyper context: 
𝑇𝑥 , 𝐼𝑥 , 𝐹𝑥 ⊆ 𝒫𝑘([0,1]) (11.5) 

11.3 Definition of Neutrosophic SuperHyperStructure 

11.3.1 Formal Definition 

A Neutrosophic SuperHyperStructure is defined as: 
𝒩𝒮ℋ𝒮 = (𝑈, ℒ,⋆, 𝑇, 𝐼, 𝐹) (11.6) 

where: 
𝑈 is a base set,  
ℒ = ⋃ 𝒫𝑘

𝑘≥0
(𝑈),  

⋆ is a SuperHyperOperation,  
𝑇, 𝐼, 𝐹 are neutrosophic functions.  

11.3.2 Operation Definition 

⋆: 𝑈𝑛 → 𝒫𝑚(𝑈) × (𝑇, 𝐼, 𝐹) (11.7) 

11.3.3 Output Representation 

⋆ (𝑥1, … , 𝑥𝑛) = {(𝑌𝑖 , 𝑇𝑖 , 𝐼𝑖 , 𝐹𝑖)} (11.8) 

11.4 Structure, NeutroStructure, and AntiStructure 

11.4.1 Classical Structure 

A Structure is defined as: 
𝒮 = (𝑋,ℛ) (11.9) 

where all relations are well-defined. 

11.4.2 NeutroStructure 

A NeutroStructure contains at least one indeterminate 
relation: 

∃𝑅 ∈ ℛ such that 𝑅 = (𝑇, 𝐼, 𝐹) (11.10) 

11.4.3 AntiStructure 

An AntiStructure contains at least one contradictory relation: 
∃𝑅 ∈ ℛ such that 𝐹 > 0 (11.11) 
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11.4.4 Unified Relation 

Structure → NeutroStructure → AntiStructure (11.12) 

11.4.5 Integration in NSHS 

𝒩𝒮ℋ𝒮 = 𝒮 ∪𝒩 ∪𝒜 (11.13) 

11.5 Neutrosophic SuperHyperOperations 

11.5.1 Definition 

⋆ (𝑥, 𝑦) = {(𝑌𝑖 , 𝑇𝑖 , 𝐼𝑖 , 𝐹𝑖)} (11.14) 

11.5.2 Example 

𝑎 ⋆ 𝑏 = {({𝑎, 𝑏},0.7,0.2,0.1), ({𝑏, 𝑐},0.5,0.4,0.3)} (11.15) 

11.5.3 Closure 

⋆ (𝑥, 𝑦) ∈ ℒ × (𝑇, 𝐼, 𝐹) (11.16) 

11.6 Algebraic Properties 

11.6.1 Neutrosophic Associativity 

(𝑥 ⋆ 𝑦) ⋆ 𝑧 ∼ 𝑥 ⋆ (𝑦 ⋆ 𝑧) (11.17) 

11.6.2 Neutrosophic Identity 

𝑥 ⋆ 𝑒 ∋ (𝑥, 𝑇, 𝐼, 𝐹) (11.18) 

11.6.3 Neutrosophic Inverse 

𝑥 ⋆ 𝑦 ∋ (𝑒, 𝑇, 𝐼, 𝐹) (11.19) 

11.7 Neutrosophic SuperHyperSets 

11.7.1 Definition 

𝐴 = {(𝑥, 𝑇𝑥 , 𝐼𝑥 , 𝐹𝑥) ∣ 𝑥 ∈ 𝒫
𝑘(𝑈)} (11.20) 

11.7.2 Example 

𝐴 = {({𝑎, 𝑏},0.6,0.3,0.2), ({{𝑐, 𝑑}},0.7,0.2,0.1)} (11.21) 
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11.8 Neutrosophic SuperHyperGraphs 

11.8.1 Definition 

𝒩𝒮ℋ𝒢 = (𝑉, 𝐸, 𝑇, 𝐼, 𝐹) (11.22) 

11.8.2 Edge Representation 

𝑒 = (𝑉𝑖 , 𝑇𝑒 , 𝐼𝑒 , 𝐹𝑒) (11.23) 

11.8.3 Example 

𝑒 = ({𝑣1, 𝑣2},0.8,0.1,0.2) (11.24) 

11.9 Structural Properties 

11.9.1 Independence 

𝑇, 𝐼, 𝐹 are independent (11.25) 

11.9.2 Multi-Level Representation 

(𝑇, 𝐼, 𝐹) ⊆ 𝒫𝑘([0,1]) (11.26) 

11.9.3 Generalized Constraint 

0 ≤ 𝑇 + 𝐼 + 𝐹 ≤ 3 (11.27) 

11.10 Applications 

Neutrosophic SuperHyperStructures apply to artificial 
intelligence, uncertain knowledge systems, decision-making 
under ambiguity, and complex socio-ecological systems.  

11.11 Concluding Remarks 

Neutrosophic SuperHyperStructures represent the most 
general framework developed in this work: 

NSHS = Structure + Hierarchy + Indeterminacy (11.28) 
They unify classical structures, hyperstructures, superhyper-

structures, and uncertainty theory.  
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12  
Dynamics of SuperHyperUncertainty 

12.1 Introduction 

While previous chapters established static frameworks, real-
world systems are inherently dynamic, evolving over time under 
uncertainty and interaction. 

The dynamics of SuperHyperUncertainty extend 
neutrosophic theory into time-dependent, multi-agent, and 
multi-level systems, incorporating: 

• n-ary neutrosophic interactions,  
• collective behaviors,  
• dynamic evolution of uncertainty.  

Formally: 
Dynamic USHS = USHS + Time + Interaction (12.1) 

These dynamics are essential for modeling complex adaptive 
systems such as social networks, ecological systems, and 
artificial intelligence . 

12.2 n-ary Neutrosophic Systems 

12.2.1 Definition 

An n-ary neutrosophic system is defined as: 
𝒩𝑛 = (𝑋, {𝑇𝑖 , 𝐼𝑖 , 𝐹𝑖}𝑖=1

𝑛 ) (12.2) 
where: 
• each 𝑖 represents a distinct state or polarity,  
• each state has associated neutrosophic components.  

12.2.2 State Representation 

𝑥(𝑡) = (𝑥1(𝑡), 𝑥2(𝑡), … , 𝑥𝑛(𝑡)) (12.3) 
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12.2.3 Neutrosophic State 

𝑥𝑖(𝑡) = (𝑇𝑖(𝑡), 𝐼𝑖(𝑡), 𝐹𝑖(𝑡)) (12.4) 

12.2.4 Interaction Dynamics 

𝑑𝑥𝑖
𝑑𝑡

=∑𝑎𝑖𝑗

𝑛

𝑗=1

𝑥𝑗 +∑𝑏𝑖𝑗𝑘
𝑗,𝑘

𝑥𝑗𝑥𝑘 − 𝑐𝑖𝑥𝑖 (12.5) 

where: 
𝑎𝑖𝑗: linear interaction,  
𝑏𝑖𝑗𝑘: higher-order interaction,  
𝑐𝑖: decay term.  

12.2.5 Interpretation 

This model captures: competition between states, 
emergence of hybrid states, and evolution of indeterminacy.  

12.3 Collective Neutrosophic Dynamics 

12.3.1 Definition 

A collective neutrosophic system consists of multiple 
agents: 

𝒞 = {𝑥1, 𝑥2, … , 𝑥𝑁} (12.6) 
each with neutrosophic states. 

12.3.2 Agent State 

𝑥𝑖(𝑡) = (𝑇𝑖(𝑡), 𝐼𝑖(𝑡), 𝐹𝑖(𝑡)) (12.7) 

12.3.3 Interaction Model 

𝑑𝑥𝑖
𝑑𝑡

=∑𝑤𝑖𝑗

𝑁

𝑗=1

𝑥𝑗 + 𝑓𝑖(𝑥𝑖) (12.8) 

where: 
𝑤𝑖𝑗: interaction weight,  
𝑓𝑖: internal dynamics.  
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12.3.4 Collective Emergence 

𝑥collective =
1

𝑁
∑𝑥𝑖

𝑁

𝑖=1

(12.9) 

12.3.5 Interpretation 

Collective dynamics model: 
• consensus formation,  
• polarization,  
• emergence of neutral states.  

12.4 Differential Equation Models 

12.4.1 Neutrosophic Differential Equation 
𝑑𝑥

𝑑𝑡
= 𝑓(𝑥, 𝑇, 𝐼, 𝐹) (12.10) 

12.4.2 Component-wise Form 
𝑑𝑇

𝑑𝑡
= 𝑓𝑇(𝑇, 𝐼, 𝐹) (12.11) 

𝑑𝐼

𝑑𝑡
= 𝑓𝐼(𝑇, 𝐼, 𝐹) (12.12) 

𝑑𝐹

𝑑𝑡
= 𝑓𝐹(𝑇, 𝐼, 𝐹) (12.13) 

12.4.3 Example System 
𝑑𝑇

𝑑𝑡
= 𝑎𝑇(1 − 𝑇) − 𝑏𝑇𝐹 (12.14) 

𝑑𝐼

𝑑𝑡
= 𝑐𝐼(1 − 𝐼) (12.15) 

𝑑𝐹

𝑑𝑡
= 𝑑𝐹(1 − 𝐹) − 𝑒𝑇𝐹 (12.16) 

12.4.4 Interpretation 

• growth of truth,  
• persistence of indeterminacy,  
• interaction between truth and falsity.  
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12.5 Neutrosophic Cognitive Maps 

12.5.1 Definition 

A Neutrosophic Cognitive Map (NCM) is defined as: 
𝒩𝒞ℳ = (𝐶,𝑊) (12.17) 

where: 
𝐶: concepts,  
𝑊: neutrosophic weights.  

12.5.2 Weight Representation 

𝑤𝑖𝑗 = (𝑇𝑖𝑗 , 𝐼𝑖𝑗 , 𝐹𝑖𝑗) (12.18) 

12.5.3 State Update 

𝐶𝑖(𝑡 + 1) = 𝑓 (∑𝑤𝑖𝑗

𝑁

𝑗=1

𝐶𝑗(𝑡)) (12.19) 

12.5.4 Activation Function 

𝑓(𝑥) = tanh⁡(𝑥) (12.20) 

12.5.5 Interpretation 

NCMs model: 
• causal relationships,  
• feedback loops,  
• dynamic knowledge systems.  

12.6 Neutrosophic Markov Systems 

12.6.1 Definition 

A Neutrosophic Markov System is defined by: 
𝑃𝑖𝑗 = (𝑇𝑖𝑗 , 𝐼𝑖𝑗 , 𝐹𝑖𝑗) (12.21) 

12.6.2 Transition Equation 

𝑥(𝑡 + 1) = 𝑃𝑥(𝑡) (12.22) 
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12.6.3 Normalization 

∑𝑇𝑖𝑗
𝑗

≤ 1,∑𝐼𝑖𝑗
𝑗

≤ 1,∑𝐹𝑖𝑗
𝑗

≤ 1 (12.23) 

12.6.4 Steady State 

𝑥∗ = 𝑃𝑥∗ (12.24) 

12.6.5 Interpretation 

Markov systems model: 
• stochastic evolution,  
• uncertain transitions,  
• dynamic probabilities.  

12.7 Integration of Dynamic Models 

12.7.1 Unified Dynamic System 
𝑑𝑥

𝑑𝑡
= ODE + Cognitive Map + Markov Process (12.25) 

12.7.2 SuperHyperDynamic System 

𝒟𝒮ℋ𝒮 = (𝒰𝒮ℋ𝒮,Time,Interaction) (12.26) 

12.8 Applications 

Dynamic SuperHyperUncertainty applies to: 
• artificial intelligence,  
• social systems,  
• ecological modeling,  
• decision-making systems.  

12.9 Concluding Remarks 

The dynamics of SuperHyperUncertainty extend static 
structures into evolving systems: 

Dynamic NSHS = Structure + Uncertainty + Dynamics (12.27) 
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This framework enables modeling of evolving uncertainty, 
multi-agent interactions, and complex adaptive systems.  

It represents a major step toward a dynamic theory of 
SuperHyperStructures. 
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13  
Comparative Framework 

13.1 Introduction 

The development of SuperHyperStructures represents a 
major generalization in mathematical modeling. To understand 
their significance, it is essential to compare them systematically 
with: 

• Classical structures, 
• Hyperstructures,  
• SuperHyperStructures.  

This comparison highlights differences in: 
• element representation,  
• operational output,  
• structural complexity.  

Formally, we consider the hierarchy: 
Classical ⊂ Hyper ⊂ SuperHyper (13.1) 

which reflects increasing generality and expressive power . 

13.2 Classical Structures 

13.2.1 Definition 

A classical structure is defined as: 
𝒮 = (𝑋,ℛ, 𝒪) (13.2) 

where: 
𝑋 is a set of elements,  
ℛ is a set of relations,  
𝒪 is a set of operations.  



SuperHyperStructures and Uncertain SuperHyperStructures 
Theory, Comparisons, and Applications 

A General Theory of Multi-Level Mathematical Structures 84 

 

13.2.2 Operation 

𝑓: 𝑋𝑛 → 𝑋 (13.3) 

13.2.3 Characteristics 

• elements are atomic,  
• operations are single-valued,  
• no hierarchy is present.  

13.2.4 Complexity 

𝐶classical = 𝑂(1) (13.4) 
representing minimal structural complexity. 

13.3 Hyperstructures 

13.3.1 Definition 

A hyperstructure is defined as: 
ℋ = (𝑋,⋆) (13.5) 

where: 
⋆: 𝑋𝑛 → 𝒫(𝑋) (13.6) 

13.3.2 Characteristics 

Elements remain atomic, outputs are sets, and multi-valued 
operations are allowed.  

13.3.3 Example 

𝑎 ⋆ 𝑏 = {𝑎, 𝑏, 𝑐} (13.7) 

13.3.4 Complexity 

𝐶hyper = 𝑂(2𝑛) (13.8) 
reflecting combinatorial growth. 

13.4 SuperHyperStructures 

13.4.1 Definition 

A SuperHyperStructure is defined as: 
𝒮ℋ = (𝑋, ℒ,⋆) (13.9) 
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where: 
⋆: 𝑋𝑛 → 𝒫𝑚(𝑋),𝑚 ≥ 2 (13.10) 

13.4.2 Characteristics 

Elements may be sets or sets of sets, outputs are hierarchical, 
and operations act across levels.  

13.4.3 Example 

𝑎 ⋆ 𝑏 = {{𝑎, 𝑏}, {𝑏, 𝑐}} (13.11) 

13.4.4 Complexity 

𝐶superhyper = 𝑂(22
𝑛
) (13.12) 

reflecting exponential hierarchy. 

13.5 Comparative Table 

Structure Type Elements Output Complexity 
Classical elements element low 
Hyper elements set medium 
SuperHyper sets sets of sets high 

13.6 Structural Differences 

13.6.1 Element Representation 

𝑥 ∈ {

𝑋 classical
𝑋 hyper

𝒫𝑘(𝑋) superhyper
(13.13) 

13.6.2 Output Representation 

𝑓(𝑥) ∈ {

𝑋 classical
𝒫(𝑋) hyper
𝒫𝑘(𝑋) superhyper

(13.14) 

13.6.3 Structural Depth 

Define depth: 

𝑑(𝑥) = {
0 classical
1 hyper

𝑘 ≥ 2 superhyper
(13.15) 
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13.7 Functional Comparison 

13.7.1 Mapping Types 

𝑓: {

𝑋 → 𝑋 classical
𝑋 → 𝒫(𝑋) hyper
𝑋 → 𝒫𝑘(𝑋) superhyper

(13.16) 

13.7.2 Generalization 

𝒫0(𝑋) = 𝑋,𝒫1(𝑋) = 𝒫(𝑋), 𝒫𝑘(𝑋) for 𝑘 ≥ 2 (13.17) 

13.8 Complexity Analysis 

13.8.1 Growth of Structure 

∣ 𝒫(𝑋) ∣= 2𝑛 (13.18) 
∣ 𝒫2(𝑋) ∣= 22

𝑛
(13.19) 

13.8.2 General Case 

∣ 𝒫𝑘(𝑋) ∣= 2∣𝒫
𝑘−1(𝑋)∣ (13.20) 

13.8.3 Interpretation 

Complexity ↑⟺ Hierarchy depth ↑ (13.21) 

13.9 Conceptual Differences 

13.9.1 Classical Systems 

• deterministic  
• flat structure  

13.9.2 Hyper Systems 

• multi-valued  
• still flat  

13.9.3 SuperHyper Systems 

• hierarchical  
• recursive  
• multi-level  
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13.9.4 Unified Expression 

Structure Level = Elements + Multiplicity + Hierarchy (13.22) 

13.10 Relation to Uncertainty 

SuperHyperStructures naturally integrate uncertainty: 
SuperHyper → SuperHyperUncertain (13.23) 

13.10.1 Combined Framework 

General Structure = Hierarchy + Uncertainty (13.24) 

13.11 Applications Perspective 

Structure Suitable For 
Classical deterministic systems 
Hyper ambiguous systems 
SuperHyper hierarchical complex systems 

13.12 Concluding Remarks 

This comparative framework demonstrates that: 
• Classical structures are limited to simple systems  
• Hyperstructures extend to multi-valued relations  
• SuperHyperStructures enable hierarchical modeling  

Formally: 
SuperHyperStructure = max⁡(Generality,Expressiveness) (13.25) 

They represent the most comprehensive structural framework 
currently available for modeling complex systems. 
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14  
Relation to Other Theories 

14.1 Introduction 

The theory of SuperHyperStructures emerges at the 
intersection of several advanced mathematical and applied 
frameworks designed to capture hierarchy, relational 
complexity, and multi-level interactions. 

This chapter establishes formal correspondences between 
SuperHyperStructures and: 

• Category Theory (including n-categories),  
• Complex Systems Theory,  
• Multi-agent systems,  
• Memory Evolutive Systems (MES),  
• Higher-order network theory.  

These connections demonstrate that SuperHyperStructures 
can be interpreted as a generalized structural framework 
unifying multiple theoretical paradigms . 

14.2 Relation to Category Theory 

14.2.1 Categories 

A category is defined as: 
𝒞 = (Ob(𝒞),Hom(𝒞)) (14.1) 

where: 
• Ob(𝒞) are objects,  
• Hom(𝒞) are morphisms.  

14.2.2 Composition 

𝑔 ∘ 𝑓: 𝑋 → 𝑍 (14.2) 
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for morphisms: 
𝑓: 𝑋 → 𝑌, 𝑔: 𝑌 → 𝑍 (14.3) 

14.2.3 n-Categories 

An n-category extends categories by introducing higher-level 
morphisms: 

Objects → 1-morphisms → ⋯ → n-morphisms (14.4) 

14.2.4 Correspondence with SuperHyperStructures 

SuperHyperStructures naturally align with n-categories: 
𝒫𝑘(𝑋) ↔ k-morphisms (14.5) 

14.2.5 SuperHyperCategory 

A SuperHyperCategory can be defined as: 
𝒮ℋ𝒞 = (ℒ,⋆) (14.6) 

where: 
• objects are elements of ℒ,  
• morphisms are SuperHyperOperations.  

14.2.6 Interpretation 

• classical category → level 1  
• n-category → multi-level morphisms  
• SuperHyperStructure → recursive hierarchy  

14.3 Relation to Complex Systems 

14.3.1 Definition 

A complex system consists of interacting components: 
𝒞𝒮 = (𝑋, ℐ) (14.7) 

where ℐ denotes interactions. 

14.3.2 Multi-Level Structure 

𝑋 =⋃𝑋𝑘
𝑘

(14.8) 
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14.3.3 SuperHyperRepresentation 

𝑋𝑘 ⊆ 𝒫𝑘(𝑋) (14.9) 

14.3.4 Emergence 

𝐸 = 𝑓(ℐ(𝑋)) (14.10) 

14.3.5 Interpretation 

SuperHyperStructures provide: 
• explicit hierarchical modeling,  
• representation of emergent structures,  
• multi-level interaction modeling.  

14.4 Relation to Multi-Agent Systems 

14.4.1 Definition 

A multi-agent system (MAS) is defined as: 
ℳ𝒜𝒮 = (𝐴,ℛ) (14.11) 

where: 
𝐴 = {𝑎1, … , 𝑎𝑛} are agents,  
ℛ are interactions.  

14.4.2 Agent State 

𝑎𝑖(𝑡) = 𝑠𝑖(𝑡) (14.12) 

14.4.3 Group Formation 

𝐺 ⊆ 𝒫(𝐴) (14.13) 

14.4.4 SuperHyperExtension 

𝒢 ⊆ 𝒫𝑘(𝐴) (14.14) 

14.4.5 Interaction Model 

𝑎𝑖 ⋆ 𝑎𝑗 = {𝐺1, 𝐺2} (14.15) 
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14.4.6 Interpretation 

SuperHyperStructures model interactions between groups, 
interactions between systems of agents, and hierarchical 
decision processes.  

14.5 Relation to Memory Evolutive Systems 

14.5.1 Definition 

A Memory Evolutive System (MES) is a hierarchical system 
defined using category theory: 

ℳℰ𝒮 = (𝒞,ℳ, ℰ) (14.16) 
where: 

𝒞: category of components,  
ℳ: memory,  
ℰ: evolution.  

14.5.2 Hierarchical Levels 

𝒞0 → 𝒞1 → ⋯ (14.17) 

14.5.3 SuperHyperCorrespondence 

𝒞𝑘 ⊆ 𝒫𝑘(𝑋) (14.18) 

14.5.4 Memory Function 

𝑀:𝒞 → 𝒫(𝒞) (14.19) 

14.5.5 Interpretation 

SuperHyperStructures generalize MES by: 
• allowing multi-valued relations,  
• introducing uncertainty,  
• extending hierarchical depth.  

14.6 Relation to Higher-Order Networks 

14.6.1 Definition 

A higher-order network is defined as: 
ℋ𝒪𝒩 = (𝑉, 𝐸) (14.20) 
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where: 
𝐸 ⊆ 𝒫(𝑉) (14.21) 

14.6.2 Multi-Level Edges 

𝐸𝑘 ⊆ 𝒫𝑘(𝑉) (14.22) 

14.6.3 SuperHyperGraph Representation 

𝐸 ⊆ 𝒫𝑚(𝒫𝑘(𝑉)) (14.23) 

14.6.4 Example 

𝑒 = {{𝑣1, 𝑣2}, {{𝑣3, 𝑣4}}} (14.24) 

14.6.5 Interpretation 

SuperHyperGraphs generalize hypergraphs, model networks 
of networks, and capture hierarchical connectivity.  

14.7 Unified Perspective 

14.7.1 General Mapping 

Theory → SuperHyperRepresentation (14.25) 

14.7.2 Correspondence Table 

Theory SuperHyper Equivalent 
Category Theory hierarchical morphisms 
Complex Systems multi-level interactions 
Multi-agent systems groups of agents 
MES hierarchical memory structures 
Higher-order networks SuperHyperGraphs 

14.7.3 General Formula 
SuperHyperStructure = Hierarchy + Multi-relations + Recursion (14.26) 

14.8 Theoretical Significance 

SuperHyperStructures provide: 
1. A unified language across disciplines  
2. A generalization of existing frameworks  
3. A foundation for modeling complex systems  
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14.8.1 Inclusion Relation 
Category ∪ Complex Systems ∪ Networks ⊆ SuperHyperStructures (14.27) 

14.9 Concluding Remarks 

This chapter demonstrates that SuperHyperStructures are 
not merely an extension of hyperstructures, but rather: 

SuperHyperStructures = Universal framework for hierarchical systems (14.28) 

They unify: algebra, geometry, logic, systems theory, and 
network science.  

This positions SuperHyperStructures as a foundational theory 
for next-generation mathematical modeling . 
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15  
Structural Generalization Ladder 

15.1 Introduction 

The evolution of mathematical structures follows a clear 
trajectory toward increasing generality, complexity, and 
expressive power. This progression can be understood through 
two complementary axes: 

1. Structural depth:  
Structure → Hyper → SuperHyper (15.1) 

2. Logical/uncertainty extension:  
Structure → NeutroStructure → AntiStructure (15.2) 

These two dimensions combine into a unified generalization 
ladder, forming the conceptual backbone of SuperHyper-
Structure theory . 

15.2 Structural Axis: Structure → Hyper → SuperHyper 

15.2.1 Classical Structure 

A classical structure is defined as: 
𝒮 = (𝑋,ℛ, 𝒪) (15.3) 

with operations: 
𝑓: 𝑋𝑛 → 𝑋 (15.4) 

15.2.2 Hyperstructure 

A hyperstructure extends this by allowing: 
𝑓:𝑋𝑛 → 𝒫(𝑋) (15.5) 

15.2.3 SuperHyperStructure 

Further generalization leads to: 
𝑓: 𝑋𝑛 → 𝒫𝑘(𝑋), 𝑘 ≥ 2 (15.6) 



SuperHyperStructures and Uncertain SuperHyperStructures 
Theory, Comparisons, and Applications 

A General Theory of Multi-Level Mathematical Structures 95 

 

15.2.4 Structural Inclusion 

Structure ⊂ Hyper ⊂ SuperHyper (15.7) 

15.2.5 Hierarchical Depth 

Define: 

𝑑 = {
0 Structure
1 Hyper

𝑘 ≥ 2 SuperHyper
(15.8) 

15.2.6 Interpretation 

• Structure: flat systems  
• Hyper: multi-valued relations  
• SuperHyper: hierarchical systems  

15.3 Logical Axis: Structure → Neutro → Anti 

15.3.1 Classical Logical Structure 

𝑥 ∈ 𝑋 ⇒ 𝑥 is either true or false (15.9) 

15.3.2 NeutroStructure 

A NeutroStructure introduces: 
𝑥 ↦ (𝑇, 𝐼, 𝐹) (15.10) 

15.3.3 AntiStructure 

An AntiStructure allows contradictions: 
𝑇 > 0⁡and⁡𝐹 > 0 (15.11) 

15.3.4 Logical Inclusion 

Structure ⊂ NeutroStructure ⊂ AntiStructure (15.12) 

15.3.5 Interpretation 

• Structure: certainty  
• NeutroStructure: indeterminacy  
• AntiStructure: contradiction  
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15.4 Combined Structural–Logical Ladder 

15.4.1 Two-Dimensional Framework 

The full generalization can be expressed as: 
𝒢 = (Structural Level,Logical Level) (15.13) 

15.4.2 Combined Mapping 

(𝑋, 𝑓) → (𝑋,𝒫(𝑋), 𝒫𝑘(𝑋)) × (𝑇, 𝐼, 𝐹) (15.14) 

15.4.3 Unified Ladder 
𝑆𝑡𝑟𝑢𝑐𝑡𝑢𝑟𝑒 → 𝐻𝑦𝑝𝑒𝑟𝑆𝑡𝑟𝑢𝑐𝑡𝑢𝑟𝑒⁡ → 𝑆𝑢𝑝𝑒𝑟𝐻𝑦𝑝𝑒𝑟𝑆𝑡𝑟𝑢𝑐𝑡𝑢𝑟𝑒 
↓ 𝑁𝑒𝑢𝑡𝑟𝑜𝑆𝑡𝑟𝑢𝑐𝑡𝑢𝑟𝑒⁡ → 𝑁𝑒𝑢𝑡𝑟𝑜𝑠𝑜𝑝ℎ𝑖𝑐⁡𝑆𝑢𝑝𝑒𝑟𝐻𝑦𝑝𝑒𝑟𝑆𝑡𝑟𝑢𝑐𝑡𝑢𝑟𝑒⁡(15.15) 

15.5 Unified Diagram (Formal Representation) 

15.5.1 General Form 

Generalized Structure = 𝒫𝑘(𝑋) × (𝑇, 𝐼, 𝐹) (15.16) 

15.5.2 Structural–Logical Matrix 

Classical Neutrosophic
Structure 𝑋 (𝑋, 𝑇, 𝐼, 𝐹)

Hyper 𝒫(𝑋) (𝒫(𝑋), 𝑇, 𝐼, 𝐹)

SuperHyper 𝒫𝑘(𝑋) (𝒫𝑘(𝑋), 𝑇, 𝐼, 𝐹)

(15.17) 

15.5.3 Final Unified Expression 

Ultimate Structure = 𝒫𝑘(𝑋) × 𝒫𝑚([0,1])3 (15.18) 

15.6 Generalization Laws 

15.6.1 Structural Law 

Structure𝑘+1 = 𝒫(Structure𝑘) (15.19) 

15.6.2 Logical Law 

Logic𝑘+1 = (𝑇, 𝐼, 𝐹)𝑘 (15.20) 

15.6.3 Combined Law 

Generalization = 𝒫𝑘(𝑋) × (𝑇, 𝐼, 𝐹) (15.21) 
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15.7 Conceptual Interpretation 

The ladder reflects three fundamental principles: 
1. Expansion of elements  

𝑥 → {𝑥} → {{𝑥}} (15.22) 
2. Expansion of relations  

𝑓(𝑥) → {𝑓(𝑥)} → {{𝑓(𝑥)}} (15.23) 
3. Expansion of truth values  

{0,1} → [0,1] → (𝑇, 𝐼, 𝐹) (15.24) 

15.8 Theoretical Implications 

15.8.1 Maximum Generality 
SuperHyperNeutrosophic Structure = max⁡(Hierarchy,Uncertainty) (15.25) 

15.8.2 Universal Modeling Framework 

∀system 𝑆, ∃𝒮ℋ𝒩𝒮 such that 𝑆 ⊆ 𝒮ℋ𝒩𝒮 (15.26) 

15.9 Applications Perspective 

The generalization ladder applies to: 
• mathematics (abstract structures),  
• physics (multi-scale systems),  
• AI (multi-level reasoning),  
• social systems (hierarchical interactions).  

15.10 Concluding Remarks 

The Structural Generalization Ladder provides a unified 
perspective: 

Mathematical Evolution = Structure + Hierarchy + Uncertainty (15.27) 

It shows that classical mathematics is a special case, 
hyperstructures extend multiplicity, SuperHyperStructures 
extend hierarchy, and neutrosophic logic extends uncertainty.  

Together, they form a comprehensive framework for modeling 
complex, hierarchical, and uncertain systems. 
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V 
APPLICATIONS 
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16  
Applications in Mathematics 

16.1 Introduction 

SuperHyperStructures provide a powerful extension of 
classical mathematical frameworks, enabling the modeling of 
multi-level, multi-valued, and hierarchical systems. Their 
applications in mathematics are particularly significant in: 

• generalized algebra,  
• topology,  
• category theory.  

These applications demonstrate that SuperHyperStructures 
are not merely abstract constructs but serve as unifying tools 
across mathematical disciplines . 

16.2 Applications in Generalized Algebra 

16.2.1 SuperHyperAlgebraic Structures 

SuperHyperAlgebra extends classical algebra by allowing: 
⋆: 𝑋𝑛 → 𝒫𝑘(𝑋), 𝑘 ≥ 2 (16.1) 

16.2.2 Generalized Algebraic System 

𝒜 = (𝑋, {⋆𝑖}) (16.2) 
where: 

⋆𝑖: 𝑋
𝑛 → 𝒫𝑘(𝑋) (16.3) 

16.2.3 Multi-Level Algebra 

Elements are defined as: 
𝑥 ∈ 𝒫𝑘(𝑋) (16.4) 
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16.2.4 Generalized Associativity 

(𝑥 ⋆ 𝑦) ⋆ 𝑧 ∼ 𝑥 ⋆ (𝑦 ⋆ 𝑧) (16.5) 

16.2.5 Example 

𝑎 ⋆ 𝑏 = {{𝑎, 𝑏}, {𝑏, 𝑐}} (16.6) 

16.2.6 Algebraic Generalization 

Algebra ⊂ HyperAlgebra ⊂ SuperHyperAlgebra (16.7) 

16.2.7 Significance 

SuperHyperAlgebra allows: 
• modeling hierarchical algebraic systems,  
• extending ring and field theory,  
• representing uncertain algebraic operations .  

16.3 Applications in Topology 

16.3.1 SuperHyperTopological Space 

A SuperHyperTopological Space is defined as: 
𝒯𝑆𝐻 = (𝑋, 𝜏𝑆𝐻) (16.8) 

where: 
𝜏𝑆𝐻 ⊆ 𝒫𝑘(𝑋) (16.9) 

16.3.2 Open Sets 

𝑈 ∈ 𝜏𝑆𝐻 , 𝑈 ⊆ 𝒫𝑘(𝑋) (16.10) 

16.3.3 Closure Operator 

cl(𝐴) = ⋂{𝑈 ∈ 𝜏𝑆𝐻 ∣ 𝐴 ⊆ 𝑈} (16.11) 

16.3.4 Interior Operator 

int(𝐴) = ⋃{𝑈 ∈ 𝜏𝑆𝐻 ∣ 𝑈 ⊆ 𝐴} (16.12) 

16.3.5 Continuity 

A function: 
𝑓: 𝑋 → 𝒫𝑘(𝑌) (16.13) 

is continuous if: 
𝑓−1(𝑈) ∈ 𝜏𝑆𝐻 (16.14) 
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16.3.6 SuperHyperTopology Interpretation 

This framework allows: 
• topology on hierarchical objects,  
• modeling of multi-scale spaces,  
• extension of continuity to multi-valued functions.  

16.4 Applications in Category Theory 

16.4.1 SuperHyperCategory 

A SuperHyperCategory is defined as: 
𝒮ℋ𝒞 = (ℒ,Hom𝑆𝐻) (16.15) 

16.4.2 Objects 

Ob(𝒮ℋ𝒞) = 𝒫𝑘(𝑋) (16.16) 

16.4.3 Morphisms 

𝑓: 𝐴 → 𝐵, 𝐴, 𝐵 ∈ 𝒫𝑘(𝑋) (16.17) 

16.4.4 Composition 

𝑔 ∘ 𝑓: 𝐴 → 𝐶 (16.18) 

16.4.5 Functors 

𝐹: 𝒮ℋ𝒞1 → 𝒮ℋ𝒞2 (16.19) 

16.4.6 Higher-Level Morphisms 

Hom𝑘(𝐴, 𝐵) (16.20) 
represent morphisms between morphisms. 

16.4.7 Correspondence 

n-Category ⊂ SuperHyperCategory (16.21) 

16.4.8 Interpretation 

SuperHyperCategory theory: 
• extends n-categories,  
• models hierarchical transformations,  
• enables recursive morphisms.  
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16.5 Unified Mathematical Framework 

16.5.1 General Representation 

Mathematical System = 𝒫𝑘(𝑋) + Operations + Relations (16.22) 

16.5.2 Integration 
Algebra + Topology + Category Theory ⊆ SuperHyperFramework (16.23) 

16.5.3 General Law 

Generalization = Structure + Hierarchy (16.24) 

16.6 Applications Perspective 

SuperHyperStructures enable: 
• hierarchical algebraic modeling,  
• multi-level topological spaces,  
• higher-order categorical frameworks.  

16.7 Concluding Remarks 

SuperHyperStructures extend core mathematical disciplines 
by introducing multi-level elements, hierarchical relations, and 
generalized operations.  

Formally: 
Mathematicsextended = Classical Mathematics + SuperHyperStructures (16.25) 

This establishes SuperHyperStructures as a unifying 
framework for advanced mathematical theory . 
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17 
Applications in Artificial Intelligence 

17.1 Introduction 

Artificial Intelligence (AI) increasingly deals with systems 
characterized by: 

• hierarchical knowledge,  
• multi-level reasoning,  
• uncertainty and ambiguity,  
• interactions among complex subsystems.  

SuperHyperStructures provide a natural mathematical 
framework to model such systems, extending classical 
representations to multi-layer, multi-valued, and uncertain AI 
architectures . 

17.2 Knowledge Representation 

17.2.1 Classical Representation 

Knowledge is typically represented as: 
𝐾 = (𝑋, 𝑅) (17.1) 

where: 
𝑋 is a set of entities,  
𝑅 ⊆ 𝑋 × 𝑋 is a relation.  

17.2.2 Limitations 

Classical models assume: 
• flat structure,  
• binary relations.  

17.2.3 SuperHyperKnowledge Representation 

𝐾𝑆𝐻 = (ℒ, 𝑅𝑆𝐻) (17.2) 
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where: 

ℒ =⋃𝒫𝑘

𝑘≥0

(𝑋) (17.3) 

17.2.4 SuperHyperRelation 

𝑅𝑆𝐻 ⊆ 𝒫𝑚(ℒ) (17.4) 

17.2.5 Interpretation 

This allows: 
• relations between concepts,  
• relations between groups of concepts,  
• hierarchical ontologies.  

17.3 Multi-Level Reasoning 

17.3.1 Classical Inference 

𝑥 → 𝑦 (17.5) 

17.3.2 SuperHyperInference 

𝐴 ⇒ {𝐵1, 𝐵2, …  } (17.6) 
where: 

𝐴 ∈ 𝒫𝑘(𝑋), 𝐵𝑖 ∈ 𝒫
𝑚(𝑋) (17.7) 

17.3.3 Hierarchical Reasoning 

𝑅:𝒫𝑖(𝑋) → 𝒫𝑗(𝑋) (17.8) 

17.3.4 Interpretation 

• reasoning across abstraction levels,  
• inference between systems of knowledge.  

17.4 Uncertainty Modeling in AI 

17.4.1 Classical Probability 

𝑃: 𝑋 → [0,1] (17.9) 

17.4.2 SuperHyperUncertainty 

𝑈: 𝑋 → 𝒫𝑘([0,1]) (17.10) 
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17.4.3 Neutrosophic Representation 

𝑥 ↦ (𝑇, 𝐼, 𝐹) (17.11) 

17.4.4 Combined Model 

𝑈(𝑥) = {(𝑌𝑖 , 𝑇𝑖 , 𝐼𝑖 , 𝐹𝑖)} (17.12) 

17.4.5 Interpretation 

This enables: handling ambiguity, representing incomplete 
knowledge, and modeling contradictions.  

17.5 Neural Network Extensions 

17.5.1 Classical Neural Network 

𝑦 = 𝑓(𝑊𝑥 + 𝑏) (17.13) 

17.5.2 SuperHyperNeural Network 

𝑦 = 𝑓(𝒲 ⋆ 𝑥) (17.14) 
where: 

𝒲 ⊆ 𝒫𝑘(ℝ) (17.15) 

17.5.3 Multi-Level Activation 

𝑦 = {𝑦1, 𝑦2, … , 𝑦𝑚} (17.16) 

17.5.4 Interpretation 

• outputs are sets of activations,  
• networks can operate across hierarchical layers.  

17.6 Knowledge Graphs and SuperHyperGraphs 

17.6.1 Classical Knowledge Graph 

𝐺 = (𝑉, 𝐸) (17.17) 

17.6.2 SuperHyperKnowledge Graph 

𝐺𝑆𝐻 = (𝑉, 𝐸𝑆𝐻) (17.18) 
where: 

𝐸𝑆𝐻 ⊆ 𝒫𝑘(𝑉) (17.19) 
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17.6.3 Example 

𝑒 = {{𝑣1, 𝑣2}, {{𝑣3, 𝑣4}}} (17.20) 

17.6.4 Interpretation 

• modeling group relations,  
• modeling relations between knowledge domains.  

17.7 Multi-Agent AI Systems 

17.7.1 Agent System 

𝒜 = {𝑎1, 𝑎2, … , 𝑎𝑛} (17.21) 

17.7.2 Group Interaction 

𝐺 ⊆ 𝒫(𝒜) (17.22) 

17.7.3 SuperHyperInteraction 

⋆:𝒫𝑖(𝒜) → 𝒫𝑗(𝒜) (17.23) 

17.7.4 Interpretation 

• interactions between groups of agents,  
• emergent behavior modeling.  

17.8 Learning and Adaptation 

17.8.1 Learning Function 

𝐿: 𝑋 × 𝐷 → 𝒫𝑘(𝑋) (17.24) 

17.8.2 Update Rule 

𝑥𝑡+1 = 𝐿(𝑥𝑡 , 𝐷𝑡) (17.25) 

17.8.3 Neutrosophic Learning 

𝑥𝑡+1 = (𝑇𝑡 , 𝐼𝑡 , 𝐹𝑡) (17.26) 

17.8.4 Interpretation 

• adaptive learning under uncertainty,  
• multi-level knowledge evolution.  
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17.9 AI System Architecture 

17.9.1 General Model 

𝒜ℐ = (ℒ,ℛ,𝒰,𝒟) (17.27) 
where: 

ℒ: hierarchical knowledge,  
ℛ: relations,  
𝒰: uncertainty,  
𝒟: dynamics.  

17.9.2 Unified Representation 
AI𝑆𝐻 = Knowledge + Hierarchy + Uncertainty (17.28) 

17.10 Applications 

SuperHyperStructures in AI apply to: 
• knowledge representation systems,  
• reasoning engines,  
• neural networks,  
• multi-agent systems,  
• decision support systems.  

17.11 Concluding Remarks 

SuperHyperStructures provide a foundational framework for 
next-generation AI: 

AIfuture = SuperHyperStructures + Neutrosophic Logic (17.29) 
They enable modeling of complex knowledge systems, 

hierarchical reasoning processes, uncertain and adaptive 
environments. This positions SuperHyperStructures as a key 
mathematical tool for advanced artificial intelligence research. 
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18  
Applications in Complex Systems 

18.1 Introduction 

Complex systems are characterized by: 
• multiple interacting components,  
• hierarchical organization,  
• nonlinearity and emergence,  
• uncertainty and adaptability.  

Classical mathematical frameworks struggle to fully capture 
these properties. SuperHyperStructures provide a natural 
extension capable of modeling: 

Complex System = Hierarchy + Interaction + Uncertainty (18.1) 

This makes them particularly suitable for applications in 
ecology, socio-ecological systems, and network science . 

18.2 General Model of Complex Systems 

18.2.1 Definition 

A complex system is defined as: 
𝒞𝒮 = (𝑋, ℐ,ℋ) (18.2) 

where:  
𝑋is a set of components,  
ℐ represents interactions,  
ℋ denotes hierarchical structure.  

18.2.2 Hierarchical Representation 

𝑋 =⋃𝑋𝑘
𝑘≥0

(18.3) 
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18.2.3 SuperHyperRepresentation 

𝑋𝑘 ⊆ 𝒫𝑘(𝑋) (18.4) 

18.2.4 Interaction Function 

𝑓:𝒫𝑖(𝑋) × 𝒫𝑗(𝑋) → 𝒫𝑚(𝑋) (18.5) 

18.3 Ecological Systems 

18.3.1 Ecological Hierarchy 
Organisms → Populations → Communities → Ecosystems (18.6) 

18.3.2 SuperHyperEcological Model 

ℰ = (ℒ,ℛ) (18.7) 
where: 

ℒ =⋃𝒫𝑘

𝑘≥0

(𝑋) (18.8) 

18.3.3 Interaction 

𝐴 ⋆ 𝐵 = {𝐶1, 𝐶2, …  } (18.9) 

18.3.4 Example 

{species1, species2} ⋆ {habitat1} = {ecosystem1} (18.10) 

18.3.5 Interpretation 

SuperHyperStructures model: interactions between 
populations, ecosystem-level dynamics, and multi-scale 
ecological processes.  

18.4 Socio-Ecological Systems 

18.4.1 Definition 

A socio-ecological system is: 
𝒮ℰ𝒮 = (𝐻, 𝐸, ℐ) (18.11) 

where: 
𝐻: human systems,  
𝐸: ecological systems.  
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18.4.2 SuperHyperRepresentation 

𝐻, 𝐸 ⊆ 𝒫𝑘(𝑋) (18.12) 

18.4.3 Interaction 

𝐻 ⋆ 𝐸 = {𝑆1, 𝑆2, …  } (18.13) 

18.4.4 Example 
{community,policy} ⋆ {forest} = {management system} (18.14) 

18.4.5 Interpretation 

• interactions across domains,  
• policy-ecosystem feedback loops,  
• sustainability modeling.  

18.5 Network-of-Networks 

18.5.1 Classical Network 

𝐺 = (𝑉, 𝐸) (18.15) 

18.5.2 Multi-Level Network 

𝐺 =⋃𝐺𝑖

𝑛

𝑖=1

(18.16) 

18.5.3 SuperHyperNetwork 

𝒮ℋ𝒩 = (𝑉, 𝐸𝑆𝐻) (18.17) 
where: 

𝐸𝑆𝐻 ⊆ 𝒫𝑘(𝑉) (18.18) 

18.5.4 Example 

𝑒 = {{𝐺1}, {𝐺2, 𝐺3}} (18.19) 

18.5.5 Interpretation 

• networks of networks,  
• multi-layer connectivity,  
• hierarchical information flow.  
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18.6 Emergence 

18.6.1 Definition 

Emergence is defined as: 
𝐸 = 𝑓(ℐ(𝑋)) (18.20) 

18.6.2 SuperHyperEmergence 

𝐸𝑆𝐻 = 𝑓(𝒫𝑘(𝑋)) (18.21) 

18.6.3 Example 

{agents} → {groups} → {collective behavior} (18.22) 

18.6.4 Interpretation 

SuperHyperStructures: 
• explicitly model emergence,  
• capture interactions across levels.  

18.7 Dynamic Complex Systems 

18.7.1 Dynamic Model 
𝑑𝑥

𝑑𝑡
= 𝑓(𝑥, ℐ) (18.23) 

18.7.2 SuperHyperDynamic System 
𝑑𝑋

𝑑𝑡
= 𝑓(𝒫𝑘(𝑋)) (18.24) 

18.7.3 Interpretation 

• multi-scale dynamics,  
• evolving hierarchical systems.  

18.8 Uncertainty in Complex Systems 

18.8.1 Uncertainty Model 

𝑈: 𝑋 → 𝒫𝑘([0,1]) (18.25) 

18.8.2 Neutrosophic Extension 

𝑥 ↦ (𝑇, 𝐼, 𝐹) (18.26) 
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18.8.3 Combined System 

𝒞𝒮𝑆𝐻 = (ℒ,ℛ, 𝑈) (18.27) 

18.9 Unified Complex System Framework 

18.9.1 General Model 

𝒞𝒮𝑆𝐻 = Hierarchy + Interaction + Uncertainty (18.28) 

18.9.2 Structural Representation 

𝑋 ⊆ 𝒫𝑘(𝑋) (18.29) 

18.10 Applications 

SuperHyperStructures in complex systems apply to 
ecological modeling, socio-ecological systems, network 
science, multi-scale physics, and sustainability systems.  

18.11 Concluding Remarks 

SuperHyperStructures provide a comprehensive framework 
for complex systems: 

Complex Systems𝑆𝐻 = Systems + Hierarchy + Uncertainty (18.30) 

They enable modeling of emergence, multi-level interactions, 
and adaptive systems.  

This positions SuperHyperStructures as a foundational tool 
for modern complexity science. 
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19  
Applications in Data Science 

19.1 Introduction 

Modern data science deals with datasets that are: 
• large-scale (Big Data),  
• heterogeneous,  
• hierarchical,  
• uncertain and incomplete.  

Classical models—based on flat data representations—are 
insufficient for capturing these characteristics. 
SuperHyperStructures provide a framework for modeling: 

Data System = Hierarchy + Uncertainty + Multiplicity (19.1) 

This enables new approaches to clustering, probabilistic 
modeling, and data representation . 

19.2 Data Representation 

19.2.1 Classical Representation 

A dataset is represented as: 
𝐷 = {𝑥1, 𝑥2, … , 𝑥𝑛} (19.2) 

19.2.2 Feature Space 

𝑥𝑖 ∈ ℝ
𝑚 (19.3) 

19.2.3 SuperHyperData Representation 

𝐷𝑆𝐻 ⊆ 𝒫𝑘(𝑋) (19.4) 

19.2.4 Example 

𝐷 = {{𝑥1, 𝑥2}, {{𝑥3, 𝑥4}}, 𝑥5} (19.5) 
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19.2.5 Interpretation 

This allows: 
• grouping of data points,  
• representation of hierarchical datasets,  
• modeling nested structures.  

19.3 Hierarchical Clustering 

19.3.1 Classical Clustering 

𝐶 = {𝐶1, 𝐶2, … , 𝐶𝑘} (19.6) 

19.3.2 SuperHyperClustering 

𝒞𝑆𝐻 ⊆ 𝒫𝑘(𝐷) (19.7) 

19.3.3 Multi-Level Clusters 

𝐶𝑖 = {{𝑥1, 𝑥2}, {𝑥3}} (19.8) 

19.3.4 Distance Between Clusters 

𝑑(𝐶𝑖, 𝐶𝑗) = min⁡
𝑥∈𝐶𝑖,𝑦∈𝐶𝑗

𝑑(𝑥, 𝑦) (19.9) 

19.3.5 Hierarchical Distance 

𝑑(𝐴, 𝐵) = min⁡
𝐴𝑖∈𝐴,𝐵𝑗∈𝐵

𝑑(𝐴𝑖 , 𝐵𝑗) (19.10) 

19.3.6 Interpretation 

SuperHyperClustering: 
• captures nested clusters,  
• models multi-scale similarity.  

19.4 Probabilistic Models 

19.4.1 Classical Model 

𝑃: 𝑋 → [0,1] (19.11) 

19.4.2 SuperHyperProbability Model 

𝑃: 𝑋 → 𝒫𝑘([0,1]) (19.12) 
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19.4.3 Example 

𝑃(𝑥) = {0.3,0.5,0.7} (19.13) 

19.4.4 Hierarchical Probability 

𝑃(𝐴) = {{0.4,0.6}, {0.7}} (19.14) 

19.4.5 Conditional Probability 

𝑃(𝐴 ∣ 𝐵) = {
𝑝

𝑞
∣ 𝑝 ∈ 𝑃(𝐴 ∩ 𝐵), 𝑞 ∈ 𝑃(𝐵)} (19.15) 

19.4.6 Interpretation 

• multiple probability values,  
• uncertainty about probabilities,  
• hierarchical probabilistic reasoning.  

19.5 Neutrosophic Data Models 

19.5.1 Definition 

𝑥𝑖 = (𝑇𝑖 , 𝐼𝑖 , 𝐹𝑖) (19.16) 

19.5.2 Dataset Representation 

𝐷 = {(𝑥𝑖 , 𝑇𝑖 , 𝐼𝑖 , 𝐹𝑖)} (19.17) 

19.5.3 SuperHyperNeutrosophic Data 

𝐷𝑆𝐻 ⊆ 𝒫𝑘(𝑋 × (𝑇, 𝐼, 𝐹)) (19.18) 

19.5.4 Example 

𝑥 = ({𝑥1, 𝑥2},0.6,0.3,0.2) (19.19) 

19.5.5 Interpretation 

This enables: 
• modeling incomplete data,  
• representing contradictions,  
• capturing indeterminacy.  
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19.6 Big Data Systems 

19.6.1 Classical Big Data 

𝐷 ⊆ ℝ𝑚, ∣ 𝐷 ∣≫ 1 (19.20) 

19.6.2 SuperHyperBig Data 

𝐷𝑆𝐻 ⊆ 𝒫𝑘(𝑋) (19.21) 

19.6.3 Multi-Level Storage 

𝐷 =⋃𝐷𝑘
𝑘

(19.22) 

19.6.4 Interpretation 

• hierarchical storage,  
• multi-resolution data representation.  

19.7 Machine Learning Models 

19.7.1 Classical Learning 

𝑓: 𝑋 → 𝑌 (19.23) 

19.7.2 SuperHyperLearning 

𝑓: 𝑋 → 𝒫𝑘(𝑌) (19.24) 

19.7.3 Training Model 

𝑓(𝑥) = {𝑦1, 𝑦2 , …  } (19.25) 

19.7.4 Loss Function 

𝐿 = min⁡
𝑦𝑖∈𝑓(𝑥)

𝑑(𝑦𝑖 , 𝑦true) (19.26) 

19.7.5 Interpretation 

• multi-output learning,  
• uncertain predictions,  
• ensemble-like behavior.  
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19.8 Data Integration 

19.8.1 Classical Integration 

𝐷 = 𝐷1 ∪ 𝐷2 (19.27) 

19.8.2 SuperHyperIntegration 

𝐷 = 𝒫𝑘(𝐷1 ∪ 𝐷2) (19.28) 

19.8.3 Interpretation 

• integration across levels,  
• merging heterogeneous datasets.  

19.9 Unified Data Science Framework 

19.9.1 General Model 

𝒟𝒮𝑆𝐻 = (𝐷𝑆𝐻 , 𝒞𝑆𝐻 , 𝑃𝑆𝐻 , 𝑈) (19.29) 

19.9.2 Conceptual Expression 
Data Science𝑆𝐻 = Data + Hierarchy + Uncertainty (19.30) 

19.10 Applications 

SuperHyperStructures in data science apply to hierarchical 
clustering, probabilistic modeling, uncertain data analysis, big 
data systems, and machine learning.  

19.11 Concluding Remarks 

SuperHyperStructures extend data science by enabling: 
multi-level data representation, hierarchical learning models, 
and uncertainty-aware analysis. Formally: 

Data Sciencefuture = SuperHyperStructures + Neutrosophic Logic (19.31) 

This establishes SuperHyperStructures as a foundational 
framework for next-generation data science. 
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20  
Applications in Physics 

20.1 Introduction 

Modern physics increasingly deals with systems that are: 
• multi-scale (quantum ↔ classical ↔ macroscopic),  
• hierarchical,  
• probabilistic and uncertain,  
• composed of interacting subsystems.  

Classical mathematical frameworks often fail to capture 
these features simultaneously. SuperHyperStructures provide a 
unified framework capable of modeling: 

Physical System = Hierarchy + Interaction + Uncertainty (20.1) 
This is particularly relevant for quantum systems, complex 

matter states, and multi-scale physics . 

20.2 Multi-Scale Physical Systems 

20.2.1 Scale Hierarchy 

Quantum → Atomic → Molecular → Macroscopic (20.2) 

20.2.2 SuperHyperRepresentation 

𝑋𝑘 ⊆ 𝒫𝑘(𝑋) (20.3) 

20.2.3 Multi-Level System 

𝒫𝒮 =⋃𝑋𝑘
𝑘≥0

(20.4) 

20.2.4 Interaction Across Scales 

𝑓:𝒫𝑖(𝑋) × 𝒫𝑗(𝑋) → 𝒫𝑚(𝑋) (20.5) 
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20.2.5 Interpretation 

SuperHyperStructures model: 
• interactions between scales,  
• emergent properties,  
• cross-level dependencies.  

20.3 Quantum–Classical Coupling 

20.3.1 Quantum State 

∣ 𝜓⟩ ∈ ℋ (20.6) 

20.3.2 Classical State 

𝑥 ∈ ℝ𝑛 (20.7) 

20.3.3 Coupled System 

𝒮 = {∣ 𝜓⟩, 𝑥} (20.8) 

20.3.4 SuperHyperState 

𝒮𝑆𝐻 ⊆ 𝒫𝑘(ℋ ∪ ℝ𝑛) (20.9) 

20.3.5 Interaction 

∣ 𝜓⟩ ⋆ 𝑥 = {{𝜓, 𝑥}, {𝜓′}} (20.10) 

20.3.6 Interpretation 

• hybrid quantum-classical systems,  
• multi-level state representation,  
• non-deterministic coupling.  

20.4 Complex Matter States 

20.4.1 Classical State 

𝑆 ∈ {solid,liquid,gas} (20.11) 

20.4.2 SuperHyperState 

𝑆𝑆𝐻 ∈ 𝒫
𝑘({states}) (20.12) 
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20.4.3 Example 

𝑆𝑆𝐻 = {{solid,liquid}, {plasma}} (20.13) 

20.4.4 Interpretation 

This allows modeling: 
• hybrid states of matter,  
• multi-phase systems,  
• newly discovered complex states.  

20.4.5 Physical Representation 

State = set of states → set of sets of states (20.14) 

20.5 Statistical Physics 

20.5.1 Classical Distribution 

𝑃(𝑥) ∈ [0,1] (20.15) 

20.5.2 SuperHyperDistribution 

𝑃(𝑥) ∈ 𝒫𝑘([0,1]) (20.16) 

20.5.3 Partition Function 

𝑍 =∑𝑒−𝛽𝐸𝑖

𝑖

(20.17) 

20.5.4 SuperHyperPartition Function 

𝑍𝑆𝐻 = {∑𝑒−𝛽𝐸𝑖

𝑖

} (20.18) 

20.5.5 Interpretation 

• multiple possible distributions,  
• uncertainty in statistical models.  

20.6 Field Theory 

20.6.1 Classical Field 

𝜙:ℝ𝑛 → ℝ (20.19) 
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20.6.2 SuperHyperField 

𝜙:ℝ𝑛 → 𝒫𝑘(ℝ) (20.20) 

20.6.3 Example 

𝜙(𝑥) = {{𝑥}, {𝑥2}} (20.21) 

20.6.4 Interpretation 

• fields with multiple values,  
• hierarchical field structures.  

20.7 Dynamic Physical Systems 

20.7.1 Classical Dynamics 
𝑑𝑥

𝑑𝑡
= 𝑓(𝑥) (20.22) 

20.7.2 SuperHyperDynamics 
𝑑𝑋

𝑑𝑡
= 𝑓(𝒫𝑘(𝑋)) (20.23) 

20.7.3 Neutrosophic Dynamics 

𝑥(𝑡) = (𝑇(𝑡), 𝐼(𝑡), 𝐹(𝑡)) (20.24) 

20.7.4 Combined Model 
𝑑𝑋

𝑑𝑡
= 𝑓(𝒫𝑘(𝑋), 𝑇, 𝐼, 𝐹) (20.25) 

20.8 Uncertainty in Physics 

20.8.1 Quantum Uncertainty 

Δ𝑥 ⋅ Δ𝑝 ≥ ℏ/2 (20.26) 

20.8.2 SuperHyperUncertainty 

𝑈(𝑥) ∈ 𝒫𝑘([0,1]) (20.27) 

20.8.3 Neutrosophic Extension 

𝑥 ↦ (𝑇, 𝐼, 𝐹) (20.28) 
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20.8.4 Interpretation 

• uncertainty across multiple levels,  
• uncertainty about uncertainty.  

20.9 Unified Physical Framework 

20.9.1 General Model 

𝒫𝒮𝑆𝐻 = (ℒ, ℐ, 𝑈) (20.29) 

20.9.2 Conceptual Expression 
Physics𝑆𝐻 = Structure + Hierarchy + Uncertainty (20.30) 

20.10 Applications 

SuperHyperStructures in physics apply to quantum-classical 
systems, complex matter states, statistical physics, field theory, 
and multi-scale systems.  

20.11 Concluding Remarks 

SuperHyperStructures extend physics by enabling multi-
scale modeling, hierarchical state representation, and 
uncertainty-aware systems.  

Formally: 
Physicsfuture = SuperHyperStructures + Neutrosophic Logic (20.31) 

They provide a framework for understanding complex 
physical reality beyond classical and quantum limitations . 
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VI  
ADVANCED THEORY  

AND FUTURE DIRECTIONS 
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21  
SuperHyperCategory Theory 

21.1 Introduction 

Category Theory provides a unifying language for 
mathematics by focusing on objects and morphisms rather than 
internal structure. SuperHyperStructures naturally extend this 
paradigm by introducing: 

• hierarchical objects,  
• multi-level morphisms,  
• set-of-set transformations.  

This leads to SuperHyperCategory Theory, where both 
objects and morphisms operate across multiple structural 
levels. 

Formally: 
SuperHyperCategory = Category Theory + Hierarchy + SuperHyperOperations (21.1) 

This framework generalizes classical and higher category 
theory into a unified structure . 

21.2 Category of SuperHyperStructures 

21.2.1 Definition 

A SuperHyperCategory is defined as: 
𝒮ℋ𝒞 = (Ob(𝒮ℋ𝒞),Hom𝒮ℋ𝒞) (21.2) 

where: 
• Ob(𝒮ℋ𝒞) ⊆ 𝒫𝑘(𝑋),  
• Hom𝒮ℋ𝒞 is a class of SuperHyperMorphisms.  

21.2.2 Objects 

𝐴 ∈ Ob(𝒮ℋ𝒞) ⇒ 𝐴 ∈ 𝒫𝑘(𝑋) (21.3) 
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21.2.3 Morphisms 

𝑓: 𝐴 → 𝐵, 𝐴, 𝐵 ∈ 𝒫𝑘(𝑋) (21.4) 

21.2.4 Morphism Structure 

𝑓(𝐴) ⊆ 𝒫𝑚(𝐵) (21.5) 

21.2.5 Identity Morphism 

id𝐴: 𝐴 → 𝐴 (21.6) 
such that: 

id𝐴(𝑥) = 𝑥 (21.7) 

21.2.6 Composition 

For: 
𝑓: 𝐴 → 𝐵, 𝑔: 𝐵 → 𝐶 (21.8) 

we define: 
𝑔 ∘ 𝑓: 𝐴 → 𝐶 (21.9) 

21.2.7 Associativity 

(ℎ ∘ 𝑔) ∘ 𝑓 = ℎ ∘ (𝑔 ∘ 𝑓) (21.10) 

21.3 SuperHyperMorphisms 

21.3.1 Definition 

A SuperHyperMorphism is defined as: 
𝑓:𝒫𝑖(𝑋) → 𝒫𝑗(𝑌) (21.11) 

21.3.2 General Form 

𝑓(𝐴) = {𝐵1 , 𝐵2, …  } (21.12) 

21.3.3 Multi-Level Morphism 

𝑓: 𝒫𝑘(𝑋) → 𝒫𝑚(𝑌), 𝑘,𝑚 ≥ 1 (21.13) 

21.3.4 Composition of Morphisms 

(𝑔 ∘ 𝑓)(𝐴) = ⋃ 𝑔

𝐵∈𝑓(𝐴)

(𝐵) (21.14) 
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21.3.5 Interpretation 

SuperHyperMorphisms: 
• map structures to structures,  
• preserve hierarchical organization,  
• allow multi-valued transformations.  

21.4 Functors in SuperHyperCategory 

21.4.1 Definition 

A SuperHyperFunctor is defined as: 
𝐹: 𝒮ℋ𝒞1 → 𝒮ℋ𝒞2 (21.15) 

21.4.2 Object Mapping 

𝐹(𝐴) ∈ 𝒫𝑘(𝑌) (21.16) 

21.4.3 Morphism Mapping 

𝐹(𝑓): 𝐹(𝐴) → 𝐹(𝐵) (21.17) 

21.4.4 Functorial Properties 

𝐹(𝑔 ∘ 𝑓) = 𝐹(𝑔) ∘ 𝐹(𝑓) (21.18) 
𝐹(id𝐴) = id𝐹(𝐴) (21.19) 

21.4.5 Example 

𝐹(𝐴) = 𝒫(𝐴) (21.20) 

21.4.6 Interpretation 

SuperHyperFunctors: 
• map hierarchical structures,  
• preserve multi-level relationships,  
• enable transformations between systems.  

21.5 Higher-Level Morphisms 

21.5.1 Definition 

Hom𝑘(𝐴, 𝐵) (21.21) 
represents morphisms between morphisms. 
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21.5.2 Recursive Structure 

Hom𝑘+1(𝐴, 𝐵) = 𝒫(Hom𝑘(𝐴, 𝐵)) (21.22) 

21.5.3 Interpretation 

• morphisms of morphisms,  
• higher-order transformations,  
• recursive categorical structure.  

21.6 Relation to n-Categories 

21.6.1 n-Category Structure 

Objects → 1-morphisms → ⋯ → n-morphisms (21.23) 

21.6.2 SuperHyperExtension 

𝒫𝑘(𝑋) ↔ k-morphisms (21.24) 

21.6.3 Inclusion 

n-Category ⊂ SuperHyperCategory (21.25) 

21.7 Neutrosophic SuperHyperCategories 

21.7.1 Definition 

𝒩𝒮ℋ𝒞 = (ℒ,Hom, 𝑇, 𝐼, 𝐹) (21.26) 

21.7.2 Morphism Representation 

𝑓 = (𝑓, 𝑇𝑓 , 𝐼𝑓 , 𝐹𝑓) (21.27) 

21.7.3 Composition 

(𝑔 ∘ 𝑓) = (𝑔 ∘ 𝑓, 𝑇, 𝐼, 𝐹) (21.28) 

21.7.4 Interpretation 

• uncertainty in morphisms,  
• indeterminate transformations.  
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21.8 Unified SuperHyperCategory Framework 

21.8.1 General Form 

𝒮ℋ𝒞 = (𝒫𝑘(𝑋),Hom,∘) (21.29) 

21.8.2 Conceptual Expression 

Category𝑆𝐻 = Objects + Morphisms + Hierarchy (21.30) 

21.9 Applications 

SuperHyperCategory Theory applies to advanced algebra, 
higher-order logic, AI knowledge systems, and complex system 
modeling.  

21.10 Concluding Remarks 

SuperHyperCategory Theory extends category theory into a 
hierarchical and multi-valued domain: 

SuperHyperCategory = Category Theory + SuperHyperStructures (21.31) 

It provides a unifying language for: 
• hierarchical transformations,  
• multi-level systems,  
• uncertain mappings.  

This establishes a foundation for future developments in 
higher-order mathematics and theoretical science. 
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22  
Open Problems and Future Research Directions 

22.1 Introduction 

The theory of SuperHyperStructures and Uncertain 
SuperHyperStructures opens a vast landscape of unexplored 
mathematical, computational, and applied research directions. 

Despite significant foundational progress, many aspects 
remain undeveloped, including: formal axiomatization, 
computational frameworks, analytical tools, and 
interdisciplinary applications.  

This chapter outlines open problems and future research 
directions, aiming to guide further development of the field. 

Formally: 
Future Theory = Current Theory + Open Problems (22.1) 

22.2 Foundational Open Problems 

22.2.1 Axiomatization of SuperHyperStructures 

A complete axiomatic system remains to be developed. 
Problem: 
Define a minimal set of axioms: 

𝒜 = {𝐴1, 𝐴2, … , 𝐴𝑛} (22.2) 
such that: 

All SuperHyperStructures ⊨ 𝒜 (22.3) 

22.2.2 Structural Completeness 

Problem: 
Determine whether: 

∀𝒮ℋ, ∃𝒩𝒮ℋ𝒮 such that 𝒮ℋ ⊆ 𝒩𝒮ℋ𝒮 (22.4) 



SuperHyperStructures and Uncertain SuperHyperStructures 
Theory, Comparisons, and Applications 

A General Theory of Multi-Level Mathematical Structures 130 

 

22.2.3 Classification Theory 

Problem: 
Classify all SuperHyperStructures up to isomorphism: 

𝒮ℋ1 ≅ 𝒮ℋ2 (22.5) 

22.3 Algebraic and Topological Problems 

22.3.1 SuperHyperAlgebraic Structures 

Problem: 
Define analogues of: 
• groups,  
• rings,  
• fields.  

Formally: 
(𝒫𝑘(𝑋),⋆) (22.6) 

with properties: 
Associativity,Identity,Inverse (22.7) 

22.3.2 SuperHyperTopology 

Problem: 
Develop a full theory of topology: 

𝜏𝑆𝐻 ⊆ 𝒫𝑘(𝑋) (22.8) 
including: 
• compactness,  
• connectedness,  
• continuity.  

22.3.3 Metric Structures 

Problem: 
Define a metric: 

𝑑:𝒫𝑘(𝑋) × 𝒫𝑘(𝑋) → ℝ (22.9) 
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22.4 Analytical Problems 

22.4.1 SuperHyperCalculus 

Problem: 
Formalize calculus over: 

𝑓: 𝑋 → 𝒫𝑘(𝑌) (22.10) 
including: 
• derivatives,  
• integrals,  
• limits.  

22.4.2 Differential Equations 

Problem: 
Solve equations of the form: 

𝑑𝑋

𝑑𝑡
= 𝑓(𝒫𝑘(𝑋)) (22.11) 

22.4.3 Stability Theory 

Problem: 
Define stability: 

lim⁡
𝑡→∞

𝑋(𝑡) = 𝑋∗ (22.12) 

22.5 Uncertainty and Neutrosophic Problems 

22.5.1 SuperHyperUncertainty 

Problem: 
Formalize: 

𝑈: 𝑋 → 𝒫𝑘([0,1]) (22.13) 

22.5.2 Neutrosophic Integration 

Problem: 
Extend integration: 

∫ (𝑇, 𝐼, 𝐹) 𝑑𝑥 (22.14) 
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22.5.3 Logical Foundations 

Problem: 
Develop a full logical system: 

ℒ𝑆𝐻𝑁 (22.15) 

22.6 Computational Problems 

22.6.1 Algorithms 

Problem: 
Design algorithms for: 

𝑓:𝒫𝑘(𝑋) → 𝒫𝑚(𝑋) (22.16) 

22.6.2 Complexity 

Problem: 
Determine computational complexity: 

𝐶 = 𝑂(22
𝑛
) (22.17) 

22.6.3 Data Structures 

Problem: 
Define efficient representations of: 

𝒫𝑘(𝑋) (22.18) 

22.7 Applications and Interdisciplinary Problems 

22.7.1 Artificial Intelligence 

Problem: 
Develop AI models: 

𝒜ℐ𝑆𝐻 = (ℒ,ℛ, 𝑈) (22.19) 

22.7.2 Complex Systems 

Problem: 
Model emergence: 

𝐸 = 𝑓(𝒫𝑘(𝑋)) (22.20) 
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22.7.3 Physics 

Problem: 
Develop physical theories: 

𝒫𝒮𝑆𝐻 = (ℒ, ℐ, 𝑈) (22.21) 

22.8 Higher-Order and Category-Theoretic Problems 

22.8.1 SuperHyperCategories 

Problem: 
Develop full categorical structure: 

𝒮ℋ𝒞 = (𝒫𝑘(𝑋),Hom) (22.22) 

22.8.2 Functorial Systems 

Problem: 
Define functors: 

𝐹: 𝒮ℋ𝒞1 → 𝒮ℋ𝒞2 (22.23) 

22.8.3 Universal Properties 

Problem: 
Define limits and colimits: 

lim⁡ 𝐹,colim 𝐹 (22.24) 

22.9 Grand Unified Theory 

22.9.1 Unified Structure 

Universal Framework = 𝒫𝑘(𝑋) × (𝑇, 𝐼, 𝐹) (22.25) 

22.9.2 Conjecture 

∀⁡mathematical system 𝑆, ∃𝒮ℋ𝒩𝒮 such that 𝑆 ⊆ 𝒮ℋ𝒩𝒮 (22.26) 

22.9.3 Interpretation 

SuperHyperStructures may serve as: 
• a universal modeling language,  
• a unifying theory across disciplines.  
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22.10 Research Directions 

Future research should focus on: 
1. Formal theory development  
2. Computational tools  
3. Applications in AI and science  
4. Integration with existing theories  

22.11 Concluding Remarks 

The theory of SuperHyperStructures is still in its early stages. 
Many fundamental questions remain open, offering significant 
opportunities for future research. 

Future of Mathematics = Hierarchy + Uncertainty + SuperHyperStructures (22.27) 

This positions SuperHyperStructures as a promising 
candidate for a next-generation universal mathematical 
framework . 
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23  
General Conclusion and Perspectives 

23.1 Introduction 

This work has developed a comprehensive mathematical 
framework centered on SuperHyperStructures, their uncertain 
extensions, and their applications across multiple domains. 

The central objective has been to extend classical 
mathematical structures toward a paradigm capable of 
modeling: 

• hierarchy,  
• multi-level relations,  
• uncertainty,  
• and complex systems.  

This culminates in a unified theoretical vision: 
Mathematical Framework = Structure + Hierarchy + Uncertainty (23.1) 

23.2 Summary of Contributions 

23.2.1 Structural Generalization 

We established a clear progression: 
Structure → Hyperstructure → SuperHyperStructure (23.2) 

This progression reflects increasing expressive power: 
• Classical structures: single-valued, flat  
• Hyperstructures: multi-valued  
• SuperHyperStructures: hierarchical and recursive  

23.2.2 Introduction of SuperHyperStructures 

SuperHyperStructures were formally defined as: 
⋆: 𝑋𝑛 → 𝒫𝑘(𝑋), 𝑘 ≥ 2 (23.3) 
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allowing sets of sets as outputs, multi-level relations, and 
recursive structural modeling.  

23.2.3 Integration of Uncertainty 

A key contribution is the incorporation of uncertainty: 
Uncertainty = (𝑇, 𝐼, 𝐹) (23.4) 

leading to: 
Uncertain SuperHyperStructures = 𝒫𝑘(𝑋) × (𝑇, 𝐼, 𝐹) (23.5) 

23.2.4 Development of SuperHyperLogic and Calculus 

We extended classical frameworks to: 
• SuperHyperLogic  
• SuperHyperProbability  
• SuperHyperStatistics  
• SuperHyperCalculus  

These provide tools for: 
• reasoning under uncertainty,  
• modeling dynamic systems,  
• handling hierarchical information.  

23.2.5 Comparative Framework 

A systematic comparison demonstrated: 
Classical ⊂ Hyper ⊂ SuperHyper (23.6) 

highlighting the superiority of SuperHyperStructures in 
modeling complex systems. 

23.2.6 Interdisciplinary Integration 

Connections were established with: 
• category theory,  
• complex systems,  
• artificial intelligence,  
• physics and data science.  

This supports the claim: 
SuperHyperStructures ⊇ Many existing frameworks (23.7) 
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23.3 Conceptual Synthesis 

The entire theory can be summarized by the following unified 
expression: 

SuperHyperNeutrosophic Framework = 𝒫𝑘(𝑋) × 𝒫𝑚([0,1])3 (23.8) 
This integrates: 
• structure (via 𝑋),  
• hierarchy (via 𝒫𝑘),  
• uncertainty (via 𝑇, 𝐼, 𝐹).  

23.4 Philosophical Implications 

The transition from classical structures to SuperHyper-
Structures reflects a deeper philosophical shift: 

23.4.1 From Simplicity to Complexity 

Flat systems → Hierarchical systems (23.9) 

23.4.2 From Certainty to Indeterminacy 
Binary truth → (𝑇, 𝐼, 𝐹) (23.10) 

23.4.3 From Elements to Structures of Structures 

𝑥 → {𝑥} → {{𝑥}} (23.11) 

23.4.4 Interpretation 

This reflects the nature of real-world systems: 
• nested,  
• uncertain,  
• interconnected.  

23.5 Scientific Impact 

23.5.1 Mathematics 

• Generalization of algebra, topology, and category theory  
• Introduction of higher-order structures  
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23.5.2 Artificial Intelligence 

• hierarchical knowledge representation  
• uncertainty-aware reasoning  
• multi-level learning systems  

23.5.3 Complex Systems 

• modeling emergence  
• multi-scale interactions  
• socio-ecological systems  

23.5.4 Physics 

• multi-scale modeling  
• hybrid states of matter  
• uncertainty in physical systems  

23.6 Toward a Unified Theory 

One of the central hypotheses emerging from this work is: 
∀⁡system 𝑆, ∃𝒮ℋ𝒩𝒮 such that 𝑆 ⊆ 𝒮ℋ𝒩𝒮 (23.12) 

This suggests that SuperHyperStructures may serve as: 
• a universal modeling framework,  
• a bridge between disciplines,  
• a foundation for future mathematics.  

23.7 Future Perspectives 

1. Formalization  
Axiomatic systems for SuperHyperStructures (23.13) 

2. Computation  
Efficient algorithms for 𝒫𝑘(𝑋) (23.14) 

3. Applications  
Integration in AI, physics, and data science (23.15) 

4. Experimental validation  
Real-world system modeling (23.16) 
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23.8 Final Statement 

SuperHyperStructures represent a major step toward a new 
mathematical paradigm: 

Next-Generation Mathematics = Hierarchy + Uncertainty + SuperHyperStructures (23.17) 

They provide a framework capable of capturing the complexity 
of modern science, artificial intelligence, and real-world 
systems.  

23.9 Closing Perspective 

This work proposes not merely a new mathematical structure, 
but a new way of thinking: 

• from elements to systems of systems,  
• from certainty to structured uncertainty,  
• from simplicity to organized complexity.  
SuperHyperStructures = Mathematics of Complexity and Uncertainty (23.18) 
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Appendix A  
Formal Axioms of SuperHyperStructures 

A.1 Introduction 

A rigorous mathematical theory requires a well-defined 
axiomatic foundation. While SuperHyperStructures have been 
introduced constructively throughout this work, a complete 
formalization requires the specification of axioms governing 
structure, operations, and uncertainty. 

This appendix proposes a foundational axiomatic system for: 
• SuperHyperStructures (SHS),  
• Uncertain SuperHyperStructures (USHS),  
• Neutrosophic SuperHyperStructures (NSHS).  

Formally: 
Theory = (Objects,Operations,Axioms) (A.1) 

A.2 Primitive Concepts 

Axiom A.2.1 (Universe) 

There exists a non-empty set: 
𝑋 ≠ ∅ (A.2) 

called the base universe. 

Axiom A.2.2 (Power Hierarchy) 

For all 𝑘 ≥ 0, define: 
𝒫0(𝑋) = 𝑋,𝒫𝑘+1(𝑋) = 𝒫(𝒫𝑘(𝑋)) (A.3) 

Axiom A.2.3 (SuperHyperUniverse) 

Define the SuperHyperUniverse: 

ℒ =⋃𝒫𝑘

𝑘≥0

(𝑋) (A.4) 



SuperHyperStructures and Uncertain SuperHyperStructures 
Theory, Comparisons, and Applications 

A General Theory of Multi-Level Mathematical Structures 142 

 

A.3 Structural Axioms 

Axiom A.3.1 (Closure) 

For any operation: 
⋆: ℒ𝑛 → ℒ (A.5) 

we have: 
⋆ (𝑥1, … , 𝑥𝑛) ∈ ℒ (A.6) 

Axiom A.3.2 (Hierarchy Preservation) 

If: 
𝑥𝑖 ∈ 𝒫

𝑘𝑖(𝑋) 
then: 

⋆ (𝑥1, … , 𝑥𝑛) ∈ 𝒫
𝑚(𝑋) (A.7) 

for some 𝑚 ≥ max⁡(𝑘𝑖). 

Axiom A.3.3 (Non-Reduction) 

Operations preserve hierarchical structure: 
⋆ (𝑥1, … , 𝑥𝑛) ∉ 𝑋if 𝑘𝑖 ≥ 1 (A.8) 

Axiom A.3.4 (Multiplicity) 

⋆ (𝑥1, … , 𝑥𝑛) may contain multiple outputs (A.9) 

A.4 Algebraic Axioms 

Axiom A.4.1 (Generalized Associativity) 

(𝑥 ⋆ 𝑦) ⋆ 𝑧 ∼ 𝑥 ⋆ (𝑦 ⋆ 𝑧) (A.10) 

Axiom A.4.2 (Identity Element) 

There exists 𝑒 ∈ ℒsuch that: 
𝑥 ⋆ 𝑒 ∋ 𝑥 (A.11) 

Axiom A.4.3 (Inverse Element) 

For each 𝑥 ∈ ℒ, there exists 𝑦 ∈ ℒsuch that: 
𝑥 ⋆ 𝑦 ∋ 𝑒 (A.12) 
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A.5 SuperHyperFunction Axioms 

Axiom A.5.1 (SuperHyperFunction Definition) 

𝑓: 𝑋 → 𝒫𝑘(𝑌) (A.13) 

Axiom A.5.2 (Multi-Valued Mapping) 

𝑓(𝑥) = {𝑦1, 𝑦2 , …  } (A.14) 

Axiom A.5.3 (Composition) 

(𝑔 ∘ 𝑓)(𝑥) = ⋃ 𝑔

𝑦∈𝑓(𝑥)

(𝑦) (A.15) 

A.6 Uncertainty Axioms 

Axiom A.6.1 (Uncertainty Mapping) 

𝑈: 𝑋 → 𝒫𝑘([0,1]) (A.16) 

Axiom A.6.2 (Non-Determinism) 

∣ 𝑈(𝑥) ∣≥ 1 (A.17) 

Axiom A.6.3 (Hierarchy of Uncertainty) 

𝑈(𝑥) ⊆ 𝒫𝑘([0,1]) (A.18) 

A.7 Neutrosophic Axioms 

Axiom A.7.1 (Neutrosophic Value) 

𝑥 ↦ (𝑇𝑥 , 𝐼𝑥 , 𝐹𝑥) (A.19) 

Axiom A.7.2 (Value Space) 

𝑇𝑥 , 𝐼𝑥 , 𝐹𝑥 ⊆ 𝒫𝑘([0,1]) (A.20) 

Axiom A.7.3 (Independence) 

𝑇𝑥 , 𝐼𝑥 , 𝐹𝑥 are independent (A.21) 

Axiom A.7.4 (General Constraint) 

0 ≤ sup⁡ 𝑇𝑥 + sup⁡ 𝐼𝑥 + sup⁡ 𝐹𝑥 ≤ 3 (A.22) 
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A.8 SuperHyperGraph Axioms 

Axiom A.8.1 (Vertex Set) 

𝑉 ⊆ 𝒫𝑘(𝑋) (A.23) 

Axiom A.8.2 (Edge Set) 

𝐸 ⊆ 𝒫𝑚(𝑉) (A.24) 

Axiom A.8.3 (Connectivity) 

∀𝑢, 𝑣 ∈ 𝑉, ∃ SuperHyperPath (A.25) 

A.9 Category-Theoretic Axioms 

Axiom A.9.1 (Objects) 

Ob = 𝒫𝑘(𝑋) (A.26) 

Axiom A.9.2 (Morphisms) 

𝑓: 𝐴 → 𝐵 (A.27) 

Axiom A.9.3 (Composition) 

𝑔 ∘ 𝑓 (A.28) 

Axiom A.9.4 (Associativity) 

(ℎ ∘ 𝑔) ∘ 𝑓 = ℎ ∘ (𝑔 ∘ 𝑓) (A.29) 

Axiom A.9.5 (Identity) 

id𝐴: 𝐴 → 𝐴 (A.30) 

A.10 Unified Axiom System 

All axioms combine into: 
𝒮ℋ𝒩𝒮 = (𝑋, ℒ,⋆, 𝑈, 𝑇, 𝐼, 𝐹) (A.31) 

Axiom A.10.1 (Global Structure) 

⋆: ℒ𝑛 → ℒ × 𝒰 (A.32) 

Axiom A.10.2 (General Framework) 

SuperHyperSystem = 𝒫𝑘(𝑋) × 𝒫𝑚([0,1])3 (A.33) 
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A.11 Concluding Remarks 

The axioms presented provide a foundational framework for 
SuperHyperStructures and their uncertain extensions. While not 
necessarily minimal or complete, they establish a basis for 
formal reasoning, theoretical development, and further 
refinement.  

Axiomatic Theory = Foundation of SuperHyperMathematics (A.34) 

These axioms may serve as a starting point for future work on 
completeness, consistency, and independence of axioms.  

 



SuperHyperStructures and Uncertain SuperHyperStructures 
Theory, Comparisons, and Applications 

A General Theory of Multi-Level Mathematical Structures 146 

 

Appendix B  
Extended Examples and Case Studies 

B.1 Introduction 

This appendix provides detailed examples and case studies 
illustrating the practical use of: 

• SuperHyperStructures (SHS),  
• Uncertain SuperHyperStructures (USHS),  
• Neutrosophic SuperHyperStructures (NSHS).  

These examples bridge theory and application by 
demonstrating how abstract definitions translate into real-world 
modeling. 

B.2 Example 1 — Basic SuperHyperStructure 

B.2.1 Setup 

Let: 
𝑋 = {𝑎, 𝑏, 𝑐} (B.1) 

B.2.2 Power Hierarchy 

𝒫(𝑋) = {{𝑎}, {𝑏}, {𝑐}, {𝑎, 𝑏}, …  } (B.2) 
𝒫2(𝑋) = 𝒫(𝒫(𝑋)) (B.3) 

B.2.3 Operation 

Define: 
⋆: 𝑋 × 𝑋 → 𝒫2(𝑋) (B.4) 
𝑎 ⋆ 𝑏 = {{𝑎, 𝑏}, {𝑏, 𝑐}} (B.5) 

B.2.4 Interpretation 

• outputs are sets of sets,  
• hierarchical relations are explicitly represented.  
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B.3 Example 2 — SuperHyperGraph 

B.3.1 Vertex Set 

𝑉 = {{𝑎, 𝑏}, {𝑐}, {{𝑑, 𝑒}}} (B.6) 

B.3.2 Edge Set 

𝐸 = {{{𝑎, 𝑏}, {𝑐}}, {{𝑐}, {{𝑑, 𝑒}}}} (B.7) 

B.3.3 Structure 

𝒮ℋ𝒢 = (𝑉, 𝐸) (B.8) 

B.3.4 Interpretation 

• vertices are hierarchical objects,  
• edges connect structures rather than simple elements.  

B.4 Example 3 — Uncertain SuperHyperStructure 

B.4.1 Definition 

⋆: 𝑋2 → 𝒫2(𝑋) × [0,1] (B.9) 

B.4.2 Operation 

𝑎 ⋆ 𝑏 = {({𝑎, 𝑏},0.6), ({𝑏, 𝑐},0.4)} (B.10) 

B.4.3 Interpretation 

• multiple outcomes,  
• each with associated probability.  

B.5 Example 4 — Neutrosophic SuperHyperStructure 

B.5.1 Definition 

⋆: 𝑋2 → 𝒫2(𝑋) × (𝑇, 𝐼, 𝐹) (B.11) 

B.5.2 Operation 

𝑎 ⋆ 𝑏 = {({𝑎, 𝑏},0.7,0.2,0.1), ({𝑏, 𝑐},0.5,0.3,0.4)} (B.12) 

B.5.3 Interpretation 

• truth, indeterminacy, falsity coexist,  
• conflicting outcomes are allowed.  
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B.6 Case Study 1 — Artificial Intelligence Knowledge 
System 

B.6.1 Knowledge Representation 

𝐾𝑆𝐻 = (ℒ, 𝑅𝑆𝐻) (B.13) 

B.6.2 Example 

𝑅𝑆𝐻 = {({AI,ML}, {Data Science})} (B.14) 

B.6.3 Interpretation 

• relations between domains,  
• hierarchical knowledge structures.  

B.6.4 Uncertainty 

(AI → ML) = (0.8,0.1,0.2) (B.15) 

B.7 Case Study 2 — Socio-Ecological System 

B.7.1 Components 

𝑋 = {community,forest,policy} (B.16) 

B.7.2 Interaction 
{community,policy} ⋆ {forest} = {management system} (B.17) 

B.7.3 SuperHyperRepresentation 

𝒮ℰ𝒮𝑆𝐻 ⊆ 𝒫𝑘(𝑋) (B.18) 

B.7.4 Interpretation 

• multi-level governance,  
• human–nature interactions.  

B.8 Case Study 3 — Multi-Agent System 

B.8.1 Agents 

𝐴 = {𝑎1, 𝑎2, 𝑎3} (B.19) 

B.8.2 Groups 

𝐺 = {{𝑎1, 𝑎2}, {𝑎3}} (B.20) 
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B.8.3 Interaction 

⋆:𝒫(𝐴) → 𝒫2(𝐴) (B.21) 

B.8.4 Example 

{𝑎1, 𝑎2} ⋆ {𝑎3} = {{𝑎1, 𝑎2, 𝑎3}, {{𝑎1, 𝑎3}}} (B.22) 

B.8.5 Interpretation 

• group-level interactions,  
• emergence of new agent structures.  

B.9 Case Study 4 — Data Science  
(Hierarchical Clustering) 

B.9.1 Dataset 

𝐷 = {𝑥1, 𝑥2, 𝑥3, 𝑥4} (B.23) 

B.9.2 Clusters 

𝐶1 = {𝑥1, 𝑥2}, 𝐶2 = {𝑥3, 𝑥4} (B.24) 

B.9.3 SuperHyperClusters 

𝒞 = {{𝐶1, 𝐶2}, {{𝑥1, 𝑥2, 𝑥3, 𝑥4}}} (B.25) 

B.9.4 Interpretation 

• nested clustering,  
• multi-level grouping.  

B.10 Case Study 5 — Physics (Hybrid States) 

B.10.1 State Space 

𝑆 = {solid,liquid,gas} (B.26) 

B.10.2 SuperHyperState 

𝑆𝑆𝐻 = {{solid,liquid}, {{plasma}}} (B.27) 

B.10.3 Interpretation 

• hybrid phases,  
• multi-state coexistence.  
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B.11 Case Study 6 — SuperHyperFunction 

B.11.1 Definition 

𝑓: 𝑋 → 𝒫2(𝑌) (B.28) 

B.11.2 Example 

𝑓(𝑥) = {{𝑥, 𝑥2}, {𝑥3}} (B.29) 

B.11.3 Interpretation 

• multiple functional outputs,  
• hierarchical mapping.  

B.12 General Observations 

B.12.1 Structural Pattern 

Element → Set → Set of Sets (B.30) 

B.12.2 Uncertainty Pattern 

𝑥 → 𝑃(𝑥) → (𝑇, 𝐼, 𝐹) (B.31) 

B.12.3 Combined Model 

System = 𝒫𝑘(𝑋) × (𝑇, 𝐼, 𝐹) (B.32) 

B.13 Concluding Remarks 

These examples demonstrate that SuperHyperStructures 
provide a flexible and powerful framework for modeling 
hierarchical systems, uncertain processes, and multi-level 
interactions.  

Applications = Theory + Real-world systems (B.33) 
They confirm the versatility and applicability of the theory 

across domains . 
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Appendix C  
Notation and Symbol Index 

C.1 Introduction 

This appendix provides a comprehensive index of the notation 
and symbols used throughout the book. Given the hierarchical 
and multi-level nature of SuperHyperStructures, careful notation 
is essential for clarity and consistency. 

Formally, we define the notation system as: 
𝒩 = {Sets,Operations,Mappings,Uncertainty Symbols} (C.1) 

 

C.2 Basic Set-Theoretic Notation 

Symbol Meaning 
𝑿 Base set (universe) 

𝒙 ∈ 𝑿 Element of a set 
∅ Empty set 
⊆ Subset relation 
∪ Union 
∩ Intersection 

C.3 Power Set Hierarchy 

Symbol Meaning 
𝓟(𝑿) Power set of 𝑋 
𝓟𝒌(𝑿) k-th order power set 
𝓟𝟎(𝑿) Base set 𝑋 
𝓟𝒌+𝟏(𝑿) 𝒫(𝒫𝑘(𝑋)) 
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C.3.1 Hierarchical Definition 

𝒫0(𝑋) = 𝑋 (C.2) 
𝒫𝑘+1(𝑋) = 𝒫(𝒫𝑘(𝑋)) (C.3) 

C.4 SuperHyperStructures 

Symbol Meaning 
𝓢𝓗 SuperHyperStructure 

𝓤𝓢𝓗𝓢 Uncertain SuperHyperStructure 
𝓝𝓢𝓗𝓢 Neutrosophic SuperHyperStructure 

𝓛 SuperHyperUniverse 

C.4.1 SuperHyperUniverse 

ℒ =⋃𝒫𝑘

𝑘≥0

(𝑋) (C.4) 

C.5 Operations and Mappings 

Symbol Meaning 
⋆ SuperHyperOperation 
𝒇 Function 

𝒈 ∘ 𝒇 Composition 
→ Mapping 
⇒ Logical implication 

C.5.1 SuperHyperOperation 

⋆: 𝑋𝑛 → 𝒫𝑘(𝑋) (C.5) 

C.5.2 SuperHyperFunction 

𝑓: 𝑋 → 𝒫𝑘(𝑌) (C.6) 

C.6 Graph and Network Notation 

Symbol Meaning 
𝑮 = (𝑽, 𝑬) Graph 
𝑯 = (𝑽, 𝑬) Hypergraph 
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𝓢𝓗𝓖 SuperHyperGraph 
𝑽 Vertex set 
𝑬 Edge set 

C.6.1 SuperHyperGraph 

𝐸 ⊆ 𝒫𝑘(𝑉) (C.7) 

C.7 Category Theory Notation 

Symbol Meaning 
𝓒 Category 

Ob(𝓒) Objects 
Hom(𝑨, 𝑩) Morphisms 

∘ Composition 
id𝑨 Identity morphism 

C.7.1 SuperHyperCategory 

Ob(𝒮ℋ𝒞) = 𝒫𝑘(𝑋) (C.8) 

C.8 Probability and Uncertainty 

Symbol Meaning 
𝑷 Probability function 
𝝁 Membership function 
𝑼 Uncertainty function 

[𝟎, 𝟏] Probability interval 

C.8.1 SuperHyperProbability 

𝑃: 𝑋 → 𝒫𝑘([0,1]) (C.9) 

C.9 Neutrosophic Notation 

Symbol Meaning 
𝑻 Truth component 
𝑰 Indeterminacy component 
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𝑭 Falsity component 
(𝑻, 𝑰, 𝑭) Neutrosophic value 

C.9.1 Neutrosophic Mapping 

𝑥 ↦ (𝑇𝑥 , 𝐼𝑥 , 𝐹𝑥) (C.10) 

C.9.2 Constraint 

0 ≤ 𝑇 + 𝐼 + 𝐹 ≤ 3 (C.11) 

C.10 Calculus and Dynamics 

Symbol Meaning 
𝒅𝒙

𝒅𝒕
 

Derivative 

∫ 𝒇(𝒙) 𝒅𝒙 Integral 
𝐥𝐢𝐦⁡ Limit 
𝒙(𝒕) Time-dependent variable 

C.10.1 SuperHyperDerivative 

𝑓′(𝑥) = lim⁡
ℎ→0

𝑓(𝑥 + ℎ)⊖ 𝑓(𝑥)

ℎ
(C.12) 

C.11 Complexity and Size 

Symbol Meaning 
𝑶(𝒏) Complexity 
𝟐𝒏 Power set size 

𝟐𝟐
𝒏

 Second-level power set 

C.11.1 Growth 

∣ 𝒫(𝑋) ∣= 2𝑛 (C.13) 

∣ 𝒫𝑘(𝑋) ∣= 2∣𝒫
𝑘−1(𝑋)∣ (C.14) 

C.12 General Framework Symbols 

Symbol Meaning 
𝓢𝓗𝓝𝓢 SuperHyperNeutrosophic System 
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𝓐𝓘𝑺𝑯 AI system based on SHS 
𝓒𝓢𝑺𝑯 Complex system with SHS 
𝓓𝓢𝑺𝑯 Data science model 

C.12.1 Unified Representation 

𝒮ℋ𝒩𝒮 = 𝒫𝑘(𝑋) × 𝒫𝑚([0,1])3 (C.15) 

C.13 Symbol Conventions 

C.13.1 Indices 

• 𝑖, 𝑗, 𝑘: indices  
• 𝑛: dimension or number of elements  

C.13.2 Functions 

• lowercase letters: 𝑓, 𝑔 
• uppercase letters: structures 𝒮, 𝒮ℋ 

C.13.3 Sets 

• uppercase letters: 𝑋, 𝑌, 𝑉 
• script letters: ℒ,𝒫 

C.14 Concluding Remarks 

This notation index provides a unified reference for all 
symbols used in the development of SuperHyperStructures. 

Clarity of Notation = Clarity of Theory (C.16) 
A consistent symbolic framework is essential for 

mathematical rigor, interdisciplinary communication, and 
further theoretical development.  
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SuperHyperStructures

Uncertain SuperHyperStructures
and

The SuperHyperStructures—and their particular cases such as SuperHyperGraph, 

SuperHyperAlgebra, SuperHyperTopology, SuperHypergeometry, SuperHyperAxioms, 

SuperHyperLaws, SuperHyperTheorems, SuperHyperProperties, SuperHyperOperators, 

etc.—were introduced by F. Smarandache in 2016. 

The SuperHyperStructures is a structure built on the n-th powerset P*
n(H) of a non-empty 

set H, for integer n ≥ 1, whose SuperHyperOperators are defined as follows: 

#SHS :  (P*
r(H))m ―> P*

n(H), 

where P*
r(H) is the r-powerset of H, for integer r ≥ 1, while similarly P*

n(H) is the n-th powerset 

of H,and the SuperHyperAxioms/SuperHyperTheorems etc. act on it. 

Indeterminacy is not allowed on P*
n(H) structure. While on Pn(H) the indeterminacy is allowed. 

 

 


