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Chapter 1

Introduction

1.1 Uncertain Set

Real-world information is often imprecise, incomplete, inconsistent, or only partially reliable.
To model such situations, many generalized set-theoretic frameworks have been developed,
including Fuzzy Sets [1], Intuitionistic Fuzzy Sets [2], Neutrosophic Sets [3H7], Hesitant
Neutrosophic Sets [8,9], Vague Sets [10], Hesitant Fuzzy Sets [11], Picture Fuzzy Sets [12],
Quadripartitioned Neutrosophic Sets [13], and Plithogenic Sets [14]. These frameworks have
been widely applied in areas such as decision science, chemistry, control, and machine learn-
ing [15]. In practice, the choice of an appropriate model depends on the nature of the
phenomenon under consideration and on the number and type of uncertainty components
that must be represented.

As a further unifying perspective, Uncertain Sets have been introduced [16]. They generalize
classical sets by assigning to each element a graded or multi-component membership descrip-
tion, thereby providing a common framework capable of encompassing many uncertainty-
oriented models in a unified manner.

1.2 Uncertain Logical Operators

Logical operators play a fundamental role in formal reasoning by combining propositions
to produce new statements. Classical examples include conjunction, disjunction, negation,
implication, and equivalence. When information is uncertain, however, classical two-valued
operators are often insufficient for capturing vagueness, incompleteness, indeterminacy, or
multi-component truth structures.

Uncertain logical operators extend classical logical connectives to uncertain environments.
They are designed to aggregate or transform uncertain truth information while preserving
mathematically meaningful reasoning behavior. Such operators are essential in the develop-
ment of uncertainty-based logic, approximate reasoning, decision-making models, and related
intelligent systems.
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1.3 Owur Contributions

A very broad variety of concepts are known under the general theme of uncertain logical
operators. However, relatively few studies have examined these operators from a unified and
systematic viewpoint. Motivated by this gap, in this book we present a broad survey of

uncertain logical operators.

More specifically, we organize representative operators within a common uncertain-set-based
framework, clarify their relationships with existing uncertainty models, and provide a struc-

tured overview of their mathematical formulations.

Through this unified treatment, the

book aims to offer a clearer conceptual foundation for future theoretical developments and
applications involving uncertain logical operators. For reference, a high-level taxonomy of
uncertain logical operators is presented in Table

Table 1.1: High-level taxonomy of the uncertain logical operators.

Category

Typical operators

Main viewpoint

Basic set-theoretic operators

Conjunctive—disjunctive logical
families

Relational and inferential oper-
ators

Aggregation families

Integral
operators

/ dependence-based

Analytic and transformational
operators

Structural algebraic operators

Union, Intersection, Symmetric
Difference, Cartesian Product,
Negation

t-norm, t-conorm, uninorm,
overlap function, conjunctor,
disjunctor, grouping function,
Water Logic

Implication, Equivalence Oper-
ator

Aggregation Operator, Dombi
Aggregation, OWA, Power Av-
erage, Mean Operator
Copula, Choquet
Sugeno Integral

Integral,

Differentiation,
Logic

Upside-down

HyperOperation, SuperHyper-
Operation

Generalized set construction
and basic logical/set manipula-
tion

Truth-functional combination
of uncertain information

Conditionality, similarity, and
logical relation between uncer-
tain statements

Fusion of multiple uncertain in-
puts into a representative out-
put

Dependence modeling and non-
additive / interaction-aware ag-
gregation

Dynamic change, transforma-
tion, or reinterpretation of un-
certain information
Multivalued and higher-order
algebraic structure generation




Chapter 2

Preliminaries

This chapter introduces the notation and fundamental concepts used in the sequel.

2.1 Fuzzy Set

Fuzzy set theory generalizes the ordinary notion of a subset by allowing each element to
belong to a set with a degree in the unit interval [0, 1] [1L[17,[18]. We first recall the standard
definition.

Definition 2.1.1 (Fuzzy set). [1] Let X be a nonempty set. A fuzzy set A on X is
determined by a function
pa s X —[0,1],

called the membership function of A. Equivalently, one may represent A as

A={(z,pa(2)) |z € X},

where p(z) expresses the degree to which x belongs to A.

2.2 Intuitionistic Fuzzy Set

Intuitionistic fuzzy sets refine fuzzy sets by assigning to each element both a membership
degree and a non-membership degree, thereby leaving room for an explicit hesitation part
[2,19]. The usual definition is given below.

Definition 2.2.1 (Intuitionistic fuzzy set). [20] Let E' be a nonempty set. An intuitionistic
fuzzy set (IFS) A on E is of the form

A= {<‘T’:U'A(x)7VA(x)> RS E},

where
pa,va: E—0,1]
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denote the membership and non-membership functions, respectively, and satisfy
0 <palz)+rvalz) <1 for all x € E.

The quantity
ma(2) =1 pa(z) —va(z)

is called the hesitation degree of x.

The classical fuzzy-set case is recovered when
va(x) =1— pa(x) for all x € E,

or equivalently when m4(x) = 0 for every z € E.

2.3 Neutrosophic Set

Neutrosophic sets describe uncertainty by assigning to each element three quantities: truth,
indeterminacy, and falsity, usually taken in the interval [0,1] [4,21-23]. Because the in-
determinacy component is handled explicitly, this framework extends both fuzzy sets and
intuitionistic fuzzy sets in a flexible way [24].

Definition 2.3.1 (Neutrosophic set). [2526] Let X be a nonempty set. A neutrosophic set
(NS) A on X is specified by three mappings

TA:X—>[0,1}, IA:X—>[O,1], FA:X—>[0,1],

where, for each = € X, the values Ta(x), Ia(z), and F4(z) represent the degrees of truth,
indeterminacy, and falsity, respectively, of the statement “xz € A”. These values satisfy

0 <Ta(x)+Is(x)+ Fa(x) <3  forallzeX.

2.4 Plithogenic Set

Plithogenic set theory extends uncertainty modeling by incorporating attribute-based appur-
tenance together with contradiction degrees between attribute values [27-30]. A standard
formulation is as follows.

Definition 2.4.1 (Plithogenic Set). [27,[28] Let P be a nonempty universe of discourse,
and let v be a fixed attribute whose possible values form a nonempty set Pv. Let s,t € N.
A plithogenic set on (P,v, Pv) is a quintuple

PS = (P, v, Pv, pdf, pCF),

where
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pdf : P x Pv — [0,1]°
is the degree of appurtenance function (DAF); for x € P and a € Puv, the value pdf (z, a)
gives the possibly vector-valued degree to which x belongs relative to the attribute value
a;
pCF : Pv x Pv— [0,1]*

is the degree of contradiction function (DCF), satisfying

pCF(a,a) =0, pCF(a,b) = pCF(b,a) forall a,be Po.

In plithogenic theory, one usually selects a dominant attribute value a* € Pv. Set-theoretic
operations such as union and intersection are then constructed by combining appurtenance
degrees with contradiction degrees relative to a*, thereby capturing interaction and opposi-
tion among different attribute values.

2.5 Rough Set

Rough set theory treats imprecision by replacing a target set with two approximations:
a lower approximation, representing certainty, and an upper approximation, representing
possibility. These are derived from an indiscernibility relation [31-34]. The classical Pawlak
construction is recalled below.

Definition 2.5.1 (Rough set approximations). [35] Let X be a nonempty universe, and let
R C X x X be an equivalence relation. For each z € X, define the equivalence class of x by

[z]r:=={y € X | (z,y) € R}.

For any subset U C X, define:

1. Lower approzimation:

U={zeX|[z]rCU}.
Thus, U consists of those elements whose entire equivalence classes lie inside U.

2. Upper approximation:
U={zeX|[z]gNU#o}.

Hence, U consists of those elements whose equivalence classes intersect U.

The pair (U, U) is called the rough approzimation of U, and one always has

UCUCU.
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2.6 Soft Set

Soft sets model uncertainty by means of parameters: each parameter determines a subset of
the universe, and the entire family of such subsets forms the soft description. This framework
was introduced by Molodtsov and has since been used widely in uncertainty analysis and
decision-making [36,,37].

Definition 2.6.1 (Soft set). [37] Let U be a universe, let E be a set of parameters, and let
A C E. Denote by P(U) the power set of U. A pair (F, A) is called a soft set over U if

F:A—P).

For each parameter ¢ € A, the subset F(e) C U is called the e-approxzimation of (F,A).
Thus, a soft set is simply a parameterized family of subsets of the universe U.

Related concepts of the Soft Set include the HyperSoft Set [38], IndetermSoft Set [39,/40],
and SuperHyperSoft Set [41-43].

2.7 Uncertain set

An uncertain set associates with each element a degree taken from a chosen uncertainty
model, thereby providing a unifying umbrella for fuzzy, intuitionistic fuzzy, neutrosophic,
plithogenic, and related frameworks [16}44].

Definition 2.7.1 (Uncertain model). [44] Let U denote the class of all uncertain models.
Each M € U is determined by:

o a nonempty set Dom(M) C [0,1]* of admissible degree tuples for some fixed integer
k> 1; and

» model-specific algebraic or geometric constraints imposed on elements of Dom (M) (for
example, p + v < 1 in the intuitionistic fuzzy setting, or 0 < T 4+ I + F < 3 in the
neutrosophic setting).

Typical instances include:

o Fuzzy model: Dom(M) = [0, 1];
o Intuitionistic fuzzy model: Dom(M) = {(u,v) € [0,1]?: p+v <1}
« Neutrosophic model: Dom(M) = {(T,I,F) € [0,1]*: 0<T+1+ F < 3};

e Plithogenic model, and many further extensions.

10
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Definition 2.7.2 (Uncertain set (U-set)). [44] Let X be a nonempty universe, and fix an
uncertain model M with degree-domain Dom(M) C [0,1]*. An uncertain set of type M
(briefly, a U-set) on X is a pair

U= (X, pm),

where
wpr : X — Dom(M)

is the uncertainty-degree function (membership map) of U. For x € X, the value up(x) €
Dom(M) encodes the degree(s) to which = belongs to U, as prescribed by the model M.

As noted in the remark, various generalizations are possible. For reference, Table[2.1] presents
a catalogue of uncertainty-set families (U-Sets) organized by the dimension k of the degree-
domain Dom(M) C [0, 1] (cf. [16]).

Table 2.1: A catalogue of uncertainty-set families (U-Sets) by the dimension k of the degree-
domain Dom (M) C [0,1]* [16].

k note Representative U-Set model(s) whose degree-domain is a subset of [0, 17
1 Fuzzy Set [1},/45]; N-Fuzzy Set [46-48] Shadowed Set [49-51]
2 Intuitionistic Fuzzy Set [2,[19]; Vague Set [10}52]; Bipolar Fuzzy Set (two-

component description) [53,54]; Pythagorean Fuzzy Set [55,56]; Fermatean
fuzzy Set [57,58|; Variable Fuzzy Set [59-61]; Paraconsistent Fuzzy Set [62}
63]; Bifuzzy Set [64L65]

3 Single-Valued Neutrosophic Set [23}[26]; Picture Fuzzy Set [12,/66); Ternary
Fuzzy Set |67]; Hesitant Fuzzy Set [11,/68]; Spherical Fuzzy Set [69,70];
Tripolar Fuzzy Set (three-component formalisms) [71H73]; Neutrosophic
Vague Set [74.|75)

4 Quadripartitioned Neutrosophic Set [13,76]; Double-Valued Neutrosophic
Set [77,|78]; Dual Hesitant Fuzzy Set [79,/80]; Ambiguous Set [81-83|;
Turiyam Neutrosophic Set [84/87]

5 Pentapartitioned Neutrosophic Set [88H90]; Triple-Valued Neutrosophic Set
[01}194]

6 Hexapartitioned Neutrosophic Set [95]; Bipolar Neutrosophic Set [96}/97];
Bipolar Picture Fuzzy Sets [98,99]; Quadruple-Valued Neutrosophic Set [93]
100]

7 Heptapartitioned Neutrosophic Set [1014103]; Quintuple-Valued Neutro-
sophic Set [93,/104L(105]

8 Octapartitioned Neutrosophic Set [95]; Bipolar Quadripartitioned Neutro-

sophic Set [106}{107]; Bipolar Double-valued Neutrosophic Set

9 Nonapartitioned Neutrosophic Set [95]

n (n>1) Multi-valued (Fuzzy) Sets [108]; MultiFuzzy Set [109]; n-Refined Fuzzy Set
[110,[111]

2n (n>1) n-Refined Intuitionistic Fuzzy Set [111]; Multi-Intuitionistic Fuzzy Set [109]

3n (n>1) n-Refined Neutrosophic Set [111}{112]; Multi-Neutrosophic Set [109,113[114]

Reading guide. In the U-Set scheme [44], each model M is specified by a degree-domain Dom (M) C [0, 1]
and a membership map py : X — Dom(M). The table groups representative families by the ambient
dimension k (i.e., how many numerical components are stored per element).

@ A widely cited viewpoint is that neutrosophic sets provide a unifying umbrella covering several earlier
multi-component fuzzy models (and their generalizations); see [24].

(b) Ambiguous sets are commonly presented as subclasses of certain four-component neutrosophic families;
see [13|761[83].

() Turiyam neutrosophic sets are reported as subclasses of quadripartitioned neutrosophic sets; see [115].
Remark 2.7.3. The notion of a U-set provides a common formal framework for various
uncertainty-based set models through the degree-domain Dom (M) C [0,1]*. However, this
unified representation does not replace the additional structures specific to individual theo-

ries; such model-dependent features should be retained separately when they are essential.

11
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Example 2.7.4 (Fuzzy set as a U-set). Let X be a nonempty set, and let F' be a fuzzy set
on X with membership function
pr X —[0,1].

Define the uncertain model Mpg by
Dom(Mfpg) := [0, 1].
Then F' can be written as the U-set
Up = (X, iaes),

where
HMps *= HEF-

Indeed, for each z € X,
Pips (2) = pp(z) € [0,1] = Dom(Mpg).
Hence every fuzzy set is a U-set of type Mpg.
Example 2.7.5 (Intuitionistic fuzzy set as a U-set). Let X be a nonempty set, and let
A= (pa,va)
be an intuitionistic fuzzy set on X, where
pa,va s X — [0,1]

satisfy
pa(z) +va(z) <1 for all x € X.

Define the uncertain model Migg by

Dom(Mips) == {(a,b) € [0,1]* |a+ b < 1}.

Now define
UMps @ X — Dom(Mipg)
by
[iagps (%) = (pa(z),va(z)) (z € X).
Then

Uy = (X7 MMIFs)
is a U-set of type Mipg. Indeed, for every x € X,
KMigs (33) = (/LA('T)’ VA(SC)) € Dom(MIFS)

because
pa(@),va(z) €[0,1] and  pa(z) +va(z) < 1.

Thus every intuitionistic fuzzy set can be viewed as a U-set with a two-dimensional degree-
domain.

12
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Uncertain Basic Set-Theoretic Operators

In this chapter, we examine basic set-theoretic operators in frameworks such as Fuzzy Sets
and Neutrosophic Sets.

3.1 Uncertain Union

An uncertain union combines uncertain sets or truth values by modeling inclusive combina-
tion under ambiguity, preserving membership possibility while accommodating incomplete,
imprecise, or hesitant information.

Definition 3.1.1 (Fuzzy Union). Let A and B be fuzzy sets on a common universe X, with
membership functions

pas g X —[0,1].
The fuzzy union AU B is the fuzzy set on X defined by

pavp(@) = max{ua(@), ps(@)} (¢ € X).

Definition 3.1.2 (Neutrosophic Union). Let A and B be single-valued neutrosophic sets on
X. The neutrosophic union of A and B, denoted by

AUy B,
is the single-valued neutrosophic set defined by
Tauvyp(w) =Ta(z) VF T(z),

IAUNB(x) = IA((L‘) AR IB(ZE),
FauyB(z) = Fa(x) Ap Fp(z) for all € X.

Equivalently,

AUy B = {<$, TA(LE) Vi TB(I‘), IA(JE) Ap IB(x), FA(l') Np FB(JE)> T e X}

13
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In the uncertain-set framework, a union operation must be defined relative to a fixed un-
certain model, because admissible uncertainty values are constrained by the model-specific
domain

Dom(M) C [0,1]%.

Accordingly, the correct abstract definition is obtained by assuming a binary operation on
Dom(M ) that preserves admissibility.

Definition 3.1.3 (M-union operator on an uncertain model). Let M be an uncertain model
with admissible degree-domain
Dom(M) C [0,1]*

for some integer k > 1. A binary mapping
Upr : Dom(M) x Dom(M) — Dom(M)
is called an M -union operator if it is closed on Dom(M); that is, for all a,b € Dom(M),
aly b€ Dom(M).

If, in addition, Liy; satisfies one or more of the usual union-type properties such as com-
mutativity, associativity, idempotency, and monotonicity (with respect to a chosen order on
Dom(M)), then it is regarded as a standard uncertain union operator on the model M.

Definition 3.1.4 (Uncertain union of U-sets). Let X be a nonempty universe, let M be an
uncertain model, and let

Z/{:(X,Mu), V:(XHU'V)

be two uncertain sets of the same type M on X, where
taty poy = X — Dom(M).

Assume that L, is an M-union operator.

The uncertain union of U and V with respect to M, denoted by
UUp V,

is defined by
UUy V= (Xa,U‘MUMV)v

where the uncertainty-degree function
Huu,,v - X — Dom(M)
is given pointwise by
Huoyv(2) = pu(z) Un py(z) - (2 € X).

Theorem 3.1.5 (Well-definedness of uncertain union). Let X be a nonempty set, let M be
an uncertain model, and let

u:(X7/'LZ/{)7 V:(X7/*‘LV)

be two uncertain sets of type M on X. If Uy : Dom(M) x Dom(M) — Dom(M) is an
M -union operator, then the uncertain union

UUy V

defined above is a well-defined uncertain set of type M on X.

14
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Proof. Since U and V are uncertain sets of type M, their degree maps satisfy
pu(z) € Dom(M), wy(x) € Dom(M) for all z € X.
Because Ly is an M-union operator, it is closed on Dom(M ). Hence, for every z € X
pu(z) Un py(z) € Dom(M).
Therefore the pointwise assignment
x> puyy (@) Ung oy ()

defines a map
Loy, @ X — Dom(M).

Consequently,
u Unm V= (X7 NUUMV)

is an uncertain set of type M on X. Thus the uncertain union is well-defined. O

Proposition 3.1.6 (Basic inherited properties). Let U,V, W be uncertain sets of the same
type M on X.

(i) If Upr is commutative, then
UUy V=V Uy U.

(it) If Ups is associative, then

UUp V)Uyr W =UUpy (VU W).

(iii) If Ups is idempotent, then
UUpyU=U.

Proof. Each statement follows immediately from the corresponding pointwise property of
Uas. For example, if Ly is commutative, then for every = € X,

Huonv (@) = pu(z) Ung py () = py(2) Unr pu () = pyoyu ().

Hence U Ups V =V Ups U. The other assertions are proved similarly. O

Table 3.1: A catalogue of representative union operators by the dimension k of the degree-
domain.

note  Representative union operator(s)
Fuzzy Union: paup(r) = max{pa(x), up(z)}
Intuitionistic Fuzzy Union: (u,v) — (max, min).
Neutrosophic Union: (T,1,F) — (Vp, Ar,AF).
(n>1) Plithogenic Union (vector-valued form): contradiction-aware aggregation on
[0, 1]™.

Reading guide. The table groups representative union operators by the dimension k of their degree values.

S w o =
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3.2 Uncertain Intersection

An uncertain intersection captures commonality between uncertain sets or truth values,
preserving shared support under ambiguity while restricting outcomes to jointly compatible
information only overall.

Definition 3.2.1 (Fuzzy Intersection). Let A and B be fuzzy sets on a common universe
X. The fuzzy intersection AN B is the fuzzy set on X defined by

panp(@) = minf{pa(e), pp(@)} (¢ € X).

Definition 3.2.2 (Neutrosophic Intersection). Let A and B be single-valued neutrosophic
sets on X, and let Ap and Vp denote a fuzzy t-norm and fuzzy t-conorm, respectively. The
neutrosophic intersection of A and B, denoted by

ANy B,
is the single-valued neutrosophic set defined by
Tany(x) = Ta(z) AF Tp(2),
Tany(z) = 1a(2) VF IB(2),

Fanyp(z) = Fa(z) Vp Fp(x) for all x € X.
Equivalently,

ANy B ={{z, Ta(zx) A\p Tp(x), Ia(z) VF Ig(x), Fa(z) VF Fp(x)) :x € X}.

In the uncertain-set framework, an intersection operation must be defined relative to a fixed
uncertain model, because admissible uncertainty values are constrained by the model-specific
domain

Dom(M) C [0,1]%.

Therefore, the appropriate abstract definition is obtained by assuming a binary operation
on Dom (M) that preserves admissibility.

Definition 3.2.3 (M-intersection operator on an uncertain model). Let M be an uncertain
model with admissible degree-domain

Dom(M) C [0,1]*
for some integer k > 1. A binary mapping
Mas : Dom(M) x Dom(M) — Dom(M)
is called an M -intersection operator if it is closed on Dom(M); that is, for all a,b € Dom(M),

a My b € Dom(M).

If, in addition, My; satisfies one or more of the usual intersection-type properties such as
commutativity, associativity, idempotency, and monotonicity (with respect to a chosen order
on Dom(M)), then it is regarded as a standard uncertain intersection operator on the model
M.
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Definition 3.2.4 (Uncertain intersection of U-sets). Let X be a nonempty universe, let M
be an uncertain model, and let

Z/[:(X,/Lu), V:(X,,LLV)
be two uncertain sets of the same type M on X, where
Ly pry : X — Dom(M).

Assume that My, is an M-intersection operator.

The uncertain intersection of U and V with respect to M, denoted by
UnyV,

is defined by
UNpyV = (X; /JZ/IWMV)7

where the uncertainty-degree function
Huny,v - X — Dom(M)
is given pointwise by
Huna v (@) = py(x) o py(z)  (z € X).

Theorem 3.2.5 (Well-definedness of uncertain intersection). Let X be a nonempty set, let
M be an uncertain model, and let

UZ(X7MU)7 V:(XMUV)

be two uncertain sets of type M on X. If My : Dom(M) x Dom(M) — Dom(M) is an
M -intersection operator, then the uncertain intersection

UnyV

defined above is a well-defined uncertain set of type M on X.

Proof. Since U and V are uncertain sets of type M, one has
p(x) € Dom(M), py(x) € Dom(M) for all z € X.
Because M) is an M-intersection operator, it is closed on Dom(M). Hence, for every = € X,
p(x) Mo py(z) € Dom(M).
Therefore the pointwise assignment
x— py(x) Mag py ()

defines a map
Hry,y - X — Dom(M).

Consequently,
UNp V= (X, iinyv)

is an uncertain set of type M on X. Thus the uncertain intersection is well-defined. O
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Proposition 3.2.6 (Basic inherited properties). Let U,V, W be uncertain sets of the same
type M on X.

(i) If Mar is commutative, then
UNy V=Y Ny U.

(ii) If Mas is associative, then

UNp V)N W =UNy (VD W).

(iii) If Mys is idempotent, then
UNpyU=U.

Proof. Each assertion follows pointwise from the corresponding property of Mj;. For example,
if My is commutative, then for every = € X,

P v () = py () Mg ey (w) = py(z) Mar po () = pynu().

Hence U Ny V =V Ny U. The remaining statements are proved similarly. O

We list a catalogue of representative intersection operators classified by the dimension k of
the degree domain in Table

Table 3.2: A catalogue of representative intersection operators by the dimension k of the
degree-domain.

note Representative intersection operator(s)
Fuzzy Intersection [1]: panp(z) = min{ua(z), pp(x)}.
Intuitionistic Fuzzy Intersection: (u,v) + (min, max).
Neutrosophic Intersection (cf. [23[116]): (T, I, F) — (Ar,VF,VF).
n (n>1) Plithogenic Intersection: contradiction-aware aggregation on [0, 1]™.
Reading guide. The table groups representative intersection operators by the dimension k of their degree
values.

W N =

3.3 Uncertain Symmetric difference

Symmetric difference is the set of elements belonging to exactly one of two sets, capturing
disagreement by excluding common elements and preserving nonshared membership only
[117). Fuzzy symmetric difference is a fuzzy set operator measuring exclusive membership
between two fuzzy sets, typically using membership differences while diminishing common
overlapping degrees quantitatively (cf. [118]). The symmetric difference is not a primitive
operator, but a derived operator. Even in the uncertain setting, it is constructed as a
composition of admissible operators.

Definition 3.3.1 (Fuzzy Symmetric Difference). Let A and B be fuzzy sets on a common
universe X. The fuzzy symmetric difference of A and B, denoted by

AAB,

18
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is the fuzzy set on X defined by

panp(x) = max{min(MA(x% 1 — pp(z)), min(pp(z), 1 - MA(UU))} (z € X).
Under the standard fuzzy operations above, this is equivalently written as

panp(@) = |pa(z) —pp(z)|  (zeX).

In the uncertain-set framework, a symmetric difference should be defined relative to a fixed
uncertain model, because the admissible uncertainty values are restricted by the model-
specific domain

Dom(M) C [0,1]*.

A natural abstract construction is obtained from an M-intersection operator, an M-union
operator, and an M-complement operator, exactly as in the classical identity

AAB = (AN B U (BN A.

Definition 3.3.2 (M-complement operator on an uncertain model). Let M be an uncertain
model with admissible degree-domain

Dom(M) C [0,1]*
for some integer k > 1. A mapping
ey Dom(M) — Dom(M)
is called an M -complement operator if it preserves admissibility; that is,
cy(a) € Dom(M) for all a € Dom(M).

Definition 3.3.3 (Induced M-symmetric difference operator). Let M be an uncertain model.
Assume that

Ups : Dom(M) x Dom(M) — Dom(M), Mar : Dom(M) x Dom(M) — Dom(M)
are an M-union operator and an M-intersection operator, respectively, and let
ey : Dom(M) — Dom(M)

be an M-complement operator.

The induced M -symmetric difference operator
Ay : Dom(M) x Dom(M) — Dom(M)
is defined by

al b = (a My epr (b)) Ung (6T ear(a)) (a,b € Dom(M)).
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Definition 3.3.4 (Uncertain symmetric difference of U-sets). Let X be a nonempty universe,
let M be an uncertain model, and let

u:(Xvuu)a V:(XHUV)
be two uncertain sets of the same type M on X, where
Ly oy = X — Dom(M).

Assume that Uz, My, and cps are as above.

The uncertain symmetric difference of U and V with respect to M, denoted by
UNMY,

is the uncertain set
UANMY = (X, sy ),

where
s,y : X — Dom(M)

is defined pointwise by
Husyv(®) = pu (@) Aypv(z)  (z € X).
Equivalently,
sy v (@) = () Nar ear (@) ) Unt (i) Mar enr (@) (€ X).

Theorem 3.3.5 (Well-definedness of uncertain symmetric difference). Let X be a nonempty
set, let M be an uncertain model, and let

u:(Xvuu)a V:(XMMV)
be uncertain sets of type M on X. Assume that
Uas : Dom(M) x Dom(M) — Dom(M),

Mas : Dom(M) x Dom(M) — Dom(M),
ey : Dom(M) — Dom(M)

are an M-union operator, an M -intersection operator, and an M -complement operator,
respectively. Then the uncertain symmetric difference

ULV

is a well-defined uncertain set of type M on X.

Proof. Since U and V are uncertain sets of type M, one has
py(x) € Dom(M), wy(x) € Dom(M) for all z € X.

Fix x € X. Because c¢js is an M-complement operator,

em (pu(z)) € Dom(M), cv (py(z)) € Dom(M).
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Since My is closed on Dom(M), it follows that

pi () Mas e (pv(x)) € Dom(M),
and
py () Mar e (pe(x)) € Dom(M).

Finally, because Ly is closed on Dom (M), we obtain

(,uu(:c) M cM(,uV(x))> Uns (uy(az) Mar car (,uu(sc))) € Dom(M).
Therefore
tin,,v(x) € Dom(M) for all z € X.

Hence the pointwise assignment
T sy (@)
defines a map
Hun,,y : X — Dom(M).

Consequently,
Z/lAMl) = (X7 IU/UAMV)

is an uncertain set of type M on X. Thus the uncertain symmetric difference is well-
defined. O

A catalogue of representative symmetric difference operators classified by the dimension k
of the degree domain is given in Table

Table 3.3: A catalogue of representative symmetric difference operators by the dimension &
of the degree-domain.

k note Representative symmetric difference operator(s)

1 Fuzzy Symmetric Difference [119]: panp(x) = |pa(z) — ps(x)|.

2 Intuitionistic Fuzzy Symmetric Difference [120]: (i, ) — (Jua — uBl, |va —
VB D

3 Neutrosophic Symmetric Difference: (7,1, F) — (|Ta —Tg|,|1a—Igl|,|Fa—
Fgl).

n (n>1) Plithogenic Symmetric Difference: contradiction-aware symmetric difference
on [0, 1]™.

Reading guide. The table groups representative symmetric difference operators by the dimension k of their
degree values.

3.4 Uncertain Cartesian product

The Cartesian product of sets X and Y is the set of all ordered pairs (z,y) with z € X and
y € Y, respectively [121/122]. An uncertain Cartesian product combines uncertain sets on
X and Y by assigning each pair (z,y) an admissible uncertainty degree derived from both
components pointwise.

Definition 3.4.1 (Fuzzy Cartesian Product). [123] Let A be a fuzzy set on X and B a
fuzzy set on Y, where X and Y are nonempty sets. The fuzzy Cartesian product A X B is
the fuzzy set on X x Y defined by

paxp(z,y) = min{ua(@), up(v)}  ((2,y) € X x V).
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In the uncertain-set framework, a Cartesian product must be defined relative to a fixed
uncertain model, because admissible uncertainty values are constrained by the model-specific
domain

Dom(M) C [0,1]%.

Accordingly, the appropriate abstract definition is obtained by assuming a binary operation
on Dom(M) that preserves admissibility and plays the role of a product-type combination
rule.

Definition 3.4.2 (M-product operator on an uncertain model). Let M be an uncertain
model with admissible degree-domain

Dom(M) C [0,1]*
for some integer k > 1. A binary mapping
®pr - Dom(M) x Dom(M) — Dom(M)
is called an M -product operator if it is closed on Dom(M); that is, for all a,b € Dom(M),

a®pr b € Dom(M).

If, in addition, ®j; satisfies one or more natural product-type properties such as commuta-
tivity, associativity, or monotonicity with respect to a chosen order on Dom (M), then it is
called a standard uncertain Cartesian product operator on M.

Definition 3.4.3 (Uncertain Cartesian product of U-sets). Let X and Y be nonempty sets,
let M be an uncertain model, and let

u:(XvHU)7 V:(Y’MV)
be uncertain sets of the same type M, where
ty : X — Dom(M), wy 1Y — Dom(M).

Assume that ®js is an M-product operator.

The uncertain Cartesian product of U and V with respect to M, denoted by
UxyV,
is defined to be the uncertain set on X x Y given by
Uxy V= (X XY, tyxyv),
where the uncertainty-degree function
Hiix v @ X XY — Dom(M)

is defined by
v (@, y) = pu(x) @n pv(y)  ((z,y) € X xY).
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Theorem 3.4.4 (Well-definedness of uncertain Cartesian product). Let X andY be nonempty
sets, let M be an uncertain model, and let

U=X ), V=)
be uncertain sets of type M. If
®pr 2 Dom(M) x Dom(M) — Dom (M)
is an M -product operator, then the uncertain Cartesian product
UxyV

is a well-defined uncertain set of type M on X x Y.

Proof. Since U is an uncertain set of type M on X, one has
py(z) € Dom(M) for all z € X.
Similarly, since V is an uncertain set of type M on Y, one has
wy(y) € Dom(M) forally € Y.
Let (z,y) € X x Y be arbitrary. Then
pu(x) € Dom(M),  py(y) € Dom(M).
Because ®)y is closed on Dom(M), it follows that

pu(x) @1 py(y) € Dom(M).

Hence
Hix v (2, y) € Dom(M) for all (z,y) € X x Y.

Therefore the pointwise assignment
(@,y) ¥— (@) @m v (y)

defines a mapping
Higx v 2 X XY — Dom(M).

Consequently,
u XM V= (X X YaMUXMV)

is an uncertain set of type M on X x Y. Thus the uncertain Cartesian product is well-
defined. O

Proposition 3.4.5 (Basic inherited properties). Let
U= (X ), U =X ), V==Y m), V=" 1)

be uncertain sets of type M.

(i) If @ is commutative, then for allx € X and y €Y,

/‘LZ/{X]\4V(‘7J7 y) = :LLVX]\/IU(y’ $)
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(7i) If @ is associative, then for uncertain sets

W= (Z, pw)
of type M, one has the canonical identification

(UXMV) Xy W=2U XM(VXMW)

Proof. Both statements follow directly from the corresponding pointwise properties of ®xy.

For instance, if ®,s is commutative, then for all x € X and y € Y,

Hus v (T, y) = () @nr v (y) = v (Y) @m pu () = pryxpu (Y, ).

The associative case is proved similarly. O

As a reference, a catalogue of representative Cartesian product operators classified by the
dimension k of the degree-domain is presented in Table

Table 3.4: A catalogue of representative Cartesian product operators by the dimension k& of
the degree-domain.

note Representative Cartesian product operator(s)
Fuzzy Cartesian Product: paxp(x,y) = min{ua(z), ps(y)}-
Intuitionistic Fuzzy Cartesian Product |124]: (u,v) — (min, max).
Neutrosophic Cartesian Product [125,(126]: (T,I,F) — (Ar,VFE,VF).

n (n>1) Plithogenic Cartesian Product: contradiction-aware product on [0, 1]™.
Reading guide. The table groups representative Cartesian product operators by the dimension k of their
degree values.

Remark 3.4.6. If the emphasis is on a relational product interpretation, then a ¢t-norm-type
rule is a natural choice for the product operator. On the other hand, if one only requires

admissibility on the degree-domain, then any binary rule

W N =

@ : Dom(M) x Dom(M) — Dom(M)

that is closed on Dom (M) may also be used.

3.5 Uncertain negation

An uncertain negation reverses uncertain truth or membership assessments, modeling oppo-
sition, complementarity, or refusal when information is vague, incomplete, interval based, or
hesitant in practice.

Definition 3.5.1 (Fuzzy Negation). [127] Let
N :]0,1] — [0,1]

be a mapping. Then N is called a fuzzy negation if it satisfies the following conditions:

1. N(0) =1 and N(1) =0;
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2. for all z,y € [0,1], if z <y, then N(z) > N(y).

Definition 3.5.2 (Neutrosophic Negation). Let A be a single-valued neutrosophic set on
X. The neutrosophic negation (or neutrosophic complement) of A, denoted by -y A, is the
single-valued neutrosophic set defined by

T, a(x) = Fa(z), I a(z) =I4(x), Fooa(z) =Ta(x) for all x € X.

Equivalently,
—|NA = {<$7 FA(I‘), IA('%'); TA($)> T e X} .

Let M be a fixed uncertain model with admissible degree-domain
Dom(M) C [0, 1]*.

An uncertain negation on M is given by a unary operation on Dom(M) that preserves
admissibility.

Definition 3.5.3 (M-negation operator). A mapping
Ny : Dom(M) — Dom(M)
is called an M -negation operator if it is closed on Dom(M ); that is,

Ny (a) € Dom(M) for all @ € Dom(M).

If, in addition, Dom(M) is equipped with a partial order <j; and distinguished elements
Oar, 1ar € Dom(M), and if Ny satisfies suitable further axioms such as boundary conditions

Ny (Oar) = 1, Ny (1ar) = Op,

and antitonicity
a=<pyb=— NM(b) <M NM(CL),

then N, is called a standard uncertain negation on M.
Definition 3.5.4 (Uncertain negation of a U-set). Let X be a nonempty universe, and let
U= (X, )
be an uncertain set of type M, where
ty : X — Dom(M).

Assume that Nj; : Dom(M) — Dom(M) is an M-negation operator.

The uncertain negation (or uncertain complement) of U with respect to M, denoted by
_'Mua

is defined by
_'Mu = (X7 /’Lﬁ]uu)a

where
pepyut © X — Dom(M)

is given pointwise by
:UHMU('I> :NM(MU(x)) (ng)
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Theorem 3.5.5 (Well-definedness of uncertain negation). Let X be a nonempty set, let
U= (X, )
be an uncertain set of type M, and let
Ny : Dom(M) — Dom(M)

be an M -negation operator. Then
U

is a well-defined uncertain set of type M on X.

Proof. Since U is an uncertain set of type M, one has
py(z) € Dom(M) for all z € X.
Because Ny is an M-negation operator, it preserves admissibility. Hence, for every = € X,
Ny (p()) € Dom(M).
Therefore the pointwise assignment
z— N (pu(z))

defines a mapping

fpyu 2 X — Dom(M).

Consequently,
_'Mu = (Xa /‘L—‘MU)

is an uncertain set of type M on X. Thus the uncertain negation is well-defined. O

Proposition 3.5.6 (Inherited properties). Let U and V be uncertain sets of type M on X.

(i) If Ny is involutive, i.e.,
Ny (Npy(a)) =a for all a € Dom(M),

then

(ii) If Dom(M) is equipped with a partial order <y, and if Njs is antitone, then

pu(z) <pr py(z) forallz € X = p,v(x) 2pr popu(x) for all x € X.

Proof. (i) For every z € X,

fpy (ngth) (@) = Nag (p-p00 (@) = Nag (Nag (e () = pua ().

Hence
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(ii) Assume
() <pr py(x) for all x € X.

Since Ny is antitone, for every = € X,

Ny (py () <nr Nar(pe ().

That is,
:u‘_‘]wV(x) jM //L—‘Mu(x) for all z € X.

As a reference, a catalogue of representative negation operators classified by the dimension
k of the degree-domain is presented in Table

Table 3.5: A catalogue of representative negation operators by the dimension k of the degree-
domain.

note Representative negation operator(s)
Fuzzy negation [128,/129]: N : [0, 1] — [0, 1].
Intuitionistic Fuzzy negation [130H132]: (p,v) — (v, u).
Picture Fuzzy negation |133]: (u,n,v) — (v,n, u); Hesitant Fuzzy negation
[1341/135]: elementwise negation on hesitant degrees; Neutrosophic negation
[136]: (1,1, F) — (F,I,T).

n (n>1) Plithogenic negation: attribute-dependent negation on [0, 1]™.

Reading guide. The table groups representative negation operators by the dimension k of their degree
values.

W N =

27



28



Chapter 4

Uncertain Conjunctive—Disjunctive Logical
Families

In this chapter, we present operators related to uncertain conjunctive—disjunctive logical
families. For reference, a comparison table is provided in Table

4.1 Uncertain t-norm

A t-norm is an associative, commutative, monotone binary operation on [0, 1] with neutral
element 1, commonly modeling fuzzy conjunction and generalized intersection mathemati-
cally [137,[138]. An uncertain t-norm generalizes conjunction under uncertainty, combining
uncertain truth degrees through an associative, monotone, boundary respecting operation
suitable for uncertain logical reasoning and tasks.

Definition 4.1.1 (Fuzzy t-norm). [139] A mapping
T :[0,1] x [0,1] — [0,1]

is called a fuzzy t-norm (or triangular norm) if, for all x,y, z, z1, 2, y1, y2 € [0, 1], it satisfies:

1. Commutativity:
T(x,y) =T(y, ).

2. Associativity:
T(x,T(y,2)) = T(T(2,y), 2).

3. Monotonicity: if 1 < 9 and y; < ys, then
T(x1,91) < T(x2,Y2)
4. Neutral element 1:

T(z,1) =x.
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Table 4.1: A concise comparison map of major conjunctive—disjunctive operator families

Family Associa- Commu- Neutral Zero/unit Type
tive tative element characteriza-
tion
t-norm Yes Yes Yes (1) Usually Conjunction-
T(z,0) =0, like
T(z,1) ==z
t-conorm Yes Yes Yes (0) Usually Disjunction-
S(x,1) =1, like
S(z,0) ==z
Uninorm Yes Yes Yes Depends on the Mixed /
(e €10,1])  neutral element hybrid
and the
definition
Overlap function Not Yes Not required  Typically Conjunction-
required O(z,y) =0iff  like
xy =0, and
O(z,y) =1iff
r=y=1
Conjunctor Not Not Not required  Usually satisfies Conjunction-
required required conjunctive like
boundary
behavior
Disjunctor Not Not Not required  Usually satisfies Disjunction-
required required disjunctive like
boundary
behavior
Grouping function Not Usually yes  Not required Commonly dual Disjunction-
required to overlap-type  like
behavior
Water Logic Depends Dependson  Depends on  Depends on the Logic-
on the the chosen the chosen chosen dependent
chosen operators operators operators
operators

This table is intended only as a quick navigation map. The entries summarize common defining tendencies
of each family; specific variants may satisfy stronger or weaker properties.

Definition 4.1.2 (Standard Neutrosophic Domain). Define
D* = {z = (21,22,73) € [0,1] :

For
T = ($17x21x3)7

define the order relation <p+ by

T <pxy

if and only if

$1+x2+$3§1}-

y = (y1,y2,y3) € D*,

(z1<yrand 3 >y3) V (z1 =y and z3 > y3) V (21 =y1, x3 =y3, T2 < 42).

Also define
Op~ :=(0,0,1),
For each = = (z1,x9,23) € D*, let
I'(z) ={y € D*

1p- == (1,0,0).
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Definition 4.1.3 (Neutrosophic ¢-norm). A mapping
T : (D*)? - D*

is called a standard neutrosophic t-norm if, for all x,y, z € D*, it satisfies:

1. Commutativity:

T(l‘, y) - T(yv .’L‘)

2. Associativity:

T (2, T(y,2) = T(T(z,9),2).
3. Monotonicity: if y <p« z, then

T(x,y) <p- T(x,2).

4. Neutrality condition at 1p-:

T(1p-,z) € ().

Let M be a fixed uncertain model with admissible degree-domain
Dom(M) C [0, 1]%,
equipped with a partial order <3; and a distinguished element
1y € Dom(M),
which plays the role of the truth-unit (or neutral element).
Definition 4.1.4 (M-t-norm). A mapping
Ty : Dom(M) x Dom(M) — Dom(M )

is called an M -t-norm if, for all a, b, ¢, a1, ag, by, ba € Dom(M), the following conditions hold:

(i) Closure:
Ty (a,b) € Dom(M).

(ii) Commutativity:
TM(av b) = TM(ba a)'

(iii) Associativity:
Tm ((1, TM(ba C)) =Tm (TM(Q, b)u C)'

(iv) Monotonicity: if
a1 2p a2 and by 2 by,

then
Ty (a1,b1) 2ar Tha(az, ba).
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(v) Neutral element:
Ty(a, 1) = a.

Definition 4.1.5 (Uncertain t-norm of U-sets). Let X be a nonempty set, and let
U= (X, m), V=X )
be uncertain sets of the same type M, where
pasy py : X — Dom(M).

Let T be an M-t-norm.

The uncertain t-norm of U and V induced by T}y, denoted by
U ®TM Va

is defined by
U ®TM V= (X’ MU@TMV)7

where
Hugr,, v+ X — Dom(M)

is given pointwise by
s, V(@) = Tar (), po(z))  (z € X).

Theorem 4.1.6 (Well-definedness of the uncertain t-norm of U-sets). Let X be a nonempty
set, let

U:(Xauu)a V:(XHU‘V)
be uncertain sets of type M, and let
Ty - Dom(M) x Dom(M) — Dom(M)

be an M -t-norm. Then
Uu QT 1%

is a well-defined uncertain set of type M on X.

Proof. Since U and V are uncertain sets of type M, one has
ty () € Dom(M), wuy(x) € Dom(M) for all x € X.
Fix any = € X. By the closure property of the M-t-norm,

T (pu(), pv(2)) € Dom(M).
Hence, for every x € X,
Hugr,,v(z) € Dom(M).
Therefore the pointwise assignment

x> Toy (e (), py ()

defines a mapping
Hugr,, v X — Dom(M).

Consequently,
Uer, V= (X, ML{@TMV)

is an uncertain set of type M on X. Thus the uncertain t-norm of U-sets is well-defined. [
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Proposition 4.1.7 (Inherited algebraic properties). Let U, V, W be uncertain sets of type
M on X.

(i)
UT, V=V, U.

(i)
(U QT V) 1y W=U @1y, (V QT W)

(tii) If 1pr = (X, pua,,) is the constant U-set defined by
piy, () = 1y forallz € X,

then
U, Ipv =U.

Proof. For each x € X, commutativity of T, yields
s, V(@) = Tar (@), py (@) = Tar (pv (@), pu(2)) = pver, u(®@),

proving (i).

For (ii), associativity of Ths gives
s V)2nyyw(®) = Tar (Tr (), i (@), ()

= o (pea(w), Tat (1), 1w(2)) ) = s, (v, ) (2):
for all x € X.

For (iii), the neutral-element property of Tj; implies

Husr, 1 () =Ty (,uu(a:), 1M) = py(x) for all z € X.

Hence
Uu 1y I = Uu.

As a reference, a catalogue of representative t-norm operators classified by the dimension k

of the degree-domain is presented in Table

Uncertain ¢-norms are related to several other concepts, including continuous ¢-norms [150],
monoidal ¢-norms [151}|152], pseudo-t-norms [153,|154], interval t-norms [155,/156], vector
t-norms [157], and s-norms |158}/159].
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Table 4.2: A catalogue of representative t-norm operators by the dimension k of the degree-
domain.

note Representative t-norm operator(s)
Fuzzy t-norm [140[[141]: T : [0,1]* — [0, 1].
Intuitionistic Fuzzy t-norm [142,/143]: (u,v) — (T, S).
Picture Fuzzy t-norm [140,144]: (u,n,v) — (T, S, S); Hesitant Fuzzy t-norm
|145.[146]: componentwise / induced ¢-norm; Spherical Fuzzy t-norm [147]:
(w,m,v) — (T,S,S); Neutrosophic t-norm [148,/149|: (T,I,F) — (T, S, S).
n (n>1) Plithogenic t-norm: contradiction-aware aggregation on [0, 1]™.
Reading guide. The table groups representative t-norm operators by the dimension k of their degree values.

W N =

4.2 TUncertain t-conorm

A t-conorm is an associative, commutative, monotone binary operation on [0, 1] with neutral
element 0, commonly modeling fuzzy disjunction and generalized union in logic mathemat-
ically [160]. An uncertain t-conorm generalizes disjunction under uncertainty, combining
uncertain truth degrees through an associative, monotone, boundary respecting operation
suitable for uncertain logical aggregation and inference.

Definition 4.2.1 (Fuzzy t-conorm). [161] A mapping
S :10,1] x [0,1] — [0, 1]

is called a fuzzy t-conorm (or triangular conorm, also called an s-norm) if, for all z, y, z, x1, x2, Y1, Y2 €
[0, 1], it satisfies:

1. Commutativity:
S(x,y) = Sy, x).

2. Associativity:

S(z,5(y,2)) = S(S(z,y), 2).
3. Monotonicity: if 1 < x5 and y; < ys, then

S(x1,91) < S(x2,y2).

4. Neutral element O:
S(z,0) = =x.

Definition 4.2.2 (Neutrosophic ¢-conorm). A mapping
S: (D*)? = D*

is called a standard neutrosophic t-conorm if, for all x,y, z € D*, it satisfies:

1. Commutativity:
S(z,y) = Sy, »).

2. Associativity:

S(:U,S(y, z)) = S(S(m,y), z).
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3. Monotonicity: if y <p~ z, then

S(z,y) <p+ S(z, z).

4. Neutrality condition at 0p-:

S(OD*,m) S F(:L‘)

Let M be a fixed uncertain model with admissible degree-domain
Dom(M) C [0,1]*,
equipped with a partial order <3; and a distinguished element
Oarr € Dom(M),
which plays the role of the falsity-unit (or neutral element for disjunction-type aggregation).
Definition 4.2.3 (M-t-conorm). A mapping
Snr s Dom(M) x Dom(M) — Dom(M)

is called an M-t-conorm if, for all a,b,c,a1,as,b1,bo € Dom(M), the following conditions
hold:

(i) Closure:

Sy (a,b) € Dom(M).

(i) Commutativity:
Sn(a,b) = Sy(b,a).

(iii) Associativity:
SM(CL, SM(b, C)) = SM(SM(CL, b), C).

(iv) Monotonicity: if
a1 2m a2 and by = by,

then
Su(ar,b1) 2 Sw(az, ba).

(v) Neutral element:
Sa(a,0pr) = a.

Definition 4.2.4 (Uncertain t-conorm of U-sets). Let X be a nonempty set, and let
U= X m), V=X py)
be uncertain sets of the same type M, where
Ly oy = X — Dom(M).

Let Sy be an M-t-conorm.
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The uncertain t-conorm of U and V induced by Sys, denoted by
Uds,, V,

is defined by
U @SM V= (X7 ,LLUEBSMV)a

where
Huos,, v X = DOH](M)

is given pointwise by
s, V() = Sur(pu (), py(e)) (z € X).

Theorem 4.2.5 (Well-definedness of the uncertain ¢-conorm of U-sets). Let X be a nonempty
set, let

U= X, p), V=(X )
be uncertain sets of type M, and let
Sy : Dom(M) x Dom(M) — Dom(M)

be an M -t-conorm. Then
UDsy V

is a well-defined uncertain set of type M on X.

Proof. Since U and V are uncertain sets of type M, one has
vy (z) € Dom(M), py(z) € Dom(M) for all z € X.
Fix any x € X. By the closure property of the M-t-conorm,

Sur (pu (), py(x)) € Dom(M).

Hence, for every x € X,
Hues,,v(z) € Dom(M).

Therefore the pointwise assignment
x +— Sur (), py(x))

defines a mapping
Hues,,v : X — Dom(M).

Consequently,
UBsy V= (X, huos,,v)

is an uncertain set of type M on X. Thus the uncertain ¢t-conorm of U-sets is well-defined. [

Proposition 4.2.6 (Inherited algebraic properties). Let U, V, W be uncertain sets of type
M on X.

(i)
Uds,, V=Vdgs, U.
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(i)
(U DSy V) @sy, W=UDg,, (V Dsy, W)

(7i1) If Opr = (X, po,, ) is the constant U-set defined by
poy () =00 forallz e X,

then
UDs,, 0 =U.

Proof. For each x € X, commutativity of Sys yields
s, v(@) = Sar(pu (), po () = Su (v (@), o () = pves, ul@),

proving (i).

For (ii), associativity of Sy, gives
Huss, V)@s, w(T) = Su (SM (b (), Mv(@)#w(@)

= Su (Mu($)7 St (v (), MW(@)) = Mg, (Vos,, W) (L),
for all x € X.

For (iii), the neutral-element property of Sp; implies

MUGBSMOM(CC) = SM(/LZ/[(SC),OM) = ,Uu(:c) for all z € X.

Hence
UDs,, 0 =U.

As a reference, a catalogue of representative t-conorm operators classified by the dimension
k of the degree-domain is presented in Table

Table 4.3: A catalogue of representative t-conorm operators by the dimension k of the degree-
domain.

k note Representative ¢-conorm operator(s)

1 Fuzzy t-conorm [139./162]: S : [0,1]7 — [0, 1].

2 Intuitionistic Fuzzy t-conorm [163,/164]: (u,v) — (S,T); pythagorean fuzzy
t-conorm [165}|166]

3 Neutrosophic ¢-conorm [167-169): (7,1, F) — (S,T,T); spherical fuzzy t-
conorm; hesitant fuzzy t-conorm [170]

n (n>1) Plithogenic t-conorm: contradiction-aware aggregation on [0, 1]™.

Reading guide. The table groups representative t-conorm operators by the dimension k of their degree
values.

Related concepts include continuous ¢-conorms [171] and Archimedean ¢-conorms [172}/173].
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4.3 Uncertain uninorm

An uncertain uninorm unifies conjunction and disjunction under uncertainty using a vari-
able neutral element, allowing flexible combination behavior across low, medium, and high
assessments regimes.

Definition 4.3.1 (Fuzzy Uninorm). Let
U :[0,1] x [0,1] — [0, 1]

be a binary operation. Then U is called a fuzzy uninorm if there exists an element e € [0, 1]
such that, for all x,y, z, z1, 2, y1,y2 € [0, 1], the following conditions hold:

—

. Commutativity:
U(z,y) = Uly, ).

2. Associativity:
U(z,U(y,2)) = U(U(z,y), 2).

3. Monotonicity: if 1 < x9 and y; < ys, then

U(z1,y1) < U(x2,92).

4. Neutral element:
Ule,z) =2  forall z € [0,1].

The element e is called the neutral element of U.

Remark 4.3.2. If e = 1, then a fuzzy uninorm reduces to a fuzzy t-norm. If e = 0, then a
fuzzy uninorm reduces to a fuzzy t-conorm.

Definition 4.3.3 (Neutrosophic Uninorm). A mapping
. _ (17T I F
UN :NXN-— N7 UN(«T,y) - (UN<x7y)7 UN(x7y)7 UN(‘Tvy))v
is called a meutrosophic uninorm if there exists an element
eeN

such that, for all z,y, z € N, the following conditions hold:

1. Commutativity:
UN(iL‘, y) = UN(ya I’)

2. Associativity:
Un (UN(%, y)7 Z) =Un (x7 UN(Z/v Z))

3. Monotonicity: if y <y z, then

Un(7,y) <y Un(w,2).
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4. Neutral element:
Un(e,z) = x.

The element e is called the neutral element of Uy.

Remark 4.3.4. If the neutral element is
e=1y=(1,0,0),

then the neutrosophic uninorm behaves as a neutrosophic ¢-norm type operator. If
e=0ny=(0,1,1),

then it behaves as a neutrosophic ¢-conorm type operator.

Let M be a fixed uncertain model with admissible degree-domain
Dom(M) C [0,1]*,
equipped with a partial order <3; and a distinguished element
eym € Dom(M),

which plays the role of the neutral element.
Definition 4.3.5 (M-uninorm). A mapping

Upr : Dom(M) x Dom(M) — Dom(M)
is called an M -uninorm if, for all

a,b,c,ay,az,b1,be € Dom(M),

the following conditions hold:

(i) Closure:
Ups(a,b) € Dom(M).

(i) Commutativity:
UM(av b) = UM(b7 a)'

(iii) Associativity:
Um (CL, UM(bv C)) =Unm (UM(G, b)a C)-

(iv) Monotonicity: if
a1 < az and b1 = ba,
then
Un (a1, b1) =ar Unr(az, ba).

(v) Neutral element:
Un(a,en) = a.
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Definition 4.3.6 (Uncertain uninorm of U-sets). Let X be a nonempty set, and let
U= X m), V=X pny)
be uncertain sets of the same type M, where
s pry : X — Dom(M).

Let Ups be an M-uninorm.

The uncertain uninorm of U and V induced by Ujs, denoted by
U OuUy V,

is defined by
Uu Ouy V= (X7 MZ/IQUMV)7

where
Huoy,, v - X = Dom(M)

is given pointwise by
oy, v(E) = Un (pu(), po(z))  (z € X).

Theorem 4.3.7 (Well-definedness of the uncertain uninorm of U-sets). Let X be a nonempty
set, let

Z/{:(X,Mu), V:(X7MV)
be uncertain sets of type M, and let
Upr : Dom(M) x Dom(M) — Dom(M)

be an M -uninorm. Then

Uuou, vV
is a well-defined uncertain set of type M on X.

Proof. Since U and V are uncertain sets of type M, one has
py(z) € Dom(M), py(z) € Dom(M) for all z € X.

Fix any z € X. By the closure property of Uy,

Unm (pa (), py(z)) € Dom(M).
Hence, for every x € X,
Huoy,,v(x) € Dom(M).
Therefore the pointwise assignment

x — Upr (g (), py ()

defines a mapping
Huey,,v : X — Dom(M).

Consequently,
u QUM' V= (X7 MU@UMV)

is an uncertain set of type M on X. Thus the uncertain uninorm of U-sets is well-defined. [
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Proposition 4.3.8 (Inherited algebraic properties). Let U, V, W be uncertain sets of type
M on X.

(i)
Uoy,V=Yoy,U.

(it)
(U Cuy V) Guy W =U vy, (VOuy W).

(111) If enr = (X, ey, ) s the constant U-set defined by
ey, () = enr forallz e X,

then
Uu OUy em = U.

Proof. For each x € X, commutativity of Uys yields

Huou, V(@) = Un (pu (@), my()) = Un (pv(2), pu(@)) = ooy, u(@),

which proves (i).
For (ii), associativity of Ups gives
ety ou W) = Unt (Un (), i (@), (2
= Unt (pua(), Una (@), 1w (2)) ) = s, (vous, w) (@),

for all z € X.

For (iii), the neutral-element property implies

Huoy,enm (LL’) =Unm (MU(«T)y eM) = ,Uu(iﬂ) for all x € X.

Hence
U Ouy em = Uu.

As a reference, a catalogue of representative uninorm operators classified by the dimension
k of the degree-domain is presented in Table

As related concepts other than the above, off-uninorms [178] and nullnorms [179,/180], among
others, are also known.
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Table 4.4: A catalogue of representative uninorm operators by the dimension & of the degree-
domain.

note Representative uninorm operator(s)

Fuzzy uninorm [174]: U : [0,1] — [0, 1] with neutral element e € [0, 1].
Intuitionistic Fuzzy uninorm (cf. [175]): componentwise uninorm on (u, ).
Neutrosophic uninorm [1764{177]: componentwise uninorm on (7,1, F).

n (n>1) Plithogenic uninorm: contradiction-aware uninorm on [0, 1]".
Reading guide. The table groups representative uninorm operators by the dimension k£ of their degree
values.

W N =

4.4 Uncertain overlap function

An uncertain overlap function measures uncertain jointness without requiring full associa-
tivity, quantifying simultaneous support between uncertain inputs and emphasizing overlap
sensitive conjunction behavior in settings.

Definition 4.4.1 (Fuzzy Overlap Function). [181] A function
0:10,1)* = [0,1]

is called a fuzzy overlap function if it is symmetric, continuous, nondecreasing in each argu-
ment, and satisfies
O(z,y) =0 <= x=0o0ry=0,

and
Oxz,y)=1 <<= xz=y=1.

Definition 4.4.2 (Neutrosophic Overlap Function). Let
D* =10,1]*
be equipped with the order
(s1,82,83) <1 (t1,t2,t3) <= s1 <11, s2 > ta, 53 > t3.

Set
Op+ = (0,1,1), 1p+ = (1,0,0).

A function

O:D*x D* — D*
is called a neutrosophic overlap function if it is commutative, nondecreasing with respect to
<j in each argument, continuous, and satisfies

O(0p+,t) = O(t,0p+) = 0p-  forall t € D7,

together with
O(1p+,1p+) = 1p~.

Let M be a fixed uncertain model with admissible degree-domain
Dom(M) C [0,1]*,

equipped with a partial order <3; and distinguished elements
Oar, 1as € Dom (M),

which play the roles of the bottom and top degrees, respectively. We endow Dom(M) with
the subspace topology inherited from [0, 1]*.
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Definition 4.4.3 (M-overlap function). A mapping
O : Dom(M) x Dom(M) — Dom(M)

is called an M -overlap function if, for all a,b, c,ay, az, by, by € Dom(M), the following condi-
tions hold:

(i) Closure:
O (a,b) € Dom(M).

(ii) Commutativity:
OM((I, b) = OM(b7 a)'

(iii) Monotonicity: if
a1 2maz  and by = by,

then
Onr(a1,b1) < On(az, ba).

(iv) Continuity: O) is continuous with respect to the subspace topology on Dom(M).

(v) Zero condition:
Opn(a,b) =0y <= a =0y or b=0y.

(vi) Unit condition:
OM(a,b) =1y < a= b= 1as.

Definition 4.4.4 (Uncertain overlap of U-sets). Let X be a nonempty set, and let
U= (X, m), V=(X, )
be uncertain sets of the same type M, where
Ly pry © X — Dom(M).

Let O be an M-overlap function.

The uncertain overlap of U and V induced by Ojy, denoted by
U SO Vv

is defined by
Z/{OOM V= (X7 NUOOA4V)7

where
Hutoo,, v X — Dom(M)

is given pointwise by

Hdoo, v(@) = Ont (pu(x), (@) (z € X).
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Theorem 4.4.5 (Well-definedness of the uncertain overlap of U-sets). Let X be a nonempty
set, let

U:(XvﬂLI)a V:(XHU‘V)
be uncertain sets of type M, and let

Oy : Dom(M) x Dom(M) — Dom(M)

be an M -overlap function. Then

U SO v
1s a well-defined uncertain set of type M on X.

Proof. Since U and V are uncertain sets of type M, one has
p(x) € Dom(M), py(x) € Dom(M) for all z € X.
Fix any z € X. By the closure property of Oy,

O (pu(), py(x)) € Dom(M).

Hence
Hutoo,,v () € Dom(M) for all z € X.

Therefore the pointwise assignment
x> On (pu (), ()

defines a map
Moo, v+ X — Dom(M).

Consequently,
Uooy V= (X, o0, v)

is an uncertain set of type M on X. Thus the uncertain overlap of U-sets is well-defined. [

Proposition 4.4.6 (Inherited properties). Let U,V, W, Z be uncertain sets of type M on
X.

(i) Commutativity:
UOOM V= V<>OM Uu.

(i) Momnotonicity: if
pua(@) <ot (@) and (@) <ur pz(z)  for allz € X,

then
/J“UOOMV(:C) =M MWQOMz(fL‘) forallz € X.

(iii) Zero characterization: if Oy = (X, po,,) s the constant U-set defined by
foy, (z) =0p  forallz e X,

then
U0, 0pr = 0.
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(iv) Unit characterization: if 1y = (X, pu,,) is the constant U-set defined by
piy () = 1p forallz e X,

then
UOOM 1y =1y < U =1y.

Proof. (i) For every x € X, by commutativity of Oyy,

Htoo, v(®) = On (pa(), pv(x)) = Onr (v (2), () = prvee,, u(@).

Hence
UOOM V= V<>OM Uu.

(ii) For each z € X, the assumed pointwise inequalities and monotonicity of Oy imply

On (), py(x)) <1 Ont (pw (), pz ().

Thus
MUoon(SU) =M ,uwooMz(x) for all z € X.

(iii) For every =z € X,
Hidoo, 00 (z) = Om (MU(x)7 OM) =0m

by the zero condition of Oj;. Hence

U0, 0pr = 0.
(iv) Assume first that
UOOM lM = lM.

Then for every x € X,
O (), 1ar) = 1.

By the unit condition of Oy, this implies
py () = 1 for all z € X.

Hence U = 1.
Conversely, if U = 17, then for every x € X,

Hudoo, 10 (2) = Onr(1ar, 1na) = 1,

SO
UOOM lM = lM.

As a reference, a catalogue of representative overlap functions classified by the dimension k
of the degree-domain is presented in Table
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Table 4.5: A catalogue of representative overlap functions by the dimension k of the degree-
domain.

note Representative overlap function(s)
Fuzzy overlap function: O : [0, 1] — [0, 1].
Intuitionistic Fuzzy overlap function |182]: componentwise overlap on (p, v).
Neutrosophic overlap function [183]: componentwise overlap on (T, I, F).
n (n>1) Plithogenic overlap function: contradiction-aware overlap on [0, 1]™.
Reading guide. The table groups representative overlap functions by the dimension k of their degree values.

W N =

4.5 Uncertain conjunctor

An uncertain conjunctor is a broad conjunction type operator under uncertainty, extend-
ing beyond uncertain t-norms while preserving essential monotonic and boundary oriented
combination behavior practically.

Definition 4.5.1 (Fuzzy Conjunctor). [184-187] A function
C:[0,1)> = [0,1]
is called a fuzzy comjunctor if it is nondecreasing in each argument and satisfies
C(0,0)=C(0,1) = C(1,0) =0, c(1,1)=1.
Remark 4.5.2. A fuzzy conjunctor C is called a border conjunctor if
C(l,x)=x for all = € [0,1].
A commutative and associative border conjunctor is a fuzzy t-norm.
Definition 4.5.3 (Neutrosophic Conjunctor). A mapping
Cn : Ngy x Ngy — Ngy

is called a meutrosophic conjunctor if it satisfies the following conditions:

1. Monotonicity: for all z1,z2,y1,y2 € Ngv,
v <yryand ys <nye = COn(x1,91) <N COn(22,92).

2. Boundary conditions:

Cn(On,0n) = O, Cn(On,1n) = 0p, Cn(1n,0n) = On, Cn(In,1n) = 1N.

Equivalently, Cy is a monotone extension of the crisp conjunction on {0y, 1y }2.

Let M be a fixed uncertain model with admissible degree-domain
Dom(M) C [0, 1]%,

equipped with a partial order <3; and distinguished elements
Oar, 1as € Dom(M),

which represent the bottom and top uncertainty values, respectively.
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Definition 4.5.4 (M-conjunctor). A mapping
Chr : Dom(M) x Dom(M) — Dom(M )
is called an M -conjunctor if, for all
a,b,ay,az,b1,be € Dom(M),

the following conditions hold:

(i) Closure:
Chum(a,b) € Dom(M).

(i) Monotonicity: if
ar =praz  and by =y by,

then
Cu(a1,b1) 2ar Cu(az, ba).

(iii) Boundary conditions:
Cr(0ar,0ar) = Ops,s Cr(Oar, 1ar) = Opg,s Crn(1ar,0nr) = O, Cr(Ias, 1ar) = 1.
Definition 4.5.5 (Uncertain conjunctor of U-sets). Let X be a nonempty set, and let
U= (X, pu), V=X ny)
be uncertain sets of the same type M, where
tgs pry : X — Dom(M).

Let Cjs be an M-conjunctor.

The uncertain conjunctor of U and V induced by Cjy, denoted by
Uxrc, V,

is defined by
U ey V= (X tune,,v),
where
Huxeo,, V- X — Dom(M)

is given pointwise by
tadscy,v(@) = COn (pu(@), pv(z)) (2 € X).

Theorem 4.5.6 (Well-definedness of the uncertain conjunctor of U-sets). Let X be a
nonempty set, let

Z/[:(X,/,Lu), V:(XMU'V)
be uncertain sets of type M, and let
Chr : Dom(M) x Dom(M) — Dom(M)

be an M -conjunctor. Then
U N, %

1s a well-defined uncertain set of type M on X.

47



Chapter 4. Uncertain Conjunctive-Disjunctive Logical Families

Proof. Since U and V are uncertain sets of type M, one has
ty () € Dom(M), wuy(x) € Dom(M) for all x € X.
Fix any x € X. By the closure property of Cy,
Cot (i (@), py(x)) € Dom(M).

Hence
Hre,,v(z) € Dom(M) for all z € X.

Therefore the pointwise assignment
z — Cyr (i (), py ()

defines a mapping
Mg, v+ X — Dom(M).

Consequently,
u ey V= (X’ 'MU)‘CMV)

is an uncertain set of type M on X. Thus the uncertain conjunctor of U-sets is well-

defined. O
Proposition 4.5.7 (Inherited properties). Let
ulz(X,Mul), UQZ(Xnu’Uz)a Vi Z(X7Mv1)7 VQZ(X7MV2)

be uncertain sets of type M on X. Then the following statements hold.

(i) Monotonicity. If
Huty (x) =M [ (x) and iy, (x) =M MW(x) Jor allz € X,

then
Hity iy () =m Hitz A gy Vo (z) forallz € X.

(ii) Boundary behavior. Let 0y = (X, po,,) and 1y = (X, p1,,) be the constant bottom
and top U-sets defined by

IU'OIW(:B):OM7 ,u’ljw(x>:1M (wEX)
Then

07 Ay, 00 = 0py, 0ps ey, I = 0py, 1y Key, 00 = 0ag, 1y ke v = 1.

Proof. (i) Fix x € X. By assumption,
Huy (@) 2 (@) and gy, () 2 o, ().
Hence, by monotonicity of Cyy,

Cm (MUl ($)7Mv1 (.CE)) <m Cm (/-’LU2 (x)7/’l‘v2 (.le))

That is,
Hidy ko Vi (:C) =M :ulxlzchVz(x)'
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(ii) For every z € X, one has
Hoy;ac,, 00 (%) = Car(Oar,007) = Oar,

1o hey 100 (2) = Crr(Onr, 1ar) = O,

iu'lMACIMOJW('/I;) = CM(1M7 OM) = 0M7
and
IU‘IA{ACMIA[(x) = CM(1M7 1M) = 1M

Hence the stated identities follow.

As a reference, a catalogue of representative conjunctors classified by the dimension k of the
degree-domain is presented in Table [4.6]

Table 4.6: A catalogue of representative conjunctors by the dimension k of the degree-
domain.

k note  Representative conjunctor(s)

1 Fuzzy conjunctor [188[189]: C : [0, 1]> — [0, 1].

2 Intuitionistic Fuzzy conjunctor [190,[191]: componentwise conjunctor on
(1, v).

3 Neutrosophic conjunctor (cf. [192}193]): componentwise conjunctor on
(T,I,F).

n (n>1) Hesitant Fuzzy conjunctor: conjunctor on hesitant degrees; Plithogenic con-

junctor: contradiction-aware conjunctor on [0, 1]™.
Reading guide. The table groups representative conjunctors by the dimension k of their degree values.

4.6 Uncertain disjunctor

An uncertain disjunctor is a broad disjunction type operator under uncertainty, extending
beyond uncertain t-conorms while preserving essential monotonic and boundary oriented
combination behavior practically (cf. [188,(194]).

Definition 4.6.1 (Fuzzy Disjunctor). A mapping
D :[0,1] x [0,1] — [0,1]

is called a fuzzy disjunctor if, for all x1,x9,y1,y2 € [0, 1], it satisfies:

1. Monotonicity: if 1 < z9 and y; <y, then
D(LB]_, yl) S D(‘T2a 3/2)

2. Boundary conditions:

D(0,0)=0, D(1,00=1, D(,1)=1, D(1,1)=1.
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Definition 4.6.2 (Neutrosophic Disjunctor). A mapping
Dy : Ngy x Ngy — Ngy

is called a neutrosophic disjunctor if it satisfies the following conditions:

1. Monotonicity: for all z1,z2,y1,y2 € Ngv,
vy <yxpand y1 <y y2 =  Dn(z1,91) <y Dn(22,92).

2. Boundary conditions:

Dn(On,0n) = On, Dn(1n,0n) = 1n, Dn(On,1n) = 1N, Dn(In,1n) = 1nN.

Equivalently, Dy is a monotone extension of the crisp disjunction on {0y, 1x}2.

Remark 4.6.3. A neutrosophic disjunctor Dy is called a border neutrosophic disjunctor if
DN(ON,l') = for all z € Ngy'.

If a border neutrosophic disjunctor is also commutative and associative, then it is a neutro-
sophic n-conorm.

Let M be a fixed uncertain model with admissible degree-domain

Dom(M) C [0,1]%,
equipped with a partial order <3; and distinguished elements

Oaz, 1as € Dom (M),
which represent the bottom and top uncertainty values, respectively.
Definition 4.6.4 (M-disjunctor). A mapping

Dys : Dom(M) x Dom(M) — Dom(M)
is called an M -disjunctor if, for all
a,b,ai,as, by, by € Dom(M),

the following conditions hold:

(i) Closure:
Dys(a,b) € Dom(M).

(i) Monotonicity: if
a1 2paz and by X by,

then
Dyi(a1,b1) 2ar Du(az,ba).

50



Chapter 4. Uncertain Conjunctive-Disjunctive Logical Families

(iii) Boundary conditions:
Dr(0ar,0n7) = O, Dyr(1ar,007) = 1, DO, 1ar) = 1, Dy(ar,1a7) = 1.
Definition 4.6.5 (Uncertain disjunctor of U-sets). Let X be a nonempty set, and let
U= X, ), V=(Xpy)
be uncertain sets of the same type M, where
tass poy = X — Dom(M).
Let Djs be an M-disjunctor.

The uncertain disjunctor of U and V induced by Djs, denoted by
U YDy V,
is defined by
U YDM V= (X7 MUYDMV)7

where
HUY b,V X — Dom(M)

is given pointwise by
tuy p, v(@) = Dy (pu(z), po ()  (x € X).

Theorem 4.6.6 (Well-definedness of the uncertain disjunctor of U-sets). Let X be a nonempty
set, let

UZ(X,MM), V:(X7/“’LV)
be uncertain sets of type M, and let
Dy : Dom(M) x Dom(M) — Dom(M)
be an M -disjunctor. Then
U Y D %
1s a well-defined uncertain set of type M on X.

Proof. Since U and V are uncertain sets of type M, one has
py(z) € Dom(M), py(z) € Dom(M) for all z € X.

Fix any = € X. By the closure property of Dy,
D (pu(), py(x)) € Dom(M).

Hence
tux p,,v(z) € Dom(M) for all z € X.

Therefore the pointwise assignment

x+— Dy (uu(x), ,uv(a:))

defines a mapping
Huyp,, v : X — Dom(M).
Consequently,
U YDy V= (X turp,,v)
is an uncertain set of type M on X. Thus the uncertain disjunctor of U-sets is well-defined.
O
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Proposition 4.6.7 (Inherited properties). Let

ul:(X7MU1)7 UQZ(X’:UJUQ)a V1 Z(Xﬁtvl)’ V2=(X,Mv2)

be uncertain sets of type M on X. Then the following statements hold.

(i) Monotonicity. If
(@) = pe(®) and oy () Zug ivy(z)  for all @ € X,

then
fnyp, v (T) 2 By, v (2)  forallz € X.

(it) Boundary behavior. Let 0y = (X, po,,) and 1p = (X, pa,,) be the constant bottom
and top U-sets defined by

MOM($):OM7 Ml]\/j(l‘)le (IEEX)
Then

02/ Y p,, 00 = 0py, 10 YD, 080 = 1p, 00 Y py, 1 = 1, 1y Ypy,lm = 1.

Proof. (i) Fix x € X. By assumption,
pan (2) 2 b () and  py, (@) S py (2).
Hence, by monotonicity of Dy,
Dy (g, (), vy () =ar Dar (paay (), oy, ().

That is,
,UU1YDMV1 (‘T) =M /LZ/I2YDMV2(LU)'

(ii) For every = € X, one has
NOMYD]MOM(:E) - DM(OMaoM) - 0M7

MIMYDMOAI(x) = DM(1M7OM) = 1M7
'U'OJWYDA/IIM(x) = DM(OM7 lM) = 1M7

and
M1y oy, 1 () = D (Iag, 1ar) = 1

Hence the stated identities follow.

As a reference, a catalogue of representative disjunctors classified by the dimension k of the
degree-domain is presented in Table [£.7]
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Table 4.7: A catalogue of representative disjunctors by the dimension & of the degree-domain.

k note  Representative disjunctor(s)

1 Fuzzy disjunctor [188}/194]: D : [0,1]* — [0, 1].

2 Intuitionistic Fuzzy disjunctor [190,[195]: componentwise disjunctor on
(1, ).

3 Neutrosophic disjunctor (cf. [196]): componentwise disjunctor on (T, I, F).

n (n>1) Plithogenic disjunctor: contradiction-aware disjunctor on [0, 1]".

Reading guide. The table groups representative disjunctors by the dimension k of their degree values.

4.7 Uncertain Grouping Function

A grouping function combines input degrees into a single value, usually increasing with
each argument, modeling collective reinforcement, aggregation strength, and generalized
disjunctive behavior mathematically (cf. [197]). A fuzzy grouping function maps membership
degrees in [0, 1] to an aggregated degree, preserving monotonicity and boundary conditions
for cooperative uncertain information fusion processes mathematically(cf. [197]).

Definition 4.7.1 (Fuzzy Grouping Function). (cf. [197]) A function
G :[0,1]* = [0,1]

is called a fuzzy grouping function if it is symmetric, continuous, nondecreasing in each
argument, and satisfies
G(z,y) =0 <= z=y =0,

and
Gr,y)=1 <= z=1lory=1.

A grouping function combines input degrees into a single value, usually increasing with each
argument, modeling collective reinforcement, aggregation strength, and generalized disjunc-
tive behavior mathematically. In the uncertain-set framework, the appropriate extension
must be defined on the admissible degree-domain

Dom(M) C [0,1]*
of a fixed uncertain model M, and then lifted pointwise to uncertain sets.

Definition 4.7.2 (M-grouping function). Let M be an uncertain model with admissible
degree-domain
Dom(M) C [0,1]*

for some integer k£ > 1. Assume that Dom(M) is equipped with

e a partial order <,y
o distinguished elements 07, 137 € Dom(M),

« the subspace topology inherited from [0, 1]*.
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A mapping
G : Dom(M) x Dom(M) — Dom(M)

is called an M -grouping function if, for all
a,b,ay,az,b1,be € Dom(M),

the following conditions hold:

(i) Closure:
Gum(a,b) € Dom(M).

(ii) Symmetry:
Gu(a,b) = G (b, a).

(iii) Monotonicity: if
a; =p ag and by = bo,

then
Gu(ar,b1) =p Gar(az, ba).

(iv) Continuity: G/ is continuous with respect to the subspace topology on Dom(M).

(v) Zero condition:
GM(CL,b) =0y < a=b=0y.

(vi) Unit condition:
GM(a,b) =1y < a=1yp or b= 1.

Remark 4.7.3. When M is the fuzzy model, that is,
Dom (M) = [0, 1], Op =0, 1y =1,
the above notion reduces exactly to the ordinary fuzzy grouping function.

Definition 4.7.4 (Uncertain grouping of U-sets). Let X be a nonempty set, let M be an
uncertain model, and let

Z/[:(Xvuu)7 V:(X,/.l,v)

be uncertain sets of type M on X, where
Ly pry : X — Dom(M).

Assume that Gy is an M-grouping function.

The uncertain grouping of U and V induced by G, denoted by
u *G]\,j Va

is defined by
U*GM V= (X, MM*GM\)),

where the uncertainty-degree function
Hutxg,, v = X — Dom (M)
is given pointwise by

fixg, v(T) = Gu (@), po(z))  (z € X).
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Theorem 4.7.5 (Well-definedness of uncertain grouping). Let X be a nonempty set, let M
be an uncertain model, and let

u:(XMLU)’ V:(Xan)
be uncertain sets of type M on X. If
G : Dom(M) x Dom(M) — Dom(M)

is an M -grouping function, then

U *G o %

1s a well-defined uncertain set of type M on X.

Proof. Since U and V are uncertain sets of type M, one has
py(x) € Dom(M), py(z) € Dom(M) for all z € X.
Fix any x € X. By the closure property of Gy,

Gy (), py(x)) € Dom(M).

Hence
Huixg,, v () € Dom(M) for all z € X.

Therefore the pointwise assignment
x— Gy (pu(), py ()

defines a mapping
Hixg,, v+ X — Dom(M).

Consequently,
Uy V = (X, tiixg,, v)

is an uncertain set of type M on X. Thus the uncertain grouping is well-defined. O

Proposition 4.7.6 (Inherited properties). Let
u:(XafLU): V:(X7/"LV)7 W:(XvuVV)a Z:(Xaluz)

be uncertain sets of type M on X. Then the following statements hold.

(i) Symmetry:
U*GM V= V*GM U.

(ii) Monotonicity: if
pu(@) <ar (@) and py(a) <ar pz(e)  forallz € X,

then
Htx,, V(T) ZM Hwsg,, 2(2) for all z € X.
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(iii) Zero characterization: if 0y = (X, po,,) is the constant U-set defined by
oy () = O0pr forallz € X,

then
U*GMVZOM < U=0p and V = 0y,.

(iv) Unit characterization: if 1y = (X, pu1,,) is the constant U-set defined by
piy, (@) =1y forallz € X,

then
Uxgy V=1y <= U=1) orV =1y.

Proof. (i) For every x € X, by symmetry of Gy,

ttxg, v(@) = Gy (pu(x), po(@)) = Gar (v (), (7)) = pvsg, u(@).

Hence
UG, V =V g, U.

(ii) Fix z € X. By assumption,
pu(@) =p pw(x) and  py(z) Zar pz(z).
Therefore, by monotonicity of Gy,
Gy (), () <ar Gy (pw (), pz ().

That is,
Hix, V(T) ZM Hwsg,, 2(T).

(iii) Assume first that
Ux*ag,, V = 0.

Then for every x € X,
G (), py(x)) = Opr.
By the zero condition of Gy, it follows that
pu(z) =0y and  py(z) =0m

for all x € X. Hence

Conversely, if
U =0y and Y = 0y,

then for every x € X,

Huixg,, V(@) = Gar(Oar, 0ar) = O,

SO
U*GM YV =0y.
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(iv) Assume first that
Uu *G o V=1yuy.

Then for every z € X,
G (e (), py(x)) = 1.

By the unit condition of Gy, for every z € X,
puy(x) =1y or  pp(x) = 1.

In particular, if & = 1,4, then the conclusion holds; likewise if V = 1,;, the conclusion
also holds.

Conversely, if Y = 1,4, then for every z € X,
tixg, v(€) = Gy (v, py(x)) = 1u
by the unit condition of Gj;. Hence
Uxg,, V=1

The case V = 1), is analogous.

4.8 Uncertain Water logic

Fuzzy Water Logic is a many-valued logical system on [0, 1], using water-style conjunction
and disjunction to model gradual truth, saturation, flow, and uncertainty consistently math-
ematically [198].

Definition 4.8.1 (Fuzzy Water Logic). [19§] Let Var be a nonempty set of propositional
variables, and let Lpw be the set of formulas generated by

pu=p| LT |=p|(@A)](pVi),  peVar

A Puzzy Water Logic is the many-valued propositional logic whose set of truth values is
L =0,1],
equipped with the following operations:

aVw b:=min{l,a + b},
aAw b:=max{0,a +b— 1},

-wa:=1-—a,

for all a,b € [0,1].

A wvaluation is a mapping
v : Var — [0, 1],
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which is extended recursively to all formulas by

(#) Vi v(¢) = min{1, v(p) + v()},
() Aw v(¥) = max{0, v(p) +v(¢) — 1}.

The structure
FW = ([0,1], Vw, Aw, —w,0,1)

is called the truth-functional algebra of Fuzzy Water Logic.

Remark 4.8.2. The operation Vyy is the flow operation and Ay is the bypass operation.
Thus Fuzzy Water Logic formalizes Water Logic as a fuzzy-valued logical system.

Let M be a fixed uncertain model with admissible degree-domain
Dom(M) C [0,1]*
for some integer k > 1, and assume that Dom(M) is equipped with a partial order
=M

and distinguished elements
Or, s € DOIn(M),

which play the roles of the bottom and top uncertainty values, respectively.
Definition 4.8.3 (M-Water operator system). An M -Water operator system is a triple
Wi = (®w,ar, Qw,ar, Nwr),

where
®w,n : Dom(M) x Dom(M) — Dom(M),

®@w,nm : Dom(M) x Dom(M) — Dom(M),

and
Nw . : Dom(M) — Dom(M)

satisfy the following conditions:

(i) Closure:
a ®w.m b € Dom(M), a @w.m b € Dom(M), Nw. v (a) € Dom(M)
for all a,b € Dom(M).
(i) Commutativity of the water connectives:
a®wmb=0dwwma, a®@wmb=bRwwma

for all a,b € Dom(M).
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(iii) Monotonicity: if
a1 2paz and by X by,

then
a1 Dw,m b1 2 a2 Dw,nr ba, a1 Qw,m b1 2 a2 w,ar ba.

(iv) Boundary conditions:
a®w,m Op = a, a®w,m 1y = 1,
a@w,m 1y = a, a @w,pm O = Opp
for all a € Dom(M).
(v) Water negation boundary conditions:
Nw.ar(Oar) = 1, Nw.vr(1ar) = Opr.

(vi) Antitonicity of negation: if
a M b)

then

Remark 4.8.4. When M is the fuzzy model, that is,
Dom(M) = [0, 1], O0r =0, 1y =1,
the standard choice
a ®w oy b= min{l,a + b}, a @w,n b =max{0,a +b— 1}, Nwmu(a)=1—a
recovers the ordinary fuzzy Water Logic.

Definition 4.8.5 (Pointwise uncertain Water operations on U-sets). Let X be a nonempty
set, and let

u:(Xvﬂu)v VZ(XMU’V)
be uncertain sets of type M on X, that is,

s pry : X — Dom(M).

The uncertain Water disjunction of U and V is defined by

UVwu V= (X, /LuVW’MV),
where
MMVW,MV(:E) = //LZ/{(l') Dw, M ,Uv(l‘) (l‘ S X)

The uncertain Water conjunction of U and V is defined by

U N V= (X, finy )

where
tuinw v (T) = py(r) @war py(z) (v € X).

The uncertain Water negation of U is defined by

_‘W,Mu = (X7 :U'—\W7MZ/{)7

where
fimyy it (@) i = Nywar (pu(z)) (r € X).
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Theorem 4.8.6 (Well-definedness of the induced uncertain Water operations). Let X be a
nonempty set, let M be an uncertain model, and let

U:(Xvﬂu)a V:(XHU'V)

be uncertain sets of type M on X. If Wy = (@W,Ma W, M, NW,M) is an M -Water operator
system, then
U\/W,M V, U/\W,M V, _‘W,Mu

are all well-defined uncertain sets of type M on X.

Proof. Since U and V are uncertain sets of type M, one has

pu(z) € Dom(M), wy(x) € Dom(M) for all z € X.

Fix z € X. By closure of ®w,,

() @war jv(x) € Dom(M).

Hence the assignment
x> pu(x) Bw,m pv ()

defines a map
Huvw v - X — Dom(M),

SO
U \/W7M V= (Xa MUVWJV[V)

is a well-defined uncertain set of type M.

Similarly, by closure of @w s,
tu(z) @w,ar py(z) € Dom(M) for all x € X,

SO
Z/[ /\W,M V == (X7 /'LZ/{/\WJMV)

is a well-defined uncertain set of type M.

Finally, by closure of Ny,
Nw,i (pu(z)) € Dom(M) for all z € X,

hence
_'W,Mu = (X7 M—\W7MU)

is also a well-defined uncertain set of type M.

Therefore all three induced uncertain Water operations are well-defined. O
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Definition 4.8.7 (Uncertain Water model). Let Var be a nonempty set of propositional
variables, and let Ly be the set of formulas generated by

pu=p| LT |=p|(@AY)](pVi),  peVar

Let X be a nonempty set. An uncertain Water model of type M on X is a pair
m=(X,V),

where

V i Var — Uy (X)

assigns to each propositional variable p an uncertain set
Vip) = (X, pp)
of type M on X, and where an M-Water operator system
W = (®w,nr, @w,ars Nwoar)
has been fixed.

Definition 4.8.8 (Semantics of Uncertain Water Logic). Let
M= (X,V)
be an uncertain Water model of type M on X. The interpretation

[-Jom : Low — Un(X)

is defined recursively as follows:

(i) for each propositional variable p € Var,

[plon ==V (p);

(i)

[Llom:= (X 1),  pi(z):=0m (z€X);
(iii)

[[T]]fm = (X7 :U'T)7 MT(x) =1um (.%' € X);
(iv)

[=elom == ~wnm[e]om;
(v)
[ V] = [l Vw,ar [9]on;

(vi)

[ A]om = [l Aw,ar [9]on-
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Definition 4.8.9 (Uncertain Water Logic). The propositional system
UW = (Lyw, Dom (M), ®w,ar, @w,ar, Nw,ar, Oar, 1)

together with the above U-set semantics is called the Uncertain Water Logic associated with
the uncertain model M.

Theorem 4.8.10 (Well-definedness of Uncertain Water Logic). Let
M= (X,V)
be an uncertain Water model of type M on X. Then, for every formula

v € Lyw,

the interpretation
[elon

is a well-defined uncertain set of type M on X. Moreover, the recursive interpretation is
unique.

Proof. We prove by structural induction on the formation of formulas that

[elom € Unr(X) for all p € Lyw.

Base cases.

(a) If ¢ = p € Var, then by definition of V,

V(p) € Un(X).

Hence
[plom = V(p)

is a well-defined uncertain set of type M.
(b) For ¢ = L, the map
w1 2 X — Dom(M), w1 (z) = 0pr,
is well-defined because 0y € Dom(AM). Therefore
[Llom = (X, p1) € Unr(X).
(c) Similarly, for ¢ = T, the map
pT : X — Dom(M), ut(z) = 1,
is well-defined because 1), € Dom(M). Hence

[Tl = (X, pu7) € Upr(X).
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Inductive steps.

Assume that

(a)

[[gO]]gm € UM(X) and [[w]]gm € UM(X)

For negation, by the previous theorem on induced uncertain Water operations,

—wnm [l € Upr(X).

Hence
[=¢lm = ~wm[e]m
is well-defined.

For disjunction, again by the induced-operation theorem,

[elom Vs [¥]om € Unr(X).

Therefore
oV ¥lm = [elom Vw,ar [¥]on

is well-defined.

For conjunction, similarly,

Telon Aw,ar [¥0]am € Unr (X)),

and thus
o Al = [elom Aw,ar [¥]on

is well-defined.

Hence, by structural induction,

Telom € Unr(X) for every ¢ € Lyw.

Therefore Uncertain Water Logic is well-defined.

For uniqueness, observe that the interpretation clauses specify uniquely the value of each
atomic formula, the constants L, T, and the value of every compound formula from the
values of its immediate subformulas. A standard induction on formula complexity therefore
yields uniqueness of the recursive interpretation. O
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Chapter 5

Uncertain Relational and Inferential Oper-
ators

In this chapter, we examine several uncertain relational and inferential operators.

5.1 Uncertain implication

An uncertain implication models conditional reasoning under uncertainty, expressing how
uncertain antecedent information supports uncertain consequent information within vague,
incomplete, interval valued, or hesitant settings (cf. [199-202]).

Definition 5.1.1 (Fuzzy Implication). (cf. [203-205]) A function
1:[0,1> = [0,1]

is called a fuzzy implication if it is nonincreasing in its first argument, nondecreasing in its
second argument, and satisfies

100,0)=1, I(1,1)=1,  I(1,0)=0.
Remark 5.1.2. From the axioms above, it follows that
I(0,y) =1 and I(z,1)=1 for all z,y € [0, 1].
Definition 5.1.3 (Neutrosophic Implication). [206}207] Let
N = [0,1)?, On = (0,1,1), 1y = (1,0,0),

and define
(Tx,Ixny) <N (TyvlyaFy) <~ Ta: < Ty7 I:c > Iy> F:c > Fy-

A function

Iy :N? 5 N

is called a neutrosophic implication if it is decreasing in the first argument, increasing in the
second argument with respect to <, and satisfies

In(On,O0n) = IN(On,1N) = IN(IN, 1N) = 1N, In(1n,0n) = On.
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Example 5.1.4 (A concrete example of a neutrosophic implication). Define
Iy :N* - N
by
IN((Ty, Iy, Fy), (Ty, Iy, Fy)) = (max{1 — Ty, Ty}, min{T,, 1 — Ty}, min{T,, 1 —T,}).

Then Iy is a neutrosophic implication.

Indeed, let

x:(Txalzan)v x,:(Tz/;Ix’an’)a y:(TyaIyaFy)a y/:(Ty’aly’aFy’)'

First, suppose that
x <y .

Then
T, <T,.

Hence
1- Tx’ <1- T:Ea

and therefore
max{1l — Ty, T,} <max{l —T,,T,}.

Also,
min{7,,1 —T,} > min{T,,1 —T,}.

Thus
IN(xlv y) SN IN(«T, y)v

so I is decreasing in the first argument.

Next, suppose that

y<ny.
Then
T, <T,.
Therefore
max{l — T, Ty} < max{l — T, T},
and
1-T, <1-T,,
SO
min{7T,,1 — Ty} < min{T,,1 —T,}.
Hence

In(z,y) <y In(z,y"),

showing that Iy is increasing in the second argument.

Finally, the boundary conditions are satisfied:

In(On,0n) = In((0,1,1),(0,1,1)) = (max{1,0},min{0, 1}, min{0,1}) = (1,0,0) = 1y,
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In(On,1n) = In((0,1,1),(1,0,0)) = (max{1,1},min{0, 0}, min{0,0}) = (1,0,0) = 1y,
In(1n,1n) = In((1,0,0),(1,0,0)) = (max{0,1}, min{1,0}, min{1,0}) = (1,0,0) = 1y,

and
In(1n,0n) = In((1,0,0),(0,1,1)) = (max{0,0}, min{1, 1}, min{1,1}) = (0,1,1) = Oy.

Therefore, Iy is a neutrosophic implication.

Next, we explain the uncertain implication. Let M be a fixed uncertain model with admissible
degree-domain
Dom(M) C [0,1]%,

equipped with a partial order <3; and distinguished elements
Oar, 1o € Dom(M),
which play the roles of the bottom and top degrees, respectively.
Definition 5.1.5 (M-implication). A mapping
Ins : Dom(M) x Dom(M) — Dom(M)
is called an M -implication if, for all
a,b,ay,az,b1,be € Dom(M),

the following conditions hold:

(i) Closure:
In(a,b) € Dom(M).

(ii) Antitonicity in the first argument: if
ar M az,

then
Ins(az,b) =pr Ing(aq, b).

(iii) Monotonicity in the second argument: if
b1 = b,

then
Ing(a,b1) 2ar In(a, bo).

(iv) Boundary conditions:

Ine(Onr,00r) = 1y, Ing(Xaz, 1ar) = 1y, Ine(1ar,007) = Oz
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Remark 5.1.6. Under the preceding axioms, one also obtains the standard consequence-
type inequalities
IM<OM,b):1M and IM(G,lM):lM

for all a,b € Dom(M). Indeed, since 0p; =<ps b, monotonicity in the second argument yields
Ine(Onr, Onr) =ns Inr(Onss ),

hence
Iar = Ine(Oag, 0),

so Ip(0pr,b) = 1ps. Similarly, since a <37 1,7, antitonicity in the first argument gives
Ine(Tar, 1ar) =ar Ine(a, 1ag),

hence
I = Ine(a, 1ar),

so In(a,1pr) = 1.
Definition 5.1.7 (Uncertain implication of U-sets). Let X be a nonempty set, and let
U= (X p), V=(X )
be uncertain sets of the same type M, where
tagy poy = X — Dom(M).

Let Ip; be an M-implication.

The uncertain implication from U to V induced by I, denoted by
U= In V,

is defined by
u :>IJW V = (X7 lu’Z/{:>[I\JV)7

where
Hu=r,,V * X = Dom(M)

is given pointwise by
=g, v(@) = I (pu(z), po(z))  (z € X).

Theorem 5.1.8 (Well-definedness of the uncertain implication of U-sets). Let X be a
nonempty set, let

Z/{:(X,Mu)7 V:(XMU’V)
be uncertain sets of type M, and let
Iy : Dom(M) x Dom(M) — Dom (M)

be an M -implication. Then
U =1y )%

1s a well-defined uncertain set of type M on X.
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Proof. Since U and V are uncertain sets of type M, one has
py(z) € Dom(M), py(z) € Dom(M) for all z € X.
Fix any z € X. By the closure property of I,

Ing (pu(), () € Dom(M).
Hence, for every x € X,
:U’Z/IZNMV(Z‘) € DOIH(M)
Therefore the pointwise assignment

x +— Iy (pu (), pv(2))

defines a mapping
Hu=,, v+ X — Dom(M).

Consequently,

u =TI V= (X, MU:‘IMV)
is an uncertain set of type M on X. Thus the uncertain implication of U-sets is well-
defined. O

Proposition 5.1.9 (Inherited order properties). Let
Ul:(Xvﬂul), MQZ(XHLLUQ); Vl :(Xnu'vl)v VQ:(X7MV2)

be uncertain sets of type M on X.

(i) If
pun (2) 2m pup(x)  for allw € X,
then
Htdy=1, V1 (T) 2M Bt =, v (@) forall x € X.
(ii) If
oy, () 2ar gy, () forallx € X,
then
=1, v (T) 2M =g, v, () forallw € X.
(iii) If
On = (X, p0y)s  Hop (2) =00 (7 € X)),
and
1M:(X7/’L1]W)7 /’Llhl(x):]‘M (%GX),
then

Ons :>]MV=1M, Z/[:>]M 1r =1y, 1y =1, O = 0py.

Proof. (i) For every x € X, the assumption
Hu (2) 2 b (@)
and antitonicity in the first argument imply

I (1 (), vy () =ar Ina (pea, (), oy ().

Hence
Hido=1,,V1 (z) 2m Hidy=1,,V1 (z) for all z € X.
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(ii) For every z € X, the assumption

vy (x) =M v, (x)

and monotonicity in the second argument imply

Hence

Ina (1 (), vy () =ar Ina (pea (), o, ().

Hity =1, , V1 (.%') =M Hily=1,, V2 (m) for all z € X.

(iii) For every x € X, by the remark above,

SO

Likewise,

hence

Finally,

SO

H0y =1, V(@) = Inr (Oar, py(@)) = 1ar = i, (@),
0 =1, V= 1.

f=r, 1 (2) = Inr (p(2), 1ar) = 1ar = oy, (2),
U=r1, 1y =1y

f1nr=r,, 00 (%) = I (Lar, Oar) = Onr = paoy, (2),

1 =1 0pr =0y

A catalogue of representative implications by the dimension k of the degree-domain is pre-

sented in Table [B.11

Table 5.1: A catalogue of representative implications by the dimension k of the degree-

domain.

k note Representative implication(s)

1 Fuzzy implication [208,209]: I : [0,1]> — [0, 1].

2 Intuitionistic Fuzzy implication [210}211]: componentwise implication on
(u,v); Bipolar Fuzzy implication [212}|213]; Pythagorean fuzzy implication
[214.215]

3 Neutrosophic implication [216)217]: componentwise implication on (T, I, F');
Hesitant Fuzzy implication [218}219]; Spherical Fuzzy implication; picture
Fuzzy implication [144L220];

n (n>1) Hesitant Fuzzy implication [218]221]: implication on hesitant degrees;

Plithogenic implication: contradiction-aware implication on [0, 1]".

Reading guide. The table groups representative implications by the dimension k of their degree values.

In addition, as related concepts to the above, residuation operators [222] and fuzzy co-
implications [223.224], among others, are also known.
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5.2 Uncertain equivalence operator

An uncertain equivalence operator evaluates uncertain similarity or logical biconditionality,
measuring how closely uncertain inputs agree, coincide, or mutually support each other under
uncertainty contexts.

Definition 5.2.1 (Fuzzy Equivalence Operator). A mapping
E:[0,1] % [0,1] — [0, 1]

is called a fuzzy equivalence operator if, for all x,y, z € [0, 1], it satisfies:

1. Symmetry:
E(z,y) = E(y, x).

[\)

. Compatibility with classical equivalence:

E(0,1) = E(1,0) =0, E(0,0) =E(1,1) =1.
3. Reflexivity:
E(z,x) = 1.

4. Associativity:
E(x,E(y,2)) = E(E(z,y),2).

5. Neutrality principle:
E(l,z)==x.

Example 5.2.2 (An algebraic example of a fuzzy equivalence operator). Since
10, 1] = {0,137,

there exists a bijection
P [07 1] — {07 1}N

such that
P1)=0 and  p(0)—e,

where 0 = (0,0,0,...) and e = (1,0,0,...).

Define
E :[0,1] x [0,1] — [0, 1]

by
E(z,y) = ¢ (o) ® ¢(y)),

where @ denotes coordinatewise addition modulo 2.

Then F is a fuzzy equivalence operator in the sense of Definition ?7?7. Indeed:

1. Symmetry:

E(z,y) = ¢ (plx) @ oy) = ¢ (o) ® p(z)) = E(y, ).

71



Chapter 5. Uncertain Relational and Inferential Operators

2. Compatibility with classical equivalence:
E(0,1) = ' (e®0) = ¢ '(e) =0,
E(1,0)=¢ ' (0&e) =0,

E(0,0)=¢ H(e®e) = ¢ (0) =1,
E(1,1)=¢ Y0®0) =1.

3. Reflexivity: for every z € [0, 1],
E(z,x) = ¢~ (p(x) ® p(x)) = ¢ 1(0) = L.
4. Associativity: for all z,y,z € [0, 1],

(2, Ey.2)) = ¢~ (@) @ (p4) @ 9(2)) )

E(B(z,9),2) = ¢~ ((¢(z) @ o)) ® 9(2)).
Since @ is associative on {0, 1}, these two values are equal.

5. Neutrality principle: for every z € [0, 1],

E(l,z) = o (0@ ¢(2)) = ¢~} (p(z)) = 2.
Therefore, E satisfies all the required axioms.

Let M be a fixed uncertain model with admissible degree-domain
Dom(M) C [0,1]%,
equipped with a partial order <3; and distinguished elements
Oar, 1ar € Dom(M),
which play the roles of the bottom and top uncertainty values, respectively.
Definition 5.2.3 (M-equivalence operator). A mapping
Epy: Dom(M) x Dom(M) — Dom(M)

is called an M -equivalence operator if, for all a,b € Dom(M), the following conditions hold:

(i) Closure:
En(a,b) € Dom(M).

(ii) Symmetry:
EM(av b) - EM(ba a)'

(iii) Reflexivity:
Ey(a,a) = 1p.
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(iv) Compatibility with the extreme values:
Eni(Oar, 1) = Eng(1ar,000) = Onrs Ear(Oar, 0a) = Ear(1a, 1ag) = 1as.
Definition 5.2.4 (Uncertain equivalence of U-sets). Let
U=(X,py) and V= (X, )
be uncertain sets of the same type M on a common nonempty universe X, and let
Ey: Dom(M) x Dom(M) — Dom(M)

be an M-equivalence operator.

The uncertain equivalence of U and V induced by E)s, denoted by
Us Er V,
is defined by
Uspy, V= (X sy, v),

where
Hisg,,V - X = DOH](M)

is given pointwise by
e, v(@) = Ex(pu(a), po(z))  (z € X).

Theorem 5.2.5 (Well-definedness of the uncertain equivalence of U-sets). Let

U= (X, uy) and V= (X, uy)
be uncertain sets of type M on a common nonempty set X, and let

Eyr : Dom(M) x Dom(M) — Dom (M)
be an M -equivalence operator. Then

Usg, VvV

1s a well-defined uncertain set of type M on X.

Proof. Since U and V are uncertain sets of type M, one has
ty () € Dom(M), wuy(x) € Dom(M) for all x € X.
Fix x € X. By the closure property of the M-equivalence operator,
By (pu(z), py(z)) € Dom(M).

Hence
e, v(z) € Dom(M)  forallz € X.

Therefore the assignment

z — By (pu (), py ()
defines a mapping

e g, v+ X — Dom(M).
Consequently,

UsSg, V= (X, MU@EMV)

is an uncertain set of type M on X. Thus the uncertain equivalence of U-sets is well-
defined. O
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Proposition 5.2.6 (Inherited properties). Let

Z’[:(X7MU)7 V:(X,Mv), W:(XvuVV)

be uncertain sets of type M on X. Then the following statements hold.

(i) Symmetry:
Uu S En V=V S Eun Uu.

(i) Reflexivity: if 15 = (X, p1,,) denotes the constant top U-set given by
MlM(x) =1u (.I' S X)a

then
U < Eu U= 1.

(iii) Extreme-value compatibility: if 0y = (X, po,,) and 1y = (X, p1,,) are the constant
bottom and top U-sets on X, then

0ns S En 1 = 1y S Eunm 0p =0y

Proof. (i) For every x € X, by symmetry of Fyy,

e, v(x) = Ev (pu(x), py(2) = Ev(pv(@), pu(2)) = pvep, u(@).

Hence
Usg, V=Yg, U.

(ii) For every x € X, reflexivity of Ejs gives

tesp, u(®) = Exr(pu(2), pu () = 1ar = pay, (2).

Therefore
U < ENr U=1,.

(iii) For every x € X, compatibility of Ej; with the extreme values yields

HOpn =gy, L () = Erv(0a, 1) = Opr = Hoyy (2),

and similarly,
i, 00 (2) = En(Lar,00r) = Opr = poy, (2).
Hence
O S Ey 1y =1y S En 0rr = 0y

As a reference, a catalogue of representative equivalence operators classified by the dimension
k of the degree-domain is presented in Table

For reference, a concise comparison between implication and equivalence operators is given

in Table 5.3l
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Table 5.2: A catalogue of representative equivalence operators by the dimension k of the
degree-domain.

k note Representative equivalence operator(s)

1 Fuzzy equivalence operator [225,226]: E : [0,1]7 — [0, 1].

2 Intuitionistic Fuzzy equivalence operator: componentwise equivalence on
(k, ).

3 Neutrosophic equivalence operator: componentwise equivalence on (T, I, F').

n (n>1) Plithogenic equivalence operator: contradiction-aware equivalence on [0, 1]™.

Reading guide. The table groups representative equivalence operators by the dimension k of their degree
values.

Table 5.3: A concise comparison between implication and equivalence operators

Aspect Implication operator Equivalence operator

Basic role Models conditional reasoning of Models mutual agreement or logical
the form “if a, then b” similarity between a and b

Arity Binary Binary

Symmetry Generally not symmetric Usually symmetric

Monotonicity Typically antitone in the first Typically monotone with respect to
argument and monotone in the  both arguments under the underlying
second argument order

Reflexive behavior Not necessarily satisfies Usually satisfies F(a,a) =1
I(a,a) =1

Typical boundary Commonly Commonly

conditions

10,6) =1,  I(a,1)=1, I(ERLY=1, EQ1,1)=1, E(0,1)=E(1,0)=0

Logical Expresses directed entailment Expresses bidirectional compatibility or
interpretation from the first input to the sameness of truth status
second
Relation between Serves as a primitive inferential Is often derived from implication-type
them connective in many logical connectives, for example by combining
systems two opposite implications
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Chapter 6

Uncertain Aggregation Families

In this chapter, we discuss uncertain aggregation families. For convenience, the aggregation
families considered in this chapter are grouped into three broad categories, as summarized

in Table

Table 6.1: A concise grouping of the aggregation families covered in this chapter

Group Representative families

General foundations Aggregation operator, Mean

Interaction-aware means Bonferroni mean, Heronian mean, Maclaurin symmetric mean
Order/weight /parametric Dombi operators, Power Average, OWA, Einstein operators, Geo-
families metric operators

In addition, a concise comparison of representative aggregation families is provided in Ta-

ble

6.1 Uncertain aggregation operator

Aggregation operators are functions that combine multiple input values into one represen-
tative output, preserving chosen structural properties such as monotonicity, boundedness,
idempotency, or compensatory behavior [227-229]. An uncertain aggregation operator com-
bines multiple uncertain values into one summary assessment, preserving chosen structural
principles such as monotonicity, idempotency, compensation, or weighting schemes consis-
tently.

Definition 6.1.1 (Fuzzy Aggregation Operator). [230,231] Let n > 2 be an integer. A
mapping
A:[0,1]" —[0,1]

is called a fuzzy aggregation operator (or simply an aggregation operator on [0, 1]) if it satisfies
the following conditions:
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Table 6.2: A concise comparison of representative aggregation families

Family Order- Uses Interac- Penalty for low Typical application
dependent weights tion values

Mean No Optional No Moderate Basic averaging and
baseline aggregation

Bonferroni No Optional Yes Moderate to Modeling pairwise

mean strong interaction among
inputs

Heronian mean No Optional Yes Moderate Interaction-aware
averaging with
balanced
compensation

Maclaurin No Optional Yes Moderate Capturing multi-input

symmetric interaction

mean symmetrically

Dombi No Usually Limited  Adjustable by Flexible parametric

operators no parameter aggregation

Power Average No Yes Yes Data-dependent Support-based
adaptive aggregation

OWA Yes Yes No Adjustable by Ordered aggregation

ordered weights under attitudinal

preference

FEinstein No Optional  Limited Moderate Smooth nonlinear

operators aggregation

Geometric No Yes No Strong Multiplicative

operators aggregation sensitive

to small values

This table is intended as a quick comparison map. The entries indicate typical tendencies of the corre-
sponding families, and specific variants may exhibit different properties.

1. Boundary conditions:

2. Monotonicity: for all

if

then

A(0, =0, A(l,..., 1) =1
(-751,-- . ,IEn),(yl,.. . 7yn) € [Ov 1]71’
x; <y foralli=1,...,n,
Az, . yxn) < AW, -y Yn)-

Definition 6.1.2 (Neutrosophic Aggregation Operator). Let n > 2. A mapping

is called a neutrosophic aggregation operator if it satisfies the following conditions:

1. Boundary conditions:

A0y, ...

70N):ON5
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2. Monotonicity: for any
aj,bjENSV (j:1,...,n),

if
a; = b; forall j =1,...,n,

then
.A(al, ce ,an) = A(bl, .. .,bn).

Remark 6.1.3. If, in addition,
Aa,...,a)=a for all a € Ngy,

then A is called an idempotent neutrosophic aggregation operator.

Example 6.1.4 (Neutrosophic arithmetic aggregation operator). Assume that
Nsy = {(T,1,F) € [0,1]%},

with
ON = (07171)7 1N = (17070)7

and let the order < on Ngy be defined by

(Th, L, F1) X (T, 12, F>) <= Ti<T,, h >, F >F.

For n > 2, define
Aan N Ng}v — NSV

by

n 1 n
Aavg((ThIlaFl) (Tn7In7F Zirja Z;*Ijv TLZIF}
J= J=

Then A,yg is a neutrosophic aggregation operator.

Indeed, the boundary conditions hold:

1 1 1
Aavg(On, ..., 0N) = EZO nZL nZ1 (0,1,1) = Oy,
7j=1 7j=1
and
1 — 1 — 1 —
Aavg(In, ..o, 1n) = - 11,5 10, Zo (1,0,0) = 1y
J= Jj=

Moreover, let

aj = (T3,1;, Fy),  bj=(T},1;,Fj) eNgy (j=1,...,n),
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and suppose that

a; = b; forall j=1,...,n.
Then
T; < T3, I; > I, F; > Fj (j=1,...,n).
Hence,
1« 1 « 1 « 1 « 1 « 1 «
/ ! /
PO DL R D ) DY T P ) DY Vel B
Jj=1 7=1 7=1 j=1 7=1 j=1
Therefore,

Aavg(al, “e ,an) j Aavg(bl, “e 7bTL)‘

S0 Aavg is monotone and thus is a neutrosophic aggregation operator.

Let M be a fixed uncertain model with admissible degree-domain

Dom(M) C [0,1]*,
equipped with a partial order <3; and distinguished elements

Oar, 1as € Dom(M),
which play the roles of the bottom and top uncertainty values, respectively.
Definition 6.1.5 (M-aggregation operator). Let n > 2. A mapping

Apr : Dom(M)™ — Dom(M)
is called an n-ary M -aggregation operator if, for all
ai,...,an, b1,...,b, € Dom(M),

the following conditions hold:

(i) Closure:
Ap(al, ..., a,) € Dom(M).

(ii) Boundary conditions:

AM(OM,,OM):OM, AM(1M771M):1M

(iii) Monotonicity: if
aiiji forallz':l,...,n,

then
AM(al, e ,an) jM AM(bl, . ,bn)

If, in addition,
Apy(ay ... a) =a for all a € Dom(M),

then Ay is called idempotent.
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Definition 6.1.6 (Uncertain aggregation of U-sets). Let X be a nonempty set, and let
U; = (X, i) (it=1,...,n)
be uncertain sets of the same type M on X, where
Wi X — Dom(M) (i=1,...,n).

Let
Apr : Dom(M)" — Dom (M)

be an n-ary M-aggregation operator.

The uncertain aggregation of Uy, ..., U, induced by A,s, denoted by
Ay (U, .. Uy),

is defined by
AM(“Ia oo 72/[71) = (X7 IU’AM(UL...,Z/{H))a

where
HAn Uy, thn) X — Dom(M)

is given pointwise by
LA ny Wy, tt) () = Ang (pa (), - s () (r € X).

Theorem 6.1.7 (Well-definedness of uncertain aggregation). Let X be a nonempty set, let

Ui = (X, i) (i=1,...,n)
be uncertain sets of type M, and let

Apr : Dom(M)"™ — Dom(M)
be an n-ary M-aggregation operator. Then

Ay Uy .. Uy)

1s a well-defined uncertain set of type M on X.

Proof. Since each U; is an uncertain set of type M, one has
wi(x) € Dom(M) forallz € X andalli=1,...,n.

Fix any z € X. Then
(11 (), ..., pn(z)) € Dom(M)"™.
By the closure property of Ay,
Ap(pa (), ..., pn(z)) € Dom(M).

Hence
A s W, i) () € Dom (M) for all x € X.

Therefore the pointwise assignment
z— Ay (pa(z), ..., ()

defines a mapping
B Uy, th) * X = Dom(M).

Consequently,
AM(Z/[l, s 7un) = (X7 MAM(Ul,...,Mn))
is an uncertain set of type M on X. Thus the uncertain aggregation is well-defined. O
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Proposition 6.1.8 (Inherited properties). Let
ui:(Xa/Ji)v Vl:(val) (izlv"')n)
be uncertain sets of type M on X. Then the following statements hold.

(i) Monotonicity. If
wi(z) =1 vi(x) forallx € X and alli=1,...,n,
then
Ay U ) () 20 Bay 0,0 () forallz € X

(it) Boundary behavior. If 0y = (X, po,,) and 1y = (X, p1,,) are the constant bottom
and top U-sets defined by

MUM($) = O, :ulM($) =1lym (:E € X)v
then
Anv(Opr,...,00) =0nr,  Ap(Lpgy...,1ar) = L

(ii) Idempotency. If Ay is idempotent, then for every uncertain set U = (X, py) of type
M,
AyU,....U)=U.

Proof. (i) Fix x € X. By assumption,
wi(z) < vi(x) (i=1,...,n).
Hence, by monotonicity of Ay,
Ap(p (@), pn(2)) 2 Ap(v1(2), -, vn(@)).
That is,
A pg Wy o) () S HAL (100 (T)-

(ii) For every =z € X,
MA[V[(OM,...,OM)(x) = AM(OM7 cte ?OM) = OM = IU/OJ\/I ($)7
and similarly,
NAM(]M,...,IM)(:U) = AM(1M7 SRR 1M) =1y = M1y, (Jf)

Hence

(iii) Assume that Ay is idempotent. Then for every x € X,
Bap W) (@) = Anr (), - p (@) = pa(2).

Therefore

As a reference, a catalogue of representative aggregation operators classified by the dimension
k of the degree-domain is presented in Table 6.3

As related concepts other than the above, prioritized aggregation operators [247}248] and
hybrid aggregation operators [249,1250], among others, are also known.
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Table 6.3: A catalogue of representative aggregation operators by the dimension k of the
degree-domain.

k note Representative aggregation operator(s)
1 Fuzzy aggregation operator |232]: A :[0,1]™ — [0, 1].
2 Intuitionistic Fuzzy aggregation operator [233]; Pythagorean Fuzzy aggre-

gation operator [234]; Fermatean fuzzy aggregation operator [235]; Bipolar
Fuzzy aggregation operator [236H238]

3 Picture Fuzzy aggregation operator [239,]240]; Hesitant Fuzzy aggregation
operator [241}[242]; Spherical Fuzzy aggregation operator [243}[244]; Neutro-
sophic aggregation operator |245}[246].

n (n>1) Plithogenic aggregation operator |27].

Reading guide. The table groups representative aggregation operators by the dimension k of their degree
values.

6.2 Uncertain Dombi aggregation operator

A Dombi aggregation operator combines multiple membership values using Dombi’s para-
metric t-norm or t-conorm, providing flexible, smooth, adjustable fusion controlled by a
tunable interaction parameter [251}252]. An uncertain Dombi aggregation operator fuses
uncertain-valued inputs through Dombi-type parametric aggregation, preserving uncertainty
information while allowing flexible, parameter-driven control of conjunctive or disjunctive
behavior.

Definition 6.2.1 (Fuzzy Dombi Aggregation Operator). [253-255] Let n > 2, let w =
(w1, ...,wy) be a weight vector with

n
wi €10,1], > wi=1,
=1

and let k > 1. The fuzzy Dombi aggregation operator is the mapping
FDWA ,, : [0,1]" — [0,1]

defined by
1

e (St ()')
for (z1,...,2,) € (0,1)", and extended to [0, 1]" by continuity.
Definition 6.2.2 (Neutrosophic Dombi Aggregation Operators). [256H258] Let

sj = (tj,u;,vj) € SVN (j=1,2,...,n),

FDWAkyw(xl,...,xn)zl— 1k’

let
w = (wi,wa, ..., W)

be a weight vector such that

w; € [0,1], ijzl,
and let p > 1 be a fixed Dombi parameter.
Assume first that

tj,Uj,UjE(O,l) (j=12,...,n),

and extend the formulas below to boundary values by continuity.
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1. The single-valued neutrosophic Dombi weighted arithmetic average (briefly, SVND-
WAA) operator is defined by

SVNDWAA,, ,(51,...,8n) = @szj
j=1

with the explicit form
SVNDWAA,, .,(s1,...,5n)

<1_ n 1 o\~ L/p’ n - s \P\ /P’ N ! Y. 1/p>.
(S () ) e e ()7 1 (S ()

2. The single-valued neutrosophic Dombi weighted geometric average (briefly, SVNDWGA)
operator is defined by

SVNDWGA, ,(s1,...,5n)

n
_ wj
= ®3j
j=1

with the explicit form

1 1
1— 1-—

B TEmE

SVNDWGA, (815, 8n) =

Each of the operators
SVNDWAA,,.,, SVNDWGA, ,, : SVN" — SVN
is called a meutrosophic Dombi aggregation operator.

Example 6.2.3 (A concrete example of the SVNDWAA operator). Let

Cojiin a2
1= 273747 2 = 47372

be two single-valued neutrosophic values, and let

11 1
w=|=,= =1.
59 ) p

Then the single-valued neutrosophic Dombi weighted arithmetic average is

SVNDWAALw(Sl, 52) = <T, U, V) s

where
1 12
AT e T
U= 1 _ 1 _ 14
() +(ED) G e
and ’ . ’ 1 1
G Ta
Hence

241
SVNDWAALw(Sl,SQ) = <3, §7 3> .
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Let M be a fixed uncertain model with admissible degree-domain
Dom(M) C [0, 1]*.

To define a Dombi-type aggregation on Dom(M ), one must specify how elements of Dom (M)
are represented by scalar coordinates on which Dombi aggregation is performed, and how
the aggregated coordinates are converted back into admissible uncertain values.

Definition 6.2.4 (Dombi-admissible representation of an uncertain model). Let n > 2, let
w=(w,...,w,) €[0,1]", Y wi=1,

and let p > 1.

A Dombi-admissible representation of the uncertain model M consists of:

(i) a nonempty set
Cy C[0,1)4

for some integer ¢ > 1;

(ii) a representation map
@y : Dom(M) — Ch;

(iii) a reconstruction map
War: CM — DOH](M)

such that
Upro®y = id—Dom(M);

(iv) scalar Dombi aggregation functions
djpw = [0,1]" = [0,1] j=1,...,9),
such that the induced coordinatewise map
Durpw: Cyp — [0,1]7
given by
D pw (u(l), . ,u(”)) = (dlm,w(ugl), e ugn)), . ,dq7p7w(u((11), . ug"))>
satisfies the closure condition

DM,p,w (C}\l/[) C Cu-

Definition 6.2.5 (M-Dombi aggregation operator). Assume that a Dombi-admissible rep-
resentation of M has been fixed. The induced M -Dombi aggregation operator

DM, pw 2 Dom(M)" — Dom(M)
is defined by
©M7p7w(a1, e ,an) = \IIM<DM,p,w (@M(al), ceey @M(an)))

for all
ai,...,an € Dom(M).
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Definition 6.2.6 (Uncertain Dombi aggregation of U-sets). Let X be a nonempty set, and
let
U = (X, i) (it=1,...,n)

be uncertain sets of the same type M on X, where
Wi : X — Dom (M) (t=1,...,n).
The uncertain Dombi aggregation of
Uy, ...,.Uy
induced by Dz, is the uncertain set
UDA M Uy -+ s Un) = (X, BUDA gy W oeth))

where
/’LUDAMI,p’w(UL...,L{n) X = DOIH(M)

is defined pointwise by

MUDAM,,),w(ul,...,un)(fU) =DM puw (Ml(ff)v e ,Mn(u’ﬂ)) (z € X).

Theorem 6.2.7 (Well-definedness of the M-Dombi aggregation operator). Under the as-
sumptions of the previous definitions, the mapping

DM, pw : Dom(M)"™ — Dom(M)

s well-defined.

Proof. Let
(a1,...,a,) € Dom(M)".
Then, for each i =1,...,n,
<I>M(a,-) e Cyy.
Hence

(@M(al), ceey @M(an)) S C]T\}

By the closure assumption on Dy, ),
DM,p,w(CI)M(al), e ,@M(an)) € Cyy.

Since
\IJM : CM — DOII](M),

it follows that
sz(DM,p,w (®ar(ar), ..., @M(an))) € Dom(M).

Therefore
DM pw(at, ... an) € Dom(M)
for all
(a1,...,a,) € Dom(M)".
Thus Dy, is well-defined. O
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Theorem 6.2.8 (Well-definedness of uncertain Dombi aggregation of U-sets). Let X be a
nonempty set, and let
Ui = (X, i) (i=1,...,n)

be uncertain sets of type M. Then
UDA M pw(Ui, .. Un)

is a well-defined uncertain set of type M on X.

Proof. Since each U; is an uncertain set of type M, one has
wi(x) € Dom(M) forallz € X andalli=1,...,n.

Fix £ € X. Then
(11 (), ..., pn(z)) € Dom(M)"™.

By the preceding theorem,
Dt p (111 (2), -, pin(2)) € Dom(M).

Hence
/‘UDAM,p,w(Ul,‘..,Mn)(x) € Dom(M) for all z € X.

Therefore the pointwise assignment
xr— QM,p,w (Nl (:C)v s nu’n($))

defines a mapping
HUDA y oo U ) © X — Dom(M).

Consequently,
UDA N (Ui, .. Un) = (X, MUDAMyp,w(Ml,...,L{n))

is an uncertain set of type M on X. Thus the uncertain Dombi aggregation of U-sets is
well-defined. O

Proposition 6.2.9 (Idempotency under coordinatewise idempotency). Assume, in addition,
that for each j =1,...,q,

djpalt,...,t) =t  forallte[0,1].

Then
DOumpw(a,...,a)=a  for all a € Dom(M).

Consequently, for every uncertain set U = (X, ) of type M,

UDA (U, .., U) =U.

Proof. Let a € Dom(M), and write
@M(a) = (Cl, S ,Cq) e Cuy.
By the coordinatewise idempotency assumption,

Dspw(Prrla), ..., Pun(a)) = (c1,...,cq) = Pu(a).
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Therefore
Dntpwla,. .. a) = QM(DM,,W(@M(CL), L @M(a))) — U (Prr(a)) = a,

because Wy o @y = idpom(ar)-

The U-set statement follows pointwise: for every x € X,

MUDAM,,,,w(u,...,u)(UC) =DM pw (Mu(l‘)> e 7Mu(90)) = ().

Hence
UDAM’pvw(L{, LU =U.

As a reference, a catalogue of representative Dombi aggregation operators classified by the
dimension k of the degree-domain is presented in Table

Table 6.4: A catalogue of representative Dombi aggregation operators by the dimension k£ of
the degree-domain.

k note Representative Dombi aggregation operator(s)
1 Fuzzy Dombi aggregation operator.
2 Intuitionistic Fuzzy Dombi aggregation operator [259,1260]; Bipolar Fuzzy

Dombi aggregation operator [261); Pythagorean Fuzzy Dombi aggregation
operator [262,263].
3 Picture Fuzzy Dombi aggregation operator [2644265]; Spherical Fuzzy Dombi
aggregation operator [266,267]; Hesitant Fuzzy Dombi aggregation operator
[268]; Neutrosophic Dombi aggregation operator [269-271].
n (n>1) Plithogenic Dombi aggregation operator.
Reading guide. The table groups representative Dombi aggregation operators by the dimension k of their
degree values.

As another related concept besides the above, Dombi prioritized aggregation operators [272]
are also known.

6.3 Uncertain Power Average Operator

A power average operator aggregates inputs using support-based adaptive weights, emphasiz-
ing mutually reinforcing values while reducing the influence of isolated or weakly supported
information effectively [273,274]. An uncertain power average operator extends power aver-
aging to uncertain information, assigning support-dependent weights under uncertainty and
aggregating values while preserving adaptive collective behavior mathematically.

Definition 6.3.1 (Fuzzy Power Average Operator). [275,276] Let F.(R) denote the class
of all normal, convex fuzzy numbers on R with compact support. For each A € F.(R) and
a € [0, 1], write its a-cut as

[Ala =[Aq, ALl AL < AL
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Let n > 2, and let
Ai,Aq,... A, € .FC(R)

Assume that a support function
Sup : Fe(R) x Fe(R) — [0, 1]

is given, satisfying, for all A, B,C, D € F.(R),

1. Sup(4, B) € [0,1];
2. Sup(A, B) = Sup(B, A);

3. if d(A, B) < d(C, D), then
Sup(A, B) > Sup(C, D),

where d is a prescribed metric on F.(R).

For each i € {1,...,n}, define

7= Sup(A A7), A *

2 T LT

J#i
Then \; > 0 for all 7 and

i=1

The fuzzy power average operator of (Ai,...,A,) is defined by
FPA(Ay, ..., Ay) = P Nid;,
=1

where \;A; and @ denote the usual scalar multiplication and addition of fuzzy numbers,
equivalently described by a-cuts as

[FPA(AL..., An)], = Y AilAila = | D NA,, Y NAT, (o € ]0,1)).
=1 =1 =1

In the uncertain setting, the same idea can be formulated on the degree-domain of an un-
certain model. Throughout this subsection, let M be a fixed uncertain model with degree-
domain

Dom(M) C [0,1]*,

where k£ > 1. We assume that Dom (M) is nonempty and convex.
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Definition 6.3.2 (Uncertain power average operator). Let n > 2, and let
a,az,...,a, € Dom(M).
Assume that a support function
Sup,, : Dom(M) x Dom(M) — [0, 1]

is given, satisfying, for all a,b,c,d € Dom(M),

1. Sup,/(a,b) € [0, 1];

2. SupM(av b) = SupM(ba CL);
3. if dpr(a,b) < dpr(e,d), then

SupM(aa b) > SupM(Ca d>7

where ;7 is a prescribed metric on Dom(M).

For each i € {1,...,n}, define

n
1+T;
T; .= Sup,,(ai, aj), A= i
b vty
J#

m=1
The uncertain power average operator associated with M is defined by

UPAy(ar, ... ay) == Z i@
i=1

Theorem 6.3.3 (Basic properties of the adaptive weights). For the coefficients Ay, ...

defined above, the following hold:

1. ;>0 foralli=1,...,n;

2.3 Ni=1.

Proof. Since Supy,(a;, aj) € [0,1] for all 4, j, one has

Tz’:ZSupM(ai,aj)zo (i=1,...,n).

j=1
J#i
Hence
1+7;>0 (t=1,...,n).
Moreover,

n

> (1+Ty)>0.

m=1
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Therefore 4T
)\- e ¢ > 0 1= 1, . ,n
I ST Y )
Also,
14+ T; "+ T
ZA—Z . -zl
Zm 1 1 + T, ) Zm:l(l + Tm)
Thus the assertions follow. ]

Theorem 6.3.4 (Well-definedness of the uncertain power average operator). The mapping
UPA s : Dom(M)"™ — Dom(M)

s well-defined.

Proof. Let

(a1,...,ay,) € Dom(M)".
By the previous theorem, the coefficients A1, ..., A\, satisfy

n
A=0 (i=1...,n), > AN=L
=1
Hence
n
UPAM(al, ey an) = Z )\iai

is a convex combination of the points ai, ..., a, € Dom(M). Since Dom(M) is convex, every

convex combination of its elements again belongs to Dom(M). Therefore,
UPA(ai,...,a,) € Dom(M).

Thus the formula indeed defines a mapping
UPA s : Dom(M)™ — Dom(M),

so the uncertain power average operator is well-defined. O

Definition 6.3.5 (Induced uncertain power average on uncertain sets). Let X be a nonempty
universe, and let

U = (X, i) (it=1,...,n)

be uncertain sets of type M on X, where
wi : X — Dom(M).
The induced uncertain power average of Uy, ..., U, is defined by
UPAN (UL, ..., Uy) == (X, pupa),

where
pupa : X — Dom(M)

is given pointwise by

pupa(z) = UPAN (i (@), .., p(2))  (z € X).
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Theorem 6.3.6 (Well-definedness of the induced uncertain power average). Let X be a
nonempty set, and let
Ui = (X, i) (i=1,...,n)

be uncertain sets of type M on X. Then
UPAy (U, ..., Up) = (X, pupa)

is well-defined.

Proof. Fix x € X. Since each U; = (X, u;) is an uncertain set of type M, one has
wi(x) € Dom(M) (i=1,...,n).
Hence

(11 (), ..., pn(z)) € Dom(M)"™.
By the well-definedness of the uncertain power average operator,
UPAp (1 (), ..., pn(z)) € Dom(M).
Therefore
MUPA(fU) S Dom(M) (x S X)

It follows that
pupa : X — Dom(M)

is a well-defined function. Consequently,
UPAy (U, ..., Un) = (X, pupa)

is a well-defined uncertain set of type M. O

Remark 6.3.7. If £ = 1 and Dom(M) = [0, 1], then UPA s reduces to the ordinary scalar-
valued power average on the unit interval. More generally, when Dom(M) is a convex
degree-domain of a concrete uncertainty model (such as an interval-valued, intuitionistic,
or neutrosophic degree-domain), the above construction gives the corresponding uncertain
power average operator in a unified form.

6.4 Uncertain Mean Operator

A mean operator aggregates multiple inputs into a representative average, preserving central
tendency, balancing contributions, and providing a basic numerical summary of collective
magnitude overall. An uncertain mean operator averages uncertain values or structures into a
representative result, preserving central tendency while incorporating ambiguity, variability,
and incomplete information mathematically consistently.

Definition 6.4.1 (Fuzzy Mean Operator). [277,[278] Let F.(R) denote the class of all
normal, convex fuzzy numbers on R with compact support. For each A € F.(R) and « €
[0, 1], write

[A]oz: [A;7Ag]v A; SA;ra

for the a-cut of A.
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For any integer n > 1, the fuzzy mean operator
FM,, : F.(R)" — F.(R)

is defined by
1
FM,,(41,...,4,) := E@(Al@AQ@---@An),

where @ and ©® denote the usual addition and nonnegative scalar multiplication of fuzzy
numbers induced by Zadeh’s extension principle.

Equivalently, for every a € [0, 1],

[FM, (A, ..., An)], = lZzaxi—,a,lzfljﬂ ,

where

(Aa = A7, Af] (i=1,...,n).

2,000

Remark 6.4.2. The fuzzy mean operator is the natural arithmetic averaging operator on
fuzzy numbers. If each input A; degenerates to a crisp real number a;, then

1 n
FMn(al, s 7an) = E Zai’
=1

so it reduces to the ordinary arithmetic mean.

Remark 6.4.3. More generally, for a weight vector
n
w:(wlu'”?wn)v w’LZOv Zw’bzlu
i=1
the weighted fuzzy mean operator is defined by
WFMy (A1, ..., Ay) = @ (wi © A),
or equivalently,
n n
[WEMy (A, .., An)], = | D wid;,, Y wiAf,
i=1 i=1
The unweighted fuzzy mean operator is the special case w; = % for all 3.
A mean operator aggregates multiple inputs into a representative average, preserving central

tendency, balancing contributions, and providing a basic numerical summary of collective
magnitude overall. In the uncertain-set framework, however, a direct arithmetic mean on

Dom(M) C [0,1]*

need not remain inside Dom(M). Therefore, a mathematically correct model-independent
definition must be based on a representation of uncertain values in a convex coordinate
domain.
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Definition 6.4.4 (Mean-admissible representation of an uncertain model). Let M be an
uncertain model with admissible degree-domain

Dom(M) C [0, 1]*.

A mean-admissible representation of M consists of the following data:

(i) a nonempty convex set
CM - [07 1]q

for some integer ¢ > 1;

(ii) a representation map
@y : Dom(M) — Chy;

(iii) a reconstruction map
\I/M : CM — DOHI(M)

such that
W0 @pr = idpom(ar) -

Remark 6.4.5. The convexity of Cjs ensures that coordinatewise weighted averages of
represented uncertain values remain inside Cjy, which is the key condition needed for mean-
type aggregation.

Definition 6.4.6 (Weighted M-mean operator). Let
n
w = (wr,...,w,) €[0,1]", sz‘ZL
i=1

with n > 1. Assume that a mean-admissible representation
(CM7 (pMa \I]M)

of M has been fixed.

For
ai,...,a, € Dom(M),

write ‘ ‘ '
@M(ai):u(z):(ugl),...,ugz))ECM (i=1,...,n).

The weighted M -mean operator
WMeanjy,,, : Dom(M)"™ — Dom(M)
is defined by
n
WMeanyy (a1, ... a,) =¥y (Z w; @M(ai)> ,

i=1
that is,

WMeanM,w(ala ce 7an) =Wy ((Z wlugl), e Zwmé”)) .
i=1 i=1
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In the special case
1

w; = — i=1,...,n),

= )

the resulting operator is called the unweighted M -mean operator and is denoted by
Meanys,(ai,...,ap).

Explicitly,

1 n
Meanys,(ai,...,a,) = \I/M< Z(I)M(ai>> .

n -
=1

Theorem 6.4.7 (Well-definedness of the weighted M-mean operator). Under the assump-
tions above, the mapping

WMeanjy,,, : Dom(M)"™ — Dom(M)
is well-defined. Consequently,
Meanz,, : Dom(M)" — Dom(M)

1s also well-defined.

Proof. Let
(a1,...,ay,) € Dom(M)".
Since
@y Dom(M) — Cyy,
one has

(I)M(ai)GCM (izl,...,n).

Because C)y is convex and
n
w; > 0, E w; = 1,
i=1
the convex combination
n
§ w; Par(ai)
i=1

belongs to Cj;. Since
Uy : Cpr — Dom(M),

it follows that

Uar (i w; @M(ai)> € Dom(M).

i=1
Therefore

WMeanyy (a1, ..., a,) € Dom(M) for all (ay,...,a,) € Dom(M)".

Hence WMean y,,, is well-defined.

[he unweighted case is obtained by takmg
;] — ) — 1 DY
Wy n (’L y y n),

which is again a valid weight vector. Thus Mean,y , is well-defined as well. O
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Definition 6.4.8 (Uncertain mean of U-sets). Let X be a nonempty set, and let
Ui = (X, i) (i=1,...,n)
be uncertain sets of type M on X, where
wi : X — Dom(M).
Let

w=(wr,..w) €017, Y wi=1.

The weighted uncertain mean of
U, ...,.Uy

is the uncertain set
UWMeanM,w(uh oo aun) = (Xv MUWMeanMYM(L{l,.‘.,L{n)),

where
PUWMean s o Ui, hn) © X — Dom(M)

is defined pointwise by

MUWMeanM,w(ul,...,un)(53) = WMean (Ml (z),..., Mn(w)) (z € X).

In the special case

the resulting operator is called the uncertain mean operator and is denoted by
UMeany (Ui, ..., Uy).

Theorem 6.4.9 (Well-definedness of the uncertain mean of U-sets). Let X be a nonempty
set, let

be uncertain sets of type M, and let
WMeanyy,,, : Dom(M)"™ — Dom(M)

be the weighted M-mean operator associated with a mean-admissible representation of M.
Then

UWDMean g, (U1, . .., Up)

1s a well-defined uncertain set of type M on X. In particular,
UMeany,, (U, ..., Uy)

s well-defined.
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Proof. Since each

is an uncertain set of type M, one has
wi(x) € Dom(M) forallz € X andalli=1,...,n.

Fix x € X. Then
(11(x), ..., pn(z)) € Dom(M)".

By the previous theorem,
WMean s, (p1(), . . ., pn(z)) € Dom(M).

Hence
MUWMeanM’w(lx{l,...,un)(x) c DOID(M) fOI‘ all T € X.

Therefore the pointwise assignment
x — WMeanp ., (11 (2), - - -, ()

defines a mapping
HUWMean g, o Us ,...ty) X — Dom(M).

Consequently,
UWMeanM,w (ulv ce ,Z/fn) = (Xa HUWMean 4, (Z/{17...,Z/{n))

is an uncertain set of type M on X. Thus the weighted uncertain mean is well-defined.

The unweighted uncertain mean is the special case

1
w; = —
n

so it is also well-defined. O
Proposition 6.4.10 (Basic properties). Let
U = (X, i) (t=1,...,n)
be uncertain sets of type M on X, and let
w = (wi,...,wy)

be a weight vector.

(i) Idempotency: for every uncertain set

U= (X, pu),
one has
UWDMeany (U, ... ,.U) =U.
(ii) Symmetry in the unweighted case: for every permutation o of {1,...,n},

UMeanMyn(Ul, cee ,Un) = UMeanM,n(ug(l), ce ,Z,{C,(n)).
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Proof. (i) For every a € Dom(M),

n

WMean s, (a, . ..,a) = Uy, (Z w; <I>M(a)> = Uy (Pps(a) = a,
=1

because

and
W o @y = idpom(ar) -
Hence, for every x € X,
HUWMean s U,...0t) (2) = WMean g 4, (@), ... (@) = pu(x).

Therefore
UWDMeanyy (U, ..., U) =U.

(ii) In the unweighted case,

1 n
Meanys n(a1, - an) = Uar | =S @us(a;) | -
UMeanyz,, (a1 ap,) M(ﬂ; M(a ))

Since ordinary vector addition is commutative, the value of

1112; Br(a)

is unchanged by permuting the inputs. Hence Meanyy;,,, and therefore also UMean g,
is symmetric.

6.5 Uncertain Bonferroni Mean Operator

A Bonferroni mean operator aggregates inputs through pairwise interaction terms, capturing
interdependence among arguments and producing a representative value reflecting collective
relationships quantitatively in aggregation [279,280]. A fuzzy Bonferroni mean operator
extends the Bonferroni mean to fuzzy membership degrees in [0,1], aggregating pairwise
interacting values while preserving boundedness mathematically and structure [281},282].

Definition 6.5.1 (Fuzzy Bonferroni Mean Operator). [281,282] Let
n>2, p,q =0, p+q>0.
The fuzzy Bonferroni mean operator of parameters (p,q) is the mapping

FBM,,,, : [0,1]" — [0,1]

defined by
1/(p+a)
. 1 - p,.4q
FBM, 4(z1,22,...,2y) := T p— MXZ:I T, T ,
i#]
for all
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Remark 6.5.2. Since each z; € [0, 1], one has
0<azfz!<1 (i # 7).
Hence

1 - p,.q
VS 2 =
i#]
and therefore
FBM, 4(21,...,2,) € [0,1].

Thus FBM,, 4 is well-defined on [0, 1]™.

Remark 6.5.3. The fuzzy Bonferroni mean captures pairwise interrelationships among the
input arguments, unlike the ordinary arithmetic mean, which treats them only through direct
averaging.

Definition 6.5.4 (Fuzzy Weighted Bonferroni Mean Operator). Let
w = (wi,...,wy,) € [0,1]"

be a weight vector such that
n
Z Ww; = 1.
i=1

The fuzzy weighted Bonferroni mean operator is defined by

FWBM,, 4. : [0,1]" — [0,1],

1/(p+q)
"L ww;
FWBM, gw(21,..., %) = Z 1111]}'.7}2-1?.%;1 ,
ij=1 v
17

provided w; # 1 foralli=1,...,n.

In the uncertain setting, this idea can be extended to multi-dimensional degree values in a
componentwise manner.

Throughout this subsection, let M be a fixed uncertain model with degree-domain
Dom(M) = [0,1]*,  k>1.

For each
a= (W, ... a®)elo1)"

and each real number r > 0, define
a®" = ((a(l))r, ce (a(k))r).

For
a= (M, .. a®), b=0D . ") eclo,1*,

define their componentwise product by
a®b:= (a(l)b(l), . ,a(k)b(k)).

Also, for s > 0 and ¢ = (¢, ..., W) € [0,1]*, define
OVs = ((0(1))1/5, cel (C(k))l/s).
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Definition 6.5.5 (Uncertain Bonferroni mean operator). Let
n=2 pqgz20, p+qg>0.
The uncertain Bonferroni mean operator of parameters (p,q) on M is the mapping

UBMyyp,q : Dom(M)™ — Dom(M)

defined by N
p+q
1 n
UBM,. ceap) = | —— OP & 21
Mip,qg(@1 an) n(n —1) i;1 a; ©ay
i#£]
for all

(a1,...,ay,) € Dom(M)".
Theorem 6.5.6 (Well-definedness of the uncertain Bonferroni mean operator). The operator
UBMyy,p.q : Dom(M)"™ — Dom(M)
s well-defined.

Proof. Take arbitrary
Write

where

Fix £ € {1,...,k}. Since p,q > 0, one has
l {4 . .
0< (@)(@?)'<1 G#9).
Hence each ¢-th component of
ai? o anq
belongs to [0, 1], and therefore
a? @ad" € [0,1F (i #).

Consequently, for each ¢,

n

0 s 3 () () < 1.

nin—1 52
i#£]
Thus

1 ~ op,. o k

n(nl)i;fi ©aj? € [0,1)".

i#]

Since p + g > 0, the exponent 1/(p + ¢) is well-defined and nonnegative, so taking the
componentwise 1/(p + q)-power again yields a vector in [0, 1]¥. Therefore,

UBM sy q(a1, ..., an) € [0,1]% = Dom(M).
Hence UBM ., 4 is well-defined. O
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Remark 6.5.7. When k£ = 1, the above definition reduces to the ordinary scalar-valued
fuzzy Bonferroni mean operator on [0, 1]. Thus the uncertain Bonferroni mean operator is a
natural multi-dimensional extension of the classical fuzzy Bonferroni mean.

Definition 6.5.8 (Uncertain weighted Bonferroni mean operator). Let
w = (wq,...,w,) €[0,1]"
be a weight vector such that

n
Zwi =1
i=1

and
wﬁél (i:l,...,n).

The uncertain weighted Bonferroni mean operator of parameters (p,q) with respect to w is
the mapping
UWBMs.p g, : Dom(M)™ — Dom(M)

defined by
©1/(p+q)
UWBM . g(ais .. ., an) = Zn: % af? © S
i%ié:jl
for all

(a1,...,a,) € Dom(M)".

Lemma 6.5.9 (Basic properties of the weighted coefficients). For

W; W4

mg =1 (#9)
K2

the following hold:

1. mi; >0 for all @ # j;

2.

n
an‘jzl-

i,j=1
i#j

Proof. Since w;, w; € [0,1] and w; # 1, one has 1 —w; > 0. Hence

w; Wy . .
mjzljl;zo (i # 7).
Moreover,

n

ij=1 i=1 j=1 i=1 j=
i#] J#i J#i
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Since

n
E wj; = 1—’[1)7;,
j=1

j=
J#
it follows that
7

PO i R o

1,7=1 i=1 i=1

i#]
This proves the result. O

Theorem 6.5.10 (Well-definedness of the uncertain weighted Bonferroni mean operator).
The operator
UWBM ... : Dom(M)"™ — Dom(M)

s well-defined.

Proof. Take arbitrary
ai, . ..,a, € Dom(M) = [0, 1]*.

As in the proof of the previous theorem,
a;? ©ai? € (0,1 (i # j).
For each ¢ € {1,...,k}, the /-th component of
ai? © a?q

lies in [0, 1]. By the lemma, the coefficients

W; W4
1— ws;

Nij = (i # J)

are nonnegative and sum to 1. Therefore, for each £,

0< > my(a”) (@) < 1.
z,ij;jl
Hence

n
WiW;
S e g o ¢ [o, 1),
— 1 —w J

1,j=1

i#]

Since p+q > 0, taking the componentwise 1/(p+¢q)-power is well-defined and again produces
an element of [0, 1]*. Therefore,

UWBMsp g0(at, -, an) € [0,1]% = Dom(M).
Thus UWBM,p g, is well-defined. O

Definition 6.5.11 (Induced uncertain Bonferroni mean on uncertain sets). Let X be a
nonempty universe, and let

U = (X, i) (i=1,...,n)
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be uncertain sets of type M on X, where
wi : X — Dom(M).
The induced uncertain Bonferroni mean of Uy, ... ,U, is defined by

UBMM;p,q(ula s ,Un) = (Xa MUBM),

where
HUBM - X — DOHI(M)

is given pointwise by
puBM () = UBMaspq(p1(2), ..., un(z)) (x € X).

Theorem 6.5.12 (Well-definedness of the induced uncertain Bonferroni mean). The pair

UBMM?F#](Ul? s )un) = (X7 ,UfUBM)

1s a well-defined uncertain set of type M.

Proof. Fix z € X. Since each U; = (X, p1;) is an uncertain set of type M,
wi(x) € Dom(M) (i=1,...,n).

Hence
(,ul(x), . ,un(:v)) € Dom(M)".
By the well-definedness of UBM ), 4,

UBMs;pq(11(2), ..., pn(z)) € Dom(M).

Therefore
/LUBM(JJ) € Dom(M) (Q? S X),

SO
HUBM X — DOHI(M)

is a well-defined function. Thus
(X, puBm)
is a well-defined uncertain set of type M. O

Definition 6.5.13 (Induced uncertain weighted Bonferroni mean on uncertain sets). Let X
be a nonempty universe, and let

U = (X, i) (i=1,...,n)
be uncertain sets of type M on X, where
pi » X — Dom(M).
The induced uncertain weighted Bonferroni mean of Uy, ..., U, is defined by
UWBMsp g0 Ui, ... Un) == (X, puwBMm),

where
HUWBM - X — Dom(M)

is given pointwise by

prowsM (@) := UWBMarp g (1 (2), - -, pin(2)) (z € X).
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Theorem 6.5.14 (Well-definedness of the induced uncertain weighted Bonferroni mean).
The pair
UWBMwsip,g,0(Uts - - - Un) = (X, puwswm)

1s a well-defined uncertain set of type M.

Proof. Fix z € X. Since each U; = (X, p;) is an uncertain set of type M,
wi(x) € Dom(M) (i=1,...,n).
Hence

(11 (), ..., pn(z)) € Dom(M)™.
By the well-definedness of UWBM . .05

UWBMsp, g0 (11 (2), - - ., n(2)) € Dom(M).
Therefore
MUWBM(fE) S Dom(M) (.’L‘ S X),

and so
HUWBM - X — DOII](M)

is well-defined. Consequently,
(X, puwsm)

is a well-defined uncertain set of type M. O

Table presents a catalogue of representative Bonferroni mean operators classified by the
dimension k of the degree-domain.

Table 6.5: A catalogue of representative Bonferroni mean operators by the dimension k of
the degree-domain.

k note Representative Bonferroni mean operator(s)

1 Fuzzy Bonferroni mean operator.

2 Intuitionistic Fuzzy Bonferroni mean operators [260,[283]; Pythagorean
Fuzzy Bonferroni mean operators [284}285]

3 Picture Fuzzy Bonferroni mean operators |286,287]; Spherical Fuzzy Bon-

ferroni mean operators [288,289]; Hesitant Fuzzy Bonferroni mean opera-
tors [290L291); Neutrosophic Bonferroni mean operators [292}[293].
n (n>1) Plithogenic Bonferroni mean operators.
Reading guide. The table groups representative Bonferroni mean operators by the dimension k of their
degree values.

6.6 Uncertain Heronian Mean Operator

A Heronian mean operator aggregates inputs using pairwise interaction terms, reflecting
mutual relationships among arguments and providing a mean between arithmetic and geo-
metric behavior [294,295]. A fuzzy Heronian mean operator extends the Heronian mean to
membership degrees in [0, 1], aggregating pairwise interacting fuzzy values while preserving
boundedness mathematically [296,297].
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Definition 6.6.1 (Fuzzy Heronian Mean Operator). (cf. [296,297]) Let
n > 2, p,q >0, p+q>0.
The fuzzy Heronian mean operator of parameters (p,q) is the mapping
FHM,, : [0,1]" — [0,1]

defined by o)
p+q

FHM,, o(z1,22,...,2,) == n+1 ZZx ,

for all

Remark 6.6.2. If
p=gq=1
then FHM,, , reduces to the classical Heronian mean on [0, 1]™:

1/2

FHM 1 (z1,...,2n) = n+1 ZZ&:ZJ;J

zljz

Remark 6.6.3. Since
one has

Therefore
FHM, (z1,...,2y) € [0,1],

so the operator is well-defined.

Definition 6.6.4 (Fuzzy Weighted Heronian Mean Operator). Let
w = (wi,...,wy,) € [0,1]"

be a weight vector such that
n

Zwi: 1.

i=1
For parameters
p,g=0, p+qg>0,

the fuzzy weighted Heronian mean operator is defined by
FWHM,, 4. : [0,1]" — [0,1],

1/(p+q)

n n
.f P..4q
FWHM, g w(z1,...,2,) := g g Wi T T ,
i=1 j=i
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where the coefficients w;; > 0 satisfy
n n
> w=1
i=1 j=i

A common symmetric choice is

In the uncertain-set setting, this idea can be extended to multi-dimensional degree values in
a componentwise manner.

Throughout this subsection, let M be a fixed uncertain model with degree-domain
Dom(M) =[0,1*,  k>1.

For each
a= (W, ... a®)elo1)"

and each real number r > 0, define
a®" = ((a(l))r, e (a(k))r).

For
a= (Y, ... a®), b=0W . ") el

define their componentwise product by
a®b:= (a(l)b(l), e ,a(k)b(k)).
Also, for s > 0 and ¢ = (c¢V, ..., c®) € [0,1]*, define
Os . ((0(1))1/5’ L (C(k))l/s).
Definition 6.6.5 (Uncertain Heronian mean operator). Let
n> 2, p,q =0, p+q>0.
The uncertain Heronian mean operator of parameters (p,q) on M is the mapping
UHMz.p,q : Dom(M)™ — Dom(M)
defined by

n n ©1/(p+9)
2
UHMM;p,q(ala ey p) = m Z Za?p © a?q

i=1 j=i

for all
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Remark 6.6.6. If
p=q=1,
then UHM ., , reduces componentwise to the classical Heronian-type mean formula:

o1/2

2 n n
UHM 11 (at, - ., an) = WZZa © a;

i=1 j=i
When k = 1, this coincides with the ordinary scalar-valued Heronian mean on [0, 1].
Theorem 6.6.7 (Well-definedness of the uncertain Heronian mean operator). The operator
UHMz.p,q : Dom(M)"™ — Dom(M)

s well-defined.

Proof. Take arbitrary
Write

where

Fix ¢ € {1,...,k}. Since p,q > 0, one has

0< (@f@”)?<1  (1<i<j<n).

Hence each ¢-th component of
ai? o anq

belongs to [0, 1], so
a;? ©a? € [0,1F  (1<i<j<n).

Therefore, for each ¢,

because there are exactly n(n + 1)/2 terms in the double sum. Thus
2 n n
O] O k
ST 2 2w oat e [0,1)"
i=1 j=i

Since p + ¢ > 0, the exponent 1/(p + ¢) is well-defined and nonnegative. Hence the compo-
nentwise 1/(p + ¢)-power again belongs to [0, 1]*. Consequently,

UHM zpg(as,- .. an) € [0,1]F = Dom(M).

Thus UHM ), 4 is well-defined. O
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Definition 6.6.8 (Uncertain weighted Heronian mean operator). Let
w = (wi,...,wy,) € [0,1]"

be a weight vector such that

Define

Iy = Z Wy Ws.

1<r<s<n

Since w; > 0 and )" ; w; = 1, one has I';, > 0. For

1<i<j<n,
define
’LUﬂUj
Wi = .
1] Fw

The uncertain weighted Heronian mean operator of parameters (p,q) with respect to w is
the mapping
UWHM\s.p g0 - Dom(M)"™ — Dom(M)

defined by

0 n ©1/(p+4q)
UWHM s gaw(ar, - an) = | DD wijai? © a5

i=1 j=i

for all
(a1,...,a,) € Dom(M)".

Lemma 6.6.9 (Basic properties of the coefficients). The coefficients w;; satisfy:

1. wij >0 foralll <i<j<n;

2.

n o n
Zzwij =1.

i=1 j=i

Proof. Since w;, w; > 0 and I'y, > 0, one has

wy==—20 (1<i<j<n)
w
Moreover,

n n n n

1 r

D) wy = EZZMZMJ _ Fw =1

=1 j=1 i=1 j=1
Thus the result follows. O
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Remark 6.6.10. If

1
w1 = = Wp = —,
n
then ( )
1 n(n+1 1 n+1
r, = — = C— =
v Z n? 2 n2 on ’
1<r<s<n
and hence

~ @/m)@am) 2 .
Vi = )@ " amen) G Sisisn.

Therefore UWHM 7., 4.0 Teduces to UHMz.,, 4 in the uniform-weight case.

Theorem 6.6.11 (Well-definedness of the uncertain weighted Heronian mean operator).
The operator
UWHM z.p .0 : Dom(M)"™ — Dom(M)

s well-defined.

Proof. Take arbitrary
ai,...,an € Dom(M) = [0,1]*.

As in the proof of the previous theorem,
a;? ©a"€[0,1F  (1<i<j<n).
Fix ¢ € {1,...,k}. Then

0< (a”)(@?)?<1  (1<i<j<n).

By the lemma, the coefficients w;; are nonnegative and sum to 1. Hence
S RRCNING
P q
0= > wile”) (@) <1
i=1 j=i

Therefore,

n o n
Z Zwij a?p ® a?q S [0, 1]k

i=1 j=i

Since p + g > 0, taking the componentwise 1/(p + g)-power is well-defined and again yields
an element of [0, 1]*. Thus,

UWHM s g0(a1, - - -5 an) € [0,1]% = Dom(M).
Hence UWHM p1,p 4,00 is well-defined. O

Definition 6.6.12 (Induced uncertain Heronian mean on uncertain sets). Let X be a
nonempty universe, and let

U = (X, i) (t=1,...,n)
be uncertain sets of type M, where

wi : X — Dom(M).
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The induced uncertain Heronian mean of Uy, ...,U, is defined by

UHMM;P,q(ula cee ,Z/{n) = (X7 )UUHM)a

where
MUHM X — DOIH(M)

is given pointwise by
poina(@) == UHM g (@), ia(2) (2 € X).

Theorem 6.6.13 (Well-definedness of the induced uncertain Heronian mean). The pair

UHMM;p,q(ulv s ,Un) = (X, MUHM)

is a well-defined uncertain set of type M.

Proof. Fix z € X. Since each U; = (X, p;) is an uncertain set of type M,
wi(z) € Dom(M) (i=1,...,n).

Hence
(11 (), ..., pn(z)) € Dom(M)"™.
By the well-definedness of UHMz.y, 4,

UHMazp.q (11 (2), - . ., pn(2)) € Dom(M).

Therefore
,U/UHM(QU) S DOIn(M) (x € X),

SO
MUHM X — DOHI(M)

is well-defined. Consequently,
(X, pumm)

is a well-defined uncertain set of type M. O

Definition 6.6.14 (Induced uncertain weighted Heronian mean on uncertain sets). Let X
be a nonempty universe, and let

U = (X, i) (it=1,...,n)
be uncertain sets of type M, where
pi : X — Dom(M).
The induced uncertain weighted Heronian mean of Uy, . ..,U, is defined by
UWHM g0 (Ui, - .. Un) == (X, puwam),

where
HUWHM - X — DOHI(M)

is given pointwise by

powam (2) 7= UWHM 1 .0 (01 (2), - pn(2)) (2 € X).
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Theorem 6.6.15 (Well-definedness of the induced uncertain weighted Heronian mean). The
pair
UWHM g0 UL, - - . Un) = (X, puwnm)

1s a well-defined uncertain set of type M.

Proof. Fix x € X. Since each U; = (X, ;) is an uncertain set of type M,
wi(x) € Dom(M) (i=1,...,n).
Hence
(11 (), ..., pn(z)) € Dom(M)™.

By the well-definedness of UWHM . ¢ w»
UWHM rp. g0 (11 (2), - -, pin(x)) € Dom(M).

Therefore

powam(z) € Dom(M) (z € X),

and thus
HUWHM - X - DOHI(M)

is well-defined. Consequently,
(X, puwnm)

is a well-defined uncertain set of type M. O

As a reference, a catalogue of representative Heronian mean operators classified by the di-
mension k of the degree-domain is presented in Table

Table 6.6: A catalogue of representative Heronian mean operators by the dimension k of the
degree-domain.

note Representative Heronian mean operator(s)
Fuzzy Heronian mean operator.
Intuitionistic Fuzzy Heronian mean operators [298}299];
Picture Fuzzy Heronian mean operators [239300]; Spherical Fuzzy Heronian
mean operators [301}(302]; Neutrosophic Heronian mean operators [303}/304];
Hesitant Fuzzy Heronian mean operators [305],300].
Reading guide. The table groups representative Heronian mean operators by the dimension k of their
degree values.

W N =

Related concepts other than those mentioned above include Archimedean Her than those
mentioned above include Archimedean Heronian mean operators [307,308], power Heronian
mean operators [309,310], and geometric Heronian mean operators [311-313].
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6.7 Uncertain Maclaurin Symmetric Mean Operator

A Maclaurin symmetric mean operator aggregates inputs through averaged elementary sym-
metric products, capturing collective interaction among several arguments and generalizing
arithmetic and geometric means [314}315]. Fuzzy Maclaurin symmetric mean operators
extend Maclaurin symmetric means to fuzzy degrees in [0, 1], aggregating interacting mem-
bership values while preserving symmetry and boundedness.

Definition 6.7.1 (Fuzzy Maclaurin Symmetric Mean Operators). [316}317] Let
n>1, ke{l,2,...,n}.
The k-th fuzzy Maclaurin symmetric mean operator is the mapping

FMSM® : [0,1]™ — [0,1]

defined by
1/k
1 k
FMSM®*) (x1,22,...,2p) = | v Z H Ty, ,

(k) 1<y <ig <+ <ip<n j=1

for all
(x1,...,2n) € [0,1]™.
The family
{FMSM(k)}
k=1

is called the family of fuzzy Maclaurin symmetric mean operators.

In the uncertain-set setting, this idea can be extended naturally to multi-dimensional degree
values in a componentwise manner.

Throughout this subsection, let M be a fixed uncertain model with degree-domain
Dom(M) =[0,1]¢,  d>1.

For vectors
a; = (agl),...,a(d)) e [0,1)¢ (i=1,...,n),

7

and for indices
1< <to< - <1<,

define their componentwise product by

O (Hagp, ]2, .... Hagg>> .
t=1 t=1 t=1

Also, for
c=(Y,... Dy elo,1)?

and r > 1, define the componentwise r-th root by

C@l/r — ((C(l))l/r, e (C(d))l/r)‘
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Definition 6.7.2 (Uncertain Maclaurin symmetric mean operators). Let
n>1, red{l,2,...,n}.
The r-th uncertain Maclaurin symmetric mean operator on M is the mapping

UMSM{) : Dom(M)" — Dom(M)

defined by
., o1/r
, 1
UMSME\/[)(al, cesln) = | Z @ a;, ,
(7') 1<) <ig<-<ir<n t=1
for all
(a1,...,a,) € Dom(M)".
The family
(m\"
{omsm(} )

is called the family of uncertain Maclaurin symmetric mean operators.

Remark 6.7.3. When d = 1, the above definition reduces to the usual scalar-valued Maclau-
rin symmetric mean operator on [0, 1]". Thus the uncertain Maclaurin symmetric mean is a
natural multi-dimensional extension of the classical fuzzy Maclaurin symmetric mean.

Remark 6.7.4. The family {UMSME&) n_. interpolates between important special cases:

r=1
) 10N
UMSM,/ (a1, .. .,an) = - Z a;,
=1

which is the componentwise arithmetic mean, and

n ol/n
UMSMY (ay, ... an) = (@ az-) :

i=1
which is the componentwise geometric mean.

Theorem 6.7.5 (Well-definedness of the uncertain Maclaurin symmetric mean). For each
re{l,2,...,n},

the operator
UMSM{) : Dom(M)" — Dom(M)

is well-defined.

Proof. Fix
re{l,2,...,n}

and take arbitrary
ai,...,a, € Dom(M) = [0,1]%

Write
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where

Let
1< <ig<--- <1, <1

be arbitrary, and fix £ € {1,...,d}. Then
0<J[a <1
t=1

Hence each ¢-th component of

belongs to [0, 1], and therefore

Now consider

1 r
5T Ou

/o 1<i1 <io<-<ir<n t=1

For each fixed component ¢, this is the arithmetic mean of (:f) numbers from [0, 1]. Therefore
its {-th component also belongs to [0, 1]. Hence

(nl) > D ai, € [0,1]%

T/ 1<i) <ig<--<ip<n t=1

Finally, if
then for every /,

Thus
Ve o, 1)4.

Applying this to the preceding average yields
UMSM{) (a1, .., a,) € [0,1]¢ = Dom(M).

Therefore the mapping
UMSM{) : Dom(M)™ — Dom(M)

is well-defined. O
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Definition 6.7.6 (Induced uncertain Maclaurin symmetric mean on uncertain sets). Let X
be a nonempty universe, and let

be uncertain sets of type M, where

i X — Dom(M).

For each
re{l,2,...,n},
the r-th induced uncertain Maclaurin symmetric mean of Uy, ... U, is defined by
UMSMY) Wy, ... Uy) = (X, 1 ip)s
where

ugﬁ/ISM : X — Dom(M)

is given pointwise by

) (@) = UMSMY) (11 (2), .. () (2 € X).

Theorem 6.7.7 (Well-definedness of the induced uncertain Maclaurin symmetric mean).
For each
re{l,2,...,n},
the pair
UMSMY) (Us, - .., Un) = (X, 153snr)
1s a well-defined uncertain set of type M.

Proof. Fix
re{l,2,...,n}

and z € X. Since each

is an uncertain set of type M, one has
wi(z) € Dom(M) (t=1,...,n).
Hence
(11 (), ..., pn(z)) € Dom(M)™.
By the well-definedness of UMSM(T),

UMSM%Z) (11 (), ..., pun(z)) € Dom(M).
Therefore
p) (@) € Dom(M)  (z € X).

Thus
/LSK/ISM : X — Dom(M)

is well-defined, and consequently
(X, NER/[SM)
is a well-defined uncertain set of type M. O

A catalogue of representative Maclaurin symmetric mean operators classified by the dimen-
sion k of the degree-domain is presented in Table
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Table 6.7: A catalogue of representative Maclaurin symmetric mean operators by the dimen-
sion k of the degree-domain.

note Representative Maclaurin symmetric mean operator(s)
Fuzzy Maclaurin symmetric mean operators.
Intuitionistic Fuzzy Maclaurin symmetric mean operators [318}319].
Picture Fuzzy Maclaurin symmetric mean operators [320}[321]; Spheri-
cal Fuzzy Maclaurin symmetric mean operators [322}323]; Neutrosophic
Maclaurin symmetric mean operators [324-326].
n (n>1) Hesitant Fuzzy Maclaurin symmetric mean operators |327,328].
Reading guide. The table groups representative Maclaurin symmetric mean operators by the dimension k
of their degree values.

W N =

6.8 Uncertain OWA operator

An uncertain OWA operator aggregates uncertain inputs after ordering them, enabling atti-
tudinal decision control between optimistic and pessimistic combination without fixed source
weights or priorities.

Definition 6.8.1 (Fuzzy OWA Operator). [329,330] Let n > 1 be an integer, and let
W = (wl,wg,... ,wn)

be a weight vector such that
n
wi €0,1]  (=12...,n), > wi=L
i=1

The fuzzy ordered weighted averaging operator (briefly, fuzzy OWA operator) associated with
W is the mapping
OWAy : [0,1)" — [0,1]

defined by
n
OWAw (z1,22,...,25) = Zwi Yi,
i=1
where
(Y1, 92, Yn)
is a permutation of
(1,22, .., Tp)

such that
Y1=Y2 2= 2 Yn.

Definition 6.8.2 (Neutrosophic OWA Operator). [331] Let
dj:<T'j,Ij,Fj>€SVN (j:].,...,n),
let
W = (wi,...,wy), wj € [0, 1], ijzl,
and let p : SVN — R be a fixed ranking function. If

p(&a(l)) 2 p(&a(Z)) 22 p(do(n))v
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then the neutrosophic OWA operator is defined by

NOWAW,{)(CNU, ce 7&77,) = <Z ijO'(j)7 Z ijU(j), Z 'LUjFo.(j)> .
j=1 j=1 j=1

In the uncertain-set setting, such an operator can be defined on the degree-domain of an
uncertain model by combining a ranking map with a convex weighted average.

Throughout this subsection, let M be a fixed uncertain model with degree-domain
Dom(M) C [0,1]*,

where k > 1. Assume that Dom (M) is nonempty and convex.

Let
pyv s Dom(M) — R

be a fixed ranking map. For each n > 1, let
W = (wy,ws,...,wy,) €[0,1]"

be a weight vector satisfying

Definition 6.8.3 (Canonical pps-ordering). Let
(a1,...,a,) € Dom(M)".

A permutation o of {1,...,n} is called the canonical pps-ordering permutation of (ay, ..., ay)
if the following conditions hold:

py(agny) = pr(a2)) = - = prr(aom));

2. whenever
pr(ag(iy) = prulao)) and i< j,
one has
o(i) < o(j).

In other words, the inputs are ordered in decreasing order of their ranking values, and ties
are broken by preserving the smaller original index first.

Lemma 6.8.4 (Existence and uniqueness of the canonical ordering). For every
(a1,...,a,) € Dom(M)",

there exists a unique canonical ppr-ordering permutation o.
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Proof. Define a binary relation < on the index set {1,...,n} by

uxv <= (pmlaw) > palay)) or (par(au) = pa(ay) and u < v).

This relation totally orders the finite set {1,...,n}: any two indices are comparable, and
ties of the ranking values are resolved by the natural order of indices. Hence there exists a
unique listing

o(l),0(2),...,0(n)

of the indices in decreasing order with respect to this rule. By construction, o satisfies
conditions (1) and (2) of the definition. Therefore the canonical pjs-ordering permutation
exists and is unique. O

Definition 6.8.5 (Uncertain OWA operator). Let n > 1, let
n
W = (wy,...,wy,) € [0,1]", Zwizla
i=1

and let pps : Dom(M) — R be a fixed ranking map. For
(a1,...,an) € Dom(M)",
let o be the unique canonical pps-ordering permutation of (aq,...,a,), and write
bi = aq;) (i=1,...,n).
The uncertain OWA operator associated with M, W, and pjs is the mapping
UOWA N, w,p,, @ Dom(M)™ — Dom(M)
defined by

UOWAM;W,,;M (al, e ,an) = Z (o bi.
=1

Here the sum is the usual vector sum in RF.

Remark 6.8.6. If k = 1, Dom(M) = [0, 1], and

pu(a) =a  (ac[0,1)),

then UOWA j1.w,, reduces to the ordinary fuzzy OWA operator. Thus the present definition
is a natural uncertain-set-based extension of the classical scalar OWA operator.

Remark 6.8.7. For specific uncertainty models, different choices of the ranking map pjs
lead to different ordering policies. For example, in neutrosophic-type models one may choose
a score or ranking function tailored to the intended semantics of truth, indeterminacy, and
falsity.

Theorem 6.8.8 (Well-definedness of the uncertain OWA operator). The mapping
UOWA Wy, : Dom(M)™ — Dom(M)

s well-defined.
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Proof. Let
(a1,...,a,) € Dom(M)"

be arbitrary. By the previous lemma, there exists a unique canonical pps-ordering permuta-
tion o, so the reordered tuple

(bla ce- >bn) = (a0(1)7- . 'aaa(n))

is uniquely determined.

Since each b; € Dom (M) C [0,1]*, and since

the vector

i=1
is a convex combination of points of Dom(M). Because Dom(M) is convex, every convex
combination of its elements again belongs to Dom(M). Therefore,

n
UOWAM;M/’[,M (al, . ,an) = Z w;b; € DOIH(M).
i=1
Hence the formula defines a mapping
UOWA W, py, @ Dom(M)™ — Dom(M),
so the uncertain OWA operator is well-defined. O

Definition 6.8.9 (Induced uncertain OWA operator on uncertain sets). Let X be a nonempty
universe, and let

U= (X, ) (i=1,...,n)

be uncertain sets of type M, where
wi : X — Dom(M).
The induced uncertain OWA operator on (Ui, ...,Uy,) is defined by
UOWA MWy, (UL, .. Un) = (X, puowa),

where
puowa : X — Dom(M)

is given pointwise by
MUQWA(I‘) = UOWAM;WpM (/,Ll(x), ... ,un(x)) (x S X)

Theorem 6.8.10 (Well-definedness of the induced uncertain OWA operator). The pair

UOWAM;W,pM (Z/Il, e ,Un) = (X, NUOWA)

1s a well-defined uncertain set of type M.
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Proof. Fix z € X. Since each
U;

Il
Is
1S

is an uncertain set of type M, one has
wi(x) € Dom(M) (i=1,...,n).

Hence
(11 (), ..., pn(z)) € Dom(M)"™.

By the well-definedness of the uncertain OWA operator,
UOWA w0, (11 (), - . ., pn(2)) € Dom(M).

Therefore,
puowa(z) € Dom(M)  (z € X).

Thus
puowa : X — Dom(M)

is a well-defined function, and consequently
(X, puowa)

is a well-defined uncertain set of type M. O

A catalogue of representative OWA operators by the dimension k of the degree-domain is
presented in Table

Table 6.8: A catalogue of representative OWA operators by the dimension k of the degree-
domain.

note Representative OWA operator(s)
Fuzzy OWA operator [330].
Intuitionistic Fuzzy OWA operator [332,[333].
Neutrosophic OWA operator [334,/335].
n (n>1) Plithogenic OWA operator.
Reading guide. The table groups representative OWA operators by the dimension k of their degree values.

W N =

As related concepts to the above, induced OWA operators [3364[337], linguistic OWA opera-
tors [338])339], heavy OWA operators [340], weighted owa operators [341,342] and generalized
OWA operators [329,330], among others, are also known.

6.9 Uncertain Einstein Aggregation Operators

Einstein aggregation operators combine multiple values using Einstein sum and product laws,
providing smooth, parameter-free fusion that balances interaction, boundedness, and gen-
eralized averaging behavior effectively [343-345]. Uncertain Einstein aggregation operators
extend Einstein-based fusion to uncertain-valued information, aggregating vague or multi-
component inputs while preserving boundedness, interaction structure, and representative
collective assessment consistently.
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Definition 6.9.1 (Fuzzy Einstein Aggregation Operators). [346] Let
I=100,1, =n>1,

and let
w = (wy,...,wy) €I"

be a weight vector satisfying

First, define the Finstein sum and Finstein product on I by

r+y ® L Ty
1+ay’ Ey'_l—i—(l—:n)(l—y)’

T By = z,y € 1.

For A > 0 and = € I, define the Finstein scalar multiplication of x by A as

(14z)* = (1 —xz)*
(1+x)+ (1 —ax)N

and define the Finstein power of x with exponent \ as

A @ x 1=

A
Ao 2z

T (2—2)+ 2N

Then the following operators are called fuzzy Finstein aggregation operators.

1. The fuzzy Finstein weighted averaging operator (FEWA) is the mapping
FEWA, :I" —> 1T

defined by
FEWAw(x1, ce ,xn> = (wl @5 xl) @5 te @5 (Wn @5 xn)

Equivalently,

(L+ ) — [ — )™

—.
—.

.
Il
—
-
Il
fa

FEWA,(z1,...,2,) = )
(1 — xi)wi

=

(1+ )™ +

—.

.
I
—
..
Il
—

2. The fuzzy Einstein weighted geometric operator (FEWG) is the mapping
FEWG, : [" — I

defined by
FEWG, (21,...,2n) = 27" ®¢ -+ @ e,

Equivalently,

FEWGy(z1,...,2,) =
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3. Let (y1,...,yn) be a permutation of (z1,...,x,) such that
Y1 2 Y2 =2 2 Yn.
Then the fuzzy Einstein ordered weighted averaging operator (FEOWA) is defined by

FEOWAw(fEly sy xn) = (wl Oc¢ yl) De -+ - De (wn O¢ yn)

Equivalently,
[T+ = T] =)™
FEOWA, (z1,...,2,) = =1 =l :
[Ta+w) s+ —w)
=1 =1

4. With the same ordering y; > - -+ > y,, the fuzzy Einstein ordered weighted geometric
operator (FEOWG) is defined by

FEOWG(z1,...,2n) ==y} ®@c -+ @ yp"=.

Equivalently,

n
2w
=1
n n :
[Te—v) +]]u"
1 =1

1=

FEOWG(z1,...,2,) =

In the uncertain-set setting, these operators can be extended naturally to multi-dimensional
degree values by applying the corresponding scalar formulas componentwise.

Throughout this subsection, let M be a fixed uncertain model with degree-domain
Dom(M) = [0,1]¢,  d>1.
Let
n>1

be an integer, and let
w = (wq,...,w,) €[0,1]"

be a weight vector satisfying
n
i=1

Define
IV={ie{l,...,n} |w; >0}

Since Y. ; w; = 1, the set I is nonempty.

Remark 6.9.2. For scalar values z,y € [0, 1], the Einstein sum and Einstein product are

given by
x+vy xy

1+£L’y’ TRe Y :

ey EEEN(E )

The uncertain Einstein aggregation operators introduced below are multi-dimensional exten-
sions of the corresponding scalar Einstein aggregation formulas.
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Definition 6.9.3 (Uncertain Einstein weighted averaging operator). For
a;= (0", a") eDom(M)  (i=1,...,n),

define
UEWA (a1, .. a,) == (77(1), e n(d)),

where, for each ¢ € {1,...,d},

H (1 + agz))wi _ H (1 _ (I(Z))

() ._ i€} iely
o H( wl + H (Z)
iell el

This mapping is called the uncertain Einstein weighted averaging operator associated with
M and w.

Definition 6.9.4 (Uncertain Einstein weighted geometric operator). For

a; = (a(-l), e (d)) € DOHl(M) (Z = 17 s 'an)7

()

define
UEWG (a1, ... ay) == (7(1)7 o :’Y(d)),

where, for each ¢ € {1,...,d},

This mapping is called the uncertain Finstein weighted geometric operator associated with
M and w.

Definition 6.9.5 (Canonical pps-ordering). Let
pyv s Dom(M) — R

be a fixed ranking map. For
(a1,...,a,) € Dom(M)",

a permutation o of {1,...,n} is called the canonical pyr-ordering permutation if:

pm(ag1y) = pr(ao2)) = - = prr(aom));

2. whenever
pm(ao(iy) = prm(ag(;y) and i <j,

one has

o(i) < o(j).

Thus the inputs are ordered in decreasing order of the ranking values, and ties are broken
by preserving the smaller original index first.
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Lemma 6.9.6 (Existence and uniqueness of the canonical ordering). For every
(a1,...,a,) € Dom(M)",

there exists a unique canonical ppr-ordering permutation.

Proof. Define a binary relation < on {1,...,n} by

u=xv < (pmlay) > pu(ay)) or (par(aw) = pa(ay) and u < v).

This relation totally orders the finite index set {1,...,n}, because every two indices are
comparable and ties are resolved by the natural order of indices. Hence there exists a unique
permutation

o(l),...,0(n)
listing the indices in decreasing order with respect to this rule. By construction, o is exactly
the unique canonical pps-ordering permutation. O

Definition 6.9.7 (Uncertain Einstein ordered weighted averaging operator). Let
pyv s Dom(M) — R
be a fixed ranking map, and let
(a1,...,a,) € Dom(M)".
Let o be the unique canonical pjs-ordering permutation of (aq,...,a,), and write
bi = aq;) (i=1,...,n).

The uncertain Finstein ordered weighted averaging operator associated with M, w, and pys
is defined by
UEOWA . pp, (a1, .-y an) := UEWA 7. (b1, ..., by).

Definition 6.9.8 (Uncertain Einstein ordered weighted geometric operator). Let
py s Dom(M) — R
be a fixed ranking map, and let
(a1,...,a,) € Dom(M)".
Let o be the unique canonical pyr-ordering permutation of (aq,...,a,), and write
bi 1= aq(;) (i=1,...,n).

The uncertain Einstein ordered weighted geometric operator associated with M, w, and pjs
is defined by
UEOWG w0, (015 - - -, ) := UEWGa .0 (b1, - - -, bn)-

Remark 6.9.9. If d = 1, Dom(M) = [0, 1], and
pu(a) =a  (a€[0,1]),

then UEWA /., UEWGH 0, UEOWA N0 9y, @and UEOWG .4, reduce to the usual
scalar fuzzy Einstein weighted averaging, fuzzy Einstein weighted geometric, fuzzy Einstein
ordered weighted averaging, and fuzzy Einstein ordered weighted geometric operators, re-
spectively.
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Theorem 6.9.10 (Well-definedness of the uncertain Einstein weighted averaging operator).
The mapping
UEWA ., : Dom(M)" — Dom(M)

s well-defined.

Proof. Take arbitrary
ai,...,a, € Dom(M) = [0,1]%

Fix ¢ € {1,...,d}, and define

Ay = H (1+ az(-g))wi, By = H (1-— ay))wi.

i€l ield
Since
0<a? <1 (i=1,...,n),
one has
1+aPen2, 1-4" €01
Hence

Ay >0, By > 0.

Moreover, for every i € I},
14+a” >1-a,

and since all exponents w; are positive on I, it follows that
Ay > By.

Therefore,
0<A;,— By < A)+ By, A¢+ By > 0.

Thus

o< de=Br_
~— A, +By T

Hence
nelo,1]  (¢=1,....d).

Consequently,
UEWAr(at, ..., an) = (n,...,n@) € 0,1]¢ = Dom(M).
Therefore UEWA 1., is well-defined. O

Theorem 6.9.11 (Well-definedness of the uncertain Einstein weighted geometric operator).
The mapping
UEWG 1, : Dom(M)"™ — Dom(M)

1s well-defined.

Proof. Take arbitrary
ai,...,a, € Dom(M) = [0,1]%
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Fix £ € {1,...,d}, and define

Since
one has

and therefore
Dy > 0.

Also, for every i € I

w
az(z) <2-— al@.
Hence
Cy < Dy.

Therefore,
0<2C, <Cy+ Dy, Co+ Dy > 0,

which implies

2C,)
0 —= _<1.
“Ci+ Dy T
Thus
7O e0,1] (=1,...,d).
Consequently,
UEWG (a1, .. an) = (v, ..., 4@) € [0,1]¢ = Dom(M).

Hence UEWG ., is well-defined. O

Theorem 6.9.12 (Well-definedness of the ordered uncertain Einstein aggregation opera-
tors). The mappings
UEOWA 1.4y, : Dom(M)™ — Dom(M)

and

UEOWG s,0,py, : Dom(M)™ — Dom(M)

are well-defined.

Proof. Let
(a1,...,a,) € Dom(M)"

be arbitrary. By the lemma on canonical ordering, there exists a unique canonical pps-
ordering permutation o. Hence the reordered tuple

(bl, cee ,bn) = (a(,(l), ey ag(n))
is uniquely determined and satisfies

b; € Dom(M) (i=1,...,n).
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By the previous two theorems,

UEVVA]\/[;w(ZH7 ceey bn) S Dom(M), UEWGM;w(bl, ceey bn) S Dom(M).

Therefore,
UEOWA 1w pps (a1, - .y an) = UEWAp, (b1, ..., by) € Dom(M),
and
UEOWG 0,00, (015 - - -y an) = UEWG s (b1, . .., by) € Dom(M).
Thus both ordered operators are well-defined. ]

Definition 6.9.13 (Induced uncertain Einstein aggregation operators on uncertain sets).
Let X be a nonempty universe, and let

UZ':(X,,U,Z‘) (i:1,...,n)
be uncertain sets of type M, where

wi : X — Dom(M).

For
¢ € {UEWA 1.0, UEWG 1.0, UEOWA M. 1 s UEOWG a0, }
define
Uy, ... Uy) = (X, pa),
where

e : X — Dom(M)
is given pointwise by
pa () :<I>(,u1(af:),,un(x)) (z € X).
These are called the induced uncertain Finstein aggregation operators on uncertain sets.

Theorem 6.9.14 (Well-definedness of the induced uncertain Einstein aggregation opera-
tors). For each

® € {UEWA 11, UEWG .00, UEOWA 11 1, » UEOWG 00,0,

sPM

the pair
oUy, ... Uy) = (X, o)

1s a well-defined uncertain set of type M.

Proof. Fix
¢ € {UEWA 1.0, UEWG 1.0, UEOWA M 1 s UEOWG as20. 0,

and z € X. Since each

is an uncertain set of type M, one has

wi(x) € Dom(M) (i=1,...,n).
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Hence
(11 (), ..., pn(z)) € Dom(M)™.

By the preceding well-definedness theorems,
D(1(2), . () € Dom(M).

Therefore,
pa(x) € Dom(M) (x € X).

Thus
e : X — Dom(M)

is a well-defined function, and consequently

(Xv M@)

is a well-defined uncertain set of type M. O

A catalogue of representative Einstein aggregation operators classified by the dimension & of
the degree-domain is presented in Table

Table 6.9: A catalogue of representative Einstein aggregation operators by the dimension k
of the degree-domain.

k note Representative Einstein aggregation operator(s)

1 Fuzzy Einstein Aggregation Operators [346,/347].

2 Intuitionistic Fuzzy Einstein Aggregation Operators [348/349]; Pythagorean
Fuzzy Einstein Aggregation Operators [350}351].

3 Hesitant Fuzzy Einstein Aggregation Operators [352-354]; Spherical fuzzy

Einstein Aggregation Operators [355-357]; Picture fuzzy Einstein Aggre-
gation Operators [358H360]; Neutrosophic Einstein Aggregation Operators
[361L362].

Reading guide. The table groups representative Einstein aggregation operators by the dimension k of their

degree values.

6.10 Uncertain Geometric Aggregation Operators

Geometric aggregation operators combine multiple inputs multiplicatively, usually through
weighted products, capturing proportional interaction, penalizing low values, and producing
a representative fused assessment geometrically overall [363,/364]. Uncertain geometric aggre-
gation operators multiplicatively combine uncertain inputs, often via weighted products on
uncertainty-valued data, preserving proportional structure while producing a representative
aggregated uncertain assessment.

Definition 6.10.1 (Fuzzy Geometric Aggregation Operators). (cf. [365,366]) Let
I:=100,1, n>1,
and adopt the standard convention

0 :=1.
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1. The fuzzy geometric mean is the mapping

FGM,, : I" — I
defined by
FGM,,(z1,...,x,) = H Zl/n
=1
2. Let

w = (wy,...,wy,) € I", Zwizl.

The fuzzy weighted geometric operator is the mapping

FWGy, : I™" — 1
defined by
n
FWGy(21,...,2y) := H:B;wl
i=1
3. Let
n
w = (wy,...,wy,) € I", sz—l
i=1
For
(x1,...,2py) € 1",
let
(Y15 Yn)
be a permutation of
(X1, Tp)

such that
Y1=2Y2 2 2 Yn.

The fuzzy ordered weighted geometric operator is the mapping

FOWG,, : " — I

defined by
n
FOWGy (21, ..., 2n) := [ 5"
i=1
4. Let n
w=(w1,...,wn) €I Zwi:17
i=1
and let .
w = (wy,...,wy,) € I", Zwizl.
i=1
For
(wla 7‘7:71) S In?
define the preweighted values
u; =} (i=1,...,n)
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Let

(215, 2n)
be a permutation of

(Ug, ..., up)

such that
21222 2 Zp.

The fuzzy hybrid geometric operator is the mapping
FHGyw : " — 1
defined by
FHGy (21, ..., 2p) = HZZ”’

In the uncertain-set setting, such operators can be extended naturally to multi-dimensional
degree values by using componentwise powers and products.

Throughout this subsection, let M be a fixed uncertain model with degree-domain
Dom(M) =[0,1]¢,  d>1.
Let
1g:=(1,...,1) €[0,1]%

For
a=(WY,.. .  a?)elo,1]?

and A € [0,1], define the componentwise weighted power by
on [P @), a0,
1d7 )\ - O

For
ai,...,an € [0, 1]d,

define their componentwise product by
- Hn 1) Hn ) H" (@
1 2 d
@ai::< a;’, a,”’, ..., a, >
i=1 i=1 i=1 i=1

Lemma 6.10.2 (Closure under componentwise weighted powers and products). Let

a,...,a, € 0,1]¢
and
A,y Ay € [0,1]
Then
aP™ € [0,1]? (t=1,...,n),
and

@a?)‘i e [0,1]¢.
=1
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Proof. Fix i € {1,...,n} and £ € {1,...,d}. If \; > 0, then

0<ad?<1 — o< (@<t

— 7

If \; =0, then by definition
a?o =14 € [0, 1]d.

Hence
aP™ e [0,1]? (t=1,...,n).

Now fix £ € {1,...,d}. Since each ¢-th component of al@/\" lies in [0, 1], their product also
lies in [0, 1]. Therefore each component of

n
ON;
@ a;
i=1

belongs to [0, 1], and so

n

(adt e 0, 1)

i=1
U

Definition 6.10.3 (Uncertain geometric mean). Let n > 1. The uncertain geometric mean
on M is the mapping
UGMjsy, : Dom(M)" — Dom (M)

defined by
UGMMm(al, e ,an) = @ ai®1/n.
i=1

Definition 6.10.4 (Uncertain weighted geometric operator). Let

n
w = (wr,...,w,) €[0,1]", Zwizl.
The uncertain weighted geometric operator on M associated with w is the mapping
UWG s, : Dom(M)™ — Dom(M)
defined by
n
UWGw(ai, ... ay) = @ a?wi.
i=1

Definition 6.10.5 (Canonical pys-ordering). Let
py s Dom(M) — R

be a fixed ranking map. For
(a1,...,a,) € Dom(M)",

a permutation o of {1,...,n} is called the canonical ppr-ordering permutation if:

oy (ao1)) = P (ag(2)) = -+ = pr(ag(n));
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2. whenever
pM(aa(i)) = pM(aa(j)) and i< 7,
one has
o(i) < o(j).

Thus the values are ordered in decreasing order of their ranking values, and ties are broken
by preserving the smaller original index first.

Lemma 6.10.6 (Existence and uniqueness of the canonical ordering). For every
(a1,...,a,) € Dom(M)",

there exists a unique canonical ppr-ordering permutation.

Proof. Define a binary relation < on {1,...,n} by

u=xv < (pmlay) > pu(ay)) or (par(aw) = palay) and u < v).

This relation totally orders the finite set {1,...,n}, since any two indices are comparable and
ties are resolved by the natural order of indices. Hence there exists a unique permutation

listing the indices in decreasing order with respect to this rule. By construction, o is exactly
the unique canonical pjs-ordering permutation. O

Definition 6.10.7 (Uncertain ordered weighted geometric operator). Let

n

w = (wr,...,w,) €[0,1]", Zwi:L
i=1

and let
pyv s Dom(M) — R

be a fixed ranking map. For
(a1,...,a,) € Dom(M)",

let o be the unique canonical pps-ordering permutation of (ay,...,a,), and write
bi = aq;) (i=1,...,n).

The uncertain ordered weighted geometric operator on M associated with w and pjs is the
mapping
UOWG 150,y : Dom(M)™ — Dom(M)

defined by

UOWGM;w’pM ((:Ll, ceey an) = @ b?’wz
=1
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Definition 6.10.8 (Uncertain hybrid geometric operator). Let

w=(wi,.w) €017, Y wi=1,

=1
and let
n
w = (wi,...,wy) €10,1]", Zwizl.
i=1
Let

py : Dom(M) — R

be a fixed ranking map. For
(a1,...,a,) € Dom(M)",

define the preweighted values
u; = aP™ (i=1,...,n).
Let o be the unique canonical pjr-ordering permutation of
(Ug, ...y up),

and write
Z; = Ua(i) (i: 1,...,n).

The uncertain hybrid geometric operator on M associated with w, w, and pys is the mapping
UHG Myw,w,py, - Dom(M)™ — Dom (M)
defined by

n

- Qw;

UHG M w000 (01, -+ 5 Gn) == @ PRt
i=1

Remark 6.10.9. If d = 1, Dom(M) = [0, 1], and
pu(a)=a  (a€l0,1]),

then UGMyys,, UWG a0, UOWGh1.0, 9y, and UHG 7. 0,0, Teduce to the ordinary scalar
fuzzy geometric mean, fuzzy weighted geometric operator, fuzzy ordered weighted geometric
operator, and fuzzy hybrid geometric operator, respectively.

Theorem 6.10.10 (Well-definedness of the uncertain geometric mean). The mapping
UGMjsy, : Dom(M)™ — Dom (M)
s well-defined.

Proof. Let

Since
the preceding closure lemma yields
n
@ a?l/n € 0,1]% = Dom(M).
i=1
Therefore

UGMjsn(as, ..., a,) € Dom(M),
so UGMy,,, is well-defined. O
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Theorem 6.10.11 (Well-definedness of the uncertain weighted geometric operator). The

mapping
UWG s, : Dom(M)"™ — Dom(M)

s well-defined.

Proof. Let

Since
w; € [0,1] (i=1,...,n),

the closure lemma gives

n
(Dai™ €[0,1]¢ = Dom(M).
=1

Hence
UWGrw(at, ..., ay) € Dom(M),

and thus UWG ., is well-defined. ]

Theorem 6.10.12 (Well-definedness of the uncertain ordered weighted geometric operator).
The mapping
UOWG p,,p,, : Dom(M)™ — Dom(M)

s well-defined.

Proof. Let
(ai,...,a,) € Dom(M)".

By the lemma on canonical ordering, there exists a unique canonical pys-ordering permuta-
tion . Hence the reordered tuple

(155 bn) = (ag1y, - - -+ Go(n))
is uniquely determined and satisfies
b; € Dom(M) (t=1,...,n).

Since each w; € [0, 1], the closure lemma implies

(Db € [0,1]* = Dom(M).
=1

Therefore

UOWG 0,0y, (a1, ..., an) € Dom(M),
s0 UOWG 1,0,y is well-defined. ]
Theorem 6.10.13 (Well-definedness of the uncertain hybrid geometric operator). The map-
ping

UHG Myw,w,py, - Dom(M)™ — Dom(M)

is well-defined.
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Proof. Let
(a1,...,a,) € Dom(M)".
For each i € {1,...,n}, since w; € [0, 1], the closure lemma gives
u; = ai* € [0,1]% = Dom(M).
Hence

(ui,...,up) € Dom(M)".

By the lemma on canonical ordering, there exists a unique canonical pjs-ordering permuta-
tion o of (u1,...,uy,). Therefore the reordered tuple

(Zla oo 7Zn) = (ua(l)a s 7u0'(n))
is uniquely determined and satisfies
zi € Dom(M) (t=1,...,n).

Since each w; € [0, 1], the closure lemma yields

n

(D z7" €[0,1]* = Dom(M).

=1
Thus
UHG 00,00, (@15 - - - an) € Dom(M),
and therefore UHG p1..0,p,, is well-defined. O

Definition 6.10.14 (Induced uncertain geometric aggregation operators on uncertain sets).
Let X be a nonempty universe, and let

be uncertain sets of type M, where

wi : X — Dom(M).

For
¢ € {UGMs, UWG 1,0, UOWG r,w,001 5 UHGMMw,pM} ,
define
Uy, ... Uy) = (X, pa),
where

pe : X — Dom(M)
is given pointwise by
Ho(2) = ® (i (@), ..., pa(x)  (z € X).
These are called the induced uncertain geometric aggregation operators on uncertain sets.

Theorem 6.10.15 (Well-definedness of the induced uncertain geometric aggregation oper-
ators). For each

® € {UGM /., UWG 100, UOWG z00 91 UHG Ao, par } »

the pair
Uy, ... Uy) = (X, o)

1s a well-defined uncertain set of type M.
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Proof. Fix
¢ € {UGMsn, UWG 1,0, UOWG 120,01, » UHG 0,000 }

and z € X. Since each

is an uncertain set of type M, one has
wi(x) € Dom(M) (i=1,...,n).

Hence
(11 (), ..., pn(z)) € Dom(M)"™.
By the preceding well-definedness theorems,

®(p1(z),. .., pn(z)) € Dom(M).

Therefore
pa(z) € Dom(M) (x € X).

Thus
ue : X — Dom(M)

is a well-defined function, and consequently
(Xa H@)

is a well-defined uncertain set of type M. O

A catalogue of representative geometric aggregation operators classified by the dimension k
of the degree-domain is presented in Table

Table 6.10: Catalogue of representative geometric aggregation operators classified by the
dimension k of the degree-domain.

k Framework Representative geometric aggregation operators

1 Fuzzy Fuzzy Geometric Aggregation Operators [367]

2 Intuitionistic Fuzzy Intuitionistic Fuzzy Geometric Aggregation Operators
[368-370]

2 Pythagorean Fuzzy Pythagorean Fuzzy Geometric Aggregation Operators
[371L372]

3 Picture Fuzzy Picture Fuzzy Geometric Aggregation Operators [373]

3 Neutrosophic Neutrosophic Geometric Aggregation Operators [374,375|

Note. Hesitant fuzzy geometric aggregation operators |376] are not placed in the table above, because the
degree information of a hesitant fuzzy element is typically a finite subset of [0, 1], rather than an element of
a fixed finite-dimensional domain [0, 1]*.
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Uncertain Integral / Dependence-Based Op-

erators

In this chapter, we discuss uncertain integral / dependence-based operators. For reference,
a concise comparison of copula, Choquet integral, and Sugeno integral is given in Table

Table 7.1: A concise comparison of copula, Choquet integral, and Sugeno integral

Aspect

Copula

Choquet integral

Sugeno integral

Basic role

Main structure

Additivity

Order dependence

Interaction

handling

Output style

Typical use

Models dependence
among components

Joint dependence
function on [0,1]"

Not an additive
aggregator

Not primarily
order-based
Captures dependence
structure directly

Describes joint
behavior or
dependence
Dependence modeling
and multivariate
uncertainty

Aggregates inputs
under a capacity with
interaction effects
Capacity and weighted
summation of ordered
increments
Generalizes weighted
averaging beyond
additivity

Yes, via ranking or
sorting of inputs
Captures redundancy
and synergy through
the capacity
Numerical aggregated
value

Interaction-aware
decision making and
information fusion

Aggregates inputs under a
capacity in an ordinal
max—min style

Capacity and max—min
combination of ordered
inputs

Non-additive and
non-linear

Yes, via ranking or sorting
of inputs

Captures ordinal
importance and qualitative
interaction

Ordinal or lattice-style
aggregated value

Qualitative decision
making and ordinal
aggregation

7.1 Uncertain

copula

An uncertain copula models dependence between uncertain variables or memberships, sepa-
rating marginal uncertainty from joint interaction while preserving grounded boundary and
monotonicity conditions under uncertainty.

137



Chapter 7. Uncertain Integral / Dependence-Based Operators

Definition 7.1.1 (Fuzzy Copula). [377,378] A function
C:[0,1)> = [0,1]
is called a fuzzy copula if
C(z,0) = C(0,z) =0, C(z,1)=C(l,z) ==z (x €1]0,1)),

and
C(z2,y2) — C(x2,91) — C(21,92) + C(21,91) > 0

for all 1 < x9 and y; < yz in [0, 1].
Definition 7.1.2 (Neutrosophic Copula). Let
SVN={(T,I,F)€[0,1]*: 0<T+1+F <3},

let
C: 0,1 = [0,1]

be a copula, and let

A neutrosophic copula is the mapping
Cn : SVN? — SVN

given by
Cn((Th, I, ), (To, I3, ) = (C(T1, Te), C*(I1, I3), C*(Fy, Fy)).

Let M be a fixed uncertain model with admissible degree-domain
Dom(M) C [0, 1]%.

In order to define a copula-type operation on Dom(M) in a model-independent and mathe-
matically consistent way, we use a coordinate representation of uncertain values and apply
classical scalar copulas componentwise.

Definition 7.1.3 (Copula-admissible representation of an uncertain model). A copula-
admissible representation of the uncertain model M consists of the following data:

(i) a nonempty set
Cy C[0,1]4

for some integer q > 1;

(ii) a representation map
Oy : Dom(M) — Chy;

(iii) a reconstruction map
Uy o Cpr — Dom(M)

such that
Uy 0 @y = idpom(ar);
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(iv) distinguished elements
Oaz, 1as € Dom(M)

whose coordinate representatives are
D (0p7) =0:=(0,...,0), Ory(lpy)=1:=(1,...,1);

(v) classical scalar copulas
C1,...,Cq:[0,1]* = [0,1]

such that the induced coordinatewise map
Cur: Cyr x Cpp — 10, 1]9
defined by
Cu(u,v) = (Cl(ul,vl), .. .,Cq(uq,vq)), u=(ut,...,uq), v=_(v1,...,0q),
satisfies the closure condition
Cu(Car x Crr) € Cy.

Definition 7.1.4 (M-copula). Assume that a copula-admissible representation of M has
been fixed. The induced M -copula is the mapping

Cyr : Dom(M) x Dom(M) — Dom (M)

defined by
Car(a,b) == \I’M<CM(<I>M(Q), @M(b))> (a,b € Dom(M)).

Definition 7.1.5 (Uncertain copula of U-sets). Let X be a nonempty set, and let
U= (X, m), V=(Xm)
be uncertain sets of the same type M, where
tats poy = X — Dom(M).
The uncertain copula of U and V induced by Cys, denoted by
Copp (U, V),

is defined by
Coppr (U, V) := (X, lcop,, w,V))

where
ICopy ,v) + X — Dom(M)

is given pointwise by

licopy, ) (@) = Car (e (), py(z))  (z € X).

Theorem 7.1.6 (Well-definedness of the M-copula). Under the assumptions above, the
mapping
Car : Dom(M) x Dom(M) — Dom (M)

s well-defined.

139



Chapter 7. Uncertain Integral / Dependence-Based Operators

Proof. Let
a,b € Dom(M).
Then
‘IDM(Q)ECM, (I)M(b) e Cy.
Hence

((I)M(CL),(I)M(I)>) c CM X CM

By the closure assumption on Cjy,
Cu ((I)M(CL), (I)M(b)) e Cy.

Since
\I/M : CM — Dom(M),

it follows that
\IIM(CM(CDM(a),Q>M(b))) € Dom(M).

Therefore
Cr(a,b) € Dom(M) for all a,b € Dom(M).

Thus Cjp; is well-defined. O

Theorem 7.1.7 (Well-definedness of uncertain copula of U-sets). Let X be a nonempty set,
and let

Z/[:(Xvuu)7 V:(X,/.l,v)

be uncertain sets of type M. Then
COpM (uv V)

is a well-defined uncertain set of type M on X.

Proof. Since U and V are uncertain sets of type M, one has
py(x) € Dom(M), wy(x) € Dom(M) for all z € X.
Fix € X. By the preceding theorem,

Cu (pu (), pv(x)) € Dom(M).

Hence
HCop,, ) (T) € Dom (M) for all z € X.

Therefore the pointwise assignment

x — Cag (pu(x), py ()

defines a mapping
:U’COpM(L{,V) X = DOHl(M)

Consequently,
CopprU, V) = (X, ficop,, )

is an uncertain set of type M on X. Thus the uncertain copula of U-sets is well-defined. [

Proposition 7.1.8 (Basic inherited properties). Assume that each scalar copula C; is a
classical copula on [0,1] for 7 = 1,...,q. Then the induced M-copula Cp; satisfies the
following properties:
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(i) Groundedness:
CM(CL,OM) :CM(OM,CL) =0up for allaEDom(M).
(i) Identity at the top element:

Cyvl(a,1p) =Cr(1pr,a) = a for all a € Dom(M).

(iii) Commutativity:

Cym(a,b) =Cp(b,a) for all a,b € Dom(M).

Proof. Let

(i) Since ®ps(0pr) =0 = (0,...,0), one has
Cur(®ar(a), ®ar(0nr)) = (Ci(u1,0), ..., Cqlug, 0)).

Because each Cj is a classical copula,

Cj(up0) =0 (j=1.....q).

Hence
Car (Par(a), @ar(0ar)) = 0.
Therefore
Car(a,0nr) = War(0) = War(Par(Oar)) = Onr-
Similarly,

Crr(Oar,a) = 0y
(ii) Since ®p(1p7) =1=(1,...,1), one has
CM(QDM(a),(I)M(lM)) = (Cl(ul, 1),...,Cq(uq, 1))
Because each Cj is a classical copula,

Thus

Cur(®ar(a), @ar(1ar)) = Pr(a).
Hence

Carla,1ar) = U (Par(a)) = a.
Similarly,

Crv(lpr,a) = a.
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(iii) For a,b € Dom(M), write
Dpr(a) = (w1, .., uy), Dpr(b) = (v1,...,0q).
Since each scalar copula C; is commutative,
Cjuj, v) = Cj(vj,u;)  (G=1,...,q).

Therefore
Car(Par(a), @ar(b)) = Crr(®ar(b), ar(a)),

and hence
Cr(a,b) = Cpr(b,a).

A catalogue of representative copulas classified by the dimension & of the degree-domain is
presented in Table

Table 7.2: A catalogue of representative copulas by the dimension k of the degree-domain.

k note Representative copula(s)

1 Fuzzy copula.

2 Intuitionistic Fuzzy copula [379]; Pythagorean fuzzy copula [380]; Fermatean
Fuzzy copula [381].

3 Spherical Fuzzy copula [378|; Neutrosophic copula |382].

n (n>1) Plithogenic copula.

Reading guide. The table groups representative copulas by the dimension k of their degree values.

As related concepts other than the above, quasi-copulas [383,1384], co-copulas [385.386], and
semi-copulas [387,1388], among others, are also known.

7.2 Uncertain Choquet integral

An uncertain Choquet integral aggregates uncertain inputs with respect to an uncertain
capacity, capturing interaction, redundancy, and importance beyond additive weighting as-
sumptions in decision contexts.

Definition 7.2.1 (Fuzzy Measure). Let
N ={1,2,...,n}.

A set function
w2V —0,1]

is called a fuzzy measure if it satisfies

and
ACB = pu(A) < u(B) for all A,B C N.
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Definition 7.2.2 (Fuzzy Choquet Integral). [389,[390] Let
N ={1,2,...,n},
and let
w: 2N —0,1]

be a fuzzy measure on N. For

x = (r1,22,...,2,) € [0,1]",
choose a permutation o of N such that

To(1) S To(2) S S To(n)-
Set

Za(0) =0,

and for each i = 1,2,...,n, define
A;:={o(i),o(i +1),...,0(n)}.

Then the fuzzy Choquet integral of x with respect to p is defined by

n

Cu() = (To(s) = Ta—1)) 1(A2).

i=1
Definition 7.2.3 (Neutrosophic Choquet Integral). (cf. [391,392]) Let
f:X—>1L
be an interval neutrosophic number function on a finite set
X ={z1,29,..., 2},
and let
w: 2% —0,1]

be a fuzzy measure. Let < be a fixed total order on L, and choose a permutation ¢ such
that

f(mo(l)) = fN(xa(Z)) == f(xa(n))
Set

Ai = {zo(i)a Lo(itl)s -+ J:U(n)}a Aps1:= 9.
Then the neutrosophic Choquet integral of f with respect to u is

n

(©) / F o = P (5(A) — m(Ais1) Foge).

i=1

An uncertain Choquet integral aggregates finitely many uncertain values with respect to a
monotone capacity, thereby capturing importance and interaction effects beyond additive
weighting.
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Definition 7.2.4 (Uncertain capacity). Let
N ={1,2,...,n}.

A set function
v:2N = 0,1]

is called an uncertain capacity on N if

and
ACB = v(A) <v(B) for all A,B C N.

Definition 7.2.5 (Choquet-admissible representation). Let M be an uncertain model with

degree-domain
Dom(M) C [0, 1]*.

A triple
(CM7 ¢M7 \IIM)

is called a Choquet-admissible representation for M if there exists an integer m > 1 such
that:

1. Cp CR™ is a nonempty convex set;

2.
@, Dom(M) — Cyy

is an encoding map;

\IJM : CM — Dom(M)

is a decoding map satisfying
Wpr o @y = idpom(ar) -
Definition 7.2.6 (Ranking map). Let M be an uncertain model. A mapping
pyv s Dom(M) — R
is called a ranking map for M.
Definition 7.2.7 (Uncertain Choquet integral). Let
N ={1,2,...,n},
let M be an uncertain model with degree-domain Dom (M), let
(Cnm, @ar, Vi)
be a Choquet-admissible representation for M, let
py s Dom(M) — R

be a fixed ranking map, and let
v:2N 5 0,1]
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be an uncertain capacity.

For
a = (ai,as,...,a,) € Dom(M)",

let o be the unique permutation of N such that the sequence

(pM(aa(l))7 U(D)a (pM<aa(2))a 0(2))7 SRR (pM(aJ(n))7 U(n))

is lexicographically nondecreasing. Thus the values are ordered increasingly by pas, with ties
broken by the indices.

Fori=1,2,...,n, define
A ={o(i),0(i+1),...,0(n)}, App1:=02.

The uncertain Choquet integral of a with respect to v is defined by

CM(ay,...,an) == Uy (Z (V(Ai) - V(Ai—i-l)) ‘I)M(aa(z‘))> .

=1

Theorem 7.2.8 (Well-definedness of the uncertain Choquet integral). With the notation
above, the mapping
CcM . Dom(M)™ — Dom (M)

s well-defined.

Proof. Fix
a=(ay,...,ap) € Dom(M)".

Since pas(aj) € R for each j € N, the lexicographic rule determines a unique permutation o
of N. Hence the sets

Ay ={o(i),o(i+1),...,0(n)} (i=1,....,n+1)

are uniquely determined.

Now set
a; = v(A;) —v(Ait1) (i=1,...,n).

Because
Aiq1 C A

for each ¢, and v is monotone, we have
a; >0 (it=1,...,n).

Moreover, since Ay = N and A,,4+1 = O,

n

Zai = Z(V(Ai) - V(Ai+1)) =v(A1) —v(Ans1) =v(N) —v(2) = 1.
i=1

i=1

Thus (aq,...,ay) is a system of nonnegative coefficients summing to 1.
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For each i,
aq(iy € Dom(M),

SO

@M(aa(i)) € Cy.

Since C'ys is convex and the coefficients «; are nonnegative with total sum 1, it follows that

z = Zai @ rr(ags)) € Cur
=1

Therefore Wys(z) is defined and belongs to Dom (M), because
\IfM : CM — Dom(M).

Hence
CM(ay,...,an) = ¥p(2) € Dom(M).

Since every step in the construction is uniquely determined, the value
Cl],w(al, ceeyQp)
exists uniquely in Dom(M). Therefore
cM . Dom(M)™ — Dom(M)

is well-defined. O

A catalogue of representative Choquet integrals classified by the dimension k of the degree-
domain is presented in Table

Table 7.3: A catalogue of representative Choquet integrals by the dimension & of the degree-
domain.

k note Representative Choquet integral(s)

1 Fuzzy Choquet integral [393].

2 Intuitionistic Fuzzy Choquet integral [394,395]; Pythagorean Fuzzy Choquet
integral [396-398]

3 Neutrosophic Choquet integral [399.400]; Hesitant Fuzzy Choquet inte-

gral [401,/402]; Picture Fuzzy Choquet integral [403}/404]; Spherical Fuzzy
Choquet integral [405./406].
n (n>1) Plithogenic Choquet integral.

Reading guide. The table groups representative Choquet integrals by the dimension k of their degree values.
As related concepts, the generalized Choquet integral [407-409], the Balancing Choquet inte-

gral [410,411], the Symmetric Choquet integral [412,413], and the Level-dependent Choquet
integral [414-416] are also known.
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7.3 Uncertain Sugeno integral

A Sugeno integral is a nonlinear aggregation operator based on a fuzzy measure, combining
values through max-min calculus to model ordinal, interactive decision information [417-
420]. An uncertain Sugeno integral aggregates uncertain inputs using max min style calculus
with an uncertain capacity, emphasizing ordinal structure and qualitative interaction in
decision making.

Definition 7.3.1 (Fuzzy Sugeno Integral). (cf. [421]) Let
N ={1,2,...,n},

let
w2V —0,1]

be a fuzzy measure on N, and let
x = (z1,22,...,2,) €[0,1]™.
Choose a permutation o of N such that
To(1) S To2) < 0 < To(n)-
For each i = 1,2,...,n, define
A;:={o(i),o(i+1),...,0(n)}.
Then the fuzzy Sugeno integral of x with respect to u is defined by
n
Sulx) =\/ (%(z’) A M(Az‘)),
i=1
where V and A denote the maximum and minimum operators, respectively.

Definition 7.3.2 (Neutrosophic Sugeno Integral). Let

F:X = [0,1P  f(z) = (Ti(x), I§(z), F§(x)),

be a single-valued neutrosophic-valued measurable function, where
T];, I];, FfiX-) [0,1].

Let u be a fuzzy measure on (X, A).

The neutrosophic Sugeno integral of f with respect to p is defined componentwise by

NSugu(f) = <SugM(Tf~),Sugu(If), SugM(Ff)>.
Equivalently,

NSug,,(f) = < sup (a Ap({z € X Ti(z) > a}))a

a€l0,1]

ail[lor,)u <a Ap({r e X : I5(z) > a})),asel[l({)l] (a Ap({e € X : Fi(z) 2 a}))> :
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Remark 7.3.3. Since each component Sugeno integral belongs to [0, 1], one has
NSug,(f) € [0, 1]*.

Hence NSugN( f ) is a well-defined single-valued neutrosophic value.

In the uncertain-set setting, it is natural to extend this construction to multi-component
degree values by using an uncertain capacity together with componentwise meet and join
operations.

Throughout this subsection, let M be a fixed uncertain model with degree-domain
Dom(M) C [0,1]¢,  d>1.

Assume that Dom(M) is a nonempty bounded sublattice of [0, 1]¢ with respect to the com-
ponentwise order; that is:

04 :=(0,...,0) € Dom(M), 15:=(1,...,1) € Dom(M);

2. for all a,b € Dom (M), both the componentwise meet a Ab and the componentwise join
a Vb belong to Dom(M).

For
a=(aW, .. .a?), b=0W,.. . b9 e Dom(M),

write
a=<b <= a9 <p® @=1,...,d).

Moreover, define
alNb:= (min{a(l), b(l)}, e ,min{a(d), b(d)})7

and
aVb:= (max{a(l), bMWY, .. max{a(?, b(d)}).

Definition 7.3.4 (Uncertain capacity). Let
N :={1,2,...,n}, n > 1.

A mapping
var : 2V — Dom(M)

is called an uncertain capacity on N if the following conditions hold:

148



Chapter 7. Uncertain Integral / Dependence-Based Operators

3. whenever A C B C N, one has
vp(A) 2 vy (B).
Definition 7.3.5 (Canonical ascending pps-ordering). Let
pyv s Dom(M) — R

be a fixed ranking map. For
(a1,...,a,) € Dom(M)",

a permutation ¢ of N is called the canonical ascending ppr-ordering permutation if:

Py (o)) < prm(ag) < - < prlagn));

2. whenever
pM(ag(i)) = pM(aU(j)) and i< 7,

one has
o(i) < o(j).

Thus the arguments are ordered increasingly according to their ranking values, and ties are
broken by preserving the smaller original index first.

Lemma 7.3.6 (Existence and uniqueness of the canonical ascending ordering). For every
(a1,...,a,) € Dom(M)",

there exists a unique canonical ascending pyr-ordering permutation.

Proof. Define a binary relation < on N = {1,...,n} by

U<Kv = (pM(au) < pM(av)) or (pM(au) = pum(ay) and u < v).

This relation totally orders the finite set IV, because every two indices are comparable and
ties of ranking values are resolved by the natural order of indices. Hence there exists a unique
permutation

o(l),...,0(n)

listing the indices in increasing order with respect to this rule. By construction, o satisfies
the required two conditions. Therefore the canonical ascending pjr-ordering permutation
exists and is unique. O

Definition 7.3.7 (Uncertain Sugeno integral). Let
N ={1,2,...,n}, (a1,...,a,) € Dom(M)",

let
var : 2V — Dom(M)

be an uncertain capacity, and let

pyv : Dom(M) — R
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be a fixed ranking map. Let ¢ be the unique canonical ascending p,s-ordering permutation

of (ay,...,a,), and for each i = 1,... n, define
A;:={o(i),o(i+1),...,0(n)}.
The uncertain Sugeno integral of (ay,...,a,) with respect to vy; and pys is defined by

USUgM;VM,pM (ab B an) = \/ <ao(i) A VM(Az)> .
i=1

Remark 7.3.8. When d = 1, Dom(M) = [0, 1], pa(a) = a, and
var 2 2N = [0,1]

is an ordinary fuzzy measure, the above definition reduces to the classical Sugeno integral

n

SVM (.%') = \/(xg(i) A\ I/M(AZ))

i=1
Hence the uncertain Sugeno integral is a natural uncertain-set-based generalization of the
ordinary Sugeno integral.

Theorem 7.3.9 (Well-definedness of the uncertain Sugeno integral). The mapping
USugasiyy pn, - Pom(M)"™ — Dom(M)
s well-defined.

Proof. Let
(ai,...,a,) € Dom(M)"

be arbitrary. By the preceding lemma, there exists a unique canonical ascending pps-ordering
permutation o. Hence the sets

Ai=A{o(i),o(i+1),...,0(n)} (i=1,...,n)

are uniquely determined.

Since
(i) € Dom(M) (i1=1,...,n),

and
vy (A;i) € Dom(M) (i=1,...,n),

the assumption that Dom(M) is closed under the componentwise meet implies
Aoy ANvm(Ai) € Dom(M)  (i=1,...,n).

Again, since Dom(M) is closed under the componentwise join, the finite join

\”/( () Nvm(A ))

also belongs to Dom(M). Therefore,

USug sy, ons (@15 - an) € Dom(M).
Thus the formula defines a mapping

USugpr.p, o0, + Dom(M)™ — Dom (M),

and the uncertain Sugeno integral is well-defined. O
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Remark 7.3.10. If
vy (A) = (yl(A), e ,yd(A)) (ACN),

then the uncertain Sugeno integral may be viewed as a multi-component Sugeno-type aggre-
gation sharing a common ordering determined by pas, while the meet and join are performed
componentwise.

Definition 7.3.11 (Induced uncertain Sugeno integral on uncertain sets). Let X be a
nonempty universe, and let

Ui = (X, i) (i=1,...,n)
be uncertain sets of type M, where
pi » X — Dom(M).

Let
var : 2V — Dom(M)

be an uncertain capacity on

and let
pur s Dom(M) — R

be a fixed ranking map. The induced uncertain Sugeno integral of Uy, ..., U, is defined by

UsugM;I/M,p]\/[ (Z/Il, M :un) = (X7 UUSug>7

where
HUSug : X — Dom(M)

is given pointwise by
fusug () := USugnrpy, on, (11(2), () (2 € X).
Theorem 7.3.12 (Well-definedness of the induced uncertain Sugeno integral). The pair
USugpry, on Uts s Un) = (X, pusug)

is a well-defined uncertain set of type M.

Proof. Fix z € X. Since each

is an uncertain set of type M, one has
wi(x) € Dom(M) (i=1,...,n).

Hence
(11 (), ..., pn(z)) € Dom(M)"™.
By the well-definedness of the uncertain Sugeno integral,

USugys.p, puy (01(2), s pin(2)) € Dom(M).

Therefore
jusug(@) € Dom(M)  (z € X)),

151



Chapter 7. Uncertain Integral / Dependence-Based Operators

Thus

HUSug : X — Dom(M)

is a well-defined function, and consequently

(Xu MUSug)

is a well-defined uncertain set of type M. O

A catalogue of representative Sugeno integrals classified by the dimension k of the degree-
domain is presented in Table

Table 7.4: A catalogue of representative Sugeno integrals by the dimension k of the degree-

domain.
k note  Representative Sugeno integral(s)
1 Fuzzy Sugeno integral [422}423].
2 Intuitionistic Fuzzy Sugeno integral.
3 Neutrosophic Sugeno integral.
n (n>1) Plithogenic Sugeno integral.

Reading guide. The table groups representative Sugeno integrals by the dimension k of their degree values.
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Chapter 8

Uncertain Analytic and Transformational Op-
erators

In this chapter, we examine uncertain analytic and transformational operators.

8.1 Uncertain Differentiation

Uncertain differentiation extends differentiation to uncertain-valued functions, measuring
change rates while incorporating ambiguity, indeterminacy, or incomplete information, and
preserving mathematically consistent derivative-like behavior under uncertainty.

Definition 8.1.1 (Fuzzy Differentiation). [424,425] Let Rx denote the set of all fuzzy
numbers on R. For each u € Rr and « € [0, 1], write

[wla = [uq , ug]

for the a-cut of u. Define the metric D on Rx by

D(u,v) := sup max{|uy —vy|, lul —v}|}, u,v € Rr.
a€l0,1]

Let x,y € Rx. If there exists z € Rx such that
T =YDz,
then z is called the Hukuhara difference of x and y, and is denoted by

TrOHY.

Let I C R be an interval, let
f 1 — Ry,
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and let xg € int(I). We say that f is fuzzy differentiable at x¢ (or H-differentiable at xg) if,
for all sufficiently small A > 0, the Hukuhara differences

f(zo+h)om f(xzo) and  f(xo) Om f(zo —h)

exist, and there is a fuzzy number f’'(zg) € Rx such that

lim D(f(x”h) On f (@), f’(x0)> =0

h—0+ h

. f(xo) & fwo —h)
. To) On J(To — / _
iy p( LR, ) <o

The fuzzy number f/(zg) is called the fuzzy derivative of f at xg. If f is fuzzy differentiable
at every point of int(I), then f is called a fuzzy differentiable function on I.

Unlike union, intersection, aggregation, and similar operators, differentiation is in general
not closed on the admissible degree-domain

Dom(M) C [0, 1]*.

Indeed, even when a curve takes values in Dom(M ), its difference quotients need not belong
to Dom(M). Therefore, the mathematically correct codomain of an uncertain derivative is
not Dom(M) itself, but the tangent object associated with Dom(M).

Definition 8.1.2 (Tangent cone of an uncertain degree-domain). Let M be an uncertain
model with admissible degree-domain

Dom(M) C [0,1]*
for some integer k > 1, regarded as a subset of R¥.

For a € Dom(M), the Bouligand tangent cone (or contingent cone) of Dom(M) at a is defined
by

n

T, Dom(M) := {v €R* : 3h, 0, Ja, € Dom(M) such that a, — a and anh_ N v} .

The tangent uncertain domain of M is
T Dom(M) = {(a,v) € Dom(M) xRF : veT, Dom(M)} .

Definition 8.1.3 (Uncertain derivative of an M-degree curve). Let I C R be an interval,
let
v : I — Dom(M),

and let to € int(I).
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We say that v is M -differentiable at tg if the limit

: . A(to+h) —~(to)

exists in R¥.

In this case, the uncertain derivative of v at tg is defined by

Dary(to) :== (v(to), ¥(to)).

Theorem 8.1.4 (Well-definedness of the uncertain derivative of an M-degree curve). Let
I C R be an interval, let
v : I — Dom(M),

and let ty € int(I). If v is M-differentiable at tq, then
Dpvy(to) € T Dom(M).

Hence the uncertain derivative of v is well-defined as an element of the tangent uncertain
domain. Moreover, this derivative is unique.

Proof. Assume that ~ is M-differentiable at ¢y, and write

(to +h) —(to)

RF.
h (S

v:=7(to) = lim !

We must show that
Ve T’y(to) DOHI(M)

Choose any sequence h, > 0 such that h, | 0, and define
an = y(to + hy) (n € N).
Since ~(t) € Dom(M) for every t € I, one has
an € Dom(M) for all n.
Because « is differentiable at tg, it is continuous at tg, so
an =v(to + hn) = 7(to).

Also,
an —7(to) _ Y(to +ha) —(t0) ,
hn hn
By the definition of the tangent cone, this implies

v € Ty (4y) Dom(M).

Therefore
DMV(tO) = (’)/(t()),'l)) € TDOIIl(M),

so the uncertain derivative is well-defined.

Finally, uniqueness follows from the uniqueness of the ordinary derivative in the Euclidean
space R”. O
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Definition 8.1.5 (Tangent uncertain set). Let X be a nonempty set. A tangent uncertain
set of type M on X is a pair

U= (X,v),

where
v: X — TDom(M).

We write
TU (X)

for the class of all tangent uncertain sets of type M on X.

Definition 8.1.6 (Uncertain differentiation of a family of U-sets). Let X be a nonempty
set, let I C R be an interval, and let
Un(X)

denote the class of all uncertain sets of type M on X.

Consider a family of U-sets
U:I— Upy(X), t— U(t) = (X, ),

where
we : X — Dom (M) (tel).

Fix to € int(I). For each x € X, define the associated degree-curve

Yz : I — Dom(M), Yo (t) := pe(x).

We say that U is uncertain differentiable at tg if, for every x € X, the curve ~, is M-
differentiable at g.

In that case, the uncertain derivative of U at ty is the tangent uncertain set

au

E(to) = (Xv /:Lto)?

where

Lty X — T Dom(M)
is defined pointwise by

'utO(x) = DM’Yw(tO) = <Mt0(w>7flzii% Nt0+h($)h— NtO(:U)> .

Theorem 8.1.7 (Well-definedness of uncertain differentiation of U-sets). Let
Uil Un(X),  U) = (X, ),
be a family of uncertain sets of type M, and let
to € int(]).

If U is uncertain differentiable at to, then

dt

Hence the uncertain differentiation of U is well-defined.

(to) € TUp(X).
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Proof. Assume that U is uncertain differentiable at tg. Then, for every x € X, the degree-
curve

Vo (t) = pa ()
is M-differentiable at ty. By the previous theorem,

Dz (to) € T Dom(M) for all z € X.
Therefore the pointwise assignment
x+— Dy Y (tO)

defines a mapping
fty : X — T Dom(M).

Consequently,
au .
dt (to) = (X7 MtO)

is a tangent uncertain set of type M on X, that is,
du
E(to) € TUpn(X).

Thus uncertain differentiation is well-defined. O

8.2 Upside-down Logic in Neutrosophic Set

Upside-Down Logic reverses truth and falsity under a defined transformation, while preserv-
ing or inverting indeterminacy, yielding a consistent neutrosophic framework for contextual
opposition and reasoning [426{430].

Definition 8.2.1 (Upside-Down Logic). [431,|432] An Upside-Down Logic is obtained from
a given system M by introducing a transformation U acting on propositions and/or contexts,
with the following property:

1. For any A € P having value v(A) in context C, there exist a transformed proposition
U(A) and/or a transformed context U(C) such that:

o If v(A) = True in C, then v(U(A)) = False in U(C);
e If v(A) = False in C, then v(U(A)) = True in U(C).

2. The operator U is well defined and yields a consistent resulting system M’.

First, we present the definition of Neutrosophic Logic below [26433]. Note that Neutrosophic
Logic is known to generalize Fuzzy Logic (cf. [26]).

Definition 8.2.2 (Neutrosophic Logic valuation). (cf. [434]) A Neutrosophic Logic valuation
is a mapping
vi P — 0,17, w(d)=(T.LF),

where T is the truth-degree, I the indeterminacy-degree, and F the falsity-degree of a propo-
sition A € P. No global normalization is required, but typically 0 < T,I,F < 1 and
0<T+I+F <3
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Definition 8.2.3 (Upside-Down Logic in Neutrosophic Logic). [431] Let v(A) = (1,1, F)
be the neutrosophic valuation of a proposition A. Fix an Upside-Down operator U : [0, 1]°> —
[0,1]® defined by

U(T,I,F) = (F, I', T),

where I’ is determined according to the chosen convention:

I { 1, if indeterminacy is preserved,

1 —1, if indeterminacy is inverted.
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Structural Algebraic Operators

In this chapter, we examine structural algebraic operators.

9.1 Uncertain HyperOperation

A hyperstructure is an algebraic system whose operations may assign sets of outputs to in-
puts, generalizing classical algebraic structures through multivalued composition laws and
relations [435-437]. A hyperoperation maps one or more inputs to a nonempty set of pos-
sible outputs, extending ordinary operations by allowing multivalued algebraic combination
behavior in general [438-441]. An uncertain hyperoperation maps inputs to sets of outputs
under uncertainty, representing ambiguous, indeterminate, or weighted multivalued combi-
nations while preserving generalized hyperstructural interaction patterns mathematically.

Definition 9.1.1 (Fuzzy HyperOperation). (cf. [442-444]) Let H be a nonempty set, and
let
F(H) = [0,1]"

denote the family of all fuzzy subsets of H. For u € F(H), define its support by
supp(p) = {x € H : p(xz) > 0}.

Write
F(H) = {p € F(H) : supp(n) # 0}

for the family of all nonnull fuzzy subsets of H.

Let m > 1 be an integer. An m-ary fuzzy hyperoperation on H is a mapping
*: H™ — F*(H).
Equivalently, for each (z1,...,x,) € H™, the value

(1, oy T)
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is a fuzzy subset of H with nonempty support, and one may write

U (T1y ey Ty ) 2= (*(a;l,...,xm))(y) € [0,1] (y € H)

for the membership degree of y in the hyper-result of (z1,...,Zm).

When m = 2, % is called a binary fuzzy hyperoperation. A set H endowed with a fuzzy
hyperoperation is called a fuzzy hypergroupoid.

Within the uncertain-set framework, the natural extension is obtained by replacing ordinary
subsets or fuzzy subsets with uncertain sets whose membership values lie in a fixed admissible
degree-domain

Dom(M) C [0,1]*
of an uncertain model M.

Definition 9.1.2 (Uncertain support and nonnull U-set). Let M be an uncertain model
with admissible degree-domain

Dom(M) C [0, 1}’“,

and assume that a distinguished bottom element
Opr € Dom(M)

has been fixed.

Let H be a nonempty set, and let
Um(H) :={(H,p) : p:H — Dom(M)}

denote the class of all uncertain sets of type M on H.

For
U= (H,MZ,{) € UM(H)v

define the M -support of U by

suppy (U) :={x € H : juyy(x) # O }-

We say that U is nonnull if
suppyy (U) # 0.

The class of all nonnull uncertain sets of type M on H is denoted by

Uy (H) :={U € Upr(H) : suppy (U) # 0}
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Definition 9.1.3 (Kernel form of an uncertain hyperoperation). Let H be a nonempty set,
let m > 1, and let M be an uncertain model with bottom element 0p; € Dom(M). A

mapping
n:H™ x H— Dom(M)

is called an m-ary uncertain hyperoperation kernel of type M on H if, for every
(T1,...,xm) € H™,

there exists at least one y € H such that

n(xla"wxm;y) #OM

Equivalently,

{ye H:n(x1,...,xm;y) #00 } #£0  for all (z1,...,2,) € H™.

Definition 9.1.4 (Uncertain hyperoperation). Let H be a nonempty set, let m > 1, and let
M be an uncertain model with bottom element 05, € Dom(M).

An m-ary uncertain hyperoperation of type M on H is a mapping

war s H™ — U (H).

Equivalently, an uncertain hyperoperation may be represented by a kernel
ey, » H™ x H — Dom(M)
such that, for every
(CL’l, .. .,xm) S I{m7
the assignment
y — M*M(ﬂf]_, . axmvy)

defines a nonnull uncertain set on H.

In that case one writes
*r (215 ) = (H, Bzy,m)) s
where
Parran) (Y) 1= fopg (T2, s y) (Y € H).

When m = 2, xp; is called a binary uncertain hyperoperation. A set endowed with an
uncertain hyperoperation is called an uncertain hypergroupoid of type M.

Theorem 9.1.5 (Well-definedness of the uncertain hyperoperation induced by a kernel).
Let H be a nonempty set, let m > 1, let M be an uncertain model with bottom element
Opr € Dom(M), and let

n:H™ x H— Dom(M)

be an m-ary uncertain hyperoperation kernel of type M on H.

For each
(xlw "axm) € Hma
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define
(@) * H — Dom(M)
by
Bar,zm)¥) =01, 2myy)  (y € H),
and set
FA (T, ey Ty) 1= (H, ,u(m’m’xm)).
Then

war s H™ — U, (H)

1s a well-defined m-ary uncertain hyperoperation of type M on H.

Proof. Fix any
(x1,...,xm) € H™.
By definition of 7,
n(x1, ..., Tm;y) € Dom(M) for all y € H.
Hence the assignment
Y Hay,m) () = 0(@15 - T y)
defines a mapping

Iy ) - H — Dom(M).

Therefore
(H7 :U'(:rl,..‘,xm)) € UM(H)

It remains to prove that this uncertain set is nonnull. Since 7 is an uncertain hyperoperation
kernel, there exists at least one element

yo € H

such that
n(x1, .-, Tm;yo) # Onr
Thus
@y, zm) (Y0) 7 Onr,y
which implies
Yo € supD s (H, by .. om)) -

Hence

Supp s (H, M(aﬁ,...,xm)) 7é 0.
Therefore

(Hnu(;rl ..... acm)) S U%(H)
Since the choice of (z1,...,2,) € H™ was arbitrary, it follows that

(e, .o o) € Uy (H) for all (z1,...,2m) € H™.
Consequently,
*xpc H™ — Uy (H)

is well-defined. O
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Proposition 9.1.6 (Equivalent kernel representation). Let
*yc H™ — Uy (H)
be an uncertain hyperoperation of type M on H. For each

(T1,...,xm) € H™,

write
*M(xla cee 7$m) = (Ha U(xl,...,xm))‘
Define
Py, - H™ x H — Dom(M)
by

Hoxpr (1'17 <oy Ty y) = M(:c1,...,:cm) (y)

Then piy,, is an uncertain hyperoperation kernel of type M, and xpr is recovered from iy,
by the construction of the preceding theorem.

Proof. Since
*n (21, Tm) € Uy (H)

for every
(z1,...,xym) € H™,

the map
M(acl,.“,xm) cH — DOIH(M)

is well-defined and has nonempty M-support. Hence there exists some y € H such that

Ho(zy,....zm) (y) 7é Ops.

Therefore

:U*M(xla cee )xm;y) 7& On

for some y € H, showing that f,,, is an uncertain hyperoperation kernel.

By construction, the uncertain set associated with (x1,...,x,,) through p,,, is precisely

(H7 /’L(xl,...,xm)) = *M(xla cos 7xm)'

Thus %, is recovered exactly. O

As a reference, a catalogue of representative hyperoperations classified by the dimension k
of the degree-domain is presented in Table
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Table 9.1: A catalogue of representative hyperoperations by the dimension k& of the degree-
domain.

note Representative hyperoperation(s)
Fuzzy HyperOperations.
Intuitionistic Fuzzy HyperOperations (cf. |445./446]).
Neutrosophic HyperOperations [447].
n (n>1) Plithogenic HyperOperations.
Reading guide. The table groups representative hyperoperations by the dimension k of their degree values.

W N =

9.2 Uncertain SuperHyperOperation

A SuperHyperStructure generalizes hyperstructures by allowing operations and relations to
act on higher-order collections, recursively producing structured families of subsets across
multiple levels of abstraction [448-450]. A SuperHyperOperation maps elements or higher-
order subsets to nonempty families of higher-level subsets, extending hyperoperations through
recursive powerset-like constructions and multilevel combinational behavior systematically
mathematically [449,4511/452]. An Uncertain SuperHyperOperation extends superhyperop-
erations to uncertain settings, assigning higher-level outputs with uncertainty-aware inter-
pretation, thereby modeling multilevel indeterminacy, ambiguity, and generalized collective
interaction.

Definition 9.2.1 (Iterated nonempty powersets). [450] Let H be a nonempty set. For every
nonempty set X, define
PH(X):=P(X)\ {0}

Recursively define
PO = H,  PW(H):=P(PIH) (n>1).
Definition 9.2.2 (Fuzzy SuperHyperOperation). Let H be a nonempty set, and let
PH(X) :=P(X)\ {0}
for every nonempty set X. Define recursively the iterated nonempty powersets by

PO H):=H,  POH) =PPIH)) (n>1).

For any nonempty set X, let

FX)=[0,1%,  F'(X):= {n € F(X) : supp(s) # 0},

Let m > 1 and r,n > 0 be integers. An (m;r,n)-fuzzy superhyperoperation on H is a mapping

©: (PO(H)™ — F (P (H)).

Thus, for every

the value
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is a fuzzy subset of P*(”)(H ) with nonempty support. Equivalently, one may represent ® by
its membership function

po : (POH))™ x P (H) — [0,1],
defined by
po (At .y A B) i= (0(A1, ..., Ay))(B), Be P (H).

If r =0 and n = 0, then ® reduces to an m-ary fuzzy hyperoperation on H. If, for every
input (Ay,...,A,,), there exists a unique

Ba,...a,, € P (H)

such that
O(AL - Am) = X{Ba, _an}s

then ® encodes the corresponding crisp (m;r, n)-superhyperoperation
#: (P*(H(H))m N P*(n)(H)> #(A1,..., Ap) = By A

A set equipped with such an operator is called a fuzzy superhypergroupoid.

In the uncertain-set framework, the natural extension is obtained by replacing fuzzy subsets
with uncertain sets whose values lie in a fixed admissible degree-domain

Dom(M) C [0,1]*
of an uncertain model M.

Definition 9.2.3 (Nonnull uncertain sets on higher-order domains). Let M be an uncertain
model with admissible degree-domain

Dom(M) C [O,l}k,
and assume that a distinguished bottom element
Opr € Dom(M)
has been fixed.

For any nonempty set X, let
Upm(X) ={(X,p):p: X — Dom(M)}

denote the class of all uncertain sets of type M on X.

For
U= (Xauu) € UM(X)7
define the M-support of U by
suppy (U) == {z € X : py(x) # O}

We say that U is nonnull if
supp s (U) # 0.

The class of all nonnull uncertain sets of type M on X is denoted by

Ui (X) :={U € Up(X) : suppy (U) # 0}
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Definition 9.2.4 (Kernel form of an uncertain superhyperoperation). Let H be a nonempty
set, let m > 1, let r,n > 0, and let M be an uncertain model with bottom element 0;; €
Dom(M).

A mapping
n: (P*(H))™ x P*™(H) — Dom(M)

is called an (m;r, n)-uncertain superhyperoperation kernel of type M on H if, for every

(Ay,...,Ap) € (p*(r)(H))m’

there exists at least one
B e P*™(H)

such that

Equivalently,
{BeP™(H) n(Ay,...,Am;B) # 0y } #0

for every input (Ay,..., An).

Definition 9.2.5 (Uncertain SuperHyperOperation). Let H be a nonempty set, let m > 1,
let 7,n > 0, and let M be an uncertain model with bottom element 0; € Dom(M).

An (m;r,n)-uncertain superhyperoperation of type M on H is a mapping

@ s (POH))™ — Uy (P (H)).

Thus, for every

the value
@M(Al, Ce Am)

is a nonnull uncertain set of type M on P*()(H).

Equivalently, ®js may be represented by a kernel
fioy : (P*O(H))™ x P*™(H) — Dom(M),
defined by

pon (AL, Am; B) == (Om(Ar, ..., An))(B),  BeP™(H).

If r =0 and n = 0, then ®;; reduces to an m-ary uncertain hyperoperation of type M on
H. A set endowed with such an operation is called an uncertain superhypergroupoid of type
M.
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Theorem 9.2.6 (Well-definedness of the uncertain superhyperoperation induced by a ker-
nel). Let H be a nonempty set, let m > 1, let r,n > 0, let M be an uncertain model with
bottom element 0y € Dom(M), and let

n: (P*(H))™ x P*™(H) — Dom(M)

be an (m;r,n)-uncertain superhyperoperation kernel of type M on H.

For every
(A1, Ap) € (POmE)™,
define
By, A 2 P (H) = Dom(M)
by
WAy an)(B) = n(A1,. . Ay; B) (B € P*(H)),
and set
QM(Ah aAm) = (P*(n)(H)7/"‘(A1,...,Am))
Then

Om : (PHEH)™ — Ug (P (H))

is a well-defined (m;r,n)-uncertain superhyperoperation of type M on H.

Proof. Fix any

For each
B ePM(H),

the value
77(141, e ,Am; B)

belongs to Dom (M) by definition of 1. Hence the assignment
B r— /’L(A1,...,Am)(B) = U(Ala cee 7Am; B)

defines a mapping
H(Ay, A - P*(") (H) — Dom(M).

Therefore

-----

It remains to prove that this uncertain set is nonnull. Since 7 is an uncertain superhyperop-
eration kernel, there exists at least one

By € P*™M(H)

such that
(A1, ..., An; Bo) # Opr.
Hence
H(Ay,...., Am) (Bo) # Onr,
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which implies
By € SUPPM(P*(n)(H)a [ Ay, Am) ) -

Thus
suppM(P*(n) (H), ,U«(Al,...,Am)) # 0.

Therefore
(P*™(H), pa,...a,) € Us(P*™(H)).

Since the input (Ay,..., A,,) was arbitrary, it follows that

Oun(Ar, ..., Ap) € Ui (P* W (H))

for all
(A1,..., Ap) € (P(H))™.
Consequently,
On : (PH)™ — Ug (P (H))
is well-defined. ]

Proposition 9.2.7 (Equivalent kernel representation). Let
Om : (PHE)™ — Ug (P (H))
be an (m;r,n)-uncertain superhyperoperation of type M on H. For each input

(A1,..., Ap) € (P(H))™,

write

Om(Ar,..., Ap) = (P*(H), wiay. . an)-
Define

Uy - (P*(T)(H))m x P*™(H) — Dom(M)
by

1270)Y (Al, e ,Am; B) = M(AL...,Am)(B)'

Then pig,, is an (m;r,n)-uncertain superhyperoperation kernel of type M, and ®pf is recov-
ered from po,, by the construction of the preceding theorem.

Proof. Since
Ou(Ar,..., Am) € Uy (P (H))

for every input (Ay,..., A, ), the map
I(Ay,....Am) © P*U (H) — Dom(M)
is well-defined and has nonempty M-support. Therefore there exists some
B e P ™(H)

such that
H( Ay, Am) (B) # Onr.

Hence
Uoy (AL, ..oy Ams B) # Ou,
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SO [ie,, satisfies the nonnullity condition required of a kernel.

By construction, the uncertain set induced by p,, at the input
(A1,..., An)

is precisely
(P (H), wiay.. an) = Om(Ar, ..o, A).

Thus ®y is recovered exactly from pq),, . O

9.3 Fuzzy MultiOperations

MultiOperations are operations whose outputs are multisets rather than single elements, al-
lowing repeated occurrences and thus representing multiplicity-aware algebraic combination
in generalized structures mathematically. Fuzzy MultiOperations extend multioperations by
assigning graded membership to possible multiset outputs, thereby modeling multiplicity-
aware algebraic combination under uncertainty within fuzzy structural frameworks.

Definition 9.3.1 (Nonnull fuzzy subsets). Let X be a nonempty set. Define
F(X):=1[0,1]*
to be the family of all fuzzy subsets of X. For p € F(X), define its support by

supp(p) := {x € X : u(z) > 0}.

Write
FH(X) == {p € F(X) : supp(p) # 0}

for the family of all nonnull fuzzy subsets of X.

Definition 9.3.2 (Fuzzy MultiOperation). Let H be a nonempty set, and let M (H) denote
the set of all finite multisets on H. Let m > 1 be an integer.

An m-ary fuzzy multioperation on H is a mapping

§m s J™ s FH(M(H)).

Thus, for each
(z1,...,oym) € H™,

the value

%m)(xl, ey Ty)

is a nonnull fuzzy subset of the multiset space M (H).

Equivalently, one may represent jj%m) by its membership kernel

,uﬁ(m) H™ x M(H) — [0, 1],
F
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defined by
Mﬁ%m)(a;l, cey Ty M) = ( %m)(xl, .. ,mm))(M), M e M(H).
If, for every input (z1,...,x,,) € H™, there exists a unique multiset
Mgy, ., € M(H)
such that
ﬁ%m)(xl, cey Tm) = X{Mzy,....om }’

then ﬁ%m) encodes the corresponding crisp m-ary multioperation

() H™ 5 M(H), (21, 2m) = My, .o

Hdm*

Remark 9.3.3. A family
{6 ™ = Fr (M (H)))

mel

on a nonempty carrier H may be called a fuzzy multistructure.

We introduce uncertain multioperations in the framework of uncertain sets. Throughout, let
M be a fixed uncertain model with degree-domain

Dom(M) C [0,1]*
for some integer k > 1, and let
Pi(A) :=P(A)\ {2}
denote the family of all nonempty subsets of a set A.
Definition 9.3.4 (r-ary M-multioperation). Let r > 1 be an integer. A mapping
«: Dom(M)" — P*(Dom(M))

is called an r-ary uncertain multioperation on M (or briefly, an r-ary M -multioperation) if,
for every

(a1,...,a,) € Dom(M)",

the value

is a nonempty subset of Dom(M).

Thus, instead of producing a single admissible degree, an M-multioperation assigns a nonempty
set of admissible output degrees.
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Definition 9.3.5 (Uncertain multioperation induced on U-sets). Let X be a nonempty
universe, and let

uz:(Xaluz) (i:]-a”'ar)
be uncertain sets of the same type M on X, where

pi : X — Dom(M).

Let *E\C[) be an r-ary M-multioperation.

(r)

The uncertain multioperation induced by x;; on
(ul, P ,Z/[r)

is the pair
DUy, U = (X, M),

where

M, : X — P*(Dom(M))
is defined pointwise by

M(z) =+ (@), .. (@) (@ e X),

We call (X , M*) the M -multi-valued uncertain structure generated by *g\?.

Theorem 9.3.6 (Well-definedness of uncertain multioperations). Let X be a nonempty set,
let
U; = (X, i) (i=1,...,7)

be uncertain sets of type M on X, and let
«: Dom(M)" — P*(Dom(M))
be an r-ary M-multioperation. Then
S, U) = (X, M)
is well-defined; that is, the mapping
M, : X — P*(Dom(M))

1s a well-defined function.

Proof. Since each U; = (X, ;) is an uncertain set of type M, one has
pi(x) € Dom(M) forallz € X andi=1,...,r

Fix any « € X. Then
(1 (), ..., pr(z)) € Dom(M)".
(r)

Because *,, is an r-ary M-multioperation, it follows that

< (1 (), ... () € PH(Dom(M)).
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Hence
M, (z) = *g\:[) (1 (2), ..., pur(z)) € P*(Dom(M)) for all z € X.

Therefore the pointwise assignment
x — My (x)

defines a mapping
M, : X — P*(Dom(M)).

Consequently,
Sy, U = (X, M,)

is well-defined. O
Remark 9.3.7 (Singleton lifting of ordinary uncertain operations). Let
far : Dom(M)" — Dom(M)
be an ordinary r-ary uncertain operation on M. Then the mapping
*533\4 : Dom(M)" — P*(Dom(M)), *533\4(&1, cooyar) i ={fular, ... ar)},

is an r-ary M-multioperation. Hence every ordinary uncertain operation can be viewed as a
special case of an uncertain multioperation.

9.4 Fuzzy MetaOperations

MetaOperations are operations acting on structures themselves, transforming or combin-
ing entire systems into new structures, thereby modeling higher-level construction, interac-
tion, and organization beyond object-level operations. Fuzzy MetaOperations extend meta-
level operations by assigning graded membership to possible output structures, enabling
uncertainty-aware transformation, combination, and evaluation of structures within higher-
order frameworks mathematically.

Definition 9.4.1 (Fuzzy MetaOperation). Fix a single-sorted finitary signature

Y = (Func, Rel, arFunc, arRel),

and let U be a nonempty set of finite >-structures. Let &k > 1 be an integer.

A k-ary fuzzy metaoperation on U is a mapping

dp: UY — FH(U).

Hence, for each
(C1,...,C) e U,

the value

®F(Cl7 .. ,Ck)

is a nonnull fuzzy subset of U, that is, a fuzzy family of possible output structures.
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Equivalently, &z may be represented by its membership kernel

pa, : UF x U = [0,1],

defined by
pio;(C1, ..., Cr; D) := (®p(Ch, ..., Cr)) (D), DeU.
If, for every input (Ci,...,Cy) € U¥, there exists a unique structure
De,..c. €U
such that

Op(C1,-- -, Ck) = X{De, o }
then ®r encodes the corresponding crisp metaoperation

o:UF > U, O(Ch,...,Ck) :=Dcy...cp-

Definition 9.4.2 (Isomorphism-invariant Fuzzy MetaOperation). Let ®p : UF — F*(U) be
a fuzzy metaoperation. We say that ®r is isomorphism-invariant if, whenever

C; =2 D; (i=1,...,k),
there exists a bijection

ﬂ : Supp(@F(Cl, ey Ck)) — Supp((I)F(D1, RN Dk))

such that, for every
E € supp(®r(C,...,Ck)),

one has

and
paop(Cr,. .., Cp; E) = pop (D1, . .., Di; B(E)).

Remark 9.4.3. A pair
Mp = (U, (®re)en),

where each
py: UM — FH(U),

may be called a fuzzy metastructure.

We next define uncertain metaoperations as one level higher than uncertain multioperations.
For this purpose, let

P*(A) :=P(P(A) = P(P(A)) \ {o}.

Thus, an element of P*(A) is a nonempty family of nonempty subsets of A.
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Definition 9.4.4 (r-ary M-metaoperation). Let 7 > 1 be an integer. A mapping
05\? : Dom(M)" — P*(Dom(M))

is called an r-ary uncertain metaoperation on M (or briefly, an r-ary M-metaoperation) if,
for every
(a1,...,a,) € Dom(M)",

the value

OS\?(ala s 7a7’)

is a nonempty family of nonempty subsets of Dom(M); equivalently,

oay,...,a,) € P*(Dom(M)).

Hence an M-metaoperation does not return a single admissible degree, nor merely a single
nonempty set of admissible degrees, but rather a nonempty family of such admissible output-
sets.

Definition 9.4.5 (Uncertain metaoperation induced on U-sets). Let X be a nonempty
universe, and let
U = (X, i) (i=1,...,7)

be uncertain sets of the same type M on X, where
wi : X — Dom(M).

Let OE\Z) be an r-ary M-metaoperation.

(r)

The uncertain metaoperation induced by ©;; on
(U, ..., U)

is the pair

05\’2(2/{1,. . .,Z/{r) = (X,Mo)7

where

My : X — P*(Dom(M))
is defined pointwise by

Mo(z) = o) (pa(2), ... (@) (w € X).

We call (X , MO) the M -meta-valued uncertain structure generated by 05\?.

Theorem 9.4.6 (Well-definedness of uncertain metaoperations). Let X be a nonempty set,
let
U = (X, i) (i=1,...,7)

be uncertain sets of type M on X, and let

o) - Dom(M)" — P*(Dom(M))
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be an r-ary M-metaoperation. Then

o, U = (X, M)
1s well-defined; that is, the mapping

M : X — P*(Dom(M))

1s a well-defined function.

Proof. Since each U; = (X, ;) is an uncertain set of type M, one has
pi(x) € Dom(M) forallz € X and i =1,...,r.

Fix any z € X. Then
(1 (), ..., pr(z)) € Dom(M)".
(r)

Because ¢, is an r-ary M-metaoperation, it follows that
o (@), .., pr(x)) € P*(Dom(M)).

Hence

Mo(x) = 05\2) (1 (), ..., pur(z)) € P*(Dom(M)) for all z € X.

Therefore the pointwise assignment
x — Mo(x)

defines a mapping
M+ X — P*(Dom(M)).

Consequently,

WU, ... Uy) = (X, M)
is well-defined. O
Remark 9.4.7 (Hierarchy). The above constructions form the following hierarchy:

ordinary operation = multioperation = metaoperation.

More precisely:

1. every ordinary r-ary operation
far s Dom(M)" — Dom(M)
induces a multioperation by singleton lifting
(a1,...,ar) — {fm(as,...,ar)};
2. every r-ary multioperation
«) - Dom(M)" — P*(Dom(M))
induces a metaoperation by singleton-family lifting

(a1,...,a,) — {*E\C[)(al,...,ar)}.

Thus uncertain metaoperations extend uncertain multioperations in a natural higher-order
manner.
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Chapter 10

Other Concepts

In this chapter, we present other operations and related concepts.

10.1 Uncertain expected values

Expected values are representative averages of random quantities, weighting each possible
outcome by its probability and summarizing central tendency in probabilistic and decision-
making models mathematically [453,454]. Fuzzy expected values extend expectation to
fuzzy events or variables, assigning monotone, boundary-preserving average-like assessments
under graded membership, uncertainty, and capacity-based integration in general settings
[455,1456,456|,457].

Definition 10.1.1 (Fuzzy event). Let (X, .A) be a measurable space. A fuzzy event on X
is a fuzzy set

A=A{(z,pa(z)):x € X},

whose membership function
pa: X —[0,1]

is A-measurable. The family of all fuzzy events on (X, .A) is denoted by

Afuzzy .

For each « € [0, 1], the a-cut of A is
Aq ={z € X : pa(z) = a}.
Definition 10.1.2 (Capacity). Let (X,.A) be a measurable space. A mapping
m:A—[0,1]

is called a capacity if it satisfies

and
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Definition 10.1.3 (Fuzzy expected value). [458,459] Let (X, .A) be a measurable space. A
mapping
E: A 00,1]

is called an expected value of fuzzy events (or fuzzy expected value) if it satisfies:

1. Boundary conditions:

2. Monotonicity: if A, B € A" satisfy
pa(r) < pp(x) for all x € X,

then
E(A) < E(B).

Remark 10.1.4. Every fuzzy expected value E induces a capacity mg : A — [0, 1] on crisp
events by

mp(U) = EU)  (UeA),

where a crisp set U is identified with its characteristic function 1. Thus a fuzzy expected
value can be viewed as a monotone extension of a capacity from crisp events to fuzzy events.

Definition 10.1.5 (Neutrosophic expected value of a neutrosophic random variable). Let
X be a finite neutrosophic discrete probability space as above, and let

Y. X—R

be a neutrosophic random variable. Write

Y(x;) =n, G=1,...,m),

and
Y (indetg) = my, (k=1,...,s).

Then the neutrosophic expected value of Y is defined by

En[Y]:=)_Y(x;)ch(z;) + Y Y(indety) ch(indety).
j=1 k=1

Within the uncertain-set framework, the appropriate codomain is the model-dependent
degree-domain
Dom(M) C [0,1]*,

so a mathematically consistent definition must ensure that the expected value of uncertain
degrees remains admissible.

Definition 10.1.6 (Expected-value-admissible representation of an uncertain model). Let
M be an uncertain model with admissible degree-domain

Dom(M) C [0,1]*.

An expected-value-admissible representation of M consists of the following data:
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(i) a nonempty convex set
CM - [07 1]q

for some integer ¢ > 1;

(ii) a representation map
@y Dom(M) — Chr;

(iii) a reconstruction map
Uy 0 Cpr — Dom (M)

such that
W0 @y = idpom(ar) -

Remark 10.1.7. The role of Cj; is to provide a convex coordinate domain in which
probability-weighted averages are well-defined. The map ®); embeds uncertain degrees into
this coordinate space, while ¥, converts the averaged coordinates back into admissible
uncertain values.

Definition 10.1.8 (Finite probability space). A finite probability space is a pair

(X,p),

where
X ={x1,29,..., 20}

is a nonempty finite set and
p=(p1,---,pn) €[0,1]"

satisfies
n
> pi=1
i=1

The number p; is interpreted as the probability of the outcome z;.

Definition 10.1.9 (Uncertain expected value). Let M be an uncertain model, let (X, p) be
a finite probability space with

X:{$17"'1xn}7 p:(p17"'7pn)>

and let
U= (X, uy)

be an uncertain set of type M on X, where
ty : X — Dom(M).
Assume that an expected-value-admissible representation

(Cv, @ar, W)

of M has been fixed.

The uncertain expected value of U with respect to p is defined by

Enpld] := U (sz‘ ‘IDM(MM(%'))> .

=1

179



Chapter 10. Other Concepts

Theorem 10.1.10 (Well-definedness of uncertain expected values). Let M be an uncertain
model, let (X,p) be a finite probability space, and let

U= (X, )
be an uncertain set of type M on X. If
(Cnmt, @ar, Vi)
1s an expected-value-admissible representation of M, then
EnrpU] € Dom(M).

Hence the uncertain expected value is well-defined.

Proof. Write
X ={x1,...,zp}, p=(P1s---yDPn)-
Since U is an uncertain set of type M, one has
pas(x;) € Dom(M) (i=1,...,n).
Because
@, : Dom(M) — Cyy,

it follows that

Now

n
pi=0  (i=1,...,n), Y pi=L1
i=1

Therefore
n
PR INTNED))
i=1
is a convex combination of points of Cjs. Since Cyy is convex, one obtains

Zpi s (pui (i) € Cur.

i=1

Finally, because
Uy : Cpr — Dom(M),

we conclude that

n

W (Zpl Py (PJL{(ZI%))) € Dom(M).

i=1

By definition, this is exactly

Esz [Z/{] *
Hence
Eppld] € Dom (M),
so the uncertain expected value is well-defined. ]

Representative expected values in several uncertainty frameworks are presented in Table
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Table 10.1: Representative expected values in several uncertainty frameworks.

Framework Representative expected value

Fuzzy Fuzzy expected value

Intuitionistic  Intuitionistic expected value
Neutrosophic  Neutrosophic expected value [460,461]
Plithogenic Plithogenic expected value

10.2 TUncertain standard deviations

Standard deviations measure how far data values typically spread around their mean, sum-
marizing variability by the square root of variance in a sample or population [462-464].
Fuzzy standard deviations extend classical standard deviations to fuzzy data, representing
dispersion as fuzzy numbers obtained through the extension principle from fuzzy samples in
statistics.

Definition 10.2.1 (Fuzzy sample variance and fuzzy sample standard deviation). Let

¥ = (a],x5,...,2))

be a fuzzy sample of size n > 2, where each z] is a fuzzy number on R. Assume that the
fuzzy sample is represented as a fuzzy vector on R", and let

pg : R™ — [0, 1]
be its membership function.

For a crisp sample
x=(x1,...,2,) ER",

define the classical sample mean by

1 n
T = E Z Tj,
=1
the classical sample variance by

1

20\ . L2
Pa)i= g Yl =
and the classical sample standard deviation by
s(z) := /s%(2)

The fuzzy sample variance of x*, denoted by S2 , is defined as the fuzzy image of the mapping
s2:R™ — [0, 00)

under the extension principle; that is, its membership function is

fs2, (u) := Sup{,ux*(xh...,a:n) Du = ! Z(xz —i)2}, u € [0,00).

181



Chapter 10. Other Concepts

Similarly, the fuzzy sample standard deviation of x*, denoted by Sy«, is defined as the fuzzy
image of the mapping
s:R"™ — [0,00)

under the extension principle; that is, its membership function is

1
ps, . (v) = sup{ux*(xl, ceyTp) W T Zl(:cZ — f)2}, v € [0, 00).

Remark 10.2.2. The above definition is the natural fuzzy extension of the ordinary sample
variance and sample standard deviation. It is obtained by propagating the fuzziness of the
data through the classical statistical mappings

z— s2(x) and x> s(x).
Definition 10.2.3 (a-cut form of fuzzy standard deviation). Let
Clr)a CR"  (a e (0,1)

denote the a-cut of the fuzzy sample z*. Then the a-cuts of the fuzzy sample variance and
fuzzy sample standard deviation are given by

O(S2)a = Legléq)a o), max s2<x>} ,

and

O(Sy+)a =

mGICr'l(lxr}‘)a S(fl?), xerg(aac)’f)a S(x):| .

Definition 10.2.4 (Neutrosophic sample variance and neutrosophic sample standard devi-
ation). Let
Al,AQ,...,An (7122)

be a sample of single-valued neutrosophic numbers, where

Al:(j—‘laIZaFl)e[Oal]S ('L:l,,n)
Define the neutrosophic sample mean by

where

~

Il
S|
]

:’ﬂ
~i

1
S|
Amz

&

S]]

1
S|
NE

>

The neutrosophic sample variance of the sample
(A1,..., Ap)

is defined by
Si = (51%7312’51%)7
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where .
1
2 . 2
=1
1 n
SP = I — 1)
I n— 1 Zzl( 2 ) Y
and

1< _
SE:= > (Fi—F)*.
i=1

n—1
The neutrosophic sample standard deviation of the sample

(A1,..., Ap)

is defined by
SA = (ST7S[7SF)7

Sri=y/S2  Sr=\[SE Sp=[sE

Remark 10.2.5. The above definition is the componentwise extension of the classical sample
variance and sample standard deviation to single-valued neutrosophic data. It measures the
dispersion of the truth, indeterminacy, and falsity components separately.

where

Remark 10.2.6. Since
OST’Z,IZ,Flfl (izl,...,n),

one has
0<857,5,5r < 1.

Hence
Sa = (Sr,Sr,Sp) € [0,1]%,

so the neutrosophic sample standard deviation is again a single-valued neutrosophic number.

In the uncertain-set framework, however, one cannot in general subtract or square elements
of
Dom(M) C [0,1]*

directly. Therefore, a mathematically consistent definition of uncertain standard deviation
must be based on a coordinate representation of uncertain degrees together with a recon-
struction map back to the admissible degree-domain.

Definition 10.2.7 (Standard-deviation-admissible representation of an uncertain model).
Let M be an uncertain model with admissible degree-domain

Dom(M) C [0,1]*.

A standard-deviation-admissible representation of M consists of:

(i) a nonempty set
Cy C[0,1]4

for some integer q > 1;
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(ii) a representation map
@) : Dom(M) — Chy;

(iii) a nonempty set
AM g [07 Oo)q7

(iv) a reconstruction map

W34 . Ay — Dom (M),

(v) the closure property that, for every integer n > 2, the coordinatewise sample standard
deviation map
SD,, : Cy — [0,00)?

given by
SDn(u(l), ... ,u(")) = (01,...,0q),
where, for
W =@, uyecy  (i=1,...,n),

one sets

_ 1~ G LN () 2 .

ua*:;zuy, 0j = n_lz(U§)—Uj) G=1...,9),

i=1 i=1

satisfies

Remark 10.2.8. The set C); is the coordinate domain in which standard deviations are
computed componentwise. The set Ajy is the admissible dispersion domain, and \I/j‘/i[ converts
coordinatewise dispersions back into admissible uncertain values.

Definition 10.2.9 (Uncertain sample standard deviation of uncertain values). Let M be an
uncertain model, let
n > 2,

and assume that a standard-deviation-admissible representation
(CM7 ¢M7 AM? \Il?\%)
of M has been fixed.

For
ai,...,a, € Dom(M),

the uncertain sample standard deviation of

(a1,...,an)
is defined by
USDMJL(CLl, .. .,an) = \I/j‘}(SDn(QM(al), .. ,@M(an))) .

Theorem 10.2.10 (Well-definedness of the uncertain sample standard deviation). Let M
be an uncertain model and let
(CM7 (bMu AM? \Il?\(})

be a standard-deviation-admissible representation of M. Then, for every integer n > 2, the
mapping
USDys,p, : Dom(M)"™ — Dom(M)

s well-defined.
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Proof. Let
(a1,...,a,) € Dom(M)".
Since
&y Dom(M) — Cyy,
one has
®yr(a;) € Cur (i=1,...,n).
Hence

(@M(al), ey @M(an)) € CJY\Z

By the closure property in the definition of a standard-deviation-admissible representation,
SDn(q)M(al), RN @M(an)) € Ay

Since
w4 - Ay — Dom(M),

it follows that
U85 (SDy, (®ar(ar), - .., Par(an))) € Dom(M).

Therefore
USDarp(ar, ..., a,) € Dom(M)
for every
(a1,...,a,) € Dom(M)".
Hence the mapping USDyy,, is well-defined. O

Definition 10.2.11 (Uncertain standard deviation of U-sets). Let X be a nonempty set,
let M be an uncertain model, and let

Ui = (X, i) (i=1,...,n)
be uncertain sets of type M on X, where
wi » X — Dom(M).

Assume that n > 2 and that a standard-deviation-admissible representation of M has been
fixed.

The uncertain standard deviation of

Z/{l, “ .. ’Z/{n
is the uncertain set

USDM,”(Z/{]J ot 72/{”) = (X7 IU’USD]\/IYH(Uh...,Z/{n)))

where
HUSD pp 5 (U s Uhn) X = Dom(M)

is defined pointwise by

HUSDM,,I(ul,...,un)(x) := USDusn (Ml(x)v . ,Mn(l‘)) (z € X).
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Theorem 10.2.12 (Well-definedness of the uncertain standard deviation of U-sets). Let X
be a nonempty set, let M be an uncertain model, and let

U = (X, i) (i=1,...,n)
be uncertain sets of type M on X, with n > 2. Then
USDar (U, ... Uy)

1s a well-defined uncertain set of type M on X.

Proof. Since each

is an uncertain set of type M, one has
wi(z) € Dom(M) forallz € X andalli=1,...,n.

Fix any z € X. Then
(11 (), ..., pn(z)) € Dom(M)"™.

By the preceding theorem,
USDM{” (,U,l(.%'), s 7un<$)) S DOHI(M)

Hence
USD a1 (U ... th) (2) € Dom (M) for all z € X.

Therefore the pointwise assignment

x> USDrn (1 (), .. ., ()

defines a mapping
HUSD g s ) © X — Dom(M).

Consequently,
USDM,n(uh oo 7un) = (X7 /’LUSDM’R(Ul,...,Un))

is an uncertain set of type M on X. Thus the uncertain standard deviation of U-sets is
well-defined. O

Proposition 10.2.13 (Idempotency with respect to dispersion). Let a € Dom(M) and let
n > 2. Then

USDusn(a,...,a) = ¥55(0,. . .,0).

Consequently, for any uncertain set

one has

where
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Proof. Let
Qy(a) = (c1,...,¢q) € Cur.

Then for each coordinate j =1,...,q, the sample
CjsCjy s Cj
has mean c; and sample standard deviation 0. Hence
SD,, (®ar(a), ..., Pu(a)) = (0,...,0).

Therefore
USDusn(a,...,a) = ¥55(0,. . .,0).

The U-set statement follows pointwise. O

Representative uncertain standard deviations in several uncertainty frameworks are presented
in Table

Table 10.2: Representative uncertain standard deviations in several uncertainty frameworks.

Framework Representative uncertain standard deviation

Fuzzy Fuzzy standard deviation [465-467]
Intuitionistic  Intuitionistic standard deviation
Neutrosophic Neutrosophic standard deviation [468-471]
Plithogenic Plithogenic standard deviation
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Chapter 11

Conclusion

In this book, we presented a broad and systematic survey of various operations arising in
Fuzzy, Intuitionistic Fuzzy, Neutrosophic, and Plithogenic frameworks. In particular, we
reviewed representative classes of set-theoretic, logical, aggregation, and integral-type oper-
ations, clarified their roles in modeling uncertainty, interaction, and graded information, and
highlighted their relationships within broader uncertainty-oriented frameworks. We hope
that future research will further investigate their mathematical properties, such as mono-
tonicity, associativity, continuity, and well-definedness, develop new extensions and hybrid
models, and explore applications in diverse fields including decision-making, optimization,
artificial intelligence, and data analysis. We also expect that studies involving computa-
tional experiments, comparative analyses among different operator families, and practical
case-based evaluations will continue to advance this research area.
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This book presents a comprehensive and systematic survey
of fuzzy and uncertain logical operators developed to
model reasoning under imprecision, incompleteness, and partial

reliability. Building upon foundational frameworks such

as fuzzy sets, intuitionistic fuzzy sets, neutrosophic sets,
vague sets, and hesitant fuzzy sets, the work focuses on the
extension of classical logical connectives into uncertainty-aware

environments. It provides a structured overview of a wide range
of operators, including basic set-theoretic operations,

conjunctive-disjunctive families (t-norms, t-conorms,

> uninorms), relational and inferential operators,
""""""" " aggregation mechanisms, and integral-based
models such as Choquet and Sugeno integrals.
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