
 



Survey of Z-Number, D-Number, 
and ZD-Number

Takaaki Fujita, Florentin Smarandache

Neutrosophic Science International Association (NSIA) 
Publishing House 

Gallup - Guayaquil 
United States of America – Ecuador 

2026



Editor: 

Neutrosophic Science International Association (NSIA) 
Publishing House 
https://fs.unm.edu/NSIA/ 

Division of Mathematics and Sciences 

University of New Mexico 

705 Gurley Ave., Gallup Campus 

NM 87301, United States of America 

University of Guayaquil 

Av. Kennedy and Av. Delta 

“Dr. Salvador Allende” University Campus 

Guayaquil 090514, Ecuador 

PEER REVIEWERS
N. Smidova
Technical University of Kosice, SK 88902, Slovakia
Email: nsmidova@yahoo.com

Tomasz Witczak
Institute of Mathematics, University of Silesia, Bankowa 14, 
Katowice, Poland
Email: tm.witczak@gmail.com

Quang-Thinh Bui
Faculty of Electrical Engineering and Computer Science, 
VŠB-Technical University of Ostrava, Ostrava-Poruba, 
Czech Republic
Email: qthinhbui@gmail.com



Contents in this book

The remainder of this book is organized as follows.

1 Introduction 5
1.1 Uncertain Sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.2 Z-Number and D-Number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.3 Our Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2 Preliminaries 7
2.1 Fuzzy Set . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.2 Intuitionistic Fuzzy Set . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.3 Neutrosophic Set . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.4 Plithogenic Set . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.5 Rough Set . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.6 Soft Set . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.7 Uncertain set . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.8 Hypersoft Set . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

3 Extended Z-Number Models 13
3.1 Z-Number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
3.2 ZE-number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
3.3 Linguistic Z-number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
3.4 Weighted Z-Number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
3.5 Mixed-discrete Z-numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
3.6 Hyper Z-Number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
3.7 SuperHyper Z-Number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
3.8 Z-OffNumber . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
3.9 Multipolar Z-Number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
3.10 Augmented Z-number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
3.11 Z-MultiNumbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
3.12 Multidimensional Z-number . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
3.13 Probabilistic Z-Number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
3.14 p-box Z-Number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

3



4 Uncertain Z-Number 29
4.1 Intuitionistic Fuzzy Z-Number . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
4.2 Neutrosophic Z-Number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
4.3 Plithogenic Z-Number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
4.4 Uncertain Z-Number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
4.5 Rough Z-Number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
4.6 Soft Z-number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
4.7 Hypersoft Z-Number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

5 D-number Variants 39
5.1 D-Number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
5.2 Linguistic D-number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
5.3 Hyper D-Number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
5.4 SuperHyper D-Number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
5.5 D-OffNumber . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
5.6 Multipolar D-Number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

6 Uncertain D-Number 47
6.1 Intuitionistic Fuzzy D-Number . . . . . . . . . . . . . . . . . . . . . . . . . . 47
6.2 Neutrosophic D-Number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
6.3 Plithogenic D-Number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
6.4 Uncertain D-Number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
6.5 Rough D-Number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
6.6 Soft D-number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
6.7 Hypersoft D-Number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

7 New Concepts: ZD-Number, ZED-Number, and NZ-Number 59
7.1 ZD-Number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
7.2 ZED-number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
7.3 NZ-number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
7.4 Meta Z-Number (Z-Number of Z-Numbers) . . . . . . . . . . . . . . . . . . . 72
7.5 Meta D-Number (D-Number of D-Numbers) . . . . . . . . . . . . . . . . . . . 74

8 Conclusion 77

Appendix (List of Tables) 80



Chapter 1

Introduction

1.1 Uncertain Sets

Real-world phenomena are frequently characterized by vagueness, partial truth, indetermi-
nacy, and incomplete information. To describe such uncertainty in a mathematically rigor-
ous manner, many generalized set-theoretic frameworks have been developed over the past
decades. Representative examples include Fuzzy Sets [1, 2], Intuitionistic Fuzzy Sets [3, 4],
Hesitant Fuzzy Sets [5, 6], Picture Fuzzy Sets [7, 8], Quadripartitioned Neutrosophic Sets
[9, 10], Pentapartitioned Neutrosophic Sets [11, 12], Plithogenic Sets [13, 14], HyperFuzzy
Sets [15,16], and HyperNeutrosophic Sets [17,18].

These frameworks have been applied in a wide range of areas, including decision science,
chemistry, control systems, and machine learning [19]. Since different applications require
different forms and levels of uncertainty representation, the choice of an appropriate gener-
alized set model depends on the structure of the problem and on the number of uncertainty
parameters needed to characterize the underlying phenomenon.

1.2 Z-Number and D-Number

Among the many formalisms proposed for uncertainty modeling, Z-Numbers and D-Numbers
occupy an important position because they enrich uncertainty representation in different but
complementary ways.

A Z-Number represents an uncertain value by means of two components: the first component
specifies the restriction on the value itself, while the second component describes the relia-
bility of that restriction [20–23]. In this way, a Z-Number models not only an assessment,
but also the confidence attached to that assessment.
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Chapter 1. Introduction

A D-Number, by contrast, assigns belief masses to subsets of a frame that is not necessarily
composed of mutually exclusive elements [24–26]. Consequently, D-Numbers allow incom-
plete information and relax the exclusiveness assumption imposed in classical Dempster–
Shafer evidence theory (cf. [27, 28]). This makes them particularly suitable for situations in
which the available information is partial, overlapping, or structurally nonexclusive.

Both Z-Numbers and D-Numbers have attracted increasing attention in recent years, and
their applications have been investigated in various areas, including Graph Theory [29, 30]
and Decision-Making [31–33].

1.3 Our Contributions

This book provides a broad survey of concepts related to Z-Numbers and D-Numbers. In
particular, it reviews a variety of associated extensions and related models, including, for
example, Neutrosophic Z-Numbers and Neutrosophic D-Numbers. Although the treatment
of some of these concepts is necessarily brief, the aim is to present a coherent overview of
the existing landscape and to clarify the relationships among the principal frameworks.

In addition to surveying known models, this book also introduces new concepts. In particular,
we define the concept of the ZD-Number and discuss it as a natural fusion of the Z-Number
viewpoint and the D-Number viewpoint. Through this combination of survey and new
development, the book aims to provide both a useful reference on existing theories and a
foundation for further research on extended number-based models of uncertainty.



Chapter 2

Preliminaries

This chapter introduces the notation and fundamental concepts used in the sequel.

2.1 Fuzzy Set

Fuzzy set theory generalizes the ordinary notion of a subset by allowing each element to
belong to a set with a degree in the unit interval [0, 1] [1,34,35]. We first recall the standard
definition.

Definition 2.1.1 (Fuzzy set). [1] Let X be a nonempty set. A fuzzy set A on X is
determined by a function

µA : X → [0, 1],

called the membership function of A. Equivalently, one may represent A as

A = {(x, µA(x)) | x ∈ X},

where µA(x) expresses the degree to which x belongs to A.

2.2 Intuitionistic Fuzzy Set

Intuitionistic fuzzy sets refine fuzzy sets by assigning to each element both a membership
degree and a non-membership degree, thereby leaving room for an explicit hesitation part
[4, 36]. The usual definition is given below.

Definition 2.2.1 (Intuitionistic fuzzy set). [37] Let E be a nonempty set. An intuitionistic
fuzzy set (IFS) A on E is of the form

A =
{
〈x, µA(x), νA(x)〉 : x ∈ E

}
,

where
µA, νA : E → [0, 1]

7



Chapter 2. Preliminaries

denote the membership and non-membership functions, respectively, and satisfy

0 ≤ µA(x) + νA(x) ≤ 1 for all x ∈ E.

The quantity
πA(x) := 1− µA(x)− νA(x)

is called the hesitation degree of x.

The classical fuzzy-set case is recovered when

νA(x) = 1− µA(x) for all x ∈ E,

or equivalently when πA(x) = 0 for every x ∈ E.

2.3 Neutrosophic Set

Neutrosophic sets describe uncertainty by assigning to each element three quantities: truth,
indeterminacy, and falsity, usually taken in the interval [0, 1] [38–41]. Because the inde-
terminacy component is handled explicitly, this framework extends both fuzzy sets and
intuitionistic fuzzy sets in a flexible way [42].

Definition 2.3.1 (Neutrosophic set). [43,44] Let X be a nonempty set. A neutrosophic set
(NS) A on X is specified by three mappings

TA : X → [0, 1], IA : X → [0, 1], FA : X → [0, 1],

where, for each x ∈ X, the values TA(x), IA(x), and FA(x) represent the degrees of truth,
indeterminacy, and falsity, respectively, of the statement “x ∈ A”. These values satisfy

0 ≤ TA(x) + IA(x) + FA(x) ≤ 3 for all x ∈ X.

2.4 Plithogenic Set

Plithogenic set theory extends uncertainty modeling by incorporating attribute-based appur-
tenance together with contradiction degrees between attribute values [45–48]. A standard
formulation is as follows.

Definition 2.4.1 (Plithogenic Set). [45, 46] Let P be a nonempty universe of discourse,
and let v be a fixed attribute whose possible values form a nonempty set Pv. Let s, t ∈ N.

A plithogenic set on (P, v, Pv) is a quintuple

PS = (P, v, Pv, pdf, pCF ),

where
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•
pdf : P × Pv → [0, 1]s

is the degree of appurtenance function (DAF); for x ∈ P and a ∈ Pv, the value pdf(x, a)
gives the possibly vector-valued degree to which x belongs relative to the attribute value
a;

•
pCF : Pv × Pv → [0, 1]t

is the degree of contradiction function (DCF), satisfying

pCF (a, a) = 0, pCF (a, b) = pCF (b, a) for all a, b ∈ Pv.

In plithogenic theory, one usually selects a dominant attribute value a∗ ∈ Pv. Set-theoretic
operations such as union and intersection are then constructed by combining appurtenance
degrees with contradiction degrees relative to a∗, thereby capturing interaction and opposi-
tion among different attribute values.

2.5 Rough Set

Rough set theory treats imprecision by replacing a target set with two approximations:
a lower approximation, representing certainty, and an upper approximation, representing
possibility. These are derived from an indiscernibility relation [49–52]. The classical Pawlak
construction is recalled below.

Definition 2.5.1 (Rough set approximations). [53] Let X be a nonempty universe, and let
R ⊆ X ×X be an equivalence relation. For each x ∈ X, define the equivalence class of x by

[x]R := { y ∈ X | (x, y) ∈ R }.

For any subset U ⊆ X, define:

1. Lower approximation:
U := {x ∈ X | [x]R ⊆ U }.

Thus, U consists of those elements whose entire equivalence classes lie inside U .

2. Upper approximation:
U := {x ∈ X | [x]R ∩ U 6= ∅ }.

Hence, U consists of those elements whose equivalence classes intersect U .

The pair (U,U) is called the rough approximation of U , and one always has

U ⊆ U ⊆ U.
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2.6 Soft Set

Soft sets model uncertainty by means of parameters: each parameter determines a subset of
the universe, and the entire family of such subsets forms the soft description. This framework
was introduced by Molodtsov and has since been used widely in uncertainty analysis and
decision-making [54,55].
Definition 2.6.1 (Soft set). [55] Let U be a universe, let E be a set of parameters, and let
A ⊆ E. Denote by P(U) the power set of U . A pair (F,A) is called a soft set over U if

F : A → P(U).

For each parameter ε ∈ A, the subset F (ε) ⊆ U is called the ε-approximation of (F,A).
Thus, a soft set is simply a parameterized family of subsets of the universe U .

2.7 Uncertain set

An uncertain set associates with each element a degree taken from a chosen uncertainty
model, thereby providing a unifying umbrella for fuzzy, intuitionistic fuzzy, neutrosophic,
plithogenic, and related frameworks [56,57].
Definition 2.7.1 (Uncertain model). [56] Let U denote the class of all uncertain models.
Each M ∈ U is determined by:

• a nonempty set Dom(M) ⊆ [0, 1]k of admissible degree tuples for some fixed integer
k ≥ 1; and

• model-specific algebraic or geometric constraints imposed on elements of Dom(M) (for
example, µ + ν ≤ 1 in the intuitionistic fuzzy setting, or 0 ≤ T + I + F ≤ 3 in the
neutrosophic setting).

Typical instances include:

• Fuzzy model: Dom(M) = [0, 1];

• Intuitionistic fuzzy model: Dom(M) = {(µ, ν) ∈ [0, 1]2 : µ+ ν ≤ 1};

• Neutrosophic model: Dom(M) = {(T, I, F ) ∈ [0, 1]3 : 0 ≤ T + I + F ≤ 3};

• Plithogenic model, and many further extensions.
Definition 2.7.2 (Uncertain set (U-set)). [56] Let X be a nonempty universe, and fix an
uncertain model M with degree-domain Dom(M) ⊆ [0, 1]k. An uncertain set of type M
(briefly, a U-set) on X is a pair

U = (X,µM ),

where
µM : X −→ Dom(M)

is the uncertainty-degree function (membership map) of U . For x ∈ X, the value µM (x) ∈
Dom(M) encodes the degree(s) to which x belongs to U , as prescribed by the model M .

As noted in the remark, various generalizations are possible. For reference, Table 2.1 presents
a catalogue of uncertainty-set families (U-Sets) organized by the dimension k of the degree-
domain Dom(M) ⊆ [0, 1]k (cf. [57]).
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Table 2.1: A catalogue of uncertainty-set families (U-Sets) by the dimension k of the degree-
domain Dom(M) ⊆ [0, 1]k [57].

k note Representative U-Set model(s) whose degree-domain is a subset of [0, 1]k
1 Fuzzy Set [1, 2]; N-Fuzzy Set [58–60] Shadowed Set [61–63]
2 Intuitionistic Fuzzy Set [4, 36]; Vague Set [64, 65]; Bipolar Fuzzy Set (two-

component description) [66,67]; Pythagorean Fuzzy Set [24,68]; Fermatean
fuzzy Set [69,70]; Variable Fuzzy Set [71–73]; Paraconsistent Fuzzy Set [74,
75]; Bifuzzy Set [76,77]

3 Single-Valued Neutrosophic Set [40, 44]; Picture Fuzzy Set [8, 78]; Ternary
Fuzzy Set [79]; Hesitant Fuzzy Set [6,80]; Spherical Fuzzy Set [81,82]; Tripo-
lar Fuzzy Set (three-component formalisms) [83–85]; Neutrosophic Vague
Set [86,87]

4 Quadripartitioned Neutrosophic Set [10, 88]; Double-Valued Neutrosophic
Set [89, 90]; Dual Hesitant Fuzzy Set [91, 92]; Ambiguous Set [93–95];
Turiyam Neutrosophic Set [96–99]

5 Pentapartitioned Neutrosophic Set [100–102]; Triple-Valued Neutrosophic
Set [103–106]

6 Hexapartitioned Neutrosophic Set [107]; Bipolar Neutrosophic Set [108,109];
Bipolar Picture Fuzzy Sets [110, 111]; Quadruple-Valued Neutrosophic Set
[105,112]

7 Heptapartitioned Neutrosophic Set [113–115]; Quintuple-Valued Neutro-
sophic Set [105,116,117]

8 Octapartitioned Neutrosophic Set [107]; Bipolar Quadripartitioned Neutro-
sophic Set [118,119]; Bipolar Double-valued Neutrosophic Set

9 Nonapartitioned Neutrosophic Set [107]
n (n ≥ 1) Multi-valued (Fuzzy) Sets [120]; MultiFuzzy Set [121]; n-Refined Fuzzy Set

[122,123]
2n (n ≥ 1) n-Refined Intuitionistic Fuzzy Set [123]; Multi-Intuitionistic Fuzzy Set [121]
3n (n ≥ 1) n-Refined Neutrosophic Set [123,124]; Multi-Neutrosophic Set [121,125,126]

Reading guide. In the U-Set scheme [56], each model M is specified by a degree-domain Dom(M) ⊆ [0, 1]k

and a membership map µM : X → Dom(M). The table groups representative families by the ambient
dimension k (i.e., how many numerical components are stored per element).
(a) A widely cited viewpoint is that neutrosophic sets provide a unifying umbrella covering several earlier
multi-component fuzzy models (and their generalizations); see [42].
(b) Ambiguous sets are commonly presented as subclasses of certain four-component neutrosophic families;
see [10,88,95].
(c) Turiyam neutrosophic sets are reported as subclasses of quadripartitioned neutrosophic sets; see [127].

2.8 Hypersoft Set

A Hypersoft Set assigns subsets of a universe to tuples of attribute values, enabling multi-
attribute parameterization and more detailed soft-set based uncertainty representation [128,
129]. Related hierarchical concepts are also known, such as the SuperHyperSoft Set [129,130]
and the TreeSoft Set [131,132].

Definition 2.8.1 (Hypersoft Set). [133] Let U be a nonempty universal set, and let

A1,A2, . . . ,Am

be nonempty attribute-value sets. Define

C := A1 ×A2 × · · · × Am.

A hypersoft set over U is a pair
(G, C),
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where
G : C → P(U).

Equivalently, it can be written as

(G, C) = { (γ,G(γ)) | γ ∈ C }.

For each tuple

γ = (γ1, γ2, . . . , γm) ∈ C, γi ∈ Ai (i = 1, 2, . . . ,m),

the set
G(γ) ⊆ U

represents the collection of elements of U corresponding to the combined attribute values
γ1, γ2, . . . , γm.



Chapter 3

Extended Z-Number Models

In this chapter, we examine extended Z-number models. A summary of Z-number variants
is presented in Table 3.1.

Table 3.1: Summary of Z-number variants in Chapter 3.

Sec-
tion

Concept Brief description

3.1 Z-Number A pair (A,B) in which A describes a value or
restriction and B expresses the reliability of A.

3.2 ZE-number An extension of the Z-number that incorporates an
additional evidence-related or evaluative component
beyond the standard value–reliability pair.

3.3 Linguistic Z-number A Z-number whose value and/or reliability
components are represented by linguistic terms rather
than only numerical quantities.

3.4 Weighted Z-Number A Z-number equipped with an additional weight
parameter to reflect relative importance, influence, or
priority in aggregation and decision analysis.

3.5 Mixed-discrete
Z-numbers

Z-number models in which at least one component is
represented on a discrete or mixed discrete–continuous
domain.

3.6 Hyper Z-Number A generalized Z-number whose components are
set-valued or higher-order, allowing richer uncertainty
representation than ordinary fuzzy-valued
components.

3.7 SuperHyper Z-Number A hierarchical extension of the Hyper Z-Number based
on iterated set structures for representing multilevel
uncertainty and reliability.

3.8 Z-OffNumber A Z-number constructed using off-set or shifted
membership structures, allowing values outside the
standard unit-interval interpretation.

13
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Sec-
tion

Concept Brief description

3.9 Multipolar Z-Number A Z-number with multiple poles or aspects, enabling
the simultaneous treatment of several evaluative
directions or perspectives.

3.10 Augmented Z-number A Z-number enriched with additional parameters or
components in order to capture supplementary
semantic or structural information.

3.11 Z-MultiNumbers A family of multi-component Z-type objects that
generalize the standard two-part Z-number to multiple
coordinated components.

3.12 Multidimensional
Z-number

A Z-number whose value and/or reliability part is
vector-valued or multi-attribute, designed for
multidimensional assessment settings.

3.13 Probabilistic Z-Number A Z-number model in which the uncertainty or
reliability information is represented probabilistically
rather than only fuzzily.

3.14 p-box Z-Number A Z-number based on probability boxes, using lower
and upper cumulative bounds to model distributional
uncertainty and reliability imprecision.

3.1 Z-Number

A Z-Number represents an uncertain value and the reliability of that value, combining re-
striction and confidence in one framework formally [134].

Definition 3.1.1 (Z-number). Let X be a real-valued uncertain variable on a universe U .
A Z-number is an ordered pair

Z = (A,B),

where A is a fuzzy subset of U representing a restriction on the values of X, and B is a fuzzy
subset of [0, 1] representing the reliability of the statement X is A.

3.2 ZE-number

A ZE-number extends a Z-number by adding an external credibility layer, jointly model-
ing a fuzzy restriction, subjective reliability, and objective reliability of information under
uncertainty [135–138].

Definition 3.2.1 (ZE-number). [135–138] Let U ⊆ R be a universe of discourse, and let
F(U) denote the family of fuzzy subsets of U . Let X be a real-valued uncertain variable
taking values in U .

A ZE-number associated with X is a nested ordered pair

ZE = (Z,E) = ((A,B), E),
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where
A ∈ F(U), B ∈ F([0, 1]), E ∈ F([0, 1]).

The components are interpreted as follows:

1. A is a fuzzy restriction on the possible values of X;

2. B is the subjective reliability, certainty, or confidence of the statement

X is A;

3. E is the credibility, i.e., the objective reliability of the original Z-number Z = (A,B),
and hence acts as an external constraint on the information represented by (A,B).

Thus, a ZE-number enriches a Z-number by introducing a second reliability layer: B expresses
the internal or subjective reliability of the assessment, whereas E expresses the external or
objective credibility of that assessment.

Remark 3.2.2. If A, B, and E are all fuzzy numbers, then ZE = ((A,B), E) is called a
fuzzy ZE-number.

For reference, a comparison of Z-number and ZE-number is presented in Table 3.2.

Table 3.2: A concise comparison of Z-number and ZE-number.

Concept Basic form Main idea Key feature

Z-number Z = (A,B) A is a fuzzy restriction on the
value of an uncertain variable,
and B is a fuzzy restriction on
the reliability of the statement
“X is A.”

Represents an uncertain value
together with one reliability
layer.

ZE-number ZE = ((A,B), E) A is a fuzzy value restriction, B
is the subjective reliability of
the assessment, and E is the
external credibility of the
original Z-number.

Extends a Z-number by adding a
second, external reliability layer.

3.3 Linguistic Z-number

A linguistic Z-number represents a linguistic assessment together with a linguistic reliability
term, enabling qualitative uncertain information and its confidence to be modeled jointly
[139–141].
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Definition 3.3.1 (Linguistic Z-number). [139–141] Let

S1 = {si | i = −τ,−τ + 1, . . . , 0, . . . , τ − 1, τ}

and
S2 = {s′j | j = −ς,−ς + 1, . . . , 0, . . . , ς − 1, ς}

be two finite linguistic term sets, where τ, ς ∈ N, each set is totally ordered, its subscripts
are symmetric with respect to 0, and each set has odd cardinality.

A linguistic Z-number (briefly, LZN) is an ordered pair

z = (A,B) = (si, s
′
j),

where
A ∈ S1, B ∈ S2.

Here:

1. A is the linguistic assessment (or linguistic restriction) of the object, quantity, or un-
certain variable under consideration;

2. B is the linguistic reliability, certainty, or credibility of the statement expressed by A.

Thus, an LZN is a Z-number whose first and second components are both represented by
linguistic terms.

Remark 3.3.2. IfX is an uncertain variable on a universe of discourse U , then the statement
represented by

z = (A,B)

is interpreted linguistically as

“X is A” with reliability B.

Hence, A describes the linguistic value of X, while B describes the linguistic confidence
assigned to that description.

3.4 Weighted Z-Number

A weighted Z-number extends a Z-number by attaching importance weights during com-
parison or aggregation, jointly reflecting uncertain values, reliability, and decision rele-
vance [142–144].
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Definition 3.4.1 (Weighted Z-Number). [142–144] Let

Z = (A,B)

be a Z-number, where
A

is a fuzzy number on R, representing a fuzzy restriction on the values of a real-valued
uncertain variable X, and

B

is a fuzzy number on [0, 1], representing the reliability of A.

Assume that the membership function µB : [0, 1] → [0, 1] satisfies∫ 1

0
µB(r) dr > 0.

Define the reliability weight induced by B by

α(Z) :=

∫ 1

0
r µB(r) dr∫ 1

0
µB(r) dr

.

Then α(Z) ∈ [0, 1].

The Weighted Z-Number associated with Z is the fuzzy set

Zw = Aα(Z)

whose membership function is given by

µZw(x) = µAα(Z)(x) := α(Z)µA(x), x ∈ R.

Equivalently,
Zw =

{(
x, α(Z)µA(x)

)
| x ∈ R

}
.

Here, α(Z) is called the reliability weight of the Z-number Z. Thus, Zw is obtained by
incorporating the reliability information carried by B into the restriction component A.

3.5 Mixed-discrete Z-numbers

A mixed-discrete Z-number combines a fuzzy value restriction with a discrete fuzzy reliability
scale, enabling uncertain quantitative assessments to be represented more efficiently and
computationally [145,146].
Definition 3.5.1 (Mixed-discrete Z-number). Let U ⊆ R be a universe of discourse, let
FN (U) be the family of fuzzy numbers on U , and let DFN (Lm) be the family of discrete
fuzzy numbers on the finite chain Lm = {0, 1, . . . ,m}.

A mixed-discrete Z-number is an ordered pair

Z = (A,B)

such that
A ∈ FN (U), B ∈ DFN (Lm),

where A is a fuzzy restriction on an uncertain variable X, and B is a discrete fuzzy repre-
sentation of the reliability of the statement X is A.
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3.6 Hyper Z-Number

A Hyper Z-Number assigns each value a nonempty family of Z-number pairs, capturing
multiple admissible fuzzy restrictions and reliability assessments for complex uncertain de-
scriptions jointly [147].

Definition 3.6.1 (Hyper Z-Number). [147] Let F denote the set of all fuzzy numbers on
R, and let

P∗(X) := P(X) \ {∅}
be the family of all nonempty subsets of a set X.

A Hyper Z-Number is a mapping

Z̃ : R → P∗(F × F)

such that, for each x ∈ R,
Z̃(x) = {(Ai, Ri) | i ∈ Ix},

where Ix is a nonempty index set, and for every i ∈ Ix:

Ai ∈ F , Ri ∈ F .

Here, Ai is a fuzzy-number restriction on the possible value of x, and Ri is a fuzzy-number
reliability associated with the restriction Ai.

Thus, each pair (Ai, Ri) is an ordinary Z-number, and Z̃(x) represents a nonempty family
of admissible Z-number descriptions of x.

3.7 SuperHyper Z-Number

An n-SuperHyper Z-Number assigns each value an n-level nested nonempty family of Z-
number pairs, modeling hierarchically organized fuzzy restrictions and reliabilities across
multiple structural layers [147].

Definition 3.7.1 (n-th Nonempty Powerset). [148] Let X be a nonempty set. Define
recursively

P∗(0)(X) := X, P∗(n)(X) := P∗(P∗(n−1)(X)
)

(n ≥ 1).

Definition 3.7.2 (n-SuperHyper Z-Number). [147] Let F be the set of all fuzzy numbers
on R, and let n ≥ 2 be an integer. An n-SuperHyper Z-Number is a mapping

Z̃(n) : R → P∗(n)(F × F)

such that, for each x ∈ R, the value

Z̃(n)(x) ∈ P∗(n)(F × F)

is an n-level nested nonempty family built from ordered pairs (A,R) with A,R ∈ F .

Equivalently, an n-SuperHyper Z-Number is a hierarchical collection of Z-number pairs,
where each basic pair (A,R) consists of

A ∈ F and R ∈ F ,

with A representing a fuzzy restriction on the value of x and R representing the fuzzy
reliability of that restriction.
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Example 3.7.3 (Emergency delivery-time assessment in disaster logistics). Consider a
disaster-relief center that must estimate the delivery time of medical supplies to an affected
area. Let the real-valued uncertain variable

X

denote the delivery time, measured in hours. Because the situation is highly dynamic, the
estimate is collected in a hierarchical manner from several sources, such as local drivers,
traffic-monitoring systems, and field coordinators.

Assume that we use a 2-SuperHyper Z-Number

Z̃(2) : R → P∗(2)(F × F)

to represent the delivery-time assessment. For the candidate value

x = 5,

suppose that
Z̃(2)(5) =

{
C1, C2

}
,

where
C1 = {(A1, R1), (A2, R2)} , C2 = {(A3, R3), (A4, R4)} .

Here:

• C1 represents the collection of assessments obtained from traffic-related information
sources;

• C2 represents the collection of assessments obtained from field-operation and logistics
experts.

Let the basic Z-number pairs be given by the following triangular fuzzy numbers:

A1 = (4.5, 5.0, 5.5), R1 = (0.70, 0.80, 0.90),

A2 = (4.8, 5.2, 5.8), R2 = (0.60, 0.75, 0.85),

A3 = (4.0, 5.0, 6.0), R3 = (0.65, 0.78, 0.88),

A4 = (5.0, 5.5, 6.5), R4 = (0.55, 0.70, 0.82).

Thus,

Z̃(2)(5) =
{{(

(4.5, 5.0, 5.5), (0.70, 0.80, 0.90)
)
,
(
(4.8, 5.2, 5.8), (0.60, 0.75, 0.85)

)}
,{(

(4.0, 5.0, 6.0), (0.65, 0.78, 0.88)
)
,
(
(5.0, 5.5, 6.5), (0.55, 0.70, 0.82)

)}}
.

This means that the delivery time near 5 hours is not described by a single Z-number, but by
a hierarchical family of Z-number pairs. At the lower level, each pair (Ai, Ri) represents one
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concrete assessment together with its reliability. At the higher level, these pairs are grouped
according to broader information classes, such as traffic evidence and field-logistics evidence.

Therefore, the 2-SuperHyper Z-Number provides a natural model for real-world situations in
which uncertain values and their reliabilities are collected, organized, and interpreted across
multiple hierarchical layers.

(m,n)-SuperHyper Z-Number assigns hierarchical collections of Z-number pairs to hierarchi-
cal collections of real values, modeling multi-level uncertain values and reliabilities.

Definition 3.7.4 ((m,n)-SuperHyper Z-Number). Let

FR

denote the set of all fuzzy numbers on R, and let

F[0,1]

denote the set of all fuzzy numbers on [0, 1]. Let

m ∈ N0 and n ≥ 2.

An (m,n)-SuperHyper Z-Number is a mapping

Z̃(m,n) : P∗(m)(R) −→ P∗(n)(FR ×F[0,1]

)
such that, for each

ξ ∈ P∗(m)(R),

the value
Z̃(m,n)(ξ) ∈ P∗(n)(FR ×F[0,1]

)
is an n-level nested nonempty family built from ordered pairs

(A,R) ∈ FR ×F[0,1],

where

• A is a fuzzy-number restriction on possible values of the quantity under consideration;

• R is a fuzzy-number reliability restriction on the credibility of the statement represented
by A.

Equivalently, an (m,n)-SuperHyper Z-Number assigns to each m-level nested nonempty
family of real numbers a corresponding n-level nested nonempty family of ordinary Z-number
pairs.

Remark 3.7.5. The parameter m controls the hierarchical complexity of the input side,
while n controls the hierarchical complexity of the Z-number side. Thus:



Chapter 3. Extended Z-Number Models

• if m = 0, then
P∗(0)(R) = R,

and one recovers the usual n-SuperHyper Z-Number,

Z̃(0,n) : R → P∗(n)(FR ×F[0,1]

)
;

• if m = 1, then the input is a nonempty family of real values;

• larger values of m allow iterated hierarchical value-collections on the domain side.

A concise comparison of Z-Number, Hyper Z-Number, SuperHyper Z-Number, and (m,n)-
SuperHyper Z-Number is presented in Table 3.3.

Table 3.3: A concise comparison of Z-Number, Hyper Z-Number, SuperHyper Z-Number,
and (m,n)-SuperHyper Z-Number.

Concept Basic form Hierarchy Main feature

Z-Number Z = (A,R), A ∈ FR,
R ∈ F[0,1]

None Represents a fuzzy restriction
together with a fuzzy reliability
restriction.

Hyper Z-Number Z̃H : R → P∗(FR×F[0,1]

)
One-level
value-side family

Assigns to each real value a
nonempty family of ordinary
Z-number pairs.

SuperHyper
Z-Number

Z̃(n) : R →
P∗(n)

(
FR ×F[0,1]

) Depth n on the
Z-number side

Assigns an n-level nested nonempty
family of ordinary Z-number pairs to
each real value.

(m,n)-SuperHyper
Z-Number

Z̃(m,n) : P∗(m)(R) →
P∗(n)

(
FR ×F[0,1]

) Depth m on the
domain side,
depth n on the
Z-number side

Separates the hierarchical
complexity of the input side from
that of the Z-number side, yielding
the most flexible generalization.

3.8 Z-OffNumber

A Z-OffNumber uses offset fuzzy numbers for both value restriction and reliability, allowing
normalized fuzzy interpretation while extending membership grades beyond the standard
unit interval [149].

Definition 3.8.1 (Offset fuzzy number). Let I ⊆ R be an interval, and let Ψ < 0 < 1 < Ω.
Define the affine normalization map

NΨ,Ω : [Ψ,Ω] → [0, 1], NΨ,Ω(u) :=
u−Ψ

Ω−Ψ
.

A mapping
µ : I → [Ψ,Ω]

is called a (Ψ,Ω)-offset fuzzy number on I if the normalized membership function

µ̂ := NΨ,Ω ◦ µ : I → [0, 1]
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is an ordinary fuzzy number on I; that is, µ̂ is normal, upper semicontinuous, fuzzy convex,
and has compact support.

We denote the family of all such offset fuzzy numbers on I by

FΨ,Ω
off (I).

Definition 3.8.2 (Z-OffNumber). [149] Let

ΨA < 0 < 1 < ΩA, ΨR < 0 < 1 < ΩR.

A Z-OffNumber is an ordered pair

Zoff = (Aoff, Roff)

such that
Aoff ∈ FΨA,ΩA

off (R), Roff ∈ FΨR,ΩR

off ([0, 1]).

Equivalently, Aoff and Roff are represented by membership functions

µAoff : R → [ΨA,ΩA], µRoff : [0, 1] → [ΨR,ΩR],

for which the normalized functions

µ̂Aoff(x) =
µAoff(x)−ΨA

ΩA −ΨA
, µ̂Roff(r) =

µRoff(r)−ΨR

ΩR −ΨR

are ordinary fuzzy numbers.

Here:

1. Aoff is an offset fuzzy restriction on the possible values of a real-valued uncertain
variable X;

2. Roff is an offset fuzzy reliability restriction on the credibility level r ∈ [0, 1] associated
with the restriction Aoff.

Thus, the statement
Zoff = (Aoff, Roff)

means that the variable X is constrained by the offset fuzzy number Aoff, with offset fuzzy
reliability described by Roff.
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3.9 Multipolar Z-Number

Multipolar Z-Number extends a Z-Number by assigning multiple polarity-specific restric-
tions and corresponding reliabilities, enabling simultaneous modeling of several evaluative
viewpoints within one uncertainty framework coherently. A related concept known in the
literature is the Bipolar Z-Number.

Definition 3.9.1 (m-polar fuzzy set). [150] Let U be a nonempty set and let m ∈ N. An
m-polar fuzzy set on U is a mapping

µ
(m)
A : U → [0, 1]m.

Equivalently, it may be written as

A(m) =
{(

x, µ
(1)
A (x), µ

(2)
A (x), . . . , µ

(m)
A (x)

) ∣∣∣ x ∈ U
}
,

where
µ
(k)
A : U → [0, 1] (k = 1, 2, . . . ,m)

denotes the k-th polar membership function.

Definition 3.9.2 (Multipolar Z-Number). Let U ⊆ R be a universe of discourse, let X be
a real-valued uncertain variable taking values in U , and let m ∈ N. A Multipolar Z-Number
of order m is an ordered pair

Z(m) = (A(m), B),

where

1. A(m) is an m-polar fuzzy set on U , called the multipolar restriction component;

2. B is a fuzzy subset of [0, 1], called the reliability component.

More explicitly,

A(m) =
{(

x, µ
(1)
A (x), µ

(2)
A (x), . . . , µ

(m)
A (x)

) ∣∣∣ x ∈ U
}
,

with
µ
(k)
A : U → [0, 1] (k = 1, 2, . . . ,m),

and
B = {(r, µB(r)) | r ∈ [0, 1]}, µB : [0, 1] → [0, 1].

The intended meaning is that A(m) describes the uncertain value of X through m polar
viewpoints, while B expresses the reliability of the statement

X is A(m).

Remark 3.9.3. If m = 1, then A(1) is an ordinary fuzzy set, and

Z(1) = (A(1), B)

reduces to the classical Z-number.



Chapter 3. Extended Z-Number Models

3.10 Augmented Z-number

An Augmented Z-number extends a Z-number by adding time, context, and affective infor-
mation, jointly representing uncertain values, reliability, situational meaning, and emotional
perspective within statements [151].

Definition 3.10.1 (Augmented Z-number (or Z∗-number)). Let U be a universe of discourse
for a subject variable X, and let F(U) denote the family of fuzzy subsets of U . Let

Θ = {retrospective,present,prospective}

be the set of temporal modes, and let C be a family of admissible contexts.

Let E be a finite set of affect labels, let S ⊆ [0, 1] be an affect-strength scale, and let

V = {+,−}

be the set of affect valences.

An Augmented Z-number (briefly, a Z∗-number) associated with a natural-language state-
ment Y on the subject X is an ordered 5-tuple

Z∗ = (T,C,A,B,AG),

where
T ∈ 2Θ \ {∅}, C ∈ C, A ∈ F(U), B ∈ F([0, 1]),

and
AG ⊆ E × S × V

is a finite set.

The components are interpreted as follows:

1. T is the time component, representing the relevant temporal perspective(s), such as
retrospective, present, and/or prospective;

2. C is the context in which the statement Y is used or interpreted;

3. A is the instantiated value of X, equivalently a fuzzy restriction on the possible values
of X, determined relative to T and C;

4. B is a fuzzy measure of the reliability, certainty, or confidence of the assessment A,
relative to X, T , and C;

5. AG is the affect group, namely a finite set of ordered triples

(e, s, v) ∈ E × S × V,

where e is an affect, s is its strength, and v is its valence.

Thus, an Augmented Z-number extends a classical Z-number by enriching the restriction–
reliability pair (A,B) with temporal, contextual, and affective information.
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3.11 Z-MultiNumbers

A Z-MultiNumbers model represents one fuzzy value restriction together with multiple
weighted reliability components, integrating several confidence aspects into a single uncertain
assessment framework.

Definition 3.11.1 (Z-MultiNumbers). Let X be a nonempty universe of discourse, and let

F(X) = {A | A : X → [0, 1]}

denote the family of all fuzzy sets on X.

For a fixed integer m ≥ 1, let

Ri = [0, 1] (i = 1, . . . ,m)

be reliability domains, and let
ci : F(Ri) → [0, 1]

be prescribed reliability scoring functionals.

A Z-MultiNumbers object is a tuple

Z =
(
A;B1, . . . , Bm;w1, . . . , wm

)
,

where

1. A ∈ F(X) is the value-restriction component;

2. Bi ∈ F(Ri) for each i = 1, . . . ,m is the i-th reliability component;

3. wi ≥ 0 for all i, and
m∑
i=1

wi = 1.

The aggregated reliability degree of Z is defined by

ρ(Z) =
m∑
i=1

wi ci(Bi).

Let T : [0, 1]2 → [0, 1] be a chosen triangular norm. The effective value membership function
induced by Z is

µZ(x) = T
(
µA(x), ρ(Z)

)
, x ∈ X.

If m = 1 and w1 = 1, then
Z = (A;B1; 1)

reduces to the ordinary Z-number (A,B1).
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3.12 Multidimensional Z-number

A Multidimensional Z-number extends a classical Z-number by combining multiple fuzzy
restriction components with one fuzzy reliability component, modeling uncertainty across
several correlated attributes simultaneously [152–154].

Definition 3.12.1 (Multidimensional Z-number). [152–154] Let n ∈ N, and for each i ∈
{1, . . . , n} let Ui be a nonempty universe corresponding to the i-th attribute (or dimension).
Let

F(Ui)

denote the family of fuzzy subsets of Ui, and let

F([0, 1])

denote the family of fuzzy subsets of the unit interval.

A multidimensional Z-number (briefly, MZ-number) is an ordered pair

Z(n) = (G,B), G = (A1, A2, . . . , An),

where
Ai ∈ F(Ui) (i = 1, 2, . . . , n), B ∈ F([0, 1]).

The tuple
G = (A1, A2, . . . , An)

is called the n-dimensional restriction vector, where each Ai represents a fuzzy restriction
on the i-th component of an uncertain object, variable, or evaluation. The fuzzy set B
represents the reliability, certainty, or credibility assigned to the whole multidimensional
restriction vector G.

Hence, a multidimensional Z-number may be written as

Z(n) = ((A1, A2, . . . , An), B).

Remark 3.12.2. If n = 1, then
Z(1) = ((A1), B)

is naturally identified with the ordinary Z-number

(A1, B).

Thus, the multidimensional Z-number is a direct extension of the classical Z-number.
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3.13 Probabilistic Z-Number

Probabilistic Z-Number models an uncertain value by a probability distribution and attaches
another probability distribution describing the reliability of that value assessment under
uncertainty explicitly.

Definition 3.13.1 (Probabilistic Z-number (or ZP-number)). Let (U,U) be a measurable
space, and let B([0, 1]) be the Borel σ-algebra on [0, 1].

A Probabilistic Z-number is an ordered pair

ZP = (PX , PR),

where

1. PX is a probability measure on (U,U), called the value law;

2. PR is a probability measure on ([0, 1],B([0, 1])), called the reliability law.

The mean reliability induced by ZP is defined by

ρ(ZP ) :=

∫
[0,1]

r dPR(r).

Since 0 ≤ r ≤ 1 on [0, 1], one has
0 ≤ ρ(ZP ) ≤ 1.

The reliability-discounted value measure associated with ZP is the set function

QZP : U → [0, 1]

defined by
QZP (E) = ρ(ZP )PX(E), E ∈ U .

Proposition 3.13.2. For every Probabilistic Z-number ZP = (PX , PR), the mapping

QZP : U → [0, 1]

is a subprobability measure on (U,U).

Proof. First,
QZP (∅) = ρ(ZP )PX(∅) = 0.

Next, if {En}n≥1 is a pairwise disjoint sequence in U , then

QZP

( ∞⋃
n=1

En

)
= ρ(ZP )PX

( ∞⋃
n=1

En

)
= ρ(ZP )

∞∑
n=1

PX(En) =

∞∑
n=1

QZP (En).

Thus QZP is countably additive. Finally,

QZP (U) = ρ(ZP )PX(U) = ρ(ZP ) ≤ 1.

Hence QZP is a subprobability measure.
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3.14 p-box Z-Number

p-box Z-Number represents an uncertain value and its reliability by lower and upper probabil-
ity distributions, capturing imprecise probabilistic restrictions on both informational layers
simultaneously.
Definition 3.14.1 (p-box). A probability box (briefly, p-box) on R is a pair

P = (F , F ),

where F and F are cumulative distribution functions on R satisfying

F (x) ≤ F (x) for all x ∈ R.

The credal family generated by P is

K(P) :=
{
F
∣∣ F is a cumulative distribution function and F (x) ≤ F (x) ≤ F (x) ∀x ∈ R

}
.

Definition 3.14.2 (p-box Z-number (or ZPB-number)). Let PX = (FX , FX) be a p-box on
a value domain U ⊆ R, and let

PR = (FR, FR)

be a p-box on the reliability domain [0, 1].

A p-box Z-number is an ordered pair

ZPB = (PX ,PR).

The lower and upper effective reliabilities are defined by

ρ(ZPB) := inf
F∈K(PR)

∫
[0,1]

r dF (r),

and
ρ(ZPB) := sup

F∈K(PR)

∫
[0,1]

r dF (r).

Proposition 3.14.3. Assume that
K(PR) 6= ∅.

Then
0 ≤ ρ(ZPB) ≤ ρ(ZPB) ≤ 1.

Hence the reliability of a p-box Z-number is always a well-defined interval in [0, 1].

Proof. For every
F ∈ K(PR),

the measure induced by F is supported on [0, 1]. Therefore

0 ≤
∫
[0,1]

r dF (r) ≤ 1.

Taking the infimum and supremum over the nonempty set

K(PR)

yields
0 ≤ ρ(ZPB) ≤ ρ(ZPB) ≤ 1.
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Uncertain Z-Number

In this chapter, we investigate the concept of the Uncertain Z-Number.

4.1 Intuitionistic Fuzzy Z-Number

An Intuitionistic Fuzzy Z-Number combines intuitionistic fuzzy membership, nonmember-
ship, and hesitation information with a reliability assessment, representing uncertain evalu-
ations together with confidence in them simultaneously [155–157]. Related concepts are also
known, including the Hesitant Fuzzy Z-Number [158], the Picture Fuzzy Z-Number [159,160],
and the Spherical Fuzzy Z-Number [161,162].

Definition 4.1.1 (Intuitionistic Fuzzy Z-Number). [155–157] Let U ⊆ R be a universe of
discourse, and let IF(U) denote the family of intuitionistic fuzzy subsets of U . Let X be an
uncertain variable taking values in U .

An Intuitionistic Fuzzy Z-Number (briefly, IFZN or IZN ) associated with X is an ordered
pair

ZI = (AI , RI),

where
AI ∈ IF(U), RI ∈ IF([0, 1]).

More explicitly,

AI = {(x, µAI (x), νAI (x)) : x ∈ U}, RI = {(r, µRI (r), νRI (r)) : r ∈ [0, 1]},

with
µAI : U → [0, 1], νAI : U → [0, 1],

µRI : [0, 1] → [0, 1], νRI : [0, 1] → [0, 1],

satisfying
0 ≤ µAI (x) + νAI (x) ≤ 1 for all x ∈ U,

and
0 ≤ µRI (r) + νRI (r) ≤ 1 for all r ∈ [0, 1].

Here:

29
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1. AI is an intuitionistic fuzzy restriction on the possible values of X;

2. RI is an intuitionistic fuzzy reliability measure of the statement

X is AI .

Hence, an intuitionistic fuzzy Z-number refines a classical Z-number by equipping both the
restriction component and the reliability component with membership and non-membership
information, thereby also allowing an implicit hesitation degree.

4.2 Neutrosophic Z-Number

A Neutrosophic Z-number represents a neutrosophic assessment of a value together with a
neutrosophic assessment of the reliability of that value, thereby capturing truth, indetermi-
nacy, and falsity on both sides [163–165].

Definition 4.2.1 (Single-valued neutrosophic number). [166–169] A single-valued neutro-
sophic number is an ordered triple

A = (TA, IA, FA) ∈ [0, 1]3

satisfying
0 ≤ TA + IA + FA ≤ 3.

Here TA, IA, and FA denote the truth-membership degree, indeterminacy-membership de-
gree, and falsity-membership degree, respectively.

Definition 4.2.2 (Neutrosophic Z-number). A Neutrosophic Z-number is an ordered pair

Z = (A,B),

where
A = (TA, IA, FA) ∈ [0, 1]3, B = (TB, IB, FB) ∈ [0, 1]3

are single-valued neutrosophic numbers satisfying

0 ≤ TA + IA + FA ≤ 3, 0 ≤ TB + IB + FB ≤ 3.

The component A is called the value component, and B is called the reliability component.

4.3 Plithogenic Z-Number

A plithogenic Z-number enriches both the restriction and the reliability components of a
Z-number by attaching attribute values and contradiction degrees.
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Definition 4.3.1 (Plithogenic fuzzy restriction). Let U ⊆ R be a universe of discourse. Let
V be a finite nonempty set of attribute values, let

v∗ ∈ V

be a fixed dominant attribute value, and let

c : V × V → [0, 1]

be a contradiction-degree function.

A plithogenic fuzzy restriction on U is a quadruple

AP = (U, V, v∗, µAP )

where
µAP : U × V → [0, 1]

assigns to each pair (x, v) a plithogenic appurtenance degree.

The effective membership function induced by AP is defined by

µeff
AP (x) := max

v∈V

(
µAP (x, v)

(
1− c(v, v∗)

))
, x ∈ U.

Definition 4.3.2 (Plithogenic Z-Number). Let U ⊆ R. A plithogenic Z-number is an ordered
pair

ZP = (AP , BP ),

where

1. AP is a plithogenic fuzzy restriction on U ;

2. BP is a plithogenic fuzzy restriction on [0, 1].

Thus, if
AP = (U, VA, a

∗, µAP ) and BP = ([0, 1], VB, b
∗, µBP ),

then the effective membership functions are

µeff
AP (x) = max

v∈VA

(
µAP (x, v)

(
1− cA(v, a

∗)
))

, x ∈ U,

and
µeff
BP (r) = max

w∈VB

(
µBP (r, w)

(
1− cB(w, b

∗)
))

, r ∈ [0, 1].

Theorem 4.3.3 (Well-definedness of Plithogenic Z-Numbers). Let

ZP = (AP , BP )

be a plithogenic Z-number. Then the pair

ZP
eff := (AP

eff, B
P
eff)

induced by the effective membership functions

µeff
AP : U → [0, 1], µeff

BP : [0, 1] → [0, 1]

is well-defined. In particular, ZP
eff is an ordinary Z-number.
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Proof. Fix x ∈ U . For each v ∈ VA,

0 ≤ µAP (x, v) ≤ 1 and 0 ≤ 1− cA(v, a
∗) ≤ 1.

Hence
0 ≤ µAP (x, v)

(
1− cA(v, a

∗)
)
≤ 1.

Since VA is finite, the maximum exists, and therefore

µeff
AP (x) ∈ [0, 1].

Thus µeff
AP is a fuzzy membership function on U .

Similarly, for each r ∈ [0, 1] and each w ∈ VB,

0 ≤ µBP (r, w)
(
1− cB(w, b

∗)
)
≤ 1.

Since VB is finite, the maximum exists, so

µeff
BP (r) ∈ [0, 1].

Thus µeff
BP is a fuzzy membership function on [0, 1].

Therefore,
AP

eff = {(x, µeff
AP (x)) | x ∈ U}

is a fuzzy set on U , and
BP

eff = {(r, µeff
BP (r)) | r ∈ [0, 1]}

is a fuzzy set on [0, 1]. Hence
ZP

eff = (AP
eff, B

P
eff)

is an ordinary Z-number.

Remark 4.3.4. If all contradiction degrees are zero, then the plithogenic Z-number reduces
to a usual Z-number through its effective form.

4.4 Uncertain Z-Number

An uncertain Z-number generalizes the classical Z-number by replacing both the restriction
component and the reliability component with uncertain sets of a fixed type M .

Definition 4.4.1 (Uncertain Z-Number of type M). Let M be an uncertain model with
degree-domain

Dom(M) ⊆ [0, 1]k

for some integer k ≥ 1, and let U ⊆ R be a nonempty universe of discourse. Let X be a
real-valued uncertain variable taking values in U .

An uncertain Z-number of type M (briefly, an M -Z-number or Uncertain Z-Number) associ-
ated with X is an ordered pair

ZM = (AM , RM ),
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where
AM = (U,αM )

is an uncertain set of type M on U , and

RM = ([0, 1], βM )

is an uncertain set of type M on [0, 1].

Equivalently,
αM : U → Dom(M), βM : [0, 1] → Dom(M),

where:

1. AM is the uncertain restriction on the possible values of X;

2. RM is the uncertain reliability of the statement

X is AM .

Thus, an uncertain Z-number may be written in the form

ZM =
(
(U,αM ), ([0, 1], βM )

)
.

Remark 4.4.2. If M is the fuzzy model, that is,

Dom(M) = [0, 1],

then an uncertain Z-number of type M reduces to the ordinary Z-number. If M is the
intuitionistic fuzzy model, neutrosophic model, or another uncertain model, then one obtains
the corresponding intuitionistic fuzzy, neutrosophic, or other model-based Z-number.

4.5 Rough Z-Number

A rough Z-number models both the restriction and the reliability components of a Z-number
by lower and upper fuzzy approximations [170–172].

Definition 4.5.1 (Rough Z-Number). Let U ⊆ R. A rough Z-number is an ordered pair

ZR =
(
(A,A), (B,B)

)
,

where

1. A and A are fuzzy sets on U ;

2. B and B are fuzzy sets on [0, 1];

3.
µA(x) ≤ µA(x) for all x ∈ U ;
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4.
µB(r) ≤ µB(r) for all r ∈ [0, 1].

Here, (A,B) is called the lower Z-component, and (A,B) is called the upper Z-component.

Theorem 4.5.2 (Well-definedness of Rough Z-Numbers). Let

ZR =
(
(A,A), (B,B)

)
be a rough Z-number. Then the interval-valued mappings

IA(x) := [µA(x), µA(x)] (x ∈ U)

and
IB(r) := [µB(r), µB(r)] (r ∈ [0, 1])

are well-defined. Moreover, both

(A,B) and (A,B)

are ordinary Z-numbers.

Proof. Since A and A are fuzzy sets on U , one has

0 ≤ µA(x) ≤ 1, 0 ≤ µA(x) ≤ 1

for all x ∈ U . By assumption,
µA(x) ≤ µA(x),

so
IA(x) = [µA(x), µA(x)]

is a valid interval in [0, 1].

Similarly, since B and B are fuzzy sets on [0, 1],

0 ≤ µB(r) ≤ 1, 0 ≤ µB(r) ≤ 1

for all r ∈ [0, 1], and by assumption

µB(r) ≤ µB(r).

Hence
IB(r) = [µB(r), µB(r)]

is also a valid interval in [0, 1].

Therefore both interval-valued mappings are well-defined. Since each of A,A is a fuzzy set
on U , and each of B,B is a fuzzy set on [0, 1], it follows directly from the definition of a
Z-number that

(A,B) and (A,B)

are ordinary Z-numbers.

Remark 4.5.3. If
A = A and B = B,

then the rough Z-number reduces to an ordinary Z-number.
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4.6 Soft Z-number

A soft Z-number is a parameterized family of Z-numbers, allowing different parameters to
describe uncertain values and reliabilities from multiple viewpoints.

Definition 4.6.1 (Soft Z-number). Let U ⊆ R be a universe of discourse, and let E be a
finite nonempty set of parameters. Define

Z(U) := {(A,B) | A is a fuzzy set on U, B is a fuzzy set on [0, 1]}.

A soft Z-number over U with parameter set E is a pair

(F,E),

where
F : E → Z(U).

Equivalently, for each parameter ε ∈ E,

F (ε) = (Aε, Bε)

is an ordinary Z-number on U .

Theorem 4.6.2 (Well-definedness of Soft Z-Numbers). Let (F,E) be a soft Z-number over
U , and let

w : E → [0, 1]

be a weight function satisfying ∑
ε∈E

w(ε) = 1.

For each ε ∈ E, write
F (ε) = (Aε, Bε).

Define
µAw(x) :=

∑
ε∈E

w(ε)µAε(x), x ∈ U,

and
µBw(r) :=

∑
ε∈E

w(ε)µBε(r), r ∈ [0, 1].

Then
Zw := (Aw, Bw)

is a well-defined ordinary Z-number.

Proof. For each ε ∈ E and each x ∈ U ,

0 ≤ µAε(x) ≤ 1.

Since w(ε) ≥ 0 and
∑

ε∈E w(ε) = 1, one obtains

0 ≤ µAw(x) =
∑
ε∈E

w(ε)µAε(x) ≤ 1.
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Hence µAw : U → [0, 1] is a fuzzy membership function on U .

Similarly, for each ε ∈ E and each r ∈ [0, 1],

0 ≤ µBε(r) ≤ 1.

Therefore,
0 ≤ µBw(r) =

∑
ε∈E

w(ε)µBε(r) ≤ 1,

so µBw : [0, 1] → [0, 1] is a fuzzy membership function on [0, 1].

Thus,
Aw = {(x, µAw(x)) | x ∈ U}

is a fuzzy set on U , and
Bw = {(r, µBw(r)) | r ∈ [0, 1]}

is a fuzzy set on [0, 1]. Hence
Zw = (Aw, Bw)

is an ordinary Z-number.

Remark 4.6.3. If E = {ε0} is a singleton, then a soft Z-number reduces to the ordinary
Z-number

F (ε0).

4.7 Hypersoft Z-Number

A Hypersoft Z-Number assigns a Z-number to each tuple of attribute values, thereby combin-
ing multi-attribute parameterization with restriction–reliability based uncertainty modeling.

Definition 4.7.1 (Hypersoft Z-Number). Let U ⊆ R be a nonempty universe of discourse,
and let

A1,A2, . . . ,Am

be nonempty attribute-value sets. Define the parameter space

C := A1 ×A2 × · · · × Am.

Let
Z(U) := {(A,B) | A is a fuzzy set on U, B is a fuzzy set on [0, 1]}

denote the family of all Z-numbers on U .

A Hypersoft Z-Number over U is a pair

(HZ , C),

where
HZ : C → Z(U).
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Equivalently, for each tuple

γ = (γ1, γ2, . . . , γm) ∈ C, γi ∈ Ai (i = 1, 2, . . . ,m),

one has
HZ(γ) = (Aγ , Bγ),

where
Aγ

is a fuzzy restriction on U and
Bγ

is a fuzzy reliability measure on [0, 1] associated with the statement

X is Aγ .

Thus, a Hypersoft Z-Number may be written as

(HZ , C) = { (γ, (Aγ , Bγ)) | γ ∈ C }.

Remark 4.7.2. If m = 1, then C = A1, and the above definition reduces to a soft Z-number
indexed by a single parameter set.
Theorem 4.7.3 (Well-definedness of Hypersoft Z-Numbers). Let U ⊆ R be a nonempty
universe of discourse, let

A1,A2, . . . ,Am

be nonempty attribute-value sets, and define

C := A1 ×A2 × · · · × Am.

Assume that for each γ ∈ C there are fuzzy sets

Aγ on U and Bγ on [0, 1].

Define
HZ : C → Z(U)

by
HZ(γ) := (Aγ , Bγ),

where
Z(U) := {(A,B) | A is a fuzzy set on U, B is a fuzzy set on [0, 1]}.

Then HZ is well-defined. In particular, (HZ , C) is a Hypersoft Z-Number.

Proof. Fix any γ ∈ C. By assumption, Aγ is a fuzzy set on U and Bγ is a fuzzy set on [0, 1].
Hence, by the definition of an ordinary Z-number, the ordered pair

(Aγ , Bγ)

is a Z-number on U . Therefore,

HZ(γ) = (Aγ , Bγ) ∈ Z(U).

Since γ ∈ C was arbitrary, the map

HZ : C → Z(U)

is well-defined. Consequently, the pair (HZ , C) is a Hypersoft Z-Number.
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Chapter 5

D-number Variants

In this chapter, we examine D-numbers and their extensions. A summary of D-number
variants is presented in Table 5.1.

Table 5.1: Summary of D-number variants in Chapter 5.

Sec-
tion

Concept Brief description

5.1 D-Number A mass assignment on subsets of a frame of
discernment, allowing incompleteness and not requiring
the elements of the frame to be mutually exclusive.

5.2 Linguistic D-number A D-number whose masses, evaluations, or supporting
information are expressed by linguistic terms rather
than only precise numerical values.

5.3 Hyper D-Number A generalized D-number that assigns a nonempty set
of admissible mass values to each proposition instead
of a single scalar mass.

5.4 SuperHyper D-Number A hierarchical extension of the D-number that assigns
hierarchical mass-values to hierarchical propositions
through iterated set structures.

5.5 D-OffNumber A D-number constructed with off-set or shifted value
structures, allowing generalized mass representation
beyond the standard unit-interval interpretation.

5.6 Multipolar D-Number A D-number with multiple poles or aspects, enabling
simultaneous evaluation from several distinct
perspectives or criteria.

5.1 D-Number

A D-number is an evidence representation assigning masses to subsets of a nonexclusive
frame, allowing incompleteness and uncertainty beyond Dempster-Shafer belief functions in
complex decision settings [24,173].
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Definition 5.1.1 (D-Number). Let Θ = {θ1, θ2, . . . , θn} be a finite nonempty set. In the
theory of D-numbers, the elements of Θ are not required to be mutually exclusive.

A D-number on Θ is a set function

D : 2Θ → [0, 1]

such that
D(∅) = 0,

∑
B⊆Θ

D(B) ≤ 1.

A subset B ⊆ Θ such that D(B) > 0 is called a focal element of D.

If ∑
B⊆Θ

D(B) = 1,

then D is said to be information-complete. Otherwise, if∑
B⊆Θ

D(B) < 1,

then D is said to be information-incomplete.

5.2 Linguistic D-number

A Linguistic D-Number assigns belief masses to linguistic terms, representing incomplete
qualitative assessments and uncertain information under a D-number framework without
exclusiveness assumptions on sets [25].

Definition 5.2.1 (Linguistic D-number). Let

S = {s0, s1, . . . , sg}

be a finite linguistic term set, usually endowed with a natural order

s0 ≺ s1 ≺ · · · ≺ sg.

A linguistic D-number on S is a mapping

DL : S → [0, 1]

such that ∑
s∈S

DL(s) ≤ 1.

Equivalently, a linguistic D-number can be represented as a finite set

DL = {(si, αi) | si ∈ S, αi > 0, i = 1, 2, . . . ,m},
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where

αi = DL(si),

m∑
i=1

αi ≤ 1.

Here, each si is a linguistic term and αi denotes the belief degree (or confidence degree)
assigned to si.

If ∑
s∈S

DL(s) = 1,

then DL is said to be information-complete; otherwise, if∑
s∈S

DL(s) < 1,

then DL is said to be information-incomplete.

5.3 Hyper D-Number

A Hyper D-number assigns to each proposition a nonempty set of admissible belief masses
in the unit interval, thereby representing set-valued uncertainty and possibly incomplete
information beyond classical D-number models.

Definition 5.3.1 (Hyper D-number). Let Ω = {F1, . . . , FN} be a finite nonempty frame of
discernment, and let

P∗([0, 1]) = {B ⊆ [0, 1] | B 6= ∅ }

denote the family of all nonempty subsets of the unit interval.

A Hyper D-number on Ω is a mapping

DH : 2Ω −→ P([0, 1])

satisfying the following conditions:

(i) Null-set condition:
DH(∅) = ∅.

(ii) Nonemptiness on nonempty propositions: for every A ⊆ Ω with A 6= ∅,

DH(A) ∈ P∗([0, 1]).

(iii) Total-mass condition: ∑
A⊆Ω
A 6=∅

supDH(A) ≤ 1.
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Here, for each nonempty A ⊆ Ω, the quantity supDH(A) denotes the supremum of the
nonempty bounded set DH(A) ⊆ [0, 1].

Theorem 5.3.2 (Well-definedness of Hyper D-numbers). Let Ω = {F1, . . . , FN} be a finite
nonempty frame of discernment, and let DH be a Hyper D-number on Ω. Then the following
hold:

(i) For every nonempty A ⊆ Ω, the value supDH(A) is well-defined and satisfies

supDH(A) ∈ [0, 1].

(ii) The sum ∑
A⊆Ω
A 6=∅

supDH(A)

is a finite real number.

(iii) Consequently, the total-mass condition in the definition of a Hyper D-number is mathe-
matically meaningful, and the notion of Hyper D-number is well-defined.

Proof. Let A ⊆ Ω be nonempty. By condition (ii) in the definition, DH(A) is a nonempty
subset of [0, 1]. Hence DH(A) is bounded above by 1. Since every nonempty subset of R that
is bounded above has a supremum, the completeness property of R implies that supDH(A)
exists. Moreover, because DH(A) ⊆ [0, 1], we have

0 ≤ supDH(A) ≤ 1,

and therefore
supDH(A) ∈ [0, 1].

This proves (i).

Next, since Ω is finite with |Ω| = N , its power set 2Ω contains exactly 2N subsets, and thus
exactly 2N − 1 nonempty subsets. Therefore the index set

{A ⊆ Ω | A 6= ∅}

is finite. By part (i), each term supDH(A) is a real number in [0, 1]. Hence∑
A⊆Ω
A 6=∅

supDH(A)

is a finite sum of real numbers, and so it is itself a well-defined real number. This proves (ii).

Finally, because each term in the total-mass condition is well-defined and the index set is
finite, the inequality ∑

A⊆Ω
A 6=∅

supDH(A) ≤ 1

is mathematically meaningful. Therefore the definition of a Hyper D-number is internally
consistent and well-defined. This proves (iii).

Remark 5.3.3. The above correction is essential. If one allows DH(A) = ∅ for some
nonempty proposition A, then supDH(A) is not defined in the usual sense, and the total-
mass condition becomes ill-posed. Condition (ii) removes precisely this difficulty.
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5.4 SuperHyper D-Number

A SuperHyper D-number assigns hierarchical mass-values to hierarchical propositions, thereby
modeling multilevel, possibly incomplete, and nonexclusive evidence in a unified framework.

Definition 5.4.1 (Nonempty iterated powersets). For a nonempty set X, define

P∗(X) := {A ⊆ X | A 6= ∅}.

Recursively, for each k ∈ N0,

P∗(0)(X) := X, P∗(k)(X) := P∗(P∗(k−1)(X)
)

(k ≥ 1).

Definition 5.4.2 (Null tower). Let X be a set and let e ∈ X. Define recursively

e〈0〉 := e, e〈k〉 := {e〈k−1〉} (k ≥ 1).

In particular, for the D-number setting,

∅〈0〉 := ∅ ∈ 2Ω, 0〈0〉 := 0 ∈ [0, 1],

and
∅〈m〉 ∈ P∗(m)(2Ω), 0〈n〉 ∈ P∗(n)([0, 1]).

Definition 5.4.3 (Deep supremum). For each n ∈ N0, define recursively

Sup(n) : P∗(n)([0, 1]) → [0, 1]

by
Sup(0)(r) := r (r ∈ [0, 1]),

and for n ≥ 1,

Sup(n)(A) := sup
{
Sup(n−1)(B) | B ∈ A

}
, A ∈ P∗(n)([0, 1]).

Definition 5.4.4 ((m,n)-SuperHyper D-number). Let

Ω = {θ1, θ2, . . . , θN}

be a finite nonempty frame of discernment, where the elements of Ω are not required to be
mutually exclusive. Let

m,n ∈ N0.

An (m,n)-SuperHyper D-number on Ω is a mapping

D
(m,n)
SH : P∗(m)(2Ω) −→ P∗(n)([0, 1])

such that

(i)
D

(m,n)
SH

(
∅〈m〉) = 0〈n〉;

(ii) ∑
B∈P∗(m)(2Ω)

B 6=∅〈m〉

Sup(n)
(
D

(m,n)
SH (B)

)
≤ 1.
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A hierarchical proposition
B ∈ P∗(m)(2Ω)

is called a focal element if
Sup(n)

(
D

(m,n)
SH (B)

)
> 0.

If ∑
B∈P∗(m)(2Ω)

B 6=∅〈m〉

Sup(n)
(
D

(m,n)
SH (B)

)
= 1,

then D
(m,n)
SH is said to be complete; otherwise it is said to be incomplete.

Remark 5.4.5. The parameter m controls the hierarchical depth of the proposition side,
while n controls the hierarchical depth of the mass-value side.

Remark 5.4.6. If m = n = k, then Definition 5.4.4 yields the k-SuperHyper D-number

D
(k,k)
SH : P∗(k)(2Ω) → P∗(k)([0, 1]).

In particular, when (m,n) = (0, 0), one recovers the ordinary D-number

D : 2Ω → [0, 1].

The comparison of D-number, Hyper D-number, n-SuperHyper D-number, and (m,n)-
SuperHyper D-number is summarized in Table 5.2.

Table 5.2: A concise comparison of D-number, Hyper D-number, n-SuperHyper D-number,
and (m,n)-SuperHyper D-number.

Concept Basic form Hierarchy Main feature

D-number D : 2Ω → [0, 1] None Assigns scalar masses to subsets of a
possibly nonexclusive frame, allowing
incompleteness.

Hyper D-number DH : 2Ω → P∗([0, 1]) Value side only Assigns nonempty set-valued masses
instead of single scalar masses.

n-SuperHyper
D-number

D
(n,n)
SH : P∗(n)(2Ω) →

P∗(n)([0, 1])
Same depth n
on both sides

Models hierarchical propositions and
hierarchical mass-values with matched
depth.

(m,n)-SuperHyper
D-number

D
(m,n)
SH : P∗(m)(2Ω) →

P∗(n)([0, 1])
Depth m on the
proposition side,
depth n on the
mass side

Provides a two-parameter generalization
that separates proposition hierarchy
from mass hierarchy.

5.5 D-OffNumber

A D-OffNumber assigns offset-valued masses to propositions, permitting values below zero
or above one while preserving bounded total mass under a generalized D-number framework
setting [173].
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Definition 5.5.1 (D-OffNumber). [173] Let Ψ,Ω ∈ R satisfy

Ψ < 0 < 1 < Ω,

and let X be a finite nonempty set, called the frame of discernment. A D-OffNumber on X
is a mapping

Doff : 2
X → [Ψ,Ω]

satisfying the following conditions:

1.
Doff(∅) = 0.

2. ∑
B⊆X

Doff(B) ≤ 1.

3. There exists at least one subset B ⊆ X such that

Doff(B) > 1 or Doff(B) < 0.

The family of focal sets of Doff is defined by

F(Doff) = {B ⊆ X | Doff(B) 6= 0 }.

Accordingly, Doff may be written in the equivalent form

Doff = {(B, vB) | B ∈ F(Doff), vB = Doff(B)} ,

where ∑
B∈F(Doff)

vB ≤ 1,

and
Doff(B) = 0 for all B /∈ F(Doff).

5.6 Multipolar D-Number

Multipolar D-Number assigns to each subset multiple D-number masses, one for each polarity,
enabling parallel representation of incomplete, nonexclusive evidence across several evaluative
dimensions jointly.

Definition 5.6.1 (Multipolar D-Number). Let

Θ = {θ1, θ2, . . . , θn}

be a finite nonempty set. As in the theory of D-numbers, the elements of Θ are not required
to be mutually exclusive. Let m ∈ N.

A Multipolar D-Number of order m on Θ is a mapping

D(m) : 2Θ → [0, 1]m, A 7→ D(m)(A) =
(
D1(A), D2(A), . . . , Dm(A)

)
,
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such that, for every k ∈ {1, 2, . . . ,m}, the k-th component

Dk : 2Θ → [0, 1]

satisfies
Dk(∅) = 0,

∑
A⊆Θ

Dk(A) ≤ 1.

Equivalently, a Multipolar D-Number may be viewed as an ordered m-tuple

D(m) = (D1, D2, . . . , Dm),

where each Dk is an ordinary D-number on Θ.

A subset A ⊆ Θ is called a focal element of D(m) if

Dk(A) > 0 for at least one k ∈ {1, 2, . . . ,m}.

If ∑
A⊆Θ

Dk(A) = 1 for all k = 1, 2, . . . ,m,

then D(m) is said to be componentwise complete. Otherwise, it is said to be componentwise
incomplete.
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Uncertain D-Number

In this chapter, we present the concept of the Uncertain D-Number.

6.1 Intuitionistic Fuzzy D-Number

An intuitionistic fuzzy D-number assigns to each proposition an intuitionistic fuzzy value,
combining support, rejection, and hesitation under the D-number mass-allocation principle.

Definition 6.1.1 (Intuitionistic Fuzzy D-Number). Let Θ be a finite nonempty set, and let

IFV := {(µ, ν) ∈ [0, 1]2 | µ+ ν ≤ 1}

denote the set of all intuitionistic fuzzy values.

An intuitionistic fuzzy D-number on Θ is a mapping

DI : 2Θ → IFV, A 7→ DI(A) =
(
µDI (A), νDI (A)

)
,

such that

1.
DI(∅) = (0, 1);

2. for every A ⊆ Θ,
0 ≤ µDI (A) + νDI (A) ≤ 1;

3. ∑
∅6=A⊆Θ

µDI (A) ≤ 1.
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For each A ⊆ Θ, the quantity

πDI (A) := 1− µDI (A)− νDI (A)

is called the hesitation degree of A. If∑
∅6=A⊆Θ

µDI (A) = 1,

then DI is said to be complete; otherwise it is incomplete.

Theorem 6.1.2. Let DI be an intuitionistic fuzzy D-number on Θ. Define

mDI : 2Θ → [0, 1]

by
mDI (∅) = 0, mDI (A) = µDI (A) (∅ 6= A ⊆ Θ).

Then mDI is a D-number on Θ.

Proof. By definition,
mDI (∅) = 0.

Also, for every nonempty A ⊆ Θ,

0 ≤ µDI (A) ≤ 1,

hence
mDI (A) ∈ [0, 1].

Finally, ∑
A⊆Θ

mDI (A) =
∑

∅6=A⊆Θ

µDI (A) ≤ 1.

Therefore, mDI satisfies all axioms of a D-number.

Remark 6.1.3. Thus, an intuitionistic fuzzy D-number may be viewed as a D-number
together with additional non-membership and hesitation information attached to each subset.

6.2 Neutrosophic D-Number

A neutrosophic D-number assigns truth, indeterminacy, and falsity degrees to each propo-
sition, while preserving the D-number idea through bounded truth-mass allocation (cf.
[25, 173]).

Definition 6.2.1 (Neutrosophic D-Number). Let Θ be a finite nonempty set, and let

NSV := {(t, i, f) ∈ [0, 1]3 | 0 ≤ t+ i+ f ≤ 3}

denote the set of all neutrosophic values.

A neutrosophic D-number on Θ is a mapping

DN : 2Θ → NSV, A 7→ DN (A) =
(
TDN (A), IDN (A), FDN (A)

)
,

such that
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1.
DN (∅) = (0, 0, 1);

2. for every A ⊆ Θ,
0 ≤ TDN (A), IDN (A), FDN (A) ≤ 1;

3. ∑
∅6=A⊆Θ

TDN (A) ≤ 1.

If ∑
∅6=A⊆Θ

TDN (A) = 1,

then DN is called complete; otherwise it is incomplete.

Theorem 6.2.2. Let DN be a neutrosophic D-number on Θ. Define

mDN : 2Θ → [0, 1]

by
mDN (∅) = 0, mDN (A) = TDN (A) (∅ 6= A ⊆ Θ).

Then mDN is a D-number on Θ.

Proof. Clearly,
mDN (∅) = 0.

For each nonempty A ⊆ Θ, one has

0 ≤ TDN (A) ≤ 1,

so that
mDN (A) ∈ [0, 1].

Moreover, ∑
A⊆Θ

mDN (A) =
∑

∅6=A⊆Θ

TDN (A) ≤ 1.

Hence mDN satisfies the defining conditions of a D-number.

Remark 6.2.3. A neutrosophic D-number enriches each mass assignment by recording not
only a truth degree, but also indeterminacy and falsity degrees.

6.3 Plithogenic D-Number

A plithogenic D-number assigns each proposition a support degree together with an attribute
value, whose contradiction to a dominant value modulates the effective mass.
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Definition 6.3.1 (Plithogenic D-Number). Let Θ be a finite nonempty set. Let V be a
finite nonempty set of attribute values, and let v∗ ∈ V be a fixed dominant attribute value.
Assume that

c : V × V → [0, 1]

is a contradiction-degree function satisfying

c(v, v) = 0 for all v ∈ V.

A plithogenic D-number on Θ (with respect to (V, v∗, c)) is a mapping

DP : 2Θ → [0, 1]× V, A 7→ DP (A) =
(
pDP (A), vDP (A)

)
,

such that

1.
DP (∅) = (0, v∗);

2. for every A ⊆ Θ,
pDP (A) ∈ [0, 1], vDP (A) ∈ V ;

3. ∑
∅6=A⊆Θ

pDP (A) ≤ 1.

The effective plithogenic mass induced by DP is defined by

m̃DP (∅) = 0,

and, for every nonempty A ⊆ Θ,

m̃DP (A) = pDP (A)
(
1− c(vDP (A), v∗)

)
.

Theorem 6.3.2. Let DP be a plithogenic D-number on Θ. Then the induced map

m̃DP : 2Θ → [0, 1]

is a D-number on Θ.

Proof. By definition,
m̃DP (∅) = 0.

For every nonempty A ⊆ Θ, since

0 ≤ pDP (A) ≤ 1 and 0 ≤ 1− c(vDP (A), v∗) ≤ 1,

it follows that
0 ≤ m̃DP (A) ≤ pDP (A) ≤ 1.

Therefore,∑
A⊆Θ

m̃DP (A) =
∑

∅6=A⊆Θ

pDP (A)
(
1− c(vDP (A), v∗)

)
≤

∑
∅6=A⊆Θ

pDP (A) ≤ 1.

Hence m̃DP satisfies all axioms of a D-number.

Remark 6.3.3. If
c(vDP (A), v∗) = 0 for all nonempty A ⊆ Θ,

then the plithogenic D-number reduces to an ordinary D-number through the identification

m̃DP (A) = pDP (A).
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6.4 Uncertain D-Number

An uncertain D-number extends the classical D-number by allowing each mass value to
belong to a prescribed uncertainty model rather than being a single scalar in [0, 1].

Definition 6.4.1 (Admissible mass semantics for an uncertain model). Let M be an uncer-
tain model with degree-domain

Dom(M) ⊆ [0, 1]k.

Assume that a distinguished element

0M ∈ Dom(M)

is fixed and interpreted as the null degree of the model.

A mapping
σM : Dom(M) → [0, 1]

is called an admissible mass semantics map for M if

σM (0M ) = 0.

The value σM (d) is interpreted as the effective scalar mass associated with the degree tuple
d ∈ Dom(M).

Definition 6.4.2 (Uncertain D-Number of type M). Let Θ = {θ1, θ2, . . . , θn} be a finite
nonempty set. As in the theory of D-numbers, the elements of Θ are not required to be
mutually exclusive.

Let M be an uncertain model with degree-domain

Dom(M) ⊆ [0, 1]k,

let
0M ∈ Dom(M)

be a fixed null degree, and let
σM : Dom(M) → [0, 1]

be an admissible mass semantics map.

An uncertain D-number of type M (briefly, an M -D-number or Uncertain D-Number) on Θ
is a mapping

DM : 2Θ → Dom(M)

such that
DM (∅) = 0M ,

and ∑
∅6=A⊆Θ

σM
(
DM (A)

)
≤ 1.

A subset A ⊆ Θ is called a focal element of DM if

σM
(
DM (A)

)
> 0.
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If ∑
∅6=A⊆Θ

σM
(
DM (A)

)
= 1,

then DM is said to be information-complete; otherwise, if∑
∅6=A⊆Θ

σM
(
DM (A)

)
< 1,

then DM is said to be information-incomplete.

Remark 6.4.3. The admissible mass semantics map σM converts a model-specific degree
tuple into an effective scalar mass. Typical examples include:

1. for the fuzzy model,
σM (d) = d;

2. for the intuitionistic fuzzy model with

d = (µ, ν),

one may take
σM (d) = µ;

3. for the neutrosophic model with

d = (T, I, F ),

one may take
σM (d) = T.

Accordingly, the uncertain D-number contains the ordinary D-number, intuitionistic fuzzy
D-number, neutrosophic D-number, and many other variants as special cases.

6.5 Rough D-Number

A rough D-number represents each proposition by a lower and an upper D-mass, capturing
certainty and possibility in the spirit of rough approximation.

Definition 6.5.1 (Rough D-Number). Let Θ be a finite nonempty set, and let

D(Θ) :=

D : 2Θ → [0, 1]

∣∣∣∣∣∣ D(∅) = 0,
∑
A⊆Θ

D(A) ≤ 1


denote the family of all D-numbers on Θ.

A rough D-number on Θ is an ordered pair

DR = (D,D) ∈ D(Θ)×D(Θ)
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such that
D(A) ≤ D(A) for every A ⊆ Θ.

Equivalently, a rough D-number may be represented by the interval-valued mapping

IDR : 2Θ → {[a, b] ⊆ [0, 1] | a ≤ b}, IDR(A) := [D(A), D(A)].

Here, D(A) and D(A) are interpreted, respectively, as the lower mass and upper mass
assigned to the proposition A.

Theorem 6.5.2. Let DR = (D,D) be a rough D-number on Θ. Then the interval-valued
map

IDR(A) = [D(A), D(A)] (A ⊆ Θ)

is well-defined. Moreover, both D and D are D-numbers on Θ.

Proof. Since DR is a rough D-number, one has

D(A) ≤ D(A) for every A ⊆ Θ.

Also, because D,D ∈ D(Θ), it follows that

0 ≤ D(A) ≤ 1, 0 ≤ D(A) ≤ 1

for all A ⊆ Θ. Hence
[D(A), D(A)] ⊆ [0, 1]

is a valid closed interval, so IDR(A) is well-defined.

Further, by the definition of D(Θ),

D(∅) = 0,
∑
A⊆Θ

D(A) ≤ 1,

and similarly,
D(∅) = 0,

∑
A⊆Θ

D(A) ≤ 1.

Therefore both D and D satisfy the axioms of D-numbers.

Remark 6.5.3. If
D(A) = D(A) for all A ⊆ Θ,

then the rough D-number reduces to an ordinary D-number.
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6.6 Soft D-number

A soft D-number is a parameterized family of D-numbers, allowing different parameters to
describe the same frame of discernment from multiple viewpoints.

Definition 6.6.1 (Soft D-number). Let Θ be a finite nonempty set, let E be a nonempty
set of parameters, and let

D(Θ) :=

D : 2Θ → [0, 1]

∣∣∣∣∣∣ D(∅) = 0,
∑
A⊆Θ

D(A) ≤ 1


be the family of all D-numbers on Θ.

A soft D-number over Θ with parameter set E is a pair

(F,E),

where
F : E → D(Θ).

Thus, for each parameter ε ∈ E, the image

F (ε) : 2Θ → [0, 1]

is a D-number on Θ. Equivalently, one may write

(F,E) = { (ε, F (ε)) | ε ∈ E }.

Theorem 6.6.2. Let (F,E) be a soft D-number over Θ, and let

w : E → [0, 1]

be a weight function satisfying ∑
ε∈E

w(ε) = 1.

Define
DF,w : 2Θ → [0, 1]

by
DF,w(A) :=

∑
ε∈E

w(ε)F (ε)(A) (A ⊆ Θ).

Then DF,w is a D-number on Θ.

Proof. For the empty set, since each F (ε) is a D-number,

F (ε)(∅) = 0 for all ε ∈ E.

Therefore,
DF,w(∅) =

∑
ε∈E

w(ε)F (ε)(∅) = 0.
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Next, for every A ⊆ Θ, one has

0 ≤ F (ε)(A) ≤ 1 for all ε ∈ E,

and w(ε) ≥ 0, hence
DF,w(A) ≥ 0.

Finally, ∑
A⊆Θ

DF,w(A) =
∑
A⊆Θ

∑
ε∈E

w(ε)F (ε)(A).

Since all sums are finite, we may interchange the order of summation:∑
A⊆Θ

DF,w(A) =
∑
ε∈E

w(ε)
∑
A⊆Θ

F (ε)(A).

Because each F (ε) is a D-number, ∑
A⊆Θ

F (ε)(A) ≤ 1.

Thus, ∑
A⊆Θ

DF,w(A) ≤
∑
ε∈E

w(ε) · 1 =
∑
ε∈E

w(ε) = 1.

Hence DF,w satisfies all axioms of a D-number.

6.7 Hypersoft D-Number

A Hypersoft D-Number assigns a D-number to each tuple of attribute values, combining hy-
persoft parameterization with nonexclusive and possibly incomplete evidence representation.

Definition 6.7.1 (Hypersoft D-Number). Let

Θ = {θ1, θ2, . . . , θn}

be a finite nonempty frame of discernment, whose elements are not required to be mutually
exclusive. Let

A1,A2, . . . ,Am

be nonempty attribute-value sets, and define

C := A1 ×A2 × · · · × Am.

Let

D(Θ) :=

D : 2Θ → [0, 1]

∣∣∣∣∣∣ D(∅) = 0,
∑
B⊆Θ

D(B) ≤ 1


denote the family of all D-numbers on Θ.
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A Hypersoft D-Number over Θ is a pair

(HD, C),

where
HD : C → D(Θ).

Equivalently, for each tuple

γ = (γ1, γ2, . . . , γm) ∈ C, γi ∈ Ai (i = 1, 2, . . . ,m),

the image
HD(γ) = Dγ

is a D-number on Θ, that is,

Dγ : 2Θ → [0, 1], Dγ(∅) = 0,
∑
B⊆Θ

Dγ(B) ≤ 1.

Hence, a Hypersoft D-Number may be expressed as

(HD, C) = { (γ,Dγ) | γ ∈ C }.

Remark 6.7.2. If m = 1, then the Hypersoft D-Number reduces to a soft D-number indexed
by a single parameter set.

Theorem 6.7.3 (Well-definedness of Hypersoft D-Numbers). Let

Θ = {θ1, θ2, . . . , θn}

be a finite nonempty frame of discernment, and let

A1,A2, . . . ,Am

be nonempty attribute-value sets. Define

C := A1 ×A2 × · · · × Am.

Assume that for each γ ∈ C there exists a mapping

Dγ : 2Θ → [0, 1]

such that
Dγ(∅) = 0,

∑
B⊆Θ

Dγ(B) ≤ 1.

Define
HD : C → D(Θ)

by
HD(γ) := Dγ ,

where

D(Θ) :=

D : 2Θ → [0, 1]

∣∣∣∣∣∣ D(∅) = 0,
∑
B⊆Θ

D(B) ≤ 1

 .

Then HD is well-defined. In particular, (HD, C) is a Hypersoft D-Number.
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Proof. Fix any γ ∈ C. By assumption, the mapping

Dγ : 2Θ → [0, 1]

satisfies
Dγ(∅) = 0 and

∑
B⊆Θ

Dγ(B) ≤ 1.

Thus Dγ satisfies the defining axioms of a D-number on Θ, and hence

Dγ ∈ D(Θ).

Since γ ∈ C was arbitrary, it follows that

HD(γ) = Dγ ∈ D(Θ) for all γ ∈ C.

Therefore the map
HD : C → D(Θ)

is well-defined. Consequently, the pair (HD, C) is a Hypersoft D-Number.
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Chapter 7

New Concepts: ZD-Number, ZED-Number,
and NZ-Number

7.1 ZD-Number

A ZD-number combines a D-number-valued assessment with a D-number-valued reliability
description, jointly representing nonexclusive, incomplete uncertain values and their reliabil-
ity in one two-layer framework.

Definition 7.1.1 (ZD-number). Let Θ be a finite set of admissible values (or value labels)
for an uncertain variable X. Let Λ be a finite set of reliability labels. Let

g : 2Λ \ {∅} −→ [0, 1]

be a prescribed reliability semantics map, assigning to each nonempty subset of reliability
labels a numerical reliability degree.

A ZD-number on (Θ,Λ, g) is an ordered pair

Z = (DX , DR),

where:

1. DX : 2Θ → [0, 1] is a D-number on Θ, called the value component;

2. DR : 2Λ → [0, 1] is a D-number on Λ, called the reliability component.

The intended interpretation is as follows:

• DX describes the restriction on the possible values of X, allowing incompleteness and
non-exclusiveness;

59
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• DR describes the reliability of the assessment DX , also allowing incompleteness and
non-exclusiveness.

The induced reliability degree of Z is defined by

ρ(Z) :=
∑

∅6=B⊆Λ

DR(B) g(B).

Since 0 ≤ g(B) ≤ 1 and
∑

B⊆ΛDR(B) ≤ 1, one has

0 ≤ ρ(Z) ≤ 1.

The reliability-discounted value component associated with Z is the mapping

DZ
X : 2Θ −→ [0, 1]

defined by
DZ

X(∅) = 0,

and, for every nonempty A ⊆ Θ,

DZ
X(A) = ρ(Z)DX(A).

Its incompleteness degree is

ι
(
DZ

X

)
= 1−

∑
∅6=A⊆Θ

DZ
X(A) = 1− ρ(Z)

∑
∅6=A⊆Θ

DX(A).

Hence, a ZD-number is a two-layer uncertainty object in which a D-number-valued assessment
is equipped with a D-number-valued reliability description.

Example 7.1.2 (Medical triage assessment). Consider an emergency-room physician who
assesses the condition of a newly arrived patient. Let

Θ = {mild,moderate, severe}

be the set of possible clinical severity labels, and let

Λ = {low,medium,high}

be the set of reliability labels.

Assume that the reliability semantics map is induced by the score function

s(low) = 0.3, s(medium) = 0.6, s(high) = 0.9,

through
g(B) =

1

|B|
∑
λ∈B

s(λ) (∅ 6= B ⊆ Λ).
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Suppose that the physician’s assessment of the patient’s condition is modeled by the D-
number

DX({mild}) = 0.20, DX({mild,moderate}) = 0.45, DX({moderate}) = 0.25,

and
DX(A) = 0 for all other A ⊆ Θ.

Here, the subset
{mild,moderate}

expresses that the patient’s condition lies in an overlapping borderline region between mild
and moderate severity. Note that ∑

A⊆Θ

DX(A) = 0.90,

so the value component is information-incomplete.

Assume further that the reliability of this clinical judgment is given by

DR({medium}) = 0.50, DR({medium,high}) = 0.30, DR({high}) = 0.10,

and
DR(B) = 0 for all other B ⊆ Λ.

Then ∑
B⊆Λ

DR(B) = 0.90,

so the reliability component is also information-incomplete.

The induced reliability degree is

ρ(Z) = 0.50 g({medium}) + 0.30 g({medium,high}) + 0.10 g({high}).

Since

g({medium}) = 0.6, g({medium,high}) = 0.6 + 0.9

2
= 0.75, g({high}) = 0.9,

we obtain
ρ(Z) = 0.50(0.6) + 0.30(0.75) + 0.10(0.9) = 0.615.

Hence the reliability-discounted value component is

DZ
X({mild}) = 0.615× 0.20 = 0.123,

DZ
X({mild,moderate}) = 0.615× 0.45 = 0.27675,

DZ
X({moderate}) = 0.615× 0.25 = 0.15375,

and
DZ

X(A) = 0 for all other A ⊆ Θ.

Therefore, the ZD-number
Z = (DX , DR)

describes both the physician’s overlapping severity assessment and the uncertain reliability
of that assessment in a single two-layer framework.



Chapter 7. New Concepts: ZD-Number, ZED-Number, and NZ-Number

Example 7.1.3 (Supplier delivery-risk evaluation). Consider a manufacturing company
evaluating the delivery risk of a supplier for an urgent order. Let

Θ = {low risk,medium risk,high risk}

be the set of admissible risk labels, and let

Λ = {poor, fair, strong}

be the set of reliability labels for the assessment.

Assume that the reliability semantics map is determined by

s(poor) = 0.2, s(fair) = 0.5, s(strong) = 0.85,

and
g(B) =

1

|B|
∑
λ∈B

s(λ) (∅ 6= B ⊆ Λ).

Suppose that, based on warehouse reports, transportation status, and past performance, the
delivery-risk assessment is represented by the D-number

DX({medium risk}) = 0.30, DX({medium risk,high risk}) = 0.40, DX({high risk}) = 0.20,

and
DX(A) = 0 for all other A ⊆ Θ.

The subset
{medium risk,high risk}

indicates that the current evidence does not sharply distinguish between a medium-risk and
a high-risk delivery scenario. Moreover,∑

A⊆Θ

DX(A) = 0.90,

so the value component is incomplete.

Assume that the reliability of this risk evaluation is modeled by

DR({fair}) = 0.40, DR({fair, strong}) = 0.35, DR({strong}) = 0.15,

and
DR(B) = 0 for all other B ⊆ Λ.

Then ∑
B⊆Λ

DR(B) = 0.90.

The induced reliability degree is

ρ(Z) = 0.40 g({fair}) + 0.35 g({fair, strong}) + 0.15 g({strong}).
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Since

g({fair}) = 0.5, g({fair, strong}) = 0.5 + 0.85

2
= 0.675, g({strong}) = 0.85,

we obtain
ρ(Z) = 0.40(0.5) + 0.35(0.675) + 0.15(0.85) = 0.56375.

Therefore,
DZ

X({medium risk}) = 0.56375× 0.30 = 0.169125,

DZ
X({medium risk,high risk}) = 0.56375× 0.40 = 0.2255,

DZ
X({high risk}) = 0.56375× 0.20 = 0.11275,

and
DZ

X(A) = 0 for all other A ⊆ Θ.

Thus, the ZD-number framework simultaneously captures the supplier’s delivery risk and the
uncertain reliability of the available evidence, which is particularly useful in procurement and
supply-chain decision-making.

Proposition 7.1.4. For every ZD-number Z = (DX , DR), the mapping DZ
X is a D-number

on Θ.

Proof. By definition,
DZ

X(∅) = 0.

Also, for every nonempty A ⊆ Θ,

DZ
X(A) = ρ(Z)DX(A) ≥ 0.

Therefore, ∑
A⊆Θ

DZ
X(A) =

∑
∅6=A⊆Θ

ρ(Z)DX(A) = ρ(Z)
∑

∅6=A⊆Θ

DX(A).

Since 0 ≤ ρ(Z) ≤ 1 and ∑
A⊆Θ

DX(A) ≤ 1,

it follows that ∑
A⊆Θ

DZ
X(A) ≤ 1.

Thus DZ
X satisfies all axioms of a D-number.

Remark 7.1.5. A common special choice of the reliability semantics map is obtained from
a score function s : Λ → [0, 1] by setting

g(B) =
1

|B|
∑
λ∈B

s(λ) (∅ 6= B ⊆ Λ).

In that case,

ρ(Z) =
∑

∅6=B⊆Λ

DR(B)

(
1

|B|
∑
λ∈B

s(λ)

)
.
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Remark 7.1.6. The above definition contains several important special cases:

1. If DR is concentrated on a single reliability label λ ∈ Λ, that is,

DR({λ}) = 1,

then
ρ(Z) = g({λ}),

and the ZD-number reduces to a reliability-discounted D-number.

2. If both DX and DR are complete and concentrated on singleton subsets, then Z be-
comes a complete two-component assessment, which is a discrete analogue of a classical
Z-number.

3. If the reliability component is ignored, then Z reduces to the ordinary D-number DX .

A concise comparison of Z-Number, D-Number, and ZD-Number is presented in Table 7.1.

Table 7.1: A concise comparison of Z-Number, D-Number, and ZD-Number.

Concept Basic form Main idea Key feature

Z-Number Z = (A,B) A is a fuzzy restriction on the
value of an uncertain variable,
and B is a fuzzy restriction on
the reliability of the statement
“X is A.”

Jointly models an assessment and
the confidence attached to that
assessment.

D-Number D : 2Θ → [0, 1] A mass assignment on subsets of
a frame Θ, where the elements of
Θ are not required to be mutually
exclusive.

Allows incomplete information
and relaxes the exclusiveness
assumption of classical
Dempster–Shafer theory.

ZD-Number Z = (DX , DR) DX is a D-number describing the
value side, and DR is a D-number
describing the reliability side.

Combines the two-layer
philosophy of Z-Numbers with
the nonexclusive and incomplete
evidence structure of D-Numbers.

7.2 ZED-number

ZED-number combines a D-number-valued assessment with subjective reliability and external
credibility D-number layers, representing uncertain values, confidence, and credibility within
one framework.

Definition 7.2.1 (ZED-number). Let Θ be a finite set of admissible values (or value labels)
for an uncertain variable X. Let Λ be a finite set of subjective reliability labels, and let

Ξ

be a finite set of external credibility labels.

Let
g : 2Λ \ {∅} −→ [0, 1]
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be a prescribed subjective reliability semantics map, and let

h : 2Ξ \ {∅} −→ [0, 1]

be a prescribed external credibility semantics map.

A ZED-number on (Θ,Λ,Ξ, g, h) is a nested ordered pair

ZED =
(
(DX , DR), DE

)
,

where:

1. DX : 2Θ → [0, 1] is a D-number on Θ, called the value component;

2. DR : 2Λ → [0, 1] is a D-number on Λ, called the subjective reliability component;

3. DE : 2Ξ → [0, 1] is a D-number on Ξ, called the external credibility component.

The intended interpretation is as follows:

• DX describes the restriction on the possible values of X, allowing incompleteness and
non-exclusiveness;

• DR describes the subjective reliability of the assessment DX ;

• DE describes the external or objective credibility of the pair (DX , DR).

The induced external credibility degree of ZED is defined by

κ(ZED) :=
∑

∅6=C⊆Ξ

DE(C)h(C).

The externally discounted subjective reliability component associated with ZED is the mapping

DZED
R : 2Λ −→ [0, 1]

defined by
DZED

R (∅) = 0,

and, for every nonempty B ⊆ Λ,

DZED
R (B) = κ(ZED)DR(B).

The induced total reliability degree of ZED is defined by

ρ(ZED) :=
∑

∅6=B⊆Λ

DZED
R (B) g(B).
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Equivalently,
ρ(ZED) = κ(ZED)

∑
∅6=B⊆Λ

DR(B) g(B).

The reliability- and credibility-discounted value component associated with ZED is the map-
ping

DZED
X : 2Θ −→ [0, 1]

defined by
DZED

X (∅) = 0,

and, for every nonempty A ⊆ Θ,

DZED
X (A) = ρ(ZED)DX(A).

Its incompleteness degree is

ι
(
DZED

X

)
= 1−

∑
∅6=A⊆Θ

DZED
X (A) = 1− ρ(ZED)

∑
∅6=A⊆Θ

DX(A).

Hence, a ZED-number is a three-layer uncertainty object in which a D-number-valued as-
sessment is equipped with both a D-number-valued subjective reliability description and a
D-number-valued external credibility description.

Theorem 7.2.2 (Well-definedness of ZED-numbers). Let

ZED =
(
(DX , DR), DE

)
be a ZED-number on (Θ,Λ,Ξ, g, h). Then the following statements hold:

1. the induced external credibility degree

κ(ZED)

is well-defined and satisfies
0 ≤ κ(ZED) ≤ 1;

2. the externally discounted subjective reliability component

DZED
R

is a D-number on Λ;

3. the induced total reliability degree
ρ(ZED)

is well-defined and satisfies
0 ≤ ρ(ZED) ≤ 1;
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4. the reliability- and credibility-discounted value component

DZED
X

is a D-number on Θ.

Proof. Since
0 ≤ h(C) ≤ 1 for every nonempty C ⊆ Ξ,

and DE is a D-number on Ξ, we have

κ(ZED) =
∑

∅6=C⊆Ξ

DE(C)h(C) ≥ 0.

Moreover,
κ(ZED) ≤

∑
∅6=C⊆Ξ

DE(C) ≤ 1.

Therefore,
0 ≤ κ(ZED) ≤ 1,

so the first statement holds.

Next, by definition,
DZED

R (∅) = 0.

For each nonempty B ⊆ Λ,

DZED
R (B) = κ(ZED)DR(B) ≥ 0.

Also, ∑
B⊆Λ

DZED
R (B) =

∑
∅6=B⊆Λ

κ(ZED)DR(B) = κ(ZED)
∑

∅6=B⊆Λ

DR(B).

Since
0 ≤ κ(ZED) ≤ 1 and

∑
B⊆Λ

DR(B) ≤ 1,

it follows that ∑
B⊆Λ

DZED
R (B) ≤ 1.

Thus
DZED

R

satisfies all axioms of a D-number on Λ, proving the second statement.

Now, since
0 ≤ g(B) ≤ 1 for every nonempty B ⊆ Λ,

and
DZED

R

is a D-number on Λ, we obtain

ρ(ZED) =
∑

∅6=B⊆Λ

DZED
R (B) g(B) ≥ 0,
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and
ρ(ZED) ≤

∑
∅6=B⊆Λ

DZED
R (B) ≤ 1.

Hence
0 ≤ ρ(ZED) ≤ 1,

so the third statement holds.

Finally, by definition,
DZED

X (∅) = 0.

For every nonempty A ⊆ Θ,

DZED
X (A) = ρ(ZED)DX(A) ≥ 0.

Also, ∑
A⊆Θ

DZED
X (A) =

∑
∅6=A⊆Θ

ρ(ZED)DX(A) = ρ(ZED)
∑

∅6=A⊆Θ

DX(A).

Since
0 ≤ ρ(ZED) ≤ 1 and

∑
A⊆Θ

DX(A) ≤ 1,

we conclude that ∑
A⊆Θ

DZED
X (A) ≤ 1.

Therefore
DZED

X

is a D-number on Θ. This proves the fourth statement.

A concise comparison of ZD-number and ZED-number is presented in Table 7.2.

Table 7.2: A concise comparison of ZD-number and ZED-number.

Concept Basic structure Uncertainty
model

Main feature

ZD-number Z = (DX , DR) D-number value +
D-number reliability

Represents both the value component
and its reliability component by
D-numbers, thereby allowing
incompleteness and nonexclusive
evidence on both sides.

ZED-number Z = ((DX , DR), DE) D-number value +
D-number reliability
+ D-number
external credibility

Extends the ZD-number by adding a
third D-number component that models
additional external evidential credibility
or auxiliary assessment.

7.3 NZ-number

NZ-number is a negative-scale analogue of a Z-number, combining a fuzzy value restriction
with a fuzzy unreliability component defined on the interval [−1, 0].
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Definition 7.3.1 (NZ-number). Let U ⊆ R be a universe of discourse, and let

F(U)

denote the family of all fuzzy subsets of U . Let X be a real-valued uncertain variable taking
values in U .

An NZ-number associated with X is an ordered pair

NZ = (A,N),

where
A ∈ F(U), N ∈ F([−1, 0]).

The components are interpreted as follows:

1. A is a fuzzy restriction on the possible values of X;

2. N is a fuzzy negative-reliability (or unreliability) component of the statement

X is A,

taking its grades on the interval [−1, 0] rather than on [0, 1].

Thus, an NZ-number may be viewed as a negative-side analogue of a classical Z-number, in
which the second component is modeled on [−1, 0].

Define the affine normalization map

T−1,0 : [−1, 0] → [0, 1], T−1,0(t) := t+ 1.

The normalized reliability component associated with N is the fuzzy set

N̂ ∈ F([0, 1])

whose membership function is given by

µ
N̂
(r) := µN (r − 1), r ∈ [0, 1].

The normalized Z-number associated with NZ = (A,N) is then

ZNZ := (A, N̂).

If, in addition, ∫ 0

−1
µN (t) dt > 0,
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define the negative reliability score of NZ by

η(NZ) :=

∫ 0

−1
t µN (t) dt∫ 0

−1
µN (t) dt

,

and define the corresponding effective reliability degree by

ρ(NZ) := 1 + η(NZ).

The discounted value component induced by NZ is the fuzzy set

ANZ

on U with membership function

µANZ(x) := ρ(NZ)µA(x), x ∈ U.

Theorem 7.3.2 (Well-definedness of NZ-numbers). Let

NZ = (A,N)

be an NZ-number. Then the following statements hold:

1. the normalized reliability component
N̂

is a well-defined fuzzy set on [0, 1];

2. the normalized pair
ZNZ = (A, N̂)

is a well-defined ordinary Z-number;

3. if ∫ 0

−1
µN (t) dt > 0,

then the negative reliability score
η(NZ)

is well-defined and satisfies
−1 ≤ η(NZ) ≤ 0;

4. consequently, the effective reliability degree

ρ(NZ) = 1 + η(NZ)

is well-defined and satisfies
0 ≤ ρ(NZ) ≤ 1;

5. the discounted value component
ANZ

is a well-defined fuzzy set on U .
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Proof. First, for every
r ∈ [0, 1],

one has
r − 1 ∈ [−1, 0].

Since N is a fuzzy set on [−1, 0], its membership function satisfies

µN (r − 1) ∈ [0, 1].

Hence
µ
N̂
(r) := µN (r − 1)

defines a mapping
µ
N̂

: [0, 1] → [0, 1].

Therefore,
N̂ = {(r, µ

N̂
(r)) | r ∈ [0, 1]}

is a well-defined fuzzy set on [0, 1]. This proves (1).

Since A is a fuzzy set on U and N̂ is a fuzzy set on [0, 1], the pair

ZNZ = (A, N̂)

satisfies the defining requirements of an ordinary Z-number. Hence (2) holds.

Now assume that ∫ 0

−1
µN (t) dt > 0.

Because
−1 ≤ t ≤ 0 for all t ∈ [−1, 0],

and
µN (t) ≥ 0,

we obtain
−
∫ 0

−1
µN (t) dt ≤

∫ 0

−1
t µN (t) dt ≤ 0.

Dividing by the positive quantity ∫ 0

−1
µN (t) dt

yields

−1 ≤

∫ 0

−1
t µN (t) dt∫ 0

−1
µN (t) dt

≤ 0.

That is,
−1 ≤ η(NZ) ≤ 0.

So (3) holds.

Adding 1 to the above inequality gives

0 ≤ 1 + η(NZ) ≤ 1,
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that is,
0 ≤ ρ(NZ) ≤ 1.

Hence (4) follows.

Finally, for every x ∈ U , since A is a fuzzy set on U ,

0 ≤ µA(x) ≤ 1.

Together with
0 ≤ ρ(NZ) ≤ 1,

this implies
0 ≤ ρ(NZ)µA(x) ≤ 1.

Therefore,
µANZ(x) = ρ(NZ)µA(x)

defines a mapping
µANZ : U → [0, 1],

so
ANZ = {(x, µANZ(x)) | x ∈ U}

is a well-defined fuzzy set on U . This proves (5).

Remark 7.3.3. The normalization map

T−1,0(t) = t+ 1

shows that an NZ-number is canonically associated with an ordinary Z-number. Thus, NZ-
numbers may be regarded as a shifted negative-scale counterpart of Z-numbers.

7.4 Meta Z-Number (Z-Number of Z-Numbers)

A Meta Z-Number is a second-order Z-model in which one Z-number evaluates a value and
another Z-number evaluates the reliability of that assessment itself explicitly. Let

FR

denote the set of all fuzzy numbers on R, and let

F[0,1]

denote the set of all fuzzy numbers on [0, 1].

Recall that an ordinary Z-number is an ordered pair

Z = (A,R) ∈ FR ×F[0,1],

where A is a fuzzy restriction on the value of a real-valued variable and R is a fuzzy reliability
restriction on that statement.
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Definition 7.4.1 (Meta Z-number). A Meta Z-number (or Z-number of Z-numbers) is an
ordered pair

Z = (ZV , ZR),

where
ZV = (AV , RV ) ∈ FR ×F[0,1]

is an ordinary Z-number, and

ZR = (AR, RR) ∈ F[0,1] ×F[0,1]

is also an ordinary Z-number on the reliability scale [0, 1].

Equivalently, a Meta Z-number may be written as

Z =
(
(AV , RV ), (AR, RR)

)
,

where
AV ∈ FR, RV , AR, RR ∈ F[0,1].

Here:

• ZV = (AV , RV ) represents the first-level value assessment;

• ZR = (AR, RR) represents a second-level Z-type assessment of the reliability of ZV .

Theorem 7.4.2 (Well-definedness of Meta Z-numbers). The class

MZ :=
(
FR ×F[0,1]

)
×
(
F[0,1] ×F[0,1]

)
is well-defined. Moreover, every element

Z ∈ MZ

can be written uniquely in the form

Z =
(
(AV , RV ), (AR, RR)

)
,

with
AV ∈ FR, RV , AR, RR ∈ F[0,1].

Consequently, the notion of a Meta Z-number is mathematically well-defined.

Proof. By definition, FR and F[0,1] are sets of fuzzy numbers. Hence their Cartesian products

FR ×F[0,1] and F[0,1] ×F[0,1]

are well-defined sets. Therefore the Cartesian product of these two sets,

MZ =
(
FR ×F[0,1]

)
×
(
F[0,1] ×F[0,1]

)
,

is also a well-defined set.

Let
Z ∈ MZ.
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Then, by the definition of Cartesian product, there exist

ZV ∈ FR ×F[0,1] and ZR ∈ F[0,1] ×F[0,1]

such that
Z = (ZV , ZR).

Again by the definition of Cartesian product, there exist

AV ∈ FR, RV ∈ F[0,1], AR ∈ F[0,1], RR ∈ F[0,1]

such that
ZV = (AV , RV ), ZR = (AR, RR).

Hence
Z =

(
(AV , RV ), (AR, RR)

)
.

The uniqueness of this representation follows from the uniqueness of ordered-pair decompo-
sition. Therefore every Meta Z-number has a unique and unambiguous mathematical form,
and the definition is well-defined.

Remark 7.4.3. A Meta Z-number is a second-order Z-model: the first Z-number assesses
the value itself, while the second Z-number assesses the reliability layer of the first one.

7.5 Meta D-Number (D-Number of D-Numbers)

A Meta D-Number is a higher-order D-number defined on a finite family of D-numbers,
assigning belief masses to sets of evidential assessments themselves. Recall that if Θ =
{θ1, θ2, . . . , θN} is a finite nonempty frame of discernment, a D-number on Θ is a mapping

D : 2Θ → [0, 1]

such that
D(∅) = 0,

∑
A⊆Θ

D(A) ≤ 1.

Let

D(Θ) :=

D : 2Θ → [0, 1]

∣∣∣∣∣∣ D(∅) = 0,
∑
A⊆Θ

D(A) ≤ 1


denote the set of all D-numbers on Θ.

Definition 7.5.1 (Meta D-number). Let

Θ

be a finite nonempty frame of discernment, and let

Ξ = {D1, D2, . . . , Dm} ⊆ D(Θ)

be a finite nonempty family of ordinary D-numbers on Θ.
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A Meta D-number (or D-number of D-numbers) on Ξ is a mapping

D : 2Ξ → [0, 1]

such that
D(∅) = 0,

∑
B⊆Ξ

D(B) ≤ 1.

A subset
B ⊆ Ξ

such that
D(B) > 0

is called a meta-focal element.

Theorem 7.5.2 (Well-definedness of Meta D-numbers). Let

Θ

be a finite nonempty frame of discernment, and let

Ξ = {D1, D2, . . . , Dm} ⊆ D(Θ)

be a finite nonempty family of D-numbers on Θ. Then the class

MD(Ξ) :=

D : 2Ξ → [0, 1]

∣∣∣∣∣∣ D(∅) = 0,
∑
B⊆Ξ

D(B) ≤ 1


is mathematically well-defined. Consequently, the notion of a Meta D-number is well-defined.

Proof. Since Ξ is a finite nonempty set, its power set

2Ξ

is also finite and well-defined. Therefore any mapping

D : 2Ξ → [0, 1]

is an ordinary set-theoretic function with finite domain.

For each subset
B ⊆ Ξ,

the value
D(B) ∈ [0, 1]

is a well-defined real number. Because the index set 2Ξ is finite, the sum∑
B⊆Ξ

D(B)

is a finite sum of real numbers and is therefore well-defined. Hence the constraints

D(∅) = 0 and
∑
B⊆Ξ

D(B) ≤ 1
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are mathematically meaningful.

Thus the collection
MD(Ξ)

is a well-defined class of functions, and every element of it is a well-defined Meta D-number.

Remark 7.5.3. A Meta D-number is a higher-level evidential allocation defined on a finite
family of ordinary D-numbers. In this sense, its frame of discernment consists of D-numbers
themselves.



Chapter 8

Conclusion

This book has presented a broad survey of concepts related to Z-Numbers and D-Numbers,
with particular attention to their fundamental definitions, representative extensions, and
related developments. Through this survey, we have aimed to clarify the roles of these
frameworks in uncertainty modeling and to highlight their theoretical richness and potential
for further generalization.

It is expected that future research will continue to expand the range of applications of
these concepts in various fields. In particular, further developments in decision-making,
information fusion, graph theory, topological structures, and other mathematical and applied
domains may reveal new directions and deeper connections for Z-Number- and D-Number-
based models.
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