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Abstract: 

The concept of special functions plays an important role in mathematical analysis 

and physics as well. In this paper, we study some different types of the special 

Gamma function defined on the two-fold fuzzy complex field, where we combine 

the classical Gamma function with the two-fold fuzzy algebra defined on complex 

numbers. On the other hand, many elementary properties of this new special 

function will be determined in terms of theorems and proofs.  
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Introduction 

The theory of special functions is considered one of the most comprehensive and 

important theories in mathematics due to its wide applications in various fields of 

knowledge and physics [1-3]. The gamma function is one of the most famous 

functions in mathematics that plays a central role in number theory, probability, 

and the calculation of random processes [6-7]. 

Neutrosophic logic as a good generalization of fuzzy logic plays a central role in 

modern studies that are related to algebra and analysis [4-5], with very wide 

applications in decision-making and geometry [8-9]. 
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In [10], Smarandache proposed the concept of two-fold algebras, and then these 

idea was used in the study of fuzzy number theoretical relations [11], and in 

module theory [12]. 

In this work, we are motivated to use the two-fold fuzzy complex algebra with 

Gamma functions to generate a new analytical structure and to study its properties. 

This study may be very helpful in the future because it opens a wide door to use of 

two-fold algebra in defining and presenting some new types of special functions 

that can be applied in other fields of knowledge. 

Main Discussion 

Definition: 

Let ℂ be the complex field, 𝜇:ℝ ×ℝ → [0.1], we define the complex twofold fuzzy 

algebra as follows. 

ℂ𝑓 = {(𝑎 + 𝑏𝑖)𝜇(𝑥)  ; 𝑎. 𝑏. 𝑥 ∈ ℝ .  𝑖
2 = −1}, 

Binary operation: 

(∗): 𝐶𝑓 × 𝐶𝑓 → 𝐶𝑓  such that: 

(𝑎 + 𝑏𝑖)𝜇(𝑥) ∗ (𝑐 + 𝑑𝑖)𝜇(𝑦) = [(𝑎 + 𝑐) + (𝑏 + 𝑑)𝑖]max(𝜇(𝑥).𝜇(𝑦)) 

Theorem1: 

Let (𝐶𝑓.∗) be the two fold complex fuzzy algebra defined previously, then: 

1] (∗) is well defined. 

2] (∗) is commutative. 

3] (∗) is associative. 

4] For each (𝑎 + 𝑏𝑖)𝜇(𝑥) ∈ 𝐶𝑓 , there exists 𝑜𝜇(𝑥)  ∈ 𝐶𝑓 such that: 

 (𝑎 + 𝑏𝑖)𝜇(𝑥) ∗ 𝑜𝜇(𝑥) =  (𝑎 + 𝑏𝑖)𝜇(𝑥). 

Example: 

For : ℝ × ℝ → [0.1]  ;  𝜇(𝑥) = {
𝑒𝑥    ; 𝑥 ≤ 0

𝑒
1

𝑥   ; 𝑥 ≥ 0
 , we have: 

𝐴 =  (3 + 2𝑖)𝜇(3)  . 𝐵 =  (2 − 5𝑖)𝜇(−2), then: 
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𝐴 ∗ 𝐵 =  (5 − 3𝑖)
max(

1

𝑒3
.
1

𝑒2
)
=  (5 − 3𝑖) 1

𝑒2
. 

Definition: 

Let  𝐴 = (𝑎 + 𝑏𝑖)𝜇(𝑥) ∈ 𝐶𝑓, we define: 

1]  �̅� = (𝑎 − 𝑏𝑖)𝜇(𝑥)  

2]  |𝐴| = (√𝑎2 + 𝑏2)𝜇(𝑥) 

Theorem 2: 

For  𝐴 = (𝑎 + 𝑏𝑖)𝜇(𝑥) ∈ 𝐶𝑓  .  𝐵 = (𝑐 + 𝑑𝑖)𝜇(𝑦) ∈ 𝐶𝑓, we have: 

1] 𝐴 ∗ �̅� = (2𝑎)𝜇(𝑥) 

2] 𝐴 ∗ 𝐵̅̅ ̅̅ ̅̅ ̅ = �̅� ∗ �̅� 

Example: 

Take 𝐴 =  (1 + 2𝑖)𝜇(5)  . 𝐵 =  (3 − 𝑖)𝜇(−10)   ;     𝜇(𝑥) = {
𝑒𝑥    ; 𝑥 ≤ 0

𝑒
1

𝑥   ; 𝑥 > 0
 

�̅� =  (1 − 2𝑖)𝜇(5) =  (1 − 2𝑖)𝑒−5   . �̅� =  (3 + 𝑖)𝜇(−10) =  (3 + 𝑖)𝑒−10 

𝐴 ∗ 𝐵 =  (4 + 𝑖)𝑒−5  .  𝐴̅̅ ̅̅ ∗ �̅� =  (4 − 𝑖)𝑒−5  . 𝐴 ∗ 𝐵̅̅ ̅̅ ̅̅ ̅ =  (4 − 𝑖)𝑒−5. 

 |𝐴| = √5𝑒−5  .  |𝐴| = √10𝑒−10   

Definition: 

We define the following binary operation on 𝐶𝑓: 

○: 𝐶𝑓 × 𝐶𝑓 → 𝐶𝑓 ∶          (𝑎 + 𝑏𝑖)𝜇(𝑥) ○  (𝑐 + 𝑑𝑖)𝜇(𝑦)

= [𝑎𝑐 − 𝑏𝑑 + (𝑎𝑑 + 𝑏𝑐)𝑖]min(𝜇(𝑥).𝜇(𝑦)) 

Theorem 3: 

1] (○) is well defined. 

2] (○) is commutative. 

3] (○) is associative. 

4] (○) is distributive on (∗). 

5] For each (𝑎 + 𝑏𝑖)𝜇(𝑥) ∈ 𝐶𝑓 , there exists 1𝜇(𝑥)  ∈ 𝐶𝑓 such that: 

 (𝑎 + 𝑏𝑖)𝜇(𝑥) ○ 1𝜇(𝑥) =  (𝑎 + 𝑏𝑖)𝜇(𝑥). 
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Theorem 4: 

Let  𝐴 = (𝑎 + 𝑏𝑖)𝜇(𝑥)  .  𝐵 = (𝑐 + 𝑑𝑖)𝜇(𝑦) ∈ 𝐶𝑓, then: 

1] |𝐴 ○ 𝐵| = |𝐴| ○ |𝐵| 

2] |�̅�| = |𝐴| 

3]𝐴 ○ �̅� = |𝐴2| 

Definition: 

Let  𝐴 = (𝑎 + 𝑏𝑖)𝜇(𝑥) ∈ 𝐶𝑓, we define the first special function Gamma on 𝐶𝑓 as 

follows: 

𝛤1(𝐴𝜇(𝑥)) = (𝛤(𝐴))𝜇(𝛤(𝑥))        ; 𝑎. 𝑥 > 0. 

The second Gamma function on 𝐶𝑓 is defined as follows: 

𝛤2(𝐴𝜇(𝑥)) = (𝛤(𝐴))𝜇(𝛤(𝑥))       ; 𝑎 > 0  . 𝑥 ∈ ℝ. 

The third Gamma function on  𝐶𝑓 is defined as follows: 

𝛤3(𝐴𝜇(𝑥)) = (𝐴)𝜇(𝛤(𝑥))     ; 𝑥 > 0  . 𝐴 ∈  𝐶𝑓 

 

Theorem5: 

Consider 𝛤1. 𝛤2. 𝛤3 the three types of special Gamma functions defined over 𝐶𝑓 , 

then: 

1] 𝐴𝜇(𝑥) ○ 𝛤2(𝐴𝜇(𝑥)) = 𝛤2[(𝐴 + 1)𝜇(𝑥)] 

2] 𝐴𝜇(𝑥) ○ 𝛤1(𝐴𝜇(𝑥)) = 𝛤1[(𝐴 + 1)𝜇(𝑥)] 

3] for 𝐴 = (𝑎)𝜇(𝑥)  ∈  𝐶𝑓   ; 𝑎 ∈ ℝ
+, we have: 

{
lim
𝑎→0+

𝐴𝜇(𝑥) ○ 𝛤2(𝐴𝜇(𝑥)) = 1𝜇(𝑥)

lim
𝑎→0+

𝐴𝜇(𝑥) ○ 𝛤1(𝐴𝜇(𝑥)) = 1𝜇(𝑥)
 

4] for 𝐴 = 𝑎𝜇(𝑥)  ∈  𝐶𝑓   ;    𝑎. 𝑥 ∈ ℝ
+, we have: 
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{
 
 
 

 
 
 𝛤1(𝐴𝜇(𝑥)) = (2∫ 𝑒−𝑡

2
∙ 𝑡2𝑎−1 𝑑𝑡

∞

0

)
𝜇(2 ∫ 𝑒−𝑡

2
∙𝑡2𝑥−1 𝑑𝑡

∞
0

)

𝛤2(𝐴𝜇(𝑥)) = (2∫ 𝑒−𝑡
2
∙ 𝑡2𝑎−1 𝑑𝑡

∞

0

)𝜇(𝑥)                        

𝛤3(𝐴𝜇(𝑥)) = (𝑎)
𝜇(2 ∫ 𝑒−𝑡

2
∙𝑡2𝑥−1 𝑑𝑡

∞
0

)
                              

 

Definition: 

The two fold neutrosophic complex algebra is defined as follows: 

 𝐶𝑁 = { (𝑎 + 𝑏𝑖)(𝑡.𝑗.𝑓)   ;   𝑎. 𝑏 ∈ ℝ  .  𝑡. 𝑗. 𝑓 ∈ [0.1] .  𝑖
2 = −1 } 

We define the following binary operations: 

∗: 𝐶𝑁 × 𝐶𝑁 → 𝐶𝑁   ;      (𝑎 + 𝑏𝑖)(𝑡1.𝑗1.𝑓1) ∗  (𝑐 + 𝑑𝑖)(𝑡2.𝑗2.𝑓2)

= [𝑎 + 𝑐 + (𝑑 + 𝑏)𝑖](𝑡.𝑗.𝑓) 

Where: {
𝑡 = max (𝑡1. 𝑡2)
𝑓 = min (𝑓1. 𝑓2)
𝑗 = min (𝑗1. 𝑗2)

 

○: 𝐶𝑁 × 𝐶𝑁 → 𝐶𝑁   ;      (𝑎 + 𝑏𝑖)(𝑡1.𝑗1.𝑓1) ○  (𝑐 + 𝑑𝑖)(𝑡2.𝑗2.𝑓2)

= [𝑎𝑐 − 𝑏𝑑 + (𝑎𝑑 + 𝑏𝑐)𝑖](𝑡.𝑗.𝑓) 

Where: {
𝑡 = min (𝑡1. 𝑡2)
𝑗 = max (𝑗1. 𝑗2)
𝑓 = max (𝑓1. 𝑓2)

 

Example: 

Let  𝐴 =  (2 + 5𝑖)
(
1

2
.
1

3
.
1

5
)
  . 𝐵 =  (1 − 𝑖)

(0.
1

2
.
1

3
)
, we have: 

𝐴 ∗ 𝐵 =  (3 + 4𝑖)
(
1

2
.
1

3
.
1

5
)
     . 𝐴 ○ 𝐵 =  (7 + 3𝑖)

(0.
1

2
.
1

3
)
  

Definition: 

Let 𝐴 =  (𝑎 + 𝑏𝑖)(𝑡.𝑗.𝑓) ∈ 𝐶𝑁, we define: 

1] �̅� =  (𝑎 − 𝑏𝑖)(𝑡.𝑗.𝑓) 

2] |𝐴| =  (√𝑎2 + 𝑏2)(𝑡.𝑗.𝑓) 

Theorem 6: 

Let (𝐶𝑁.○ .∗) be the two fold neutrosophic complex algebra, then: 

1] (∗) is well defined. 
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2] (○) is well defined. 

3] (∗). (○) are commutative. 

4] (∗). (○) are associative. 

5] (○) is distributive on (∗). 

6] for each 𝐴 =  (𝑎 + 𝑏𝑖)(𝑡.𝑗.𝑓) ∈ 𝐶𝑁, there exists: 0(𝑡.𝑗.𝑓). 1(𝑡.𝑗.𝑓) 

Such that {
𝐴 ∗ 0 = 𝐴
𝐴 ○ 1 = 𝐴

 

Theorem 7: 

Let (𝐶𝑁.○ .∗) be the neutrosophic two fold algebra, then: 

For 𝐴 . 𝐵 ∈ 𝐶𝑁, we have: 

1] 𝐴 ∗ 𝐵̅̅ ̅̅ ̅̅ ̅ = �̅� ∗ �̅� 

2] 𝐴 ○ 𝐵̅̅ ̅̅ ̅̅ ̅ = �̅� ○ �̅� 

3] 𝐴 ○ �̅� = |𝐴2| 

4] |𝐴 ○ 𝐵| = |𝐴| ○ |𝐵|   

Definition: 

Let (𝐶𝑁.○ .∗) be the neutrosophic two fold algebra, we define the following types 

of Gamma special function: 

𝛤1(𝐴(𝑡.𝑗.𝑓)) = (𝛤(𝐴))(𝛤(𝑡).𝛤(𝑗).𝛤(𝑓))          ; 𝑎 > 0. 

𝛤2(𝐴(𝑡.𝑗.𝑓)) = (𝛤(𝐴))(𝑡.𝑗.𝑓)       ; 𝑎 > 0. 

𝛤3(𝐴(𝑡.𝑗.𝑓)) = (𝐴)(𝛤(𝑡).𝛤(𝑗).𝛤(𝑓))  

Theorem 8: 

Consider 𝛤1. 𝛤2. 𝛤3 the three types of Gamma functions over (𝐶𝑁.○ .∗)  , we have: 

1] 𝐴(𝑡.𝑗.𝑓) 𝛤2(𝐴(𝑡.𝑗.𝑓)) =  𝛤2(𝐴 + 1)(𝑡.𝑗.𝑓)   

2]  𝛤1(𝐴(𝑡.𝑗.𝑓)) = (𝐿)(𝑎1.𝑏1.𝑐1)  ; 𝑤ℎ𝑒𝑟𝑒:

{
 
 

 
 𝐿 = 2∫ 𝑒−𝑡

2
∙ 𝑡2𝑎−1 𝑑𝑡

∞

0

𝑎1 = 2∫ 𝑒−𝑡
2
∙ 𝑡2(𝑡)−1 𝑑𝑡

∞

0

𝑏1 = 2∫ 𝑒−𝑡
2
∙ 𝑡2𝑗−1 𝑑𝑡

∞

0

𝑐1 = 2∫ 𝑒−𝑡
2
∙ 𝑡2𝑓−1 𝑑𝑡

∞

0

 

3] For 𝐴 = 𝑎 ∈ ℝ+   ;  𝛤2(𝐴(𝑡.𝑗.𝑓)) = (𝐿)(𝑡.𝑗.𝑓)  . 𝑤ℎ𝑒𝑟𝑒 𝐿 = 2∫ 𝑒−𝑡
2
∙ 𝑡2𝑎−1 𝑑𝑡

∞

0
. 
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4] For any 𝐴 ∈ 𝐶𝑁 .  𝛤3(𝐴(𝑡.𝑗.𝑓)) =

(𝐴)(𝑎1.𝑏1.𝑐1)    ;  𝑤ℎ𝑒𝑟𝑒 

{
 

 𝑎1 = 2∫ 𝑒−𝑡
2
∙ 𝑡2(𝑡)−1 𝑑𝑡

∞

0

𝑏1 = 2∫ 𝑒−𝑡
2
∙ 𝑡2𝑗−1 𝑑𝑡

∞

0

𝑐1 = 2∫ 𝑒−𝑡
2
∙ 𝑡2𝑓−1 𝑑𝑡

∞

0

 

Proof of theorem (1): 

1] assume that: {
 (𝑎 + 𝑏𝑖)𝜇(𝑥) =  (𝑎

′ + 𝑏′𝑖)𝜇(𝑥′)
 (𝑐 + 𝑑𝑖)𝜇(𝑦) =  (𝑐

′ + 𝑑′𝑖)𝜇(𝑦′)
 

Then: {
𝑎 = 𝑎′ . 𝑏 = 𝑏′  
𝑐 = 𝑐′  . 𝑑 = 𝑑′ 

𝜇(𝑦) = 𝜇(𝑦′) . 𝜇(𝑥) = 𝜇(𝑥′) 
 

Hence:  (𝑎 + 𝑏𝑖)𝜇(𝑥) ∗  (𝑐 + 𝑑𝑖)𝜇(𝑦) = [𝑎 + 𝑐 + (𝑑 + 𝑏)𝑖]max(𝜇(𝑥).𝜇(𝑦)) 

= [𝑎′ + 𝑐′ + (𝑑′ + 𝑏′)𝑖]
max(𝜇(𝑥′).𝜇(𝑦′))

=  (𝑎′ + 𝑏′𝑖)𝜇(𝑥′) ∗  (𝑐
′ + 𝑑′𝑖)𝜇(𝑦′). 

2]   (𝑎 + 𝑏𝑖)𝜇(𝑥) ∗  (𝑐 + 𝑑𝑖)𝜇(𝑦) = [𝑎 + 𝑐 + (𝑏 + 𝑑)𝑖]max(𝜇(𝑥).𝜇(𝑦)) =  (𝑐 + 𝑑𝑖)𝜇(𝑦) ∗

 (𝑎 + 𝑏𝑖)𝜇(𝑥).  

3] Let  𝑋 = (𝑎 + 𝑏𝑖)𝜇(𝑥)   . 𝑌 =  (𝑐 + 𝑑𝑖)𝜇(𝑦) . 𝑍 =   (𝑚 + 𝑛𝑖)𝜇(𝑧), then: 

𝑋 ∗ (𝑌 ∗ 𝑍) = 𝑋 ∗ [𝑐 + 𝑚 + 𝑖(𝑑 + 𝑛)]max(𝜇(𝑦).𝜇(𝑧))

= [𝑎 + 𝑐 + 𝑚 + 𝑖(𝑏 + 𝑑 + 𝑛)]max(𝜇(𝑥).𝜇(𝑦).𝜇(𝑧)) 

= (𝑎 + 𝑐 + 𝑖(𝑏 + 𝑑))max(𝜇(𝑥).𝜇(𝑦)) ∗  (𝑚 + 𝑛𝑖)𝜇(𝑧) = (𝑋 ∗ 𝑌) ∗ 𝑍. 

4] It is clear that:  

 (𝑎 + 𝑏𝑖)𝜇(𝑥) ∗ 𝑜𝜇(𝑥) = (𝑎 + 0 + 𝑖𝑏)max(𝜇(𝑥).𝜇(𝑥)) = (𝑎 + 𝑏𝑖)𝜇(𝑥). 

Proof of theorem (2): 

1] 𝐴 ∗ �̅� =  (𝑎 + 𝑏𝑖)𝜇(𝑥) ∗  (𝑎 − 𝑏𝑖)𝜇(𝑥) = (2𝑎)𝜇(𝑥). 

2] 𝐴 ∗ 𝐵̅̅ ̅̅ ̅̅ ̅ = (𝑎 + 𝑐 + 𝑖(𝑑 + 𝑏))̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅
max(𝜇(𝑥).𝜇(𝑦)) = (𝑎 + 𝑐 − 𝑖(𝑑 + 𝑏))max(𝜇(𝑥).𝜇(𝑦)) =

 (𝑎 − 𝑖𝑏)𝜇(𝑥) ∗  (𝑐 − 𝑖𝑑)𝜇(𝑦) = �̅� ∗ �̅�. 

Proof of theorem (3): 
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1] assume that: {
 (𝑎 + 𝑏𝑖)𝜇(𝑥) =  (𝑎

′ + 𝑏′𝑖)𝜇(𝑥′)
 (𝑐 + 𝑑𝑖)𝜇(𝑦) =  (𝑐

′ + 𝑑′𝑖)𝜇(𝑦′)
 

Then: {
𝑎 = 𝑎′ . 𝑏 = 𝑏′  
𝑐 = 𝑐′  . 𝑑 = 𝑑′ 

𝜇(𝑥) = 𝜇(𝑥′) . 𝜇(𝑦) = 𝜇(𝑦′) 
 

So that:  (𝑎 + 𝑏𝑖)𝜇(𝑥) ○  (𝑐 + 𝑑𝑖)𝜇(𝑦) = [𝑎𝑐 − 𝑏𝑑 + 𝑖(𝑎𝑑 + 𝑏𝑐)]min(𝜇(𝑥).𝜇(𝑦)) 

                = [𝑎′𝑐′  − 𝑏′𝑑′ + 𝑖(𝑎′𝑑′ + 𝑏′𝑐′)]
min(𝜇(𝑥′).𝜇(𝑦′))

=  (𝑎′ + 𝑏′𝑖)𝜇(𝑥′) ○

 (𝑐′ + 𝑑′𝑖)𝜇(𝑦′). 

2] (𝑎 + 𝑏𝑖)𝜇(𝑥) ○ (𝑐 + 𝑑𝑖)𝜇(𝑦) = [𝑎𝑐 − 𝑏𝑑 + 𝑖(𝑎𝑑 + 𝑏𝑐)]min(𝜇(𝑥).𝜇(𝑦)) = [𝑐𝑎 − 𝑑𝑏 +

𝑖(𝑑𝑎 + 𝑐𝑏)]min(𝜇(𝑥).𝜇(𝑦)) = (𝑐 + 𝑑𝑖)𝜇(𝑦) ○ (𝑎 + 𝑏𝑖)𝜇(𝑥). 

3] Let 𝑋 = (𝑎 + 𝑏𝑖)𝜇(𝑥)  .  𝑌 = (𝑐 + 𝑑𝑖)𝜇(𝑦) . 𝑍 =   (𝑚 + 𝑛𝑖)𝜇(𝑧), then: 

 𝑋 ○ (𝑌 ○ 𝑍) = 𝑋 ○ [(𝑐 + 𝑑𝑖)(𝑚 + 𝑛𝑖)]min(𝜇(𝑦).𝜇(𝑧)) = [(𝑎 + 𝑏𝑖)(𝑐 + 𝑑𝑖)(𝑚 +

𝑛𝑖)]min(𝜇(𝑥).𝜇(𝑦).𝜇(𝑧)) 

= [(𝑎 + 𝑏𝑖)(𝑐 + 𝑑𝑖)]min(𝜇(𝑥).𝜇(𝑦)) ○  (𝑚 + 𝑛𝑖)𝜇(𝑧) = (𝑋 ○ 𝑌) ○ 𝑍. 

4] 𝑋 ○ (𝑌 ∗ 𝑍) = (𝑎 + 𝑏𝑖)𝜇(𝑥) ○ [(𝑐 +𝑚) + 𝑖(𝑑 + 𝑛)]max(𝜇(𝑦).𝜇(𝑧)) = [(𝑎 + 𝑏𝑖)(𝑐 +

𝑑𝑖) + (𝑎 + 𝑏𝑖)(𝑚 + 𝑛𝑖)]min(𝜇(𝑥).max(𝜇(𝑦).𝜇(𝑧))) 

Also (𝑋 ○ 𝑌) ∗ (𝑋 ○ 𝑍) = [(𝑎 + 𝑏𝑖)(𝑐 + 𝑑𝑖)]min(𝜇(𝑥).𝜇(𝑦)) ∗ [(𝑎 + 𝑏𝑖)(𝑚 +

𝑛𝑖)]min(𝜇(𝑥).𝜇(𝑧)) 

= [(𝑎 + 𝑏𝑖)(𝑐 + 𝑑𝑖) + (𝑎 + 𝑏𝑖)(𝑚 + 𝑛𝑖)]max (min(𝜇(𝑥).𝜇(𝑦)).min (𝜇(𝑥).𝜇(𝑧))) = 𝑋 ○ (𝑌 ∗ 𝑍)  

5] it holds directly from the definition. 

Proof of theorem (4): 

1] |𝐴 ○ 𝐵| = [|(𝑎 + 𝑏𝑖)(𝑐 + 𝑑𝑖)|]min (𝜇(𝑥).𝜇(𝑦)) = [√𝑎2 + 𝑏2 ∙ √𝑐2 + 𝑑2]min(𝜇(𝑥).𝜇(𝑦)) =

[√𝑎2 + 𝑏2]𝜇(𝑥) ○ [√𝑐2 + 𝑑2]𝜇(𝑦) = |𝐴| ○ |𝐵| 

2] |�̅�| = (√𝑎2 + 𝑏2)𝜇(𝑥) = |𝐴|. 
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3]𝐴 ○ �̅� = [(𝑎 + 𝑏𝑖)(𝑎 − 𝑏𝑖)]min(𝜇(𝑥).𝜇(𝑥)) = (𝑎2 + 𝑏2)𝜇(𝑥) = |𝐴2|. 

Proof of theorem (5): 

Before the proof get started, it will be useful to write the formulas of Gamma 

function: 

1] 𝛤(𝑍) = 2∫ 𝑒−𝑡 ∙ 𝑡𝑧−1 𝑑𝑡   ; ℝ𝑒(𝑍) > 0 . 𝑧 ∈
∞

0
ℂ 

2] 𝛤(𝑍 + 1) = 𝑍 𝛤(𝑍) 

3] lim
𝑥→0+

𝑥𝛤(𝑥) = 1    ;  𝑥 ∈ ℝ+ 

4] 𝛤(𝑥) = 2∫ 𝑒−𝑡
2
∙ 𝑡2𝑥−1 𝑑𝑥        ; 0 < 𝑥 < ∞

∞

0
  

Now we prove the first part: 

1  𝐴𝜇(𝑥) ○ 𝛤2(𝐴𝜇(𝑥)) = (𝐴𝛤(𝐴))𝜇(𝑥) = (𝛤(𝐴 + 1))𝜇(𝑥) = 𝛤2[(𝐴 + 1)𝜇(𝑥)] 

2  𝐴𝜇(𝑥) ○ 𝛤1(𝐴𝜇(𝑥)) = (𝐴𝛤(𝐴))𝜇(𝛤(𝑥)) = (𝛤(𝐴 + 1))𝜇(𝛤(𝑥)) = 𝛤1[(𝐴 + 1)𝜇(𝑥)] 

3  lim
𝑎→0+

𝐴𝜇(𝑥) ○ 𝛤2(𝐴𝜇(𝑥)) = lim
𝑎→0+

[𝑎𝛤(𝑎)]𝜇(𝑥) =1𝜇(𝑥) 

lim
𝑎→0+

𝐴𝜇(𝑥) ○ 𝛤1(𝐴𝜇(𝑥)) = lim
𝑎→0+

[𝐴𝛤(𝐴)]𝜇(⌈(𝑥)) = lim
𝑎→0+

[𝑎𝛤(𝑎)]𝜇(⌈(𝑥)) =1𝜇(𝑥) 

4  𝑠𝑖𝑛𝑐𝑒 

{
 
 

 
 
𝛤(𝐴) = 2∫ 𝑒−𝑡 ∙ 𝑡2𝑎−1 𝑑𝑡

∞

0

𝛤(𝑥) = 2∫ 𝑒−𝑡
2
∙ 𝑡2𝑥−1 𝑑𝑡

∞

0

 

We get: 

{
 
 

 
 𝛤1(𝐴𝜇(𝑥)) = (2∫ 𝑒−𝑡

2
∙ 𝑡2𝑎−1 𝑑𝑡

∞

0
)
𝜇(2 ∫ 𝑒−𝑡

2
∙𝑡2𝑥−1 𝑑𝑡

∞
0

)

𝛤2(𝐴𝜇(𝑥)) = (2∫ 𝑒−𝑡
2
∙ 𝑡2𝑎−1 𝑑𝑡

∞

0
)𝜇(𝑥)                        

𝛤3(𝐴𝜇(𝑥)) = (𝑎)𝜇(2 ∫ 𝑒−𝑡
2
∙𝑡2𝑥−1 𝑑𝑡

∞
0

)
                              

 

Proof of theorem (6): 

1] Assume that:  (𝑎 + 𝑏𝑖)(𝑡1.𝑗1.𝑓1) = (𝑎
′ + 𝑏′𝑖)(𝑡1′ .𝑗1′ .𝑓1′)  .  (𝑐 + 𝑑𝑖)(𝑡2.𝑗2.𝑓2) =

(𝑐′ + 𝑑′𝑖)(𝑡2′ .𝑗2′ .𝑓2′). 
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Then:  {

𝑎 = 𝑎′ . 𝑏 = 𝑏′ . 𝑐 = 𝑐′  . 𝑑 = 𝑑′ 
𝑡1 = 𝑡1 

′ . 𝑡2 = 𝑡2
′  

𝑗1 = 𝑗1
′  . 𝑗2 = 𝑗2

′  

𝑓1 = 𝑓1
′  .  𝑓2 = 𝑓2

′

 

 (𝑎 + 𝑏𝑖)(𝑡1.𝑗1.𝑓1) ∗  (𝑐 + 𝑑𝑖)(𝑡2.𝑗2.𝑓2) = [𝑎 + 𝑐 + (𝑏 + 𝑑)𝑖](𝑡3.𝑗3.𝑓3)

= [𝑎′ + 𝑐′ + (𝑏′ + 𝑑′)𝑖](𝑡4.𝑗4.𝑓4)  

Where  {

𝑡3 = max(𝑡1. 𝑡2) = 𝑡4 = max(𝑡1 
′ . 𝑡2

′)

𝑓3 = min(𝑓1. 𝑓2) = 𝑓4 = min(𝑓1 
′ . 𝑓2

′)

𝑗3 = min(𝑗1. 𝑗2) = 𝑗4 = min(𝑗1 
′ . 𝑗2

′ )

 

2] Assume that: {
 (𝑎 + 𝑏𝑖)(𝑡1.𝑗1.𝑓1) = (𝑎

′ + 𝑏′𝑖)(𝑡1′ .𝑗1′ .𝑓1′)
 (𝑐 + 𝑑𝑖)(𝑡2.𝑗2.𝑓2) = (𝑐′ + 𝑑′𝑖)(𝑡2′ .𝑗2′ .𝑓2′)

 

We get: {

𝑎 = 𝑎′ . 𝑏 = 𝑏′ . 𝑐 = 𝑐′  . 𝑑 = 𝑑′ 
𝑡1 = 𝑡1 

′ . 𝑡2 = 𝑡2
′  

𝑗1 = 𝑗1
′  . 𝑗2 = 𝑗2

′  

𝑓1 = 𝑓1
′ .  𝑓2 = 𝑓2

′

 

Hence:  (𝑎 + 𝑏𝑖)(𝑡1.𝑗1.𝑓1) ○  (𝑐 + 𝑑𝑖)(𝑡2.𝑗2.𝑓2) = [𝑎𝑐 − 𝑏𝑑 + 𝑖(𝑎𝑑 + 𝑏𝑐)](𝑡3.𝑗3.𝑓3) 

.= [𝑎′𝑐′  − 𝑏′𝑑′ + 𝑖(𝑎′𝑑′ + 𝑏′𝑐′)](𝑡3.𝑗3.𝑓3) = (𝑎
′ + 𝑏′𝑖)(𝑡1′ .𝑗1′ .𝑓1′) ○ (𝑐

′ + 𝑑′𝑖)(𝑡2′ .𝑗2′ .𝑓2′) 

Where {

𝑡3 = min(𝑡1. 𝑡2) = min(𝑡1 
′ . 𝑡2

′ )

𝑗3 = max(𝑗1. 𝑗2) = max(𝑗1 
′ . 𝑗2

′ )

𝑓3 = max(𝑓1. 𝑓2) = max(𝑓1 
′ . 𝑓2

′)

  

3](𝑎 + 𝑏𝑖)(𝑡1.𝑗1.𝑓1) ○  (𝑐 + 𝑑𝑖)(𝑡2.𝑗2.𝑓2) = [𝑎𝑐 − 𝑏𝑑 + 𝑖(𝑎𝑑 + 𝑏𝑐)](𝑡3.𝑗3.𝑓3) 

.= [𝑐𝑎 − 𝑑𝑏 + 𝑖(𝑑𝑎 + 𝑐𝑏)](𝑡3.𝑗3.𝑓3) =  (𝑐 + 𝑑𝑖)(𝑡2.𝑗2.𝑓2) ○ (𝑎 + 𝑏𝑖)(𝑡1.𝑗1.𝑓1) 

, Where  {

𝑡3 = min(𝑡1. 𝑡2) = min(𝑡2. 𝑡1)

𝑗3 = max(𝑗1. 𝑗2) = max(𝑗2. 𝑗1)

𝑓3 = max(𝑓1. 𝑓2) = max(𝑓2. 𝑓1)

 

 (𝑎 + 𝑏𝑖)(𝑡1.𝑗1.𝑓1) ∗  (𝑐 + 𝑑𝑖)(𝑡2.𝑗2.𝑓2) =  (𝑐 + 𝑑𝑖)(𝑡2.𝑗2.𝑓2) ∗  (𝑎 + 𝑏𝑖)(𝑡1.𝑗1.𝑓1)  by a 

similar argument. 

4] (𝑎 + 𝑏𝑖)(𝑡1.𝑗1.𝑓1) ○ [ (𝑐 + 𝑑𝑖)(𝑡2.𝑗2.𝑓2) ○  (𝑚 + 𝑛𝑖)(𝑡3.𝑗3.𝑓3)] = [(𝑎 + 𝑏𝑖)(𝑐 + 𝑑𝑖)(𝑚 +

𝑛𝑖)](𝑡.𝑗.𝑓) = 𝐿 

Where {

𝑡 = min(𝑡1. 𝑡2. 𝑡3)

𝑗 = max(𝑗1. 𝑗2. 𝑗3)

𝑓 = max(𝑓1. 𝑓2 . 𝑓3)
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So that: 𝐿 = [(𝑎 + 𝑏𝑖)(𝑡1.𝑗1.𝑓1) ○  (𝑐 + 𝑑𝑖)(𝑡2.𝑗2.𝑓2)] ○  (𝑚 + 𝑛𝑖)(𝑡3.𝑗3.𝑓3) , hence (○) is 

associative. 

The associativity of (*) can be proved by the same. 

5] (𝑎 + 𝑏𝑖)(𝑡1.𝑗1.𝑓1) ○ [ (𝑐 + 𝑑𝑖)(𝑡2.𝑗2.𝑓2) ∗  (𝑚 + 𝑛𝑖)(𝑡3.𝑗3.𝑓3)] = [(𝑎 + 𝑏𝑖)[(𝑐 + 𝑑𝑖) +

(𝑚 + 𝑛𝑖)]](𝑡.𝑗.𝑓) = 𝐿. 

Where {

𝑡 = min(𝑡1. max (𝑡2. 𝑡3))

𝑗 = max(𝑗1. min (𝑗2. 𝑗3))

𝑓 = max(𝑓1. min (𝑓2. 𝑓3))
  

Thus:  𝐿 = [(𝑎 + 𝑏𝑖)(𝑡1.𝑗1.𝑓1) ○  (𝑐 + 𝑑𝑖)(𝑡2.𝑗2.𝑓2)] ∗  [(𝑎 + 𝑏𝑖)(𝑡1.𝑗1.𝑓1) ○ (𝑚 +

𝑛𝑖)(𝑡3.𝑗3.𝑓3)]. 

6] {
𝐴 ∗ 0 = (𝐴 + 0)(𝑡.𝑗.𝑓) = 𝐴(𝑡.𝑗.𝑓)
𝐴 ○ 1 = (𝐴 ∙ 1)(𝑡.𝑗.𝑓) = 𝐴(𝑡.𝑗.𝑓)

 

Proof of theorem (7): 

1] 𝐴 ∗ 𝐵̅̅ ̅̅ ̅̅ ̅ = (𝐴 + 𝐵)̅̅ ̅̅ ̅̅ ̅̅ ̅̅
(𝑡.𝑗.𝑓) = (�̅� + �̅�)(𝑡.𝑗.𝑓) = �̅�(𝑡.𝑗.𝑓) ∗ �̅�(𝑡.𝑗.𝑓). 

2] 𝐴 ○ 𝐵̅̅ ̅̅ ̅̅ ̅ = (𝐴 ∙ 𝐵)̅̅ ̅̅ ̅̅ ̅̅ ̅
(𝑡.𝑗.𝑓) = (�̅� ∙ �̅�)(𝑡.𝑗.𝑓) = �̅�(𝑡.𝑗.𝑓) ○ �̅�(𝑡.𝑗.𝑓). 

3  . 4  hold directly from the definition. 

Proof of theorem (8): 

It can be proved by a similar argument to that of theorem 5. 

Conclusion 

In this paper, we defined some different types of the special Gamma function on the 

two-fold fuzzy complex field, where we combined the classical Gamma function 

with the two-fold fuzzy algebra defined on complex numbers. On the other hand, 

many elementary properties of this new special function are determined and 

presented.  
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