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Foreword

We first express our heartfelt gratitude to the Merciful God, whose boundless generosity granted us
the opportunity to devote ourselves to scientific inquiry and empowered us to contribute meaning-
fully to this field. His guidance has been our constant source of inspiration and strength throughout
the development of this work.

The choice of the topic “Topological Indices on Single-Valued Neutrosophic Graphs” stems from
our deep interest in novel mathematical structures and their wide-ranging applications in modeling
complex real-world problems. In the current era, many phenomena and systems involve uncertainty,
ambiguity, and inconsistency—from social networks and biological systems to medical, economic,
and engineering data. Neutrosophic structures, particularly neutrosophic graphs, provide powerful
tools for representing and analyzing these complexities by considering three components: truth,
falsity, and indeterminacy. This approach enables more precise and realistic modeling compared to
classical structures.

In this book, we have endeavored to define and investigate several key topological indices for
the first time on single-valued neutrosophic graphs, including the degree-based index, the Wiener
index, and the Sombor index. These indices play a crucial role in analyzing graph structures,
measuring distances, complexities, and connections within networks. Our research in this area has
been previously published in several scientific articles and is now presented here as a cohesive and
systematic volume to provide a solid foundation for further development in the field.

Given the specialized nature of the subject, this book will serve graduate students, researchers,
and professionals in mathematics, modeling, data science, and engineering who have a foundational
understanding of neutrosophic concepts and complex graph theory. We recommend that readers
possess a basic background in graph theory, topological indices, and neutrosophic logic to fully
engage with the material.

The present work is organized into four chapters:

Chapter 1 introduces the fundamentals, basic definitions, and preliminary concepts.

Chapter 2 explores the degree-based index in neutrosophic graphs.

Chapter 3 presents and analyzes the Wiener index.

Chapter 4 defines and examines the Sombor index.

In each chapter, we present relevant theorems with rigorous mathematical proofs, accompanied
by numerical and practical examples to clarify the concepts. Our objective in including these
examples is to bridge theory and application and to facilitate the reader’s comprehension and
engagement with the material.

Finally, we wish to extend our sincere gratitude to Semnan University and our academic col-
leagues for their unwavering support and encouragement throughout this scholarly journey. We
regard this book as the starting point for future research that may lead to the development of
new indices, the design of related algorithms, and the expansion of interdisciplinary applications
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of neutrosophic graphs. It is our hope that this work will inspire further investigations in this
emerging field and contribute meaningfully to the advancement of knowledge.

Masuod Ghods
Department of Mathematics, Semnan University
sep 2025



Chapter 1

Fundamentals of Graph Theory,
Neutrosophic Sets, and Topological
Indices

1.1 Introduction

The intricate structures and systems defining our world are fundamentally shaped by complex
interrelationships among their constituent elements. Graph theory, with its elegant abstraction of
entities as vertices (nodes) and their connections as edges, has served for decades as the universal
language for modeling, analyzing, and understanding these relational networks. Its profound impact
spans disciplines as diverse as mathematics, computer science, chemistry, engineering, sociology,

and biology, providing indispensable tools to represent and interrogate connectivity patterns.

Yet, the real-world phenomena we seek to model are frequently imbued with inherent uncer-
tainty, indeterminacy, inconsistency, and imprecision. While fuzzy logic pioneered the mathe-
matical formalization of vagueness through partial membership, it often proves insufficient when
confronted with scenarios involving simultaneous, independent degrees of truth, falsity, and inde-
terminacy arising from conflicting information sources or inherent ambiguity. This critical limita-
tion is addressed by Neutrosophic Set Theory, a revolutionary framework introduced by Florentin
Smarandache. Neutrosophic logic transcends its predecessors by characterizing each element with
three independent membership functions: the degree of truth (T), the degree of falsity (F), and the

degree of indeterminacy (I). This tripartite structure offers unparalleled flexibility in representing

11
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the nuanced and often contradictory nature of complex systems.

The fusion of the robust modeling capabilities of graph theory with the inherent power of
neutrosophic sets to handle three-dimensional uncertainty gives rise to Neutrosophic Graphs. In
these advanced structures, vertices, edges, or both, can carry neutrosophic information. This

enables a significantly more realistic representation of systems plagued by uncertainty, such as:

Social networks with ambiguous or evolving relationships.

Transportation or communication networks with unreliable links (varying T, F, I for connec-
tivity).

Decision-making systems involving conflicting criteria or expert opinions.

Biological networks or molecular structures with uncertain interactions or bonds.

Topological Indices (TIs) are numerical graph invariants derived solely from a graph’s structural
topology. These powerful descriptors condense essential structural characteristics—such as size,
branching, cyclicity, connectivity, and overall complexity—into single numerical values or vectors.
Historically pivotal in mathematical chemistry (e.g., Wiener index for boiling points, Zagreb indices
for molecular energy), TIs have evolved into indispensable tools across numerous fields, including
drug discovery, materials science, complex network analysis (e.g., internet resilience, social network

centrality), and bioinformatics (e.g., protein-protein interaction networks).

The Core Objective of Chapter 1 is to establish the rigorous theoretical bedrock essential for
the development, analysis, and application of Neutrosophic Topological Indices explored in the
subsequent chapters of this book. We meticulously construct this foundation through a structured
exposition of the following critical components:

Fundamentals of Classical Graph Theory: A concise review of essential concepts, including
graph types (simple, directed, weighted, etc.), key matrices (adjacency, incidence, distance), basic
operations (union, join, product), and fundamental properties (degree, distance, connectivity).

Essentials of Fuzzy and Neutrosophic Set Theory: Precise definitions of fuzzy sets, intuitionistic
fuzzy sets, and neutrosophic sets. Formalization of set operations (complement, union, intersec-

tion), relations, and functions within these frameworks, highlighting their axiomatic differences and



1.1 Introduction 13

expressive capabilities.

Neutrosophic Graph Structures: Systematic introduction and formal definition of major neu-
trosophic graph models, including:

(Single-Valued) Neutrosophic Graphs (where T, F, I are single values in [0,1]).

Interval-Valued Neutrosophic Graphs (where T, F, I are intervals within [0,1]).

Simplified Neutrosophic Graphs (focusing on truth-membership only).

Potential distinctions between vertex-neutrosophic, edge-neutrosophic, and fully neutrosophic
graphs.

Principles of Classical Topological Indices: Definition and categorization of key topological
indices, emphasizing their structural basis:

Degree-Based Indices: (e.g., First Zagreb (Mj), Second Zagreb (M), Randi¢, Atom-Bond
Connectivity (ABC), Geometric-Arithmetic (GA)).

Distance-Based Indices: (e.g., Wiener (W), Harary, Gutman).

Spectrum-Based Indices: (e.g., derived from the eigenvalues of adjacency or Laplacian matrices).

Basic properties and illustrative calculations.

Essential Theorems and Lemmas: Presentation and proof (or citation with context) of funda-
mental theorems and lemmas from classical graph theory and neutrosophic set/graph theory that
underpin the derivations, generalizations, and proofs presented in Chapters 2, 3, and 4. This in-
cludes properties of graph operations under neutrosophic settings and inequalities relevant to index
behavior.

This chapter serves as the indispensable catalyst for the entire book. A thorough compre-
hension of the concepts meticulously assembled and elucidated here is the mandatory prerequisite
for venturing into the novel and fertile ground of neutrosophic topological indices. The defini-
tions, notations, and theoretical results established in Chapter 1 provide the common language and
logical scaffolding upon which the original contributions of the subsequent chapters—focusing on
the generalization, computation, analysis, and application of topological indices within the rich and

challenging context of neutrosophic graphs—are built. Our aim is to equip the reader with the con-
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fidence and mastery necessary to navigate the compelling complexities and harness the significant

potential of this rapidly evolving research frontier.

1.2 Simple Graph and some Concepts Its

Defintion 1.2.1. a graph G consists of a set V(G) of elements called vertices and a set E(G) of
elements called edges (arcs) together with a relation of incidence which associates with each member

a pair of vertices, called its ends.

Defintion 1.2.2. Two graphs G1 and Gy are called isomorphic if there is a one to one correspon-
dence between their vertex sets and adjacency is preserved. for example,

ai az al az
as as

as aq as a4

Figure 1.1: Isomorphic Graphs

Defintion 1.2.3. Two vertex of graph are called adjacent if these nodes of a edge. A edge is called

incident with a vertex if it is an end vertex of a edge.

Figure 1.2: Simple graph G

for example in figure 1.2, two a1 and a4 are adjacent.Too, as is incident with edge e1 and es.

Defintion 1.2.4. A cycle graph is a graph consisting of a single cycle. Therefore Cy is a polygon

with k members.
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Defintion 1.2.5. A path graph is a graph consisting af a single path. Hence Py is a path with k

nodes and (k-1) members.

Defintion 1.2.6. A complete graph is a graph in which every two distinct nodes are connected by
exactly one member. A complete graph with N nodes is denoted by Ky . For example:

a a2 a a2

as a3 a4

Figure 1.3: Complete Graphs K3 and Kjy.

1.3 Neutrosophic Set and Relation

In this section, we will cover some basic concepts about neutrosophic graphs.

Defintion 1.3.1. let A be a set of points. A Single-Valued neutrosophic set N on a nonempty set
A is charactrized by a truth-membership function Tn : A — [0,1], indeterminacy-membership
function Iy : A — [0,1], and a falsity-membership function Fn : A — [0,1]. So, N =

{v,Tn(v), In(v), Fn(v)|v € A}.

Example 1.3.2. Suppose A = {v1,v9,v3,v4} s a reference collection, such that vy is the amount
of red, vo is the amount of blue, vs is the amount of green, and vy is the amount of yellow that
can be detected in a painting painted with a combination of these four colors. Then suppose N is a

single-valued neutrosiphic set of A such that:
N = {(vl, 0.3,0.4,0.2), (v2,0.5,0.3,0.2), (v3, 0.3,0.3,0.5), (v4,0.1,0, 0.8)}.
1.4 Neutrosophic Graph Structures

Defintion 1.4.1. A single-valued neutrosophic graph on a nonempty V is a pair G = (N, M).

Where N is single-valued neutrosophic set in V. and M single-valued neutrosophic relation on V
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such that

Tr(uv) < minTn(u), Ty (v),
I (wv) < minly(u), In(v),
Fyr(uv) < maxFy(u), Fn(v),

For all u,v € V. N is called single-valued neutrosophic vertex set of G and, M is called

single-valued neutrosophic edge set of G, respectively.

Defintion 1.4.2. Let G = (N, M) be a Single-Valued Neutrosophic Graph and P is a path in G. P is
a collection of different vertices, vy, v1, Vo, . .., vy such that (Tpr(vi—1,v;), Ipr(vie1),v:), Far(vi—1,v)) >

0 for 0 <i<mn. P is a Neutrosophic cycle if vo = v, and n > 3.

Defintion 1.4.3. Let G = (N, M) be the Neutrosophic Graph of G*. If H = (N',M') is a
neutrosophic graph of G* such that

/ / /

T (u) <T(u), I (u)>I(u), F(u)>Fu) YueV,

/

T (w) < T(w), I'(w)>I(w), F(w)>F(w) Yuv € E;

Then H is called a Neutrosophic subgraph of the Neutrosophic graph G.

Defintion 1.4.4. the order and the size of a neutrosophic graph G = (N, M) are denoted by O(G)
and S(G), respectively, and are defined as

0(G) = ( > Ty(u), > In(u), > FN(u)> :

ueV ueV ueV

And

S(G) = ( Z Ty (uv), Z In(uv), Z FM(uv)>.

uwveE wek wek

Defintion 1.4.5. A neutrosophic graph G = (N, M) is called a complete neutrosophic graph if the

following conditions are satisfied:
Tyr(uwv) = minTy(u), T (v),

Ing(uv) = minly(u), In(v),
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Fyr(uv) = maxFy(u), Fn(v),

for all u,v € V.

For example:

a = (0.4,0.6,0.5) b= (0.7,0.5,0.4)

(0.4,0.5,0.5)

(0.4,0.4,0.5) (0.7,0.4,0.4)

d = (0.5,0.4,0.5)

c=(0.7,0.4,0.3)
(0.5,0.4,0.5)

Figure 1.4: Complete Neutrosophic Graph

Defintion 1.4.6. Suppose G = (N, M) a single-valued Neutrosophic graph. G is a connected
Single-Valued Neutrosophic Graph if there exists no isolated verter in G. (v € Vg is the isolated

vertex, if there exists no incident edge to the vertex v.)

Defintion 1.4.7. Given G = (N, M) is a single-valued neutrosophic graph, and v € V is vertex of
G. the degree of the vertex v is the sum of the truth membership values, the sum of the indeterminacy
membership values, and the sum of the falsity membership values of all the edges that are adjacent

to vertex v, and is denoted by d(v), that

de(u) :(ZTM(W), > In(uw), ZFM(W)>,

uFv uFU uFv
Tda(u) = ( > Tos(uv) + Ty (u), Y Ing(ww) + In(u), Y Fay(uv) + FN(u)>
uFv uFv uFv

Defintion 1.4.8. A neutrosophic graph G1 = (N1, My) of the graph G7 = (Vi, E1) is isomorphic
with neutrosophic graph Go = (N2, Ma) of the graph G = (Va, Es) if we have f where f: Vi — Vs

s a bijection and following relations are satisfied

T, (u) = Ty (f(u)), I, (w) = Ing (f (), Fiv, (1) = Fiy (f (u)),
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For all w € V7 and
T, (wv) = Ta, (f (w) f(0)), Iagy (wv) = Ingy (f (w) f(0), Fary (wv) = Fary (f (w) f (),
For all uwv € E7.

Defintion 1.4.9. the m-barbell graph By, ,,,) is the simple graph obtained by connecting two copies

of a complete graph K,, by abridge.

Example 1.4.10. The figure below shows a m-barbell graph where each part is a complete graph

ky.
a=(0.4,0.2,0.5) b= (0.3,0.6,0.4) a=(0.4,0.2,0.5) b= (0.3,0.6,0.4)
(0.3,0.2,0.5) (0.3,0.2,0.5)
) = ) <
< < < <
iy = £1(0.4,0.2,05 =
< oy < o
S S S N\ S
(0.5,0.5,0.3) (0.5,0.5,0.3)
d = (0.5,0.5,0.5) c=(0.5,0.7,0.3) d = (0.5,0.5,0.5) ¢ =(0.5,0.7,0.3)

Figure 1.5: 4-barbell graph B4 4

Defintion 1.4.11. Given G = (N, M) is a single-valued neutrosophic graph, and the d,, — degree
of any vertex v in G is denoted as d,(v) where
dm(U) = ( Z TJ\?(“@”)? Z I]\?(“?“)v Z Fﬂ(“?“))
u#veV uFveV u#veV
Here, the path v = vg,v1,vo,...,v, = u is the shortest path between the vertices v and u, when

the length of this path is m.

Defintion 1.4.12. Given G = (N, M) is a single-valued neutrosophic graph, G is called a regular
neutrosophic graph if any vertex has the same degree, that is, for all v in V(G) we have dg(u) =

(d17 d27 d3)



1.4 Neutrosophic Graph Structures 19

Defintion 1.4.13. Given G = (N, M) is a single-valued neutrosophic graph, G is called a totally
reqular neutrosophic graph if any vertexr has the same degree, that is, for all u in V(G) we have

Tdg(u) = (di,da,ds).

Defintion 1.4.14. Given G = (N, M) is a single-valued neutrosophic graph, G is a complement

reqular neutrosophic graph if it satisfies the following,

ZTM(’U,U) =c, ZIM(’U,U) =c, ZFM(v,u) =c,

vF£uU vFU vEu

Where ¢ is a constant value.

Defintion 1.4.15. The mazimum degree of a neutrosophic graph G = (N, M) is defined as A(G) =

(A7 (G), Ar(G), Ap(G)), such that,
Ap(G) = max{dr(u) : u € V},
A(G) = max{d;(u) : u € V},
Ap(G) = max{dp(u) : u € V}.

Defintion 1.4.16. The minimum degree of a neutrosophic graph G = (N, M) is defined as §(G) =

(67(G),01(Q),dr(Q)), such that,
O7(G) = min{dr(u) : u € V},

01(G) = min{d(u) : v € V},
0p(G) = min{dp(u) : u € V}.

Example 1.4.17. suppose the neutrosophic graph G in figure 1.6 by direct calculations,

Now, according to Figure 1.6, we have:
A(G) =(1.2,1.6,1.0),

§(G) = (0.5,0.7,0.9).
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(0.2,0.3,0.5)

d = (0.5,0.4,0.5) e = (0.5,0.4,0.5)

(0.5,0.4,0.5) (0.3,0.4,0.5)

¢=(0.7,0.4,0.3) f=1(0.2,0.4,0.1)
(0.7,0.4,0.4) (0.4,0.4,0.5)

b=(0.7,0.5,0.4) a = (0.4,0.6,0.5)

(0.4,0.5,0.5)
Figure 1.6: A Neutrosophic Graph

1.5 Topological Indices

A topological index is a quantitative characteristic of a graph that helps us to discuss and compare
different graphs in terms of their structural properties. These indices can be used for chemical
graphs, graphs related to social problems, and any other type of problem that can be modeled
graphically.

In this book, we have used three widely used indices: Wiener Index, Connectivity Index, and

Sombor index. The definition related to each of these indices is provided below.
1.5.1 Wiener Index

The Wiener Index is commonly considered as the most classic and widely used distance-based index

in graph theory.

Defintion 1.5.1. Given a graph G = (V, E), the "Wiener index” of G is defied as:

{uv}CV(G)

where d(u,v) is the distance between vertices u and v in G.
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Example 1.5.2. Suppose G = (V, E) is a sample graph.

Figure 1.7: Simple graph G

then, we have:

W(G) = > duv)=1+1+2+2+42+2+1+1+1+1=14
{uv}CV(G)

1.5.2 Connectivity Index

The most natural parameter associated with a network is its connectivity. for example, in Internet,

the possible bandwidth between two routers is the most significant parameter.

Defintion 1.5.3. Let G = (V, E) be a simple graph. The "Connectivity Index” of G is defined by:

C(G)= Y dud,.

u,veV(G)

Example 1.5.4. Suppose G = (V, E) is a connected graph.

Figure 1.8: Simple graph G
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then, we have:

> dudy =(3x2)+(3x3)+(3x2)+(3x5)+(3x1)
u,weV(Q)
+(2x3)+(2x2)+(2x5)+(2x1)+(3x2)

+(Bx5)+Bx1)+(2x5)+(2x1)+(5x1)
=102.

1.5.3 Sombor Index

The Sombor index is a degree-based topological index. This index was first introduced by Gutman
in 2020. This index has different variants, which we have included here as needed for the definitions

used in Chapter 4.

Defintion 1.5.5. If G = (V, E) is a simple graph, then "Sombor Index” defined as:

SO=80(G)= Y 1/d2+d2

ei;€E(G

Defintion 1.5.6. In simple graph G = (V, E), the "Average Sombor Index” defined as:

SO pvr = SO 44, (G Z \/ di — — (dj N 27m)2

where, m = |E(G)| and n = |V (G)].

Defintion 1.5.7. In simple graph G = (V, E), the "Reduced Sombor Indez” defined as:

SOpet = SORa(G) = 3 \/(di—1)2 +(d; — 12
ei; €E(G)

Example 1.5.8. Suppose G = (V, E) is a connected graph.

then, we have:

SO=50G)= Y \|&+d=Vi+d+Vi+25+Vi+25
ei; €E(G)

V1I+254+V14+25+V/1+25
=V8+ V29 + V29 + 3 x V26

=28.89
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ay

@

Figure 1.9: Simple graph G

Since m = 6 and n = 6, we have:

SOaur = SO (G Z \/d— (d——) — VO 0+0F0

+\/0+9+\/1+9+\/1+9+\/1+9
=0+ V9+v9+3x V10

—=15.49.
1.6 Summary

This chapter has attempted to provide the basic definitions needed for the subsequent chapters.
These definitions have been derived from authoritative sources cited at the end of the book, and
an attempt has been made to provide the shortest and clearest definitions here. A number of
examples have also been provided to clarify the definitions. In the second chapter, we will define

and generalize the connectivity index on neutrosophic graphs.






Chapter 2

Connectivity Indices in Neutrosophic
Graphs: Computation, Properties,
and Theorems

2.1 Introduction

In this chapter, we first define the connected neutrosophic graph and connectivity index in the
neutrosophic graphs. Note that definitions are provided for a connected neutrosophic graph in some
references [5, 6], but the definition we use here will be based on connectivity. After providing some
examples, the theorems related to the connectivity index are expressed and proved in neutrosophic
graphs.

Connectivity stands as one of the most fundamental and operationally significant properties
in graph theory. Classical measures like vertex connectivity (V(G)) and edge connectivity (E(G))
quantify the minimum number of vertices or edges whose removal disconnects a graph, directly
reflecting its robustness, vulnerability, and structural cohesion. These concepts underpin critical
analyses in network reliability, communication stability, social community detection, and biological
pathway integrity.

However, as rigorously established in Chapter 1, neutrosophic graphs (NGs) model systems
where entities and their relationships inherently possess simultaneous, independent degrees of truth
(T), falsity (F), and indeterminacy (I). In such inherently uncertain environments, traditional

binary notions of ”connected” or "disconnected” become inadequate. The very existence of a vertex,

25
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edge, or path may be partial, contradictory, or indeterminate. Consequently, classical connectivity
measures fail to capture the nuanced, multi-dimensional nature of connection and disconnection
within neutrosophic structures.

This chapter addresses this fundamental gap. Building upon the foundational concepts of
neutrosophic sets and graphs presented in Chapter 1, we embark on the formal definition, theoretical
development, and computational characterization of Neutrosophic Connectivity Indices.

The development of neutrosophic connectivity indices represents a critical advancement in an-
alyzing uncertain networked systems. Unlike simply fuzzifying classical measures, our approach

intrinsically respects the three-dimensional (T, F, I') nature of neutrosophic information.
2.2 Partial connectivity index in neutrosophic graphs

Here we first define the Partial and totally connectivity indices in neutrosophic graphs and provide
examples to better understand it. And then in the next part we will present the boundaries for the

Partial and totally connectivity indices in neutrosophic graphs.

Defintion 2.2.1. Let G = (N, M) be the connected Neutrosophic Graph. The partial connectivity
index of G is defined as

PCIp(G) = > Tn(u)Ty(v)CONNre(u,v),
u,veEN

PCI;(G) = Y In(u)Ix(v)CONNig(u,v),
u,vEN

PCIp(G)= Y Fn(u)Fn(v)CONNpg(u,v),
u,vEN

Where CON N, (u,v) is the strength of truth, CON Ny, (u,v) the strength of indeterminacy and

CONNF,, (u,v) the strength of falsity between two vertices w and v. We have
CON N7, (u,v) = max{min{Ty(e)|le € P and P is a path between u and v}},

CON N, (u,v) = min{max{Iy/(e)le € P and P is a path between u and v}},

CON Np,, (u,v) = min{max{Fy(e)|le € P and P is a path between u and v}}.
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Also, the totally connectivity index of G is defined as

Defintion 2.2.2. Let G = (N, M) be the Neutrosophic graph. G called a connected neutrosophic

graph if for any two vertices u,v € N,

CONNr,(u,v) >0, CONNj,(u,v) >0, CONNpg,(u,v)>0.

Example 2.2.3. Consider the Neutrosophic graph G = (N, M) with V = {a,b,c,d}, that shown

in figure 2.1. As can be seen, (Tn,In,Fn)(a) = (0.4,0.6,0.5), (T, In, Fn)(b) = (0.7,0.5,0.4),

(Tn,In,Fn)(c) = (0.7,0.4,0.3), (Tn,In,Fn)(d)=(0.5,0.4,0.5), The edge set contains (T, Ips,
Far)(b,¢) = (0.7,0.4,0.4), (Tar, Ing, Far) (e, d) = (0.5,0.4,0.5), (Tar, Ins, Far)(a, d) = (0.4,0.4,0.5),

(Tne, Ing, Far)(b,d) = (0.3,0.5,0.7), (Tar, Las, Fiar)(a,b) = (0.4,0.5,0.5). By direct calculations, we

have
CONNr,,(u,v) | CONNp,(u,v) | CONNg,(u,v)
a,b 0.4 0.5 0.5
a,c 0.4 0.4 0.5
a,d 0.4 0.4 0.5
b, 0.7 0.4 0.4
b,d 0.5 0.4 0.5
c,d 0.5 0.4 0.5

Table 2.1: The strength of connectedness between each pair of vertices v and v.

Then the partial connectivity indezx of G 1is,

PCING) = 3 Tw(u)Ty(v)CON Nz, (u,0) = (0.4)(0.7)(0.4) + (0.4)(0.7)(0.4)
u,veEN

+(0.4)(0.5)(0.4) + (0.7)(0.7)(0.7) + (0.7)(0.5)(0.5)
+(0.7)(0.5)(0.5) = 0.112 + 0.112 + 0.080 + 0.147

+0.245 4 0.245 = 0.941,
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PCI/(G) = Y In(u)In(v)CONNy,(u,v) = (0.6)(0.5)(0.5) + (0.6)(0.4)(0.4)
u,vEN

+(0.6)(0.4)(0.4) + (0.5)(0.4)(0.4) + (0.5)(0.4)(0.4)
+(0.4)(0.4)(0.4) = 0.180 + 0.096 + 0.096 + 0.080

-+0.080 + 0.064 = 0.596,

PCI(G) = Y Fx(u)Fx(v)CON N (u,v) = (0.5)(0.4)(0.5) + (0.5)(0.3)(0.5)
u,vEN

+(0.5)(0.5)(0.5) + (0.4)(0.3)(0.4) + (0.4)(0.5)(0.5)
+(0.3)(0.5)(0.5) = 0.100 + 0.075 + 0.125 + 0.048

40.100 + 0.075 = 0.523.
Also by definition (2.2.1), we have

44 2PCIy(G) — 2PCIp(G) — PCIH(G) 4+ 2(0.941) — 2(0.523) — 0.596
- 6 - 6

= 0.707.

TCI(G)

b=(0.7,0.5,0.4)

a=(0.4,0.6,0.5) @

(0.4,0.5,0.5)

0.4,0.4,0.5 N 0.7,0.4,0.4
9-

Q.
Q™

d = (0.5,0.4,0.5) @ c=(0.7,0.4,0.3)

(0.5,0.4, 0.4)

Figure 2.1: A neutrosophic graph with V' = {a,b, ¢, d}

2.3 Examples of the connectivity index in neutrosophic special
graphs

In this section, we calculate the connectivity index with examples for a number of neutrosophic

graphs such as a neutrosophic graph with G* of a cycle and a neutrosophic star.

Example 2.3.1. Suppose G = (N, M) is a star neutrosophic as shown in Figure 2.2.
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g=(0.5,0.5,0.4) b= (0.6,0.3,0.1)

d=(05,04,0.2) @

@ /=(0.7,01,0.5)

e = (0.5,0.2,0.5) ¢ =(0.3,0.4,0.3)

Figure 2.2: A neutrosophic Star

(Tar, Iar, For) (Tars Iars For)
1 | (04,0.2,05) | ex | (0.7,0.1,0.2)
s | (0.3,0.1,04) | e5 | (0.4,0.3,0.5)
e | (0.7,04,04) | 6 | (0.2,0.5,0.3)

Table 2.2: The edge between each pair of vertices u and v in G.

Then we have:

PCING) = 3 Tw(u)Ty(v)CON Nz, (u,0) = (0.4)(0.6)(0.2) + (0.4)(0.3)(0.3) + (0.4)(0.5)(0.7)
u,veEN

+(0.4)(0.5)(0.7) + (0.4)(0.7)(0.4) + (0.4)(0.5)(0.2) + (0.6)(0.3)(0.3)
+(0.6)(0.5)(0.4) + (0.6)(0.5)(0.4) + (0.6)(0.7)(0.4) + (0.6)(0.5)(0.2)
+(0.3)(0.5)(0.3) + (0.3)(0.5)(0.3) + (0.3)(0.7)(0.3) + (0.3)(0.5)(0.2)
+(0.5)(0.5)(0.7) + (0.5)(0.7)(0.4) + (0.5)(0.5)(0.2) + (0.5)(0.7)(0.4)

+(0.5)(0.5)(0.2) + (0.7)(0.5)(0.2) = 1.846,

PCING) = 3 In(u)In(v)CONN, (u,0) = (0.6)(0.3)(0.2) + (0.6)(0.4)(0.1) + (0.6)(0.4)(0.4)
u,veEN

+(0.6)(0.2)(0.1) + (0.6)(0.1)(0.3) + (0.6)(0.5)(0.5) + (0.3)(0.4)(0.2)
+(0.3)(0.4)(0.4) + (0.3)(0.2)(0.2) + (0.3)(0.1)(0.3) + (0.3)(0.5)(0.5)
+(0.4)(0.4)(0.4) + (0.4)(0.2)(0.1) + (0.4)(0.1)(0.3) + (0.4)(0.5)(0.5)
+(0.4)(0.2)(0.4) + (0.4)(0.1)(0.4) + (0.4)(0.5)(0.5) + (0.2)(0.1)(0.3)

+(0.2)(0.5)(0.5) + (0.1)(0.5)(0.5) = 0.995,
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CONNr,(u,v) | CONNy,(u,v) | CONNEg,(u,v)
a,b 0.4 0.2 0.5
a,c 0.3 0.1 0.4
a,d 0.7 0.4 0.4
a, e 0.7 0.1 0.2
a, f 0.4 0.3 0.5
a, g 0.2 0.5 0.3
b, c 0.3 0.2 0.5
b,d 0.4 0.4 0.5
b, e 0.4 0.2 0.5
b, f 0.4 0.3 0.5
b, g 0.2 0.5 0.5
c,d 0.3 0.4 0.4
c,e 0.3 0.1 0.4
e, f 0.3 0.3 0.5
c, g 0.2 0.5 0.4
d,e 0.7 0.4 0.4
d, f 0.4 0.4 0.5
d,g 0.2 0.5 0.4
e, f 0.4 0.3 0.5
e, g 0.2 0.5 0.3
fi9 0.2 0.5 0.5

Table 2.3: The strength of connectedness between each pair of vertices u and v in Neutrosophic
Star G.

PCIR(G) = Y Fy(u)Fx(v)CON N, (u,v) = (0.5)(0.1)(0.5) + (0.5)(0.3)(0.4) + (0.5)(0.2)(0.4)
u,vEN

+(0.5)(0.5)(0.2) + (0.5)(0.5)(0.5) + (0.5)(0.4)(0.3) + (0.1)(0.3)(0.5)
+(0.1)(0.2)(0.5) + (0.1)(0.5)(0.5) + (0.1)(0.5)(0.5) + (0.1)(0.4)(0.5)
+(0.3)(0.2)(0.4) + (0.3)(0.5)(0.4) + (0.3)(0.5)(0.5) + (0.3)(0.4)(0.4)
+(0.2)(0.5)(0.4) + (0.2)(0.5)(0.5) + (0.2)(0.4)(0.4) + (0.5)(0.5)(0.5)

+(0.5)(0.4)(0.3) + (0.5)(0.4)(0.5) = 1.069.

We have:

rore) = 1 2PCIr(G) — QF;CIF(G) — PCI;(G) _ 4+2(1.846) — 2(1.069) —0.995

= (.7598.
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Example 2.3.2. Suppose G = (N, M) is a neutrosophic graph with G* is a cycle, as shown in

Figure 2.3. Then we have:

£ =(0.6,0.1,0.3) ° a=(0.2,0.3,0.5)
e =(0.5,0.2,0.3) b=(0.3,0.2,0.1)
d = (0.2,0.5,0.1) — ¢ =(0.7,0.1,0.0)

Figure 2.3: A neutrosophic Cycle

(T, Ing, Fiur) (Tni, Ing, Fir)
er | (0.2,0.4,03) | es | (0.2,0.5,0.3)
s | (03,02,0.1) | es | (0.5,0.2,0.3)
es | (0.2,05,01) | e | (0.2,0.3,0.1)

Table 2.4: The edge between each pair of vertices u and v in G.

PCIp(G) = > Tn(u)Tn(v)CON N, (u,v) = (0.2)(0.3)(0.2) + (0.2)(0.7)(0.2)
u,vEN

+(0.2)(0.2)(0.2) + (0.2)(0.5)(0.2) + (0.2)(0.6)(0.2) + (0.3)(0.7)(0.3)
+(0.3)(0.2)(0.2) + (0.3)(0.5)(0.2) + (0.3)(0.6)(0.2) + (0.7)(0.2)(0.2)
+(0.7)(0.5)(0.2) + (0.7)(0.6)(0.2) + (0.2)(0.5)(0.2) + (0.2)(0.6)(0.2)
+(0.5)(0.6)(0.5) = 621,

PCI;(G) = Y In(u)In()CONNp,(u,v) = (0.3)(0.2)(0.3) + (0.3)(0.1)(0.3)
u,vEN

+(0.3)(0.5)(0.3) + (0.3)(0.2)(0.5) + (0.3)(0.1)(0.3) 4 (0.2)(0.1)(0.2)
+(0.2)(0.5)(0.5) + (0.2)(0.2)(0.3) + (0.2)(0.1)(0.3) 4 (0.1)(0.5)(0.5)
+(0.1)(0.1)(0.3) + (0.1)(0.1)(0.3) + (0.5)(0.2)(0.5) 4 (0.5)(0.1)(0.5)

+(0.2)(0.1)(0.2) = 0.293,
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CONNr,(u,v) | CONNy,(u,v) | CONNEg,(u,v)
a,b 0.2 0.3 0.4
a,c 0.2 0.3 0.4
a,d 0.2 0.3 0.4
a,e 0.2 0.5 0.4
a, f 0.2 0.3 0.4
b, c 0.3 0.2 0.1
b,d 0.2 0.5 0.1
b,e 0.2 0.3 0.3
b, f 0.2 0.3 0.3
c,d 0.2 0.5 0.1
c,e 0.2 0.3 0.3
e f 0.2 0.3 0.3
d,e 0.2 0.5 0.3
d, f 0.2 0.5 0.3
e, f 0.5 0.2 0.3

Table 2.5: The strength of connectedness between each pair of vertices u and v in Neutrosophic
graph G.

PCIF(G) = Y Fn(u)Fx(v)CON Ny (u,v) = (0.5)(0.1)(0.4) + (0.5)(0.0)(0.4)
u,vEN

+(0.5)(0.1)(0.4) + (0.5)(0.3)(0.4) + (0.5)(0.3)(0.4) + (0.1)(0.0)(0.1)
+(0.1)(0.1)(0.1) 4 (0.1)(0.3)(0.3) 4 (0.1)(0.3)(0.3) + (0.0)(0.1)(0.1)
+(0.0)(0.3)(0.3) + (0.0)(0.3)(0.3) 4 (0.1)(0.3)(0.3) + (0.1)(0.3)(0.3)

+(0.3)(0.3)(0.3) = 0.224,

Also by definition (2.2.1), we have

44 2PCT —-2PCI — PCI 44 2(0.621) — 2(0.224) — 0.2
rene) = LH2PCn(G) 6CF(G) CL(G) _ 4+2(0.621) 6(0 ) - 0.293

= 0.750.

2.4 Theories of connectivity index in neutrosophic graphs

In this section, a number of theorems related to the connectivity index on neutrosophic graphs are

presented and proven.

Theorem 2.4.1. Let G = (N, M) be a connected neutrosophic graph and H = (N', M) is a partial



2.4 Theories of connectivity index in neutrosophic graphs 33

neutrosophic subgraph of G. then
PCIp(H) < PCIp(G), PCI;(H)> PCI;(G), PCIlp(H)> PCIrp(G)
Moreover, we have TCI(H) < TCI(G).

Proof. Let H = (N', M) is a partial neutrosophic subgraph of G, and T(N/)(u) < Tn(u)forueV.

Since T(M’)(uv) < Ty (uw) for uv, then CON Nrg(u,v) < CON Nrg(u,v), thus we get

PCIp(H)= Y Ty v)CONNrg(u,v) < Y Tn(w) T (v) CON Ny (u, v)
u, eV u, eV
= PCIp(G).
Using a similar proof, we can show that
PCI;(H) = Y Iy(u)Iy(®)CONNg(u,v) > > In(u)In(v)CONNig(u,v)
u, eV u,veV
= PCI;(G)
And
PCIp(H)= > Fy/(u)Fy (v)CONNpg(u,v) > Y Fy(u)Fn(0)CONNpa(u,v)
u,veV u,veV
= PCIr(G)

Now, we show that

TCI(H) < TCI(G).

By definition totally connectivity index, and since PCIr(H) < PCIr(G), PCI;(H) > PCI;(G),

PCIp(H) > PCIr(G) we have
A+ 2PCIr(H) — 2PCIp(H) — PCI;(H)

TCI(H) = .
_ 4+2PCIx(G) = 2PCIp(H) — PCI;(H)
< 44 2PCIr(G) — 2P6CIF(G) — PCI;(G)
- 6
=TCI(G).
And, hence TCI(H) < TCI(G). O

Example 2.4.2. Consider the neutrosophic graph G = (N, M) whit
N = {(a:0.7,0.3,0.4), (b : 0.5,0.2,0.3), (c : 0.7,0.3,0.6), (d : 0.4,0.3,0.5)},

M = {(ab:0.5,0.2,0.4), (ac: 0.7,0.3,0.6), (bc : 0.5,0.2,0.6), (cd : 0.4,0.3,0.6) },
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Also, let H= (N', M) be a neutrosophic subgraph of G, whit
N' = {(a:0.6,0.3,0.5), (b: 0.4,0.2,0.4), (c : 0.6,0.3,0.7), (d : 0.3,0.3,0.6)},

M’ = {(ab:0.4,0.2,0.5), (ac : 0.5,0.3,0.7), (bc : 0.4,0.2,0.7), (cd : 0.3,0.3,0.7)},

By direct calculations, we have

b=(0.5,0.2,0.3) @ a=(0.7,0.3,0.4)

(0.5,0.2,0.4)

(0.5,0.2,0.6)

¢ =(0.7,0.3,0.6)

d=(0.4,0.3,0.5
(0.4,0.3,0.6) ® = )

Figure 2.4: The neutrosophic graph G with V = {a,b,c,d}

b=(0.4,02,04) @ a = (0.6,0.3,0.5)

(0.4,0.2,0.5)

(0.4,0.2,0.7)

¢ =(0.6,0.3,0.7)

d=(0.3,0.3,0.6
(0.3,0.3,0.7) ® = )

Figure 2.5: The neutrosophic subgraph H with V' = {a, b, c,d}

PCIp(G) =0.997, PCI;(G)=0.120, PCIp(G)=0.690.
PCIp(H)=0516, PCI;(H)=0.120, PCIp(H)=1.213.

Moreover

_ 4+ 2(0.997) — 2(0.690) — (0.120)

= 0.749.
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rorm - 4 2PCIr(H) — 2P6(JIF(H) — PCI;(H)

 4+42(0.516) — 2(1.213) — (0.120)
B 6
It is easy to see that TCI(H) = 0.622 < TCI(G) = 0.749.

= 0.622.

Corollary 2.4.3. Note that if H = (N',M') is a partial neutrosophic subgraph of G = (N, M)

such that N' = N\{v} then

Theorem 2.4.4. Let G1 = (N1, My) be isomorphic with Go = (Na, M3). Then all of the following

equation are established.
PCIp(Gy) = PCIp(Gy), PCI(G1) = PCI;(Gy), PCIp(G1)= PCIp(Gs).
Also, we have TCI(G1) = TCI(G3).

Proof. Let G1 = (N1, My) be isomorphic with Gy = (N2, M3), and f : V3 — V5 be the bijection

from V; to V5 such that

Tn, (u) = Ty (f(u)),  Iny(u) = In(f(u),  Fiy (u) = iy (f(u)).

for all uv € F. and

Tar, (wv) = Tar, (f(w) f(0), Iany (u0) = Dag, (f (@) f(v), Fan (wv) = Far, (f () f(0))-

For all uwv € E;. Since G isomorphic with Ga, the strength of any strongest path between u and
v in Gy is equal to that between f(u) and f(v) in Ga. Hence

CON Nt (u,v) =CON N, (f(u), f(v)),

CONNig, (u,v) =CONNig, (f(u), f(v)),

CONNFp, (u,v) =CONNg,, (f(u), f(v)).

Moreover

PCIr(Gy) = PCIr(Ga), PCI(G1)= PCI;(G2), PCIp(G1)= PCIp(G2),
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And
TCI(G) = 4 +2PCIr(Gy) — 2PGCIF(G1) PCI;(Gy)

O]

Theorem 2.4.5. Let G = (N, M) be a complete neutrosophic graph whit V= {vi,ve, -+ ,v,} such
that t1 <ty < -+ <tp, i1 <ipg <--- <y and f1 > fo > --- > f, where t; = Ty (vj), i; = In(vj)

and f; :FN(Uj) forj=1,2,...,n. then

PCIp(G Z #2 Z th,

k=j+1
PCI](G)ZZzg Z ik,
=1 k=j+1

n—1 n
PCIp(G) =) _f7 Y fe

j=1  k=j+1
Proof. Suppose vy is a vertex with the least Truth-membership value ¢;. In a complete neutrosophic
graph, CON Npg(u,v) = Ty(u,v) for all u,v € V. Therefore Th(vivg) = t; for k = 2,3,--- ,n
and hence Ty (v1)Tn (vr)CON Ny (vi,vi) = t3ty, for k =2,3,--- ,n. Then for vy, we have
ZTN v1) TN (vg)CON Npg(v1, vk) Zt th.
k=2
For vy, Ty (v2)Tn (vk) CON Nrg(ve, vy) = t3ty with k =3,4,...,n
ZTN v2) TN (vg)CON Npg(va, vk) Zt2tk
k=3
For vy—2, Tn (vn—2)Tn (vg) CON Nrg (vn—2,vk) = t2_oty that k =n — 1,n.

And for v,_1, Ty (vn—1)Tn(v) CON Nrg(v—1,v) = t2_4t), for k = n.

Thus, by summing over v;, j =1,2,3,--- ,n — 1, we get
n n
PCIp(G) = #ti+ Y t3ty+--+ Z 2 ote + Ztn e = Z# Z .
k=2 k=3 k=n—1 j=1  k=j+1

Using the same argument, we can prove the other two cases. O
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Theorem 2.4.6. Let G = (N, M) be a neutrosophic graph whit V- = {vi,va,--- ,vn} such that
G* = (V,E) is a complete bipartite graph and Ty = (uwv) = min{Tn(u),Tn(v)}, Ipm(uwv) =
min{Iy(u), In(v)}, Far(uv) = max{Fy(u), Fx(v)} For all u,v € V. Also, Vi = {vi,v2, -+ ,um},
and Vo = {V(m+1), Vimg2)s =" > Vn} whit t1 <tp <o Sty iy Sdp <o S, and fy > fo >0 >

fn where t; = Tn(vy),i; = In(vs) and fj = Fn(v;) for j =1,2,--- ,n. Then

m n n—1 n
PCIp(G) =" 3ttt >t > t

j=1  k=j+1 j=m+1  k=j+1

m n n—1 n
PCIG) =" Y iptim Y i D i

j=1  k=j+1 j=m+1  k=j+1

m n n—1 n
PCIp(G)=>"f2 3 fatfm D Fi D f

j=1  k=j+1 j=m+1  k=j+1

Proof. Let G = (N, M) be a neutrosophic graph whit V' = {vj,vs,--- ,v,}, and G* = K, 5, such
that t; <t <--- <t 11 <ia <<y and f1 > fo > 2> fi.
Here we prove PCIp(G), states PCIp(G) and PCI;(G) are similarly proved.
Using definition, we have
PCIp(G)= Y Fn(v)Fn(vk)CONNga(v), vp).
v, EV

Too, for vi,vp € V we have

CONNpg(v1,vg) = min{max{ fi }, max{ f1, fo},--- ,max{ f1, fm}} = min{ f1, f1,---, f1} = f1.

Accordingly for vy, v € V,

> Fn(v))Fn(ve)CONNpg(vi,ve) = fif1 Y fi
=2

VEF#V1, U EV

Similarly for vj,vp, €V j=2,3,--- ,m:

> Fn(vj)Fn(ve) CONNra(vj,v0) = fifi > fr.
k=j+1 k=j+1

On the other hand, we have for m < j < n:

> Fn(v))Fn(0k)CONNpG(v5,08) = fnfy Y, i

k=j+1 k=j+1
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Than

PCIp(G)= Y Fn(v;)Fn(vk) CONNra(vj, vp)

vj, v €V
=fRD fot F2f2 D> fot A ffm Y St Ffmir D> fet o+ fmfaifa
k=2 k=3 k=m+1 k=m+2

n

m n—1 n
=SB fetfn D 5D e
j=1

k=j+1 j=m+1  k=j+1

Corollary 2.4.7. Clearly, in the above theorem it is enough to have

Yo e Vi,VueVy, Tyw)<Tn(w), In(w)>Iy(u), Fy(v)> Fn(u).
Then the case will be established. In the following example you can see the correctness of this claim.
Example 2.4.8. Consider the neutrosophic graph G = (N, M) whit

N ={(a:0.2,0.6,0.7), (b: 0.4,0.6,0.5), (c : 0.7,0.5,0.4), (d : 0.5,0.3,0.5), (¢ : 0.6,0.4,0.5)}

M = {(ac:0.2,0.6,0.7), (ad : 0.2,0.6,0.7), (ae : 0.2,0.6,0.7),
(b : 0.4,0.6,0.5), (bd : 0.4,0.6,0.5), (be : 0.4,0.6,0.5)}.

By direct calculation, we have

b=(0.2,0.6,0.7) a = (0.4,0.5,0.6)

(0.4,0.6,0.5) (0.2,0.6,0.7)

e =(0.6,0.4,0.5) c=(0.7,0.5,0.4)

d = (0.5,0.3,0.5)

Figure 2.6: A complete bipartite neutrosophic graph whit G* = K>3
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CONNrg(a,b) =CONNrg(a,c) = CONNrg(a,d) = CONNrg(a,e) = 0.2 = Ty(a).
CONNrg(b,¢) =CONNrg(b,d) = CONNrg(b,e) = 0.4 = Tn(b)

CONNrg(c,d) =CONNrg(c,e) = 0.4 = Ty (b)

CONNrg(d,e) =0.4 = Ty(b).

PCIp(G) = Y Tn(w)Tn(v)CONNrg(u,v)
u,vEN

=(0.2)(0.4)(0.2) + (0.2)(0.7)(0.2) + (0.2)(0.5)(0.2) + (0.2)(0.6)(0.2) + (0.4)(0.4)(0.7)
+(0.4)(0.4)(0.5) + (0.4)(0.4)(0.6) + (0.7)(0.5)(0.4) + (0.7)(0.6)(0.4) + (0.5)(0.4)(0.6)

=0.804,
Using Theorem 2.4.6,

PCI(G) —f:? En: ti + tm Z t; Z tk—ZtQ Z tk+tm2ty Z t
Jj=1  k=j+1 j=m+1 k=j+1 k=j+1 7=3 k=j+1
=(0.2)(0.2)(0.4 + 0.7 + 0.5 + 0.6) + (0.4)( 4)(0.74 0.5 + 0.6) + (0.4)(0.7)(0.5 + 0.6)

+(0.4)(0.5)(0.6) = 0.804.
As observed, the value of truth- partial connectivity index PCIp(G) is obtained from both methods

equally.

Theorem 2.4.9. Let G = (N, M) be a wheel neutrosophic graph whit V.= {vy,va, -+ ,v,} such

that G* is a wheel graph and for all wv € M*:
Ty (wv) = min{Txn(u), Tn(v)}, Iy (wv) = min{Iy(u), In(v)}, Fy(uwv) = max{Fy(u), Fy(v)}.

Ift1§t2§-~-§tn 21§22§§Zn andflzfQZan wheretj:TN(vj) ij:IN(Uj) and

fj = Fn(vj) for j=1,2,--- ,n and vy is the center vertex. Then
PCIp(G ZtQ Z th,
k=j+1
PCI;(G) :223 Z i,
j—l k=j+1

PCIp(G Zﬁ Z fie-

k=j+1
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Proof. Let G = (N, M) be a wheel neutrosophic graph whit the conditions stated in the theorem.
Here we prove PCI;(G), states PCIp(G) and PCIp(G) are similarly proved. Then
Suppose vy is the center vertex. Using definition, for v1, vy € V we have:
CON Nig(v1,v2) =min{max{i; }, max{iy, io}, max{iy, iz, ig}, -+ ,max{iy, - ,in}}
=min{iy, g, ,in} = i1,
Then

n

n
> In () In(vk) CONNig(v1,vp) = dvivia + dvivis + - -« + ivivin -1 + ivivin = »_ iyig.
k=2

Similarly for vj,vp, €V, j=2,3,---,n—1

n

CONNjc;(’Uj,Uk) = Z IN(’U])IN(’Uk)CONN[G ’I)J,Uk Z 15 Zk,

k=j+1 h=
This shows that

n n

PCL(G) = ) In(o)In(r)CONNia(oj, ) = 3 s+ 3 i
v, v EV k=2 k=3
n n—1 n
4ot Z ’i?ik+"‘+in71inflinzzi? Z -
k=j+1 =1 k=j+l

O

Theorem 2.4.10. Let G = (N, M) be a complete neutrosophic graph of G* = (V, E), and B((m,m))
is a m-barbell graph of G. ift1 <to < -+ <ty 41 > i > - > iy and f1 > fo > -+ > f, where
t;j = ITn(vj) i; = In(vj) and fj = Fn(vj) for j = 1,2,--- ,n. and uv a I-Strong edge with
M(uwv) = (Th(uv), Ins(uv), Far(uwv)) were Typ(uv) < t1 Iy(uww) > ip Fy(w) > f1 and wo

connecting two copies of complete neutrosophic graphs . Then

PCIr(B QZtQ Z ty + Tor (wv Zt]Ztk,

j=1  k=j+1
PCI;(B 22@ Z ir + Ing(uv szsz,
Jj=1  k=j+1 Jj=1 k=j

PCIr(B 22]‘2 Z fi + Far(uv ZfJka.

J=1 k=j+1
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Proof. Let G = (N, M) be a wheel neutrosophic graph whit the conditions stated in the theorem.
By definition 5, here we have two copies of the complete graph K,,. Also using Theorem 3, for a

complete neutrosophic graph

n—1 n
PCIp(G)=> 5 >,
j=1 &

=j+1
n—1 n
PCI;(G) =) i > ir,
j=1  k=j+1

n—1 n
PCIp(G)=>_f7 Y fe

j=1  k=j+1
Now it suffices to obtain the connectivity between two vertices from two copies of K,,. Suppose
vertex v; is from one of the two copies of K, and vertex vy, is from another copy, in which case we
have

CONNTg(’Uj, Uk) = max{min{TM(uv) VAN min{tk\tk € P(’Uj — ’Uk)}}} = TM(UU),

Then

PCIT(Bm,m): Z TN(Uj)TN(Uk)CONNTG(Uj,Uk)
’U]',’UkGV

n n—1 n

n—1
=372 e+ > 2 >ty tita T (wv) + trta Ty (uv) + - + bty Tay (uv)
i=1 k=j+1 =l k=j+1

n—1 n n n
=2 12 > b+ Tu(uo) Y 4>
=1 k=j

j=1  k=j+1

The proof will be the same for the other two cases. O

Example 2.4.11. Consider the neutrosophic graph G = Ky = (N, M) whit
N ={(a:0.2,0.6,0.8), (b: 0.3,0.5,0.7), (c : 0.3,0.4,0.7), (d : 0.4,0.4,0.5)}

M = {(ab:0.2,0.6,0.8), (ac: 0.2,0.6,0.8), (ad : 0.2,0.6,0.8), (bc : 0.3,0.5,0.7), (cd : 0.3,0.4,0.7) }

Now suppose that the edge that connects the two complete graphs does not hold true. As shown in
figure 2.7, for example, if we want to go from vertex b in the right graph to vertex a in the left

graph, there are paths with different connectivity.



42 2 Connectivity Indices in Neutrosophic Graphs: Computation, Properties, and Theorems

a = (0.2,0.6,0.8) a = (0.2,0.6,0.8)

(0.2,0.6,0.8) (0.2,0.6,0.8) (0.2,0.6,0.8) (0.2,0.6,0.8)

(0.2,0.6,0.8)
(0.2,0.6,0.8)

(0.3,0.5,0.7)

(0.3,0.4,0.7) (0.3,0.5,0.7)

b=(0.3,0:5,0.7) 74,0.4,0.5) b = (0.3,0:5,0.7) '4,0.4,0.5)

(0.3,0.5,0.7) (0.3,0.4,0.7) (0.3,0.5,0.7)

(0.3,0.4,0.7)

c=(0.3,0.4,0.7) c=(0.3,0.4,0.7)

Figure 2.7: A m-barbell neutrosophic graph whit G* = K4

2.5 Bounds for connectivity index

In this section, we discuss bunds for partial connectivity index (PCI) and totally connectivity
index (TCI). We show that, among all neutrosophic graphs whit a same support, the complete

neutrosophic graph will have maximum totally connectivity index.

Theorem 2.5.1. Let G = (N, M) be a neutrosophic graph whit [N| = n, and G' = (N', M) is the
complete neutrosophic graph spanned by the vertex set of G. Then,

0 < PCI7(G) < PCIp(G),

0 < PCI;(G) < PCI;(G),

0 < PCIp(G) < PCIRp(G).
Also if Ipy(uv) = I(M/)(uv), and Fy(uv) = (M/)(uv), for all wv € E then 0 < TCIp(G) <
TCIp(G).

Proof. Consider the neutrosophic graph G = (N, M) whit |[N| = n. If |[E| = 0 clearly, PCIr(G) =
PCI;(G) = PPCIF(G) = TCI(G) = 0. Let |E| > 0 and G' = (N', M) is the complete neutro-
sophic graph whit [N'| = n. Suppose (T (u), In(u), Fy(u)) = (T(N/)(u),I(N/)(u),F(N/)(u)) for

all v € X. Since

Tyr(uv) <Typs Iny(wo) < Iyp(wv);  Far(uv) < Fyp(uv); Yuv € E.
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Therefore, we have CONN7g(u,v) < CONNpe(u,v) CONNig(u,v) < CONN;(u,v) and
CONNrg(u,v) < CONN e (u,v). Then

0< PCIp(G) < > Tn(u)Tn(v)CONNre(u,v)
u,vEX
<> Ty (v)CON Ny (u,v) = PCIp(G).
u,vEX

Using a similar proof we can show that
0 < PCI;(G) < PCI;(G), 0< PCIp(G) < PCIp(G).

Also, according to definition TCI(G), if Ip(uv) = I(M/)(uv), and Fjr(uv) = F(M/)(uv), for all

uv € F, then
rer(c) 2P =2 G = POI(E)
LA 2PCI(G') — QPGCIF(G )= POIE) TCI(G).

2.6 Applications

Neutrosophic graphs are one of the most practical branches of graph theory, and various applications
of them have been studied so far. For further reading, you can refer to the items mentioned in the
references section at the end of the book. Here we will mention another application.

Behavioral sciences, which is one of the branches of humanities, is one of the most extensive
sciences in our time. Every day, many theorists in this field create new theories and cause them
to expand more and more. So every day they are faced with a lot of new data and information.
Mathematics has always been one of the best tools for modeling and categorizing this data and
information. Among these, graphic models are among the most appropriate models that come with
the help of behavioral sciences and with proper modeling, provide the conditions for a more accurate
analysis of these complex problems. What is very important in behavioral sciences is the existence
of a relationship, the relationship between individuals, groups, communities, organizations and

institutions, and, so on. Studying and discovering these relationships, categorizing them, and then
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examining and studying the extent and impact of these relationships on each other is a complex task.
Neutrosophic graph models can help with these problems and help answer some of the questions.
Questions such as: Which relationship is most effective? Which relationship should end? Which
person is more influential in a relationship? And many other questions.

Here we are dealing with the relationship between several families. Information related to this
problem is data from a real study obtained from a behavioral science study clinic. Of course, given
the limitations we had, we have provided a small sample of that data in this article.

In this problem, we studied 5 families that are related. First, each family was studied separately
and the behavior of each family member was studied by experts, and then we obtained an average
of the behaviors and traits studied in family members. These features were classified into three
categories. Good qualities include the ability to communicate, cooperate, be honest, etc; Bad traits
include jealousy, misconceptions, lack of anger control, personal aggression, etc; Neutral behaviors
include behaviors that do not involve any behavioral actions. The experts then assigned a numerical
value to each of these behaviors, which we named T, F, and I, respectively. Experts then studied
the relationships between families and the extent of each family’s impact on another family and
the type of impact of each family. The effect of each family on other families was evaluated using
behavioral science criteria. The experts coded these relationships into three categories: good,
neutral, and bad, and obtained a numerical quantity for each category based on the coding results.

Here we present a neutrosophic graph model related to 5 families from 137 families surveyed.

By direct calculations Then

PCIp(G) = Y Tn(w)Tn(v)CONNrg(u,v) = 1.3845,

u,vEN

PCI;(G) = > In(u)In(w)CONNig(u,v) = 0.519,
u,vEN

PCIp(G) = > Fn(u)Fy(v)CONNpg(u,v) = 0.118,
u,veEN

Also, we have

4+ 2PCIr(G) — 2PCIp(G) — PCI{(G)
N 6

<4 +2(1.3845) — 2(0.118) — 0.519
= 6

TCI(G)

= 1.002.
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a=(0.5,0.2,0.3)

b=(0.7,0.1,0.2)

e =(0.6,0.2,0.2)

¢ =(0.4,0.3,0.3)

Figure 2.8: A neutrosophic graph model corresponding to 5 families

CONNr¢(u,v) | CONNig(u,v) | CONNpg(u,v)
a,b 0.45 0.35 0.2
a,c 0.35 0.4 0.2
a,d 0.45 0.3 0.2
a,e 0.45 0.35 0.2
b, c 0.35 0.4 0.2
b,d 0.55 0.35 0.1
b,e 0.5 0.35 0.1
c,d 0.35 0.4 0.2
c,e 0.35 0.4 0.2
d,e 0.5 0.35 0.1

Table 2.6: The strength of connectedness between each pair of vertices u and v.

The connectivity index is used as a numerical index in evaluating the interactions of these five

families. Note that the analysis of this problem will be done by behavioral science experts.
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2.7 Neutrosophic tree

In this section, the types of edges are first classified and defined in terms of edge strength. Then
we will provide some other definitions depending on the type of edges. Based on the strength of
connectivity between the end vertices of an edge, edges of neutrosophic graphs can be divided into

two categories as given below.

Defintion 2.7.1. An edge uv in a neutrosophic graph G = (N, M) is called
o A weak edge if CONN(G_yy)(u,v) = CONNg(u,v) and CONNg(u,v) # M(uv).
e A neutral edge if CONN(G_yy)(u,v) = CONNg(u,v) and CON Ng(u,v) = M(uv).
o A -strong edge if

CONN(G—uv)(u,v) < CONNg(u,v), CONNg(u,v) = (Tr(uv), In(uv), Fpr(uv)) = M(uv),

o A -strong edge if CONN(g_yy)(u,v) < CONNg(u,v), CONNg(u,v) # M(uv).

Example 2.7.2. Consider the neutrosophic graph G = (N, M) onV = {a,b,c,d,e, f} as shown in

figure 2.9.

a (0.2,0.3,0.5) b (0.3,0.4,0.7) c

Figure 2.9: Neutrosophic graph G

As can be seen in Table 2.7, edge bc and cf are weak, be, bf and ce are I-strong edges, and ac,

ad, bd and de are II-strong edge.
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CONNg(u,v) | CONNgG_yy(u,v) M (uv)
@b | (0.3,0.3,0.5) (0.3,0.5,0.7) | (0.2,0.3,0.5)
a,d| (0.3,03,05) | (0.2,03,05) | (0.3,0.5,0.7)
b.c | (0.6,04,05) | (0.6,04,05) | (0.3,04,07)
b,d | (05,03,05) | (0.5,0.3,0.7) | (0.3,0.7,0.5)
be | (0.7,0.3,0.5) (0.3,0.4,0.7) | (0.7,0.3,0.5)
b,f | (0.8,0.2,0.1) (0.1,0.6,0.7) | (0.8,0.2,0.1)
c,e | (0.6,0.4,0.5) (0.3,0.4,0.7) | (0.6,0.4,0.5)
e, f | (0.6,0.4,0.5) (0.6,0.4,05) | (0.1,0.6,0.7)
de | (0.5,03,0.5) (0.3,0.5,05) | (0.5,0.3,0.7)

Table 2.7: The strength of connectedness between each pair of vertices u and v.

Defintion 2.7.3. A path in a neutrosophic graph is called a I-strong path if all its edges are I-strong

and called a II-strong path if all its edges are II-strong. Also is said to be a strong path if all its

edges are either I-strong edge or II-strong edge.

Defintion 2.7.4. Let G = (N, M) be a neutrosophic graph and C be a cycle in G. C called strong

cycle if all its edges are either I-strong edge or II-strong edge.

Defintion 2.7.5. Let G = (N, M) be a neutrosophic graph. G called a neutrosophic tree if it has

no strong cycle.

Example 2.7.6. Consider a neutrosophic graph G = (N, M) and H = (A, B) as shown in figure

2.10.

a (0.2,0.3,0.5)

(0.3,0.4,0.7)

e
&3

o
£

Figure 2.10: G is not a neutrosophic tree
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a (0.3,0.3,0.5) b (0.2,0.5,0.7) c

(0.5,0.3,0.4)

Figure 2.11: H is a neutrosophic tree

It is clear from figure 2.11 that G is not a neutrosophic tree. Since G contains strong neutrosophic
cycles. Clycles such as abda, abeda, abceda, ect. are strong neutrosophic cycles in G. But H is a

neutrosophic tree, H has no strong neutrosophic cycle.

Defintion 2.7.7. Let G = (N, M) be a connected neutrosophic graph and T, is a neutrosophic
spanning subgraph of G that T spanned by the vertex set of G and T* is a tree. If the edges of T
are selected from G such that for each edge uwv of T, uv is either I-strong edge or Il-strong edge.

Then T called a strong spanning tree and denoted by (SST).

Defintion 2.7.8. Let G = (N, M) be a connected neutrosophic graph with at least one strong

spanning tree. Then the strength of strong spanning tree in G is defined and denoted by

S(T) _ Z S(uv) _ Z 4+ 2TM(UU) — 2§M(uv) — IM(UU) .
wveTl wv€eT

Also, F called mazimum spanning tree if S(F) > S(T') for any strong spanning tree T.

Theorem 2.7.9. Let G = (N, M) be a connected neutrosophic graph. Then G is a neutrosophic

tree if and only if the following conditions are equivalent for any u,v € V
e uv is a I-strong edge;
e (CONNrg(u,v),CONNig(u,v), CONNpg(u,v)) = (Tar(wv), I (uv), Far(uv)).

Proof. This theorem can be easily proved by defining a strong edge. O
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2.7.1 Maximum spanning tree

In this section, a version of the maximum spanning tree discussed on a graph by strength of edges.

In the following, we propose a neutrosophic maximum spanning tree algorithm, whose computing

442T (uv) —2Fp g (uv)—Ipg (uv) -

steps are described below. Note that the strength function S(uv) = 3 is

used to label here.

The algorithm for finding the maximum spanning tree (MST)

Here, the input is adjacency matrix M = [(Tar(wiu;), Ins(wivg), Far(uiti;))]nxn of the neutrosophic

graph G = (N, M), and output is a tree F' with weighted edges.

Step 1. Input matrix M;

442T 0y (uiug) =2 F 0 (uiug)—Ing (uiuy)

Step 2. Using the strength function S(wu;) = 5

, convert the

neutrosophic matrix into a strength matrix S = [S(u;u;)](nxn);

Step 3. Iterate steps 4 and 5 until all n — 1 elements of S are either labeled to 0 or all the

nonzero elements of the matrix are labeled;

Step 4. Find the M either column or row to compute the unlabeled maximum element S(u;u;),

which is the value of the corresponding are e(u;u;) € M;

Step 5. If the corresponding edge e(u;u;) € M of chosen S produce a cycle whit the previous

labeled entries of the strength matrix S than set S(u;u;) = 0 else label S(u;u;);

Step 6. Design the tree F' including only the labeled elements from the S which will be computed
MST of G;

Step 7. Stop (end algorithm).

Example 2.7.10. Consider a neutrosophic graph G = (N, M) on V = {ui,u9,us, ug, us,ug} as

shown in Figure 2.12.

and
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u = (0.4,0.5,0.6)

uy = (0.8,0.2,0.3)

ug = (0.4,0.3,0.5)

(0.4,0.5, 0.6)

(0.6,0.5,0.7)

us = (0.6,0.5,0.7)

us = (0.7,0.3,0.2)

ug = (0.5,0.4,0.6)

Figure 2.12: a neutrosophic graph G on V

0 (0.4,0.5,0.6) 0 (0.4,0.5,0.7) 0 0 7
(0.4,0.5,0.6) 0 (0.4,0.3,0.5) (0.6,0.5,0.7) (0.7,0.3,0.3) (0.5,0.4,0.6)
0 (0.4,0.3,0.5) 0 0 (0.4,0.3,0.5) (0.4,0.4,0.6)
(0.4,0.5,0.7) (0.6,0.5,0.7) 0 0 (0.7,0.3,0.2) 0
0 (0.7,0.3,0.3) (0.4,0.3,0.5) (0.6,0.5,0.7) 0 0
i 0 (0.5,0.4,0.6) (0.4,0.4,0.6) 0 0 0 ]
Using the strength function S(u;uj) = 4+2TM(uiuj)_QFgI(uiu'j)_IA4(uiu'j) we have
0 0.517 0 0.483 0 0 7
0.517 0 0.583 0.550 0.750 0.567
S(uu;) = 0 0.583 0 0 0.583 0.533
v 0.483 0.550 0 0 0.550 0
0 0.750 0.583 0.550 0 0
0 0.567 0.533 0 0 0

Now search the matriz S to find the maximum value and select the edge corresponding to the

row and column of that element. The following figure edge uous is highlighted.

The next maximum element 0.583 is marked and corresponding edges usus and usus, but the

stmultaneous selection of these two edges causes the formation of a cycle, so we choose one of these

two edges arbitrarily and ignore the other.

Continuing this process, edges usug, uouyg, and usuy are selected, respectively. The mazximum

spanning tree is obtained as figure 2.18.



2.7 Neutrosophic tree 51

u = (0.4,0.5,0.6) uy = (0.8,0.2,0.3) ug = (0.4,0.3,0.5)

us = (0.6,0.5,0.7) us = (0.7,0.3,0.2) ug = (0.5,0.4,0.6)

Figure 2.13: A neutrosophic graph G whit strength of edges

w = (0.4,0.5,0.6) us = (0.8,0.2,0.3) us = (0.4,0.3,0.5)

ug = (0.6,0.5,0.7) us = (0.7,0.3,0.2) ug = (0.5,0.4,0.6)

Figure 2.14: An edge usus is highlighted

As it was observed, the selection of the maximum spanning tree was not unique, so neutrosophic

graph G = (N, M) is not a neutrosophic tree, also G contains a strong neutrosophic cycle.

Corollary 2.7.11. Obviously, if G = (N, M) has a unique strong spanning tree, it will also have

a unique maximum spanning tree, but the conversely is not necessarily true.
2.7.2 Partial connectivity index in the neutrosophic tree

In this section, the results of examining the Partial connectivity index and totally connectivity

index on the neutrosophic trees are presented and proved.

Theorem 2.7.12. Let G = (N, M) be a neutrosophic graph. Then TCI(G —uv) = TCI(G) if and
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u = (0.4,0.5,0.6) uy = (0.8,0.2,0.3) ug = (0.4,0.3,0.5)

us = (0.6,0.5,0.7) us = (0.7,0.3,0.2) ug = (0.5,0.4,0.6)

Figure 2.15: An edge usus is highlighted

uy = (0.4,0.5,0.6) us = (0.8,0.2,0.3) usz = (0.4,0.3,0.5)

ug = (0.6,0.5,0.7) us = (0.7,0.3,0.2) ug = (0.5,0.4,0.6)

Figure 2.16: An edge usug is highlighted

only if either uv is a weak edge or neutral edge.

Proof. The proof of this theorem is clear using definition 2.2.2. O

Corollary 2.7.13. Let G = (N, M) be a neutrosophic graph and, uv is an edge in G, uv is a bridge

if and only if uwv is either I-strong edge or II-strong edge.

Corollary 2.7.14. Let G = (N, M) be a neutrosophic graph. Then for any uwv, TCI(G — uv) #

TCI(G) if G* is a tree.

Theorem 2.7.15. Let G = (N, M) be a connected neutrosophic graph whit strong spanning tree
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uy = (0.4,0.5,0.6) uy = (0.8,0.2,0.3) uz = (0.4,0.3,0.5)

0.517 0.583

us = (0.6,0.5,0.7) us = (0.7,0.3,0.2) ug = (0.5,0.4,0.6)

Figure 2.17: An edge ugug is highlighted

up = (0.4,0.5,0.6) us = (0.8,0.2,0.3) usz = (0.4,0.3,0.5)

ug = (0.6,0.5,0.7) us = (0.7,0.3,0.2) ug = (0.5,0.4,0.6)
Figure 2.18: Maximum spanning tree M ST

(SST) T. for any uv € M, where uv is an edge of T, then either

PCIT(G — uv) < PCIT(G)

or

(PCI(G —uwv) > PCI[(G)) V (PCIp(G —uv) > PCIr(G))
Hence we have TCI(G —uv) < TCI(G).

Proof. Suppose G = (N, M) be a connected neutrosophic graph whit strong spanning tree (SST)

T. Since T is SST then any edge of T is either I-strong edge or Il-strong edge. By Corollary 1, for
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each uwv € M, uv is a bridge. Then PCIlr(G — uwv) < PCIr(G) or
[(PCI;(G —wv) > PCI;(G)) V (PCIp(G — uv) > PCIr(G))].
0

Theorem 2.7.16. Let G = (N, M) be a connected neutrosophic tree and G* is not a tree. Then

there exists at least one edge uv € M* such that TCI1(G — uv) = TCI(G).

Proof. Let G = (N, M) be a neutrosophic tree and G* is not a tree. Hence there is at least one
cycle in G*. As respects a tree is a connected forest, there exist uv € M* so that at least one of

the following
Ty (’LLU) < CONNT(Gfuv) (’LL, U)v Iv (’LLU) > OONNI(Gfu'U) (u7 U)u FM(UU) > CONNF(Gfu'U) (u7 U),

Then PCIp(G —wv) = PCIp(G) and PCI[(G — wv) = PCI[(G) and PCIp(G — wv) = PCIp(G)
Therefore TCI(G — uwv) = TCI(G). O

Theorem 2.7.17. Let G = (N, M) be a connected neutrosophic graph then G is a neutrosophic

tree if and only if G has a unique strong spanning tree.

Proof. Suppose G = (N, M) is a connected neutrosophic graph with only one strong spanning tree
T. Then G has no strong edges except the edges of T. hence G has no strong cycle. Therefore
by definition 6, G is a neutrosophic tree. Conversely, assume that G is a neutrosophic tree. Again
according to definition 6, G lacks a strong circle. Therefore, there is only one strong path between

the two arbitrary vertices of G. then the strong spanning tree of G is unique. O

Theorem 2.7.18. Let G = (N, M) be a connected neutrosophic graph and T the corresponding

SST of G. Then TCI(T) = TCI(G) if and only if T is the unique strong spanning tree of G.

Proof. Suppose G = (N, M) is a connected neutrosophic graph and T the corresponding SST of
G. And TCI(T) = TCI(G). Now, shown that T is a unique strong spanning tree of G. Proof of
this is easily possible using Theorem 5. Conversely, assume that 71" is the unique strong spanning
tree of G. It is clear that to obtain the connectivity index of GG, only the strong paths will be the

same paths of T'. then TCI(T) = TCI(G). O
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Corollary 2.7.19. Let G = (N, M) be a neutrosophic tree with the unique strong spanning tree

(T') and the unique mazimum spanning tree (F'). Then TCI(T) =TCI(G) = TCI(F).

Theorem 2.7.20. Let G = (N, M) be a connected neutrosophic graph and uv € M*. Then

TCI(G —w) < TCI(G) for any wv and wv TCI(G —ww) < TCI(G) and
(CONNr7g(u,v), CONNig(u,v), CONNpg(u,v)) = (Tar(uv), Ing(uv), Far(uv))
if and only if G* is a tree.

Proof. Suppose G = (N, M) is a connected neutrosophic graph and G* is a tree. It is clear
TCI(G—uv) < TCI(G). Since G* is a tree, for any uv € M*, G —uwv is not connected. Also for any
wv € G we have (CON Nrg(u,v), CONNjg(u,v), CONNpg(u,v)) = (Tar(uv), Inf(wv), Far(uv)).

Conversely assume that for each uv, TCI(G — uv) < TCI(G) and
(CONNrg(u,v), CONNg(u,v), CONNpg(u,v)) = (Tar(uwv), Inf(uv), Far(uv)),

Then both uv is a neutrosophic bridge and a I-strong edge. By theorem 1, G is a tree. Since, for

each uv, TCI(G — uv) < TCI(G), G* is a tree. O

Theorem 2.7.21. Let G = (N, M) be a connected neutrosophic graph such that G* is a star graph.

If vy is the center vertex and for any uwv € M*
Ty(uv) = min{Tn(u), Tn(v)}, Ip(uwv) =min{ly(u),In(v)}, Fuy(uww) = max{Fn(u), Fx(v)}.

Also Vj > 2,t1 < ty,i1 < i5, f1 > fj where t; = Ty(vj) i; = In(v;) and f; = Fn(vj) for

7=12--- n. then

n—1 n
PCIp(G)=t1 > t; > tg,
j=1 k

=j+1
n—1 n
PCI/(G) =iy Y i Y i,
j=1  k=j+1

n—1 n
PCIR(G)=fiY>_fi D> [

j=1  k=j+1
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Proof. Let G = (N, M) be a neutrosophic graph such that G* is a star graph and v; is the center

vertex. Therefore for any vertex v;, we have
CON Nrg(vi,vj) =Ty (vivy) = min{Tn(v1), Tn(vj)} = Tn(v1),
CON N (v1,v5) =Ip(vivy) = min{In(vi), In(vj)} = In(v1),
CON Npg(v1,v5) =Fum(vivj) = max{Fy(v1), Fy(vj)} = Fn(v1).
Then

ZTN V1 TN(Uk)CONNTg(Ul,’Uk TN ’01 ZTN Uk = tl Ztk,
k=2

Too for any j,k # 1 we have CONNrg(vj,v;) = Tn(v1) = t1. Hence

PCIp(G) = > Tn(u)Tw(v)CONNpg(u,v)
u,veEN

= Z TN(Ul)TN(’Uk)CONNTg(’Ul, ’Uk) + Z TN(UQ)TN(Uk)CONNTg(UQ, Uk) + .-
k=2 k=3

+T'n (vn— 1)TN(Un)CONNTG(Vn 1,Un)

=(Tn(v1)) ZTN vg) + Ty (01 ZTN v2)Tn(vi) + -+ + In(v1) TN (Vp—1)TNn (vn)
k=2 k=3

n n—1 n
TN v1 ZTN 'Uk —|—TN (0 ZTN ’UJ Z TN('Uk):tlztj Z tr.

k=j+1 j=1  k=j+1

O]

Theorem 2.7.22. Let G = (N, M) be a connected neutrosophic graph such that G* = C,,. Then
the following are equivalent.

a. TCI(G —wv) =TCI(G) for any uv;

b. M is a constant function;

c. G has n strong spanning tree whit S(T') =~ that v is a constant value.

Proof. Suppose G = (N, M) be a neutrosophic graph with G* = C,,.
a — b Assume that TCI(G — uv) = TCI(G) for any uv. This means that deleting each edge will
not change the value of the connectivity index. Therefore, the membership function will be the

same for all edges.
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b — ¢ Assume that M is a constant function. Hence all the edges of G are I-strong edge. Since
removing each edge from the cycle will result a new tree of G. then the number of strong spanning
trees of G will be n and strength of any strong spanning tree is a constant value.

¢ — a Assume that G has n strong spanning tree whit S(7') = ~ that  is a constant value. It is

clear for each edge of G we have TCI(G — uwv) = TCI(G). O
2.8 Summary

In the second chapter, we defined the connectivity index on neutrosophic graphs. We also presented
an algorithm for finding spanning trees and maximum spanning trees. In this chapter, an example
of how to implement the algorithm is presented. We hope that by examining more examples, the

respected readers will be able to master the steps of the algorithm and use it in real cases.






Chapter 3

Wiener index in Neutrosophic Graph

In this chapter, we will introduce the Wiener index in neutrosophic graphs. The Wiener index is
a distance-based index that is widely used in symmetric graphs. Like the connectivity index, we

divide the Wiener index into a Totally and Partial Wiener index and define it as follows.

3.1 Introduction

The intricate interplay between graph theory and the inherent ambiguity of the universe has long
presented a captivating and fundamental challenge for researchers. Graph theory, through its math-
ematical language, deciphers discrete structures and relationships within complex systems, ranging
from molecular networks to global communication infrastructures. Within this domain, Topologi-
cal Indices (TIs) serve as invaluable quantitative metrics, providing a compact and insightful map
of global graph properties such as compactness, branching, and transmission efficiency. Foremost
among these influential and widely used indices is the Wiener Index (WI). This seminal index, first
introduced by the eminent chemist Harry Wiener in 1947 within the context of studying hydrocar-
bon boiling points, rapidly transcended the boundaries of theoretical chemistry. It evolved into an
essential tool in discrete mathematics, computer science, drug design, and network science. The
seemingly simple definition of the Wiener Index — the sum of the shortest-path distances between
all pairs of distinct vertices in a connected graph — encapsulates profound structural information
that predicts the topological and dynamical behavior of the system.

However, the real world that graph theory seeks to model is replete with Uncertainty, Am-

59
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biguity, and Inconsistency. Can we definitively and precisely determine how ”close” two nodes
are in a social network? Is the weight of a connection in a biological neural network or an urban
transportation network a completely fixed and immutable value? Neutrosophic Set Theory (NT),
pioneered by Florentin Smarandache in the 1990s, provides a revolutionary and novel response to
these challenges. By introducing three independent membership functions — Truth-membership
(T), Indeterminacy-membership (I), and Falsity-membership (F) — to describe each element, this
theory offers a comprehensive and flexible framework for modeling phenomena that are inherently
vague, incomplete, contradictory, or influenced by non-deterministic parameters. Neutrosophic
Graphs (NGs), as a powerful generalization of classical graphs and even fuzzy graphs, possess the
unique capability to simultaneously incorporate multi-dimensional uncertainty both in vertices (rep-
resenting ambiguous entities) and in edges (representing non-deterministic, variable, or inconsistent

relationships) within the graph structure itself.

Chapter 3 of this book marks the convergence of these two rich worlds — classical topological
indices and neutrosophic theory — focusing specifically on the generalization and analysis of the
Wiener Index within the complex domain of Neutrosophic Graphs. Our aim in this chapter ex-
tends beyond merely proposing a new definition; it involves a deep exploration of the fundamental
concepts of ”distance” and ”sum of distances” under conditions where the vertices and edges them-
selves are characterized by degrees of truth, indeterminacy, and falsity. The core challenges we face

are significant:

Defining Neutrosophic Distance: How can we define the concept of the “shortest path” in a graph
where the length (or even the existence) of each edge is not a crisp number, but a neutrosophic triple
(T, I, F)? Do different paths exhibit varying levels of truth and indeterminacy in their lengths?

How do we compare these paths and select the ”shortest” one?

Defining the Neutrosophic Wiener Index: Given a meaningful definition of neutrosophic distance
between two vertices, how do we compute the sum of these distances for all vertex pairs? Will the
result be a real number, a neutrosophic set, or an interval? Which arithmetic operations are most

appropriate for aggregating neutrosophic distances?
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Interpretation and Application: What novel topological information about the graph’s structure
and its internal levels of uncertainty does the computed Neutrosophic Wiener Index convey? How
can this index be used for ranking graphs, analyzing real-world uncertain networks, or predicting

properties in neutrosophic systems?

Relationship to Classical Concepts: Does the Neutrosophic Wiener Index reduce to the classical
Wiener Index under specific conditions (e.g., when uncertainty vanishes)? What relationship exists
between the value of this index and the overall degrees of truth, indeterminacy, and falsity governing

the graph?

In this chapter, leveraging the rich legacy of the Wiener Index in deterministic and fuzzy graphs,
and employing the principles of neutrosophic set theory and calculus, we will establish a rigorous
and coherent framework for defining, computing, and analyzing the Wiener Index within Neutro-
sophic Graphs. We begin by reviewing and solidifying the fundamental definitions of neutrosophic
graphs and essential concepts such as neutrosophic paths and neutrosophic distance. Subsequently,
by examining various approaches to defining neutrosophic distance (e.g., expected-value-based ap-
proaches, deterministic transformation approaches, single-valued number approaches, etc.), we will
present comprehensive and meaningful definitions for the Neutrosophic Wiener Index. The funda-
mental theorems in this chapter will explore the mathematical properties of this generalized index
(such as bounds, relationships with other neutrosophic topological indices, behavior under graph
operations). Furthermore, practical computation of this index will be demonstrated for important
classes of neutrosophic graphs (such as neutrosophic paths, cycles, stars, and trees) to enhance the

understanding of its applicability and interpretability.

The significance of this chapter lies not only in extending a crucial classical index to a more inde-
terminate space but also in opening a new window for the topological analysis of complex real-world
systems intrinsically intertwined with uncertainty. Social networks with ambiguous friendships, bi-
ological networks with unknown or variable interactions, logistical systems with uncertain travel
times, and electronic circuits with noisy resistances are just a few examples of domains where neu-

trosophic modeling and indices like the Neutrosophic Wiener Index can provide powerful analytical
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tools for understanding their structure and behavior. This chapter constitutes a fundamental step
in enriching "Neutrosophic Topology” and expanding its broad applications in sciences dealing with
complexity and uncertainty.

Chapter Structure: Following this analytical introduction, the chapter proceeds as follows:

Theoretical Foundations: A concise yet precise review of essential concepts of neutrosophic
graphs, definitions of neutrosophic paths and distance (emphasizing the definitions adopted in this
book).

Defining the Neutrosophic Wiener Index: Formal presentation of definitions for the Neutro-
sophic Wiener Index (NWI) based on the selected approach(es) to neutrosophic distance. Discus-
sion on the advantages and limitations of each definition.

Properties and Theorems: Derivation and proof of the most important mathematical properties
of NWI, including upper and lower bounds, behavior in specific graph classes, relationships with
other parameters, and effects of graph operations.

Computations and Examples: Explicit calculation of NWI for canonical classes of neutrosophic
graphs (paths, cycles, stars, trees) and illustrative numerical examples.

Advanced Topics (if space permits): A brief overview of other generalizations (e.g., vertex-based
Wiener index), connections to centrality concepts, and potential application domains.

The ultimate goal of this chapter is to equip the reader with the knowledge and tools necessary
to understand, compute, and apply the Wiener Index as a key topological metric within the im-
precise and ambiguous world of Neutrosophic Graphs. It is hoped that these discussions will lay a

cornerstone for future research in this emerging and dynamic field.

3.2 Partial and totally Wiener Index

In this section, we will introduce the Wiener index in neutrosophic graphs. The Wiener index is a
distance-based index that is widely used in symmetric graphs.
Like the connectivity index, we divide the Wiener index into a Totally and Partial Wiener index

and define it as follows.
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Defintion 3.2.1. Let G = (N, M) be the Neutrosophic Graph and vi,v2 € V(G). A strong path P
from v1 to vo is called a neutrosophic geodesic if there is no strong shorter path between vy and vs.

Note that in the above definition, the shortest strong path must be calculated separately for each

of truth (T'), indeterminacy (I), and falsity (F') states.

Defintion 3.2.2. Let G = (N, M) be the Neutrosophic Graph. The Partial Wiener Index (PWI)
of G is defined as

PWIp(G)= Y Tn(w)Tw(v)dsr(u,v),
u,vEN

PWING)= > In(u)ly(v)ds(u,v),
u,vEN

PWIp(G)= Y Fy(u)Fy(v)dsp(u,v),
u,veN

when ds(u,v) is the minimum, the sum of the weights of the edges in geodesic between u and v.
Also, the Totally Wiener Index (TWI) of G is defined by

(44 2PWIp(G) — 2PWIp(G) — PWI/(QG))

TWI(G) = -

Example 3.2.3. Consider the Neutrosophic Graph G = (N, M) as shown in figure 1, with the
vertex set V. = {a,b,c,d} where (I, Iy, Fy)(a) = (0.4,0.3,0.2),(Tn, In, Fn)(b) = (0.6,0.5,0.2),

(Tn,In, Fn)(c) = (0.7,0.2,0.2),and (TN, In, Fn)(d) = (0.4,0.2,0.3), whit the edge set (Ts, Ing, Far)(a,b) =

(0.3, 0.3, 0.3), (TM, IM, FM)(a, C) = (0.4, 0.3, 0.2), (TM, IM, FM)(CL, d) = (0.3, 0.3, 0.2), (TM, IM, FM)(b, d) =

(0.4,0.4,0.3), (T, Inr, Far)(c,d) = (0.4,0.2,0.2), We have,

dsr(u,v) dsr(u,v) dsp(u,v)
@b | 04+04+04=12 0.3 0.3
a,c 0.4 0.3 0.2
a,d 04404=0.8 0.3 0.2
b,c 04404=0.8 034+03=06|024+03=0.5
b,d 0.4 0.3+03=0.6 0.3
c,d 0.4 0.2 0.2

Table 3.1: The sum of the weights of the edges in geodesic between each pair of vertices u and v.
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a=(0.4,0.3,0.2)

~
<
b= (0.6,0.5,0.2) = =(0.7,0.2,0.2)
oy
S
d=(0.4,0.2,0.3)
Figure 3.1: A neutrosophic graph G
use table 3.1, we have:
PWIr(G Z Tn(u v)dgr(u,v) = (0.4)(0.6)(1.2) + (0.4)(0.7)(0.4)

u,vEN
+(0.4)(0.4)(0.8) + (0.6)(0.7)(0.8) + (0.6)(0.4)(0.4) + (0.7)(0.4)(0.4)

=0.288 4+ 0.112 4 0.128 + 0.336 4 0.096 + 0.112 = 1.072

PWIHG) =Y In(u)In(v)dsi(u,v) = (0.3)(0.5)(0.3) + (0.3)(0.2)(0.3)
u,vEN

+(0.3)(0.2)(0.3) + (0.5)(0.2)(0.6) + (0.5)(0.2)(0.6) + (0.2)(0.2)(0.2)

=0.045 + 0.018 + 0.018 + 0.060 + 0.060 + 0.008 = 0.209

PWIp(G) =Y Fn(u)Fy(v)dsp(u,v) = (0.2)(0.3)(0.3) + (0.2)(0.2)(0.2)
u,veEN

+(0.2)(0.3)(0.2) + (0.2)(0.2)(0.5) + (0.2)(0.3)(0.3) + (0.2)(0.3)(0.2)
=0.012 + 0.008 + 0.012 + 0.020 4+ 0.018 + 0.012 = 0.082
too, totally wiener index is:

rwie) <4+ 2PWIp(G) — 2P6WIF(G) — PWI;(G)

_ 4+2(1.072) — 2(0.082) — 0.209
N 6

= 0.941.
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3.3 Examples of the Wiener Index in neutrosophic special graphs

In this section, we calculate the Wiener index with examples for a number of neutrosophic graphs

such as a neutrosophic graph with G* of a phat and a neutrosophic star.

3.3.1 Wiener Index in neutrosophic Graph with G* phat

Example 3.3.1. Let G = (N, M) ia a neutrosophic graph with G* is a phat.

a=(04,0.3,0.2) b=(0.6,0.5,0.2) ¢=1(0.7,0.2,0.2) d=1(0.5,0.4,0.3) e=(0.4,0.2,0.3)
¢ (0.4,0.5,0.2) (0.6,0.3,0.2) (0.5,0.2,0.3) (0.4,0.4,0.3) ¢
Figure 3.2: A neutrosophic graph G
dsr(u,v) dsr(u,v) dsp(u,v)
a,b 0.4 0.5 0.2
a,c 044+06=1 0.54+0.3=0.9 02+02=04
a,d 04+06+05=15 05+034+02=1 02+02+03=0.7
a,e | 04+06+05+04=19]05+03+02+04=14]024+02+03+03=1.0
b, c 0.6 0.3 0.2
b,d 06+05=1.1 0.3+0.2=0.5 02+0.3=0.5
b,e 06+05+04=1.5 0.34+02+04=09 02+03+03=0.8
c.d 0.5 0.2 0.3
c,e 0.5+04=0.9 0.2+0.4=0.6 0.3+0.3=0.6
d,e 0.4 0.4 0.3

Table 3.2: dg(u,v) of the edges in geodesic between each pair of vertices u and v.

Now, we have:

PWIr(G) = 3 Tw(u)Tn(v)dsr(u,v) = (0.4)(0.6)(0.4) + (0.4)(0.7)(L.0)

u,vEN

+(0.4)(0.5)(1.5) + (0.4)(0.4)(1.9) + (0.6)(0.7)(0.6) + (0.6)(0.5)(1.1)

+(0.6)(0.4)(1.5) + (0.7)(0.5)(0.5) 4 (0.7)(0.4)(0.9) 4 (0.5)(0.4)(0.4)

=2.429,



66 3 Wiener index in Neutrosophic Graph

PWI(G) =Y In(u)In(v)dsi(u,v) = (0.3)(0.5)(0.5) + (0.3)(0.2)(0.9)
u,vEN

+(0.3)(0.4)(1.1) + (0.3)(0.2)(1.4) + (0.5)(0.2)(0.3) + (0.5)(0.4)(0.5)

+(0.5)(0.2)(0.9) + (0.2)(0.4)(0.2) + (0.2)(0.2)(0.6) + (0.4)(0.2)(0.4)

=0.637,

PWIR(G) = Y Fy(u)Fy(v)dsp(u,v) = (0.2)(0.2)(0.2) + (0.2)(0.2)(0.4)
u,veEN

+(0.2)(0.3)(0.7) 4 (0.2)(0.3)(1.0) + (0.2)(0.2)(0.2) + (0.2)(0.3)(0.5)
+(0.2)(0.3)(0.8) + (0.2)(0.3)(0.3) + (0.2)(0.3)(0.6) + (0.3)(0.3)(0.3)
—0.293,

too, totally wiener index is:

44 2PWIp(G) — 2PWIp(G) — PWI;(G)
B 6
44 2(2.429) — 2(0.293) — 0.637

6

TWI(G)

= 1.2725.
3.3.2 Wiener Index in neutrosophic Star

Example 3.3.2. Let G = (N, M) ia a neutrosophic graph with G* is a phat. Now, we have:

a = (0.4,0.2,0.3)
(0.2,0.3,0.3)

b=(0.2,0503) @

=
[
o
w2
o
<
¢=(0.4,0.3,0.2) f=1(0.7,0.3,0.2)

e = (0.6,0.5,0.2)
d=(0.4,0.3,0.1)

Figure 3.3: A neutrosophic graph G
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dsr(u,v) dsr(u,v) dsp(u,v)
a,b 0.2 0.3 0.3
a,c 0.4 0.3 0.3
a,d 0.3 0.3 0.2
a,e 0.4 0.5 0.3
a f 0.6 0.2 0.3
b,c |02404=06]034+03=06]034+03=0.6
b,d | 024+03=05]034+03=06]|02+03=0.5
b,e 1 024+04=06|034+05=08]|03+03=0.6
b,f 1064+02=081]034+02=05]|034+03=0.6
c¢,d {04+03=07]034+03=06]|03+02=0.5
c,e |04+04=08]034+05=08|03+03=0.6
¢, f1064+04=10|02+03=0.5]03+0.3=0.6
d,e | 03404=0.7]03+05=0.8]03+02=0.5
d,f103+06=09|03+02=05|03+02=0.5
e,f1044+06=10|054+02=0.7|03+0.3=0.6

Table 3.3: dg(u,v) of the edges in geodesic between each pair of vertices u and v.

PWIp(G) =Y Tw(u)Tn(v)dsr(u,v) = (0.4)(0.2)(0.2) + (0.4)(0.4)(0.4)

u,veN

+(0.4)(0.4)(0.3) 4 (0.4)(0.6)(0.4) + (0.4)(0.7)(0.6) + (0.2)(0.4)(0.6)
+(0.2)(0.4)(0.5) + (0.2)(0.6)(0.6) 4 (0.2)(0.7)(0.8) 4 (0.4)(0.4)(0.7)

+(0.4)(0.6)(0.8) 4 (0.4)(0.7)(1.0) + (0.4)(0.6)(0.7) + (0.4)(0.7)(0.9)

+(0.6)(0.7)(1.0) = 2.088,

PWIHG) = > In(u)In(v)dsi(u,v) = (0.2)(0.5)(0.3) + (0.2)(0.3)(0.3)

u,vEN

+(0.2)(0.3)(0.3) 4 (0.2)(0.5)(0.5) 4 (0.2)(0.3)(0.2) + (0.5)(0.3)(0.6)
+(0.5)(0.3)(0.6) 4 (0.5)(0.5)(0.8) 4 (0.5)(0.3)(0.5) + (0.3)(0.3)(0.6)

+(0.3)(0.5)(0.8) 4 (0.3)(0.3)(0.5) 4 (0.3)(0.5)(0.8) + (0.3)(0.3)(0.5)

+(0.5)(0.3)(0.7) = 1.072,
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PWIp(G) =Y Fy(u)Fy(v)dsp(u,v) = (0.3)(0.3)(0.3) + (0.3)(0.2)(0.3)
u,veEN

+(0.3)(0.1)(0.2) + (0.3)(0.2)(0.3) + (0.3)(0.2)(0.3) + (0.3)(0.2)(0.6)
+(0.3)(0.1)(0.5) + (0.3)(0.2)(0.6) + (0.3)(0.2)(0.6) + (0.2)(0.1)(0.5)

+(0.2)(0.2)(0.6) 4 (0.2)(0.2)(0.6) + (0.1)(0.2)(0.5) + (0.1)(0.2)(0.5)
+(0.2)(0.2)(0.6) = 0.312,

too, totally wiener index is:

rwig) <4+ 2PW I (G) — ng/VIF(G) — PWI(G)

44 2(2.088) — 2(0.312) — 1.072
N 6

= 1.08.

3.4 Theories of Wiener index in neutrosophic graphs

Theorem 3.4.1. Let G = (N, M) be a complete neutrosophic graph whit V- = vy, va,...,v,] such
thatty <ty <.+ <tn, iy Sip <oov S, fr 2 fo 200 > fo where ti = T (v;), 45 = In(vj) and
fi =Fn(vj) for j=1,2,--- ,n then:

n—1 n n—1 n—1 n

PWIp(G)=> 5 > t, PWING)=> i} Z iv, PWIp(G) =Y _fI Y f

=1 k=j+1 j=1  k=j+1 =1 k=j+1
Proof. Consider neutrosophic graph G = (N, M) with the conditions given in the theorem. Ac-
cording to the definition of the Wiener index

PWIp(G)= > Tn(u)Tx(v)dsr(u,v)
uwEN

Since G is a complete neutrosophic graph, there is a path of length one between the two vertices.
We show that the path is geodesic. Let u = v1. Then for any 2 < i < n, we have t; < t;, it is easy
to see that

dST(UhUi) = tlv 2 S ? S n,

now, we have for vs:

dST(U27Ui) - t27 3 g ] S n,
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for vy:

dsr(vk,vi) =tg,  k+1<i<n,

and, we have for v,_1:

dST(fUnflv Un) =tp1.

now, we get by placing the above relation PW Ip(G):

PWIp(G) =Y Tn(u)Tn(v)dsr(u,v) = Ty (vi)T(va)ts + - - + T (v1) Ty (vn)ta
u,vEN

+Tn(v2)Tn(v3)ta + - + Ty (va) T (vn)ta + - + T (V) TN (Vg1 )tk + -+
N (vp) TN (v )tk + -+ TN (vp—1) TN (Un)tn—1 = titats + -+ + tityty
+iotalo + - - +totpta + - -+ Uptpqate + - Htptnte + - +tn_1lntn—

=t3(tg+ ) F 3tz + ) d ot (b o ) F ot

n—1 n
ey
j=1 k

=j+1

Similarly, PWI;(G) and PWIr(G) can be proved. O

Corollary 3.4.2. Consider the complete neutrosophic graph G = (N, M) with the above theorem

conditions, then
PWIr(G) = PCIr(G), PWI;(G)=PCI;(G), PWIp(G)=PCIp(G).
Also, TWI(G) =TCI(G).

Proof. According to theorem 2.6, and the above theorem is clear. O

Theorem 3.4.3. Let G = (N, M) be a neutrosophic graph with |N*| = n, such that G* is a tree.

If for each wv € M, G — uv has two connecting components wy and ws, it has | and k vertices,
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respectively such that l +k =n. Then

k
PWIp(G Z Ty (uv ZTN U; Z
k

uwweG i=1 g:l
k

PWIp(G Z Fr(uww ZFN u; ZFN
uveG = j=1

Proof. Let G = (N, M) be a neutrosophic graph with |[N*| = n, and G* is a tree. Now suppose we
remove the desired edge uv,uv € M, from G. Graph G is divided into two connecting components
wy and ws, so that wy will contain 1 vertices and wo will contain k = n — [ vertices. If [ = 1 and

k=n—1, and v; € w; then

PWIp(G Z Tn(u v)dgr(u,v) = Tn(v1)Tn(ve)Tar(uwv) + Ty (v1) TN (vs)(Tar(uv) + e1)
u,veEN
too T ()T (vn) (Tar(ww) +e1 4+ em) + Y Tn(w)Tn(v)dsr(u,v)
u,veN—v1

where e; € M and e; # uv.
Repeat the same process for 3, e n_y) TN (0)Tn (v)dsr(u, v). We continue this until only one ver-
tex remains in ws. Then, by factoring and summing the number of vertices of the two components,

we reach the desired result. Similarly, PW1I;(G) and PWIr(G) can be proved. O

Theorem 3.4.4. Let G = (N,M) be a connected neutrosophic graph with the unique strong

spanning tree T. then
PWIp(G)=PWIp(T), PWI;|(G)=PWI|(T), PWIp(G)=PWIp(T),
Hence TWI(G) =TWI(T).

Proof. Let G be a connected neutrosophic graph and T is the unique strong spanning tree of G.

By definition of strong spanning tree, if u and v are two vertices of GG, we have

dsr(u,v)(G) = dsp(u,v)(T), dsr(u,v)(G) =dsr(u,v)(T), dsp(u,v)(G)=dsp(u,v)(T).
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Since, it is clear from the above relation that
PWIr(G)=PWIp(T), PWI;(G)=PWI(T), PWIp(G)=PWIp(T),
Therefore TWI(G) = TWI(T). O

Theorem 3.4.5. Let G = (N, M) be a neutrosophic graph with G* = C,,. Let M be a constant
function. Then

1. Forn=2m, me N

51w 5
n
PWIr(G) = kt(ZTN(uj)TN(uj—i-k)) + §tZTN(Ul)TN(Uz+g)
k=1 j=1 =1
51 3
PWI(G) =) ki(ZIN(uj)IN(uﬁk)) + §iZIN(UZ)IN(Ul+%)
k=1 j=1 =1
31 /. .
PWIR(G) = kf( FN(UJ)FN(UHk)) + §fZFN(Uz)FN(Uz+”)
k=1 j=1 =1
2. Forn=2m+1, me N
n—1
2 n
PWIHG) = kt( TN(u])TN(uJJrk))
k=1 j=1
n—1
2 n
PWING) = ki ( > IN(uj)IN(uJJrk))
j=1

3
|

I
Il
=

PWIp(G) =

[+
&
—

<
3
>
=
>
=
s
~

Note that for j+k > n, wjir = uq, this is, j+ k =d (mode n).

Also for G — uv, we have

k=1 j=1
n—1 n—k

PWI[(G) =) ki ( > IN(uJ)IN(uM))
k=1 i=1
n—1 Jn—k

PWIp(G) = k‘f( FN(UJ)FN(u]-i-k‘))
k=1 j=1

Where M = (t,i, f) is a constant function.
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Proof. First, we assume that G* is a cycle of even length, and M = (¢,4, f) is a constant function.

Hence each edge of G is a neutral edge. Then, the maximum length of a neutrosophic geodesic in

G is 5. Now consider a case where the distance between two vertices is less than 5. Suppose the

distance between u and v is equal to k, where k is less than . In that case, we define the geodesic

length between the two vertices u and v as follows

P, = {(u,v) € N* x N* k is equal to the geodetic length between u and v}

On the other hand, we know that there are § pairs of vertices (u,v) such that the geodesic

length between them is exactly equal to %(t,4, f), for these § pairs of vertices, it is sufficient to

obtain a product of T (u) in T (v) [Similarly, Iy (u) in In(v), and Fy(u) in Fy(v)]. And then

sum on u and v. Then we get

[

n
5t 2 In(u) T (uryg), (3.1)
l

1

[Similarly for I and F]. Now back to the state that 1 < k < §. For each vertex such as u on the

cycle C,, there is a vertex with distance kt from it. Suppose k = 1, so we have
T (u1)Tn (uz) + T (u2) T (us) + - - - + T (ug) T (1) + - - TN (un) T (un1)

since n +1 =1 (mode n), hence T (un) TN (tn+1) = Tn(un)Tn(u1). Then

for k =1, we have
n
1xtx ZTN(Uj)TN(Uj+1)7
j=1
for k£ = 2:
n
2xtx ZTN(Uj)TN(Uj+2)7
j=1
for k =m, m < %:
n
m X tx ZTN(Uj)TN(Uj+m)a
=1
by continuing this process and summing on k, we get

]

> kt( TN(“j)TN(uj+k)> (3:2)
k=1 1

Jj=
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use from (3.1) and (3.2),

n

2 %*1 n
PWIp(G) = (3.1) +(3.2) = Y Tw(u)Tn(upz) + > kt ( ZTN(uj)TN(uj+k)> .

=1 k=1 j=1

(n—1).

To prove that n is odd, note that the maximum distance between the vertices u, and v is =

The continuation of the proof is similar to the case where n is even. O

Theorem 3.4.6. Let G = (N, M) be a neutrosophic tree |N*| > 3. Then
PCIT(G) < PWIT(G), PCI](G) < PWI[(G), PCIF(G) < PWIF(G)
But, TCI(G) need not be less than or equal to TWI(G).

Proof. Let G = (N, M) be a neutrosophic tree and |[N*| > 3. Since in the neutrosophic tree,
there is a unique strong path between vertices v and v, for any u and v. hence this path is the
unique strongest path from u to v. then, dgr(u,v), for each u and v, is equal the sum of the
truth-membership values of edges where those edges belong to the strong path from w to v. In
other hands, CON Nr¢(u,v), is truth-membership values of the weakest edge of the (v — v)-path.
It follows that

CONNrg(u,v) < dsr(u,v),
In the above relation, equality occurs when uv is a strong edge. Otherwise
CONNrg(u,v) < dsr(u,v),

then, we have

PCI(G) < PWI(G).
Similarly, PWI;(G) and PWIp(G) can be proved. O
Here we show with an example that TCI(G) dose not always have to be less than TWI(G).

Example 3.4.7. Consider the Neutrosophic tree G = (N, M) as shown in figure (3.4), Note that

here bc is a weak edge.
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a = (0.4,0.4,0.4)

(0.2,0.5,0.6)

b= (0.6,0.3,0.6) = (0.3,0.5,0.7)

d = (0.5,0.2,0.3)

Figure 3.4: A neutrosophic tree G

CONNrg(u,v) | CONNig(u,v) | CONNpg(u,v) | dst(u,v) | dsr(u,v) | dsr(u,v)
a,b 0.4 0.3 0.3 0.4 0.3 0.3
a,c 0.3 0.4 0.5 0.3 0.4 0.5
a,d 0.4 0.2 0.3 0.4 0.2 0.3
b,c 0.3 0.4 0.5 0.7 0.7 0.8
d,d 0.4 0.3 0.3 0.8 0.5 0.6
c,d 0.3 0.4 0.5 0.7 0.6 0.8

Table 3.4: The strength of connectedness and the geodesic between each pair of vertices u and v.

By direct calculations, we have

PCIp(G) = > Tn(u)T(v)CONNp(u,v)
u,vEN

—(0.4)(0.6)(0.4) + (0.4)(0.3)(0.3) + (0.4)(0.5)(0.4) + (0.6)(0.3)(0.3) + (0.6)(0.5)(0.4)
+(0.3)(0.5)(0.3) = 0.096 + 0.036 + 0.080 + 0.054 + 0.120 + 0.045 = 0.431,

PCING) = > In(u)In(v)CONNg(u,v) = 0.036 + 0.080 + 0.016 + 0.060 + 0.018 + 0.040 = 0.25,

u,vEN
PCIp(G Z Fy(u v)CON Npg(u,v) = 0.072 4+ 0.14 4+ 0.036 + 0.21 + 0.054 + 0.105 = 0.617,
u,vEN
4+ 2PCIp(G) — 2PCIp(G) — PCI; (G 3.378
TCI(G) =~ (@) r(G) 1@ _ = 0.563.

6 6
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PWIr(G) =Y Twn(u)Tn(v)dsr(u,v) = 0.096 + 0.036 + 0.08 + 0.126 + 0.24 + 0.105 = 0.683,

u,vEN
PWING) = > In(u)Iy(v)ds;(u,v) = 0.036 +0.08 + 0.016 + 0.105 + 0.03 + 0.060 = 0.327,
u,veEN
PWIp(G)= Y Fy(u)Fy(v)dsp(u,v) = 0.072+0.14+ 0.036 + 0.336 + 0.108 + 0.168 = 0.86,
u,vEN
44 2PWIp(G) — 2PWIp(G) — PWIG)  3.319
TWI(G) = — (@) £(G) &) _ = 0.553.

6 6

As seen in this example
PCIr(G) =0.431 <PWIr(G) = 0.683,
PCI;(G) =0.25 <PWI;(G) = 0.327,
PCIr(G)=0.617 <PWIp(G) = 0.86.

but, we have: TCI(G) = 0.563 > TWI(G) = 0.553.

The neutrosophic graph shown in the figure below is also a tree in which

PCIT(G) < PWIT(G), PCI](G) < PWI[(G), PCIF(G) < PWIF(G)

and, TCI(G) < TWI(G).

a=(0.4,0.4,0.4)

(0.2,0.5,0.6)

b= (0.6,0.3,0.6) c=(0.3,0.5,0.7)

d=(0.5,0.2,0.1)

Figure 3.5: A neutrosophic tree with V' = {a,b, ¢, d}

Theorem 3.4.8. Let G = (N, M) be a neutrosophic tree |N*| > 3, With G* is a star. Let M be

a constant function. if v1 is the center vertexr and vo,vs, -+ ,v, are the vertices adjacent to vertex
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vy, then

n

n—1 n
PWIT<G) =2t Z TN<’Uj) Z TN<’Uk) — tTN('Ul) ZTN(Uj)

k=j+1 Jj=2
n—1 n n
PWI](G) ZQiZIN(Uj) Z IN<’Uk) —iIN(Ul)ZIN<Uj)
j=1 k=j+1 J=2

n—1 n n
PWIp(G)=2f> Fn(vj) Y Fn(vx) = fFn(v1) Y Fn(v))
j=1 k=j+1 J=2
where M = (t, 1, f).
Proof. Let G = (N, M) be a neutrosophic tree |[N*| > 3, With G* is a star. Since M = (t,1, f) is
a constant function and v; is the center vertex, for each v;, 2 < i < n, we have
dST(/Ulv vi) - tv dSI(Ulv vi) - 7:7 dSF(vl) Ui) = f

Also, for v; and vj, 7,5 # 1 , then

dST(’Uj,UZ‘) = 2t, dgj(vj,vi) = Qi, dSF(Uj,Ui) = 2f.

Then
PWIT<G) = Z TN(UZ')TN(Uj)dST(’Ui,’Uj)
v, 0 €N
=Y Tn(w)Tw(v)dsr(vr,v) + > Tn(vi) T (v5)dsr(vi, v))
ijN ’Uj,vZ‘GN
i#1
:tTN(vl) Z TN(Uj) + 2t Z TN(UZ'>TN(1}j)dST(’UZ', ’Uj)
7j=2 vj,viEN
i#1
n n—1 n n
:tTN(Ul) Z TN('Uj) + |2t Z tN(Uj) Z TN(Uk) — QtTN(Ul) Z TN<VJ)
j=2 j=1 k=j+1 j=2
n—1 n n
=2t Z TN(’Uj) Z TN<’Uk) — tTN(Ul) ZTN(Uj>'
j=1 k=j+1 j=2
Similarly, PWI;(G) and PWIp(G) can be proved. O

3.5 Applications

One of the most important topics is the use of neutrosophic sets in other sciences and also the use

of these assemblies to model various problems. Many applications have been discussed by experts
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so far. Which can be referred to as application of neutrosophic in graphs [12, 17-19], application
in algebraic topics [11, 14], application in intelligent systems and optimization [3, 4].

Here the Wiener index is calculated for a neutrosophic graph associated with a real-time example.
You can see this issue and its explanation on the website www.pantechsolutions.net. The neutro-
sophic graph of this issue is also given in [5]. There, the author examines energy, Laplacian energy,
and signless Laplacian energy. We also use the modeling used in [5] here. This neutrosophic graph
is intended for four different time periods. According to each time period, we define a neutrosophic
graph in the following order:

G from 16 January 2018 to 15 February 2018 (figure 3.6);

G4 from 16 February 2018 to 15 March 2018 (figure 3.7);

G3 from 16 March 2018 to 15 April 2018 (figure3.8);

G4 from 16 April 2018 to 15 May 2018 (figure 3.9);

We now calculate the Wiener index (partial Wiener index and totally Wiener index) for each of

the above time periods.

a=(0.2,0.3,0.1)

d = (0.5,0.2,0.1)

b=(0.3,0.1,0.2) (0.1,0.2,0.3) ¢ = (0.4,0.1,0.3)

Figure 3.6: Neutrosophic graph G



78 3 Wiener index in Neutrosophic Graph

dsr(u,v) dsr(u,v) dsr(u,v)
ab 0.1 03+02=05 0.4
a,c 0.1 0.3 04403 =0.7
a,d|01+02=03]034+04=0.7{04+04=0.8
b,c | 0.2+0.3=0.5 0.2 02+03=0.5
b,d 0.2 0.3 0.3+0.3=0.6
c,d 0.3 02403=0.5 0.3

Table 3.5: The sum of the weights of the edges in geodesic between each pair of vertices u and v.

PWIp(Gy) = Y T(u)Ty(v)dsr(u,v)
u,vEN

=(0.2)(0.3)(0.1) + (0.2)(0.4)(0.1) + (0.2)(0.5)(0.3) + (0.3)(0.4)(0.5)

+(0.3)(0.5)(0.2) + (0.4)(0.5)(0.3) = 0.194,

PWIN(G1) = Y In(u)In(v)dsi(u,v)
u,vEN

=(0.3)(0.1)(0.5) + (0.3)(0.1)(0.3) + (0.3)(0.2)(0.7) + (0.1)(0.1)(0.2)
+(0.1)(0.2)(0.3) + (0.1)(0.2)(0.5) = 0.084,

PWIp(G1) = Y Fy(u)Fy(v)dsp(u,v)
u,veEN

—=(0.1)(0.2)(0.4) + (0.1)(0.3)(0.7) 4 (0.1)(0.1)(0.8) 4 (0.2)(0.3)(0.3)

+(0.2)(0.1)(0.6) + (0.3)(0.1)(0.3) = 0.076,
:4 + QPWIT(Gl) - QPWIF(Gl) - PWI[(Gl)

TWI(G1) 5
_4+2(0.196) —2(0.076) — (0.084) _ 4152 _
6 6
dsr(u,v) dsr(u,v) dsp(u,v)

ab 0.3 0.4 0.2

a,c 0.2 0.5 0.3

a,d 0.3 0.3+0.5=0.8 024+03=0.5
b,c 0.2 04+05=09 02+03=0.5
b,d 0.3 04+05+03=12 0.3
¢,d|024+03=05 0.3 03+02+03=0.8

Table 3.6: The sum of the weights of the edges in geodesic between each pair of vertices u and v.



3.5 Applications

79

a=(0.6,0.3,0.2)

(0.2,0.7,0.4)

b=(0.4,0.2,0.1) =(0.3,0.1,0.3)

Figure 3.7: Neutrosophic graph Gs

PWIT G2 Z TN dST(u ’U)
u,vEN

=0.072 + 0.036 + 0.090 + 0.024 + 0.060 + 0.075 = 0.357,

PWI(Gy) = > In(u)Iy(v)dsi(u,v)
u,VEN

=0.024 4 0.015 + 0.048 + 0.018 4 0.048 + 0.006 = 0.159,

PWIp(G1) = Y Fy(u)Fy(v)dsp(u,v)
u,veEN

=0.004 4 0.018 4+ 0.010 + 0.015 4 0.003 + 0.024 = 0.074,

4+2PWIT(G1)*2PWIF(G1) PWI[(Gl)

TWI(Gy) = 6
4 -357) — 2(0.074) — (0. :
_4+2(0.357) — 2(0.074) — (0.159) _ 4307 _ o
6 6
PWIp(Ga) = Y T(u)Ty(v)dsr(u,v)
u,vEN

=0.288 4+ 0.210 4+ 0.072 + 0.616 + 0.016 + 0.014 = 1.216,
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a=(0.6,0.1,0.2)

d = (0.2,0.5,0.3)

b=(0.8,04,0.1) (0.4,0.5,0.6) — (0.7,0.3,0.1)
Figure 3.8: Neutrosophic graph Gj
dst(u,v) dsr(u,v) dsp(u,v)

a,b 0.6 0.54+06=1.1 0.4

a,c 0.5 0.6 0.3

a,d | 05+01=06|064+05+05=1.6 0.34+04=0.7

b,c | 0.6+0.5=1.1 0.5 04+403=0.7

b,d 0.1 0.5 044+03+04=1.1

. d 0.1 05+05=1 0.4

Table 3.7: The sum of the weights of the edges in geodesic between each pair of vertices u and v in G3.

PWIN(G1) = Y In(u)In(v)ds(u,v)
u,vEN

=0.044 + 0.018 + 0.080 + 0.060 + 0.1 + 0.15 = 0.452,

PWIF Gl Z FN dSF(u U)
u,vEN

=0.008 + 0.006 + 0.042 + 0.007 + 0.033 + 0.012 = 0.108

Wi =4 2PWIr(Gy) — 2P16/VIF(G1) — PWI(Gy)

_ 4+2(1.216) — 2(0.108) — (0.452) _ 5.548
- 6 6

= 0.925.




3.5 Applications 81

= (0.4,0.5,0.3)

b= (0.5,0.2,0.1) (0.1,0.7,0.3) — (0.6,0.3,0.2)
Figure 3.9: Neutrosophic graph G4
dST(u,'U) dS[(u,’U) dSF(U,'U)
a,b|1034+044+03=1 0.5 0.3
a,c 0.3 0.6 0.3+0.3=0.6
a,d 0.3+04=0.7 0.54+04=09 [ 05+04=0.9
b,c 0.34+04=0.7 0.254+06=1.1 0.3
b, d 0.3 0.4 03+04=07
c.d 0.4 0.6+05=1.1 0.4

Table 3.8: The sum of the weights of the edges in geodesic between each pair of vertices u and v in Gy4.

PWIT GQ Z TN dST(u U)
u,vEN

=0.20 + 0.072 4+ 0.196 + 0.210 4+ 0.105 4+ 0.168 = 0.951,

PWI(Gy) = Z In(u)In(v)dsr(u,v)
u,veEN
=0.050 4+ 0.180 4 0.045 + 0.066 + 0.008 + 0.033 = 0.382,
PWIp(G1) = Y Fy(u)Fy(v)dsp(u,v)
u,vEN

=0.009 + 0.036 + 0.108 + 0.006 + 0.028 + 0.032 = 0.219,
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44+ 2PW T —2PW1T — PWI
TWIG) = +2PWIr(Gh) ZVF(Gl) W (G)

~ 4+2(0.951) —2(0.219) — (0.382)  5.082
B 6 6
Now, using the Wiener index obtained for each of the neutrosophic graphs Gi, Ga, G3, and

= 0.847.

G4, we can compare these four components in the time intervals given in the problem. As shown

1/a

1/2

0/8

0/6

0/4

: L. LI
& I-- ™ N I

16 Jan-15 Feb 16 Feb- 15 Mar 16 Mar- 15 April 16 April- 15 May

=

EPWI(T) EPWI(l) EPWI(F) mTWI

Figure 3.10: Wiener index comparison chart in Gy, Ga, G3, and G4

in Figure 3.10, they can be easily studied using the Wiener index and assigning a logical value to

each of the neutrosophic graphs.
3.6 Summary

In this chapter, we examine the Wiener index in neutrosophic graphs. First, this index was defined
for this group of graphs and then it was calculated for certain modes of neutrosophic graphs. In
the following, we provide an example of the application of this index in real problems. As you can
see here, this index, which is one of the most important topological indices based on distance, can
be a good criterion for comparing neutrosophic graphs under the same conditions. This index can

also be studied and used for bipolar and interval valued neutrosophic graphs.



Chapter 4

Sombor index in Neutrosophic Graph

4.1 Introduction

In this chapter, we first define the types Sombor indices on neutrosophic graphs. The Sombor index

is a degree-based index introduced by Gutman. This index is defined as

SO(G) = Z \/deg(vi)2 + deg(vj)?.
ei; €E(G)

The Sombor index for neutrosophic graphs is defined as the following triad.

The Sombor index is a degree-based index introduced by Gutman in 2020 [44]. After the
introduction of this index, many researchers tried to introduce and use this index and in a short
time, several articles were presented about this index. In the final references section, some of the

articles published in this field are included for further study by those interested.

4.2 Partial and totally Sombor Index

Defintion 4.2.1. let G = (N, M) be a neutrosophic graph. the Sombor index (SO) of the graph G

1s defined by,

501G =5 3 (Thwdar(u) + T3 (), (v))
weFE(G)

501G =5 S (B, () + Bi()ds, (),
weER(QG)

SOr@) =5 Y (FR(u)dap () + FR(0)do, (0)
weE(G)

83
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4+ 2507(G) — 2S0x(G) — SO (G)

50(G) = (507(G), 501(G), SOr(G)),  |SO(G)| = 6

Too, we have:

da(u) = (day,da,,da;,) —<ZTMUU ZIMUU ZFMU’U)

u,veV u,veV u,veV
uFv u#v uFv

Defintion 4.2.2. Sombor index whit the totally degree of the graph G is defined as:

1

SOr(Cr) =5 Y (TR()Tds, (w) + T ()T, ()

weE(G)

1 1
S01(Gr) =5 Y. (LT, (w) + I} (0)Tdy, (v))

uweE(G)

1 1
SOr(Gr) =5 > (Ffv(u)TdQF(u)+Fj%(v)Td2F(v))2,

weFE(G)

SO(Gr) =(SOr(Gr), SO1(Gr), SOF(GT)),

4+QSOT(GT) — QSOF(GT) SO[(GT)
6 .

|SO(Gr)| =
Too, we have:

Td2 (u) = (Td2T7 Td2[) TdQF)

(ZTMUU)+TN ZIMUU)+IN ZFMUU)+FN( ))

u,veV u,veV u,veV
uFv u;ﬁv u;év

Defintion 4.2.3. The Reduced Sombor index of the graph G is defined as:

1

1
SORedT(G) = B Z <T]%(U)Td2RedT (u) + T]%(U)ngRedT (1))) 2,
weE(G)
1 1
SOrar(G) =5 3. (W) Tdzrea, () + I (0)Tdpea, ()
weFE(G)
1 1
SORear(G) = 5 > (F]%/(U)Tab}%ed]: (u) + F (v)TdaRed, (v)> ’
weE(G)

SORed(G) = (SORear(G), SORear(G), SOgear (G)),

4+ ZSORedT(G) — QSORedF(G) — SORed[(G)

|SORed(G)| = 5
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Too, we have:
doged(u) = (dzRedT (u), daped; (1), doRedy (u))

=< S 130 - @) Y B - Bl | S R - Fiw

u,veV u,veV u,veV
Defintion 4.2.4. The Average Sombor index of the graph G is defined as:

).

uFv uFv uFv

1 1

SOt (G) =5 > (TR Tdaugy (W) + TH(0) Tdaag, (v))
weE(G)

1 1

SOag(@) =5 D (T Tdoaug, () + I (0)Tdang, (v))
weE(G)

1 1

SOmgr(@) =5 > (FR()Tdang () + F(0)Tdauge (v)
weE(G)

SO Avg(G) = (S0 Aug1(G), SO 4vg1(G), SOAvgr(G)),

44250 4pg7(G) — 250 4pgr (G) — SO avgr(G)

1S0.405(@)| = ;

Too, we have:

d2Avg (U) = (dQAng (U), d2A'ugI (U), dQAng (U))

2 T (uv)
_ ( Z TJ\2/[(U,U) ZquE(G) M

2Zuv€E IM(UU)
Z IM u, 'U

u, eV Zue\/( G) u, eV ZuEV( G) IN( ) ’
UFv u;év
Z B2 (U U) 2 ZuveE(G) FM(UU)
M\ - :
=t 2uev(e) I (1)

Example 4.2.5. Let G = (N, M) be the neutrosophic graph with V- = {a,b,c,d, e} where:

Tn,In, FN)(u1) = (0.1,0.2,0.5), (Tn, In, Fn)(u2) = (0.2,0.7,0.3), (T, In, Fn)(u3) = (0.4,0.3,0.7),

(

(Tn, In, Fn)(ug) = (0.5,0.2,0.4), and (Tn,In,Fn)(us) = (0.4,0.5,0.3), The edge set contains
(Tar, Ings Far) (u, uz) = (0.1,0.2,0.5), (Tar, Ing, Far) (uz, us) = (0.1,0.2,0.6), (Tar, Inr, Far)(us, us) =
(

02,0.3,0.8), and (Tar, Ins, Far)(us, ue) = (02,0.5,0.3). (Figure 4.1)
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up = (0.2,0.7,0.3) u = (0.1,0.2,0.5)
o

(0.1,0.2,0.5)

(02
)

5; 0,3)
(0.1,0.2,0.6)

us = (0.4,0.5,0.3)
(0.2,0.3,0.8)
o
usz = (0.4,0.3,0.7) ug = (0.5,0.2,0.4)

Figure 4.1: @G is a neutrosophic graph with V' = {a,b,¢,d, e}
By direct calculations,
d(uy) =(0.1,0.2,0.5),
d(us) =(0.1 + 0.2+ 0.1,0.2 + 0.2 + 0.5,0.5 + 0.3 + 0.6) = (0.4,0.9, 1.4),
d(uz) =(0.1 +0.2,0.2 +0.3,0.6 + 0.8) = (0.3,0.5, 1.4),
d(us) =(0.2,0.3,0.8),

d(uz) =(0.2,0.5,0.3),
By definition of d,,(v), we have

dQ(U) = ( Z T]%J(“:”)? Z 1]2\4('”71))7 Z F]%/[(uav)>

u,veV u,veV u,veV
uFv uFv uFv

Therefore
da(u1) =(0.01,0.04,0.25),

do(uz) =(0.06,0.33,0.7),
dg(Ug) 2(0.05, 0.13, 1.0),
do(ug) =(0.04,0.09,0.64),

do(us) =(0.04,0.25,0.09),
Also, for uju; € E(G):

—_

(SIS

SOr(@) =5 Y. (T]%,(u)dzT(u)—i—T]%,(v)dgT(v)) — 0.148,
weFE(G)
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SO;(G) = % Y <I]2V(u)d21 (u) + I%(v)da, @))5 =0.771,
uweE(G)
SOp(G) = % 3y (F]%,(u)dgp(u) + F2(v)ds, (v))é = 0.987,
uweE(G)

SO(G) = (SO7(G), SO (G), SOR(G)) = (0.148,0.771,0.987),

_ 4+2507(G) —250p(G) — SO;(G)
- 6

~ 4+42(0.148) — 2(0.987) — (0.771)
N 6

1SO(G)]

= 0.2585.

4.3 Examples of the Sombor Index in neutrosophic special graphs

In this section, to gain a deeper understanding of the Sombor index in neutrosophic graphs, we
examine two specific examples under particular conditions. The first example explores various types
of Sombor indices in a neutrosophic graph with a cycle as the underlying graph, while the second

example investigates different types of Sombor indices in a neutrosophic star graph.

4.3.1 Somor Index in neutrosophic Graph with G* Cycle

Example 4.3.1. Suppose that G = (N, M) is a neutrosophic graph whose underlying graph is s

cycle, as illustrated in figure 4.2.
By direct calculations,
d(a) =(0.2+0.6,0.3+0.2,0.34 0.3) = (0.8,0.5,0.6),
d(b) =(0.4+0.2,0.3 +0.3,0.3+ 0.3) = (0.6.0.6,0.6),
d(c) =(0.440.3,0.3+0.3,0.3 4+ 0.2) = (0.7,0.6,0.5)
d(d) =(0.3+0.4,0.34+0.5,0.2 + 0.3) = (0.7,0.8,0.5),
d(e) =(0.4+40.6,0.5+0.2,0.3 4+ 0.3) = (1.0,0.7,0.6),

d(f) =(0.6 +0.6,0.2 + 0.2,0.3 4 0.3) = (1.2,0.4,0.6),
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b= (0.6,0.5,0.2)

a=(0.4,0.3,0.2)

¢=(0.7,0.3,0.2)

e = (0.2,0.5,0.3)

f=1(0.4,0.3,0.1)

Figure 4.2: A neutrosophic graph G

Then:

dy(a) =(0.4,0.19,0.18),
da(b) =(0.2,0.18,0.18),
da(c) =(0.27,0.18,0.13),
dy(d) =(0.27,0.34,0.13),
da(e) =(0.52,0.29,0.18),

da(f) =(0.72,0.04,0.18),

Also, for uwv € E(G):

50r(@) =5 Y (Th(u)da, (w) + T (0, ()
weE(G)

= !((0-4)2(0'4) +(06)2(02)) + ((0.6)2(0.2) + (0.7)2(0.27))

>
+((0.02(0.27) + (0.4)%(0.27)) + ((0:4)(0.27) + (0:2)(0.52))

+((0.2)2(0.52) + (0.4)2(0.72)) + ((0.4)2(0.72) + (0.4)2(0.4))] = (.4475,
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5010 =5 Y (B, () + Bew)ia, ()

weE(G)
:% [((0.3)2(0.19) + (0.5)2(0.18)) + ((0.5)2(0,18) +(0370.19))
+((03)2(0.18) + (0.2)%(0.34) ) + ((0.2)*(0.34) + (0.5)2(0.29) )
((0.5)

0.29) 2(0.04) ) ( 2(0.04) + (0.19))] — 0.168,

N|=

SOr@) =5 Y (i, (u) + F (0o, (v)

uweE(G)

% [((0.2)2(0.18) + (0.2)2(0.18)> + ((0.2)2(0.18) +(022(0.13))

+((0.2)%(0.13) 2(0.13)) + ((0.3)%(0.13) + (03)2(0.18) )

+((0.3)2(0 18) 2(0.18) ) + ( 2(0.18) + (0.2)2(0. 18))] — 0.0493,
SO(G) = (SO (@), SO1(G), SO(G)) = (0.4475,0.168,0.0493).

150(@)| = 21+2501(G) = 2§0F(G) — S0;(@)

4+ 2(0.4475) — 2(0.0493) — (0.168)
- 6

=0.7714.

ng (u) = (ngT, Td21 s ngF)

(ZTMuv)—i—TN ZIMUU)-FIN ZFMUU)+FN( ))7

u,veV u,veV u,veV
u;év u;ﬁv u;év

Therefore,
Tds(a) = (0.4 + 0.16,0.19 + 0.09,0.18 4+ 0.04) = (0.56,0.28,0.22),

Tds(b) = (0.2 + 0.36,0.18 + 0.25,0.18 + 0.04) = (0.56, 0.43,0.22),

Tdsy(c) = (0.27 + 0.49,0.18 + 0.09, 0.13 + 0.04) = (0.76,0.27,0.17),
Tdy(d) = (0.27 + 0.16,0.34 4 0.04,0.13 + 0.09) = (0.43, 0.38,0.22),
Tds(e) = (0.52 + 0.04,0.29 + 0.25,0.18 + 0.09) = (0.56,0.54,0.27),

Tdy(f) = (0.72 4 0.16,0.04 + 0.09,0.18 + 0.01) = (0.88,0.13,0.19).
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[NIES

SOr(Gr) =5 S (T3 Tds, (u) + TR ()T, (v))
weE(G)

\)

:% [((0.4)2(0.56) n (0.6)2(0.56)> + ((0.6)2(0.56) n (0.7)2(0.76)>
+((07)2(0.76) + (0.4)%(0.43) ) + ((0.4)%(0.43) + (02)2(0.56)
+ (04

+((0.2) (0.56) + (0.4)2(0.88 ) 2(0.88) + (0.4)2(0. 56))] — 0.8956,

501(Gr) =5 Y (Btu)Tday(u) + By(0)Tde, ()
weF(G)

:% [((0,3)2(0.28) + (0.5)2(0.43)) + ((0.5)2(0.43) +(03)2(027))

( 2(0.27) + (0.2)2(0.38 ) ( 2(0.38) (0.54))
( 2(0.54) + (0.3)2(0.13) ) ( 2(0.13) (0.28))] — 0.3189,
SOr(Gr) =2 3 (F(w)Tda, (u) + F(0)Tdo, (1)

weE(G)

:% [((0'2)2(0'22) + (0-2)2(0-22)> + ((0.2)2(0.22) +(02)2(0.17))

+((02)2(0.17) 2(0.22)) + ((0.3)%(0.22) + (03)2(0.27) )
(0

+((0.3)(0:27) + (0.1)%(0.19)) + 2(0.19) + (0.2)2(0. 22))] = 0.0704,

SO(Gr) =(SOr(Gr), SO(Gr), SOp(GT))

=(0.8956,0.3189,0.0704),

4+ 2507(Gr) —250r(Gr) — SO (Gr)
6
_4 +2(0.8956) — 2(0.0704) — (0.3189)

6

1SO(Gr)| =

= 0.8886.

4.3.2 Sombor Index in neutrosophic Star

Example 4.3.2. Let G = (N, M) is a neutrosophic Star, as illustrated in figure 4.3. we have:
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(0.2,0.3,0.3)
@ b= (0.6,05,02)

a=(0.4,0.3,0.2) o
) 0

¢=(0.7,0.3,0.2)

f=1(0.2,0.5,0.3)

d = (0.4,0.2,0.3)

e =(0.4,0.3,0.1)

Figure 4.3: A neutrosophic graph G

By direct calculations,

d(a) =(024+04+0.3+04+4+0.6,034+0.34+03+0.5+0.2,0.3+0.34+0.24+0.3+0.3)
=(1.9,1.6,1.4),

d(b) =(0.2,0.3,0.3),

d(c) =(0.4,0.3,0.3),

d(d) =(0.3,0.3,0.2),

d(e) =(0.4,0.5,0.3),

d(f) =(0.6,0.2,0.3),

Then:

da(a) =(0.81,0.56,0.4),
da(b) =(0.04,0.09,0.09),
da(c) =(0.16,0.09,0.09),
da(d) =(0.09,0.09,0.04),
da(e) =(0.16,0.25,0.09),

da(f) =(0.36,0.04,0.09),
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Also, for uwv € E(G):

N|—=

SO0r(@) =5 Y. (TRWdzy (w) + T (0)dey (v))

weE(G)

((0.4)2(0.81) + (0.6)2(0.04)) + ((0.4)2(0.81) + (0.7)2(0.16))

TN N/ N =

+((0.4)2(0.81) + (0.4)2(0.09)) + ((0.4)2(0.81) + (0.4)2(0.16)>
+((0.4)2(0.81) + (0.2)%(0. 36)) 01952 _ 3976,
1 3
S01(G) =5 > (F(wdz, (w) + 1} (v)dz, (v))
uweE(G)

[ 2(0.56) (0.09)) - ((0.3)2(0.56) + (0.3)2(0.09))
+( 2(0.56) + (0.2)2(0. 09)) + ((0.3)2(0.56) v (0.3)2(0.25))
+((03)2(0.56) + (05)2(0.04) ) | = 03187 _ ) 15935,

SOr(@) =5 Y. (Fh(u)day (u) + F ()2, (0)°

weE(G)
2)2(0.09)) + ((0.2)2(0.4) +(0.2)%(0.09))

+ ( )2(0.09)>

0. 0953

+ = 0.04765,

004)
009)

SO7(G), SO(G), SOp(G)) = (0.3976,0.15935, 0.04765),

e
+((02
(02
50(6) =

S0(G)| = 2E2991(C) = 2§0F(G) — S0,(G)

44 2(0.3976) — 2(0.04765) — (0.15935)
B 6

= 0.75676.

daRea(u) = (dZRedT (u), dared; (), d2Redy (U)>

(| X 130 | T it 50| 5 Rt - 300
u,weV u,weV u,weV
uFv uFv uFv

).
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Then:

darea(a) =(|0.81 — 0.16/,|0.56 — 0.09],]0.4 — 0.04]) = (0.65,0.47, 0.36),
darea(b) =(]0.04 — 0.36],0.09 — 0.25],]0.09 — 0.04]) = (0.32,0.16, 0.05),
darea(c) =(10.16 — 0.49],]0.09 — 0.09], |0.09 — 0.04|) = (0.33,0.0, 0.05),
darea(d) =(]0.09 — 0.16/, 0.09 — 0.04],]0.04 — 0.09|) = (0.07,0.05, 0.05),
darea(e) =(10.16 — 0.16],]0.25 — 0.09], [0.09 — 0.01) = (0.0, 0.16,0.08),

dagea(f) =(10.36 — 0.04/,0.04 — 0.25,]0.09 — 0.09]) = (0.32,0.21,0.0),

ol
S
~
=
o
ay
&
U
N
£
+
o
=
~
=
o
ay
®
U
N
=
N—
ol

weE(G)

82
_0 82 09 _ 0.41045,

weFE(G)

+((0.3)2(0.47) + (0.5)2(0.2))] - 0'32179 — 0.15895,

SOpear(G) =5 > (F]%(U)ngRedF(u)—i—F]%,(v)ngRedF(v));

weE(G)

((0.2)2(0.36) + (0.2)2(0.05)) + ((0.2)2(0.36) + (0.2)2(0.05))

+((0.2)%(0.36) + (0.3)2(0.05)) + ((0.2)2(0.36) + (0.1)2(0.08)>

(0.2)2(0.36) + (0.3)2(0.0))] - 0'02813 — 0.04065,

e N e | N | —

+
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SORed(G) =(SORear(G), SORear (G), SORear (G))

=(0.41045,0.15895, 0.04065)

:4 + QSORedT(G) - QSORedF(G) — SOR@CH(G)

6
44 2(0.41045) — 2(0.04065) — (0.15895)

6

1SORea(G)]

=0.763441667.

4.4 Theories of Sombor index in neutrosophic graphs

Theorem 4.4.1. let G be the Neutrosophic Graph, and H is the Neutrosophic subgraph of G such
that H = G — u then
SO(H) < SO(G).

Proof. Given that by omitting a vertex of G, a positive value, the sum is lost, so the proof is

obvious. O

Theorem 4.4.2. Let G; = (N1, My) be isomorphic with Go = (N2, Ma). Then all of the following

equations are established.
SOr(G1) = SOr(Gy), SO;(G1) =S01(Gs), SOp(Gy) = SOr(Gs)
Also, we have SO(G1) = SO(G2).

Proof. Let G1 = (N1, M) be isomorphic with Gy = (N2, M3), and f : V3 — V5 be the bijection

from V; to Vo such that
Ty, (u) = Tny (f (W), Iy (u) = Ing(f (), Fiv, (u) = Fin, (f(w))
For all u € V4, and
Ty (wv) = Tagy (f (W) (0), Taay (wv) = Ingy (F (W) £ (0), Fary (wo) = Fagy (f () £(v))

For all uv € Fy. Since (1 isomorphic with G2, any edge between two vertices, for example, u and

v in G are equal to that between f(u) and f(v) in G2. Hence

dorg, (u) = dorg, (f(w),  darg, (u) = darg, (f(w)),  darg, (u) = darg, (f(u)),
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for u,v € Ny. Therefore

SO7(G1) = SOr(Ga), SO(Gy) = SO;(Ga), SOp(G1) = SOp(Ga),

and
4 +2507(G1) —250r(G SO(G
0G| r(G1) i r(G1) — SO;(Gy)
_442507(Ga) — 2505 (G2) — SO1(Ga) |SO(G2)|
p )

O]

Theorem 4.4.3. Let G = (N, M) be a complete neutrosophic graph whit V= {vi,va, -+ ,v,} such
thatt1 Stg S Stn il Siz S Sln cmdf1 ng 2 2 fn wheretj :TN(vj) ij ZIN(’Uj)
fi = Fn(vj) for j =1,2,--- ,n. Also, G is the reqular neutrosophic graph of the second rank (that

is, for each vertex u in V(G),dac(vj) = (di,d2,ds)). Then

d 1
SOT(G):\G > (B+8)
1<j<k
2<k<n

1

9 9\32

50;(G) = Y2 §j (@ﬂi) :
1<j<k
2<k<n

V& :

SOr(G) = 73 Z (fj2 +f13)2~
1<j<k
2<k<n

Too, we have for u in V(G):
do(vj) = (dar (v)), o1 (vy), dor (v;))-

Proof. Suppose G is a complete neutrosophic graph, we have
1 3 1
S0r(G) =5 > (TRWday(w) + Ty (), (0))* =5 3" (Th(w)ds + TR (v)dn)
weE (G

weE(G) )

> V(TR T ) =Yh S (73w + Thw)

weE(G weE(G)

(\/t2+t2+\/t2+t2 +\/t2+t2+\/t2+t2 + /134 t2 + -
+\/ti_2+t§_1+\/t§_2+tg+\/t +t2) v Z(t2+t2>

1<j<k
2<k<n

N

Using the same argument, we can prove the other two cases. O
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Theorem 4.4.4. Let G = (N, M) be a complete neutrosophic graph whit |V | =n. Then,

If M is a constant function, that is, M (uv) = (tm,im, fm), for uv € E(G). Now, we have:

500(G) ="t Y (TR + Tw)

2
weE(G)

=

501(G) = Vi Y (B + Riw),

weE(G)
vn—1 3
SOR(G) = Y= fn 3 (FRlw) + Fi ().
weE(G)

If M and N are the constant function, that is, M(uv) = (tm,im, fm), for wv € E(GQ),and N(u) =

(tn,in, fn), for u € V(G). Now, we have:

SO1(G) = Tova U

_n(n-1)2
SOp(G) = NG FonFn-
Also,
]SO(G)) - W(ztmtn — imin — 2fmfn) + %

If M and N are the constant and the same function, that is, M(uwv) = (t,1, f),for uv € E(G),and

N(u) = (t,1, f),for u € V(G). Now, we have:

SOr(G) = ”(”2_[21)2&
S01(G) = ”(T;\_/;)z?

SOp(G) = sz

Also,

Njw

‘SO(G)’ - %(2# —i2 - 2f2) + %
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Proof. In the first case, suppose G is a complete neutrosophic graph, with |V| = n. Also, uv € E(G),

we have M (uv) = (tm,im, fm). Therefore,

dz(u):<d2T(U),d2]( ), dop(u ) ( Z TM U, v) Z IM U, v) Z FM U, v )
uu’l;ée'l)‘/ uuq;e'l}v uuq;e'l}v

~((n =D (= 1)iZ, (= 1))

Now, by placing da(u) in relation to the Sombor index we get:

N

S0r(@) =5 3 (Thluda (w) + T (0o, (v))

weE(G)

N

= Y (BB, + T - 1)

LY (e-0e) (B +Tm)?

uweE(G)

ST

1

) Y (TR + TR)

weER(QG)

VY (Thw) + T3w)

2
weE(G)

N

N

In the second case, consider M and N are the constant functions, such that, M (uv) = (tm, im, fm),and

N(u) = (tn, in, fn). In this state, we have for u € V(G),

d2(U)=<d2T(u),d2]( ), dop(u ) ( Z TM U, v) Z IM U, v) Z FM U, v )
uu’lf’:/ UUU#EUV uuv#evv

~((n =D (= 1)iZ, (= 1))

by placing da(u),

1 1
S0r(@) =3 Y (Thwda, () + T} ()da, (0)
weFE(G)
-1 (T3 ()0~ D22, + T o )(n—1)t2)é
2 m
weE(G)
-1 3 <t2n—1)t2 +t2(n—1)t2>é—n(n1)gt t.
2 weE(G) 2\/5
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The same can be proved for So;(G)andSor(G).Also, by direct placing in ’SO(G)

Y

_442507(G) — 2505(G) — SO4(G)

o) 6
3 3 3
a2, — 2R g — 2 i
B 6
n(n — 1)% 2
=——2tmtn — imin — 2fmfn) + 3.

To prove the third case, it is enough to consider da(u) like the previous parts and then replace
the value of M (uv) = (t,4, f),and N(u) = (¢,4, f). The proofs for So;(G) and Sop(G) are similar

to the case for Sor(G). O

Theorem 4.4.5. . Let G = (N, M) be a complete neutrosophic graph whit |V| = n. Then, If
M and N are the constant functions, that is, M(uv) = (tm,im, fm), for uv € E(G),and N(u) =

(tn,in, fn),for u e V(G). Now, we have

SO (Gr) = wtn((n 1)+ tg> :
SO (Gr) = "(;g)zn((n D2+ zi) 2
s0r(Gn) =" g (- g7+ £7)
Also,
[s0(Gr)| = ”(1’;\/;) <2tn<(n— 1)t$n+ti>5 ~in((n - 1)&%3)5 ~2f,((n - 1)f;+f3)%> +z

If M and N are the constant and the same functions, that is, M(uv) = (t,i, f),for uv €
E(G),and N(u) = (t,i, f),for u € V(G). Now, we have:

SOT(GT) _ (n — 1)(n)§t2

22 ’
s0(Gr) = "D 2
SOr(Gr) = Wﬂ
Also,
‘SO(GT)‘ = (nz;\)/(;)z(%z —i2—2fH + ;
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Proof. Suppose G is a complete neutrosophic graph, with |V| = n. Also, uv € E(G). The first case,
we have M (uv) = (tm,im, fm), for uvv € E(G), and N(u) = (tn,in, fn), for u € V(G). Therefore,

Tdy(u) = (Td2T(u), Tdor(u), TdQF(u))

(ZTMUU)—i—TN ZIMUU)+]N ZFMUU)+FN()>

u,weV u eV u, eV
uFv u;év uFv

—((n =1, + 2, (0= V), + 32, (n = D)2+ f2).

Now, by placing T'd2(u) in relation to the Sombor index we get:

1

50r(Gr) =5 3 (TRW)Tda () + T3(0)Td, v)

uweE(G)
1 1
=5 > (TR =D& + ) + TR ) - DE, +12))*
weE(G)
1 1
=5 > (=D& + )T w) + T ()
weE(G)
1 2 2 2 2 2 n(n -1) 2 2 %
weE(G)
It is similarly possible for the other two modes.
4+ 2 —2 —
‘SO(G)‘ _ 4+25807(G) gOF(G) S01(G)
1
44220200 (n - 12, + ti) — 2 (= 1)f2 + 12)°

6

=

n(n—1) . 2 g2
. —= zn((n6— 1)iz, + zn>

S nln <2<(n 12+ t%)

[NIES
N[

—2((n - D2+ 12)

(-2, +Z)5)
6

:n(f;kl) (”“((” ) (-0 i2) 2 (- s+ fn)5> 2

For case 2: we have M (uv) = (,1, f), for wv € E(G), and N(u) = (,1, f), for u € V(G), henc:

Tdy(u) = (ngT(u), Tdar(u), ngF(u))

(Z Top(u,v) + TR (w), Y Inp(u,v) + IRe(w), Y Fiy(u,v) + Fi(u ))

u,veV u,veV u,veV
u;év u;ﬁv u;év

:<(n D)2+ t3 (n—1)i2 4% (n— 1) + f2) = (nt?,ni?, nf?).
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=

SOT(GT):% S (T3 () Tds, (u) + T(0)Tds, ()
weE(G)
= Y (@A) + T3w)ed)*
weE(G)
:% 3 ((nt2)(t2+t2)>é:;(nt2)é 3 (752+t2>é
weE(G) weE(G)

_(n=1m)?

2v2
It is similarly proved for the So;(Gr) and Sop(Gr). Also,

4+ 2507(G) — 2S0p(G) — SO;(G)
- 6

3 3 3
At - o ) - (R
N 6

3
4 + ((n_l)(n)?> <2t2 o 2](‘2 o Z2>
2V2 _ 3
_ _ (n=1)(n)> (262 — 2

’SO(G)‘

6 12¢/2

The proof is complete.

4.5 Summary

In this chapter, the Sombor index was examined in the context of neutrosophic graphs. First,
different types of Sombor indices for neutrosophic graphs were defined, then their mathematical
properties were analyzed, and theorems related to these indices were presented and proven.

The main goal of this book is to expand the theory of topological indices in the neutrosophical
space and to provide a basis for future applications in data science, social networks, and decision-
making systems under uncertainty. We have tried to study and review a number of the most

important and widely used topological indices along with related theorems. We hope that this

collection will be welcomed by those interested.

—2f2>+§



Chapter 5

Introduction to topological indices in
Neutrosophic Super Hyper Graph
and Neutrosophic Super Hyper Power
Graphs

5.1 Introduction

A hypergraph generalizes a classical graph by introducing hyperedges, which can connect any num-
ber of vertices—mot just two—making it suitable for modeling complex, multi-way relationships.
A SuperHyperGraph takes this concept even further. Recently introduced and actively studied in
a growing body of literature, the SuperHyperGraph incorporates recursive structures into hyper-
graphs through iterated applications of the power set operation. Conceptually, a SuperHyperGraph
can be viewed as a hierarchical generalization of a hypergraph, in which both vertices and hyper-
edges are drawn from higher-order powersets of a base vertex set. The formal definition is presented
below.

In this chapter, we first present some important definitions from various sources, and then, after
defining superhypergraphs and Neutrosophic Super Hyper Power Graphs, we generalize topological
indices and define them for this class of neutrosophic graphs for the first time.

Superhypergraphs have applications in computer science, data science, and chemistry. They
can also be used in social network analysis with large and diverse data sets.

See the basic definitions below.

101
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Super Hyper Power Graphs

Defintion 5.1.1. Let A be a set. We say that A has Helly property if and only if, For every
non-empty set S such that S C A and for all sets x,y such that x,y € S holds x meets y holds

NS # .

Proposition 5.1.2. Let T be a tree and X be a finite set such that for every set x such that

x € Xthere exists a subtree t of T such that z is equal the vertices of t. Then X has Helly property.

Defintion 5.1.3 (Powerset). Let S be any set. The powerset of S, denoted P(S), is the collection

of all subsets of S':
P(S)={AJAC S}.

In particular, @ € P(S) and S € P(S).

Defintion 5.1.4 (Hypergraph). A hypergraph H = (V(H), E(H)) consists of:

e A nonempty set V(H) of vertices.

o A set E(H) of hyperedges, where each hyperedge is a nonempty subset of V(H), thereby allowing
connections among multiple vertices. Unlike standard graphs, hypergraphs are well-suited to rep-
resent higher-order relationships. In this paper, we restrict ourselves to the case where both V (H)

and E(H) are finite.

Defintion 5.1.5 (n-th Powerset). The -th powerset of a set H, denoted P,(H), is defined itera-

tively, starting with the standard powerset. The recursive construction is given by:
P\(H) = P(H), Pnoy1(H)=P(Py(H)),  for n>1,
Similarly, the n-th non-empty powerset, denoted P} (H), is defined recursively as:
P{(H) = P*(H), P, (H)=P"(P;(H))
Here, P*(H)represents the powerset of H with the empty set removed.

Defintion 5.1.6 (n-SuperHyperGraph). . Let Vi be a finite base set of vertices. For each integer

k > 0, define the iterative powerset by

Po(Vo) = Vo, Pt (Vo) = P(Br(V0)),
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where P(.) denotes the usual powerset operation. An n-SuperHyperGraph is then a pair

SHT(n) = (V, E),

with

V CP,(Vo) and EC P,(Vp).

Each element of V is called an n-supervertex and each element of E an n-superedge

Defintion 5.1.7 (Directed -Superhypergraph). Let Vi be a nonempty finite set and, for each
integer k > 0, define

PO|(Vo) = Vo,  PF (Vo) = P(PE(Vp)).
A directed n-Superhypergraph is a pair
N" = (V" E")
where
v c Pr(Vy), EM cv® xym)

Each element of V) s called an n-supervertez, and each ordered pair (u,v) € E™ s called an

n-superedge

Defintion 5.1.8 (Fuzzy -Superhypergraph). Let SHT (n) = (V, E) be an n-Superhypergraph. A

fuzzy n-Superhypergraph is a quadruple
(V.E,o,u,)

where
e 0:V —[0,1] assigns to each n-supervertex v a membership degree o(v).
e u: E —[0,1] assigns to each n-superedge e a membership degree p(e).

These functions satisfy the appurtenance constraint

wu(e) <mino(v),Ve € E

vee
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5.2 Neutrosophic Super Hyper Power Graphs

In this section, we provide a modified definition of Super Hyper Power Graphs (SHP-graph), and

then generalize this definition to neutrosophic graphs.

Defintion 5.2.1 (Super Hyper Power Graph (SHP- Graph)). A Super Hyper Power Graph (SHPG)

is an ordered pair SHPG = (X C (V)\@,E C P(V) x P(V)), where
1. V =A{v1,v9,...,v,} is a finite set of n > 0 vertices, or an infinite set.

2. P(V) is the power set of V' (all subset of V). therefore, an SHPG-vertex may be a single
(classical) vertex (Vs;), or a super-vertex (Vy,) (a subset of many vertices) that represents a

group (organization), or even an indeterminate-vertex (Vi) (unclear, unknown vertez);

3. E ={ey,eq,...,em}, for m > 1, is a family of subsets of V. x V, and each e; is an SHPG-
edge, e, € P(V) x P(V). An SHPG-edge may be a (classical) edge, or a super-edge (edge
between super vertices) that represents connections between two groups (organizations), or
hyper-super-edge that represents connections between three or more groups (organizations), or

even an indeterminate-edge (unclear, unknown edge); then we have:
(a) Single Edges (Es;), as in classical graphs.
(b) Hyper Edges (Ex), edges connecting three or more single- vertices.

(c) Super Edges (Es,), edges connecting only two SHG- vertices and at least one vertex is

super Vertex.

(d) Hyper Super Edges (Eps), edges connecting three or more single- vertices (and at least

one vertex is super vertez.
(e) Indeterminate Edges (Er), either we do not know their value, or we do not know what

vertices they might connect.

Th@’ﬂ, G = (X7E) where X = (VSi7VSu7V}) - P(V)\@, and £ = (ESi7EH7ESu7EH57EI) c
P(V) x (V).
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Defintion 5.2.2 (Neutrosophic Super Hyper Power Graphs). Let G = (X, E) be a super hyper
power graph. If all vertices and edges of a SHP-graph G belong to the neutrosophic set, then the
SHP-graph is a Neutrosophic Super Hyper Power Graphs (NSHP-Graphs). If © is a neutrosophic
super vertex containing vertices {vi,va, ..., v}, where v; € Vfor 1 <i <k, then

Tx(z) =min{Tx(v;),1 <i <k},

Ix(x) = min{lx(v;),1 <i <k},

Fx(x) = max{Fx(v;),1 <i<k}.
Defintion 5.2.3. Let G = (X, E) be a super hyper power graph, with X = (Vs;, Vsu, Vi) € P(V)\@,
and E = (Es;, Ex, Esy, Ens, Er) € P(V) x P(V). Then, the adjacency matriz A(G) = (a;j) of
G is defined as a square matriz which columns and rows its, is shown by the vertices of G and for
each vi,v; € X,
there should be no edge between vertices v; and vj;

there is a single edge between vertices v; and vj;

aj; = there is a super edge between vertices v; and v;;

mco»—no

there is a hyper edge between vertices v; and v;;

SH there is a super hyper edge between vertices v; and v;.

Note that in the adjacency matriz A, a value of one can be placed instead of non-numeric values
(S, H and SH) if necessary for calculations. So that, since A is a symmetric and values of A is

positive, eigenvalues of A are real.

Defintion 5.2.4. Let G = (X, E) be a super hyper power graph, with X = (Vs;, Vsy, Vi) € P(V)\@,
and E = (Eg;, Eg, Esy, Egs, Er) C P(V)x P(V). If E = (e1,e€3,...,en) then an incidence matriz

B(G) = (bij) define as
{1 ifv; € €j5;
bij =

0 otherwise.
Defintion 5.2.5. Let G = (X, E) be a super hyper power graph, with X = (Vs;, Vs, Vi) € P(V)\@,
and E = (Es;, Egy, Esy, Egs, Er) € P(V) x P(V). If D = diag(D(v1), D(va),...,D(vy,)) where

D(v;) = Z(vjex) Q(vv;) 5 then, a laplacian matriz define as

L(G) = D — A(G).
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Example 5.2.6. Consider G = (X, E) as shown in figure 7?7 (This figure is selected from reference
[1]). Where X = {V1, Va2, V3, Vi, V5, Vs, Va7, Vs, IVy, SVy5,SVi 03} and E = {SiE5 6,1 E7 g, SE123 45,
HEy593, HSE12378}. We now obtain the superhypergraph — related matrices in figure 1 using the

above definitions.

supervertex

SViaa

superedge
(Vizs Vs = SEi2a4s

Ve

{Va, Vs, Vi) = HE3 54
hyperedge

Figure 5.1: Super hyper power graph G = (X, E)

a: Adjacency matriz

V1 V2 V3 U4 Vs Ve v7 (O] I’Ug 5’1)475 51)17273
V1 0O 0 0 O 0 0 0 0 0 0 0
V2 0 0 0 O 0 0 0 0 0 0 0
U3 0O 0 0 O H H 0 0 H 0 0
(o 0O 0 0 O 0 0 0 0 0 0 0
Us 0 0 H 0 0 2,H 0 0 H 0 0
A=y 0 0 H 0 2H 0 0 0 H 0 0
vy 0 0 0 O 0 0 0 1 0 0 SH
U8 0O 0 0 O 0 0 1 0 0 0 SH
Tvg 0 0 H 0 H H 0 0 0 0 0
Svy 5 0O 0 0 O 0 0 0 0 0 0 S
Svias \O 0 0O 0O 0 0 SH SH 0 S 0

b: incidence matriz

c: laplacian matriz
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Ivg S’U475 51)17273

<
i
<
N
<
W
I~
N
-4
ot
4
(=2
<
3
<
o0

Es6 o o0 o0 o0 2 2 0 O 0 0 0
SFE123 45 o o 0 o o0 o o0 0 O 1 1
B = HE3’576,9 0 0 1 0 1 1 0 0 1 0 0
SHE175|0 0 0 0 0 0 1 1 0 0 1
1FE73 o 0 0 o0 o0 o0 1 1 0 0 0

To calculate the Laplacian matriz, we first obtain the diameter matriz D, in which the vertices
on the principal diameter, the degree of vertices, and the other vertices are 0. Then its Laplacian

matriz is calculated as follows.

0 0 0 0 O 0 0 0 0 0 0
0 0 0 0 O 0 0 0 0 0 0
o0 3 0 -1 -1 0 0 -1 0 0
0 0 0 0 O 0 0 0 0 0 0
0o 0 -1.0 5 =3 0 0 -1 0 0
=0 0 -1 0 =3 5 0 0 -1 0 0
0 0 0 0 O 0 2 -1 0 0 -1
0 0 0 0 O 0o -1 2 0 0 -1
0o 0 -1 0 -1 -1 O 0 3 0 0
0 0 0 0 O 0 0 0 0 1 -1
0 0o 0 0 O o -1 -1 0 -1 3

5.3 Neutrosophic Super Hyper Power trees

In this section, we first provide a definition of Neutrosophic Super Hyper Power Tree. We then
define the subtree for Neutrosophic Super Hyper Power graphs. In the following, we will examine

the Helly property in this type of power graphs.

Defintion 5.3.1. Let G = (X, E) be a Neutrosophic Super Hyper Power Graph. Then G is called
a Neutrosophic Super Hyper Power Tree (NSHP-tree) if G be a connected NSHP-Graph without a

neutrosophic cycle.

Defintion 5.3.2. Let H = (A, B) be a NSHP-Graph. Then H is called a subtree NSHP-Graph if
there exists a tree T with the same vertex set V such that each hyperedge, superedge, or hypersu-

peredge e € Einduces a subtree in T.
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Figure 5.2: Super hyper power graph

Here we consider the underlying graph H* to find the subtree of NSHP-graph.

Example 5.3.3. Consider G = (X, E) a Super Hyper Power Graph as shown in figure 2.
As you can see, since G contains the cycle, so that G is not a Super Hyper Power tree. An

SHP-subgraph induced by the subset {ez,es, eq,e5} of X, is a SHP-tree.

Example 5.3.4. Consider G = (X, E) a Neutrosophic Super Hyper Power Graph as shown in
figure 3. Note that in this example all vertices and edges belong to the neutrosophic sets. As you
can see, G is a super hyper power tree.

Now we find a subtree according to definition 7 for G.

Now, let T = (A, C) be a tree, that is, T is a connected neutrosophic graph without cycle.

Then, we build a connected NSHP-Graph H in the following way:
1. The set of vertices of H is the set of vertices of T;

2. The set of edges (hyperedges, superedges or superhyperedges) are a family E of subset V such

that induced subgraph T; is a subtree of T where T; is produced by vertices located on edge
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€4

V10

Figure 5.3: A neutrosophic super hyper tree G

€4

V10

e; € E. so that subgraph T; is a tree.

Theorem 5.3.5. Let T = (V, E/) be a tree. Also, H is a subtree super hyper power graph according

to T. Then H has the Helly property.

Proof. Since for each tree there exist exactly one path between the two vertices v;,v;. The path

between two vertices v;, v; denoted P[v;, vj].suppose that, v;, v; and vy are three vertices of H. The
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paths Plv;,v;], Plvj,vg] and Plug,v;] have one common vertex. Now, using theorem 1, for each
family of edges (hyperedges, superedges and superhyperedges) where the edge contains at least two

of the vertices v;, v; and v, have a non-empty intersection. O

Theorem 5.3.6. Let T = (V, E/) be a tree. Also, H is a subtree super hyper power graph according

to T. Then L(H) is a chordal graph.

Proof. Consider T = (V, E') is a tree. Suppose H is a subtree SHP-graph according to T. If V=1,
then H include exactly one vertex and one hyperdege, so that, the linegraph of H has only one vertex
hence H is a clique. It turns out that H is a chordal graph. Next, assume that the assertion is true
for each tree with |V| =n — 1, n > 1. Now we have to show that the problem assumption is valid
for n vertices as well. For that, suppose v € V is a vertex leaf on H. remember that in a tree with
at least two vertices there exist at least two leaves. If T} = (V — {v}, E}), where T} is the subgraph

on V — {v}, and

Hi(V = {v}) = (V = {v}, Bv), V=1
The Ty = (V — {v}, E}) is a tree moreover H; = (V —{v}, F}) is an induced subtree SHP-graph
associated with T7. Hence L(H;) is chordal. Now, if the number of edges should be the same, that
is, |E'| = |E,| then we have L(H) ~ L(H,) so that L(H) is a chordal graph. If |E'| # |E]| then we
have
(v e E' and |E|>|E
It is easy to show that a neighborhood from {v} in L(H) is a clique. Hence any cycle passing
through {v} is chordal in L(H) and so L(H) is chordal.
O

5.4 Topological indices in Neutrosophic Super Hyper Power graphs

As we have seen, we can obtain the Laplacian matrix for a Neutrosophic Super Hyper Power graph.
Now, using it, we can define the topological index of the Laplacian energy given the eigenvalues of

the Laplacian matrix for a Neutrosophic Super Hyper Power graphs.
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Defintion 5.4.1. Let G = (N, M) is a NSHP-Graph, and L is its associated Laplacian matriz and

the A;’s are the eigenvalues of this matrix, then the Laplacian energy index of G is defined as:

n 2 T Ui,?)j
i=1 i= t

n 2 T Vi, Vg
050 o Rt
i=1 1= v

- QZijFM(vivvj)‘

BB = 2 M) = R )
i=1 = !

I

too;

LE(G) =

5.5 Summary

In this chapter, after giving important definitions about superhypergraphs, we defined the topo-
logical index of the Laplacian energy. Note that this definition can be generalized to other indices
and other functions can be used instead of the Laplacian energy. We will follow this generalization

in the following articles and examine its applications.
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