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1. Introduction

The concept of fuzzy set was originally introduced by Zadeh [20] in 1965. The fuzzy theory
has become an area of active research for the last fifty years. It has a wide range of applications
in the field of science and engineering, population dynamics [1], chaos control [5], computer
programming [8], nonlinear dynamical systems [9], fuzzy physics [13] and more. Taking into
account the concept of fuzzy set, Smarandache [16] introduced the notion of Neutrosophic set
(NS) which is a new version of the idea of the classical set. The first world publication related
to the concept of neutrosophy was published in 1998 and included in the literature [17].

On the other hand, Kaleva and Seikkala [10] defined the fuzzy metric spaces (FMS) as a
distance between two points to be a non-negative fuzzy number. after that, In [6] some ba-
sic properties of FMS were studied and the Baire Category Theorem for FMS was proved.
Furthermore, some properties such as separability, countability are given and Uniform Limit

Theorem is proved in [7]. Consequently, FMS has used in the applied sciences such as fixed
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point theory, image and signal processing, medical imaging, decisionmaking and more. Af-
ter defined of the intuitionistic fuzzy set (IFS), it was used in all areas where FS theory
was studied. Park [15] introduced IF metric space (IFMS), that is a generalization of FMS.
Then, Park used George and Veeramani’s [6] work for applying t-norm and t-conorm to FMS
meanwhile defining IFMS and studying its basic properties. Moreover, Bera and Mahapatra
introduced the neutrosophic soft linear spaces (NSLS) [3]. Later, neutrosophic soft normed
linear spaces(NSNLS) was defined by Bera and Mahapatra [2]. Besides, In [2]|, neutrosophic
norm, Cauchy sequence in NSNLS, convexity of NSNLS, metric in NSNLS were defined and
studied. Recently, Kirisci and Simsek [11] in 2020, introduced and studied the notion of sta-
tistical convergence in a neutrosophic normed spaces. Besides, they showed some interesting
results.

In this paper, we extend the notion of statistical convergence on neutrosophic normed spaces
by using double sequences. Moreover, we prove some of its properties and characterizations.
This paper is organized as follows: In the second section, we procure some well-known notions
and definitions which are useful for the developing of this paper. In the third part, we define
and study the notion of statistical convergence of double sequences on neutrosophic normed
spaces (NNS). And the fourth section, we put a a conclusion in which we discuss about the

results showed in section 3 and some future studies.

2. Preliminaries

The notion of statistical convergence was defined by Fast [7] and Steinhaus [18] indepen-
dently and later this notion was studied by various authors.

Let K be a subset of N, then the asymptotic density of K, denoted by d(K) is defined as
follows:

A(K) =lim [k <n ke K},

where the vertical bars denote the cardinality of the enclosed set. A number sequence = = (xy)
is said to be statistically convergent to the number L if for each ¢ > 0, the set d(e) = {k <n:
|z — L| > €} has asymptotic density zero. Then, taking into account that notion, Mursaleen
and Edely [14] defined the notion of statistical convergence of double sequences. Let K C NxN
be two-dimensional set of positive integers and let K (m,n) be the numbers of (4, k) in K such
that j <n and k£ < n. Then, the two-dimensional analogue of natural density can be defined
as follows:

The lower asymptotic density of the set K C N x N is defined as:
K(m,n)

dy(K) = liminf

m,n mn
In case that the sequence (K (m,n)/mn) has a limit in Pringsheim’s sense then we say that

K has a double density and is defined as:
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lim Km.n)
mn - mn
Statistical convergence for double sequence x = () of real which was defined by [14] as:

= 53(K).

A real double sequence x = (xy;) is said to be statistically convergent to the number L if for
each € > 0, the set {(j,k),7 < m,k <n:|xy; — L| > €}, has a double natural density zero. In
this case, we write Sp-limz;, = L.

On the other hand, Triangular norms (t-norms) (TN) were initiated by Menger [13]. In
the problem of computing the distance between two elements in space, Menger offered using
probability distributions instead of using numbers for distance. TNs are used to generalize
with the probability distribution of triangle inequality in metric space conditions. Triangular
conorms (t-conorms) (TC) know as dual operations of TNs. TNs and TCs are very significant

for fuzzy operations(intersections and unions).

Definition 2.1. ( [13] ) Give an operation o : [0,1] x [0,1] — [0,1]. If the operation o is
satisfying the following conditions:

(1) sol=s,

(2) If s<wand t <w, then sot <wuow,

(3) o is continuous,

(4) o is continuous and associative.

Then, it is called that the operation o is continuous TN, for s,t,u,v € [0, 1].

Definition 2.2. ( [13]) Give an operation e : [0,1] x [0,1] — [0,1]. If the operation e is
satisfying the following conditions:

(1) se0 =s,

(2) If s<wuand t <v, then set <ueuwv,

(3) e is continuous,

(4)

Then, it is called that the operation e is continuous TC, for s,¢,u,v € [0, 1].

e is continuous and associative.

Remark 2.3. [11]) From the above definitions, we can see that if we take 0 < ¢€;, €2 < 1 for
€1 > €9, then there exist 0 < €3, €4 < 0,1 such that €1 0 €3 > €2, €] > €4 ® €5. Moreover, if we

take e5 € (0,1), then there exist €g, €7 € (0,1) such that €5 0 €5 > €5 and e7 @ e7 < €.

Definition 2.4. ( [12]) Take F' be an arbitrary set, N = {< u, Q(u), W(u), E(u) >: v € F} be
a NS (neutrosophic set) such that N : F'x F'x Rt — [0, 1]. Let o and e show the continuous TN
and continuous TC, respectively. If the following conditions are satisfied, then the four-tuple
(F,N,o,e) is called neutrosophic metric space (NMS):

(1) 0 <Q(u,v,\) <1,0 < W(u,v,\) <1,0< E(u,v,\) <1 forall A\ € R,

(2) Q(u,v,\) + W(u,v,\) + E(u,v,\) <3, forA € RT,
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(3) Q(u,v,\) =1, for A > 0 if and only if u = v,
(4) Q(u,v,\) = Q(v,u, ), for A >0,
(5) Q(u,v,\) o Q(v,y, 1) < Q(u,y, A+ ), for all u, A > 0,
(6) Q(u,v,.):[0,00) — [0,1] is continuous,
(7) im0 Q(u, v, A) =1, for all A > 0,
(8) W(u,v,\) =0, for A > 0 if and only if u = v,
(9) W(u,v,\) = W(v,u, ), for A >0,
(10) W(u,v,\) @ W(v,y, ) > W(u,y, A+ p), for all u, A > 0,
(11) W(u,v,.) : [0,00) — [0,1] is continuous,
(12) limy oo W(u,v,A) =1, for all A > 0,
(13) E(u,v,A) =0, for A > 0 if and only if u = v,
(14) E(u,v,\) = E(v,u, A), for A > 0,
(15) E(u,v,A) e E(v,y, ) > E(u,y, A+ p), for all u, A > 0,
(16) W(u,v,.):[0,00) — [0,1] is continuous,
(17) limy_ oo E(u,v,A) =1, for all A > 0,
(

18) if A > 0, then Q(u,v,A) =0, W(u,v,\) =1 and E(u,v,\) = 1.

For all u,v,y € F. Then, N = (Q,W, E) is called Neutrosophic metric (NM) on F'.

The notion of neutrosophic normed space (NNS) was defined by [11], as well as, the definition

statistical convergence with respect to NNS was given.

Definition 2.5. ( [11])Take F as a vector space N = {< u,G(u), B(u),Y (u) >: u € F} be
a normed space (NS) such that N : F x R™ — [0,1]. Let o and e show the continuous TN

and continuous TC, respectively. If the following contritions are satisfied, then the four-tuple

V:

(F,N,o,e) is called NNS, for all u,v € F, A, u > 0 and for each o # 0:
(1) 0<G(u,\) <1,0< B(u,\) <1,0< Y(u,\) <1 forall A€ RT,
(2) G(u, \) + B(u, \) + Y(u,\) <3, forA € RT,

(3) G(u,A) =1, for A > 0 if and only if u =0,
(4) Glou. ) = Glu. 7o),
(5) G(u,p) 0 G(v, A) < G(u+0v, A+ p),
(6) G(u,.) is continuous non-decreasing function,
(7) limy— 00 G(u, \) =
(8) B(u,\) =0, for)\>01fand0nly1fu—0
(9) BlowX) = B(u, Qp,

(10) B(u,u) @ B(v,A) > B(u+ v, A+ ),

(11) B(u,.) is continuous non-increasing function,

(12) limy_ oo B(u,A) =0
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(13) Y(u,\) =0, for A > 0 if and only if u =0,

(14) Y(ou,\) =Y (u, @|)’

(15) Y(u,p) @Y (v,\) > Y(u+v, A+ p),

(16) Y (u,.) is continuous non-increasing function,

(17) limy_ye0 Y (u, A) = 0

(18) if A <0, then G(u,\) =0, B(u,A\) =1 and Y (u,\) =1

Then, N = (G, B,Y) is called neutrosophic norm (NN).

Example 2.6. ( [11]) Let (F,|.|]|) be a NS. Give the operations o and e as TN wov = uv; TC

uev=u+uv—uv. For A > ||ul,
A
= A vy = 1

u
G(u,\) = , B(u,\) = ,
A [lull A+ ull A
for all u,v € F and A > 0. If we take A < ||ul|, then G(u,\) = 0, B(u,A) = 1 and
Y (u,\) = 1. Then, (F, N,o,e) is NNS such that N : F x RT — [0, 1].

Definition 2.7. ( [11]) Let V' be a NNS and (zj) be a sequence in V such that 0 < € < 1 and
A > 0. Then, (z}) converges to x if and only if there exists ng € N such that G(xp—x, ) > 1—e¢,
B(xp —x,\) < e and Y(z —x,A) < e. That is lim Gz —z,A\) =1, lim B(zy —z,A) =0
k—o0 k—o0
and klim Y(xr —2z,A) =0 as A > 0. In this case, the sequence (xy) is said to be a convergent
—00

sequence in V. The convergent in NNS is denoted by N-limz; = L.

Definition 2.8. ( [11]) Let V' be a NNS, the sequence (zx) in V where 0 < ¢ < 1 and
A > 0. Then, the sequence (zj) is Cauchy in a NNS V if there is a ng € N such that
G(xp —xg,A) > 1—¢€, Bz — x4, A) < € and Y (x — 24, ) < € for k, g > ny.

Definition 2.9. ( [11]) Let V be a NNS. For A >0, u € F and 0 < e < 1,
O(u,e,\) ={vinF : G(u —v,\) >1—¢, Blu—v,\) <€, Y(u—uv,\) <e}

is called open ball (OB)with center u and radius e.

Definition 2.10. ( [11]) The set A C F' is called neutrosophic-bounded (NB)in NNS V', if
there exist A > 0, and € € (0,1) such that G(u,\) > 1 —¢, B(u,A) < € and Y (u,\) < € for
each u € A.

3. Statistical convergence of double sequences on NNS

In this section, we define and study the notion of statistical double convergence in a Neu-

trosophic normed space

Definition 3.1. Let V be a NNS and (z;) be a double sequence in V such that 0 < e < 1
and A > 0. Then, (zj;) converges to x if and only if there exists ng € N such that G(xy; —
z,\) > 1 —¢€ Blxpj —x,\) < € and Y(zg; —2,A\) < e. Thatis lim G(xp; —x,\) =1,

k,j—00
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lim B(xg; —2,A\) = 0 and lim Y(xy; —2,A\) = 0 as A > 0. In this case, the double
k,j—o00 k,j—oc0
sequence (xy;) is said to be a double convergent sequence in V. The double convergent in

NNS is denoted by Na-limxy; = L.

Theorem 3.2. Let V be a NNS and (xy;) be a double sequence in V. Then, the following
statements hold:

(1) If (xg;) in V is convergent, then the limit point is unique.

(2) InV, if k,ljigloo TRj =T and k,ljiinoO Ykj =y, then k’ljigloo Tpj + Yk =T+ Y.

(3) in V,if lim xp; =x and o # 0, then lim axp; = ax.
k,j—00 k,j—o00

Proof: Since the proof of this Theorem is straightforward, we omitted it.

Definition 3.3. Let V' be a NNS, the double sequence (xj;) in V' where 0 < € < 1 and
A > 0. Then, the double sequence (zy;) is Cauchy in a NNS V if there is a ng € N such that
G(xrj — Tquw, A) > 1 — €, B(wp; — Tquw, A) < € and Y (2pj — Tquw, A) < € for k,j,q,w > ng. A
NNS V is called complete if and only if every double Cauchy sequence (x;) is convergent to
x in a NNS V.

Example 3.4. Consider GG, B and Y from Example 2.6 . Then, V is a NNS. Besides,

A A N
lim —1, . ||mkj xqw” —0, lim ||$kj xqw|| -0,
k,j,qw—o0 A + ||$kj — xqu k,j,qw—o0 A + ||$k] — xqu k,j,q,w—00 A
That is

lim  G(rg — Zgw,A) =1, lim  B(zpj — 2qw,A) =0, lim Y (zg — Zgw, A) = 0.

k,],q,w_)OO k7‘77q7w_>oo k7]7q7w_)oo
Therefore, we can say that the double sequence (zy;) is a double Cauchy sequence in NNS

V.

Remark 3.5. It is clear that every double convergent sequence in V is a double Cauchy

sequence. But the inverse of this expression is not be true.

Theorem 3.6. Let V be a NNS and (xy;) be a double sequence in V. Then, the following

statements hold:

(1) If for u,v € [0, 1], we choose the continuous TN wov = min{u,v} and the continuous
TC uwev=max{u,v} , then every double Cauchy sequence is bounded in NNS'V .

(2) Let the double sequences (Tpmj) and (yx;) be double Cauchy and the double sequence
(ouj) is scalars in NNS V. Then, the double sequences (xy; + yrj) and (ogjzi;) are
also double Cauchy in NNS'V.

(3) V is a complete NNS, if every double Cauchy sequence has a double convergent subse-
quence in NNS'V.

Proof: The proof of this Theorem is followd by the definitions of NNS, G; B;Y ,double

Cauchy sequence in V' and completeness.
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Definition 3.7. Let V' a NNS. A double sequence (x;) is said to be statistical convergence
with respect to neutrosophic normed (DSC-NN), if there exist L € F' such that the set
Ko, ={k<n,j<m:G(xy; — L,A\) <1—eor B(xy; — L,\) > € Y(xp; — L,\) > €}
or equivalently
Ko, ={k<n,j<m:G(xp; —L,\)>1—€or B(xy; — L,\) <€, Y(xp; — L, \) <€}
has double neutrosophic density (DND) zero, for every e > 0 and A > 0. That is d(K,,) =0

or equivalently,

hm—]{k<n j<m:G(xp; —L,A\) <1—eor B(xy; — L,A) > € Y(xp; — L, A) > €} =0
n,m nm

Therefore, we write Sy,-limxy; = L or x1; — L(Sn,). The set of DSC-NN will be denoted
by Sn,. If L =0, then we will write S?\@-

Lemma 3.8. Let V be a NNS. Then, the following statements are equivalent, for every e > 0
and A > 0:

(1) SN2—limxk] = L.

(2) E%%\{k <n,j<m:Gry — LA <1—¢€}| = hm—\{B(:rk] — L\ > ¢} =

hm—|{Y(1:kj L, )\) > ¢} =0.

nmnm

(3) hm—\{k <n,j<m:G(xy; — L,A) <1—e€and B(zy; — L,\) <€, Y(z; — L,A) <
n,m nm
e} =1.

1 1
(4) }%%n HEk <n,j <m:Gxr; — L,A) > 1— €} Llrrrnln H{k < n,j < m: B(ay,

L\ <e}|= lim—|{k‘ <n,j<m:Y(xp; — L,\) <e}|=1.
nm nm
(5) So-lim G(xk; — L,A) =1, and Sy-lim B(xy; — L, \) =0, Sp-lim Y (zy; — L, A) = 0.

Proof: The poof of this Lemma is followed by the Definitions 3.7 and the notions showed

in Section 2 .
Theorem 3.9. Let V a NNS. If (x;) is DSC-NN, then Sn,-limxy; = L is unique.

Proof: Consider that Sy,-limzy; = L1 and Sy,-limxy; = Lg for L1 # Ls. Now, take
€ > 0. Then, for a given 4t >0, (1 —¢)o(l —€) >1—pand eee < p. For any A > 0. Let’s

write the following sets:

Kay(e)) = {k <n.j <m: Glag — L1, ) <1},

Kay(eN) =k <n.j <m: Glagy — Lo, 3) < 1)

Kp, () = {k <n SmiB(ﬂﬂ‘k;—Lh%)Sl—E},

Ky(e,3) = {k <n.j < m: Blag — L, 5) <1}
A

Ky, (e, ) :=={k <n,j <m: Y (xy; —L1,§) <1-—¢},
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Ky, (e, ) :=={k <n,j <m:Y(xx; — Lo, %) <1-—¢}
Since that Sy,-limxy; = Ly. Then, by the Lemma 3.8 , for all A > 0,
d(Kay (1, A) = d(Kp, (1, A)) = d(Ky, (1, X)) = 0
Moreover, since we have Sy,-lim z; = La, by the Lemma 3.8 , for A > 0,
d(Key (1, A)) = d(Kp, (1, M) = d(Ky, (1, A)) = 0
Now, let
K, (s A) = { K, (11, A) U Ky (1, )} N {E B, (15 A) U K, (1, )} N { Ky, (1 A) U Ky, (1, M) -

Then, we can see that d(Kn,(p, A)) = 0 which implies d(N— K, (i, A)) = 1. Then, we have
the following possible situations, when we take (k,7) € N — Ky, (i, \):

(1) (kaj) EN_(KGl(:u’ )UKGz(M7)‘))7
(2) (k,j) € N—= (KB, (1, \) U Kp, (1, A),
(

A
DY
(3) (k,7) € N — (Ky, (1,

N U Ky, (1 1)).
First at all, consider (1). Then, we have
A A
G(Ll — LQ,)\) > G(I‘kj — Ly, 5) o G(xk] — Lo, 5) >1—¢€o (1 — 6)

And then, since (1 —€)o (1 —¢€) >1— p,

G(Ll — L27 )\) >1-— ) (1)

By 1, for all A > 0, we have that G(L; — L2, \) = 1, where p > 0 is arbitrary. This is,
L1 = Ls.

Secondly, for (2), if we choose (k,j) € N — (Kp, (1, \) U Kp, (1, A)), then we can write
A A
B(Ly = L2, A) < Blaws — L1, 5) @ Blag; — L2, 5) <eee

Using e e € < u, we can see that B(L; — Lo, A) < p. For all A > 0, we get B(L; — L2, \) =0,
where p > 0 is arbitrary. Therefore, L1 = Lo.

Finally, in the same way, for the situation (3), if we choose (k,j) € N — (Ky; (p, A) U
Ky, (11, X)), then we can write
A A
Y(Ll — Lo, )\) < Y(J?k] — Ly, 5) ° Y(.%’k] — Lo, 5) <eeoc

Using e e € < u, we can see that Y (L; — Lo, A) < p. For all A > 0, we get Y(Lj; — Lo, \) =0,
where p > 0 is arbitrary. Therefore, L1 = Lo. And this step ends the proof.

Theorem 3.10. If No-limxy; = L for a NNS'V. Then, Sy,-limxy; = L.
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Proof: Let Na-limxy; = L. Then, for every € > 0 and A > 0, there exist a number ng € N
such that G(xp; — L,A\) > 1 —€ and B(xy; — L,\) <€, Y(xp; — L,\) <, forall k,j > no.
Hence, the set

{k<n,j<m:G(xpj — L,\) <1—eor B(wgj —L,\) > €, Y(xpj — L,\) > €}
has at most finitely many terms. Therefore, since every finite subset of N has double density

Zero,

1
lim%]{kgn,jgm:G(a:kj—L,/\) <l—eor B(xpj— L, A>¢ Y(ry; — L) >¢€}|=0

And this ends the proof.

Theorem 3.11. Let V be a NNS. Sn,-limxy; = L if and only if there exists an increas-
ing index double sequence Lo = {l1,...0n,...;l1,..c;lm, ...} C N x N, while d(L2) = 1, Ns-

lim =z, =L.
n,m—00 bnm

Proof: Suppose that Sg,-limay; = L. For any A >0 and p=1,2,..,

1 1
Prn,(p, A) ={k <n,j <m:G(xp; — L,A) >1— — and B(xy; — L, \) < —,
I p

1

and
1 1 1
Ry, (p, A) ={k <n,j <m:G(xp;— L,A) <1— m or B(xg; —L,\) > s Y(xg; —L,\) > ;}
Then, d(Rn, (i, A)) = 0, since Sn,-limzy; = L. Besides, for A >0 and p=1,2,...,
d(PGNQ (M? )‘)) =1 (2)

Now, we will prove that for (k,j) € PNa(u, A), No-limxy; = L. Consider that Nop-lim xy; #
L, for some (k,j) € Pn,(u,\). Then, there is p > 0 and a positive integer ny such that
G(xg; — L,A\) < 1—=por B(xg; — L,\) > p, Y(xp; — L,A\) > p, for all k,j > ng. Now, let
G(xgj — L,\) >1—pand B(xy; — L,\) < p, Y(xg; — L, \) < p for all k < n;j < m. Hence,

1
lim —I{k <n,j <m:G(xg; — L,A\) >1—pand B(xyj — L,\) <p, Y(xp; — L,A) <p} =0
n,m nm

1
Since p > —, we have that d(Pn,(p,\)) = 0, which contradicts 2 . Therefore, Ns-
w

limxzy; = L.

Now, let’s assume that there exists a subset Lo = {l1,...,1n,...;l1, ..., lm, ...} € N x N such
that d(J2) = 1 and Na-displaystylelimy, y,—y00 21, = L, this means that there exits ng € N
such that G(xp; — L,A\) > 1 — p and B(xy; — L, A) < p, Y(xpj — L, A) < p, for every pp > 0
and A > 0. In that case,

Ry, (p, A) =={k <n,j <m:G(xpj — L,A\) <1—por B(wg; — L, A) > p,Y(xp; — L,\) > u}
CN XN = {lnt, bty oo b1 b2y o}
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Therefore, d(Ry, (1, A)) <1 —1=0. Hence, Sn,-limxy; = L.

Now, we show some results that we obtained on double statistical Cauchy sequences in NNS.

Definition 3.12. The double sequence (zj;) is said to be statistically Cauchy with respect
to NN (DSCa-NN) in a NNS V| if there exit N = N(¢) and M = M (e), for every ¢ > 0 and
A > 0 such that
KCe:={k<n,j <m:G(xp; —xnm,\) <1 —€or B(xrj —xnm, ) > €,
Y(rp; — xnm, A) > €}

has DND zero. That is d(KC,) = 0.
Theorem 3.13. If a double sequence (xy;) is DSC-NN in a NNS'V. Then, it is DSCa-NN.

Proof: Let (x1;) be DSC-NN. We have that (1 —¢)o (1 —€) >1—p and eee < p, for a
given € > 0, take p > 0. Then, we have

d(Ale, 1) = d({k < n,j < m: Glay— L, g) <1—cor Blug—L, %) > Y (an;— L, g) > e})
(3)
thus
| A A
d(A%(e,A)) = d({k <n,j <m:Glagg = L, 5) > 1 —eand Blzg; — L, 5) <e

V(o ~L,5) <) =1
for A > 0. Let ¢, w € A°(e, \). Then,
G(rqw — L,A\) >1 —€and B(zgy — L, ) <€, Y(2qw — L, \) <e.
Let
Ble,A) = {h < n,j < m s Glang — g \) < 1— 1 or Blagg — 2, A) 2
Y (rrj — Tquw, A) > p}.
We claim that B(e, \) C A(e, A). Let a,s € B(e,\) — A(e, \). Then,
G(Tas — Tquw, A) <1 —p and G(zqs — L, %) >1—p,
in particular G(Xg4u — L,A) > 1 — €. Then,
L2 Olas — 2qu ) > Glras — L, 3) 0 Glagu — L,3) > (L= o (1= > 1—p
this is not possible. Furthermore,

A
B(zqs — Tguw, A) > p and B(zqs — L, 5) < L,
A
in particular B(zg, — L, 5) < €. Then,

A A
:U’SB(xas_$qwaA) SB(mas_La§)oB(mqw_L7§) <e€ee < U,
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and, this is not possible. Similarly,

A
Y (zas — Tquw, A) > p and Y (zqs — L, 5) < W,
A
in particular Y (z4, — L, 5) < €. Then,

A A
<Y (245 — Tgu, ) <Y (245 — L, 5) oY (zqy — L, 5) <eee <,
and, this is not possible. In this case, B(e, \) C A(e, ). Then, by 3, d(e, \) = 0 and (x;)
is DSCa-NN.

Definition 3.14. Let V' be a NNS. Then, V is called double statistically complete (DSC-NN),
if for every DSCa-NN is DSC-NN.

Theorem 3.15. Fvery NNS'V is (DSC-NN)-Complete.

Proof: Let (z1;) be DSCa-NN but bot DSC-NN. Take 1 > 0. We have (1 —¢€)o (1 —¢€) >
(1 —p) and e e e < p, for a given € > 0 and A > 0, since (x;) is not DSC-NN,

A A
G(rr; —zNm, A) > G(agy — L, 5) oG(rNm — L7§) >(1-¢€o(l—€>1—p,

A
5).B($NM_L7§)<6.€<M7

A A
Y(:Ek‘] _:ENM7>\) gY(xkj_L>§).Y(l‘NM_L>§) <cee < U

B(H?kj — TNM, /\) S B(xkj — L,

For
T(E, A) = {k <N, j<M: B:ckj—axNM(e) <1- ,u,},
d(T“(e,A)) = 0 and hence d(T'(e, A\)) = 1, and this is a contradiction, since (zy;) is DSCa-
NN. Therefore, (x1;) must be DSC-NN. In consequence, every NNS is (DSC-NN)-complete.

Lemma 3.16. Let V be a NNS. Then, for any double sequence (x1;) € F, the following
conditions are equivalent:

(1) (xx;) is DSC-NN.

(2) (xx;) is DSCa-NN.

(3) NNS 'V is (DSC-NN)-complete.

(4) There exits an increasing double index sequence Lo = (jnm) of natural numbers such

that d(L2) = 1 and the double subsequence (x;,,,) is a DSCa-NN.
Proof: The proof is followed directly by the Theorems 3.11 , 3.13 and 3.15 .

4. Conclusion

The purpose of this paper was to define and study the notion of double statistical conver-
gence in neutrosophic normed space. We established some of their properties and we gave
some examples associated to this notion. Furthermore, statistical Cauchy double sequence

and statistically double completeness for neutrosophic norm were defined. For future work,
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we suggest studying these notions on spaces of sequences of functions in neutrosophic normed
spaces. Besides, it would be interesting to see whether these properties are satisfied on triple

sequences.
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