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1. Introduction

In the year 1965, L.A.Zadeh [18] introduced a revolutionary concept, Fuzzy set theory.
But after some decades a new branch of philosophy, known as Neutrosophic set theory,
was developed and studied by Florentin Smarandache [10-H12]. Smarandache [12] proved
that neutrosophic set was a generalisation of intuitionistic fuzzy set which was developed
by K.Atanassov [1] in 1986 as a generalisation of fuzzy set. In an intuitionistic fuzzy set an
element belonging to the universe of discourse has the degree of membership and the degree
of non-membership. But in case of neutrosophic set an element has another grade of mem-
bership known as degree of indeterminacy besides the degree of membership and the degree
of non-membership. After Smarandache had introduced the concept of neutrosophy, it was
studied by many researchers [13,/14,|17]. In the year 2002, Smarandache |11 introduced the
notion of neutrosophic topology on the non-standard interval. F.G.Lupidnez [6,8,9] stud-
ied and investigated many properties of neutrosophic topological space. In [6] F.G.Lupidnez
showed that an intuitionistic fuzzy topology may not be a neutrosophic topology. The au-
thor |7] also developed the concept of interval neutrosophic sets and topology. A.A.Salma

and S.Alblowi [13],|14] studied neutrosophic topological space and generalised neutrosophic
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topological space. A.A.Salma et.al. [15,/16] also investigated neutrosophic filters and neutro-
sophic continuous functions. Later, neutrosophic topology was studied by many mathemati-
cians [2-4]. In the year 2016, Serkan Karatas and Cemil Kuru [5] redefined the set operations
and introduced a new neutrosophic topology and then investigated some important properties
of general topology on the redefined neutrosophic topological space. Since in neutrosphic set
theory, the indeterminacy-membership is given the same importance as the truth-membership
and falsehood-membership and since all the three neutrosophic components are independent
of one another, so this theory is more flexible and effective than all the previous set theories.
For this reason this theory is attracting the researchers throughout the world and is very useful
not only in the developement of science and technology but also in various other fields. For
instance, Abdel-Basset et.al. [19-23] studied the applications of neutrosophic theory in various
scientific fields. Pramanik and Roy [25] in 2014 studied on the conflict between India and Pak-
istan over Jammu-Kashmir through neutrosophic game Theory. Mondal and Pramanik [26)
studied the problems of eunuchs in West Bengal(India) based on neutrosophic cognitive maps.
Very recently some studies on COVID-19 [21}24] had been done under neutrosophic environ-
ment. But the theory still has many concepts to be developed.

In this article we try to introduce neutrosophic point and its neighbourhood structure on
the neutrosophic topological space defined by Serkan Karatas and Cemil Kuru [5]. We in-
vestigate some results on neutrosophic points, neighbourhood of a neutrosophic point and
study the characterization of neutrosophic topological space in terms of the neighbourhoods

of neutrosophic points.

2. Preliminaries

In this section we discuss some concepts related with neutrosophic sets.

2.1. Definition: [5]

Let X be the universe of discourse. A neutrosophic set (NS for short) A over X is defined
as A = {(z,Ta(x),Za(x),Fa(x)) : x € X}, where Ta,Z4, Fa are functions from X to [0, 1]
and 0 < Ty(x) +Za(z) + Fa(zr) < 3.

The set of all neutrosophic sets over X is denoted by N (X).

2.2. Definition: [5]

Let A,B € N(X). Then

(i) (Inclusion): If Ta(z) < Tp(x),Za(x) > Ip(z), Fa(z) > Fp(x) for all z € X then A is
said to be a neutrosophic subset of B and which is denoted by A C B.
(ii) (Equality): If A C B and B C A then A = B.
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(iii) (Intersection): The intersection of A and B, denoted by AN B, is defined as AN B =
{z, Ta(x) NTp(x),Za(z) VIp(x), Falz)V Fp(x)) :z € X}.

(iv) (Union): The union of A and B, denoted by AU B, is defined as AUB = {(z, Ta(z) V
Te(x),Za(x) NIp(x), Fa(x) A Fp(x)):x € X}.

(v) (Complement): The complement of the neutrosophic set A, denoted by A, is defined
as A° = {{x, Fa(x),1 = Za(z), Ta(x)) :z € X}

(vi) (Universal Set): If Ta(z) = 1,Za(x) = 0,Fa(z) =0 for all z € X then A is said to be

neutrosophic universal set and which is denoted by X.
(vii) (Empty Set): If Ta(z) = 0,Za(z) = 1,Fa(z) = 1 for all z € X then A is said to be
neutrosophic empty set and which is denoted by 0.

2.3. Definition: [14]

Let {4; :i €A} CN(X), where A is an index set. Then
(1) UiEAAi = {<x7 \/iEAni(x)v /\iGAIAi(x)v/\iEA‘FAi (1’)> KA X}
ie., UienAi = {(x,sup;ep Ta, (v),infiep Za,(z), infjep Fa,(z)) 12 € X}
(i) NieaAi = {(z, NieaTa,(2), VieaZa,(2), VieaFa,(2)) 1 v € X }.
i.e., Nieadi = {(x,inficp Ta,(x),sup;ep Za, (x),sup;ep Fa,(x)) 1z € X},

2.4. Neutrosophic topological space : [5]

2.4.1. Definition: [5]

Let 7 C M(X). Then 7 is called a neutrosophic topology on X if
(i) f and X belong to 7.
(ii) The union of any number of neutrosophic sets in 7 belongs to 7.

(iii) The intersection of any two neutrosophic sets in 7 belongs to 7.

If 7 is a neutrosophic topology on X then the pair (X, 7) is called a neutrosophic topological
space (NTS for short) over X. The members of 7 are called neutrosophic open sets in X. If

for a neutrosophic set A, A¢ € 7 then A is said to be a neutrosophic closed set in X.

2.4.2. Theorem: [5]

Let (X, 7) be a neutrosophic topological space over X. Then
(i) f and X are neutrosophic closed sets over X.

(ii) The intersection of any number of neutrosophic closed sets is a neutrosophic closed set
over X.

(iii) The union of any two neutrosophic closed sets is a neutrosophic closed set over X.
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3. Main Results

In this section we introduce and study the following concepts. Throughout this discussion
we have considered the neutrosophic topological space defined by Serkan Karatas and Cemil

Kuru [5] in the year 2016.

3.1. Definition:

Let NV(X) be the set of all neutrosophic sets over X. A NS P = {(x, Tp(z),Zp(z), Fp(z)) :
x € X} is called a neutrosophic point (NP for short) iff for any element y € X, Tp(y) =
o, Zp(y) = B, Fp(y) = for y=a and Tp(y) = 0,Zp(y) = 1, Fp(y) =1 for y # x, where
0<a<1,0<8<1,0<y< 1.

A neutrosophic point P = {(z, Tp(z),Zp(z), Fp(z)) : © € X} will be denoted by Py 5 or
P < z,a,B,v > or simply by x,,. For the NP z, g,  will be called its support.

The complement of the NP P75 will be denoted by (Po’j By B

A NS P = {{(z,Tp(x),Zp(x),Fp(x)) : © € X} is called a neutrosophic crisp point (NCP
for short) iff for any element y € X, Tp(y) = 1,Zp(y) = 0,Fp(y) = 0 for y = x and

Tp(y) =0,Zp(y) =1, Fp(y) =1 fory #x .

)¢ or by x

3.2. Definition:

Let A be a neutrosophic set over X. Also let z, g, and Yo/ p/ ~/ be two neutrosophic points
in X. Then

(i) @q,p~ is said to be contained in A, denoted by x4 5~ C A, iff a < Ta(x),8 > Za(x),y >

Fa(z).

(i) a8~ is said to belong to A, denoted by x4~ € A, iff a < Ta(x), > Za(z),y >
Fa(z).

(iif) @a,5, is said to be contained in y,, 5/ ./, denoted by o g~ C Y,/ g/ /, iff =y and
a<al,f=p vz

(iv) Ta,p is said to belong to y,/ g/ ./, denoted by Ta g~ € Yo/ g/ Hf 2 = y and

a<a,B=py=9.
(v) ANCP 2100 C Aiff Ta(z) =1,Z4(x) =
(Vi) A NCP 1,00 € A iff 7:4(1') = 1,1,4(1‘) =

3.3. Remark:

In 3.2, the definitions of inclusion and belongingness are being the same between a NP and

a NS as well as between two neutrosophic points.The clarification behind that is given below :
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Suppose the inclusion and belongingness between a NP and a NS are defined as follows :

Tapy CAiff a < Ta(x),B >Za(x),y > Fa(z).

Topn € Aiff a < Ta(x), B> Za(z),y > Fa(x).

Let X = {z,y} and A = {(x,0.5,0.4,0.3), (y,0.4,0.5,0.6)}. Also we consider the neu-
trosophic points P(x,0.5,0.4,0.3) and Q(x,0.3,0.6,0.7). According to the above definitions,
PCA, QCA Qe A but Pé¢A.

Having observed the neutrosophic points P and ) and the neutrosophic set A, it is really
difficult to accept that P ¢ A whereas () € A. Similar is the case between two neutrosophic

points.

3.4. Proposition:

Every NS A € N(X) can be expressed as the union of all neutrosophic points contained in

A.
Proof: Let B = (J{za 8~ : Tapy € A}, where z € X. If Ta(x) # 0,Z4(x) # 1, Fa(x) # 1
then
TA(fL’) = sup{a By isa NP and o < 7?4(:73)75 > IA(Z')”Y > fA(J:)}
- %xa,ﬁ,'y (x)
= Tp(x).

Za(z) =inf{f : o8~ is a NP and a < Ta(z), 8 > Za(x),y > Fa(z)}
= -,Z:Uwoéﬁw (:U)

:IB(m).

Fa(x) =inf{y:xz4p,is a NP and a < Ta(x),8 > Za(x),y > Fal(x)}
= fugpaﬁw(l‘)
= Fp(x).

Therefore A = B, i.e., A= |J{zas~ : Tap~ € A}. Hence proved.

3.5. Proposition:

Let A,B e N(X). Then A= B iff P€ A<= P € B for every NP P € N(X).
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Proofs: Let A= B and let z, 3, be a NP. Then

Tapy €A
Sa < Ta(z),B > Za(z),y > Fa(z)
©a < Tp(x), > Ip(x),y > Fp(z)[. A = B]
ST~ € B

Therefore the proposition is necessary.

Converse part : From proposition 3.4 we can write A = (J{za g~ : Tapy € A} and B =
U{Yas 6/~  Yar 5/ 4/ € B} Now
Ta By €A
=Zq 3,y € B [by the hypothesis]
=Uxap5~,C B
=ACB
Exactly in the same manner we can show that B C A. Therefore A = B, i.e.,the proposition

is sufficient.

Hence proved.

3.6. Proposition:

If zo 3, € Aand A C B, where A, B € N(X) then 2,4 € B.
Proof: Since A C B, so Ta(x) < Tp(x),Za(x) > Ip(x), Fa(x) > Fp(x).
Tap~y €A
=a < Ta(x), 8> Ta(z),y > Fa(x)
=a < Tp(x), 8 > Ip(x),y > Fp(=)

=Tq,B8,y € B

Hence proved.

3.7. Proposition:

Let {A; : i €a} C N(X), where A is an index set. Let 74,5, and y,/ g/ ./ be any two
neutrosophic points over X. Then the following hold good.
(i) wap~y €(Ai: i €A} <= Tap, € A; Vi EA.
(ii) If 4 8,y € A; for some i €A then x5, € J{Ai 17 €A}
(ili) fzqap,y € U{A; : i €A} then there exists a NS A(z4,3,,) such that x5 € A(2a,g~) C
U{A; i en}.
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(iv) If zo 3~ € A, where A € N(X), then there exist ol ,p/,~4/ such that a < o/, >
B,y >~/ and x5/ ) € A.

Proofs: (i)

Tapy € [ Aisi€n}.
<:>.’17a7577 € {<$, /\iEAni(x)vviEAIAi($)7viEAFA¢(x)> Txr e X}
Sa < /\iGATAi (:L')75 > \/iEAIAi(IE)77 > viGA]:Az' (SL’)
Sa < inf Ty, (x), 8 > supZa,(x),y > sup Fa,(z).
i€n i€a i€
o < nz($)7/8 > IAi(x)a’Y > ‘FAz(x) Viea.

STapy €A ViEN.

Hence Proved.
(ii)
To,8,y € A; for some i €A .
=Ta 8y € {(x, Ta,(x),Za,(x), Fa,(x)) : x € X} for some i €A .
=a < Ty, (x),8>Ta,(x),y > Fa,(x) for somei €A .
=a <supTa,(x), > inf Ty, (x),y > inf Fu,(z).
ien €A icn
=Ta,5~y € {7, VieaTa, (), NieaZa, (%), NieaFa, () : v € X}.

=Tapy € | J{Airien}.

Hence Proved.
(iii)
TaBy € U{Al 11 EA}
=a <supTa,(z),s > inf Ty, (x),v > inf Fu,(z).
1EA 1€EA 1EA
=a < Ta (), >Za,(x),y> Fa,(x) for somer,s,t €A .
=Ta g~y € Ar UA;U Ay

=ZaBy € A(Ta,py), Where A(zq5,) = A UAgU Ay

Obviously A(za5,,) = Ar UA;U A CU{As 1 €A}
Thus za8~ € A(zapy) C U{Ai i €nl.

Hence proved.
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(iv) Since A € N(z), so from the proposition 3.4, A = (J{zpqr : Tpgr € A}. Now

Ta,B,y € A.
=a < 7?4(.1‘), 5 > IA(-TJ), v > -FA(‘T)

=sa< sup p, B> inf g, v> inf 7

Ip,q,reA Zp,q,r€ mp,q,reA

Let sup{p: xp 4, € A} = o/, inf{q: 2p,, € A} = B/, inf{r: z,,, € A} =~/. Then
a<ao/, B>p/, ~>~/. Obviously T/ g/ €A
Thus there exist o, 3/,~/ such that a < o/, > p/,v > ~/ and Lo/ gl € A. Hence

proved.

3.8. Remark:

The converse of the proposition 3.7(ii) is not true.We shall establish it by the following
counter example.

Let X = {z,y} and A = {(z,0.5,0.7,0.6),(y,0.6,0.7,0.7)}, B = {(x,0.4,0.6,0.6),
(y,0.3,0.8,0.7)} and C' = {(«,0.3,0.4,0.5), (y,0.6,0.1,0.7)} be three neutrosophic sets over
X.Then AUBUC = {(z,0.5,0.4,0.5), (y,0.6,0.1,0.7) } Let us consider the neutrosophic point
P(x,0.4,0.6,0.5). It is clear that P(z,0.4,0.6,0.5) € AU BUC but P(z,0.4,0.6,0.5) belongs
to neither of the neutrosophic sets A, B and C.

3.9. Definition:

Let (X,7) be a neutrosophic topological space. A NS A € N(X) is called a neutrosophic
neighbourhood or simply neighbourhood (nhbd for short) of a NP x, g - iff there exists a NS
B € 7 such that z, 3, € B C A.

A neighbourhood A of the NP z, g is said to be a neutrosophic open neighbourhood of
Tq,8, if A is a neutrosophic open set.

The family consisting of all the neighbourhoods of the NP z, g is called the system of
neighbourhoods(or neighbourhood system) of 4 5. This family is denoted by N(z4 3. )-

3.10. Proposition:

A NS in a NTS is neutrosophic open iff it is a nhbd of each of its neutrosophic points.

Proof: Let (X,7) be a NTS and let A € N(X).

Suppose that A is a 7-open set. Then for every NP z, 3., € A, we have z, 3, € A C A and
so A is a nhbd of z, g ,.Thus A is nhbd of each of its neutrosophic points.

Next suppose that A is a nhbd of each of its neutrosophic points. If A = 0 then A is open
as 0 € 7. But if A # { then for each To 8,y € A there exists a 7-open set B(xq,,,) such that
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Tapy € B(rapy,) © A Obviously A = UB(z4,3,,) and so A is 7-open set, being a union of
T-open sets.

Hence proved.

3.11. Proposition:

Two neutrosophic topologies on the same set are identical iff they admit the same neigh-

bourhoods.
Proof: Necessary part is very obvious. Conversely suppose that 71 and 75 are two neu-
trosophic topologies on X having the same neighbourhood system of the neutrosophic points

over X. Let A € N(X). Now

Ais a 11 — open set
< Ais a 1p — neighbourhood of each of its neutrosophic points
< A is a 9 — neighbourhood of each of its neutrosophic points

< Alis a1 — open set

Therefore 7 = 7.

Hence proved.

3.12. Remark:

It is very clear that for every NP x4 3~, Zap~ € N(X) <= z0p € X.

3.13. Properties of neutrosophic neighbourhoods:

Let (X, 7) be a neutrosophic topological space and let x € X .If N(z, 5,) be the collection
of all nhbds of the neutrosophic point z, g, then

N1) N(zqp,) # 0 for every NP z, 5, € N(X).

N2) N € N(za,8,y) = Ta,py € N.

N3) N € N(zap,),N CM = M € N(z4084)-

N4) M,N € N(zas,) = M NN € N(zas).

N5) N € N(2q,5,) = there exists a M € N(z4,5,) such that M C N and M € N(y,/ 5/./)

for all Yol /€ M.

Proofs:

N1) Since X is an open set, so it is a nhbd of every NP Tap~y € N(X). Thus there
exists at least one nhbd for every NP z, 3, € N(X). Therefore N(z, ) # 0 for every NP
Ta gy € N(X).

N2) N € N(z4,8,) = N is a nhbd of 243, = Ta,5, € N.
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N3)

N € N(za,8,)
=N is a neighbourhood of z, g,
=3 an open set G such that z, 5, € G C N.
=3 an open set G such that x5, € G C M.[" N C M]
=M is a neighbourhood of z g -

=M € N(zq,3,)

N4) M,N € N(zqp~) = M, N are neighbourhoods of z, 5~ = 3 G1,G2 € 7 such that
Tapgry € G1 € N and 248, € G2 € M. But G1,G2 € 7 = G1 NGy € 7. Therefore
Tapy € G1NG2 C M NN and so M NN is a nhbd of 248, i.e., MO N € N(zq3.)

N5) Since N € N(z4,,4) , s0 there exists a 7-open set M such that z, 3, € M C N. Since
M is an open set and since x4, € M C M , so M € N(zq3,). Thus M € N(z45) and
M CN.

Again since M is an open set, so M is a nhbd of each of its neutrosophic points. Therefore
M e N(ya/’ﬁ/ﬁ/) for all y,/ 5/ ./ € M.

Hence proved.

3.14. Characterization of NTS in terms of neutrosophic neighbourhoods:

Let X be the universe of discourse and z € X. Let N(z43,) be a family of neutrosophic

sets over X satisfying the following five conditions :

N1) N(zq,p,) # 0 for every NP 2,5, € N (X).

N2) N € N(za84) = Za,py €N.

N3) N € N(za,8,),N C M = M € N(zap,).

N4) M,N € N(za5,) = M NN € N(24 )

N5) N € N(zq,5,y) = there exists a M € N(z4,4,,) such that M C N and M € N(y,/ g/ /)
for all Yol g/ 5/ € M.

Then there exists a unique neutrosophic topology 7 on X in such a way that if N*(z4 .) is the
collection of all nhbds of the NP z,, g, defined by the topology 7, then N(z4 5,,) = N*(2q,8)-

Proof: We define 7 as follows :

ANS G e7iff G € N(zq3,) for every NP x4, € G.

We claim that 7 is a neutrosophic topology on X.

T1) § € 7 as 0 contains no NP. By (N1) N(zas,) # 0 for every NP 2,5, € N(X).
Therefore there exists a G(24,5,) € N(24,5) for every NP z,5., € X. Since G(z44,) C X,
so by (N3), X e N(zqa,p,y) for every x4~ € X. Therefore X € 7. Thus 0, X € .
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T2) Suppose G1,G2 € 7. Then

G € N(Iaﬁﬁ) A Ta,By € G1and Gy € N(Iaﬁﬁ) W Ta,By € Gy
=G1 € N(z4,8,) and G2 € N(za8,) V T8y € G1 N G2
=G NGy € N(a;a,gﬁ) A Ta,fy € G1 NGy [ by (N4)]

=G1 N Gy € 7 by the definition of 7]
T3) Suppose {G; : i €A} C 7. We show that U{G; :i €A} € 7. Now

G;eTVien
=3G; € N(wa,gﬁ) A TaBy € G;andVieA
= U{G;:ienr} € N(zapgy) YV Tapy € U{G; i €A}[by (N2)and (N3)]

= U{G; :i €A} € 7 [by the definition of 7]

Therefore 7 is a neutrosophic topology on X.

We now show that N(zq,g~) = N*(2a,8,), i-e., N € N(z48~) < N is a nhbd of x4 3.

Let N € N(zq3,). Then by (N5) there exists M € N(xop,) such that M C N and
M € N(y,/ 5/ ) for all y,/ 5/ ./ € M. Now M € N(za,p,) = Zapy € M [ by (N2)].
Also M € N(ya/ﬁ/ﬁ/) for all y,/ 3/, € M = M € 7. Thus M is a T-open set such
that x4, € M C N. Therefore N is a neighbourhood of x5, i.e., N € N*(zq435), i-€e.,
N(za,8~) € N*(2q,p,). Conversely let N € N*(x,) so that N is a nhbd of x4 5. Then
there exists a 7-open set G such that o3, € G € N. Now G € 7 = G € N(zq43,) for
all zo 8~ € G. But G € N(z4,3,,) and G C N together imply by (N3) that N € N(zq5-)-
Therefore N*(24,3,y) € N(2qa ). Therefore N(z45,) = N*(2a,8,)-

Next we show the uniqueness of the topology.

Le 7 and 7/ be two topologies on X having the same system of neighbourhoods. Let
G € N(X). Then

Ger.
< (G is aT — open set.
& Gis a7 — neighbourhood of z, g, for all NP z, 5, € G.
sGisar/ — neighbourhood of z, g, for all NPz, 5, € G.
sGisar/ — open set.
=G et/

Therefore 7 = 7/. Thus the topology is unique.

Hence proved.
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4. Conclusion

Like fuzzy and intuitionistic fuzzy set theories, neutrosophic set theory also deals with
imprecise situation. But neutrosophic theory also handles the situation of neutrality which
keeps this theory ahead of those theories. In this article we tried to introduce the concept of
neutrosophic point and neighbourhood of a neutrosophic point. We discussed some properties
of neutrosophic points and their neighbourhoods. We also studied about the characterization

of neutrosophic topological space in terms of the neighbourhoods of the neutrosophic points.
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