W &)
Tb& Neutrosophic Sets and Systems, Vol. 25,2019 25

l ' University of New Mexico
N1 -

Separation Axioms in Neutrosophic Crisp
Topological Spaces

Ahmed B. AL-Nafee', Riad K. Al-Hamido?, Florentin Smarandache®

% College of Education For Pure sciences Math Dept.,Babylon University , Babylon ,Irag,E-mail: Ahm_math_88@yahoo.com
2Faculty of science ,Department of mathematics, Al-Baath University, Homs, Syria., E-mail: riadhamido1983@hotmail.com
®Department of Mathematics, University of New Mexico705 Gurley Ave.Gallup,NM 87301,USA ,Email:smarand@unm.edu

Abstract.The main idea of this research isto define a new neutrosophic crisp points in neutrosophic crisp
topological space namely [NCPy] the concept of neutrosophic crisp limit point was defind using [NCPy],with
some of its properties, the separation axioms [N-T'j-space,i= 0,1,2] were constructed in neutrosophic crisp
topological space using [NCPy] and examine' the ‘relationship between them in details
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Introduction

Smarandache [1,2,3] introduced the notions of neutrosophic theory and introduced the neutrosophic.
components (T F) which represent the membership , indeterminacy , and non membership values resp-
ectively, where]-0,1"[ is a non standard unit interval . In [4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19
,20] many scientists presented the concepts of the neutrosophic set theory in their works. Salama et al.
[21,22] provided natural foundations to put mathematical treatments for the neutrosophic pervasively
phenomena in our real world and for building new branches of neutrosophic mathematics.

Salama et al [23,24] put some basic concepts of the neutrosophic crisp set and their operations,
and because of their wide applications and their grate flexibility to solve the problem, we used
these concepts to define new types of neutrosophic points, that we called neutrosophic crisp
points [NCPy].

Fainally ,we used these points [NCPy] to define the concept of neutrosophic crisp limit point, with
some of its properties and constructe the separation axioms[N-7';-space,i=0,1,2] in neutrosophic crisp
topological and examine the ‘relationship between them in details.

Throughout this paper,(NCTS) means a neutrosophic crisp topological space. Also, simply we
denote neighborhood by (nhd).

1 Basic Concepts
1.1 Definition [25]

Let X be a non-empty fixed set . A neutrosophic crisp set [ NCS for short] B is an object having the
form B =<By, B,, B3> where By, B, and B; are subsets of X .

1.2 Definition [25]

The object having the form B=<B,, B,, B;> is called :

1. A neutrosophic crisp set of Typel [ NCS/Typel] if satisfying
BB, =0,B; n By=0and B, n B; =0.

2. A neutrosophic crisp set of Type2 [ NCS/Type?] if satisfying

B, "B, =0,B; "nBs;=@¢and B, "nB;=0,B;UB, U B; =X.

3. A neutrosophic crisp set of Type3 [ NCS/Type3] if satisfying
B, "B, "B;=0,B;UB, U By =X

1.3 Definition [25]

Types of NCSs @y & Xy in X as follows:

1. @y may be defined in many ways as a NCS as follows:

1. Typel i@y =<¢,9,X >

2. Type2 0y =<¢@, X, X >

3. Type3:@n= <@, X,p>

4. Typed: Oy = <@ , @, ¢ >
2. Xy may be defined in many ways as a NCS as follows:

1. Typel: Xn=<X,0 ,0 >
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2. Type2: Xn=<X,X,¢p >
3. Typed: Xn=<X,p,X >
4. Typed: Xy=<X,X , X >

1.4 Definition [25]
Let X be a non-empty set and the NCSs C & D in the form C = <C,,C,,C3>, D = <D,,D,,D3>
then we may consider two possible definitions for subsets C < D, may be defined in two ways :

1. CEDsSCED,,CED,andD; € C;
2. CcDeCG,ED;,D,€CandD; € G
1.5 Definition [25]
Let X be a non-empty setand the NCSs C & D in the form C = <C;,C,,C3>, D =<D,,D,,D3>
then:

1. CN D may bedefined in two ways as a NCS as follows:
e CND=[C,ND;],[CUD,],[CUDs]
e CND=[C,ND;1,[CND,],[CUDs]
2. CU D may be defined in two ways as a NCS as follows:
e CUD=[C;UD;],[CUD,;],[CND;]
e CUD=[C,UD;],[C,ND,],[CN D5 ]
1.6 Definition [25]
A neutrosophic crisp topology (NCT) on a non-empty set - isafamily g of neutrosophic crisp
subsets in X satisfying the following axioms:
1. O, XNET
2. CNDeT ,forany C,DE T
3. Theunion of any number of sets in T belongs to T
The pair (X, T) is said to be a neutrosophic crisp topological space (NCTS) in X. Moreover The
elements in T are said to be neutrosophiccrisp open sets (NCOS), a neutrosophiccrisp set F is
closed (NCCS ) iff its complement F¢ is an open neutrosophic crisp set.
1.7 Definition [25]
Let X be a non-empty setand the NCS D inthe form D =<D,,D,,D3>.Then D¢ may be
defined in three ways as a NCS as follows:
D¢=<D§, D§, DS> , D€ =< D3,D,,D;> or D¢=<D;,D§,D;>
1.8 Definition [25]
Let ( X,T) be neutrosophic crisp topological space (NCTS ). A be neutrosophic crisp set then:
The intersection of any neutrosophic crisp closed sets contained A is called neutrosophic crisp closure
of A ( NC-CI(A) forshort ).

2 Neutrosophic crisp limit point :

In this section, we will introduce the neutrosophic crisp limit points with some of its properties.
This work contains an adjustment for the above-mentioned definitions 1.4 & 1.5, this was necessary to
homogeneous suitable results for the upgrade of this research.

2.1 Definition

Let X be a non-empty set and the NCSs C & D inthe form C = <C,;,C,,C3>, D = <D4,D,, D3>
then the additional new ways for the intersection , union and inclusion between C & D are

CND=[CND;],[CND,],[CNDs]
cUub=[GUD;],[CUD,],[CUD;]
CEbeCceEDb,CGE DyandC; € Ds
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2.2 Definition
For all x,y, z belonging to a non-empty set X. Then the neutrosophic crisp points related to x, y, z
are defined as follows:
o xn,= <{x},®,@ >, is called a neutrosophic crisp point (NCPy,) in X.
o yn,= <0,{y},0 >, iscalled a neutrosophic crisp point (NCPy,) in X.
. zn,= <@,@,{z} >, is called a neutrosophic crisp point (NCPy,) in X.
The set of all neutrosophic crisp points (NCPy,, NCPy,, NCPy,) is denoted by NCPy.
2.3 Definition
Let X be toanon-empty setand x,y, z €X. Then the neutrosophic crisp point:
o xy, Is belonging to the neutrosophiccrisp set B=<B;,B,,Bs;>, denoted by xy, €B, if x€
By, wherein xy, does not belong to the neutrosophic crisp set B denoted by xy, & B, if x & B;.
o yn, Is belonging to the neutrosophic crisp set B=<By,B,,Bs>, denoted by yy, € B, if y € B,. In
contrast yy, does not belong to the neutrosophic crisp set B, denoted by yy, & B, if y & B.
) zy, is belonging to the neutrosophic crisp set B=<B;,B,,B3>, denoted by zy, € B, if z € B3. In
contrast zy, does not belong to the neutrosophic crisp set B ,denoted by zy, & B, if z & Bj.
2.4 Remark
If B=<B,,B,Bs> isa NCS in anon-empty set X then:
B\xn, =< B;\{x}, B3, B3 >. B\xy, means that the component B doesn't contain xy, .
B\yn, =< By, B;\{y}, B; > . B\yyn, means that the component B doesn't contain yy, .
B\zn, =< By, By, B3\{z} > . B\zy, means that the component B doesn't contain zy_,.
2.5 Example
If B= <{a, b},{c, b},{c, a}> isanNCSin X ={a, b, c}, then:
B\ay, =<{ b}, {c, b}, {c,a}>
B\by, =<{a, b}, {c}, {c, a} >
B\cy, =<{a, b}, {c, b}, { b}>
2.6 Remark
If B=<B,,B,Bs> isa NCS in anon-empty set X then:
B=(U{xn;:xn; €EB}) U U{yn,:yn, EBHU(N{2zyn,:2y, EBY)
=(U{<{x}, 0,0>:xeXHUU{<D, {y}, 0>:yeXHUN{<D, 0, {z}>:2€X})
or B=(U{xy,:xy, €EBHUU{yn,:yn, EBHU U {zy,:2y, EB})
=(U{<{x}, 0,0>:xeXHUU{<d, {y}, 0>:yeX HUU{<D, 0,{z}>:z€X}).
2.7 Definition

Let (X,7) be NCTS,P € NCPy in X, a neutrosophic crisp set B = <B,,B,,Bs> € T is called
neutrosophic crisp open nhd of Pin (X,T) if P€B.
2.8 Definition

Let ( X,7)be NCTS,P € NCPy in X, a neutrosophiccrisp set B=<B;, B,, B3> € T iscalled
neutrosophic crisp nhd of P in (X, T), if there is neutrosophic crisp open set A =< Ay, Ay, Az >
containing P such that A < B.
2.9 Note

Every neutrosophic crisp open nhd of any point P € NCPy in X is neutrosophic crisp nhd of P, but
in general the inverse is not true , the following example illustrates this fact.
2.10 Example

X ={&xyz},T={Xy,0n, A, B, C},
A=<{x},0,0>,B=<{y},0,0>,G=<{x, y},0,0>
IfwetakeU=<{x, y},{z}, 0>
Then G =<{x,y},@,0 > is an open set containing P = xy, =< {x },@,0 >and G € U. That is
U is a neutrosophic crisp nhd of P in ( X, T), while it is not a neutrosophic crisp open nhd of P .
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2.11 Definition
Let (X,7) be NCTS and B=<B;, B,, B3 >hbe NCS of X. A neutrosophic crisp point P €

NCPy in X is called a neutrosophic crisp limit point of B = < B; ,B, ,Bs > iff every neutrosophic crisp
open set containing P must contains at least one neutrosophic crisp point of B different from P . It is
easy to say that the point P is not neutrosophic crisp limit point of B if there is a neutrosophic crisp
open set Gof Pand BN (G\ P) = @y.

2.12 Definition
The set of all neutrosophic crisp limit points of a neutrosophic crisp set B is called neutrosophic crisp
derived set of B, denoted by NCD(B ).
2.13 Example
fX={xyz} ,T={Xy,0y, A, B, C}, A=< {x},0,0>,B=<{y},0,0>,G=<{x,
v}, 0,0> . If we take D =<{x,y },0,0>, Then P= Zy =<{Z},0,0> is the only neutrosophic crisp
limit point of D. i.e. NCD(D) ={Zy,}
2.14 Remarks
e Let B be any neutrosophic crisp set of X, If P=<{x},0,0> € T inany NCT space (X, T), then
P € NCD(B).
e Let B be any neutrosophic crisp set of X, the following facts is true:
NCD(B) ¢ B, B ¢ NCD(B) , and sometimes NCD(B) n B = @y or NCD(B) N B # @y.
e Inany NCT space (X,T), we have NCD(0) = @y .
2.15 Theorem

Let (X,T) be NCTS and B =< B;,B,,B3 > be a neutrosophic crisp set of X,then B is
neutrosophic crisp closed set (NCCS for short) iff NCD(B ) € B
Proof

Let B be NCCS, then (X'\B) is neutrosophic crisp open set (NCOS for short ) this implies that for
each neutrosophiccrisp point P € NCPyin (X\B), P & B, there is a neutrosophic crisp open set G
of Pand G (X\ B).

Since BN (X\B) = @y, then P is not neutrosophic crisp limit point of B, thus G n B = @, ,which
implies that P ¢ NCD(B).Hence NCD(B) € B

Conversely, assume that P ¢ NCD(B), implis that P is not neutrosophic crisp limit point of B, hence,
there is a neutrosophic crisp open set G of P and G n B = @, which means that G € (X'\B) and
since (X'\B) is a neutrosophic crisp open set . Hence B is neutrosophic crisp closed set. .

2.16 Theorem

Let (X,7)be NCTS, B, G be a neutrosophic crisp sets of X, then the following properties hold :
(1) NCD(@y) = ®y
(2) IfB < G, then NCD(B) € NCD(G)

(3) NCD(B N G) € NCD(B) n NCD(G)
(4) NCD(BU G) = NCD(B) U NCD(G)
Proof (1) the proof is, directly.
Proof (2)

Assume that NCD(B) be a neutrosophic crisp set containing a neutrosophic crisp point P € NCPy,
then by definition 2.11, for each neutrosophic crisp open set V of P, we have BN V\P # @,,but B
G, hence G N V\P # @, this means that P € NCD(G). Hence , NCD(B) € NCD(G)

Proof (3)

Since BN G € B, then by (2) NCD(B n G) € NCD(B) Q)
BN G <G, implies NCD(BN G) € NCD(G) 2
From (1) & (2) NCD(B n G) € NCD(B) n NCD(G)

Proof (4)

Let P € NCPy such that P ¢ NCD(B) U NCD(G) , then either P ¢ NCD(B) and P ¢ NCD(G),then
there is a neutrosophic crisp open set K of P and BN K\P = @, and G n K\P = @, this implies that
(BUG)NK\P =0y ,ieP &NCD(BUG), hence NCD(B U G) € NCD(B) U NCD(G) 3)
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Conversely, since B< B U G ,G € B U G ,then by property (2) NCD(B) € NCD(B U G) and NCD(G) <

NCD(BUG) , thus NCD(B U G) 2 NCD(B) U NCD(G) (4)
from (3) and (4) we have NCD(B U G) = NCD(B) U NCD(G).
2.17 Remark

In general, the inverse of property 2 & 3 in Th.(2.16) is not true. The following examples act as an
evidence to this claim.
2.18 Example

IfX ={xyz},T ={Xy,0n B}, B=<0,{x},0>.Ifwetake A=<@,{x},0>GC=<6¢,{y },6>
Notes that; NCD( A ) =< @,{ y,z },® > NCD(G) =< 8,{ y, z},® > and NCD(A) S NCD(G), but
A¢G.
2.19 Example

IfX ={xyz},T ={Xy,0n B}, B=<0,{x},0>. If we take A =<@, {x},0>, G =<0, {y},0>.
Notes that; NCD(B N G) 2 NCD(B) n NCD(G).
2.20 Theorem

For any neutrosophic crisp set B over the universe X, then NC-CI(B) = B U NCD(B)
Proof

Let us first prove that B U NCD(B) is a neutrosophic crisp closed set that is
Xn\( BUNCD( B)) = (Xx\B) N (Xy\NCD( B)) is a neutrosophic crisp open set .
Now for a neutrosophic crisp point P € (Xx\( B)) n (Xy\NCD( B)) , then P € (Xy\ (B)) andP €
Xn \NCD( B), thus P ¢ Band P € NCD( B). So by definition 2.12, there is a neutrosophic crisp set R
of P S.t RN B = @y, henceR € X\B.
Now for each P, € R, then P, € NCD(B), then RN NCD(B) = @y, this implies that R € X\
NCD(B) [i.e R < ( Xy\ B) n ( Xx\ NCD( B))].Thus ( Xy\ B) n ( Xx\NCD(B)) is a neutrosophic
crisp nhd of all its elements and hence (Xy\B) N (XN\NCD(B)) is a neutrosophic crisp open set and
thus B U NCD(B) is a neutrosophic crisp closed set containing B, therefore NC-CI(B) < B U NCD(B).
S ince NC-CI(B) is a neutrosophic crisp closed set (see definition 2.12) and NC-CI(B) contains all its
neutrosophic crisp limits points .Thus NCD(B) € NC-CI(B) and B € NC-CI(B), hence NC-CI(B)
=B UNCD(B).

3 Separation Axioms In a neutrosophic Crisp Topological Space
3.1 Definition
A neutrosophic crisp topological space ( X, T) is called:

e N;-To-space if V xy, # yn, €X 3 aneutrosophic crisp open set G in X' containing one of them but
not the other.

e N,-To-space if V xy,# yy, €X 3 a neutrosophic crisp open set G in X containing one of them but
not the other .

e N3-To-space if V xy,# yyn, €X 3 a neutrosophic crisp open set G in X containing one of them but
not the other .

e N;-Ti-spaceif V xy, #yy, €X 3 a neutrosophic crisp open sets Gi, Gz in X such that xy, € G1
YN, € Grand xy, € G2, YN, € G2

e N,-T1-spaceif V xy, # yn, €X 3 a neutrosophic crisp open sets Gi, Gz in X such that xy, e G1
YN, € Gi and Xy, € Gz,yn, € G2

e N;3-Ti-spaceif V xy, # yn, €X 3 a neutrosophic crisp open sets Gi, Gz in X such that xy, € G
YN, € Grand xy, € Gz2,yN, € G2

e N;-T-space if V xy, # yy, €X 3 a neutrosophic crisp open sets Gi, Gz in X such that xy, € G
YN, € G1and xy, ¢ Gz, yn, € Gowith GiNGy= 0.

e N,-T,-space if V xy, # yn, €X' 3 a neutrosophic crisp open sets Gi, Gz in X such that xy, € Gi
YN, € Grand xy, € G2, yn, € G With GiNG,= 0.
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e N3-T;-space if V xy, # yn, €X 3 a neutrosophic crisp open sets Gi, Gz in X such that xy,€ G
YN, € G1and xy, ¢ Gz2,yn, € Gz With GiNG; = @.
3.2 Definition
A neutrosophic crisp topological space ( X,T) is called:
o N-T,-space if (X,T ) is N-T,-space , N,-T,-space and N;-T-space
e N-T-space if (X,T) is N,-T'1-space , N,-T'1-space and N;-T'1-space
o N-Tp-space if (X, T) is N,-T,-space , N,-T,-space and N;-T,-space
3.3 Remark
For a neutrosophic, crisp topological space (X, T)
e  Every N-T,-space is N;-T,-space
e  Every N-T,-space is N,-To-space
e  Every N-T,-space is N3-Tp-space
Proof  the proof is directly from definition 3.2 .
The inverse of remark 3.3 is not true, the following example explain this state.

3.4 Example
IfX ={xy}, 73 = {Xn,On A} T2 = {Xy, On, B} T3 = {Xy, On, G 1A =<{x}.0.0>,B =<0 {y}.0>,
G =<0,0,{x}>, Then (X,77) is N,-T,-space but it is not N-T',-space, (X,T;) is N,-T,-space but it is not
N-T,-space, (X,73) is N3-T'-space but it is not N-T,-space.
3.5 Remark
For a neutrosophic crisp topological space (X, T)
e  Every N-T-space is N;-T';-space
e  Every N-T-space is N,-T;-space
e Every N-T;-space is N;-T;-space
Proof the proof is directly from definition 3.2 .
The inverse of remark (3.5) is not true as it is shown in the following example,

3.6 Example

X ={xy} 7 ={X,0n,AB} T = {Xn0On G, F} A=<{x}.{y},0>, B =<{y}.{x},0>,
G =<0,0,{x}>, F =<@,06,{y}>, Then (X,77) is N;-T;-space but it is not N-T;-space. (X,7;) is N,-T ;-
space but it is not N-T';-space. (X,T;) is N5-T;-space but it is not N-T;-space

3.7 Remark
For a neutrosophic crisp topological space (X, 7)
e Every N-T',-space is N,-T',-space
e Every N-T',-space is N,-T,-space
e Every N-7',-space is N;-T,-space
Proof  the proof is directly from definition 3.2 .
The inverse of remark (3.7) is not true as it is shown in the example (3.6).

3.8 Remark
For a neutrosophic. crisp topological space (X, T)
e Every N-T;-space is N-Tp-space
e Every N-T,-space is N-T';-space
Proof the proof is directly.
The inverse of remark (3.8) is not true as it isshown in the following example :

3.9 Example

If ={x,y},T={XN, On, A, B, G}
A=<{x},0,0>,B=<0,{y}©0>,G=<0,0,{x}>,
Then ( X,T) is N-T,-space but not N-T';-space
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Conclusion

. We defined a new neutrosophic crisp points in neutrosophic crisp topological space

. We introduced the concept of neutrosophic crisp limit point, with some of its properties

" We constructed the separation axioms [N-Tj-space , i= 0,1,2] in neutrosophic crisp topological
and examine' the ‘relationship between them in details.
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