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Abstract. In 2018, Smarandache introduced the concept of hypersoft set by replacing the approximate function of the
Molodtsov’s soft sets with the multi-argument approximate function. Moreover, the fuzzy hybrid model of hypersoft set
was developed and thus the theory of fuzzy hypersoft set was initiated. This chapter is devoted to introduce the concept
of n-ary fuzzy hypersoft set extending the fuzzy hypersoft set with multiple set of universes (or n-dimension universal
sets), the concept of fuzzy hypersoft expert set that presents the opinions of all experts in one fuzzy hypersoft set model
without any operations, and the concept of n-ary fuzzy hypersoft expert set that exhibits the opinions of all experts in one
n-ary fuzzy hypersoft set model without any operations. Apparently, the n-ary fuzzy hypersoft expert sets include both
n-ary fuzzy hypersoft sets and fuzzy hypersoft expert set. Some basic operations of each of these extended fuzzy hypersoft
sets are derived and their structural properties are investigated. Finally, an application of ternary fuzzy hypersoft expert

set (i.e., n=3) in real-life problem are given.
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1. Introduction

Many fields deal with uncertain data that cannot be successfully modeled by ordinary mathematics.
Fuzzy sets [40], intuitionistic fuzzy sets [10] and neutrosophic sets [38] are well-known and often useful
approaches for describing uncertainty. Many generalized types of these uncertain sets were proposed
(see [2,5,17-19,33]), and are currently being studied on new extended types. In 1999, Molodtsov [28]
developed soft sets as a new mathematical model for dealing with uncertainty-based parametric data.
Moreover, many researchers studied basic operations of the soft sets [6,11,16,20,26]. In the last decade,
it was discussed the extended types of soft sets such as fuzzy soft sets [12,25], intuitionistic fuzzy

soft sets [13], neutrosophic soft sets [23,24] and N-soft sets [15]. In [14,21,22,29-32|, the theoretical
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aspects on these hybrid models of soft sets were studied. A soft set can be considered as is a subset
of parameterized family of a universal set. Ackgoz and Tag [3] initiated the theory of binary soft set
based on two universal sets and a parameter set and emphasized that it can be adapted for n-dimension
universal sets. Alkhazaleh and Salleh [7] proposed the idea of soft expert set, an extension of soft set,
containing more than one expert opinion. A few years later, they generalized the soft expert set to
fuzzy soft expert set, and argued that these sets are more effective and useful than soft expert set [8].
The approximate function in the structure of a soft set is defined from a parameter set to the power
set of a universal set. In 2018, Smarandache [37] proposed defining the approximate function of a soft
set from the cartesian product of n different sets of parameters to the power set of a universal set.
Thus, Smarandache [37] conceptualized hypersoft set as a generalization of soft set, and then presented
fuzzy hypersoft set sets as a fuzzy hybrid model of hypersoft sets. Abbas et al. [1] presented some basic
operations like complement, union, intersection, difference of (fuzzy) hypersoft sets. Saeed et al. [34]
studied of the fundamentals of hypersoft set theory. UrRahman et al. [39] developed a conceptual
framework of convexity and concavity on the hypersoft sets. In [27,35,36], the authors proposed the
extensions of hypersoft sets to make them more functional in various directions. In recent years, the
research on the hypersoft sets and extensions have been progressing actively and rapidly.

This chapter aims to propose new extensions of fuzzy hypersoft sets called n-ary fuzzy hypersoft set,
fuzzy hypersoft expert set and n-ary fuzzy hypersoft expert set. Simply, n-ary fuzzy hypersoft set is a
fuzzy hypersoft set over the multiple set of universes, fuzzy hypersoft expert set is a fuzzy hypersoft set
containing the opinions of experts, and n-ary fuzzy hypersoft expert set is a fuzzy hypersoft set over
the multiple set of universes and contains the opinions of experts. Moreover, it intends to present the
operations of complement, intersection and union on the n-ary fuzzy hypersoft sets, fuzzy hypersoft
expert sets and n-ary fuzzy hypersoft expert sets. Also, the solution of a problem under the ternary
fuzzy hypersoft expert set environment from the real world scene is addressed. This chapter organized
as follows: Section 2 presents some fundamental concepts of fuzzy sets, soft sets, hypersoft sets, and
fuzzy hypersoft sets. Sections 3, 4 and 5 are devoted to the theories of n-ary fuzzy hypersoft sets, fuzzy
hypersoft expert sets and n-ary fuzzy hypersoft expert sets, respectively. Section 6 presents an real-life

application of n-ary fuzzy hypersoft expert sets. The last section is the conclusions.

2. Preliminaries

In this section, some basic notions related to the fuzzy sets, soft sets, binary soft sets, soft expert sets,

hypersoft sets, fuzzy hypersoft sets and fuzzy hypersoft set operations are recalled.

2.1. Fuzzy Sets
Definition 2.1. ( [40]) Let A be a nonempty finite set. A fuzzy set F in A is defined as

F={W@g:qc A} (1)
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where pur : A — [0,1] is called a membership function for F and pr(a) represents the membership
degree of a in F. The set of all fuzzy sets in A is dented by §(A).

Example 2.2. Let A = {a1, as,as, a4, a3} be the set of houses. According to the membership ”cheap”,

one can create the fuzzy set
0.2 0.6 0 1 0.3
f - { at, az, "asz, az, al}-

Definition 2.3. ( [40]) Let F' be a fuzzy set in A.
(a): If pr(a) =0 for all a € A then it is called null (empty) fuzzy set and denoted by 0.

o~

(b): If pr(a) =1 for all a € A then it is called absolute (universal) fuzzy set and denoted by A.

Definition 2.4. ( [40]) Let F and G be two fuzzy sets in A. Then, we have the following operational

laws.

(a): F is a fuzzy subset of G if ur(a) < pg(a) for all a € A, and denoted by F C¢ G.

(b): The fuzzy sets F and G are equal if pr(a) = pug(a) for all a € A, and denoted by F = G.
(c): The complement of F is denoted and defined by F", where prr(a) =1 — pur(a) for all a € A.
(d): The intersection F and G is denoted and defined F Ny G, where prn,g)(a)

min{pz(a), fig(a)} = pur(a) A ig(a) for all a € A.
(e): The union F and G is denoted and defined F Uy G, where 1i(r,g)(a) = max{ur(a), pg(a)} =

wr(a)V pg(a) for all a € A.
2.2. Soft Sets

Let A be a universal set, and the power set of A is denoted by P(A).

Definition 2.5. ( [28]) Let X be a set of parameters and Y C X. A soft set (S,Y) over A is defined
as
(S8, Y)={ (z,S(z)) :z €Y and S(z) € P(A)} (2)

where S:' Y — P(A).

Example 2.6. Let A = {aj,a2,a3,a4,a5} be the set of suite rooms. Also, X = {z1 = cheap, xs =
modern, xs = beautiful} is the set of parameters, which describe the attractiveness of the suite rooms,

and Y = X. Then, one can create the soft set
(S,Y) = {(21,{a1, a4, a5}), (v2,{a4, as}), (v3,{a1, as, a3, as})}.

Definition 2.7. ( [3]) Let A; and As be two universal sets such that A; N Ay = 0, and P(A;) P(A3)
are power sets of A1 and As, respectively. Also, let X be a set of parameters and Y C X. A binary
soft set (S2,Y") over A = {43, Az}, is defined as

(S2,Y) ={ (2,82(x)) : z € Y and Sy(z) € P(A;) x P(A2)} (3)

Hiiseyin Kamaci and Muhammad Saqglain, n-ary Fuzzy Hypersoft Expert Sets



Neutrosophic Sets and Systems, Vol. 43, 2021 183

Example 2.8. Let A1 = {a},al,a},a},at} and Ay = {a?,a3,d2,a3} be the sets of suite rooms and
king rooms. Also, X = {x1 = cheap, x2 = modern, x3 = beautiful} is the set of parameters, which

describe the attractiveness of the rooms, and Y = X. Then, one can create the binary soft set
(827 Y) - {(331, ({{a%, azllv a%}7 {a?% ai}})), <x27 ({azllv a%}7 {a% a%’ ai}))a (333, ({a%’ a%? a%)’ a}L}v {a?b ag}))}

Definition 2.9. ( [7]) Let X be a set of parameters, £ be a set of experts and O be a set of opinion.
Also, let P =X x & x O and Q C P. A soft expert set (S, Q) over A is defined as

(S§,9) ={ ((z,e,0),8((x,e,0))) : (z,e,0) € QC X xE x O and S(x) € P(A)} (4)

where S : Q@ — P(A).

Example 2.10. Let A = {a1,a2,as3,a4,a5} be the set of suite rooms. Also, X = {x; = cheap, x2 =
modern, xs = beautiful} is the set of parameters, which describe the attractiveness of the suite rooms,
and € = {ej, ea} is the set of experts and O = {01 = agree(1) 03 = disagree(1)} is the set of opinions.
For Q = {(z1,e1,1), (z1,€2,1), (x1,e2,1), (z2,e1,1), (21,€1,0), (x2,e2,0)} C X x €& x O, one can create

the soft expert set

((xla €1, 1)7 {ah a2})7 ((331, €2, 1)7 {a47 a’5})7
(S, Q) = ((561, €9, 1), @), ((1’2, e1, 1), {al, as, a4, CL5}),
((xlv €1, 0)7 {a3a a4, CL5}), ((1'27 €2, 0)7 {al})

2.3. Hypersoft Sets

Throughout this chapter, X7, Xs, ..., X;,, are the pairwise disjoint sets of parameters (i.e., X; N X =0
for each i,i’ € I = {1,2,....,m} and i # ), and X = [[ X; = X7 X X2 x ..., X;;,. Generally, the
el
parameters are attributes, characteristics, properties of the objects.
Definition 2.11. ( [37]) Let Y; be the nonempty subset of X; for each i € I = {1,2,...,m} and
Y =]]Y: = Y1 x Yy x...,Y,. Then, the pair (H,Y) is called a hypersoft set over A, where H is
el

mapping given by

H:Y — P(A) (5)

Also, 7' is an element of Y; and (z%);cr = (2!, 22, ...,2™) is an element of Y = Y1 x Y3 X ..., Y;,.

Note 1. In this chapter, we use the notation x! = (2%)ie1.

Example 2.12. Assume that a person wants to buy a car and, for this purpose, visits to a car
showroom where cars of the same segment are exhibited. Let A = {a1, a2, a3} be a universe containing
cars in the same segment. The characteristics or attributes of these cars must be analyzed so that
a decision can be made. The pairwise disjoint sets of attributes (parameters) are X;, Xo and X3
and describe image-prestige, performance and economy, respectively. These sets are X; = {x% =

safe, x3 = comfortable, aczl,, = design — aesthetic} Xo = {2? = engine power, x3 = torque}, and
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X3 = {.%i{’ = fuel consumption, x% = tax, :U% = sale price}. He/she determines the attributes
(parameters) to be used in evaluating the cars as Y1 = X1, Yo = Xo and Y3 = {xi’,x%} C X3 (ie.,

Y =Y] x Y x Y3). As a result of the evaluation, it is created the following hypersoft set.
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2.4. Fuzzy Hypersoft Sets

Definition 2.13. ( [37]) Let Y; be the nonempty subset of X; for each i € I = {1,2,...,m} and

Y =[[Yi=Y1 xYaX.., V. Also, let F(A) be the set of all fuzzy sets in A. Then, the pair (H,Y) is
el
called a fuzzy hypersoft set over A, where H is mapping given by

H:Y = F(A) (5)
Note 2. The collection of all fuzzy hypersoft set over the universal set A for X is denoted by €(A, X).

Example 2.14. Consider the problem in Example 2.12. As a result of the evaluation under the fuzzy

environment, it is created the following fuzzy hypersoft set.

(2], 2%, 29), {Va}, @) a}, OO al}),
(2], 2%, 23), {**)a}, %) a}, OO a}}),
(=1, 23, 21), {"Va1, 09 a3, 2 a}),
(a1, 23,23), {®Va}, 0 a},© af}),
(2}, 27, 21), {Va],V a3,V ag}),
(Y = (23, 2%, 23), {Vaf, M a3,V ag}),
’ (23,23, 29), {*?a}, @7 a}, O a}}),
(23,23, 23), {?a}, OV a}, OO al}),
((xd, 2%, 29), {Fa}, ) a}, O al}),
((zh, 27, 28), {01, OV a}, 9 ag}),
(2}, 23, 1), {©9a], 09 a},(V a}}),
(w3, 23, 23), {*Va}, 7 a}, ) a}})
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Definition 2.15. ( [1]) Let (H,Y) € ¢(4,X).
(a): If H(x') = () for each x! € Y then it is said to be a relative null fuzzy hypersoft set (with
respect to Y), denoted by @Y. If Y = X then it is called a null fuzzy hypersoft set and denoted
by @x
(b): If H(x!) = A for each x' € Y then it is said to be a relative whole fuzzy hypersoft set (with
respect to Y), denoted by gy. If Y = X then it is called an absolute fuzzy hypersoft set and
denoted by ﬁx.

Note 3. Y CZ (ie., (Y1 xYax ... xXYy,) C(Z1 X Za X ... X Zp,)) i Y; C Z; for all ¢ € I.

Definition 2.16. ( [1]) Let (H#,Y), (K,Z) € €(A,X).
(a): (H,Y) is called a fuzzy hypersoft subset of (K, Z), denoted by (H,Y) C (K,Z), if Y C Z
and H(x) Cy K (xY) for cach x! € Y.
(b): The fuzzy hypersoft sets (#,Y) and (K, Z) are called equal, denoted by (H,Y) = (K, Z), if
(H,Y) C (K,Z) and (K,Z) C (H,Y).

Definition 2.17. ( [1]) Let (H,Y) € ¢(A,X). Then, the relative complement of fuzzy hypersoft set
(’g,Y), denoted by ("i‘%Y)T7 is defined as

(;LLY)T = (ﬁT7Y)7 (5)
where H"(x!) is the fuzzy complement of H(x) for each x! € Y.

Note 4. Ttis clear that T = YNZ = (Y1 x Yo X ... XY, )N(Z1 X Zo X ... X Zp,) = (Y1NZ1) x (YaNZ3) X ... X
(YoNZpy) and T = YUZ = (Y1 x Yo X ... X Y )JU(Z1 X Zo X .. X Z) = (YTUZ7) x (YoUZ2) X ... X (Y, UZy).
IfY;NZ; = for some i € I then T =Y NZ = (). From now on, we assume that T =Y NZ # 0.
(Similarly, & = Q NAR # ) in Sections 4 and 5).

Definition 2.18. ( [1]) Let (H,Y),(K,Z) € €(A,X). Then, the restricted intersection of fuzzy hy-
persoft sets (H,Y) and (K, Z) is denoted and defined by (£, T) = (H,Y) @ (K, Z) where T =Y N Z

and

L(xh) =H(x Ny K(x (6)
for each x! € T.

Definition 2.19. ( [1]) Let (H,Y),(K,Z) € €(A,X). Then, the extended intersection of fuzzy hy-
persoft sets (H,Y) and (K,Z) is denoted and defined by (£, T) = (#,Y) N (K,Z) where T = Y U Z
and

H(xD), if x'ey,

LxN =4 K&Y, if x'eZ, (7)
H(xN) Ny K(xY), if x'eYNZ,

for each xI € T.
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Definition 2.20. ( [1]) Let (H,Y),(K,Z) € €(A,X). Then, the restricted union of fuzzy hypersoft
sets (#,Y) and (K, Z) is denoted and defined by (£,T) = (H,Y) U (K, Z) where T =Y NZ and

L(x") =H(x") Uy K(x) (8)
for each x! € T.

Definition 2.21. ( [1]) Let (#,Y),(K,Z) € €(A,X). Then, the extended union of fuzzy hypersoft
sets (H,Y) and (K, Z) is denoted and defined by (£,T) = (#,Y) U (K,Z) where T = X UY and

H(xD), if xLeY,
KD, if xIez, (9)
H(x") Ur K(xY), if x'eYNZ,

L(x!) =

for each xI € T.

3. n-ary Fuzzy Hypersoft Sets

In this section, we introduce the notion of n-ary fuzzy hypersoft set and derive its fundamental opera-

tions.

Let {A; : j € J = {1,2,...,n}} be a collection of universal sets such that A; N Ay = () for each

g7 € J={1,2,..,n} and j # j'. Also, let FA) = [] F(4;) = F(A1) x F(A2) X ... x F(Ay), where
jed

§(A;) denotes the set of all fuzzy sets in A;.

Definition 3.1. A pair (ﬁn,Y) is said to be an n-ary fuzzy hypersoft set over A = {41, A, ..., A, },

where H,, is mapping given by
Ho Y — (). (10)
Simply, an n-ary fuzzy hypersoft set is described as the following:

(Hn,Y) = {(x",Ho(xD):x! €Y and H,(x1) € A}
{(Nﬁ"("”(al))al cal € Ay},
{(M’%("”(az))a2 :a? € As},

{(Nﬁn(xl)(an))an cam e An}

\

where ﬁn(j)(xl) = {(“ﬁyl(xl)(aj))aj cal € A} for j = 1,2,...,n and it is termed to be an Aj-part of
Ho(x).
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Especially, if n = 2, 3,4 and 5 then it is called a binary fuzzy hypersoft set, ternary fuzzy hypersoft set,

quaternary fuzzy hypersoft set, quinary fuzzy hypersoft set, respectively.

Note 5. The set of all n-ary fuzzy hypersoft sets over A = {4;, Ag,..., A, } for X is denoted by
Cn, (A, X).

Example 3.2. We consider the problem in Examples 2.12 and 2.14. However, he/she aims to deter-
mine the optimal car in each segment by evaluating cars in different segments simultaneously. Assume
that Ay = {a},al,al}, Ay = {a?,a3} and A3 = {a3,a3, a3} are sets of cars in the B-segment (Super-
mini family), C-segment (Small family) and D-segment(Large family), respectively. Considering the
parameter subsets Y7 = X1, Yo = X5 and Y3 = {x‘?, x%} C X3, he/she evaluates the cars in different

segments, and thus constructs the following ternary fuzzy hypersoft set.

((:U%,:C%,x ) ({(0 4)a%,(0 .3) a%j(o .6) a%}’{(O.S)a%’(OF) CL%L{(0.5)a{%’(0.5) CL%’(OA) a%})),
((@ha?.a). ((©9a].09 a},09 ), {0707 ), (09,09 o, 09 ag))),
(@} a3, D), (109al,09 0,02 o} {09607 a3}, {090, 09 04 af),
((x%’x%,xg),({(0.1)6&,(04) a%,(o) 1} {0.2)a2 (0.4) 2} {(0.6 3(0.4) a%,(0'4) a%}))7
(e}, a3,0]), (Va0 ab @ ad}. (Vat.© a3}, (00a] 00 a3, 09 ay),
oy — 4 (@hat ), (Va0 ab O ad), {09a2,07 a3), (09109 4,0 1))
((xé,x%,xi{’),({(0'5)a%,(0'7)a§,(04) 1} {(01 2(05 a2}, {02)a (04) 3(0.6 3}))
((5657:637@%({(0.2)a%’(01)a%7(06) 1} {(04 2(06 a2}, {os)a (0.4) 3(01 3}))
(o, ), (109 09,0 oy, (0912 09 ) (0309 O i)
(e} 25, (0] 09 09 o1 078 09 ), {0910 5,09 o),
((x%,w%,x?),({(O'Q)G%,(O'g)a%,(l 1} {OZ)a (02) 2} {(04 3(02)a% (0.4) a%}))
((a:%,x%,m%),({(0'4)a%,(07)a%,(05) 1} {(06 2(08 2} {os)a (0.8) 3(05 3})) )

Definition 3.3. Let (H,,Y) € €y, (2, X).

(a): If H,(xh) = (@,@, ,@) (i.e., ﬁn(j)(xl) =0 Vj € J) for each x! € Y then it is said to be a
relative null n-ary fuzzy hypersoft set (with respect to Y), denoted by @gn If Y = X then it
is called a null n-ary fuzzy hypersoft set and denoted by @%"

(b): If Hp(xh) = (A1, Ay, ..., Ay) (e, ﬁj(xl) = ﬁj Vj € J) for each x! € Y then it is called a
relative whole n-ary fuzzy hypersoft set (with respect to Y), denoted by ﬁg" If Y = X then
it is said to be an absolute n-ary fuzzy hypersoft set and denoted by ﬁ%”

Definition 3.4. Let (H,,Y), (K, Z) € €y, (A, X).
(a): (Hn,Y) is termed a fuzzy hypersoft subset of (K, Z), denoted by (Hn,Y) Cn, (Kn,Z), if
Y CZ and

Moy (x") Sf Huy(x) Vi€ J (11)

for each xI € Y.
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(b): The n-ary fuzzy hypersoft sets (H,,Y) and (K,,, Z) are called equal, denoted by (Hy, Y) =x;,
(Kn, Z), if (Hn, Y) Cn, (Kn,Z) and (Ky, Z) Cy,, (Hn, Y).

Example 3.5. Consider the ternary fuzzy hypersoft set (ﬁg,
the disjoint parameter subsets Z; = {z1, 23} C X3, Z»

and

(’Eg,Z) =

x%’xl’x?)’ ({(0 4)a% (©. 1) 1 (04
el a2, 23), ({02l O 0}, 01 o}
.%%,ZE%,ZL‘:{’),({(OQ)(L%,(O?’) 1 (02
l‘%, l’%, 1’%), <{(O l)a%v(o 3) (0 a3
o8, 9), (O 09 g} 00
b, ). (Oa] O o} 00
b ). (090} 09 o} 000
x%,x%,x%), ({(0 2)a1 02) , (0.2

1} {(0 1)a2 (0.6) 2} { 05 (0 3) 3 (0 1) 3}))
}{01 04 2}{01 (01) 3( a3}))
1}{08 07 2}{02 (02 3}))
}{01 03 az}{02 (01 3}))
é}v{ 03 %}7{ a3}))7
1}{ 0.3)a2 (0.4) 2} {(0.3 3 (0.2) 3 (0.2) 3}))
} {01 01 2} {(03)a3 (01) 3}))

é}v{ Oﬁ)al’ 08 %}7{ ala 27(05 3}))

Y) in Example 3.2. Also, we assume that

= Xo, Z3 = {23,723} C X3 (i.e., Z = Zyx Za X Z3)

Then, we have Z C Y (by considering Note 3) but (163, Z) is not a ternary fuzzy hypersoft subset (7—~l3, Y)

since ]%3(3)((113%, ZE%,{L‘%)) g—f H3(3)(($3a IL‘%, ZE3)) If we take K3(3)(($3,3§‘%, 1‘3)) Cf { 08
then we can say that (Ks, Z) is an n-ary fuzzy hypersoft subset (Hs, Y) (i.c.,

Definition 3.6. Let (H,,Y) € €y, (2, X).

308) 4

(H3a

set (Hn,Y), denoted by (H,, Y) ™, is defined as

(Hn, Y)™N0 = (H,Y),

where ﬁ;(j)(xl) is the fuzzy complement of ﬁn(j)(xl) (Vj € J) for each x! € Y.

Example 3.7. The complement of the ternary fuzzy hypersoft set (7—~[3,

(Hs, Y

)TNB =

Proposition 3.8. Let (H,,Y) € €y (A, X).

Y) in Example 3.2 is

((m%,x%,xi}’),({m@a% (0.7) 1(04 1} {07)a (0.3) 2} {(05 3(05) (O.6)a§}))7
2l 22 3 (0.5) 41 (0.4) 1(04 al 03)a (03) 21 (0.7) 3(06) 0.5) 3
((z1, 27, 25), {"ay, 34 { ahd 51)),
((1’%7 %,x?),({(m)a%,(m) 1(08 1} {02)a (0.3) 2} {(04 3(07) (06 3}))
((x%’x%"rg)v({(o%a% (0.6) 1(1) 1} {(08 2(06 2} {04)a (06) 3(06 3}))

(b ), (Va9 o} ) o), {00 a8} {0000 a0 ),
(.2, (000 a0 o]} {0709 63) (09,09 0 07) ),
(oo, (09009 o} 09 ), {0% 09 a3}, {(08 1058 09 ),
((x%,x%,x%),({(Og)a%,(og) (04) 1} {06)a (0.4) 2} {(02 3(06) %7(09)6@}))7
(2., (02}, a4 09 aj}, (063,07 ) (Va0 ) ),
((x%,x%,mg),({(Os)a%,(OG) 1(0.4) 1}{03 06 2} {(06 3(04)a2 (07)(13}))
(D). (V] 07 b0 ad}, (963,09 8}, (092,09 09 ),
(e, 3, ), ({0a], 09 03,09 al), {0003, a3}, {02)a 02 a3, 09 af}))

Then, we have the following.

(0.5) ag}

) ENg (’C37 Z))

Then, the relative complement of n-ary fuzzy hypersoft

(12)
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() (s X)) =, (Ha, V).
(iD): (A" =n, OF".

(iii): (@Y )rvn =y, AN

Proof. The proofs are straightforward.

Definition 3.9. Let (H,,Y),(K,,Z) € €y, (A, X). Then, the restricted intersection of n-ary fuzzy
hypersoft sets (H,,Y) and (K,,Z) is denoted and defined by (£,,T) = (Hn,Y) Ay, (Kn,Z) where
T=YNZ and

ICn(j)(xI) = Hn(]) (XI) Ny En(j)(xl) Vield (13)
for each xI € T.

Definition 3.10. Let (H,,Y),(Ky, Z) € €y, (%, X). Then, the extended intersection of n-ary fuzzy
hypersoft sets (H,,Y) and (K,,Z) is denoted and defined by (£,,T) = (Hn,Y) My, (Kn,Z) where
T=YUZ and

Ho(xh), if xeY,
L,(xh =< Ky(xb), if xIez, (14)
Ho(xD) Ny Ku(xY), if xIeYNZ,

for each x' € T, where Eq. (13) is applied to obtain 7, (xY) Ny Kn(xh).

Example 3.11. Consider the ternary fuzzy hypersoft set (7—~[3, Y) in Example 3.2. Also, we suppose that
the disjoint parameter subsets Z; = {23} C X1, Zo = Xo, Z3 = {23,23} C X3 (le., Z = Zy X Zy x Z3)

and

((zd, 22, 23), ({©Dqa},©06) al (0.5) al} {(02)42 (06) g2} 1(0:4)3 (0.5) 43 (0.4) 3})),
oz — d (bt o), (O9a] 00 ah,00 aly {09650 ), {000 09 109 i),
(23,23, 23), {©Va}, Y a3,02) ag}, {©a,©5) a3}, {©2)af, O ai})),
(23,23, 23), ({*Pag, O %7(02%},{(07’@ 0 %}7{(“%‘1‘,(02) 37“”) a3})),

Then, the restricted intersection and extended intersection of the ternary fuzzy hypersoft sets (ﬁ;;, Y)

and (K3, Z) are respectively

(P, Y) A, (R, 2) = { ((wh a2, (9]0 09 a}), (093 09 a3}, (093,09 a0 ad), }
) 3 9 - 9
(b, o), (020} OD 0}, 02) o} {O9a2 09 a3}, {20, 02 a,O) o))
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and

{0441 (03) g1 (0:6) g1} [(03)42 (0.7) g2} 1(0:5)43 (0.5) 43 (04) g3}
{041 (0:6) g1 (0:5) g1} [(02)42 (06) 42} [(0:4)3 (0.5) 43 (04) g3}
{(08)g1 (0:4) g1 (0.6) g11 [(03)42 (03) g2} 1(0:5)43 (0:3) 43 (03) g3}
{(0:3)g] (0:3) g1 (0-2) g1} £(08)42 (0.7) 21 1(0-6)43 (0-3) g3 (04) g3}
{001 (09) g1 (0:2) g1y £(0-5)42 (0.5) g2} £(0:2)43 (0-4) g3 (07) 43}
{(02)g1 (01) g1 (0:2) g1} 1(0.4)42 (0.6) 2} £(0-2)43 (0-2) 43 (0-1) 43}
{©a1,© a3, ag}, {Ma2, @ a3}, {OVaf, 09 af, () a})),
{Mal, M a3, M ag}, {©Dad, 07 a3}, {©Pa, Y 03,09 ad})),
(0900}, 00 } 0 g}, (00,09 a3}, {02609 09 a3y)),
{(02)g1 (01) g1 (0:6) g1} 1(0.4)42 (0.6) g2} £(0-8)3 (0-4) g3 (0.1) g3YY),
{(08)g1 (0:6) g1 (0:4) 11 £(06)42 (03) g2} 1(0)43 (0:2) g3 (0) g3},
{02a},04) 6}, (09 3} {3, 0 63}, {0 43,03 a3})),
{0951 (03) g1 (1) g1} {(02)42 (02) g2} 1(0:4)43 (0.2) 43 (04) g3Y)),

{(0.4)a%7(0.7) a%7(0.5) all, {(0.6)a%7(0.8) a2}, {(o.s)azls7(o.8) ag7(o.5) a3}))

®
IS
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=
s
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s
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Definition 3.12. Let (H,,,Y), (Ky,Z) € €y, (A, X). Then, the restricted union of n-ary fuzzy hyper-
soft sets (Hn, Y) and (Ky, Z) is denoted and defined by (£, T) = (Hp, Y)Uy, (Kp, Z) where T = YNZ

and

Koy () = H () (x5 Uy Ky (1) Vi€ T (15)
for each x! € T.

Definition 3.13. Let (H,,,Y), (K, Z) € €x, (2, X). Then, the extended union of n-ary fuzzy hypersoft
sets (Hn,Y) and (K, Z) is denoted and defined by (£, T) = (Hn,Y) Uy, (Kn,Z) where T = X UY

and

Ho(xD), if xteY,
(x1), if x!ecZ, (16)
(x1) Uy K.xY, if x'eYNZ,

LY ={ K,
Ha

for each x! € T, where where Eq. (15) is applied to obtain H,(x%) Us K, (x%).

Example 3.14. Consider the ternary fuzzy hypersoft sets (7-73,Y) and (163, Z) in Examples 3.2 and
3.11. Then, the restricted union and extended union of the ternary fuzzy hypersoft sets (H3,Y) and
(K3, Z) are respectively

Fia ) U, (B Z) = { ((@hat,a). ((Dak. 0 ab O af}, {072 0 3}, {9 09 09 ad), }
9 3 9 - )
(@b 3.29). (10}, 04) 3,09 ol {OTa 07 a3} {02af, O a3 0D a3})
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and
(21,22, 23), ({(04 1(0:3) 1 [(0.6) al},{ 0'3)a2 (0.7) a2}, {(0.5)a3 (0.5) 3 [(0.9) a3})),
(23,22, 23), ({(04 1(0:6) l [(0.5) al}, { (0. 2)a (0.6) a2}, {(04 3(05) ¢ 3 [(0.4) a3})),
(b0, (Dad O a0 a3}, (008 0 a3}, (098,09 43 09) g3}
((x%’x%xi})’ ({(03 1 (O 3) %7(02 1} { 08)a (0 7) 2} {(06 3 (O 3) 3 (O 4) ag}))7
(21,22, 23), ({(04 1 (0.4) %7(02 al},{ os)a (0.5) a2}, {(02 3 [(0:4) ¢ 3 [0.7) a3})),
((x%,x%,xg), ({(05 1 (0 4) 1 (06 1} { (0. 7)a2 (0.7) 2} {(08 3 (0 4) 3 (0 1) ag}))7

_ _ 2l 22 .3 OF o) 1(0a (1) 2(0) 21 £(0.2) 3(06)a3(08)a

(H3,Y) Un, (K3,Z) = Eixz:x%:é;: gu (M) gL () i }(o 3)2 (0. 7)} 3{}7{ 05)43 (04) g3 (0.3 3}32})),
(2,22, 23), ({©Dal O 7) 1,04) g1y £(0-1) 2 (0.5) a%}’{(OQ :;,7(0 ) 43,006) g31)),
(23,22, 23), ({(0 2), 1 (01 4 l [(0.6) al},{ 0'4)a2 (0.6) a2}, {(o.s)a:{, (0.4) 3 0.1 a3})),
((mé,xf,x‘r{’), ({(0 8) 1 (0 ) 1 (0 4) 1} { OG)a (O 3) 2} {(O)a (0. 2) 3 (0) a ))
((xé,x%,xé), ({(O 2) 1 (O 4) 1 (O 6) 1}{(07 2 (04 2} { 04)a (06 3}))
((a:ﬁ,x%,x?),({(og 1(0:3) 1 (e al}, {(02 2 (0 2) a2}, { 04)a (0 2) 3 (0 4)a ),
(21,22, 23), ({(o 4)a1 0.7) al (0.5) al}, {(o 6)a2 (0.8) a2}, {(0 8)a3 (0.8) 3 [(0.5) a3}))

Proposition 3.15. Let (H,,Y), (Kn, Z), (Lo, T) € €y, (A, X). Then, we have the following equalities.
(): (Hn, Y) o (Kn,Z) =n, (Kn,Z) o (H,Y) for each o € {My,,Un,}.
(ii): (Hn, Y) o (Kn,2Z)o (L, T)) =5, (Hn,Y) 0 (Kn,Z)) ¢ (Ln, T) for each o € {An,,Un, }.
(ii): (Hn, Y) o (Kn,Z) 0 (Ln, T)) =5, (Hn, Y) 0 (K, Z)) 0 (Hn, Y) ¢ (£, T)) for each 0,0 €
{Mn,, U, }.
(1v): (Hn, Y) 0 (K, Z))™Nn =, (Hn, Y)'N 0 (K, Z)™n for each 0,0 € {Ay,, Uy, } and o # o.

Proof. The proofs are straightforward.

Proposition 3.16. Let (ﬁn,Y), (/En, Z), (Zn,T) € €n, (A, X). Then, we have the following equalities.
(): (Hn, Y) o (Kn,Z) =n, (Kn,Z) o (H,Y) for each o € {Ny.,,Un, }.
(i1): (Hn, Y) o (Kn,Z) o (Ln, T)) =n, (Hn,Y) 0 (Kn,Z)) o (Ly, T) for each o € {My,,,Un, }.
(ii): (Hn, Y) o (Kn,Z) 0 (Ln, T)) =5, (Hn, Y) 0 (K, Z)) 0 (Hn, Y) ¢ (£n, T)) for each 0,0 €
{An,,UnN, }
(iv): (Hn, Y) 0 (K, Z))™Nn =, (o, Y) N0 0 (K, Z) N0 for each o,0 € {Mx,,,Un, } and o # o.

Proof. The proofs are straightforward.

4. Fuzzy Hypersoft Expert Sets

In this section, we define the concept of fuzzy hypersoft expert set and give its basic operations with
the properties.

Throughout this section, A is a universal set, X, Xo, ..., X, are the pairwise disjoint sets of parameters
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(i.e., X;N Xy =0 for each i,i' € I ={1,2,...,m} and i # i), and X = [[ X; = X1 X Xa X ... x Xy

el

Also, £ is a set of experts, O is a set of opinions, o = X x & x O and Q C L.

Definition 4.1. A pair (ﬁ, ) is said to be a fuzzy hypersoft expert set over A, where H is mapping

given by

H 9 - F(A). (17)

Note 6. In this chapter, we suppose two-valued opinions only in the set O, i.e., O = {01 = agree(1), 0y =

disagree(0)}. However, the multi-valued opinions may be supposed as well.

Note 7. The set of all fuzzy hypersoft expert set over the universal set A for B is denoted by €g(A, ).

Example 4.2. Consider the problem in Example 2.14. Assume that he/se seeks the opinions of 3

experts with the intention of determining the optimal car(s) to buy. The set of experts is £ = {e1, e2, e3}

and the set of opinions is O = {01 = agree(1), og = disagree(0)}. For

(((CL‘ 7-75%7‘@ )7617 1)7 (((LL‘LLC%, l‘?
% )76271)’(«@&’1‘%7%%

1 3

1 3

(((xl,x%,x )78370)a (((1‘ ,ZE%, x

) €2, 1)7 (((m

1 2 ,.3 1 2 3
1 1 1 1 1 3
) 35 1)7 (((x%,x%,x:f),el,O), (((x%,x%,x?),eg,O), CXx&ExO,
1 2 3 1 2 3
1 1 3 1 1 3

) 170)7 (((‘T

)
, €
, €

it is created the following fuzzy hypersoft expert set.

(((x1,23,2), €1, 1), { ©9a1,00) 0,03 az}),
(21,23, 29), €2, 1), { ©Day, 0D a5 (07 ag}),
(21,23, 29),e3,1),{ OVay, 0 a5, (03) ag}),
(21, 23,23),e1,1),{ ©Day, 02 a5 (04 ag}),
(=1, 23, 23), €2, 1), { Way, 02 a9, ag}),
(,9) = (=], 2%, 23), 3, 1), { Va1, 0 ay,00) ag}),
(((33%755%737:1)’)76170)7{ (0'4)a1a(0'2) a2,(0‘5) asz}),
(=, 23, 2%), €2,0),{ D ay, 09 4y, ag}),
(((z],2%,23), e3,0),{ ©Day, 07 ay,01 a}),
(1,23, 28), €1,0),{ “Vay (00 ay,(05) a3},
(21,23, 23), €2,0),{ ODay, 05 q5,03) ag}),
| (21,27, 23), €3,0), { 0-7)q,,(06) 9,09 q3}) )

Definition 4.3. Let (#,Q) € €5(A, ). Then,
(a): (H,9)' = {(¢,H(q)) : g € X x € x {1} C O} is termed to be an agree-hypersoft expert set

over A.
(b): (H,Q)°

over A.

{(g, H(q)) :qe X xEx {0} C Q} is termed to be a disagree-hypersoft expert set

From the definition, it is obvious that (H,Q)! U (H,Q)° = (H, Q).
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Example 4.4. We consider the fuzzy hypersoft expert set (7—~[,Q) given in Example 4.2. Then, the
agree-fuzzy hypersoft expert set (7?[,53)1 and the disagree-fuzzy hypersoft expert set (?—N[,D)O are re-

spectively
(((xi,x%,x?), €1, 1)7 { (©. 5)al (0-6) az, (0-3) a3})7
(((‘r%?x%x?)ve?vl)?{ (© ) (04) az, ©0.7) a3})7
(H.Q) = (2,27, 29), e3, 1), { @ 4)a1 (03) ag,0-9) ag}),
’ (((z,2%,23), e1,1),{ (07 gy,002) gy (04 as}),
(((m%,x%,x%),e% 1)’{ (1)a1,(0'2) CLQ,( ' a3})7
(1,27, 23), e3,1),{ ©Par, 0 5,00 a3})
and
(2], 23, 2),€1,0), { ©¥a1,02) ay,0%) az}),
(a1, 2,21), €2,0), { ©Pay, 00 43,0 a3}),
(7?[ Q)O = (((x%7$%7x?)76370)7{ (0-7)q (O 7 az, ©.7) az}),
7 (((x%7x%7x§>76170)7{ (© ) (06) az, (0.5) a3})7
(a1, 21,23), €2,0), { ©Day,09) 03,0 az}),
(((x%,x%,x%), €3, 0)7{ (©- 7)al (0.6) az, (0.5) CLS})

Definition 4.5. Let (H,Q) € Cg(A, ).

(a): If H((xL,e,0)) = 0 for each (xI,e,0) € Q then it is called a relative null fuzzy hypersoft
expert set (with respect to Q), denoted by @g If Q = P then it is said to be a null fuzzy
hypersoft expert set and denoted by @qb;

(b): If H'((x!,e,1)) = 0 for each (xI,e,1) € Q then it is termed to be a relative null agree-fuzzy
hypersoft expert set (with respect to ), denoted by @gl If 9 = B then it is named a null
agree-fuzzy hypersoft expert set and denoted by @%1

(c): If 7—~[O((XI, e,0)) = 0 for each (x!,e,0) € Q then it is termed to be a relative null disagree-fuzzy
hypersoft expert set (with respect to £), denoted by @go. If Q = B then it is called a null
disagree-fuzzy hypersoft expert set and denoted by @%0

(d): IfH((xL, e,0)) = A for each (x, e,0) € Q then it is said to be a relative whole fuzzy hypersoft
expert set (with respect to Q), denoted by A\g If Q =B then it is named an absolute fuzzy
hypersoft expert set and denoted by A\E .

(e): If H1((xY,e,1)) = A for each (x,e, 1) € 0 then it is said to be a relative whole agree-fuzzy
hypersoft expert set (with respect to ), denoted by ggl If Q = P then it is named an
absolute agree-fuzzy hypersoft expert set and denoted by @%1

(f): If HO((x",e,0)) = A for each (x',e,0) € Q then it is called a relative whole disagree-fuzzy
hypersoft expert set (with respect to Q), denoted by ESO If Q =P then it is called an absolute
disagree-fuzzy hypersoft expert set and denoted by Xgo
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Example 4.6. The following hypersoft expert sets are given as examples of relative null agree-fuzzy

hypersoft expert set (with respect to Q) and relative whole disagree-fuzzy hypersoft expert set (with

respect to Q) over A.

~

and

o~

(=], 2%, 23), e1,1),{ Da1, ag,0) az}),
(=1, 23, 2%), €2,1),{ @1, a,® az}),
(=1, 23, %), €3, 1), { @1, a5, as}),
(1,23, 28),e1,1), { @ a1, a3, ag}),
(a1, 2%, 23), e2,1),{ Day, @y, ag}),
(1,27, 23), €3,1),{ a1, a5, a3})
(((z1,23,2%), €1,0),{ Mar, M ag, M az}),
(=1, 23, 2%), €2,0), { May,V ag, M az}),
(2}, 23,29),e3,0),{ May,V az,(V ag}),
(((z1, 2}, 23), €1,0),{ War,M ag,V az}),
(((z},22,23), €2,0), { War, M ag,V az}),
(a1, 21,23), 3,0), { Wa1, W az,V ag})

Definition 4.7. Let (H,9Q), (K, R) € €g(A, ).

(a): (H,9) is termed to be a fuzzy hypersoft expert subset of (K,R), denoted by (H,Q) Cg

(K,R), if Q C R and H((x", e, 0)) Cy K((x%,e,0)) for each (x!,e,0) € Q.

(b): The fuzzy hypersoft expert sets (H,Q) and (K,9R) are named equal, denoted by (H,Q) =g
(K, %), if (H,9) Cp (K,R) and (K,R) Cp (H, Q).

Example 4.8. Consider (H, Q) in Example 4.2 and the (7:2, Q) and (7—~l, 0)? Example 4.4. It is obvious
that (7—~[, Q) and (ﬁ, 0)0 are fuzzy hypersoft expert subsets of (H, ). Moreover, @gl is fuzzy hypersoft

expert subset of (#,9Q).

Definition 4.9. Let (ﬁ,ﬂ) € Cp(A,PB). Then, the relative complement of fuzzy hypersoft expert set
(H,9), denoted by (H,Q)"=, is defined as

where H"((xL, ¢, 0)) is the fuzzy complement of 7 ((x%, e, 0)) for each (xI,¢,0) € Q.

(H,Q)"" = (H",9Q),

(18)
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Example 4.10. We consider the fuzzy hypersoft expert set (7—~[, ) in Example 4.2. Then, the relative
complement of fuzzy hypersoft expert set (7?[, Q) is

7

(=1, 23, 23), e1,1),{ Oy, 0D ay,01 ag}),

(=, 23, 2%), €2, 1), { ©®ay,(09) 4y, ag}),

(=], 23, 23), 3, 1), { 91,07 ay,01 ag}),

(=1, 23, 23), €1, 1), { ©9ay, 08 09,00 ag}),
(=], 23, 23), €2, 1), { Day, 0¥ ay,0D ag}),

(H,Q)"" = (1, 27, 23), e3,1), { ©Dar, 07 az, 0 az}),

7 (21,23, 29),€1,0),{ ©9ay, 08 a5 (05) gq}),

(=, 23, 2%), €2,0), { ©Day, 0D ay,01 ag}),

(21,21, 27), e3,0), { 08)gy,(03) gy (03) az}),

(((55%737%79”%)7@170)7{ (09)g,,(0-4) g,,(0-5) az}),

(21, 23,23), €2,0),{ ©Day, 05 a5 (07 ag}),

[ (2,27, 23), €3,0), { ©Pay, 09 5,05 az})

Proposition 4.11. Let (7—~[,Q) € €p(A,B). Then, we have the following.
(): (H, Q=)= =p (H,9).
(ii): (A5)™ =5 (05).
(iii): (@D )'E =p (Ag)

Proof. The proofs are straightforward.

Definition 4.12. Let (H,Q), (IE,ER) € Cg(A,B). Then, the restricted intersection of fuzzy hypersoft
expert sets (H, Q) and (I, R) is denoted and defined by (£, &) = (H, Q) mg (K,R) where & = QNN

and
L((xe,0)) = H((x}, e,0)) N K((xE, e, 0)) (19)
for each (x!,¢,0) € &.

Definition 4.13. Let (ﬁ,ﬂ), (K,:R) € Cr(A,B). Then, the extended intersection of fuzzy hypersoft
expert sets (H, Q) and (K, ) is denoted and defined by (£, &) = (H,9Q) Mg (K,R) where & = QU R
and

(x,e,0)), if (xl,e,0) €9,

(x%,e,0)), if (xl,e,0) € R, (20)
(x%,e,0)) Ny IC((XI,e,o)), if (xI,e,0) € QNNR,

™
W
-
)
S
2

for each (x!,¢,0) € &.
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Example 4.14. Consider the fuzzy hypersoft expert set (H, ) in Example 4.2. Also, we assume that

Neutrosophic Sets and Systems, Vol. 43, 2021

(1,23, @
(21,21, 2

Then, the restricted intersection and extended intersection of fuzzy hypersoft expert sets (#,Q) and
(K, R) are respectively
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Definition 4.15. Let (7—~[,Q), (/6, R) € Cp(A,PB). Then, the restricted union of fuzzy hypersoft expert
sets (H,9) and (I, R) is denoted and defined by (£, &) = (H, Q) U (K, R) where & = Q NK and

L((x"€,0)) = H((x",¢,0)) Uy K((x, €,0)) (21)
for each (x!,¢,0) € &.
Definition 4.16. Let (ﬁ,ﬂ), (IE, R) € €x(A,B). Then, the extended union of fuzzy hypersoft expert
sets (7,9Q) and (I, R) is denoted and defined by (£, &) = (H, Q) Lig (K,R) where & = Q U R and

(x,e,0)), if (xl,e,0) €9,
(x1,e,0), if (xl,e,0) €R, (22)
((XI,e,o)) Uy IC((XI,e,o)), if (xIe,0) € QNNA,

™
W
-
a
S
)

for each (x!,¢e,0) € &.

Example 4.17. We consider the fuzzy hypersoft expert sets (7—7,,53) and (IE,iR) in Examples 4.2 and
4.14, respectively. Then, the restricted union and extended union of fuzzy hypersoft expert sets (7—7, 9Q)
and (K, ) are respectively

(=1, 2%, 23), e1,1),{ ©Day, 04 05,04 ag}),
~ = (((z1,22,23), e2,1), { Way, 02) as, (09 as}),
FD IR =0 (2222, 01,00, { ©9a1,09 05,09 ag), [
1:41:,43) €1, 1 29 3
(21, 23,23), €2,0), { ©Pa, %) a3, az}) ]
and
(=1, 2%, 23), €1,1),{ ©Day, 0 ay,03) ag}),
(=, 2%, 2%), €2,1),{ @ %1,(0 4 ay,(07 a3}),
(=1, 2%, 2%), e3,1),{ ©Vay,03) a,,03) ag}),
(((95%737%7953)761’1) {(04)a1,(0) a2,( a3})7
(((x},23,23),e3,1),{ ©Day,06) g5 (03) gg}),
(((z1, 23, 23), €1, 1), { ©Tay, 0V 4y, ag}),
(=], 2%, 23), e2,1),{ Way, 0 ay,09 ag}),
(H,9) Up (K, %) = (1, 21,23), 3, 1), { ©Pay, 09 03,09 a3}),
’ ’ (21,27, 29), e1,0), { (0'4)a1,(0 2 43,09 ag}),
(((z1, 23, 29), €2,0), { ©Day, 09 4y, ag}),
(((z1, 2%, 23), e3,0),{ ©Day, 07 05,07 ag}),
(((z1,22,23), e1,0), { (09)ay,0:6) gy,(05) g3}y,
(((z1,22,23), e3,0), { (a1, 03) ay,(03) a3}y,
(((z}, 23, 23),e1,0), { ©Day,(00) 4,09 g3},
(=, 2%, 23), 2,0),{ ©2ay,05) ay,05) ag}),
(21,27, 23), €3,0), { ©Tar, (09 a5, az})

Proposition 4.18. Let (H,9Q), (K, R), (£, &) € €x(A,B). Then, the following properties are acquired.
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(): (H,9Q) o (K,R) =g (K,R) o (H,Q) for each o € {Mg,Ug}.

(ii): (H,9Q) o ((K,R) o (£,6)) =5 (H,Q) o (K,R)) o (L£,S) for each o € {Ag, Ug}.

(iii): (7, Q)< ((K,R) o (L, &) =g (H,9) o (K,R)) o (H, Q)< (L, S)) for each 0,0 € {Mg, Ug}.
(iv): ((H,9Q)o (K, R)E =g (H,Q)" o (K,R)"E for each o,0 € {Mg,Ug} and o # o.

Proof. The proofs are straightforward.

Proposition 4.19. Let (”;fl, 9Q), (IE, R), (Z, S) € €x(A,B). Then, the following properties are acquired.
(): (H,9) o (K,R) =5 (K,R) o (H,Q) for each o € {Mg, Ug}.
(il): (H,9Q) o (K,R) ¢ (£,8)) =g (H,Q) o (K, R)) o (£,S) for each o € {Ng,Ug}.
(iii): (7, Q)0 (K, R) o (L, 8)) =g (H,9) o (K,R)) o (H,Q) o (L,S)) for each 0,0 € {Ng, g}
(iv): ((H,9Q)o (K, R)E =g (H,Q)" o (K,R)"E for each o,0 € {Ng,Ug} and o # o.

Proof. The proofs are straightforward.

5. n-ary Fuzzy Hypersoft Expert Sets

In this section, we initiate the theory of m-ary fuzzy hypersoft expert sets including both n-ary fuzzy

hypersoft sets and fuzzy hypersoft expert sets.

Throughout this section, {A; : j € J = {1,2,...,n}} is a collection of universal sets such that A;NA; =0

for each j,7' € J ={1,2,...,n}and j # j'. FA) = [] F(4,) = F(A1) xF(A2) x ... xF(A,) where F(A;)
JjeJ

denotes the set of all fuzzy sets in A;. Also, X1, Xo, ..., X,, are the pairwise disjoint sets of parameters

(e, X;N Xy =0 foreachi,i’ e I ={1,2,...m}and i #¢), X =[] X; = X1 x Xa x .. X X, Eisa
el
set of experts, O is a set of opinions, P =X x £ x O and Q C V.

Definition 5.1. A pair (ﬁn, ) is called an n-ary fuzzy hypersoft expert set over A = {41, As, ..., A, },
where H,, is mapping given by
Hy : Q — F(A). (23)
Simply, an n-ary fuzzy hypersoft expert set can be given as
(Hn, Q) = {((x%¢,0), Ha((x",e,0))) : (x1,¢,0) € Q and Hn((x',e,0)) € A}

_ 1

{(Mﬂn((xlveﬁ))(a ))al cal € Ar},
~ 2

{(#’Hn((xlvevo))(a ))a2 . CL2 S AQ}v

= (XI’67 0)7 ' : (XI767 O) 6 Q )

{(uﬁn((xI,S;O))(am))am ca™ e Am}
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where H a) (XY e,0)) = {(“ﬁn((x1»8v0>)(aj))aj cal € Aj} for j = 1,2,...,n and it is termed to be an
Aj-part of H,((x, e, 0)).

Especially, if n = 2, 3,4 and 5 then it is called a binary fuzzy hypersoft expert set, ternary fuzzy hyper-

soft expert set, quaternary fuzzy hypersoft expert set, quinary fuzzy hypersoft expert set, respectively.

Note 8. The set of all n-ary fuzzy hypersoft expert sets over 2 = {A;, As, ..., A, } for B is denoted by
Cen, (2, P).

Example 5.2. Consider the problem in Examples 3.2 and 4.2. Assume that he/se seeks the opinions
of 3 experts with the intention of determining the optimal car(s) for each segment (i.e., A;, A2 and
Agz), simultaneously. The set of experts is £ = {ej,ea,e3} and the set of opinions is O = {o; =
agree(l), oy = disagree(0)}. For

(@] a3, ), e1,1), ({©a 1<°6>a5,<°3>aé},{@-%%”)a%},{<°1>a3 003,02 ad}),
(03,2, e2,1), (D0l 0 3, O a} {©9a 09 ag), {04 300 ad})),
(a1, 8, 28), e3, 1), (O}, 09 03,09 a}, {00} (02) a3}, (O 1109 ),
(21, 23,23, e1,1), ({©Da} 02 0}, O al} {O3a3, <°6>a%},{03 o v, L0 ),
(((x%,x%,x%),eg,l),({(l)a%,(o %7( 9) 1} {04a 7( 0-4) a2} {(05 3( a3}))
i - ) (@hadad) e 1), ((0a],09 6l 09 al}, {0}, 09 2}{04 a3 ad})),
P =N (ot ad),e1,0), (090,09 09 al), (09 02 ) {<°1>a?,<°2> 1109 a3))
((a},23,21), 2,0), {©Pa},09) a}, ) af}, {9 a2, 0) a3}, {0-4 1,090 63,00 a})),
(2}, 2%, 2), €3, 0), (Va7 a}, 0D 0}, {0903 02) a3} {OaF, 00 03,03 a3})),
(2}, 2%, 23), €1, 0), ({*Va} 09 a}, 09 a3}, {073 O a3} {23, 09 0, 1) a3},
(((x%,x%,x%),eg,()),({(0'1)@,(05) a%7(03) a§}7{(0'2)a%7(0 a2}7 (1)61:15,(05) (0'3) ag}))?
(((x%,m%,x%),eg,O), ({(0 7) (0 6) a%’(O ) a%,}? {(0'7)(1%7(0'7) a§}7 {(0 7)@?7(0 2) 3 (0'7) a%}))

Definition 5.3. Let (H,,Q) € €xn, (A, B). Then,
(a): (Hn, Q)' = {(¢, Hn(q)) : ¢ € X xEx {1} C Q} is named to be an agree n-ary fuzzy hypersoft

expert set over 2.
(b): (Hn,9Q)° = {(¢. Hn(q)) : ¢ € X x €& x {0} C 9} is named to be a disagree n-ary fuzzy
hypersoft expert set over 2.

From the definition, it is clear that (Hy,, Q) U (Hn, Q)0 = (Hn, Q).

Example 5.4. We consider the ternary fuzzy hypersoft expert set (?:Zg,ﬂ) € Cpn,(2A,PB) given in
Example 5.2. Then, the agree ternary fuzzy hypersoft expert set (7—~[3,D)1 and the disagree ternary
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fuzzy hypersoft expert set (ﬁg,ﬂ)o are respectively

(21,27, 2), e1,1), (©Pa}, 9 03,09 al}, {OVa ) ag}’{(‘“)ai’ 06 a3, ad})),
(21,27, 2), e2,1), (P}, 0 03,07 al}, {©Pa? 06 a3}, {0, 0D a3 OV ad})),
7 el (((zf, 21, 29), e3,1), (O}, a3, a3}, {*Va 2(02 a3}, {Ya}, 0 a3, a})),
)= (2,27, 23), e1, 1), {7 af (02 ah, O 1},{(03)61%,(06) a3}, {¥a?, 09 a3,V ai})),
(((m%,x%,x%),ez,l),({() 17(02) 1(09 1} {0'4)(12 (0.4) 2} {(0.5 3(02)a§ (0.3) 3}))
| (((x%,x%,x%),eg,l),({(0'3)a%,(0'3) 06 1} {(05 03 2} {04)(1 (0.2) 3(06 3}))
and
' (((z%,x%,x?),eho),({(0'4’a1 ©2) a3, a3}, {©9a3,02) a3}, {Vaf, 02 a3 09 ad})), )
((ah 7, ,2.0), ((09a] 09 09 a}) {0909 ) (092,09 301 ),
90 (((w%,x%,wi’),ez,o),({‘0'7)a%,‘0'7)a%,(o'”ag} {9a1,02 a3}, {Va}, " a (03) a3})),
P72 (21, 2%, 23), e1,0), (Va0 03,0 a3}, {Tag, 04 a3}, {”% 09, 3(01 a3})),
(((zf, 21, 23), €2,0), {"Va}, ) a3, ag}, {©Pa}, @ a3}, {Vad, 0 3(03 a3})),
[ (((1,2%,23), €3,0), {*Va], 09 a}, 0 af}, {*Daf O %},{0%17(02) a3, a3}))
Definition 5.5. Let (H,,Q) € Cun, (A, R).

> @

(a): If Hao((xL e, 0)) = (0,0,. @) (i-e., oy ((xL,e,0) = Vj € J) for each (x!,¢,0) € 9 then
it is termed a relative null n-ary fuzzy hypersoft expert set (with respect to ), denoted by
(Z) Nn 1t ) = 9B then it is called a null n-ary fuzzy hypersoft expert set and denoted by (DEN".

(b): If HL((x%,e,1)) = (@,@, ...,@) (i.e., H}l(j)((x e,1)) = 0 Vje J) for each (x1,e,1) € Q then
it is termed to be a relative null agree n-ary fuzzy hypersoft expert set (with respect to 9),
denoted by @Q . If Q =P then it is called a null agree n-ary fuzzy hypersoft expert set and
denoted by @m".

(c): T HY((!, e,0)) = (0,0, .,0) (ie., H) ;) (x4 e,0) =B Vj € J) for each (x,e,0) € Q then
it is named to be a relative null disagree n-ary fuzzy hypersoft expert set (with respect to 9),
denoted by (Z)Q i 0= ﬂ3 then it is termed to be a null disagree n-ary fuzzy hypersoft expert
set and denoted by %3

(d): If Ho((x%,€,0)) = (A1, As, ..., Ay) (ien, Hoy)((xT,e,0)) = A Vj € J) for each (xL,e,0) € Q
then it is termed to be a relative whole n-ary fuzzy hypersoft expert set (with respect to ),
denoted by EgN n. If Q =B then it is called an absolute n-ary fuzzy hypersoft expert set and
denoted by ngN”

(e): If H((x!,e,1)) = (A1, Ay, ..., Ay) (ice. ’Hn( )((xl,e, 1)) = Ej Vj € J) for each (x,e,1) € Q
then it is called a relative whole agree n-ary fuzzy hypersoft expert set (with respect to 9Q),
denoted by XgN’ll. If 9 = P then it is called an absolute agree n-ary fuzzy hypersoft expert set
and denoted by A\gN

(£): IEHO((xL,e,0)) = (Ay, Ay, ..., Ay) (ie. Hn(j)((xl,e,O)) — A; VjeJ)foreach (x\,e,0) € Q

then it is named a relative whole disagree n-ary fuzzy hypersoft expert set (with respect to ),
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-~ 0
denoted by AgN". If 9 =B then it is called an absolute disagree n-ary fuzzy hypersoft expert

~ 0
set and denoted by A(gN".

Example 5.6. The following ternary fuzzy hypersoft expert sets are given as examples of relative null
disagree ternary fuzzy hypersoft expert set (with respect to Q) and relative whole agree ternary fuzzy
hypersoft expert set (with respect to ) over 2.

\

(e ), 2,0, (V0 03,0 ) (0,0 a3}, (VO O ai),
(21, 21,29), €2,0), {Va},@ a3,V ad}, {Va], @ a3}, {Va?,© a3,V ad})),
GENS (21,22, 21), €3,0), {Va1,@ a3, a3}, {©ad, @ a3}, {Oat, 0 a3, ad})),
(=], 21,23),€1,0), {Va1,@ a3,V a3}, {Va],© a3}, {Va?,© a3,V ad})),
(((zf, 21, 23), €2,0), {Va1, @ a3,V a3}, {Va],© a3}, {Va?,©) a3,V ad})),
(21, 21,23), 3,0), {Vai,? a3, a3}, {©a, @ a3}, {©a},© a3, a3})) |
and
([ (21,23, 23),e1,1), {(Vaf, OV ab, W aj}, {Vad, D a3}, {Vad, V) a3,V ad})),
(1,23, 29), e2, 1), ({Pag, D a, M aj}, {Maf, M a3}, {Vad,V a3,V ad})),
AEM _ (21,22, 2), e3.1), (Pag, M a3, M az}, {Maf, M a3}, {MVad, D a3,V ad})),
(1,23, 23), e1, 1), ({Daf, W ab, WV al}, {Mag, W a3}, {Vaf,V a3,V ad})),
(1,21, 23), e2,1), {Maf,D a3, M az}, {Ma], M a3}, {MNad, M a3,V ad})),
(21,27, 23), 3, 1), (Maf, MV a3,V ag}, {Maf, M a3}, {Vad, D a3,V ad}))

Definition 5.7. Let (H,,9Q), (Kn,R) € Can, (A, P).
(a): (ﬁn, ) is called an n-ary fuzzy hypersoft expert subset of (En, ), denoted by (ﬁn, Q) Egn,
(K, R), if Q C R and

Hoi) (X €,0)) T Ky (6L, €,0)) Vi€ J (24)

for each (x!,e,0) € Q.
(b): The n-ary fuzzy hypersoft expert sets (ﬁn,Q) and (/En,m) are called equal, denoted by
(s Q) =pn, (Ko R), if (Ha, Q) Epn, Ky R) and (K, R) Cpn, (Ha, Q).

Example 5.8. Consider (Hs3,9Q) in Example 5.2 and the (Hs,9Q)' and (H3, Q)° Example 5.4. It is
clear that (ﬁg,ﬂ)l and (7—73,53)0 are ternary fuzzy hypersoft expert subsets of (’ﬁg,Q). Furthermore,

~ 0 ]
@5N3 is ternary fuzzy hypersoft expert subset of (Hs, Q).

Definition 5.9. Let (H,,Q) € €y, (A, P). Then, the relative complement of n-ary fuzzy hypersoft
expert set (ﬁn,Q), denoted by (ﬁn,Q)TENn, is defined as
(ﬁm Q)TENH = (7:2:17 Q)? (25)

where ﬁz(j)((xl, e,0)) is the fuzzy complement of ﬁn(j)((xl, e,0)) (Vj € J) for each (x!,e,0) € Q.
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Example 5.10. Consider the ternary fuzzy hypersoft expert set (7—~[3,Q) in Example 5.2. Then, the
relative complement of ternary fuzzy hypersoft expert set (Hs, Q) is

(e} 23, ad), e, 1), ((O2ad 09 a3 O ad) {0930 a3} (ONa}, 09} 09 ai)),
(((I%,x%,z‘i’),eg,l),({(0'8)(11 (0.6) 1 (0.3) 1} {0.7 2 (0.4 2} {(0'6)(13 (0.6) 3(0.9) 3}))
(G 2,02, . 1), (09 07 63,07 ) (093 09 63, {0943 07) g3 09 g3
(((mix%amg)’elv1)’({(03%&’(08) %’(06) 21’>}7{(07)a%5(04) %}7{(07 ?7(06) %7(0) as ))7
(e} 23, 2),e2,1), (Va0 0} O ), (903,09 ag), {(©9)a] 09 o 0D af}))

_ (((I% x% zg) es 1) ({(0'7)(11 (0.7) 1 (0.4) 1} {0.5 2 (0.7 2} {(0.6)a3 (0.8) 3 (0.4) 3}))

TENa ’ ) ) ’ I

(H3, Q)" = (((z},22,29), e1,0), ({061 08) 4 1 [(05) g1y 1(0:4)2 (0.8) 421 1(0:9)43 (0.8) 3(07) a})),
(((m%,x%,m‘;’),e%O),({(05)@,(04) %’(07) il’>}7{(07)a%5(07) 3}7{(06 ?7(05) %7(09) g}»v
(]2, 01), 5,0, ({©2ad 09 03,9 ad) {9} O 3} (Daf (09 o 0D af}))
(e} 23 23). 02,0, (Va0 6}, 9 0}, {©902,09 a3], {(09)a] 09 a3, 02 af})),
(2}, 23, 28), €2,0), ({9}, 09 a}, 0D ad}, {©9a3, D) a3}, {0 ©) 08,09 a3})),
(((1‘%, x%, xg), €3, 0)7 ({(0'3)0&7(0'4) a%7(0'5) a§}7 {(0'3)a%7(0'3) a%}, {(0'3)(1?7(0'8) a%7(0'3) ag}))

Proposition 5.11. Let (H,,Q) € €gn, (A, B). Then, we have the following.
(1): ((Ha, Q)evn) =8 =gy, (Ha, Q).
(i): (AZ™)ev =g, (B5™).

(iii): (DEN=)ronn =gy, (AEN),

Proof. The proofs are straightforward.

Definition 5.12. Let (Hn, ), (Kn,R) € €gn, (A, B). Then, the restricted intersection of n-ary fuzzy
hypersoft expert sets (Hy, Q) and (Ky,R) is denoted and defined by (L, S) = (Hp, Q) Ay, (Kn, R)
where & = QNA and

~ ~ I ~

L) (x1,€,0)) = Hpy (X" €,0)) Ny Ky (X" e,0)) Vi€ T (26)
for each (x!,¢e,0) € &.

Definition 5.13. Let (H,,9Q), (Kn,R) € €gn, (A, ). Then, the extended intersection of n-ary fuzzy
hypersoft expert sets (Hn, Q) and (K,,,R) is denoted and defined by (L, &) = (Hyp, Q) Mew, (Kn, R)
where & = QU R and

Ha((xe,0)), if (x%e0)€Q,

(xl,e,0)), if (x!,¢e,0) € R, (27)
((

Ko
Hp xI,e,o))ﬂflC (x%,e,0)), if (xl,e,0)c QNNR,
(

for each (x!,e,0) € &, where Eq. (26) is applied to obtain #,((x%, e, 0)) ar K (xh).

Example 5.14. Consider the ternary fuzzy hypersoft expert set (7?[3,53) in Example 5.2. Also, we
suppose that

((($%7m%7$§)7617 1), (((x%7x%ﬂ$§)7e3v 1)7 (((xhx%vxg)velﬂ 1)7 (((x%vxhxfi)ve% 1)7 } CXxEx 07

R =
{ (((x%,x%,x%),el,()), (((.’L‘%,I%, x§)7 e3,0), (((l‘%,l‘%,x%), e1,0), (((w%,x%x%), e2,0)
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and
(1, 27, 23), e1,1), ({OYaq,l
(1,27, 23), e3,1), {*?ay,
(a1, 2,23),e1,1), {OPaf,©
Fony_ J (ot ad) e 1), (OVat©
(a1, 2,23),1,0), {P)af,©
(a1, 2,23), 3,0), {7 af,©
(1, 27, 23), e1,0), {*Paq,l
[ (1, 27, 23), €2,0), ({*?ay,

Then, the restricted intersection and extended intersection of ternary fuzzy hypersoft expert sets (7?[3, Q)

and (Ks,9R) are respectively

(Hg, Q) MEN; (’Cg, 9%)
(((z1,23,23), e1,1), {©Daf,(
) (2,23, 23), 2, 1), ({©Va] (O
(21,22, 23), €1,0), ({*Va},®
(21, 223,23), e2,0), ({(*Val

and

([ (((21,23,23),e1,1), {©Da}, 09 o}
(((z},23,23), e2,1), {©Da}, O a
(((z}, 23, 2%), e3,1), ({9}, 03 o}
(((z},23,23), e1,1), ({©Ya}
(2,23, 23), 3. 1), ({©2a},09) a}
(((z}, 23,23),e1,1), ({©Dal, 02
(((z},23,23), e2,1), {©Va}, 0D

) (23, 28), es, 1), ({0 a]09)

) (2,23, 23), e1,0), ({©9a}, 02
(21,23, 2%), €2,0), ({©Da},00)
(((z},23,2%), e3,0), {©Da}, 0D
(((z},23,23), e1,0), ({©Dal,©6)
(((m%,x%,x%),eg,O),( ) % )
(=1, 2%, 23), 1,0), {*Vai
(((z},23,23), €2,0), {©Va}, 0
(2}, 23, 23), e3,0), ({7}, 09

S
N —
\./‘\

)0}, 09 al}, {0
a%,(0‘4) a%}, {(0.4)(1%’(0.4) a%}, {(0.2)a§’(0.5) a§7(0.1) a%})) ’

{(07a ,(03 a2,03) 1} {(1
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’ 0.7) ail’)}a {(0.5 a%(O.Q a2} { 0 3 (0.4)

1
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0.3) a%}, {(0.3)a
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109103, {0162 07 2} (07158 0205 07 o)
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Definition 5.15. Let (H,,Q),(Kn,R) € Cpn, (A, P). Then, the restricted union of n-ary fuzzy
hypersoft expert sets (Hy, Q) and (Ky,R) is denoted and defined by (L, S) = (Hp, Q) Upn, (Kn, R)
where & = QNA and

~ ~ I ~

En(J)((xI e,0)) = My (X', €,0)) Uy Kn(j)((xl,e,o)) ViedJ (28)

for each (x!,e,0) € &.

Definition 5.16. Let (Hy, Q), (Kn,R) € €an, (A, B). Then, the extended union of n-ary fuzzy hyper-
soft expert sets (Hp, Q) and (K,,R) is denoted and defined by (£, &) = (Hn, Q) Ugn, (Kn, R) where
6 =9QUMR and

H
Ln((x%e,0)) = l%;n((xl,e,o)), if (xl,e,0) €, (29)
H

for each (x¥,e,0) € &, where Eq. (28) is applied to obtain H,((x, e, 0)) Us K (xh).

Example 5.17. We consider the ternary fuzzy hypersoft expert sets (7:23, Q) and (163, M) in Examples
5.2 and 5.14, respectively. Then, the restricted union and extended union of ternary fuzzy hypersoft

expert sets (Hs, Q) and (K3, R) are respectively

(H3,Q) Upn, (K3,R)
(21, 23,23),e1,1), {©7al, 0D al, OV al} {0563 ,00) o3} {©03)g3 04 o3 (1) a3})),
_ (21, 23,23),e2,1), {Val, 02 al, 09 a1} {002 O g3} {0543 (0-2) %7(03 a3})),
(((z1,2%,23), €1,0), ({©Pa},0) 6,05 g1}, {072 (04 g3} ((0-2)43 (05) g3 (0-6) g3})),
(((x},22,23), e2,0), ({©Pa}, 09 a} 05 g1}, {(05)a2 (06) 42} {(Dg3 ( 05) )a3}))

and
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(H3,9Q) Upn, (K3, R)

(e}, 23, 2), 1, 1), ({09 09 a} 09 o}, (O a3} {00 09 af 02 o)),
(a0 0,1). (102,09 050 a3}, (0962092} {00030 )
(] a3.28). €3, 1), ({9}, 09 3,09 ), {0 0943}, (09609 09 ),
(((w}a3.23).e1,1), ({Va} 0 0}, O 1}{0%1 oy 2}{0% 005,09 ),
(et af.af). 3,1, (00} 09 03,09 afy, (063,02 ag), (01 0 0 ),
(o}, 28,3, 1, 1), (07,09 03,0 ), (0942,09 a3}, (09 09 0 ),
(e}, 3. 23). e2,1). ({(Va} 02 0}, 09 1} (0962,09 ) (09,09 .09 3.
(a0 1), (090,09 6,09 . (0962094 (0002 4309 g3
(]2, 2),e1,0), ({©Va}. 0 ], 09 o}, {09202 a3}, {2} 09 43}))
((($%7$%,xi‘s)762’0)’({(O.S)G%’(O.t‘»)a%’(o.:s)aé}’{(OS)a%’(OS) 2} {(0.4 3 (0.5) 3 (0.1) 3}))
(e a7, 60.0) (1070l 07 6} 07 o]} {07309 ) {009 09 g3,
(e}, 23, 23).0,0). ({©a} 09 a3, af}, {076 09 a3}, (09a 0D 0,0 a})),
(a7, 63,0), (070} 09 6109 o} {003 09 a3}, (090 <°>a§ ).
((($%,3§‘%,.’L’§),61,0),({(0'3)0&,(0'6)CL%,(O'E))CL%) ,{(07)a%,(04 2} {(02 3(05) (0.6) 3}))
(a8 2,0), (102 09 0, 0) a3, (0962 (092} {01} 093,09 ),
(@} a?.a). €300, ({070} 09) 0}, 09 o) {076 0D a3}, {07}, 02 a4, ad)

\

Proposition 5.18. Let (H,,9Q), (Kn,R), (Ln, &) € Cpn, (A, PB). Then, the following properties are
satisfied.
(1) (Hn, Q) o (Kn, R) =g, (Kn,R) o (Hn, Q) for each o € {Mgn,,YUpn, }-
(ii): (Hn, Q)0 ((Kn,R) 0 (Ln, &) =g, (Hn, Q)0 (Kn,R))o (Ln, &) for each o € {Mpw,,Yen, }-
(iii): (Hn, Q) o (Hn, R) 0 (Ln, 8)) =N, (Hn, Q) (Kn,R)) 0 (Hn, Q) ¢ (Ln, &)) for each 0,0 €
{MenN,,YEN, }-
(iv): ((Hn, Q)0 (Kn,R))EVn =pn, (Hn, Q) EVn 0 (K, R)"ENn for each o,0 € {Mgn,,Upn, } and
© £ o.

Proof. The proofs are straightforward.

Proposition 5.19. Let (Hn,Q), (Kn,R), (Ln,S) € Cun (A, B). Then, the following properties are
satisfied.
(): (Hn, Q) 0 (Kn,R) =gn, (Kn,R) o (Hn, Q) for each o € {Ngn, ,Ugn, }-
(i): (Hn, Q)0 ((Kn,R) 0 (L, S)) =N, (Hn, Q)0 (KnyR)) 0 (Ln, S) for each o € {MNgn,,Urn, }-
(iii): (Hn, Q)0 (Hn, R) 0 (L1, 6)) =5, (Hn, Q)0 (Kny R)) 0 (Hn, Q) 0 (L, S)) for each o,0 €
{NenN,,UEN, }-
(iv): ((Hn, Q)0 (K, R)EVn =g, (Hn, Q) EVn 0 (K, R)"ENn for each o,0 € {Ngn,,Ugn, } and
© £ o.
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Proof. The proofs are straightforward.

6. An Application of n-ary Fuzzy Hypersoft Expert Sets

In this section, we present a possible application of n-ary fuzzy hypersoft expert set theory in real-life

problem.

We construct the following algorithm to determine the optimal choice in each universal set in the

n-ary fuzzy hypersoft expert set setting.

Algorithm 1.

(1) Input the n-ary fuzzy hypersoft expert set.
(2) Construct (in the tabular form) the agree n-ary fuzzy hypersoft expert set and the disagree
n-ary fuzzy hypersoft expert set.

3) For the agree n-ary fuzzy hypersoft expert set, calculate c,i = Z(ai)l for each j € J.
1

)
4) For the disagree n-ary fuzzy hypersoft expert set, calculate & = Z(ai)l for each j € J.
l
)
)

(
(
(5) Compute score value sl = q,]c - di for each j € J.

(6) Find v; for each j € J which s,, = max si for each j € J, and then determine the optimal

choice @ in each universal set A;.

In the tables of agree n-ary fuzzy hypersoft expert set and disagree n-ary fuzzy hypersoft expert set,

(ai)l corresponds the fuzzy value in the I-th row for ai.

Now, we ready to give an application of n-ary fuzzy hypersoft expert set theory in handling real-life

problem.

Example 6.1. Suppose that an association wants to determine the best films of the year in the fields
of drama, comedy and documentary and to award these films at an award ceremony to be organized by
the association. The sets of nominated films of drama, comedy and documentary are A; = {a},a},al},
Ay = {a?,a3} and A3 = {a},a3, a3}, respectively. Also, the association hires the jury members (ex-
perts) to determine the best of the films in each category. Assume that & = {ej,e2} is a set of jury.
The jury should analyze the characteristics or attributes of these films. Therefore, they consider the
disjoint parameter sets X1, Xo and X3 based on the story, message and narration of film, respectively.
These sets are X1 = {x1 = originality, ¥ = fiction}, Xo = {22 = ease of perception, x5 = essence},
and X3 = {2} = narrative style, ¥3 = audiovisual quality}, and thereby X = X; x Xo x X3. Fol-
lowing the serious discussion, the jury constructs the following ternary fuzzy hypersoft expert set for
P=XxExO.
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The steps of Algorithm 1 may be followed by the association to determine the best of the films in each

category.

In Tables 1 and 2, we give the agree ternary fuzzy hypersoft expert set and the disagree ternary

fuzzy hypersoft expert set, respectively.
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TABLE 1. Agree ternary fuzzy hypersoft expert set

at a3 a3 a? a? a$ as as
((z],2%,2%),e1,1) 0.4 0.3 0.2 0.1 0.7 0.3 0.4 0.1
((z1,22,23),e2,1) 0.4 0.6 0.4 0.3 0.2 0.6 0.8 0.1
(1,23, 23),e1,1) 0.7 0.5 0.3 0.4 0.2 0.2 0.1 0.4
(1,22, 23),e2,1) 0.4 0.4 0.2 0.2 0.5 0.3 0.1 0.2
((z1,23,23),e1,1) 0.4 0.2 0.2 0.6 0.4 0.3 0.2 0.1
(1, 23,23),e2,1) 0.4 0.2 0.3 0.2 0.5 0.1 0.4 0.1
(1,22, 23),e1,1) 0.1 0.6 0.5 0.5 0 0.1 0.3 0.5
((z1,23,23),e2,1) 0.4 0.7 0.6 0.8 0.7 0 0.6 1
(23,22, 23),e1,1) 0.4 0.4 0.2 0.3 0.6 0.8 0.4 0.4
((z3,23,23),e2,1) 0.2 0.5 0.3 0.2 0.1 0.1 0.5 0.3
((x3,23,23),e1,1) 0.5 0.6 0.3 0.4 0.5 0.4 0.6 0.2
((z3,2%,23),e2,1) 0.3 0.6 0.3 0.3 0.5 0.1 0.6 0.2
((z3,23,23),e1,1) 0.1 0.6 0.3 0.4 0.4 0.1 0.6 0.2
((x3,23,23),e2,1) 0.7 0.7 0.3 0.2 0.5 0.1 0.6 0.2
((z3,23,23),e1,1) 0.7 0.3 0.3 0.4 0.3 0.1 0.8 0.7
((z3,23,23),e2,1) 0.7 0.1 0.3 0.4 0.5 0.1 0.6 0.2

TABLE 2. Disagree ternary fuzzy hypersoft expert set

ay aj as af a3 aj a3 a3
((z},22,23),e1,0) 0.5 0.5 0.3 0.4 1 0.2 0.6 0.5
((z1,23,23),e2,0) 0.4 0.6 0.4 0.4 0.4 0.1 0.4 0.4
(2}, 22,23),e1,0) 0.6 0.8 0.3 0.4 0.5 0.1 0.6 0.2
((z},22,23), e2,0) 0.9 0.5 0.3 0.4 0.5 0.1 0.6 0.2
((z1,23,23),e1,0) 0.3 0.3 0.3 0.4 0.5 0.1 0.6 0.4
(2}, 22,23), e2,0) 0.3 0.4 0.3 0.4 0.6 0.1 0.6 0.4
((z1,23,23),e1,0) 0.2 0.2 0.3 0.4 0.2 0.1 0.6 0.2
(1, 23,23), e2,0) 0.2 0.2 0.4 0.4 0.5 0.1 0.6 0.3
(23,22, 23),e1,0) 0.6 0.6 0.3 0.5 0.5 0.1 0.6 0.4
((z3,23,23), e2,0) 0.8 0.6 0.3 0.4 0.2 0.1 0.6 0.2
((z3,23,23),e1,0) 0.4 0.5 0.3 0.4 1 0.1 0.6 0.1
(23,22, 23), e2,0) 0.3 0.4 0.3 0.5 0.5 0.1 0.4 0.2
((z3,23,23),e1,0) 0.5 0.5 0.3 0.4 0.6 0.1 0.6 0.3
(23,22, 23), e2,0) 0.4 0.5 0.2 0.4 0.4 0.5 0.6 0.4
(23,22, 23),e1,0) 0.2 0.5 0.3 0.8 0.3 0.1 0.7 0.3
((x3,23,23), e2,0) 0.3 0.7 0.3 0.2 0.6 0.3 0.7 0.1

From Tables 1 and Table 2, we have the score values in Table 3.
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TABLE 3. Score values s,

ai al a3 a? a3 a? al as

S (al) a =68 =173 aAd=5 2 =57 3=66 =37 =76 &=51
1

& =(al)y di=69 dy=78 di=49 di=68 d3=83 =23 di=94 d3=46

c;’;

l
o —dl  s]=-01 sy=-05 s5=01 si=-11 s3=-17 si=14 s3=-18 s3=05

s] =
Since max 5,1y1 = s} and max 5'272 = s? and max 533 = s} from Table 3, the best films of the year in

the fields of drama, comedy and documentary are determined as si, s3 and s, respectively.

7. Conclusions

In this chapter, the concepts of n-ary fuzzy hypersoft set, fuzzy hypersoft expert set and n-ary fuzzy
hypersoft expert set, which are effective mathematical models for dealing with many kinds of uncer-
tainties in the real world, were introduced. Also, the basic operations such as complement, intersection
and union of these emerged types of fuzzy hypersoft sets were defined and some of their remarkable
properties were discussed. An application was given to illustrate how the n-ary fuzzy hypersoft expert
set sets can be useful in solving a problem in real-life. The topics of future research may be develop-
ing the n-ary fuzzy hypersoft sets, fuzzy hypersoft expert sets and n-ary fuzzy hypersoft expert sets
in theoretical aspects such as describing new operations and characteristic properties in more general
frameworks, and also investigating their practical applications in decision making, medical diagnosis

and game theory.
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