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Abstract . In this paper, the concept of single valued neutrosophic number (SV N-number) is presented in a gener-
alized way. Using this notion, a crisp linear programming problem (L P-problem) is extended to a neutrosophic linear
programming problem (/N L P-problem). The coefficients of the objective function of a crisp L P-problem are consid-
ered as generalized single valued neutrosophic number (G gy y-number). This modified form of L P-problem is here
called an N L P-problem. An algorithm is developed to solve N L P-problem by simplex method. Finally, this simplex
algorithm is applied to a real life problem. The problem is illustrated and solved numerically.
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1 Introduction

Introduction of fuzzy set by Zadeh [10] and then intuitionistic fuzzy set by Atanassov [8] brought a golden
opportunity to handle the uncertainty and vagueness in our daily life activities. The fuzzy sets are evaluated by
the membership grade of an object only, whereas intuitionistic fuzzy set meets the membership and the non-
membership grade of an object simultaneously. To deal with uncertainty more precisely, Smarandache [3,4]
initiated the notion of neutrosophic set (/V.5), a generalised version of classical set, fuzzy set, intuitionistic fuzzy
set etc. In the neutrosophic logic, each proposition is estimated by a triplet viz., truth grade, indeterminacy grade
and falsity grade. The indeterministic part of uncertain data, introduced in N S' theory, plays an important role
to make a proper decision which is not possible by intuitionistic fuzzy set theory. Since indeterminacy always
appears in our routine activities, the /V.S theory can analyse the various situations smoothly. But it is too difficult
to apply the N .S theory in real life scenario for it’s initial character as pointed out by Smarandache. So to apply
in real spectrum, Wang et al. [6] brought the concept of single valued neutrosophic set (SV /N-set). Ranking of
fuzzy number and intuitionistic fuzzy number is an interesting subject needed in decision making, optimization,
even in developing of various mathematical structures. From time to time, several ranking methods [2,5,9,13-
15] have been adopted by researchers. Naturally, the ranking of neutrosophic number also was come into
consideration from beginning of NS theory. Deli and Subas [7] considered a ranking way of neutrosophic
numbers and have used it to a decision making problems. Abdel-Baset [11,12] solved group decision making
problems based on TOPSIS technique by use of neutrosophic number. To estimate and solve the N L P-problem
in different direction, some respective attempts [1,16] by researchers are seen.

This paper introduces the structure of SV /N-number in a different way to opt the notion of generalized single
valued trapezoidal neutrosophic number (G gy ry-number), generalized single valued triangular neutrosophic
number (G sy y-number) and develops an algorithm to solve N L P-problem by simplex method. The proposed
simplex algorithm is applied to a real life problem. The problem is illustrated and solved numerically.

The organisation of this paper is as follows. Section 2 deals some preliminary definitions. The concept of
G sy n-number, Ggyry-number, G gy y-number and their respective parametric form are presented in Sec-
tion 3. The concept of VL P-problem and it’s solution procedure are proposed in Section 4 and Section 5,
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respectively. In Section 6, the simplex method is illustrated by suitable examples. Finally, the present work is
summarised in Section 7.

2 Preliminaries

Some basic definitions are provided to bring the main thought of this paper here.

2.1 Definition [18]

A continuous ¢- norm * and ¢- conorm ¢ are two continuous binary operations assigning [0, 1] x [0, 1] — [0, 1]
and obey the under stated principles :

(1) * and ¢ are both commutative and associative.

()rxl=1xzx=xandzxo0 =00z =2z, Yz €l0,1].

(i) zxy <pxgandzoy <poq if x <p,y<q with z,y,p,q € [0,1].
rxy=zxy,rxy=min{x,y},r*xy = max{z +y — 1,0} are most useful £-norms and
roy=x+y—xy,xoy=max{x,y}, oy =min{z + y, 1} are most useful ¢-conorms.

2.2 Definition [3]

An NS @ on an initial universe X is presented by three characterisations namely true value Tf), indeter-
minant value /¢ and false value Fy so that Ty, Ig, Fp : X —]|0,17[. Thus () can be designed as : {<
u, (To(u), Ig(u), Fo(u)) >:u € X} with —0 < sup T (u) + sup Ig(u) + sup Fo(u) < 3*. Here 17 =1 4 0,
where 1 is standard part and § is non-standard part. Similarly 0 = 0 — 0. The non-standard set |70, 17[ is
basically practiced in philosophical ground and because of the difficulty to adopt it in real field, the standard
subset of |70, 1*[i.e., [0,1] is applicable in real neutrosophic environment.

2.3 Definition [6]

An SV N-set Q over a universe X is a set ) = {< z,Ty(x), Ig(x), Fo(z) > v € X and Ty(z), Io(z),
Fo(x) €10,1]} with 0 < sup T (z) + sup Ig(x) + sup Fp(x) < 3.

2.4 Definition [7]

Let a;, b;, ¢;, d; € R (the set of all real numbers) with a; < b; < ¢; < d; (i = 1,2,3) and w;, uz,y5 € [0,1] C R.
Then an SV N-number p = (([a1, b1, c1, d1]; w;), ([ag, be, ca, da]; up), ([as, bs, c3, ds]; y;)) is a special SV N-set
on R whose true value, indeterminant value, false value are respectively defined by the mappings 75 : R —
[0,w;z], I5 : R — [ug, 1], F; : R — [y, 1] and they are given as :

gr(x), ar <z < by, g1(x), az < < by, gp(x), az <z < b,

3 i ’U)ﬁ, bl S T S C1, } . Uf), bQ S T S Co, 3 . yﬁ, b3 S T S C3,

Tylx) = gr(x), a <z <d, Iyl) = gi(x), ¢ <z <dy, Fy(z) = gp(r), cs < <ds,
0, otherwise. 1, otherwise. 1, otherwise.

The functions g : [a1,b1] — [0,ws], g5 & [c2,da] — [up, 1], g% : [c3,d3] — [yp, 1] are continuous and non-
decreasing functions satisfying : g&(a;) = 0, gh(b1) = wp, g5 (ca) = ug, g5 (da) = 1, gw(c3) = Y5, g(d3) = 1.
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The functions g : [c1,di] — [0, wp)], gt : [ag, ba] — [us, 1], g% @ [as,bs] — [yz, 1] are continuous and non-
increasing functions satisfying : g%-(c1) = wp, gir(dy) = 0, gh(az) = 1, g4 (ba) = uz, gb(az) = 1, g%(b3) = ys.

2.4.1 Definition [7]

If [a1, by, c1,d1] = [ag, by, co, do] = [as, b3, 3, d3], then the SV N-number p is reduced to a single valued trape-
zoidal neutrosophic number as : p = (([a1, b1, c1, di]; Wi, up, y5))-
P = (([a1, b1, di1]; wp, uz, y5)) is called a single valued triangular neutrosophic number if b; = ¢;.

2.5 Definition [17]

The (o, 8,7)-cut of an NS P is denoted by P, 3,) and is defined as : P, = {z € X : Tp(x) >
a,Ip(x) < B, Fp(x) <~} witha, 5,7 € [0,1] and 0 < a+ f + v < 3. Clearly, it is a crisp subset X.

2.6 Definition [14]

In parametric form, a fuzzy number P is a pair (P, Pg) of functions Py (r), Pr(r),r € [0, 1] satisfying the
followings.

(1) Both are bounded functions.

(i1) P, is monotone increasing left continuous and Py is monotone decreasing right continuous function.

(iii) Pr(r) < Pr(r),0 <r < 1.

A trapezoidal fuzzy number is put as P = (¢, yo, 9, () where [z, yo| is interval defuzzifier and 6(> 0), (> 0)
are respectively called left fuzziness, right fuzziness. (xo — 9, yo + () is the support of P and it’s membership
function is :

H(x—wo+9), 10— 0 < x <y,

P(z) = }’ T € [0, Yol,
cWo—2+C), yo <z <yo+(,
0 otherwise.

In parametric form P (1) = g — § + 07, Pr(r) = yo + ¢ — (7.
For arbitrary trapezoidal fuzzy numbers P = (Pp, Pgr), Q = (Qr, Qr) and scalar k£ > 0, the addition and scalar
multiplication are P + (), k() and they are defined by :

(P+Q)L(r) = Pr(r) + Qr(r), (P+ Q)r(r) = Pr(r) + Qr(r) and
(kQ)r(r) = kQr(r), (KQ)r(r) = kQr(r).

3 Generalised single valued neutrosophic number

Here, the structure of G gy y-number, G'syry-number and G gy 1, y-number have been presented.

3.1 Definition
e The support of three components of an SV N-set () over X are given by a triplet (Sq,., So,, Sg,) Where
Sor = {u € X|To(u) > 0}, Sq, = {u € X[Ig(u) <1}, Sq, = {u € X[Fo(u) <1}.

e The height of the components of () are given by a triplet (Hg,., Hg,, Hg, ) where Hg, = max{Tg(u)|u €
X}, Hg, = max{lg(u)|lu € X}, Hp,, = max{Fg(u)|lu € X}.
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3.1.1 Example

Define an SV N-set Q on {0, 1,--- ,10} C Z (the set of integers) as : {< u, (72,1 — 57, 11=) > [0 < u < 10}

Then Sy, = {1,---,10}, Sg, =40,---,10}, Sg, ={1,---,10} and Hg, = 0.909 at u = 10, Hg, = 0.999
atu =10, Hg, = latu = 0.

3.2 Definition

A Ggyy-number p = (([a1, by, 01, m]; wp), ([az, be, 02, M2]; uz), ([as, bs, 03,13];y5)) is a special SV N-set on R
where o;(> 0),n;(> 0) are respectively called left spreads, right spreads and [a;, b;] are the modal intervals of
truth, indeterminacy and falsity functions for ¢ = 1, 2, 3 respectively in p and wj, uz, y5 € [0, 1] C R. The truth,
indeterminacy and falsity functions are defined as follows :

1
Swi(r —a1+01), a1 —o1 <z <a,

Tﬁ(l‘) _ Ul}ﬁ, x € [al,bl],
Sws(by — 2 +m), by <@ < b+,
0, otherwise.
((as =z +up(x —ay+03)), az — o0y <z < ay,
[f)(l') _ ,uiﬁ’ x e [a27 b2]7
(@ = b+ u(be —x +12)), b <@ < by+p,
L 1, otherwise.
( %3(@3_95+yﬁ($—a3+03)), a3 — o3 < x < ag,
F*(I‘) . Yp, T € [(13, bg],
g (@ = by +yp(bs = + 1)), by <a < by,
L 1, otherwise.

In parametric form, a G gy y-number j consists of three pairs (77, Tx), (1L, I¥), (F}, F¥) of functions T4 (r), T (r),
l U l u : : :
Iy(r), I3 (r), F5(r), F3(r),r € [0, 1] satisfying the followings.
@) T}), I3, F;' are bounded monotone increasing continuous function.
(1) 73, 1 Il;, F. é are bounded monotone decreasing continuous function.

(i) To(r) < T3(r), Ip(r) = I3 (r), Fp(r) = Fg(r),r € [0, 1].

3.2.1 Definition

e The support of the components of a G gy y-number p are given by a triplet (Sp,., Sp,, Sp,.) where Sp. = {x €
R|T;(z) > 0}, Sp, = {x € R|I3(x) < 1}, Sp, = {z € R|F3(z) < 1}.

e The height of the components of p are given by a triplet (Hp,, Hp,, Hp,) where Hpr = w;, Hpr = 1 —
us, Hpp = 1 — y;.

e The boundaries of the truth function of p are : LBj, = (a1 — 01,a1) and RBs, = (b1,b1 +m). LB;
and R By, are respectively called left boundary and right boundary for truth function of p. Similarly, LB;, =
(CLQ — 09, ag), RB;ﬁI = (bQ, bz + 772) and LBﬁF = (a3 — 03, ag), RBﬁF = (bg, bg + 773).

e The core for the truth function of p is a set of points at which it’s height is measured. Similarly, the core for
other two components are defined.
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3.2.2 Example

Consider a G gy y-number p on R whose three components are as follows :

ezl ”), € [11,15] 2401r -y e [4,8) oz g e [23,26)

) 0.6, € [15, 25] ) 0.9, x € [8,13] )0, x € [26, 30]

Tﬁ(‘r) - 06(36 x)’ [25 36] I (ZIZ') - Mﬁ’ T € [13’20] Fp(flj') - 17—8307 T € [30,38]
0, otherwise. 1, otherwise. 1, otherwise.

Then Sp,. = (11,36), Sp, = (4,20) and Sp, = (23, 38).

For that p, Hpr = 0.6, Hp; = 0.1, Hpp = 1. Here,

LB;, = (11,15), RB;s, = (25,36); LB;, = (4,8), RB;, = (13,20); LB;, = (23,26), RB;s, = (30,38).
The core of truth, indeterminacy and falsity function are [15, 25], [8, 13], [26, 30] respectively.

3.3 Definition

Let us assume two (G gy y-numbers p and ¢ as follows :
ﬁ = <<[a’17 a/17 01, 771]7 wﬁ)v ([a’27 a/27 02, 772]7 uﬁ)a ([a37 a’,37 03, 773]7 y~)>’
g = <([blu bll? fl; 51]7 w(])? ([b27 b,27 527 52]7 Uq), ([b37 bga 537 53]7 y§>>
Then for any real number z,
(1) Image of p :
_p - <([ al: —an, N1, 01]; wﬁ)> ([_GQ’ —a2, 12, 02] up) ([_agv —as, 13, 03]; yﬁ))
(i1) Addition :
P+ G=(([ar +b1,a} + b1, 01 + &, + 61];ws x wg), ([az + ba, ab + by, 09 + &2, M2 + 02 up © ug),
([as 4 bs, a5 + b5, 03 + &3, M3 + O35 15 © Yg))-
(iii) Scalar multiplication :
13]5 - <([$CL1, xallv oy, xnl]; wﬁ)’ ([ZL'CLQ, :ECL/2, X032, 1‘772]; uﬁ)7 ([$a3, (L‘aé, x0os, xrr]3]; yﬁ)>
for x > 0.
xp = (([zay, way, —xm, —xo1]; wp), ([Tay, vag, —xne, —xos); up), ([vay, vas, —wns, —wosl; ys))
for x < 0.

3.4 Corollary

Let p = (([a1, b1, o1, m]; wp), ([ag, b2, 02, m2]; up), ([as, b3, 03, m3]; y5)) be an Gsy y-number.
1. Any a-cut set of the G gy y-number p for truth function is denoted by p,, and is given by a closed interval as :

P = [Lp(0). By@)] = [ar =01+ = by o —

fi € [0, wp).
. o, or a € [0, wg)

The value of p corresponding a-cut set is denoted by Vi (p) and is calculated as :

Vr(p) = /pr[(al_gl_i_i;_a) (br + 11 — le)]ozdoz

p p

= / [al—i-bl—i-m—al—w]ada
0 Wp

1
= 6(3(11 +3b; — o1 + 771)1015
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2. Any 3- cut set of the G g/ y-number p for indeterminacy membership function is denoted by p” and is given
by a closed interval as :

7= [Ly(B), Ry(B)]
[(Uﬁ—5)02+ (1 —wupaz (8 —up)me + (1 — up)by
1 —u ’ 1 —u;

], for B € [uz 1].

The value of p corresponding /- cut set is denoted by V;(p) and is calculated as :

Vi(p) = / [(uﬁ —Bloa+ (A —up)ay (B — up)ire + (1 — up)by

1—wu; 1—wu;

JA—p)ds

B

1
= /[a2—|—b2—0'2+772+<O-2_T]2)<1_6>

]_—Up'

(1 —p)dp

P

1
= 6(3&2 + 3b2 — 09 + 7’]2)(1 — Uﬁ)Q.

3. Any ~v-cut set of the Gsy y-number p for falsity membership function is denoted by ”p and is given by a
closed interval as :

o= [LI(y), RY()]
= (Ui Gt Oplly g ey, )

The value of p corresponding y-cut set is denoted by Vp(p) and is calculated as :

Ve = [Tt G (own b U plg ) g,

1 —y; L —y3

B /1[a3+b3 — 03+ M3+ (73 — 1)1 _7)](1

—7)dy
Yp 1=y

1
= 6(3a3 + 33 — a3+ m3) (1 — y5)*.

3.5 Definition

For r € [0, 1], the x-weighted value of an G'sy y-number b is denoted by V. (b) and is defined as :
V() = "V (b) 4+ (1 — k™) Vi(b) + (1 — k™) Vi (b), n being any natural number.
Thus, the x - weighted value for the G gy - number p defined in Corollary 3.4 is :
~ 1 n n
Vi(d) = 8[(3% +3by — o1 + )K" "wE + (3az + 3by — o2 +12) (1 — £™)(1 — up)?
+(3az + 3by — 3 +13) (1 — £")(1 - y5)°].

3.5.1 Property of « - weighted value function

The k- weighted value V,.(p) and V. (§) of two G g y-numbers p, G respectively obey the followings.

@) V(@£ q) < V(@) + Vil@), Vi@ + @) = Vi(p) ~ Vi().
(ii) Vi (p — p) = Vi (0), Vie(up) = pV,.(p)) for p being any real number.
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(iii) V,;(p) is monotone increasing or decreasing or constant according as Vr(p) > Vi(p) + Ve (D)
or Vy(p) < Vi(p) + Vr(p) or Vi (p) = Vi(p) + Vr(p) respectively.
Proof. We shall here prove (vi) only. Others can be easily verified by taking any two G sy y-numbers. Here,

Vip) = £"Vo(p) + (1 = ") (Vi(p) + Ve(p))

dV.(p T i i
0L e Vi) — (Vi) + Vi)
As k €[0,1], s0 % >, <, = 0for [Vp(p) — (VI(p) + Vr(p))] >, <,= 0 respectively. This clears the fact.

3.6 Definition

Let Gy n(R) be the set of all Gy y-numbers defined over R. For s € [0, 1], a mapping R, : Gsyn(R) — R
is called a ranking function and it is defined as : R, (@) = V,(a) for a € Gsyn(R).
For a,b € Gsyn(R), their ranking is defined as :

a >, biff R.(@) > Re(D), @ <w, b iff Ro(a) < Re(b), @ =g, b iff Re(a) = Ra(D).

3.7 Definition

An G gy y-number p is called a Ggyrn-number if three modal intervals in p are equal. Thus p = (([ao, bo, 01, T1]; w5),
([ao, bo, o2, m2]; uz), ([ao, bo, 03, M3); y5)) is an Ggyrn-number whose truth, indeterminacy and falsity functions
are as follows :

1
G—Iwﬁ(a: —ag+o01), ag—o; <z < ay,

wp x € [ag, by
T- — D ) )
p() n—llwp(bo—$+771); bp < x < by + 11,
0, otherwise.
é(ao—x+uﬁ(az—ao+02)), ap — 0y <z < ay,
I*(SL’) _ U, T € [ao,bo],
P W—Z(m—bo+ul3(bg—$+772)), b0§x§b0+772,
1, otherwise.
o (a0 =z +ys(x — ag + 03)), ag— o3 <z <ap,
Ypr x € [ag, bo),
Fs(z) =
»(@) W—Z(I—bo+yﬁ(bo—$+773)), bo < x < by + 13,
1, otherwise.
In parametric form for r € [0, 1] :
or 7717"
T(r) = ag— o1 + —, T3(r) =bo+m —
p wﬁ p wﬁ
1L(r) = (1= up)ao + (up — )7 I4r) = (1= up)bo + (r = up)ne.
1 —u; 1 —u;
Flr) = (1 — yp)ao + (5 — 7”)03’ Fu(r) = (L= yp)bo + (r — yp)us
P 1 —y; ? 1—y;
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3.8 Definition

A Ggyry-number p is called a G gy 7, y-number if the modal interval in p is reduced to a modal point. Thus
P = (([ao, o1, m); W), ([ao, o2, ma]; us), ([ao, 03, M3); y5)) is @ Ggyrr-n-number whose truth, indeterminacy and
falsity functions are as follows :

( Uilwf,(x—aovLal), ag — o1 < x < ag,
W; T = ao,
Ts(x) = "
P n%wﬁ(ao—ﬁm), ap <z < ap+n,
L 0, otherwise.
( i(ao—x—l—uﬁ(x—ao—irag)), ap — oy < < ay,
Us T = ao,
Is(z) = ’
() n%(x—ao—i‘up(ao—ﬂ?‘i‘ﬁz)), ap <z < ag+ 12,
L1, otherwise.
o (a0 =z +ys(x —ag +03)), ao — o3 < x < ay,
Yp, T = Qo,
Fs(x) =
(@) nig(x—a0+yﬁ(ao—x—|—773)), ag < x < ag + 13,
1 otherwise.

Y

3.8.1 Definition

and b be two G sy rn-numbers as follows :
= <<[a’7 01, 771]) w&)’ ([CL, 09, 772]; u&)a ([CL, g3, 773])
b= (([b, &1, 01]; wp), ([b, §a, 05 up), (b, &3, 0a]; y5)
Then for any real number x,
(1) Image of a :
—a = <<[—CL, m, Ul]; U}a), ([—CL, N2, 02]; U&), ([—CL, 13, 03]; yd))'
(i) Addition :
a+b=((la+bo1+E&,m+ 0];ws xwp), ([a+0b,09 + &, me + 02]; ug © uy),
([a+b,03 +&,m3 + d3];va © y5))-
(ii1) Scalar multiplication :
za = (([xa, xoy, xm]; wa), ([ra, xoq, xne); ua), ([ra, xos, xns); ya)) for z > 0.
ra = <([$@7 — 71, —9601]; w&)a ([xa, —I)2, —1’02]; Ua), ([‘Taa —In3, —3503]; ya)>
for x < 0.
(iv) The k - weighted value V, (@) of a is given as :

Let
ya)>,
).

Vel@) = gl(6a— ou +m)s"ud + (60— o2 m)(1 )’ + (6o — o5+ ms)(1 — 9)?}(1 — 7))

3.8.2 Remark

Definition 2.4.1 shows that the supports ( i.e. the bases of trapeziums (triangles)) for truth, indeterminacy
and falsity function are all same. Then the value of truth, indeterminacy and falsity function (i.e., the area of
individual trapezium (triangle)) differs in respect to their corresponding height only. But by Definition 3.7, we
consider different supports (i.e. bases of trapeziums (triangles) formed ) for truth, indeterminacy and falsity
functions. Thus we can allow the supports and heights together to differ the value of truth, indeterminacy and
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Figure— 1
Figure- 2

falsity functions in the present study. Briefly, Definition 2.4.1 is a particular case of Definition 3.7. Hence
decision maker has a scope of flexibility to choose and compare different GG gy y-numbers in their study. The
facts are shown by the graphical Figure 1 and 2. Figure 1 and Figure 2 represent Definition 2.4.1 and Definition
3.7 respectively.

3.9 Definition

1. The zero G gy n-number is denoted by 0 and is defined as :
0= (([0,0,0,0];1),([0,0,0,0];0), (0,0,0,0];0)).

2. The zero G gy 7, y-number is denoted by 0 and is defined as :
0 = (([0,0,0]; 1), ([0,0,0; 0), ([0, 0, 0]; 0)).

4 Neutrosophic Linear Programming Problem

Before to discuss the main result, we shall remember the crisp concept of an L P-problem. The standard form
of an L P-problem is :

Max z = cxr suchthat Ax =56, x>0
where ¢ = (Cl, Co, -+ ,Cn>, b= (bl, bg, te ,bn)t and A = [aij]an.
In this problem, all the parameters are crisp. we shall now define N L P-problem.

4.1 Definition

An L P-problem having some parameters as Ggy y-number is called an N L P-problem. Considering the coeffi-
cient of the variables in the objective function in an L P-problem in term of G gy y-numbers, an /N L P-problem
is designed as follows :

Max z =g, cx
suchthat Mz = b, 2>0 4.1)
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where b € R",x € R", M € R™" & € (Ggyny(R))" and R, is a ranking function.

4.2 Definition

1. z € R" is a feasible solution to equation (4.1) if x satisfies the constraints of that.
2. A feasible solution z* is an optimal solution if for all solutions x to (4.1), cz* >g, cx.

3. For the N L P-problem (4.1), suppose rank(M, b) = rank(M) = m. M is partitioned as [B, N| where B is a
non-singular m X m matrix i.e., rank(B) = m. A feasible solution z = (zg,zy)" to (4.1) obtained by setting
rp = B7'b,xy = 0 is called a neutrosophic basic feasible solution (Nprs). Here B and N are respectively
called basis and non basis matrix. x is called a basic variable and z  is called a non-basic variable.

4. In an Npgpg if all components of zz > 0, then z is non-degenerate Nprg and if at least one component of
xp = 0, then z is degenerate Nppg.

5 Simplex Method for N L P-problem
The NLP-problem (4.1) can be put as follows :

Max z =R, 6BIB + 6]\[![‘]\[
such that Brxgp+ Nxy=0b;, zxg,zny >0

where the characters B, N, xp and x are already stated. Then we have,

v+ B 'Nazy =B (5.1
= éprp+igB 'Nxy =¢, ¢gB'b
= Z-—éyry+ B 'Noy =¢, égB'b
= 2+ (6gB™'N —éy)ay =y, ¢gB'b. (5.2)

For an Nppg, treating xy = 0, we have 13 = B~'band Z =y, ¢pB~'b from (5.1) and (5.2), respectively. We
can rewrite the NV L P-problem as given in Table 1.

Table 1 : Tabular form of an N L P-problem.

Cj  Cp CN

Z IrB N R.H.S
rp 0 1 B~'N B~ b
Z 1 0 5BB_1N—6N 533_16

We can get all required initial information to proceed with the simplex method from Table 1. The neutrosophic
cost row in the Table 1 is \; =g, (épB 'a; — Cj)a;¢B giving \; =s. (3, — &) for non-basic variables. The
optimality arises if 5\]- >R 6, Va; ¢ B. If 5\1 <R, 0 for any a; ¢ B, we need to replace xp, by 2;. We then
compute y; = B~ la;. If y; < 0, then z; can be increased indefinitely and so the problem admits unbounded
optimal solution. But if y; has at least one positive component, then one of the current basic variables blocks
that increase, which drops to zero.

5.1 Theorem

In every column a; of M, if Z; —¢; >x, 0 holds for an Ngpg p of the N L P-problem (4.1) then it is an optimal
solution to that.
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Proof. Let M = [a;j|mxn = |a1,a2, -+ ,a,] where each a; = (ay;, as, -+, am)" is m component column
vector. Suppose B = [, 72, -+ , ) is the basis matrix and Zp =g, Cpxp =, Y iy CB,TB,,» Where ¢p, is the
price corresponding to the basic variable x5,. Then any column @; of M may be put as a linear combination of
the vectors 71,19, - -+, ny, of B. Let

ap = Yyuth +yanz + -+ Ymilhn = Zyum =By = y=B"a
i=1

where y; = (Y1, Y21, -, Ymu)' being m component scalars represents a;, the [-th vector of M. Assume that
2 =n. CBYL =R iy CBYil-
Let x = [x1, 29, -, 2,]" be any other feasible solution of the N L P-problem (4.1) and Z be the correspond-

ing objective function. Then,
Brp=b= Mz = zp=B"'(Mz)= (B ‘M)z =yx

where B™'M =y = [Yijlmxn = [Y1,Y2, "+ , yn] With y; defined as above. Thus,

B, Yin Y2 - Yin T1
T By Y21 Y22 - Yo T2
B, Ynm1i Ym2 - Ymn Tn

Equating ¢-th component from both sides, we have x5, = Z;L=1 Yi; ;. Now,

n
5= >n, 0= (5 —)x; >p, 0[asz; > 0] =Y (5 —¢)z; >p, 0
j=1

n n n
= S 5 =S ey 2, 0= Y (@) — 2 2, 0
j=1 j=1 7=1

n m m n
= ij(z B,Yij) — % >, 0= ZéBZ(Z Yiszi) — 2 >x, 0
7j=1 =1 =1 7j=1
m

= > ipdp —i>p, 0= 25— 7>y 0.
i=1
Thus zp is the maximum value of the objective function. This optimality criterion holds for all non-basic vectors
of M. If a; be in the basis matrix B, say a; = 1, then

ap =m = 0.+ 0092 + -+ 0y + L + 00040 4+ + 0.1,
i.e., y; is a unit vector e; with [-th component unity.
Since a; = 1n;, we have ¢; = ¢p, and so

Z — ¢ =w, (Cay — &) =w, (Cper — &) =w, (¢p, — CB,) =n, 0.
Thus as a whole Z; — ¢; >y, 0 is the necessary condition for optimality.

5.2 Theorem

A non-degenerate Nprg w5 = B~'b, xy = 0 is optimal to N L P-problem (4.1) iff Zj — Cj >x, O,Vl <7< n.

T. Bera and N. K. Mahapatra, Generalised single valued neutrosophic number and its application to
neutrosophic linear programming.



96 Neutrosophic Sets and Systems, Vol. 25, 2019

Proof. Suppose * = (x5, z%;)! be an Nppg to (4.1) where g = B™'b, zy = 0. If Z* be the objective function
corresponding to z*, then 2* =¢_¢prp =g, cgB~'b. Letx = [x1, 9, , 2,]" be another feasible solution of
N L P-problem (4.1) and Z be the corresponding objective function. Then,

~ ~ ~ ~ -1 ~ 1 ~ ~ ~ ~
Z =g, CpIp-+Cnrn =g, B b— E (égB™ a; — ¢j)xj =g, Z° — g (2, — ¢j)x;
a;¢B a;¢B

This shows that the solution is optimal iff z; — ¢; >, 0forall 1 < 7 < n.

5.3 Theorem

For any Nppg to NLP-problem (4.1), if there is some column not in basis such that z; — ¢; <g,. 0 and
yu <0,72=1,2,--- ,m, then (4.1) admits an unbounded solution.

Proof. Let x g be a basic solution to the N L P-problem (4.1). Re-writing the constraints,

BIB + N$N =b
xp+ B 'Nay =B7'b
zp+ B! Z(ajxj) = B™'b, a;s are the columns of N

J

U

= xp-+ Z(B_laja:j) = B_lb
J

= Ip+ Z(y]$]> = Yo, where a; = Byj,aj ¢ B
J

= g+ Y (Yyr) =y, 1 <i<m,1<j<n
J

= xBizyio—Z(yijxj),lSiSm,lﬁjﬁn-

J

If x; enters into the basis, then ; > 0 and x; = 0 for j # B;Ul. Since y; < 0, 1 < ¢ < m hence y;o —yyx; > 0.
So, the basic solution remains feasible and for that, the objective function is :

m

m m
. _ . _ . . . _
Z° =g, CBIB+ CNITN =g, g g, (Yio — yaxi) + Gy =n, g ¢B,Yio — ( E ¢p,Yi — Gy
=1 =1 i=1
=w. CBYo — (Cy — C)1; =x, 2 — (8 — &)1

It shows that z* >, Z,as z; — ¢ <wn, 0 and this completes the fact.

5.4 Simplex algorithm for solving N L P-problem

To solve any N L P-problem by simplex method, the existence of an initial basic feasible solution is always
assumed. This solution will be optimised through some iterations. The required steps are as follows :

Step 1. Check whether the objective function of the given N L P-problem is to be maximized or minimized. If it
is to be minimized, then it is converted into a maximization problem by using the result Min(Z) = —Max(—Z2).
Step 2. Convert all the inequations of the constraints (< type) into equations by introducing slack variables.
Put the costs of the respective variables equal to 0.
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Step 3. Obtain an Ny to the problem in the form 73 = B~'b = y, and 2y = 0. The corresponding objective
function is Z =g_c¢pB~'b =g, ¢pyo.

Step 4. For each basic variable, put A B =R. 2B — CB =R, 0. For each non-basic variable, calculate ij =R,
Zj — ¢j =w, cDB _1aj — ¢; in the current iteration. If all Z; — ¢; >y, 0, then the present solution is optimal.

Step 5. If for some non-basic variables, 5\j =g, Zj — G <n, 0 then find out \;, = min{S\j}. If y; < 0O for
all 2 = 1,--- ,m, then the given problem will have unbounded solution and stop the iteration. Otherwise to
determine the index of the variable x5, that is to be removed from the current basis, compute

%:min{%iyil>071§i§m}~

Step 6. Update y;, by replacing ;0 — %yil for i # r and y,( by ?ﬁ
Step 7. Construct new basis and repeat the Step 4, Step 5 until the optimality is reached.
Step 8. Find the optimal solution and hence the optimal value of objective function.

6 Numerical Example

The N LP-problems with both Ggyry-number and G gy 7, y-number are solved by the use of proposed algo-
rithm. For simplicity, we define the x-weighted value function for n = 1 in rest of the paper.

6.1 Example

Two friends F} and F, wish to invest in a raising share market. They choose two particular shares S; and
Sy of two multinational companies. They also decide to purchase equal unit of two shares individually. The
maximum investment of Fj is Rs. 4000 and that of F; is Rs. 7000. The price per unit of S; and S, are Re. 1
and Rs. 3, respectively when F} purchases. These are Rs. 2 and Rs. 5 at the time of purchasing of share by F5.
The current value of share S; and S per unit is Rs. ¢; and Rs. ¢, (given in G gy y-numbers), respectively. Now
if they sell their shares, formulate an N L P-problem to maximize their returns.

The problem can be summarised as follows :

Table 2
Friends | Shares : Sy Sy | Purchasing capacity |}
F Re.1 Rs.3 Rs. 4000
I Rs.2 Rs. 5 Rs. 7000
Price per unit = C1 Co

Let they individually purchase x; units of share S} and x5 units of share Sy. The problem is formulated as :

Max z =R, 51I1 + 621’2
such that 1 + 32 < 4000
221 + bxy < T7000; 1,22 >0

Itis an N LP-problem where &, = (([5,8,1,3];0.2), ([5,8, 3,4];0.3), ([5,8,2,1];0.4)) and & = (([3,7,2,4];0.3),
([3,7,1,3];0.5),([3,7,2,5];0.6)) are two Gsyrn-numbers with a pre-assigned x = 0.45.
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Rewriting the given constraints by introducing slack variables :

T+ 31’2 +x3 = 4000
25[’1 + 5[E2 + 14 = 7000
L1, T2, T3, Ty Z 0

We take the t-norm and s-norm as p x ¢ = min{p, ¢} and p © ¢ = max{p, ¢}, respectively. The first feasible
simplex table is as follows :

Table 3 : First iteration

Ej = C1 Co (N) 6
x| 1 To | T3 a4 R.H.S
T3 1 3| 1 0] 4000
74 2 510 1| 7000~
RS I e Ol I S
Here &\ = —¢&, = (([=8,—5,3,1]:0.2), (-8, —5, 4, 3];0.3), (-8, —5, 1,2]: 0.4)),
1
and V, (&) = V(&) = V,(0).
V) = 1(31.64r — 33.28) and V(&) = 1(10.4k — 13.28) by Definition 3.5.

Then VN(Eg ))
Clearly VH(Eg

The revised table is :

Ny <0, V.(e) < 0and V,,(&1Y) — V(&) < 0 for & = 0.45.
Then &Y <g & So x1 enters in the basis and as min{4000/1,7000/2} = 3500, the leaving variable is x,.
1 x C2

Table 4 : Second iteration

6j = C1 Co 6 6

xpd | 1 xo0 | x3 x4 | RH.S
T3 o 12} 1 -1/2| 500
1 1 572 0 1/2 | 3500
s | &P @ e &P | 35006

= 2.5(([5,8,1,3];0.2), ([5,8,3,4];:0.3), ([5, 8,2, 1];0.4))
—(([3,7,2,4];0.3),(3,7,1,3];0.5), ([3,7, 2, 5];0.6))
= (([5.5,17,6.5,9.5];0.2), ([5.5,17,10.5,11];0.5), ([5.5, 17, 10, 4.5]; 0.6)).

1
& = 561 = (([2:5,4,0.5,1.5):0.2), (254,15, 2];0.3), ([2.5,4,1,0.5):0.4)).

(26.92 — 24.1k) and Vi, (&17) =

£(16.64 — 15.82x) by Definition 3.5.

Then Vﬁ(ég))
72 > 0and V(&) > 0 for k = 0.45.

1
~ 6
Clearly V(&) >
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Hence the optimality arises and Max z =g, 3500¢; , which, using « - weighted function, becomes Rs.
11107 approximately. Then corresponding return of £} and F, becomes Rs. 7607 and of Rs. 4107 respectively.

6.1.1 Example

Consider the N L P-problem defined in Example 6.1 with a pre-assigned x = 0.96.
The initial simplex table (Table 5) is same as Table 3.

Table 5 : First iteration

C; = C1 Co 0 0
gl | 71 To T3 T4 R.H.S

T3 1 3 1 0 4000—
5 0 1 7000

T4

SO O S Ol

Here V.. (&) = V. (&) = V,(0) and V,.(&") < 0, V(&) < 0 with V,.(&") = V(&") > 0 for k = 0.96.
Then &\" >3 &". So 2, enters in the basis and as min{ 40, 100} = 290 the leaving variable is z3. The

revised table is :
Table 6 : Second iteration

6j = C1 Ca 6 6
gl | o1 To | T3 X4 R.H.S
2 | 13 1 |13 0 4000/3
ze | 130 |53 1 1000/3 —
iz @ & &Y g,
where V,, &Py = V. 6(2)) = V.(0) and
2 4
1
&) = g% a=(([-7.-8/3.11/3,7/3:0.2), (-7, ~8/3,13/3,4:0.5), (-7, ~8/3,5/3,11/3]:0.6)),
1
&P = Z& =1(([1,7/3,2/3,4/3];0.3), ([1,7/3,1/3,1];0.5), ([1,7/3,2/3,5/3];0.6)).
3 3
Then V(7)) = £ (31.32% — 34.96) and V;. (") = L (13.28 — 10.4x).
4000/3 1000/3} — 1000

Clearly Vﬁ(é?)) < 0and Vﬁ(éf)) > 0 for k = 0.96. So z; enters in the basis and as min{ 730 13
the leaving variable is x4. The revised table is :
Table 7 : Third iteration

G=|¢& & | 0 0

gl | 1 22 T3 Ta R.H.S
T 0 1 2 -1 1000 —
1 1 0 -5 3 1000

z= | &Y @V EP e &Y 10006 + &)
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where VK(Egg)) = Vn(é(;’)) = V,.(0) and

&8 = 58 + 26, = (([—34,—11,19,13]:0.2), ([-34, —11, 22, 21]; 0.5), ([—34, —11, 9, 20]; 0.6)),
&9 = 38 — & = (([8,21,7,11];0.2), ([8, 21, 12, 13]; 0.5), ([8, 21, 11, 5]; 0.6)).

Then V,,(¢5”) = 1(48.2k — 53.84) < 0 and V(&) = 1(34.96 — 31.32x) > 0 for & = 0.96. So a3 enters in the

basis and the leaving variable is z5. The revised table is :

Table 8 : Fourth iteration

5j = C1 Co 6 6

xpd | 1 xo | x3 x4 | RH.S
s | 0 12| 1 -172] 500
x| 1 52 0 172 3500
z= | @Y e &Y 35006

where V(&) = V,(&") = V,(0) and & = 3, — & and ¢} = 1&,. Then V,(5)) = 1(26.92 — 24.1x) > 0
and V. (&1") = 1(16.64 — 15.82x) > 0 for & = 0.96.
Hence the optimality arises and the optimal solution is z; = 3500, x5 = 0.

6.1.2 Remark

From Example 6.1 and Example 6.1.1, it is seen that the final simplex tables in both cases are same. So, if
the optimality exists for an /N L P-problem, the optimal solutions are always unique whatever the value of
assigned. Depending upon the chosen x, the number of iteration to reach at optimality stage may vary but it
does not affect the optimal solutions. However, the character x plays an important role to assign the optimal
value of the objective function in a problem. The fact is shown in Table 9. So, the value of x is an important
factor in any such NV L P-problem. Since the share market depends on so many factors, we claim « as the degree
of political turmoil of the country in the present problem.

6.1.3 Sensitivity analysis in post optimality stage

We shall analyse the results of the problem in Example 6.1 for different values of  in post optimality stage,
shown by the Table 9.

Table 9 : Sensitivity analysis

K 0 0.1 0.2 0.3 0.4

T 3500 3500 3500 3500 3500

T 0 0 0 0 0
Vi.(2) | 1941333 17567.67 15722 13876.33 12030.67

K 0.5 0.6 0.7 0.8 0.9 1

i 3500 3500 3500 3500 3500 3500

T 0 0 0 0 0 0
V.(2) | 10185 8339.33 6493.67 4648 2802.33 956.67
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6.2 Example

Max Z =R, éliCl + 621'2

S.t. 201 + 315 < 4
536'1 +4I2 S 15
L1, T2 Z 0

is an N L P-problem where ¢, = (([8, 1, 3];0.6), ([8, 3,4];0.2), ([8, 2, 1];0.5)) and

(([6,2,6];0.7), (]6,4,3];0.4), ([6, 3,5]; 0.3)) are two G gy r,n-numbers with a pre-assigned x = 0.9
Rewriting the given constraints by introducing slack variables :

2$1+3$2—|—ZL‘3:4
5$1+4ZE2+CL’4:15

T1,22,T3, T4 Z 0

The t-norm and s-norm are p*q = max{p+q— 1,0} and poq = min{p+ ¢, 1}, respectively. The first feasible
simplex table is as follows :

Table 10 : First iteration

5]' = C1 Co 6 6

zp i | 11 To rs x4 | RH.S
T3 2 3 1 4 —
Ty 5 4 0 1 15

S I R S S I R

= (([-8,3,1];0.6), ([-8,4,3];0.2), (=8, 1,2]; 0.5)),
&Y = —& = (([-6,6,2];0.7), ([—6, 3,4];0.4), ([-6, 5, 3]; 0.3))
and V(&) = V(&) = V,.(0).

Then V(& )) 1(25.11% — 43.11) and V(&) = 1(11.62x — 31.22) by Definition 3.8.1.
Clearly V. (—¢1) <0, Vi,(=¢) < 0and V,(—¢) — Vi(—¢2) > 0 for k = 0.9.

So x5 enters in the basis and as min{4/3,15/4} = 4/3, the leaving variable is x3. The revised table is as

Table 11 : Second iteration

éj = C1 Co () ()

rgd | x1 To | T3  Xa R.H.S
T 2/3 1 73 0 4/3 —
Ty 7/3 0 |43 1 29/3

P I

[\
w
e
N
[SSIPeN

2 Co
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where VK(552)) = V(@) = V,.(0) and

((1-4,13/3,5];0.3), ([—4,20/3,5]; 0.6), (|4, 3, 16/3]; 0.8)),
& = (([2,2/3,2]:0.7), ([2,4/3,1];0.4), ([2,1,5/3];0.3)).

Then V(¢7) = £ (8.62 — 14.92) and V,,(¢5”) = £ (31.22 — 11.62~) by Definition 3.8.1.

Clearly, Vn(é?)) < 0 but Vn(égm) > 0 for k = 0.9. So z; enters in the basis and as min{%, %} = 2, the
leaving variable is x,. The revised table is :

Table 12 : Third iteration

éj = | G Co 6 6

rpd | 1 xo rs x4 | RH.S
T 1 3212 0 2
Ty 0 -72|-52 1 5
S - OO I S A T

where VH(6§3)) = Vﬁ(éf’)) = V,.(0) and

& = ;&1—62: (([6,7.5,6.5];0.3), ([6, 7.5, 10]; 0.6), ([6, 8, 4.5]; 0.8)),
& = %61:(([4,().5,1.5};0.6),([4,1.5,2];0.2),([4,1,0.5];0.5)>.

Then V() = 1(7.46 — 4.31x) and V,(&) = 1(21.555 — 12.555k) by Definition 3.8.1.

Obviously, V,{(ég ) > 0 and Vﬁ(égg)) > 0 for k = 0.9. Hence the optimality arises. The optimal solution is
21 = 2,29 = 0 and so Max z =g_ 2¢;.

=

7 Conclusion

In this paper, the crisp L P-problem has been generalised by considering the coefficients of the objective function
as Ggyy-numbers. This generalised form of crisp LP-problem is called N LP-problem. Then a simplex
algorithm has been proposed to solve such N L P-problems. Finally, the newly developed simplex algorithm has
been applied to a real life problem. The concept has been illustrated by suitable examples using both G gy 7n-
numbers and Gsyr,y-numbers. In future, the concept of a linear programming problem may be extended in
more generalised way by considering some or all of the parameters as G'sy y-numbers.
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